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Abstract

Abstraction-based control has emerged as a promising framework for the synthesis of
correct-by-design controllers for nonlinear and hybrid systems. However, applying such
methods to bipedal robots remains challenging due to the high dimensionality and
complexity of their dynamics. This thesis investigates the scalability and robustness
of abstraction-based control for a planar five-link biped robot using the Dionysos.jl
framework.

Since the computational cost of abstraction generation grows exponentially with the
dimension of the state space, several strategies are explored to mitigate the curse of
dimensionality. These include distributed transition computation through job arrays,
exploitation of left—right symmetry, pruning techniques, and adaptive refinement strate-
gies based on local sensitivity and Lipschitz estimates.

The robustness of the generated abstractions is analysed through discretization error
propagation and local Lipschitz bounds, with the objective of improving the reliability
and precision of the synthesized controllers while limiting computational complexity.
Different abstraction-generation strategies and discretization choices are analysed to
study the trade-offs between robustness, scalability, and computational cost.

The results highlight both the potential and the limitations of abstraction-based control
for bipedal locomotion, and provide insights into practical strategies for improving the
scalability of symbolic control methods applied to high-dimensional robotic systems.
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Introduction

The rapid integration of autonomous systems in modern technology has created a grow-
ing demand for advanced control strategies for cyber-physical systems (CPS). These sys-
tems are often nonlinear, high-dimensional, and underactuated, requiring sophisticated
methods to ensure stability and robustness. Within this context, abstraction-based con-
trol has emerged as a promising framework for the synthesis of correct-by-design con-
trollers for nonlinear systems. By replacing continuous dynamics with finite symbolic
models, abstraction methods enable graph-theoretic reachability analysis and formal
controller synthesis.

Bipedal robots constitute a particularly challenging application domain for such meth-
ods. Their dynamics combine nonlinearities, underactuation, intermittent foot-ground
contacts, and hybrid phase transitions. These characteristics produce highly sensitive
behaviors in which small perturbations may generate large trajectory deviations, espe-
cially near impact events. Consequently, abstraction generation for bipedal locomotion
rapidly becomes computationally intractable when realistic state dimensions and dis-
cretization resolutions are considered.

Although abstraction-based control traditionally relies on conservative reachable-set
over-approximations providing formal guarantees, the scalable implementations investi-
gated in this thesis primarily rely on simulation-based center abstractions and empirical
robustness metrics. Consequently, the objective of this work is not to preserve strict
formal guarantees, but rather to investigate practical scalability-robustness trade-offs
for high-dimensional robotic systems.

This positioning does not make the abstraction-based approach equivalent to a standard
simulation or trajectory-optimization method. Even when formal guarantees are not
yet preserved at the continuous level, the symbolic model remains useful because it
transforms the locomotion problem into a graph problem over a finite state space.

This differs from MPC-based approaches such as those studied in [7]. In MPC, the
controller does not explicitly explore all possible input branches. Instead, it solves an
optimization problem over a finite prediction horizon, starting from the current state,
and applies only the first input of the optimized sequence before repeating the procedure
at the next sampling instant. In the simplified LIPM formulation, this optimization can
be posed as a convex finite-horizon problem. However, when the full nonlinear robot
dynamics are included, the resulting problem becomes non-convex and the computed
solution is generally only locally optimal, depending on the initialization, the chosen
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cost function, the constraints, and the prediction horizon.

By contrast, the abstraction-based approach explicitly constructs a finite transition
graph over a discretized state-input space. Controller synthesis is then performed on this
graph and yields a policy defined over the abstract domain, rather than a single finite-
horizon trajectory from the current state. The policy can therefore be globally optimal
with respect to the chosen graph objective, such as reachability, shortest-path distance,
or cumulative transition cost. This optimality remains limited to the abstraction and
does not imply global optimality for the original continuous robot, but it provides a
reusable global structure that is fundamentally different from repeated finite-horizon
nonlinear optimization.

Moreover, once the abstraction has been generated, it is not tied to a single trajectory
or objective. The same symbolic transition system can in principle be reused to syn-
thesize controllers for different reachability, safety, robustness, or cost-based objectives.
This reusability is one of the main motivations for investigating scalable abstraction
generation, even before full formal guarantees are recovered.

Within the UCLouvain Learning to Control (L2C) project, previous works demon-
strated the feasibility of abstraction-based controller synthesis for planar bipedal robots
using the Dionysos.jl framework. However, these results were obtained under strong
modeling simplifications and highly restricted abstraction domains in order to main-
tain computational tractability. Even under these reductions, abstraction generation
remained computationally expensive and difficult to scale toward larger operating do-
mains or more physically realistic robot models.

The present thesis therefore investigates computational strategies for improving the
scalability and robustness of abstraction-based control for nonlinear planar bipedal
robots. Particular emphasis is placed on reducing the computational cost of abstraction
generation while preserving sufficiently accurate symbolic representations for locomo-
tion control.

Several complementary strategies are explored throughout this work. First, distributed
abstraction generation using job-array parallelization is investigated in order to ac-
celerate large-scale transition computation. Second, symmetry exploitation and prun-
ing strategies are introduced to reduce the effective abstraction domain and eliminate
physically irrelevant regions of the state space. Third, local sensitivity estimation and
Lipschitz-based analyses are used to study discretization-error propagation and identify
dynamically sensitive regions of the abstraction. Finally, adaptive and anisotropic re-
finement strategies are investigated in order to concentrate computational effort where
abstraction errors are most likely to amplify.

The objective of this thesis is therefore not only to evaluate the applicability of abstraction-
based control to bipedal locomotion, but also to better understand the practical limi-
tations that arise when symbolic abstractions are applied to nonlinear hybrid robotic
systems with black-box dynamics. In particular, the work aims to clarify the trade-offs
between abstraction fidelity, robustness, computational complexity, and scalability.
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The thesis begins with Chapter 1, which presents the state of the art in bipedal robotics,
symbolic abstraction methods, scalability limitations, and adaptive abstraction strate-
gies.

Chapter 2 introduces the abstraction framework used throughout the thesis and reviews
previous developments performed on the considered planar bipedal robot.

Chapter 3 investigates several strategies for scalable abstraction generation, including
symmetry exploitation, distributed transition computation, and pruning techniques.

Chapter 4 studies sensitivity amplification and discretization-error propagation in non-
linear hybrid systems through local Lipschitz analysis and empirical sensitivity estima-
tion.

Chapter 5 introduces a global sensitivity-based grid optimization method. The method
uses the dimension-wise error information developed in Chapter 4 to redistribute a fixed
transition budget across the state variables while preserving a Cartesian grid structure.

Chapter 6 discusses further investigations toward robust and physically informed con-
troller synthesis. It shows how transition-error estimates and physical criteria such as
energy consumption requirements could be incorporated into weighted graph costs.

Finally, Chapter 7 summarizes the main contributions, discusses the limitations of the
simulation-based and center-based approach, and outlines future research directions.
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Chapter 1

State of the Art

1.1 Introduction and Motivation

Bipedal locomotion is one of the most challenging problems in robotics because it
combines nonlinear dynamics, underactuation, intermittent contacts, and balance con-
straints [32, 11, 22]. Unlike wheeled robots, bipedal systems cannot rely on a continu-
ously stable support base. Instead, they must coordinate their motion across successive
contact phases while maintaining dynamic stability.

Over the past decades, important progress has been achieved through nonlinear control,
trajectory optimization, whole-body control, and predictive control methods [32, 11, 33].
These approaches have enabled increasingly dynamic walking and running behaviors.
However, providing formal guarantees of safety and convergence remains difficult, es-
pecially for hybrid robotic systems subject to impacts, contact switches, and model
uncertainty [28, 23].

Abstraction-based control offers a complementary perspective. Instead of directly syn-
thesizing a controller on the continuous nonlinear dynamics, the state space is parti-
tioned into finitely many symbolic states. Controller synthesis can then be formulated
as a graph-search or reachability problem on a finite transition system [28, 21, 37, 23].
This makes it possible, at least in principle, to combine nonlinear control with formal
correctness guarantees.

The main obstacle is scalability. For high-dimensional robotic systems, the number
of symbolic states and transitions grows rapidly with the dimension and with the dis-
cretization resolution. This curse of dimensionality is especially severe for bipedal
robots, where accurate modeling requires several coupled degrees of freedom and where
hybrid contact transitions may strongly amplify local errors [28, 31, 23].

This thesis investigates scalable abstraction-based controller synthesis for a planar
bipedal robot using the Dionysos. jl framework. The objective is not only to syn-
thesize walking controllers, but also to study how abstraction generation can be made



more tractable through symmetry exploitation, parallelization, pruning, and sensitivity-
aware discretization.

The remainder of this chapter is organized as follows. Section 1.2 reviews the evolution
of bipedal robotics and explains why planar bipeds remain useful benchmark systems.
Section 1.3 introduces the general principles of abstraction-based control. Section 1.4
discusses the main scalability and robustness limitations of symbolic abstractions. Sec-
tion 1.5 reviews existing strategies for reducing abstraction-generation cost. Finally,
Section 1.6 identifies the research gap addressed by this thesis and states its main
objectives.

1.2 Bipedal Locomotion as a Control Problem

1.2.1 From Quasi-Static Walking to Dynamic Locomotion

The historical evolution of bipedal robotics progressively shifted from quasi-static walk-
ing strategies toward highly dynamic locomotion control. Early humanoid systems such
as WABOT-1 demonstrated the feasibility of coordinated bipedal motion but relied pri-
marily on slow quasi-static balance strategies.

Subsequent developments introduced dynamic stabilization techniques based on feed-
back control, inertial sensing, and trajectory generation. In particular, Zero Moment
Point (ZMP) stabilization enabled dynamically balanced walking on robots such as
Honda’s ASIMO [13, 17, 30].

ASIMO robot evolution

WABOT-1 (1973)

Figure 1.1: Examples of early and dynamically balanced humanoid robots.

Optimization-based whole-body control and predictive control methods have enabled
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highly dynamic locomotion behaviors on humanoid robots such as Atlas. These sys-
tems exploit real-time optimization and full-body dynamic models to perform complex
motions including jumping, running, and terrain adaptation [22, 29].

Figure 1.2: Boston Dynamics’ Atlas robot.

More recently, the humanoid robot Lightning, developed by Honor, completed the Bei-
jing Half-Marathon on 19 April 2026 in 50 minutes and 26 seconds [19, 34]. This
achievement highlights the continuing progress toward long-duration dynamic locomo-
tion, while also illustrating the persistent challenges associated with orbital stability,
energetic robustness, and sustained high-speed walking. Such challenges motivate con-
trol approaches able to reason about global performance criteria, including energy con-
sumption, control effort, and robustness, which abstraction-based control can address
through cost-based synthesis on a finite transition graph.

Figure 1.3: Lightning by Honor.



1.2.2 Planar Bipedal Robots as Benchmark Systems

Although full humanoid robots demonstrate increasingly sophisticated locomotion capa-
bilities, their high-dimensional dynamics make formal controller synthesis particularly
difficult. For this reason, planar bipeds have long been used as benchmark systems for
studying the fundamental mechanisms of dynamic walking.

Planar bipeds are constrained to move in the sagittal plane. This removes lateral dy-
namics and reduces the number of degrees of freedom, while preserving the essential
difficulties of legged locomotion: nonlinear coupling, underactuation, intermittent con-
tacts, impact events, and orbital stability. They therefore provide an intermediate level
of complexity, rich enough to capture the main hybrid nature of walking but simple
enough to remain computationally accessible.

Classical experimental platforms such as RABBIT [5], ERNIE [35], Amber 1 [15], Am-
ber 2, Amber 3M [2], and Durus-2D [16] illustrate this role. These robots typically
use five-link or closely related architectures composed of two legs and a torso, with
actuation at the hips and knees and passive or lightly actuated feet.

RABBIT

Amber 3M

Figure 1.4: Examples of planar bipedal robots used as experimental platforms for dy-
namic walking and underactuated locomotion.

Such platforms have been central in the development of hybrid zero dynamics, virtual
constraints, passive dynamic walking, and underactuated locomotion control [32, 29].
For abstraction-based control, they are particularly relevant because they expose the
main challenges of hybrid locomotion while limiting the dimension of the symbolic state
space. The detailed robot model used in this thesis is introduced in Chapter 2.



1.3 Abstraction-Based Control for Nonlinear Sys-
tems

1.3.1 Principle of Symbolic Abstractions

Abstraction-based control replaces a continuous nonlinear system by a finite symbolic
transition system suitable for formal verification and controller synthesis [28, 21, 20].
The continuous state space is partitioned into a finite collection of cells, each associated
with a symbolic state.

The abstraction-based control procedure is classically organized into three principal
steps: abstraction of the continuous system, controller synthesis on the abstract model,
and concretization of the symbolic controller for the original dynamics.

Concrete problem Abstract problem

1 Abstract specification X

1 ' :
1
' V = 1 1) Abstraction f ¥ — .
: V = 1 ! V — 1
' ! e | '
' «— 1 : :
: : : !
1
i |Concrete system S : i | Abstract system S| !
1
1 ! ' !
'l w Peasi ' E R : 2)Abstract
I 5%} . R N controller
' ! , ' synthesis
| _ : i i
i | Infinite state-space : ! | Finite state-space '
'_ ___________________ 1 D e e e - = - 1
v
U1 |Concrete controller|  Z1 U2 | Abstract controller | L2
Ci — G

3) Concretization

Figure 1.5: Three-step abstraction-based control procedure: abstraction of the concrete
system, controller synthesis on the abstract model, and concretization of the symbolic
controller. Adapted from [4].

The strength of this approach is that the original nonlinear control problem is con-
verted into a finite graph problem. Reachability objectives, safety constraints, and
target-reaching controllers can then be studied using algorithmic methods from formal
verification and graph theory.

When the abstraction is constructed conservatively, the symbolic controller can inherit
correctness guarantees with respect to the original continuous system. This makes
abstraction-based control attractive for safety-critical nonlinear systems. However, as
discussed below, the computational cost of constructing the symbolic model rapidly
becomes the main bottleneck.



1.3.2 Controller Synthesis on Symbolic Models

Once the symbolic transition system has been constructed, controller synthesis is typi-
cally formulated as a reachability problem. Given a target set, the algorithm computes
the set of symbolic states from which the target can be reached while satisfying the
required transition conditions.

A symbolic controller is then extracted by associating each winning state with an admis-
sible input leading closer to the target. This controller is finally applied to the original
system by mapping each measured continuous state to its corresponding symbolic state.

This general synthesis procedure is presented here only at the conceptual level. The
concrete implementation used in this thesis, including the discrete-time successor map,
the winning-set computation, and the weighted-cost formulation, is detailed in Chap-
ter 2.

1.4 Scalability Limits of Symbolic Abstractions

Despite their theoretical appeal, symbolic abstractions remain difficult to apply to
robotic locomotion because their size grows combinatorially with the state and input
dimensions.

1.4.1 Curse of Dimensionality

If the i-th state dimension is discretized into /V; intervals, the number of symbolic states
scales approximately as

|Q| ~ H N;.
i=1

Similarly, the total number of transition evaluations grows proportionally to the number
of symbolic states and admissible inputs. As a consequence, refining the discretization
resolution or increasing the system dimension rapidly produces extremely large transi-
tion graphs.

This phenomenon is particularly limiting for bipedal robots. Even simplified planar
models require several joint positions and velocities to describe the locomotion state.
Increasing the resolution, extending the admissible state ranges, or adding additional
physical degrees of freedom therefore rapidly makes exhaustive abstraction generation
computationally prohibitive [28, 31, 23].



1.4.2 Approximation Errors and Conservatism

Symbolic abstractions rely on finite discretizations of continuous state and input spaces.
Consequently, all abstraction procedures introduce approximation errors between the
continuous dynamics and their symbolic representation.

A conservative abstraction accounts for these errors by over-approximating the reach-
able set from each abstract state. This can provide robustness guarantees, but it may
also introduce spurious successors that do not correspond to actual concrete trajecto-
ries. Such conservatism may prevent some states from being classified as winning, even
when a valid concrete control action exists.

Conversely, approximate or simulation-based abstractions reduce computational cost by
evaluating only selected representative states. These methods are often more tractable
for nonlinear robotic systems, but they weaken the formal guarantees provided by the
abstraction.

This creates a fundamental trade-off between computational tractability, abstraction
fidelity, and robustness guarantees [31, 1, 10].

