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Abstract

Numerical methods in fluid dynamics have been developed for many years, now, with two main
categories of method: Eulerian and Lagrangian methods, which both have their respective pros
and cons. In order to achieve both the accuracy and computational efficiency of the numerical
simulation of external flows, a new hybrid method has been developed by Billuart et al. [1]. The
latter enables to have a very fine resolution of the flow in the near-wall region and to capture the
small scale details of the near wake, while convecting the wake over long distances, for the 2D
simulation of incompressible external flows. This method relies on the weak coupling between
a body-fitted, finite difference solver for the Navier-Stokes equations in the velocity-pressure
formulation, and the Vortex Particle-Mesh method. The present work therefore consists in an
adaptation of the methodology developed by Billuart et al. [1] to moving rigid bodies. The
method is verified for forced oscillations of a cylinder in the transverse direction to the free
stream, and for a rotating cylinder in a free stream, experiencing the Magnus effect. The
oscillation of a cylinder in the streamwise direction and the simulation of a heaving airfoil