1.4.3 Hybrid Sensitivity in Legged Locomotion

Legged locomotion introduces additional difficulties due to intermittent contact tran-
sitions and strongly nonlinear dynamics. Near impact events or phase transitions,
neighboring initial conditions may generate different contact sequences or significantly
different successor states.

These local sensitivity amplification phenomena considerably complicate transition ap-
proximation and robustness analysis within symbolic abstractions. They are particu-
larly important in bipedal locomotion, where contact switches, ground impacts, and
underactuated phases are intrinsic to the walking cycle [26, 9, 11].

Together, dimensionality, approximation errors, and hybrid sensitivity explain why
abstraction-based control remains difficult to scale to realistic robotic locomotion sys-
tems.

1.5 Scalable Abstraction Generation Strategies

Several strategies have been proposed to reduce the computational cost of symbolic
abstraction generation.

A first direction consists of parallel and distributed abstraction generation. Since transi-
tion evaluations are often independent from one another, they can be partitioned across
multiple processors or computing nodes. This is particularly useful for high-dimensional



systems, where transition generation dominates the total computational cost.

A second direction concerns adaptive and nonuniform discretization methods. Rather
than refining the entire state space uniformly, these approaches allocate resolution ac-
cording to local error estimates, sensitivity indicators, or transition variability. The
objective is to concentrate computational effort in dynamically sensitive regions while
keeping coarser cells in smoother parts of the state space [18].

A third family of methods reduces the number of transitions that need to be com-
puted. This can be achieved by exploiting structural properties of the system, such as
symmetries, sparsity, or reachable-domain restrictions. For robotic systems, such re-
ductions are important because many regions of the state-input space may correspond
to physically irrelevant or dynamically uninformative configurations.

Finally, recent approaches increasingly rely on approximate or simulation-based abstrac-
tions instead of conservative reachable-set over-approximations. In particular, center-
based transition evaluation may substantially improve computational tractability for
nonlinear robotic systems, although at the cost of weaker formal guarantees [3].

These approaches motivate the scalability strategies investigated in the present the-
sis: symmetry exploitation, parallelized transition generation, domain pruning, and
sensitivity-aware refinement.

1.6 Research Gap and Thesis Objectives

Previous work has shown that abstraction-based control can synthesize walking con-
trollers for simplified planar bipedal robots [3]. However, these results were obtained
under strong modeling reductions, restricted abstraction domains, and computationally
expensive transition-generation procedures.

The remaining challenge is therefore not only to apply abstraction-based control to a
bipedal robot, but to make this approach scalable enough to handle larger domains,
richer dynamics, and more robust controller synthesis.

This thesis addresses this challenge through four complementary directions:
o exploiting the left-right symmetry of the biped in order to reduce redundant
transition computations;
« distributing transition generation across independent processors or machines;
e pruning physically irrelevant or uninformative regions of the abstraction domain;

» studying local sensitivity in order to guide future adaptive discretization strate-
gies.



The next chapter introduces the concrete robot model, the symbolic abstraction frame-
work, and the previous developments on which the present work builds.



Chapter 2

Framework and Previous
Developments

The previous chapter introduced abstraction-based control as a promising but com-
putationally demanding framework for nonlinear hybrid systems. This chapter now
specializes these ideas to the planar bipedal robot considered in this thesis.

The objective is twofold. First, the robot model and the reduced state representations
used for abstraction generation are introduced. Second, the symbolic abstraction and
controller-synthesis procedures used in previous work are reviewed, in order to identify
the precise limitations addressed in the remainder of the thesis.

Previous studies demonstrated that walking controllers could be synthesized for the con-
sidered biped using the Dionysos. j1 framework. However, these controllers relied on
strong modeling simplifications, restricted state domains, and center-based transition
evaluations. As a result, abstraction generation remained computationally expensive,
while the obtained controllers were sensitive to discretization errors and limited oper-
ating ranges.

This chapter therefore provides the technical basis for the extensions developed later in
the thesis.

2.1 Robot Model Used in This Work

2.1.1 Continuous-Time Dynamics of the Bipedal Robot

A planar bipedal walking robot is described by a vector of generalized coordinates g,
containing the joint coordinates and the floating-base coordinates. Its dynamics are
governed by the Euler-Lagrange equations [27, 32]:

M(q)q+ C(q,4)q + 9(q) = B(q)u+ J(q)" Fexi (g, 4, w), (2.1)
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where M (q) is the inertia matrix, C'(q, ¢)¢ contains Coriolis and centrifugal effects, g(q)
is the gravity vector, B(g) maps the control inputs to generalized forces, and J(q)T Fy
represents external contact forces.

This model captures the main characteristics of bipedal locomotion: nonlinear me-
chanical coupling, contact forces, and state-dependent dynamics. The hybrid nature of
walking arises because the contact configuration changes during the motion, for example
when the swing foot impacts the ground.

2.1.2 Generalized Coordinates and State Variables

The planar robot considered in this work is represented by the generalized coordinates

T
q:[mR yr Or Orm Orm OLk QRK} ;

where xr and ygr denote the position of the reference foot, fr denotes the global ori-
entation of the robot, 6,y and gy are the hip angles, and 0, and gk are the knee
angles.

The control inputs correspond to the motor voltages:

T
U = [ULH URH ULK URK} .

The complete state of the robot is defined as

z = M . (2.2)

q

Since the robot contains seven generalized coordinates, the corresponding continuous
state space is 14-dimensional.
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Figure 2.1: Planar bipedal robot model and generalized coordinates. The com-
plete floating-base model contains seven generalized coordinates and therefore a 14-
dimensional state space.

2.1.3 State-Space Formulation

To apply abstraction-based control, the mechanical dynamics are rewritten as a first-
order control system. Assuming that M (q) is invertible, the acceleration is obtained
from (2.1):

G=M(q)™ (B(g)u+ J(@)" Fexe(q.d.0) — Cg.0)d — 9(a)) - (2.3)
The dynamics can therefore be rewritten as

. q
x:ﬂ%m:[M@)%B@M+JMVEM%QM—C@@M—M@A' (24)

This formulation shows that, for a given control input u, the evolution of the robot only
depends on its current state x.

2.1.4 Discrete-Time Successor Map

The symbolic controller is not built directly on the continuous-time dynamics. Instead,
the system is observed at discrete instants separated by a fixed sampling time Tep.

12



For a constant input uy, applied during one sampling period, the dynamics are integrated
from ¢ = 0 to t = Tiep. This defines the successor map

Tt = F(n, ug), (2.5)
where F'is obtained by simulating
T = f(z,u)

during one sampling interval.

Current state Uk Simulation over one step Tstep Successor state
— )
Ty & = f(z,u) on [0, Tytep) g1 = F(zg, ug)

Figure 2.2: Discrete-time successor computation. Starting from x;, the continuous
dynamics are simulated during one sampling period Tg., using a constant input uy.

2.2 State Dimension Reduction

The combinatorial growth discussed in Chapter 1 makes it impossible to build a sym-
bolic abstraction directly on the full floating-base model. Several reductions are there-
fore introduced before constructing the abstraction.

2.2.1 Reduction Through Stance-Foot Constraints

During a single-support walking phase, one foot is assumed to remain in contact with
the ground without slipping. This contact imposes holonomic constraints on the stance-
foot position. Consequently, the translational coordinates

TR, Yr
are no longer independent degrees of freedom.

The configuration can therefore be reduced to

T
q=1|0r OUrm Orm 0Lk QRK} )
leading to a 10-dimensional state space.

This reduction is mechanically justified during the single-support phase and is com-
monly used in planar bipedal locomotion models.

13



2.2.2 Reduction Through Orientation Fixing

A further simplification used in previous abstraction-based studies consists in fixing the
global orientation of the robot:

The remaining generalized coordinates are then only the four actuated joint angles:

T
Qred = {GLH Oru Ok QRK} .

The reduced state becomes

which corresponds to an 8-dimensional state space.

Unlike the previous reduction, fixing the global orientation does not result from the nat-
ural contact constraints of the walking robot. Instead, the hip orientation is artificially
constrained in order to reduce the abstraction complexity.

This simplification also changes the actuation structure of the system. Keeping 65 leads
to five generalized coordinates for four motor inputs, corresponding to an underactuated
robot. By contrast, the reduced model contains four generalized coordinates and four
actuators, making the system fully actuated.

Although this reduction significantly decreases the abstraction size, it also removes part
of the floating-base dynamics that are important in physical bipedal locomotion.

2.2.3 Additional Reductions Used in Previous Work

Previous studies introduced even more aggressive reductions by constraining specific
joints, in particular the right knee, through low-level controllers. Such reductions fur-
ther decrease the abstraction complexity but also move the model farther away from
the physical robot dynamics.

These simplifications are useful for obtaining tractable symbolic abstractions, but they
also motivate the need for more scalable abstraction-generation methods. Without such
methods, increasing the physical realism of the model or extending the admissible state
ranges rapidly becomes computationally prohibitive.
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2.3 Symbolic Abstraction Framework

2.3.1 Finite State-Space Partition

The continuous state space of the robot contains infinitely many states and cannot be
solved directly as a finite graph. The main idea of symbolic abstraction is therefore to
partition the state space into a finite number of cells [28, 21, 37, 23].

Each abstract state S; represents a set of concrete states:

S; C X.

A concrete state x is associated with the abstract cell containing it. Instead of ma-
nipulating infinitely many continuous states, the control problem is approximated by a
finite-state graph.

For each abstract state S; and each admissible control input u, the successor map F is
evaluated and mapped back to the discretized state space. This creates the abstract
transition relation

POSt(Si,U) = {Sj eS | Sz l> Sj}:

where Post(S;,u) denotes the set of abstract successor cells reachable from S; under
input wu.

F(x,u)
A

/
L

Bt

Figure 2.3: Abstract transition between two cells of the discretized state space. The
continuous successor F'(x,u), obtained by simulating the dynamics from = € S;, is
mapped to the abstract successor cell S;.
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2.3.2 Controller Synthesis on the Abstract Graph

Once the abstract transition relation has been constructed, the control problem becomes
a graph-search problem. Given an initial abstract state Sj,;; and a target set T, the
objective is to find a sequence of control inputs that drives the system from Si,;; to T

The target region is initialized as
Wo=T.

Then, the winning sets are computed backward. A cell is added to Wy, if there exists
one control input u such that all possible successors generated under this same input
already belong to Wj:

Wii1 = Wp U{S; € S| Ju € U such that Post(S;,u) C Wy} .

Wy =Wyu{xecell | Ju F(x,u) € Wy}

W, =W, u{x€cell|3Iu F(x,u) € W;}

Figure 2.4: Iterative construction of the winning sets. The target set is initialized as
Wy =T. At each iteration, a cell S; is added to Wy, if there exists a control input u
such that all possible successors generated under this same input belong to Wj.

The order of the quantifiers is essential. The controller must choose one input for the
current abstract state. This same input must drive all possible successors into the
previous winning set. However, once a successor cell has been reached, another control
input may subsequently be selected according to the symbolic controller associated with
that new cell.
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The winning set computation can be implemented as a backward breadth-first search
from the target. The target is assigned value

V(T) = 0.

Then, the algorithm propagates values backward through the predecessor relation. The
value V(.S;) represents the minimum number of abstract transitions required to reach
the target from ;.

At the same time, the algorithm stores the corresponding control input, therefore defin-
ing the symbolic controller

7(S;) = u.

V=1

V=3 @\ V=0

O+

—_—

Figure 2.5: Backward search on the abstract graph. Starting from the target state T,
the algorithm propagates values backward and computes a control policy leading to the
target.

2.3.3 Over-Approximation and Robustness Guarantees

In practice, an abstract state S; represents a whole set of concrete states, not a single
point. Therefore, applying an input u to S; may generate several possible successors.

A conservative abstraction accounts for this by over-approximating the reachable set
from the whole cell. This means that every possible concrete successor is included in
the abstract successor set.

This provides a robustness guarantee: if a controller is synthesized on the conserva-
tive abstraction, then it is intended to remain robust with respect to the considered
abstraction approximations.
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Figure 2.6: Robustness guarantee provided by over-approximation. Since all possible
successors remain inside winning cells, the controller is intended to remain robust for
every concrete state represented by the abstract cells.

However, this guarantee comes at the cost of conservatism. The over-approximation
may introduce spurious successors that do not correspond to actual concrete trajecto-
ries.

F(x,u)

hxz]

Figure 2.7: Conservatism introduced by over-approximation. The over-approximated
successor intersects an additional spurious successor cell, preventing the initial cell from
being classified as winning for this input.

by

This illustrates the conservative nature of over-approximation: by accounting for all
possible successors from a cell, the abstraction may also include cells that are only
reached by the over-approximated set and not by the actual trajectory. As a result,
some admissible control inputs may be rejected, and the computed winning set may
become smaller than the set of states that are controllable in practice.

This conservatism can be reduced by making the approximation more precise. One
possibility is to compute a tighter reachable set, closer to the true image of the cell.
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Another possibility is to use smaller cells, so that the set of possible successors is less
spread out. In both cases, the abstraction becomes more expensive to generate: tighter
reachable-set computations are more costly per transition, while smaller cells increase
the total number of symbolic states and transitions.

2.3.4 Cell-Center Abstraction as a Computational Compro-
mise

To reduce the computational burden, one can use a simpler abstraction where only the
center z. of each cell is simulated.

The winning set recursion then becomes

Wit = Wi U{z. | Ju € U such that F(z.,u) € Wi}.

Wy =Wou{x, | 3u F(x;u) € Wy}

Wy =W, U{x.|3u F(x,u) € Wi}

Figure 2.8: Winning set propagation using only the cell centers.

This approach drastically reduces the computational cost since only one simulation is
required per cell and per input.
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hmT

Figure 2.9: Center-based abstraction. Only the center state x. of the cell is simulated.

_—
s

However, the robustness guarantee is lost. Since only the center trajectory is simu-
lated, trajectories starting from other concrete states inside the same cell may behave
differently.

The center-based abstraction therefore constitutes a computational compromise: it sig-
nificantly reduces the number of simulations and transitions, but without guaranteeing
that the synthesized controller remains valid for all concrete states represented by the
abstract cells.

2.3.5 Shortest-Path Versus Weighted-Cost Synthesis

The previous formulation computes the winning sets through a backward breadth-first
search. In this case, the value function

V(Si)

represents the minimum number of abstract transitions required to reach the target.
The resulting controller therefore minimizes the number of discrete steps.

However, minimizing only the number of transitions is not always desirable for robot
locomotion. Different transitions may correspond to motions with very different prop-
erties, such as control effort, energy consumption, tracking error, robustness margins,
proximity to unsafe regions, or transition uncertainty.

Instead of assigning a uniform cost equal to 1 to every transition, one may associate a
weighted cost
C(Si, u, S j)

to each abstract transition. The value function then becomes

V(S;) = muin (c(Si,u, S;) +V(S))),
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where the minimization is performed over all admissible successor transitions.

The controller synthesis problem therefore becomes a shortest-path problem on a weighted
graph. In this context, Dijkstra’s algorithm can be used instead of a standard breadth-
first search [§].

Dijkstra selects the path with minimum cumulative cost:

Sl—>53—>55—>T

Figure 2.10: Weighted shortest-path synthesis on the abstract graph. Each edge is
assigned a transition cost. Dijkstra’s algorithm minimizes the cumulative cost instead
of only minimizing the number of abstract transitions.

This weighted formulation is particularly useful in abstraction-based locomotion control
because it allows the controller to prefer trajectories that are more robust or dynamically
favorable, even if they require more abstract transitions to reach the target.

2.3.6 Application to the Continuous Robot

The symbolic controller is applied to the original continuous robot in closed loop. At
each sampling time, the current continuous state x; is measured or estimated and
mapped to its corresponding abstract state S;. The controller then selects the input

u, = m(S;).
This input is applied during one sampling period Tg.p, after which the procedure is
repeated.

In this way, the nonlinear and hybrid dynamics of the bipedal robot are not controlled
directly on the continuous state space. Instead, they are controlled through a finite
symbolic controller.
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2.4 Previous Abstraction-Based Controllers and Their
Limitations

Previous works [3] demonstrated that abstraction-based control could synthesize con-
trollers for planar bipedal locomotion. However, these results were obtained under
strong modeling simplifications and highly restricted abstraction domains, while giving
up formal guarantees.

Variable Range Discretization
O [—13, 1]° hpos = 2°
Oru [—1, 13]° hpos = 2°
0Lk [—1, 15)° Ppos = 2°
o | [—39, 13]°/s hel = 8.6°/5
Orm [—13, 39]°/s hyet = 8.6°/s
Orx [—13, 39]°/s el = 8.6°/s
ULy [—3,3]V hy,=1V
URH [-3,2] V h,=1V
ULK [-3,3] V h,=1V

Number of computed transitions ~ 2 x 107
Abstraction computation time ~ 21 h

Table 2.1: State and input ranges used in previous abstraction-based controllers.

The previous controllers were synthesized on reduced abstraction domains correspond-
ing to highly constrained walking motions. In particular, the state ranges associated
with the left and right hip angles were calibrated only for a single half-step. Conse-
quently, the resulting abstraction was not symmetric and required the generation of
two distinct controllers in order to alternate between left and right support phases.

Furthermore, the abstraction did not explicitly include a progress variable or a clearance-
related constraint. As a consequence, the synthesized controller was not directly encour-
aged to generate forward locomotion and could produce motions with limited stepping
progression, as discussed in Section 3.4.3.

Several additional modeling simplifications were also introduced in order to keep the
abstraction computationally tractable.

First, the right knee angle was constrained through a low-level controller, which reduced
the number of independent state variables. However, this simplification also restricted
the ability of the robot to redistribute its mass and modify the center-of-mass dynamics
during walking.

Second, the global hip orientation was fixed, removing the floating-base rotational de-
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gree of freedom. Although this reduction significantly decreased the abstraction com-
plexity, it also transformed the robot into a fully actuated system. The resulting model
therefore no longer captured part of the underactuated behavior characteristic of phys-
ical bipedal locomotion.

In addition, the admissible velocities and motor voltages remained relatively small.
The abstraction was therefore restricted to low-speed motions and limited dynamic
behaviors.

Despite these simplifications, the abstraction remained expensive to construct: approx-
imately 2 x 107 transitions were computed, requiring around 21 hours of computation.
This illustrates the central difficulty addressed in the present thesis: even strongly
reduced abstraction domains already lead to large transition graphs and significant
computation times.

The following chapters therefore investigate several strategies for extending the abstraction-
based approach to larger and more robust domains while reducing the computational
burden of transition generation.
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Chapter 3

Scalable Abstraction Generation

3.1 Introduction

The previous chapter showed that abstraction-based control can successfully generate
walking controllers for planar bipeds, but also highlighted the severe computational
limitations that appear as soon as the abstraction domain is enlarged.

The objective of this chapter is therefore to investigate how the admissible state and
input ranges can be extended while keeping abstraction generation computationally
tractable. In particular, the goal is to reduce some of the previous modeling restrictions
and enlarge the set of reachable walking motions without causing a prohibitive increase
in computation time.

To address this issue, several complementary strategies are investigated. Rather than
modifying the abstraction framework itself, these approaches aim at reducing redundant
computations, distributing the workload more efficiently, and restricting the abstraction
to physically meaningful regions of the search space.

Three complementary strategies structure the remainder of the chapter:

1. Exploiting the left-right symmetry of the biped in order to reduce the number of
explicit transition computations.

2. Distributing the abstraction-generation process across many processors to accel-
erate large-scale transition evaluation.

3. Introducing pruning strategies to reduce the effective abstraction domain by ex-
cluding physically irrelevant or uninformative regions of the search space.

The three strategies are summarized in Table 3.1. The gains indicated below are ap-
proximate orders of magnitude intended only to provide a global intuition regarding
the expected computational impact of each strategy [25, 14].
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many processors using SLURM job ar-
rays

Strategy Principle Expected gain
Left-right symmetry ex- | Reuse symmetric transitions and con- ~ 2
ploitation trollers instead of recomputing them

Distributed computation | Distribute transition evaluations over A Nproc

Predicate-based pruning

Discard irrelevant states and inputs be-
fore simulation

Problem-dependent

Table 3.1: Overview of the strategies investigated to enlarge the abstraction domain
while limiting abstraction-generation cost.

3.2 Exploiting Left—Right Symmetry

A key structural feature of the considered biped is its left-—right symmetry. This property
can be exploited to reduce the redundancy of the abstraction process.

Figure 3.1 shows that several characteristic postures of the gait can be paired through a
simple exchange of the left and right legs. This observation motivates the introduction
of a symmetry operator S, illustrated in Figure 3.2, which maps a state x to its mirrored
counterpart S(x) by permuting the coordinates associated with the two legs. The same

permutation naturally applies, when relevant, to the control inputs.

Figure 3.1: Representative walking configurations showing the left-right symmetry of

the planar biped gait.
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Figure 3.2: State-space symmetry induced by the left-right swap operator S.

Let the state vector be defined as

. . . . . T
X = [‘93 Orer Oro Ok Orx Or Orm Orm Ok QRK}

The left-right swap operator is then simply the permutation

. . . . . T
S(X>: [QR QRH QLH QRK HLK eR HRH QLH QRK QLK}

which exchanges the variables associated with the two legs:

Orm < Ory
Orx < Ork
éLH A QRH
9LK A éRK
UrLH <> URH

ULK <> URK

Then, the left-right symmetry can be exploited to reduce the number of explicitly
computed transitions by approximately a factor of two. Indeed, if a transition

x = F(x,u)

is known, then, provided that the dynamics are invariant under the swap operator S,
the symmetric transition is obtained directly as

S(x) 29 S(F(x, )

where S(u) denotes the corresponding transformation on the control inputs. For a
two-legged actuation vector

T
u= [ULH URH ULK URK}
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the input symmetry is simply defined by the same left-right exchange, namely

S(U)Z [URH UrLH URK ULK}T

As a consequence, only one representative half of the symmetric state—input space has
to be simulated explicitly. The transitions of the opposite half are then obtained by
applying the swap operator to the initial state, the input, and the successor state. In
the ideal symmetric case, this reduces the transition generation time by approximately
a factor of two, since two symmetric transitions are obtained from a single simulation.

The same idea applies at the controller level. Instead of constructing two separate
controllers for the two phases of the gait, a single controller can be synthesized on the
canonical half-domain and reused on the symmetric half through

This reduces both the offline synthesis effort and the amount of controller data that
must be stored, while preserving the effective domain covered by the controller.

3.3 Distributed Transition Computation Through
Job Arrays

The previous section showed that the left—right symmetry of the biped can be exploited
to reduce the number of explicit transition computations. However, even after this
reduction, abstraction generation remains computationally expensive because the con-
troller synthesis procedure still requires evaluating a very large number of state—input
transitions.

The purpose of the present section is therefore not to modify the abstraction method
itself, but to reorganise its execution. The key observation is that each state—input
transition can be simulated independently from all the others. This makes transition
generation naturally suited to distributed computation: the global workload can be
split into many independent parts, executed separately, and merged afterwards.

This section is organised as follows. First, the transition-generation problem is rewritten
as a finite collection of independent state-input evaluations. Then, a deterministic in-
dexing strategy is introduced to partition this workload exactly across several jobs. The
reconstruction procedure used by each job to recover the corresponding physical state
and input is then described. Finally, the practical implementation using SLURM job
arrays is presented, before discussing the scalability results and the remaining memory
limitations.
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3.3.1 Independent Transition Evaluations

Let X denote the finite set of abstract states and let U denote the finite set of discretised
control inputs. Constructing the symbolic abstraction requires evaluating the successor

of each pair
(ZL'Z',U]‘) e X xU.

For each pair, the continuous robot dynamics are simulated over one sampling period.
The resulting continuous successor state is then mapped back to the symbolic grid,
producing a transition of the form

Uj
T, — Tk-

The abstract state and input sets are obtained by discretising hyperrectangular do-
mains. More precisely, the continuous state domain is assumed to be of the form

Uzs

X = H[xmin,f7xmaX,A7
=1

and the input domain is

Ny
U= H [umin,éa umax,é]-

(=1
The discretisation steps are allowed to depend on the dimension:

hr: (hz,17~”7hx,nm)7 hu: (hu,17"'7h’u,nu)'

Each grid point is represented by an integer multi-index. For the state grid, this integer
vector is denoted by

K= (k7 k),

? g

and the corresponding physical state is

o = Xo0+ kjhey, (=1,....,n,.
Similarly, for the input grid, an integer vector

k= (kY,.... k)

defines the physical input

U = Uoe + ky'hy, (=1,....,n,.
The role of k is therefore purely discrete: it indicates the position of a grid point
along each dimension. The continuous values z and u are then obtained by multiply-
ing these integer coordinates by the corresponding dimension-dependent discretisation

steps. Since the admissible domains are bounded, the integer indices are restricted to
finite ranges

k? € {kfnin,ev tet 7k§1ax,é}7 k; € {k?nin,ev to 7kﬁlax,€}'
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Thus, the finite symbolic sets X and U are defined as
X={z+k"Oh, : k" € K,},

and
U={u+k"©h, : k"€ K,},

where ® denotes componentwise multiplication and where

Ny Ny
K, = H{kﬁnn,b SR 7krwnax,€}7 K, = H{kglin,f7 SR kglax,ﬂ}'
/=1 (=1

The total number of transition evaluations is therefore

Ntrans - |X| |U|

The crucial property is that the simulation associated with one pair (x;,u;) does not
depend on the result of any other pair. Hence, the transition-generation step is embar-
rassingly parallel: the complete set X x U can be divided into disjoint subsets, each
evaluated independently, and the final transition relation is obtained by merging the
partial results:

A=AUAU---UAp.

This idea is illustrated in Figure 3.3. The full state-input workload is partitioned into
independent parts, each of which can be evaluated by a separate processor or machine.

X2
N\

(e
<]
/- \\ 7 //7:.
AT
/U /]

~

> X1

AN

.
S
A

Proc. 1 Proc. 2 Proc. 3 Proc. 4 Proc. 5

Figure 3.3: Partition of the transition-generation workload into independent state—
input evaluations.
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3.3.2 Deterministic Workload Partitioning

To distribute the transition computations, the Cartesian product X x U is first flattened
into a single linear workload. Let

Nstates = ’X ’, Ninputs = |U ‘
The total amount of work is
total_work = Ngtates Ninputs-
The complete workload is therefore represented by the linear index set
{1,...,total_work}.
Assume that this workload is distributed across njobs independent jobs. For a job with

index
jobid € {1,...,njobs},

the assigned interval is defined by

{(jobid —1) x total_workJ
lo = - + 1,
njobs

and

hi jobid * total_work
i= ,
njobs

Each job therefore processes all indices in the interval
[1o,hi].

These intervals form a partition of the full workload: they are disjoint and their union
covers {1,...,total_work}. Consequently, every state-input pair is evaluated exactly
once. No transition is missed, and no transition is computed twice.

Global workload: total_work = nstates X ninputs

1 total_work
[ I I I I ]

[lol,hil] [102,hi2] ce [lON_l,hiN_l] [lON,hiN]

! ! ! ! !
ST BT R Y TR

Figure 3.4: Exact partition of the linear workload into independent job intervals.
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3.3.3 Recovering State-Input Pairs from Linear Indices

The previous subsection defines which linear indices are assigned to each job. However,
the simulator does not operate on linear indices: it requires a physical state x and a
physical input u. Each job must therefore be able to reconstruct the corresponding pair
(z,u) from each assigned index.

For a given linear index linear_ idx, the input and state indices are recovered by

. linear idx —1
[
nstates

and
j = ((linear_idx — 1) mod nstates) + 1.

Here, i identifies the selected input in the input grid, while j identifies the selected state
in the state grid.

These indices are still one-dimensional labels. Since both X and U are multidimensional
grids, each label must then be converted into multidimensional grid coordinates. This
is done using the function

(Ih,...,Iy) = lin_to_multi(idx,dims),

where
dims = (dl, oo 7dN)

contains the number of grid points along each dimension.

Let r = idx — 1 be the zero-based version of the index. The coordinates are obtained
by successive modulo and integer-division operations:

Ilz(TmOdd1>+1, le\‘rJ,
dy

.[2:<T’1m0dd2)+1, TQI\‘TIJ,

dy
and so on. This is equivalent to a mixed-radix representation of the index, where the
bases are the grid dimensions dy, . ..,dy. The first coordinate varies fastest, the second

coordinate varies over blocks of size d;, the third over blocks of size dyd>, and so forth.

Figure 3.5 illustrates the structure of this decomposition. The modulo operation ex-
tracts the current coordinate, while the integer division removes the cycle that has
already been accounted for. As the linear index increases, the first coordinate cycles at
every step, while the following coordinates vary over increasingly larger blocks.
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Hierarchical variation of the coordinates

r| |07"'7H{cvzldk’_1
1 2 - dy 1 2 - d . N
S
block size 1 1 I = (7“ mod d1>+1
I | | | | r
block size d11 e _d71_
Lo | | | I, = (ry mod dy) + 1
ock size r
block dida 7’2:_d7:_
1 | .. |
I |
block size an_:ll dm
In | |

block size HyNn;i dm

Figure 3.5: Hierarchical decomposition of a global index into coordinate indices.

Once the multidimensional coordinates are known, they are converted into the integer
grid indices k* and k. If

[i - (Ii,17 .. 7[i,nu)

is the multidimensional input coordinate, then
ki = kpine + Lie — 1, C=1,...,n,.
The corresponding physical input is then
Uy :U07g+k’;hu7g, (= 1,...,7’Lu.
Similarly, if

I =L, Ijn,)

is the multidimensional state coordinate, then
ki = kpine + Lo — 1, C=1,...,n,.
The corresponding physical state is then

b
xg:$07g+k£hx’g, €:1,...,n3;.
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Therefore, each job can independently reconstruct the exact state—input pairs associated
with its assigned interval, simulate them, and write the resulting partial transition

relation.
Split into input/state indices
V]
Linear work- ] ( ) Recover grid
load index i = {MJ 41 coordinates
nstates
j = ((1inear_idx—1) mod nstates)+1 /
Ii = Ij =
lin_to_multi(i, lin_to_multi(j,
dims_u) dims_x)
Y \4
Compute input Compute state
u=u0+k * hu x =x0 + k * hx

Figure 3.6: Reconstruction of the physical state—input pair from a linear workload
index.

3.3.4 Implementation with Independent Job Arrays

The previous subsections define a generic distributed algorithm. In this work, this al-
gorithm is implemented using SLURM job arrays on a high-performance computing
cluster [36]. Each array task receives a job index, computes the corresponding inter-
val [lo,hi|, reconstructs the associated state-input pairs, simulates the transitions,
and writes a partial transition file. This workflow is shown in Figure 3.7. The only
synchronisation step is the final merge of the partial files.

simulat
St =[transitionsipartil.j1d2}

Global set of
state-input pairs

(i, “’j)

Partition into
subranges

Wi, Wa,...,Wn

simulate

transitions_ part 2.‘]'1(12]—> Merge partial files

|

simulate
> : Complete transition relation

simulat
Sonee - [t‘ransitionsipartiN .jld2}

Figure 3.7: Global workflow of the SLURM job-array implementation.
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Multi-processing versus Multi-threading

This implementation differs from a classical multithreaded approach. In a multi-
threaded program, several threads share the same memory space and the work distribu-
tion can be managed internally by a single execution. In the present implementation,
each SLURM job is an independent process with its own memory space. The work dis-
tribution must therefore be made explicit through the deterministic interval partition
described above.

This multiprocessing strategy has two practical advantages. First, it avoids thread-
safety issues associated with shared simulator instances or shared data structures. Sec-
ond, it makes the computation usable on completely independent machines. Each job
only needs the grid definition, the transition function, its own jobid, and the total num-
ber of jobs njobs. From these two integers, it automatically determines its assigned
range of linear indices using the deterministic partition rule introduced above. It can
then reconstruct the corresponding state—input pairs locally and compute its partial
transition relation without requiring any shared memory. This is also well aligned with
cluster execution, where processors may be distributed across different nodes that do
not necessarily share the same memory space.

Multi-threading Multi-processing
Single Process Process 1
states[]
Shared Memory :
inputs(]

states[] inputs[] robot_model

states(]
inputs[]
robot_model

robot_model

Process 3
states[]
inputs(]

robot_model

Figure 3.8: Comparison between multi-threading and multi-processing architectures.
In multi-threading, several execution threads share the same memory space. In multi-
processing, each process owns an independent memory space, improving robustness and
isolation at the cost of increased memory usage.

Many Small Jobs Instead of One Large Job

Rather than launching one large job requesting many processors and a long wall time,
the workload is divided into many smaller independent jobs. This is better adapted to
a shared cluster environment. Small jobs are easier for the scheduler to place, can often
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start earlier, and are less constrained by maximum wall-time limits.

A single large job is also inherently limited by the maximum wall time allowed on
the cluster. By contrast, the job-array approach can process abstractions whose total
computation time exceeds this limit, because each individual job remains short. The
total computation is then obtained by combining the results of many short executions.

This is also a direct advantage of the multiprocessing formulation. Since different jobs
do not have access to each other’s memory, the implementation does not require any
shared-memory coordination between workers. Each job is simply launched indepen-
dently and receives its own jobid; together with the total number of jobs, this is
sufficient to determine the part of the linear workload it has to compute. By contrast,
a multithreaded implementation would typically require launching a single large job,
because all threads must belong to the same execution and share the same memory
space. Such a job would request many processors and a long wall time at once, making
it harder for the cluster scheduler to place in the queue. In practice, it may be de-
layed repeatedly and, in extreme cases, may never start within the available scheduling
window.

( R
One large job { Many small independent jobs }
- ¢ J
s R e N s R
Single abstraction job Job 1 Job 2 Job 3
. 1 CPU, 3 1 CPU, 3 1 CPU, 3
many CPUs, hlgh‘mcm- GB. 5 min GB. 5 min GB. 5 min
ory, long wall time -
S E— —_—
) ’ Job 4 Job N
Harder to schedule M M}

Large resource request

Easier to schedule
Limited by wall-time constraints

Faster start in practice
Better scalability

Figure 3.9: Comparison between one large job and many small independent jobs.

Generality of the Implementation

A major advantage of the proposed implementation is that it is not specific to the
bipedal robot considered in this work. The same distributed structure can be applied
to many abstraction-based control problems, provided that the problem is defined by a
finite set of states, a finite set of inputs, and a transition function that can be evaluated
independently for each state—input pair.

In the present implementation, the problem-dependent part is limited to the definition
of the state grid, the input grid, and the transition map. For a standard tensor grid, the
continuous state and input domains are discretised with possibly dimension-dependent
steps:

he = (hety- oy han,), hy = (huty -y hun,)-
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The state and input dimensions can therefore be arbitrary, and each dimension can
have its own range and resolution.

The same principle could also be extended to grids with non-uniform discretisation
steps inside a given dimension. In that case, instead of recovering the physical value
from an affine formula such as

Toe + kel g,

each coordinate index would be mapped to a precomputed list of grid values or intervals
along that dimension. The global partitioning strategy would remain unchanged: only
the local index-to-state reconstruction step would need to be adapted.

Additional constraints can also be included without modifying the distributed archi-
tecture. For instance, the predicate-based pruning strategy introduced in Section 3.4
can be incorporated by evaluating a predicate before simulating a transition. If the
predicate is false, the corresponding state—input pair is discarded; otherwise, the tran-
sition is evaluated normally. Thus, physical constraints, admissibility conditions, or
problem-specific exclusions can be added easily.

The distributed execution itself remains very simple. The same problem description is
given to all processors: the state grid, the input grid, the transition function, and, if
needed, a pruning predicate. Each processor is then given only two additional pieces
of information: its own job identifier and the total number of jobs. From these two
integers, it automatically computes its assigned interval of linear indices using the
deterministic partition rule introduced above. It then reconstructs the corresponding
state—input pairs locally, applies the optional pruning predicate, simulates the remaining
transitions, and writes its own partial output file.

This makes the implementation simple and scalable. Adding more processors does not
require changing the abstraction code or manually distributing the state space. One
only increases the total number of jobs; each job receives a different identifier, computes
its own part of the linear workload, and runs independently. The limiting factors are
then mainly scheduling, file storage, and merging overhead, rather than communication
or shared-memory coordination.
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Figure 3.10: Generic structure of the distributed abstraction generator.

Figure 3.10 summarizes the generality of the approach. The same abstraction problem
is given to all jobs. The only difference between them is their identifier. Together with
the total number of jobs, this identifier is sufficient for each job to determine its own
part of the linear workload. Predicate-based pruning can also be applied locally before
simulation, without changing the distributed structure.

3.3.5 Scalability of Transition Generation

The main benefit of the distributed implementation is that the transition generation
time can be reduced almost proportionally to the number of available workers, as long
as the workload is sufficiently large and the merge overhead remains negligible.

For an abstraction containing Ny..s transitions, with an average simulation time i ang

37



per transition, the ideal computation time on P processors is

N rans rans
T(P) = %.

For example, with
10
Ntrans =10 > Ttrans — 3HIS,

the single-processor computation time would be approximately
T(1) =10 x 3 x107* =3 x 10"s ~ 8333 h.

This illustrates why distributed computation is necessary: even a moderately fast sim-
ulator becomes impractical when the abstraction contains billions of transitions.

10

103

102

10!

Computation time |[hours]

100 | | |
10° 10! 102 103 104
Number of processors

Figure 3.11: Estimated abstraction-generation time for an abstraction containing 10'°
transitions, assuming 3 ms per transition and ideal parallel scaling.
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Figure 3.12: Comparison of the largest abstraction sizes generated in the previous thesis
and in the present work. Values are expressed in billions of transitions: the previous
implementation reached approximately 0.02 billion transitions, whereas the distributed
implementation developed here reached approximately 50 billion transitions.

The ideal scaling curve only accounts for transition computation. In practice, the
wall-clock time also includes cluster scheduling effects. Figure 3.13 separates the mea-
sured runtime into queue time and computation time for an abstraction involving 107
transitions. The computations were performed on the Lemaitre cluster of the CECI
high-performance computing infrastructure hosted at UCLouvain/CISM [6].

101

[ Transition computation
I Queue

Time [h]

1 10 100
Number of jobs

Figure 3.13: Runtime breakdown for the transition-generation step as a function of the
number of jobs for an abstraction involving 107 transitions.

The computation time decreases as the number of jobs increases, confirming that tran-
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sition generation is highly parallelizable. This behaviour is expected, because each
state-input pair is simulated independently.

The queue time also decreases substantially when the workload is split into many small
jobs. This is not an algorithmic effect, but a practical scheduling advantage: small inde-
pendent jobs are easier for the cluster scheduler to allocate than one large job requesting
many processors simultaneously. Thus, the job-array strategy improves scalability in
two complementary ways. It reduces the computation time through parallelism, and it
improves practical turnaround time by making the workload easier to schedule.

3.3.6 Memory Bottleneck for Controller Synthesis

The previous results show that transition generation can be distributed efficiently. How-
ever, generating the transitions is only the first step. The resulting transition relation
must also be stored and processed during controller synthesis. For very large abstrac-
tions, this storage requirement becomes the dominant limitation [12].

In a basic implementation, each transition can be stored as a tuple containing the arrival
state, the source state, the input index, and the edge cost. With 64-bit integers for the
three indices and a 64-bit floating-point value for the cost, this requires

8+8+8+8=232

bytes per transition. If F transitions are stored, the raw memory requirement is there-
fore
M,.w(E) = 32E.

This linear scaling was confirmed experimentally by storing the raw transition tuples
generated for the 8D abstraction. The benchmark reached 2.325 x 10° transitions,
corresponding to approximately 74.4 GB of raw tuple storage.
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Figure 3.14: Raw memory required to store the transition relation as explicit tuples.
The memory grows linearly with the number of transitions, with a slope of approxi-
mately 32 bytes per transition.

This shows that, beyond a certain scale, the bottleneck is no longer only the simulation
of the transitions. Even if the transitions can be generated by many independent jobs,
solving the resulting controller may require storing a graph that exceeds the memory
available on a single cluster node.

A more compact representation can reduce this memory pressure. In the backward
Dijkstra formulation, transitions are grouped by arrival state. The arrival state does
not need to be stored inside every edge, because it is already implicit in the predecessor
list being accessed. Each edge can therefore store only an encoded source—input pair
and the associated cost:

edge = (encoded(s, a), ).

Using a 64-bit encoded identifier and a 32-bit floating-point cost, the aligned edge
representation occupies approximately 16 bytes. This reduces the graph storage by

roughly a factor two:
Mo, (E) ~ 16E.

With a memory limit of approximately 750 GB, this representation gives the theoretical

upper bound

1 9
Eo = 750;;0 ~ 4.69 x 10

stored transitions for the graph representation alone. This value must be interpreted
as an optimistic bound, because the actual solver also requires additional arrays for
Dijkstra, compact state mappings, priority queues, and runtime overhead.
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This explains the practical limitation observed in the experiments: abstractions with
up to approximately 50 x 10° transitions could be generated, but they could not be
solved on the available cluster nodes because the memory required by the graph and
the associated solver data structures exceeded the available RAM.

A possible direction for future work is to replace the in-memory graph solver by an out-
of-core implementation. In such an approach, the predecessor graph would be stored
on disk in a compact format indexed by arrival state. This could take advantage of the
much larger scratch storage available on the cluster. However, it would also introduce
a new bottleneck: Dijkstra’s algorithm requires many irregular accesses to predecessor
lists, so disk latency and bandwidth could become limiting. Designing such an out-of-
core solver is therefore a relevant but non-trivial extension.

3.3.7 Conclusion

This section introduced a distributed implementation of the transition-generation step
used in abstraction-based control. The abstraction workload is flattened into a linear
index set, partitioned deterministically into disjoint intervals, and evaluated by inde-
pendent jobs. Each job reconstructs its assigned state—input pairs locally, simulates the
corresponding transitions, and writes a partial transition file. The complete transition
relation is then obtained by merging these files.

The advantage of this approach is that it preserves the exactness of the transition-
generation procedure while making it scalable across independent processors or ma-
chines. It does not require shared memory, and it is therefore well suited not only to
HPC clusters, but also to more general distributed computing environments.

However, this strategy only accelerates the generation of transitions. It does not reduce
the size of the abstraction itself. For very large grids, the number of generated tran-
sitions may still become too large to store and solve in memory. This motivates the
complementary strategy studied in the next section: rather than distributing the full
transition set more efficiently, pruning aims to reduce the effective abstraction domain
before the transitions are simulated.

3.4 Pruning Strategies for Reducing the Effective
Abstraction Domain

The distributed implementation presented in the previous section improves the exe-
cution of abstraction generation, but it does not change the number of state-input
pairs that must be considered. If the discretised domain contains physically irrelevant,
unreachable, or uninformative regions, distributing their simulation only makes the
computation faster; it does not remove unnecessary work [12].
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A complementary approach is therefore to reduce the effective abstraction domain be-
fore transition generation. Instead of evaluating all pairs in X x U, one restricts the
computation to a subset of meaningful state—input pairs. This does not modify the ab-
straction machinery itself. It acts upstream by excluding regions that are inconsistent
with the targeted walking behaviour or unlikely to contribute to the final controller.

3.4.1 Principles for Designing Pruning Rules

Although pruning is problem-dependent in its concrete form, its design can be guided
by a number of general principles.

1. Pruning should be goal-oriented. The purpose is not to approximate the entire
physically reachable set of the system, but to focus the abstraction on the subset
relevant to the control objective. The admissible state and input sets should
therefore reflect the behaviour one aims to capture: periodic walking, recovery
motions, balanced postures, energy-efficient manoeuvres, or any other targeted
regime.

2. Pruning should be cheap to evaluate. Since these predicates are applied before sim-
ulation, they should be much less expensive than the transition computation they
replace. Simple inequalities, sign tests, ordering conditions, and low-dimensional
algebraic relations are therefore especially valuable.

3. Pruning should be structured. The most effective rules are not isolated thresh-
olds, but collections of mutually consistent conditions that encode a coherent be-
havioural interpretation of the state and input. In particular, mode-based pruning
is often much more informative than global box-type restrictions.

4. Pruning should be explicitly conservative with respect to the intended use. If
the abstraction is meant to cover all behaviours in a certain class, the pruning
rules must not exclude states or inputs that are genuinely needed for that class.
In practice, pruning is therefore a trade-off between computational savings and
behavioural coverage. Excessively aggressive pruning may reduce computation
time dramatically, but at the cost of producing a controller that is only valid in
an overly narrow operating region.

5. Pruning should be hierarchical whenever possible. A good implementation first
applies a state predicate Px(x), then an input predicate Py(x,u), and only then
launches the expensive simulation. This ordering avoids spending effort on input
checks for already inadmissible states, and avoids spending effort on simulation
for already inadmissible state—input pairs.
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3.4.2 Generic Implementation Pattern

Formally, let X denote the discretised state space and U the discretised input space.
A brute-force abstraction would evaluate transitions for every pair (z,u) € X x U.
Pruning introduces a Boolean selection rule

P:X xU— {01},

and only pairs satisfying P(x,u) = 1 are retained for simulation. In practice, this
selection rule is often decomposed into two stages:

P(z,u) = Px(z) A Py(x,u),

where Py is a state-admissibility predicate and Py is an input-admissibility predicate
conditioned on the current state. This decomposition is particularly useful because it
separates two distinct questions: first, whether a state belongs to the region of interest
at all; second, whether a given control action is meaningful in that state. From an
algorithmic viewpoint, these ideas lead to the following generic structure:

discard z if Px(x) =0,
fi h :
for each x € X : o eac.: uelt )
discard u if Py(z,u) =0,

otherwise evaluate the transition.

The practical impact of pruning is therefore twofold: it reduces the number of state
cells that must be explored and, within each retained state, it reduces the number
of candidate inputs that must be simulated. Since the dominant cost of abstraction
generation lies in repeated transition evaluation, even simple pruning rules can yield
substantial computational savings when applied systematically.

In the present problem, such predicates were essential to obtain a pruning strategy that
is both intuitive and sufficiently selective. Restricting the search space only through
global hyper-rectangular bounds like previously implemented in Dionysos would leave
many state cells that are mathematically inside the domain but physically irrelevant
for walking. For example, configurations in which the hip angles are not approximately
antisymmetric may still lie inside the discretisation box while being clearly incompatible
with a meaningful gait phase.

In the new version of Dionysos, we added the functions:

e in gait_tube(x) that removes these regions directly by encoding simple walking-
structure constraints, thereby discarding large portions of the state grid before
any simulation is performed.

o input_allowed(x,u) that eliminates wide subsets of the input grid that are in-
consistent with the current state.
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Algorithm 1 in_gait_tube(x) example

Require: State z

. end if

: return true

. if x violates the approximate anti-symmetry constraint between the hips then

return false

1
2
3: end if
4:
5
6
7

if x does not satisfy the desired leg-clearance configuration then
return false

This is what makes predicate-based pruning especially powerful here: it allows large
regions to be excluded for transparent mechanical reasons, rather than through coarse
geometric cuts alone.

Figure 3.15 illustrates why predicate-based pruning is significantly more expressive than
the original hyper-rectangular pruning mechanism. For the biped robot, even a simple
condition such as approximate hip-angle antisymmetry defines a narrow oblique band
in the state space, which cannot be represented efficiently by axis-aligned boxes alone.

State pruning in the hip-angle plane

0 + Oru| <d

Figure 3.15: Predicate-based state pruning can follow the geometry of the problem.
In the (0, 0ry) plane, approximate hip-angle antisymmetry defines the band |05 +
Oru| < d, whereas coarse box-based pruning would require keeping the full enclosing
square.
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3.4.3 Swing-Foot Clearance as a Directional Feasibility Con-
straint

FG FR

Figure 3.16: Horizontal ground reaction forces applied on each foot during walking.

Since the reduced abstraction only contains joint angles and joint velocities, a posture
target alone does not guarantee a genuine forward step. The robot may reach the
target posture while keeping both feet close to the ground, leading to slipping or quasi-
stationary leg exchange.

The need for forward motion can be understood from Newton’s second law:
> F, =mi.
If the horizontal contact forces applied at the two feet compensate each other, then
Fo=Fr = > F,=0 = i=0.

In that case, no horizontal acceleration is generated. The role of the clearance constraint
is therefore not to directly impose the forces, but to prevent persistent double contact
configurations where such force compensation can occur. By requiring the swing foot to
lift, the abstraction favours motions in which the support is transferred and the robot
can progress forward.

Let the reduced state be
x = (O, Orm, Orrc, Oric, Orer, Orar, O, Oric).
The effective vertical positions of the left and right feet, measured from the hip, are

ZL(X) = Lthigh COS(@LH) + Lleg COS(QLH + 9LK)>
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2r(X) = Linigh €08(0rm) + Lieg c0S(0rm + Oric)-
Assuming that the right foot is the stance foot, the left-foot clearance is defined as
hL(X> = ZR(X) — ZL(X).
Thus, hr(x) > 0 means that the left foot is higher than the right stance foot, while

hr(x) ~ 0 corresponds to persistent double contact.

The clearance predicate is activated only when the swing foot is in the central part of
the step. Let

Axs‘cep = TL final — TL init

be the planned horizontal displacement of the swing foot, and let

T L init + TL final
2

XL mid =
be the centre of the step. The admissibility predicate is then
Px(X) = (ZL’L(X) - [«rL,mid — 0-4A«Tstep; T, mid + 0-4A«TstepD = (hL(X> > hmin) ,

with
hmin = 0.03m.

Here, x1(x) is the horizontal position of the swing foot, x, it and x, fna are its initial
and final positions, Awzgep is the step length, and Ay, is the required minimum clear-
ance. The factor 0.4 on each side defines a central interval covering 80% of the step.
This avoids enforcing clearance near take-off and touchdown, where the swing foot is
expected to be close to the ground.

Ot aiae do
(a) Synthesized controller without the (b) Synthesized controller under the clear-
clearance constraint ance constraint

Figure 3.17: QR codes providing access to the synthesized walking controllers.

3.5 Conclusion

This chapter investigated three complementary strategies for improving the scalabil-
ity of abstraction-based control for planar bipedal robots. Symmetry exploitation re-
duces redundant computations, distributed transition generation accelerates abstraction
construction, and pruning strategies decrease the number of transitions that must be
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evaluated. Combined, these approaches enable significantly larger abstractions while
preserving computational tractability.

However, increasing the abstraction size also amplifies the impact of discretization er-
rors, local sensitivity, and hybrid transition effects. Consequently, scalability alone is
insufficient: large abstractions must also remain sufficiently accurate and robust for
reliable controller synthesis.

The next chapter therefore focuses on robustness and sensitivity analysis, with partic-
ular emphasis on Lipschitz-based error propagation and adaptive refinement strategies
for improving abstraction fidelity while maintaining tractable computation times.
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Chapter 4

Sensitivity and Error Propagation
in Abstraction-Based Control

4.1 Introduction

The previous chapter focused on improving the computational scalability of abstraction
generation for planar bipedal robots. However, enlarging the abstraction domain also
amplifies the impact of discretization errors and local sensitivity effects. In nonlinear
hybrid robotic systems, small perturbations may propagate non-uniformly across the
state space, particularly near contact transitions where local trajectory divergence can
increase significantly [26].

As a consequence, abstraction quality depends not only on the discretization resolution,
but also on how local errors propagate through the dynamics. Understanding these
mechanisms is therefore essential for designing abstractions that remain sufficiently
accurate and robust for controller synthesis.

The objective of this chapter is to analyze the origin and propagation of approximation
errors in abstraction-based control for planar bipedal robots. Particular emphasis is
placed on local sensitivity amplification, Lipschitz-based error propagation, Jacobian
interpretation, and empirical sensitivity estimation for hybrid robotic dynamics.

4.2 Sources of Approximation Errors in Symbolic
Abstractions

The principal approximation mechanisms associated with symbolic abstractions were
already introduced in Section 2.3. The present section revisits these errors in the
specific context of abstraction-based control with cell center simulation, with particular
emphasis on how local sensitivity amplification influences abstraction robustness and
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transition conservatism.

Symbolic abstractions approximate the continuous dynamics by replacing each contin-
uous state with a representative point, typically the center of the corresponding cell.
In our implementation, for each cell center x,. and each admissible input u, the system
is simulated over one sampling period. The resulting state F(z.,u) is then projected
onto the abstraction grid through the quantizer ), producing the symbolic successor

Q(F (e, u)).

When the synthesized controller is applied to the concrete system, however, the ac-
tual state x is generally not exactly equal to the cell center z.. The transition fol-
lowed by the real system is therefore F'(xy,u), whereas the abstraction represents it by
Q(F(z.,u)). The resulting transition error can be decomposed into two contributions,
as illustrated in Figure 4.1.

As these errors are independant, the triangle inequality provides an interesting bound
on the error of a given transition :

1F(xr, u) = QUF (e, w))|| < || F(wr, u) = Flae, w)|| + [[F(ze, u) — Q(F (xe, w)| . (4.1)

Local error propagation Successor quantization error

Local error propagation

The first term measures how an initial mismatch inside the same cell is amplified by
the dynamics. If F' is locally Lipschitz on a cell C;, with local Lipschitz constant L;,
then for z,, z. € C;,

[ F (2, u) = Fze, u)|| < Lillze — x|

Let n; denote the radius of cell ;. Since both x; and z. belong to the same cell,
|z — el < i,

and therefore

[F (zk, u) = F(ze,u)|| < Lin;. (4.2)
Hence, the local propagated error is governed by the product

P S Lo

This relation is important because it separates two effects: the size of the cell, rep-
resented by 7;, and the local sensitivity of the dynamics, represented by L;. If L; is

large, even a small initial displacement inside the cell can lead to a large successor error.
Conversely, if L; is small, the same cell size may remain acceptable.
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(a) Total transition error

F(xy,u) F(xe,u)

(b) Local error propagation

Flxc,u)
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(c) Successor quantization error

Figure 4.1: Decomposition of the total transition error into local error propagation and
successor quantization error.

o1



Successor quantization error

The second term corresponds to the error introduced when the continuous successor of
the cell center is projected back onto the abstraction grid:

HF($C,U) - Q(F(SCC,U))H

Unlike the local propagation error, this term does not depend on the sensitivity of the
dynamics to the initial condition. It only depends on the resolution of the abstraction
grid around the successor state. If F(x.,u) belongs to a successor cell C;, and if 7,
denotes the radius of that cell, then the quantization error satisfies

[F (e, u) = Q(F (e, w)) || < nj-

For a uniform grid, or when the cells have comparable sizes, this term is therefore of
the order

6quant ~

7.
This means that the successor quantization error is essentially controlled by the grid
resolution. Reducing this error generally requires reducing the size of the cells, and
therefore increasing the total number of symbolic states.

Comparison of the two error mechanisms

The two terms have different origins and different scalings. The local propagation error
scales as

prop
e; =~ Ln;,

whereas the successor quantization error scales as

equant ~ .

The comparison between these two quantities is therefore mainly governed by the local
amplification factor L;. If L; < 1, the dynamics is locally contractive, and the propa-
gation of the initial error remains smaller than the quantization error. If L; ~ 1, both
errors are of the same order. However, if L; > 1, even a small displacement inside the
cell can be strongly amplified, and the local propagation error becomes the dominant
contribution.

This distinction is important because the two errors do not suggest the same refinement
strategy. If the successor quantization error dominates, the most direct way to reduce
the abstraction error is to refine the grid uniformly. This is the standard approach used
in uniform symbolic abstractions. In that case, all cells are reduced in size because the
error is mainly controlled by the geometric resolution of the grid.
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By contrast, if the local propagation error dominates, the relevant quantity is not the
cell size alone, but the product

Lin;.
In this case, two cells with the same size may have very different propagated errors if
their local Lipschitz constants are different. It then becomes more efficient to refine the
cells where the dynamics is highly sensitive, rather than refining the whole state space
uniformly.

This motivates an adaptive refinement strategy. Suppose that the state space is parti-
tioned into N cells C;, each with radius n; and local Lipschitz constant L;. The local
propagated error satisfies

e; " < Lin;.

If one aims to minimize the worst propagated error under a fixed cell budget, the
idealized refinement problem can be written as

min  max L;n;

1;>0 7 (43)
subject to a fixed cell budget.

At the optimum, the active propagated errors should be balanced:

Lt =e. (4.4)

This shows that cells with larger local Lipschitz constants should receive smaller radii,
while less sensitive cells can remain coarser. In other words, the product L;n; provides
a principled criterion for redistributing the available resolution toward dynamically
sensitive regions.

4.3 Lipschitz-Based Error Propagation

The previous section showed that the local propagation error inside a cell is controlled
by a product of the form L;n;, where n; measures the size of the cell and L; measures the
local sensitivity of the dynamics. This section explains how this sensitivity is defined
and why it cannot be computed exhaustively in practice.

Lipschitz continuity is commonly used in nonlinear control and abstraction-based ver-
ification because it provides a way to bound how local perturbations are amplified by
the dynamics [21, 25, 24].

4.3.1 Weighted norm and local Lipschitz bound

Let C; C R® be a cell of the state space, and let
U=A{uy,...,unt
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be the finite set of admissible inputs. For a given input u, the one-step transition map
is denoted by
F(-,u):R® — RS,

Since the state contains both angular positions and angular velocities, a weighted norm
is used:
[zllw = W 2|2,
with
W =diag(1,1,1,1,7,7,T,T), T = Tytep-

This weighting makes position and velocity components comparable in the metric used
to measure perturbations.

For a given cell C; and input u, a local Lipschitz constant L;(u) satisfies

Since the controller has not yet been synthesized when the abstraction is built, the
input that will be selected in each cell is not known in advance. We therefore consider
a conservative cell-wise constant valid for all admissible inputs:

L; = max L;(u).
uel

With this definition, for every v € U and every z,y € C;,
[1E(z,u) = F(y, u)llw < Lillx — yllw.

If F(-,u) is differentiable on Cj, then a sufficient Lipschitz constant is obtained by
bounding the weighted norm of the Jacobian over the cell:

Li(u )—supHWJqu)W 1‘

zeC;

2 Y

where

F
JoF(x,u) = i;c(x,u) € R®*8,

The corresponding cell-wise Lipschitz constant is therefore

L; = max sup HWJ F(z,u)W~ 1H2.

ueU geC;

For clarity, we denote the pointwise local amplification factor by
Uz, u) = HWJxF(a:,u)W_l’L.
Thus, the theoretical cell-wise constant can be written compactly as

L, = 14
e suk )

This quantity is a worst-case measure: it describes the largest local amplification that
can occur anywhere in the cell and for any admissible input.

o4



4.3.2 Finite-difference estimation of local amplification

The previous definition is theoretical. Computing L; exactly would require bounding
{(x,u) over the whole continuous cell C;, and for every admissible input. This is not
directly available for the black-box simulation model considered in this work.

A possible way to estimate the local amplification around a given state-input pair (x, u)
is to approximate the Jacobian of F(-,u) by centered finite differences. For the r-th
state component,

oF _ Fle+d.e,,u) — F(x — 6.6, u)
20, ’

where e, is the r-th canonical basis vector and
6r = EfracSr-

The scale s, is chosen according to the physical unit of the component:

10°, for angular position components,
Sp =
100°/s, for angular velocity components.

This gives a numerical Jacobian js(x, u), and therefore a pointwise estimate of the local

amplification:
Oo(z,u) = HWJ;(:E,u)W_IH .

2

The perturbation factor g, must be chosen in an intermediate range. If it is too small,
the finite-difference quotient becomes dominated by numerical noise. If it is too large, it
no longer represents the local derivative, but rather a larger-scale secant slope affected
by nonlinearities and possible hybrid events.

Figure 4.2 shows this effect for one local diagnostic evaluation. A stable plateau appears
around

Efrac € [107%,1072].

This suggests that, at this sampled state-input pair, the estimated local amplification
is approximately independent of the perturbation size in this interval.

With the chosen component scalings, the upper end of this stable interval, £, ~ 1072,
corresponds to perturbation radii of approximately

re = 0.1°, ry =1°/s.

At this scale, the finite-difference estimate can therefore be interpreted as a reliable
local Lipschitz diagnostic around the sampled state-input pair. However, this remains
a local estimate; it is not a certified bound over the whole cell C;.
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Figure 4.2: Estimated weighted spectral norm Z.(z,u) as a function of the finite-
difference perturbation scale g, for one local diagnostic evaluation.

4.3.3 Why exhaustive Lipschitz estimation is infeasible

The finite-difference procedure above only estimates a local amplification factor around
one sampled state-input pair. Extending this idea to the full abstraction would require
estimating such quantities for many sampled states in each cell, for all cells, and for
every admissible input [28, 25, 14].

This is computationally impossible at the scale of the considered abstraction. In an
8-dimensional state space, one centered finite-difference Jacobian already requires 16
perturbed simulations for a single state-input pair. This cost would have to be mul-
tiplied by the number of sampled states, the number of inputs, and the number of
cells.

The magnitude of the problem can be estimated by considering cell sizes consistent
with the local radii for which the finite-difference estimate is meaningful:

re =0.1°, Ty =1°/s.
Over the considered state-space bounds, this would lead to approximately
Neetis & 8.89 x 10'®
cells. With 16 admissible inputs, this already corresponds to
Nirans ~ 1.42 x 10%
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nominal transitions, before accounting for the additional simulations required by finite
differences.

Assuming a transition time of 3 ms, the nominal computation time would be

4.26 x 10" s ~ 1.35 x 10" years.

Therefore, computing or even systematically estimating a Lipschitz constant L, for
every cell of the abstraction is out of reach. The role of finite-difference analysis is
only diagnostic: it shows how local perturbations can be amplified by the dynamics,
and it explains why exhaustive Lipschitz-based abstraction design is computationally
infeasible.

4.4 Empirical Sensitivity Estimation

The previous section showed that a cell-wise Lipschitz constant L; provides a useful way
to describe how local errors are amplified by the dynamics. However, it also showed
that computing, or even systematically estimating, such a constant over every cell and
every admissible input is computationally out of reach for the considered abstraction.

For this reason, the objective of the present section is not to obtain certified Lipschitz
bounds. Instead, we introduce an empirical sensitivity indicator that can be computed
directly from simulated transitions. This indicator measures how strongly two nearby
states inside the same cell may separate after one time step, and therefore provides a
finite-scale approximation of the local amplification effects discussed above.

Let C; be a cell of the abstraction, and let

g~ 0 Y €
be a finite set of sampled states inside this cell. The number of sampled states N
is a user-chosen parameter. In practice, it should be large enough to distinguish cells
with different sensitivity levels reliably, while remaining compatible with the available
transition budget. Similarly, we denote by

N, = U]

the number of admissible inputs.

(a)

i
the one-step successor F (xia), u). This requires

For each sampled state x; ' and each input u € U, the simulator is used to compute

NsN,

simulated transitions per cell.
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The empirical sensitivity estimate associated with cell C; is then defined as

A U bt S0

w
weld 1<a<b<Ns ‘

The condition a < b means that each unordered pair of sampled states is tested only
once. Therefore, for each admissible input, the number of finite-scale slopes evaluated

inside the cell is
N, B N¢(Ng—1)
2] 2 '

Across all admissible inputs, the total number of evaluated slopes is thus

w(¥)

These pairwise slopes do not require additional simulations once the N,N, sampled
transitions have been computed; they are obtained by comparing the simulated succes-
SOTS.

However, L; remains an empirical quantity. Since it only tests a finite number of sam-
pled pairs, it cannot certify the worst-case Lipschitz constant over the whole continuous
cell. It should instead be interpreted as a diagnostic indicator of local sensitivity at the
scale of the cell. Large values of L; indicate regions where small differences in the initial
state can lead to significantly different successors, and therefore where the propagated
abstraction error L;n; may become dominant.

Limitations of the Maximum Sensitivity Indicator

To assess whether this maximum is a reliable criterion for comparing cells, we evaluate
it on ten cells selected uniformly over the considered state space. The experiment uses
a position grid step

hy = 2°.

Since the velocity components are weighted by Tep, this corresponds to a velocity step

h
hy = — = 20°/s.
I Tstep /S

The centers of the ten cells are reported in Table 4.1. Position components are expressed
in degrees, while velocity components are expressed in degrees per second.
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Table 4.1: Centers of the ten cells used for the empirical sensitivity experiment.

Cell | Position center (°)| Velocity center (°/s)
O Orn Orx Ori| Orm  Ormw 0Lk Ork
1 16 -32 12.5 12.5| 573 -57.3 71.6 -128.9
2 -48 -40 39.5 30.5| -34.4 103.1 43.0 71.6
3 8 -16 21.5 755 11.5 80.2 100.3 -43.0
4 -24 -8 66.5 48.5| 80.2 34.4 -100.3 100.3
5! -56 0 3.5 57.5| 103.1 -80.2 -128.9 -71.6
6 -32 -56 -5.5 21.5| -57.3 -11.5 14.3 14.3
7 -16 8 75.5 66.5| -11.5 -34.4 128.9 43.0
8 0 16 48.5 -5.5| -80.2 11.5 -14.3 -100.3
9 -8 -48 57.5 39.5(-103.1 57.3 -43.0 128.9
10 | -40 -24 30.5 3.5| 344 -103.1 -71.6 -14.3

Using these ten representative cells, Figure 4.3 shows the evolution of L; as the number
of sampled states per cell increases.
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Figure 4.3: Evolution of the empirical maximum sampled slope as a function of the
number of sampled states per cell. The experiment is performed on ten cells uniformly
distributed over the state space, using a position grid step h, = 2°, corresponding to
20° /s for velocity components.

The figure shows that L; does not converge smoothly as the number of sampled states
increases. Instead, its value often exhibits abrupt jumps and a persistent upward drift.
This behaviour is expected because L; is determined by a single pair of sampled states.
Increasing the number of samples therefore increases the probability of observing an
isolated extreme pair, rather than stabilizing the estimate.

This instability also affects the relative comparison between cells. To illustrate this, we
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consider the normalized ratios

P (Ns) =

If L; were a reliable criterion for classifying cells, these ratios should converge as N,
increases. In other words, the relative ordering between cells should remain approxi-
mately stable when the sampling effort grows.

Figure 4.4 shows the evolution of these ratios for a few representative cells. The same
graphical styles as in Figure 4.3 are used, so that each ratio keeps the style of the
corresponding cell.
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Figure 4.4: Evolution of the normalized ratios p™*(N,) = L;(N,)/L(N,) for selected
cells as the number of sampled states per cell increases.

The figure shows that these ratios do not converge smoothly as N, increases. Instead,
they exhibit significant fluctuations, and some of them change markedly when more
samples are added. In particular, the ratio associated with cell 9 remains below 1 for
small sample counts, but rises above 2 at Ny, = 2048. This means that cell 9 appears
less sensitive than cell 1 at first, and then becomes more than twice as sensitive when
the sample set is enlarged.

This confirms that the relative ordering between cells is not preserved when using
L;. The reason is that L; is defined by a maximum, and is therefore dominated by
isolated outliers. Increasing the number of samples mainly increases the probability
of encountering a more extreme pair of states, rather than stabilizing the comparison
between cells.

Consequently, although L; is meaningful as a sampled worst-case diagnostic, it is not
reliable for ranking or classifying cells according to their sensitivity. A more robust
statistic is therefore required when the objective is to characterize the typical local
sensitivity of each cell.
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A More Robust Indicator Based on the 90th Percentile

Since the maximum sampled slope is dominated by isolated outliers, we now consider
a high-percentile statistic instead. Let R;(N;) denote the set of all sampled slopes
computed in cell C;:

|F(@® u) = F(a,u)|
_ ‘ ®

The 90th-percentile sensitivity indicator is then defined as

Ri(Ns) W o weld,1<a<b< N,

mo

T
w

L90,i<Ns) = QO.QO(Ri(Ns)) )

where Qg9 denotes the empirical 90th percentile. This statistic is still focused on
the upper part of the sampled slope distribution, but it is not determined by a single
extreme pair of sampled states. It therefore provides a compromise between sensitivity
to strongly amplified transitions and robustness with respect to isolated outliers.

Figure 4.5 shows the evolution of Lg; for the same ten cells.
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Figure 4.5: Evolution of the empirical 90th-percentile sampled slope as a function of
the number of sampled states per cell for the ten representative cells.

In contrast with the maximum sampled slope, the curves in Figure 4.5 are much more
stable as the number of samples increases. Although small variations remain, the values
do not exhibit the same abrupt upward jumps as L;. This confirms that replacing the
maximum by a high percentile strongly reduces the influence of isolated outliers.

The stability of the relative comparison can again be assessed through normalized ratios.
We define
~ Lgoi(Ns)

90
O(N,) = 208
PN = V)

2
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If Lgo,; is a reliable indicator for cell classification, these ratios should remain approxi-
mately stable as the number of sampled states increases.
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Figure 4.6: Evolution of the normalized ratios p{°(N,) = Lgo;(Ns)/Leo1(N;) for selected
cells as the number of sampled states per cell increases.

Figure 4.6 shows that the ratios based on Lgy; are much more stable than those based
on L;. The relative position of the selected cells is largely preserved when the sampling
effort increases. For example, cells 3 and 8 remain consistently less sensitive than
cell 1, while cell 6 remains consistently more sensitive. Unlike the maximum-based
ratios, there is no abrupt reversal caused by the sudden appearance of a single extreme
pair.

This suggests that Lgg; is more appropriate when the goal is to classify cells according
to their empirical sensitivity. It does not provide a certified worst-case Lipschitz bound,
but it captures the upper range of the local amplification distribution in a way that
is much less dominated by outliers. Therefore, Lgy; offers a more reliable practical
criterion for ranking cells and identifying regions where local error propagation may be
significant.

Scale Dependence of the Empirical Lipschitz Estimate

The previous results showed that Lgg; is less sensitive to isolated outliers than the
maximum empirical estimate L. However, both quantities remain finite-scale estimates.
They are not intrinsic local Lipschitz constants independent of the scale at which the
cell is sampled.

This point is important when such quantities are used to adapt the grid. The em-
pirical estimate L compares a transition error with an intra-cell displacement. If the
discretization step is changed, the estimator no longer probes the dynamics at the same
scale. Therefore, a decrease of L; does not necessarily mean that the dynamics become
less sensitive.
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To illustrate this effect, the same ten representative cells were evaluated with three
different position discretization steps:

hg=02°,  hy=2°  hy=10°

The velocity discretization step is chosen consistently with the weighted norm, as in
the previous sections.

Figure 4.7 first shows the evolution of the maximum corner transition error. As ex-
pected, the error increases when h, increases, because points sampled inside the same
cell may be farther apart. However, this increase is not linear, the error tends to sat-
urate for large discretization steps. Once the successor discrepancy is already large, it
becomes difficult to make it much worse.
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Figure 4.7: Evolution of the maximum corner transition error for the ten representative
cells as the position discretization step h, increases. The error increases with the cell
size, but several curves tend to level off for large steps.

This saturation directly affects the empirical Lipschitz estimate. Since L; is a finite-
scale ratio, its denominator increases with the cell size. If the transition error grows
more slowly than the discretization step, or if it saturates, the quotient decreases.

This is exactly what is observed in Figure 4.8. The empirical estimate L generally
decreases when h, increases. This decrease should not be interpreted as an improvement
of the abstraction. It is mainly a consequence of measuring a finite-scale slope after the
transition error has already saturated.
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Figure 4.8: Evolution of the empirical finite-scale Lipschitz estimate L; for the same
ten cells. The decrease of L; with h, does not mean that larger cells are more robust.
It reflects the saturation of the transition error relative to the increasing intra-cell
displacement.

These results show that EZ and Lgg,; are useful diagnostics when the sampling scale
is fixed, but they should not be used naively to compare cells of different sizes. In
particular, if an adaptive algorithm increases a discretization step, the empirical slope
may decrease simply because it is now measured at a larger scale.

This creates a feedback bias:
f/i decreases =— 1) is increased — Ez is evaluated at an even larger scale.

The cell may then continue to grow, not because the dynamics are locally less sensitive,
but because the finite-scale estimator itself decreases with the sampling scale.

4.5 Dimension-Wise Sensitivity

The previous analysis provides a scalar sensitivity indicator for each cell. This is useful
to decide which cells are more sensitive than others, but it does not indicate which state
variables are responsible for this sensitivity. For adaptive refinement, this information
is important: once a sensitive cell has been identified, one still has to decide along which
dimension the cell should be refined [18].

To obtain such information without running additional simulations, we reuse the same

sampled transitions as before. For each sampled pair (:l?l(-a), a:z(-b)), input u, and cell Cj,
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we use the finite-scale slope already introduced in the previous section:
|F@® u) = Fa,u)

[ =&

This quantity measures the amplification of the distance between two sampled states
after one transition.

W (4.5)

ab
Ri,u -

(a
T

w

The denominator is computed with the weighted norm introduced earlier. For the r-th
state component, let

so that

-

= D et —at)’
r=1

To identify which dimensions are involved in this amplification, one could directly
decompose the weighted distance component by component. However, this would be
biased if the cell has different widths in different dimensions. A larger displacement
along one coordinate could simply result from a larger cell width, rather than from a
stronger contribution of that coordinate to the sampled amplification.

Let h;, denote the width of cell C; along dimension r. If Xi(ff,) and Xi(f;) are two inde-
pendent uniformly sampled coordinates in this interval, then

B[l - xey] -

7,7

The expected weighted squared displacement along dimension r is therefore

E [u? (X1 - x2)] - w2l

r @,T @, r 6

We therefore normalize the squared displacement in each dimension by its expected
value under uniform sampling in the cell:

W) (a0 Y’
w2h?, 6 02,

r'r

This normalization expresses the displacement along each dimension relative to what
would be expected from random sampling in the same cell. It therefore avoids assigning
a large contribution to a dimension only because the cell is wider along that coordinate.

The relative contribution of dimension r to the sampled pair is then defined as

a,b
ab 5i,r

LT 8 ab’
s=1 6@',5

(4.6)
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By construction,

The coefficient aZ’f therefore measures how much of the normalized intra-cell displace-
ment between the two sampled states lies along dimension r.

In this chapter, this normalization is used only as a diagnostic at a fixed sampling scale.
The previous subsection showed that finite-scale slopes should not be compared blindly
across different cell sizes, because the empirical slope may decrease when the transition
error saturates while the intra-cell distance continues to grow. For this reason, the
grid-optimization procedure of the next chapter does not use the slopes directly as
update indicators. Instead, it uses the propagated transition errors themselves. This
avoids the division by the sampled intra-cell distance and therefore removes the feedback
mechanism by which a coarser dimension could appear artificially less sensitive.

Since the objective is to understand the directions involved in large amplifications, we
focus on the upper part of the sampled slope distribution. Let

Hi - {(ua a, b) : RZ;ZZ Z LQO,i}
be the set of sampled pairs whose slope belongs to the largest 10% of the distribution
in cell C;. A dimension-wise sensitivity score can then be defined as
90 1 ab pa,b
Sip = Z ;R
|H2| (

u,a,b)EH,;

This quantity assigns more importance to dimensions that are both strongly represented
in the normalized displacement and associated with large successor separations.

For comparison between dimensions, the scores are normalized:

90

90 _ O
ir T 8 90 °
s=1 Si,s

The normalized score satisfies .

> S =1,
r=1

and can be interpreted as the relative contribution of each state component to the
high-sensitivity behaviour observed in the cell.

In the present eight-dimensional state representation, the components correspond to
© = |0, Orm. Ok, Orxc, 0o, Orm, Ork, éRK] :

The dimension-wise scores therefore indicate whether the local amplification is mainly
associated with hip angles, knee angles, hip velocities, or knee velocities.

This analysis does not provide a causal derivative with respect to each individual co-
ordinate. It remains a finite-sample diagnostic based on pairwise state comparisons.
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However, it has the advantage of requiring no additional simulations beyond those al-
ready used to compute Lgg;. It therefore provides a practical way to guide anisotropic
refinement: sensitive cells can be split preferentially along the dimensions with the
largest normalized dimension-wise scores.

The detailed dimension-wise sensitivity results for the ten representative cells are re-
ported in Appendix A. For the fixed sampling scale used in this diagnostic experiment,
the results indicate that velocity components generally contribute less than position
components to the high-sensitivity sampled slopes. Since the ten cells were selected
uniformly in the considered state space, this suggests that the same tendency may also
hold more globally over the abstraction domain.

However, this conclusion must be interpreted at the tested discretization scale. As
shown above, finite-scale slope estimates depend on the scale at which the cell is sam-
pled. Consequently, the dimension-wise scores are useful as diagnostic indicators at a
fixed resolution, because they show which state variables are involved in the largest
finite-scale amplifications observed at that scale. However, they should not be used
directly to compare grids of different sizes. As discussed above, finite-scale slopes may
decrease when the transition error saturates while the sampled intra-cell distance in-
creases. For this reason, the next chapter uses sampled propagated errors directly,
rather than slope-based scores, to guide the global grid optimization.
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Chapter 5

Global Sensitivity-Based Grid
Optimization

5.1 Motivation

Chapter 4 showed that abstraction errors are not only determined by the size of the grid
cells, but also by the way local perturbations are amplified by the one-step transition
map. In particular, the local propagation term introduced in (4.2) suggests that the
relevant quantity is not the cell radius alone, but the product between a local sensitivity
measure and the cell size.

This observation naturally suggests an adaptive discretization strategy. Regions where
the dynamics strongly amplifies intra-cell perturbations should be refined, while less
sensitive regions could remain coarser. In the terminology of Chapter 4, this would
amount to using the sampled slopes defined in (4.5) and the dimension-wise contribu-
tions introduced in (4.6) to decide where additional resolution is most useful.

However, the objective of the present chapter is not to build a fully adaptive cell-wise
refinement method. Instead, the goal is to adapt the discretization in a simpler and
more scalable way. The main idea is to keep a Cartesian abstraction, but to optimize
its grid steps globally across the state dimensions. This gives an anisotropic grid: the
abstraction remains structured, but some variables are discretized more finely than
others.

The contribution of this chapter is therefore a global grid optimization procedure. It
reuses the sensitivity indicators introduced in Chapter 4, but changes the level at which
they are aggregated. Instead of estimating one indicator per cell, the method estimates
global dimension-wise sensitivity scores over the abstraction domain and uses them to
redistribute a fixed transition budget across the state variables.
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5.2 Why Not a Fully Adaptive Cell-Wise Partition?

A direct continuation of the previous chapter would be to refine the cells with the largest
estimated local errors. Such a method cannot be reduced to placing additional samples
in selected regions: the state space must remain covered by a finite abstraction at all
times. A typical way to achieve this is to represent the domain as a variable-resolution
partition,
X =¢, CinC; =0 fori#j.
icl

Each state still belongs to one cell, but the size of the cells may vary across the domain.
This idea is central in variable-resolution discretization methods, such as the approach
proposed by [18], where selected regions are progressively refined while the full domain
remains covered.

Figure 5.1: Iterative adaptive refinement of a full-domain partition. The state space
remains fully covered, but the local resolution becomes non-uniform.

This type of refinement is conceptually well aligned with the error-propagation analysis
of Chapter 4. If accurate cell-wise sensitivity estimates were available, one could refine
the cells with the largest local error indicators and keep less sensitive cells coarser.

In practice, however, this approach raises three difficulties.

First, reliable cell-wise estimation requires many samples. For a cell C;, one must draw
a sufficiently rich set of sampled states X" C C; and evaluate the transition map for
the admissible inputs. Even if the pairwise slopes are computed afterwards from the
same simulated successors, the quality of the estimate still depends on the number and
distribution of the sampled points inside the cell. This is especially important when the
objective is not only to estimate the magnitude of the sensitivity, but also to identify
the relative contribution of each state dimension. With too few samples, the resulting
cell-wise indicators may be dominated by the particular directions that happened to be
sampled.

Second, the refinement process is inherently iterative. The cells refined at a given iter-
ation depend on sensitivity indicators, error estimates, or value information computed
on the current partition. After refinement, the partition is modified, the transition
relation must be updated, and the workload has to be redistributed. This introduces
global synchronization steps that are difficult to combine with the massively parallel
transition-generation strategy discussed earlier.

Third, the symbolic graph is no longer induced by a simple Cartesian-product grid.
The cells may remain axis-aligned rectangles, but the symbolic state set can no longer
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be indexed as
Xy x Xgx o x X,

using one global resolution per dimension. The tensor-product structure is lost. Conse-
quently, locating the cell containing a continuous state, enumerating neighbors, storing
transitions, and distributing the graph over independent jobs become more involved.
This does not make variable-resolution abstractions impossible, but it makes them sig-
nificantly harder to use in the large-scale setting considered in this work.

For these reasons, the fully adaptive cell-wise approach is left as a possible direction
for future work. The method developed in this chapter keeps the Cartesian structure
of the abstraction and modifies only the global dimension-wise grid steps.

5.3 Global Anisotropic Reformulation

The previous sections motivated the use of the dimension-wise information obtained
from intra-cell perturbations, while also showing why a fully cell-wise adaptive partition
would be difficult to exploit at the scale considered here. The remaining objective is
therefore more restricted: keep a Cartesian abstraction, but redistribute the available
resolution among the state coordinates.

In contrast with the finite-scale slope indicators used for diagnosis in Chapter 4, the
update criterion used here is based directly on propagated successor discrepancies. This
avoids comparing ratios computed at different intra-cell scales. For a sampled pair of
states in the same cell, the quantity of interest is therefore

E,, = HF(Z‘%),um) - F(:z:,(fl),um)HW, @ 2® e .

This error measures how much two continuous states represented by the same symbolic
state may separate after one transition under the same input.

The grid is parameterized by the integer number of cells in each state dimension,
N, = (N:L',17 ) N:p,nz)

For each dimension r, the prescribed interval [z,,7,| remains fully covered, and the
corresponding grid width is recomputed as

her = —
7 Nx,r

Thus, changing N, changes the anisotropy of the grid, but not the portion of the state
space represented by the abstraction.

The input grid is kept fixed. The number of symbolic transitions is therefore

N (Vo 1) = (H N) U (k).

r=1
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The purpose of the update is to modify N, while keeping
Ntrans(Nxa hu) ~ Ntarget-

The method should therefore be interpreted as a redistribution of a fixed transition
budget, not as a reduction of the total abstraction size.

For each sampled pair, the normalized dimension-wise contribution o, , is computed
as in (4.6), using the current full-range cell widths h,,. The score is then computed
only on the upper tail of the sampled propagated errors. Let

EZ" =Q,({E1,...,Eu})

be the empirical p-quantile, and define
lob . lob
HE” ={m: E, > E5°°}.

The global error contribution of dimension r is

err
Sr - Z Oémr m:-

19glob| b
”Hg ° Hglob

It is normalized as

gerr _ Serr e gerr o 1
ro Ny Serr’ Z roT
s=1 r=1
It gerr > 1/n,, dimension r contributes more than average to the largest propagated

. . o . —~Eerr
discrepancies and should receive more resolution. Conversely, if S, < 1/n,, some
resolution can be reallocated from that dimension to more influential ones.

5.4 Grid Update Under a Fixed Budget

The normalized scores indicate how the largest sampled propagated errors are dis-
tributed among the state dimensions. The ideal situation would be that no dimension
dominates this upper-error tail. Since the scores are normalized, this corresponds to
the balanced value

T=—.
nfL’

A dimension such that S° " > 7 contributes more than average to the high-error samples.
The grid should therefore allocate more cells to this coordinate. Conversely, if ?ﬁrr < T,
the dimension contributes less than average and some of its resolution can be transferred
to other coordinates.

This idea is implemented through a multiplicative update of the number of cells:
. gerr o
Nx,r:sz,r< - > .
-
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The ratio S, /7 compares the observed contribution of dimension r with its balanced
contribution. If this ratio is larger than one, the number of cells in that dimension is
increased. If it is smaller than one, the number of cells is decreased. The exponent
v € (0,1] acts as a relaxation parameter: for v = 1, the update directly follows the
score ratio, whereas smaller values of v make the update more conservative.

Because the scores are estimated from random samples, the update should not react too
strongly to a single noisy estimate. For this reason, the multiplicative factor is clipped:

- gerr o
var = Nxﬂf Cllp <<T> y Cmin Cmax) .
T

The constants ¢y, and ¢ bound the relative change of each dimension during one
iteration. This prevents the algorithm from making a dimension suddenly much finer
or much coarser because of sampling fluctuations.

The real-valued vector N, obtained after the score update does not necessarily satisfy
the transition budget. Since the input grid is fixed, the target number of symbolic
states is

Ntarget o N target

states T |U(hu)| .

The candidate grid is therefore rescaled by a common factor

target 1/ng
g = ( Nstates )

21 Ny
The projected integer counts are then obtained as
N;T = round (s Nm>

Before rounding, this rescaling gives
Nz

AT __ prtarget

H SNx,r - Nstates )
r=1

so the total number of transitions is brought back close to Niaget. The remaining
difference comes only from the integer rounding of the grid counts.

5.5 Algorithm

Algorithm 2 summarizes the implemented procedure.
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Algorithm 2 Global error-based full-range grid optimization

Require: Transition map F', state bounds X, fixed input grid U(h,,)
Require: Initial counts NQEO), target budget Niarget
Require: Quantile level p, number of random pairs M, maximum number of iterations
Kmax
1: k<0
2: while k£ < K, do

3: Build the full-range Cartesian grid induced by N(*)

4: form=1,...,M do

5: Draw a random cell C;, , an input u,,, and two states z(@) 2® € C;
6: Simulate F(2®, u,,) and F(2®, u,,)

7 Compute E,, and ay,

8: end for

9:  Select the high-error set H%

10:  Compute the normalized scores S,

11: Compute a candidate multiplicative update of N*)

12: Project the counts to satisfy the integer constraints and transition budget
13: if the score imbalance and the grid update are sufficiently small then
14: break

15: end if

16: Store the projected grid as N{¥+1)
17: k< k+1

18: end while

19: return N*)

5.6 Results

This section reports the result of the full-range anisotropic grid optimization. The input
grid is kept fixed throughout the experiment:

we[-2,2'V,  h,=[2,2,2,2]V.

This gives
N, =(3,3,3,3), |U(h,)| = 81.

The target number of symbolic transitions is

Niarget = 2 X 10,

Table 5.1 compares the initial and final discretizations.
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State variable Range N, ;r";t h;‘:it N, ffr‘al hgf}f"l
Orn [—60, 20]° 11 7.27° 17 4.71°
Orir [—60, 20]° 11 7.27° 18 4.44°
0Lk [—10, 80]° 13 6.92° 21 4.29°
OrK [—10, 80]° 13 6.92° 20 4.50°
Or [—2,2] rad/s 5 0.80 rad/s 3 1.33 rad/s
O R [—2,2] rad/s 5 0.80 rad/s 4 1.00 rad/s
Ok [—2.5,2.5] rad/s | 7 | 0.7l14rad/s | 4 1.25 rad/s
Ori [-2.5,2.5] rad/s | 7 | 0.714rad/s | 4 | 1.25rad/s

Table 5.1: State ranges and discretization steps before and after the full-range
anisotropic optimization. The angular steps are reported in degrees for readability,
while the velocity steps are reported in rad/s.

5.6.1 Preservation of the Transition Budget

A first point to verify is that the projection step keeps the abstraction size close to
the prescribed transition budget. Figure 5.2 shows the number of symbolic transitions
during the optimization.

T T T T T T

—e— Obtained budget
- - - Target budget

19 | | | | | I

0 3 6 9 12 15 18 21
Outer iteration

Figure 5.2: Evolution of the number of symbolic transitions during the full-range
anisotropic optimization. The projection step keeps the transition count close to the
target value Niarget = 2 X 10°.

The transition count remains close to the target throughout the run. It stays approxi-
mately between 1.94 x 10 and 2.06 x 10°, and the final grid has 1.999 x 10° transitions.
The method therefore reallocates resolution across the state dimensions without signif-
icantly changing the total size of the abstraction.
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5.6.2 Convergence of the Error-Score Estimate

The update direction is based on a Monte Carlo estimate of the normalized dimension-
wise scores S, . It is therefore useful to check how this estimate depends on the number
of sampled pairs.

The sampling procedure is global in the sense that the sampled cell is drawn randomly
over the full state partition. However, each error sample remains local to one symbolic
state: after drawing a cell C; and an input u, two states (%) and 2(® are drawn inside
the same cell,

C; ~ Uniform(A},), u ~ Uniform(Up), 2@ 2® ~ Uniform(C;).
The sampled error is then

E = HF(:B(“),U) — F(:L'(b),u)HW.

Thus, the samples cover the full state domain statistically, but the measured quantity

is an intra-cell propagation error. This is the relevant quantity for a finite abstraction,
since both z(® and z® would be represented by the same symbolic state.

Each sample requires two calls to the transition map, one for F'(2(*,u) and one for
F(z®,u). Therefore, N sampled pairs correspond to 2N transition-map evaluations.

For the final grid
N, = (17,18,21, 20, 3,4,4,4),

the normalized scores were recomputed cumulatively for
N =4,8,16,...,16384

sampled pairs. Figure 5.3 shows the evolution of the eight components of S .
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Figure 5.3: Evolution of the normalized dimension-wise error scores as a function of
the number of sampled pairs. The sampling is global over the full state domain, but
each pair is drawn inside a single cell. The horizontal dashed line corresponds to the
balanced value 1/n, = 0.125.

For very small sample sizes, the score estimate is highly variable. This is expected
because the score is computed only on the upper tail of the sampled errors. With only
a few samples, this tail contains very little information, so one or two samples can
dominate the dimension-wise score. This explains the large fluctuations observed for
N =4,8,16.

As the number of samples increases, the estimate becomes much more stable. From
approximately 4096 sampled pairs onward, the different components remain in a rela-
tively narrow range around the balanced value 1/n, = 0.125. At N = 16384, the score
is

ST = (0.146, 0.138, 0.122, 0.120, 0.137, 0.114, 0.111, 0.112).

The corresponding imbalance is

The evolution therefore indicates that the dimension-wise score is sufficiently stable to
be used as a heuristic update direction, provided that enough random pairs are sampled.

—~Eerr ]-
ST - IH = 0.0210.
In’fE oo

Figure 5.4 shows the same phenomenon through the scalar imbalance measure.
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Figure 5.4: Convergence of the score imbalance as a function of the number of sampled
pairs. Each pair requires two calls to the transition map, so the last point corresponds
to 32768 transition-map evaluations.

The imbalance decreases rapidly when moving from a few samples to a few thousand
samples. After that point, the remaining variations are relatively small and mostly
reflect the Monte Carlo nature of the estimator. These results justify using several
thousand random pairs when estimating the global dimension-wise error score.

5.6.3 Independent Initial-Final Validation

Figure 5.5 compares the validation error distribution before and after the optimization.
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Figure 5.5: Independent validation of the propagated discrepancy before and after the
anisotropic grid optimization. The comparison is performed on 4800 common validation
samples.
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The validation errors decrease over the whole distribution. The mean propagated error
decreases from 0.0875 to 0.0653, while the median decreases from 0.0820 to 0.0581. The
upper part of the distribution also improves: Egyq decreases from 0.1207 to 0.0974, and
FEys decreases from 0.1498 to 0.1234.

The relative reductions are summarized in Figure 5.6. They show that the improvement
is not limited to the mean error, but also affects the upper quantiles.
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Figure 5.6: Relative reduction of the validation error statistics between the initial and
final grids.
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The corresponding numerical values are also reported in Table 5.2.

Grid FErnean Eso Ers Eyo Eys Egg FErax

Initial 0.0875 0.0820 0.0989 0.1207 0.1498 0.2393 0.5448

Final 0.0653 0.0581 0.0753 0.0974 0.1234 0.2050 0.3894
Relative change | —25.4% | —29.2% | —23.8% | —19.3% | —17.6% | —14.4% | —28.5%

Table 5.2: Independent initial-final validation of the propagated discrepancy. The
validation is performed on 4800 common samples for the initial and final grids.

The maximum observed validation error also decreases, from 0.5448 to 0.3894. This
value is more sensitive to isolated samples than the quantiles, so the most relevant
indicators are the mean and the high quantiles. Overall, the validation confirms that
the optimized anisotropic grid improves the propagated-error behaviour beyond the
random samples used to compute the refinement score.
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5.7 Interpretation, Generality, and Limitations

The full-range global anisotropic optimization keeps the Cartesian-product structure of
the abstraction while redistributing a fixed transition budget among the state variables.
The method optimizes the integer counts N,, and the grid widths are recomputed from
the fixed state ranges after each update. The state domain therefore remains fully
covered throughout the optimization.

In the experiment, the initial grid
N™MC = (11,11,13,13,5,5,7,7)

is replaced by
Ninal — (17.18,21,20, 3,4, 4, 4).

The number of transitions remains close to the target:

Nfinal 1 999 x 10°.

trans

The optimized grid therefore does not reduce the abstraction budget. Instead, it real-
locates this budget toward the dimensions where the transition map is more sensitive.

The final grid refines the position coordinates and coarsens the velocity coordinates.
This anisotropy has a natural interpretation in terms of one-step error propagation.
Each sampled error compares two states inside the same cell propagated with the same
input:

E,= HF(xgg),um) — F(z», um)HW :

The input therefore does not create a difference between the two trajectories: it applies
the same actuation to both. If the two states mainly differ in velocity, the actuated
dynamics can partially reduce this discrepancy during the integration interval, because
the input acts directly on the accelerations. The velocity mismatch affects the future
motion, but it is a quantity on which the dynamics can act over the transition.

A position discrepancy is different. It is already a configuration difference between
the two robot postures. It changes the geometry of the robot, the gravity terms, the
contact-related quantities, and the way the velocities are integrated over the sampling
time. At first order,

¢~ q+ Tyepq-

Even if the velocity discrepancy is partially reduced during the step, the initial con-
figuration offset remains present in the successor state. The input can influence the
future velocity evolution, but it cannot instantaneously remove the initial difference in
configuration.

This explains why reducing the position cell widths is effective for decreasing the prop-
agated discrepancies. Coarse position cells may group together states with noticeably
different robot geometries, and these differences persist after one transition. Coarse
velocity cells are still an approximation, but their effect can be partly absorbed by
the dynamics over the sampling interval. Therefore, at a fixed transition budget, it is

79



reasonable for the optimizer to allocate more resolution to the joint positions and less
to the joint velocities.

This redistribution is important not only for robustness, but also for the quality of the
symbolic graph itself. In an abstraction-based controller, the solution is computed on
a finite transition graph. If a cell contains states whose successors are very different,
then the corresponding symbolic transition is a poor representative of the continuous
dynamics. This can make the graph more conservative and can also degrade the opti-
mality of the synthesized solution, because the cost-to-go and the selected actions are
computed on an imprecise discrete model.

Reducing the propagated intra-cell errors therefore improves the effective resolution of
the graph. More of the fixed budget is allocated to directions in which the transition
map produces varied successors, while dimensions along which the successors remain
globally closer can be represented more coarsely. In this sense, the optimization does
not simply make the abstraction more robust to local perturbations. It also improves
the ability of the graph to distinguish dynamically different transitions. This is essential
because the quality and optimality of the symbolic controller depend directly on the
resolution of the transition graph.

A key advantage of the proposed criterion is that it does not require an analytical
separation of the different sources of abstraction error. Since the full transition map F
is evaluated, the measured error includes all mechanisms that affect the successor state:
nonlinear dynamics, couplings between coordinates, actuation effects, contact-related
effects, and the interaction between positions and velocities. The method therefore does
not assume that the dimensions act independently.

The dimension-wise scores should instead be interpreted statistically. They identify
which state coordinates are most frequently associated with the largest sampled prop-
agated discrepancies. In this sense, the method uses probabilistic correlations between
intra-cell variations and successor errors to detect which dimensions are most sensitive
for the abstraction. This makes the approach quite general: as long as a transition
map can be evaluated and random pairs can be sampled inside the cells, the same
procedure can be applied to other abstraction-based control problems without deriving
problem-specific sensitivity formulas.

The independent validation confirms the practical benefit of this redistribution. On
4800 common validation samples, the mean propagated discrepancy decreases from
0.0875 to 0.0653, and the 95th percentile decreases from 0.1498 to 0.1234. The result
therefore supports the use of global anisotropic discretization as a scalable compromise
between a uniform Cartesian grid and a fully adaptive variable-resolution abstraction.

The method remains heuristic. The scores S;." are Monte Carlo estimates and do not
prove that the final grid is globally optimal. They indicate which dimensions are most
represented in the largest sampled propagated discrepancies, but they are not certified
error bounds.

Another limitation is the dependence on the weighted norm || - ||. Velocity errors are
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weighted according to their effect over one sampling period, whereas position errors are
measured directly as configuration errors. A different norm could therefore lead to a
different anisotropic allocation.

Finally, the optimization acts on integer counts. The update is consequently non-
smooth: several iterations can leave the grid unchanged, while a small change in the
score can later cross a rounding threshold and modify one or more dimensions at once.
This is a practical consequence of keeping a finite Cartesian abstraction with a pre-
scribed transition budget.
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Chapter 6

Further Investigations: Robust and
Physically Informed Synthesis

The previous chapters focused on the construction of scalable and accurate symbolic ab-
stractions. Chapter 2 introduced the abstraction-based control framework and showed
how controller synthesis can be interpreted as a graph problem. Chapter 3 then ad-
dressed the computational cost of generating large transition graphs. Chapter 4 studied
how discretization errors propagate through the one-step transition map, while Chap-
ter 5 used this information to redistribute a fixed transition budget among the state
variables.

A natural next step is to use the same error information not only to design the grid,
but also to synthesize better controllers on the resulting graph. Indeed, the symbolic
controller is only optimal with respect to the graph on which it is computed. If the
graph represents the continuous dynamics poorly, then the resulting policy may be
sensitive to discretization errors or may choose transitions that are optimal only for the
cell centers. The perspectives presented in this chapter therefore aim to make controller
synthesis more aware of transition uncertainty and of the physical balance mechanism
of the robot.

6.1 From Error Propagation to Transition Costs

The local error-propagation analysis of Chapter 4 suggests that the one-step abstraction
error can be decomposed into two main terms. If e, denotes the error at step k, then
locally one may write

ekr1 < Liex + Ny,
where Ly is a local amplification factor associated with the transition, and 7, is the
radius of the successor cell. The term Lge, corresponds to the propagation of the

current error through the dynamics, whereas 1.1 corresponds to the new quantization
error introduced when the successor is represented by its symbolic cell.
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In a center-based abstraction, the controller is re-evaluated at each sampling time from
the current symbolic cell. It is therefore natural to approximate the current error by
the radius of the current cell,

Cr = Nk.

This gives the local transition-error indicator

Cerr (Sky Ay Skt1) = Lk + Nieg1-

For a path
ag ai aGN-—1
So —% 8] > - —— SN,

a conservative accumulated score is then

N-1

Jerr = Z (Lknk + 77k+1) .

k=0

In principle, if reliable estimates of L, were available for all relevant state—input pairs,
controller synthesis could be formulated as a weighted shortest-path problem. Instead of
minimizing only the number of abstract transitions, one could use Dijkstra’s algorithm
to minimize a cumulative transition-error score.

In practice, however, obtaining accurate amplification estimates over the whole abstrac-
tion is not realistic with the current implementation. The abstraction contains a very
large number of state—input pairs, and estimating a local amplification factor for each
of them would require many additional simulations. A more realistic solution would be
to estimate these quantities from the transitions already computed in the graph. Since
the source points are the cell centers, their concrete coordinates can be reconstructed
from the grid indices. The missing information is therefore not the concrete source
state, but the continuous successor

Yy = F (xw U)
before quantization into a symbolic successor cell.

If these concrete successors were stored, one could compare the successors of nearby
cell centers under the same or similar inputs. This would provide an empirical estimate
of how much neighboring source states separate after one transition, and therefore an
estimate of the local amplification associated with that region of the graph.

The main difficulty is memory. In the current graph representation, it is sufficient
to store the symbolic successor information used for controller synthesis. Storing the
continuous successor F'(z., u) for every computed state-input pair would require keeping
an additional vector of dimension n, for each transition. For large abstractions, this
could easily double or triple the memory required to store the graph, which is already
one of the main bottlenecks of large-scale abstraction generation.

A relevant direction for future work is therefore to design a memory-efficient way of
estimating transition amplification from the generated graph. This would require de-
termining which successor information should be stored, whether it can be compressed
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or recomputed locally, and whether the resulting estimates are accurate enough to im-
prove controller synthesis. If this can be achieved, the transition graph would no longer
encode only reachability, but also local information about the reliability or uncertainty
of each transition.

6.2 Why the Quantization Term Matters

The bound
ert1 < LNk + Mkt

also shows that reducing only the amplification term is not sufficient. When Ly is close
to one, or smaller than one, the propagated error Lyn; is of the same order as the cell
radius. In that case, the successor quantization term 7, can be just as important as
the propagated error.

This observation is consistent with the empirical amplification estimates of Chapter 4,
but from a different statistical viewpoint. In Chapter 4, the analysis mainly focused
on high quantiles of the sampled amplifications, because these quantiles are relevant
to identify the transitions and cells that may produce large worst-case discrepancies.
However, if one considers the empirical expectation of the same sampled amplifications,
the values are much smaller.

For the diagnostic experiment performed on ten representative cells with a position step
of 2°, the empirical expectation of the amplification was often close to one, as shown
in Table 6.1.

Cell | Empirical expectation of amplification
1.021
1.162
0.750
1.114
0.967
1.176
1.217
0.775
1.014
1.702

[

© 00 J O U = W N

—
(es)

Table 6.1: Empirical expectation of the sampled amplification for ten representative
cells using a position step of 2°. Most values are close to one, which indicates that the
successor quantization error can be as important as the propagated error term.

The average value over these ten cells is approximately 1.09, and the median is ap-
proximately 1.07. This suggests that, in many cells, the local amplification does not
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dominate the error budget by several orders of magnitude. Therefore, even if a tran-
sition is not strongly amplifying, re-quantizing the successor into a symbolic cell may
still introduce a significant part of the total abstraction error.

This observation motivates a robust transition-aware synthesis strategy. When the
estimated amplification satisfies Ly < 1, the current error is not locally amplified. In
this case, it becomes particularly important to choose successors that are well centered
in their target cells, because the next quantization error may dominate the local bound.
Conversely, when L; > 1, the propagated error term becomes more important and
should be penalized more directly.

6.3 Physical Cost: Hip-Torque-Aware Synthesis

The previous cost focuses on symbolic robustness and transition uncertainty. A com-
plementary direction is to incorporate physical criteria into the graph cost. This is
particularly relevant for the considered biped because some of the model reductions
used in previous abstraction-based studies modify the actuation structure of the robot.

In particular, previous works fixed the global orientation of the robot in order to reduce
the dimension of the abstraction. This simplification removes one floating-base degree
of freedom. As a consequence, the reduced model no longer has the same underactuated
structure as the original robot: the remaining four generalized coordinates are directly
controlled by four motor inputs. The reduced model is therefore fully actuated.

This creates a discrepancy with the physical balance mechanism of a biped in single
support. In the original underactuated model, the robot can rotate around the stance
foot, and the motion is strongly constrained by the pendulum-like dynamics of the center
of mass. By fixing the global orientation, this underactuated rotational behaviour is
removed from the model. Previous works therefore compensated for this loss by forcing
the motion to satisfy an inverted-pendulum-like relation.

This interpretation can be seen from the sagittal moment balance. Let p, denote
the support point, . and z, the center of mass coordinates, and 7, the hip torque
contribution. Using the Fuler equation :

Thip — MG (D — Te) = M2

Equivalently,
Zec .. Thi
Pz =Te — —T+ hp'
g mg

If the hip torque contribution is set to zero, this reduces to the usual inverted-pendulum
or ZMP-like relation

Pe = Te — —Te.

Thus, imposing this simplified relation on the fully actuated reduced model amounts
to forcing the motion to behave as if no corrective hip torque were available. In other
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words, the inverted-pendulum constraint artificially reintroduces an underactuated bal-
ance behaviour that was lost when the global orientation was fixed.

This corresponds to a passive inverted-pendulum-like evolution around the stance foot.
Large values of 7,;,, on the other hand, indicate that the fully actuated reduced model is
using the hip to generate motions that would not naturally arise from the underactuated
balance dynamics.

This motivates a hip-torque-aware graph cost. Instead of enforcing the inverted-pendulum
relation as a hard constraint, one can synthesize the symbolic controller with a cost
that penalizes the hip torque required by each transition. For example, for a transition
(s,a,t), one may define

Tstep 2
c-(s,a,t) :/ Thip(t)~ dt,
0

The controller can then be synthesized using Dijkstra’s algorithm with the objective

N—

J‘r = Z CT(SkaakHSkJrl)-

k=0

N

This formulation makes explicit what was previously imposed implicitly through the
inverted-pendulum relation. The abstraction can still be generated from the reduced
fully actuated model, but the graph search is biased toward trajectories that require
little hip correction. Such trajectories are closer to the underactuated balance behaviour
of an inverted pendulum around the stance foot.

Preliminary simulations using this idea showed that minimizing the hip-torque cost
with Dijkstra’s algorithm produces a gait qualitatively similar to the motions obtained
in previous theses. This is consistent with the interpretation above: previous works en-
forced an inverted-pendulum-like equation to compensate for the fully actuated reduced
model, whereas the weighted graph formulation achieves a similar effect by penalizing
the hip torque directly during controller synthesis. A video illustrating the resulting
Dijkstra-based resolution and the corresponding gait can be accessed through the QR
code in Figure 6.1.

Figure 6.1: Dijkstra-based synthesized controller using the hip-torque-aware cost.
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6.4 Combined Robust and Physical Synthesis

The most promising future direction is to combine the robustness and physical criteria
in a single weighted graph formulation. A possible transition cost is

c(s,a,t) = Cstep + Aerr (E(s, a)ns + "7t) + A (s, a,t).

The first term penalizes long paths, the second term penalizes transition-error propa-
gation and the last term favors motions that require, for example, smaller hip torques
or energy consumtion.

This formulation follows naturally from the previous chapters. The graph is generated
using the scalable methods of Chapter 3; the error terms come from the sensitivity
and discretization analysis of Chapter 4; the grid can be chosen using the anisotropic
strategy of Chapter 5; and the hip-torque term connects the symbolic controller to the
physical constraints observed on the experimental robot.

Such a controller would not only seek a target-reaching path. It would seek a path
that is short, robust to discretization, well represented by the graph, and physically
compatible with the balance mechanism of the platform.

6.5 Discussion

The central idea of these further investigations is that the abstraction should not be
viewed only as a reachability graph. It is also a finite approximation of the continuous
dynamics, and the quality of the synthesized controller depends directly on the quality
of this approximation.

Reducing transition errors is therefore important for two reasons. First, it improves
robustness: two continuous states represented by the same symbolic state should not
diverge too much after one transition. Second, it improves the effective resolution
of the graph: transition budget should be allocated to directions and regions where
the dynamics produces genuinely different successors, while coarser representations are
acceptable where successors remain globally close.

If accurate estimates of L and successor-centering defects were available over the full
abstraction, Dijkstra’s algorithm could be used to synthesize controllers that explicitly
minimize the accumulated transition-error bound

N-1

Z (Eknk + 77k:+1) )

k=0

possibly together with physical costs such as the required hip torque. This would
extend the abstraction-based framework from pure reachability synthesis toward robust,
resolution-aware, and physically meaningful locomotion synthesis.
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The approach remains heuristic because the quantity Z(s, a) is estimated from simu-
lations and does not provide certified continuous-time guarantees. However, it offers a
practical way to exploit the information already computed during abstraction genera-
tion and to make the final policy more consistent with both the symbolic approximation
error and the mechanics of the robot.
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Chapter 7

Conclusion

This thesis studied how abstraction-based control can be made more scalable and more
robust for bipedal locomotion. Symbolic abstractions are attractive because they trans-
form nonlinear control problems into finite graph problems, but their size grows rapidly
with the state and input dimensions. This limitation is especially important for bipedal
robots, whose dynamics are nonlinear, hybrid, and sensitive to contact changes.

The objective was not to recover full continuous-state formal guarantees, but to develop
practical tools for simulation-based abstractions. The thesis focused on the trade-off
between scalability, abstraction accuracy, and robustness to discretization errors.

First, scalable abstraction generation was improved through three complementary ideas:
exploiting left-right symmetry, distributing transition computations across independent
jobs, and pruning physically irrelevant regions before simulation. These strategies re-
duce the cost of generating large abstractions, while also showing that memory usage
and controller synthesis become major bottlenecks once transition computation is suf-
ficiently parallelized.

Second, discretization-error propagation was analyzed. Since the abstractions used in
this work are center-based, a transition computed from a cell center does not necessar-
ily represent all concrete states inside the cell. A Lipschitz-based interpretation was
used to study local error amplification, and finite-difference sampling provided empirical
sensitivity indicators. The results showed that percentile-based indicators are more ro-
bust than maximum sampled amplifications and that, at the tested scale, joint-position
variables contribute more strongly to large propagated errors than velocity variables.

Third, these sensitivity indicators were used to design a global anisotropic grid-optimization
method. The method preserves the Cartesian-product structure of the abstraction while
redistributing a fixed transition budget across the state variables. The optimized grid
allocated more resolution to the most sensitive dimensions and reduced the sampled
propagated discrepancies in an independent validation. This does not prove global opti-
mality, but it shows that empirical sensitivity information can guide a more meaningful
use of a fixed abstraction budget.
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Finally, the thesis discussed how robustness and physical information could be incorpo-
rated directly into controller synthesis. Transition costs based on error amplification,
successor quantization, and hip-torque requirements were proposed to favor symbolic
policies that are both more reliable and more physically meaningful. These ideas remain
future extensions rather than fully validated closed-loop controllers.

Several limitations remain. The abstractions are simulation-based and center-based, so
they do not provide certified guarantees for all continuous states inside each cell. The
sensitivity and grid-optimization methods rely on finite random samples and should
be interpreted as empirical diagnostics rather than worst-case bounds. Physical de-
ployment was also not achieved and would require reliable state estimation, contact
monitoring, actuator-aware low-level control, and experimental validation.

A promising future direction is to combine the scalability of the present simulation-
based abstraction with the formal guarantees of robust abstractions. Constructing
a conservative abstraction over the full high-dimensional state space remains compu-
tationally prohibitive. However, the nominal symbolic controller computed from the
scalable abstraction identifies a structured set of relevant transitions, trajectories, and
reachable regions. Instead of robustifying the whole domain uniformly, one could build
a local robust abstraction around the closed-loop trajectory, or around the subset of
symbolic states effectively used by the controller.

This would provide an intermediate path between purely empirical simulation-based
control and fully conservative abstraction-based synthesis. A global abstraction would
first identify a feasible symbolic policy, while a local robust analysis would then certify
only the transitions that are relevant for execution. Such a strategy could help recover
formal guarantees without facing the full curse of dimensionality associated with a
uniform robust abstraction of the complete state space.

Other future work includes addressing the memory bottleneck in controller synthesis
through sparse graph representations, on-demand transition generation, or local syn-
thesis around relevant regions of the abstraction. The robust and physically informed
transition costs proposed in this thesis should also be implemented and evaluated in
closed-loop simulation. Finally, deployment on the physical robot would require con-
necting the symbolic controller to a reliable low-level control and estimation pipeline.

In summary, this thesis shows that abstraction-based control for bipedal locomotion can
be pushed further by combining scalable computation, symmetry exploitation, pruning,
empirical sensitivity analysis, and global anisotropic grid design. While these methods
do not yet recover the full guarantees of conservative symbolic control, they provide
practical tools for improving the scalability-robustness trade-off in high-dimensional
robotic systems.
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Appendix A

Dimension-Wise Sensitivity Results
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Figure A.1: Evolution of the normalized dimension-wise sensitivity scores g??r as a
function of the number of sampled states per cell for cell Cf.
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Figure A.2: Evolution of the normalized dimension-wise sensitivity scores ?3?, as a
function of the number of sampled states per cell for cell Cj.
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Figure A.3: Evolution of the normalized dimension-wise sensitivity scores §§?T as a
function of the number of sampled states per cell for cell Cj.
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Figure A.4: Evolution of the normalized dimension-wise sensitivity scores gig as a
function of the number of sampled states per cell for cell Cy.
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Figure A.5: Evolution of the normalized dimension-wise sensitivity scores §§?,, as a
function of the number of sampled states per cell for cell Cs.
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Figure A.6: Evolution of the normalized dimension-wise sensitivity scores gz?r as a
function of the number of sampled states per cell for cell Cf.
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Figure A.7: Evolution of the normalized dimension-wise sensitivity scores §§?T as a
function of the number of sampled states per cell for cell C'.
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Figure A.8: Evolution of the normalized dimension-wise sensitivity scores ?2?, as a
function of the number of sampled states per cell for cell Cs.
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Figure A.9: Evolution of the normalized dimension-wise sensitivity scores §2?,, as a
function of the number of sampled states per cell for cell Cy.
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Figure A.10: Evolution of the normalized dimension-wise sensitivity scores §?8’T as a
function of the number of sampled states per cell for cell Ciy.
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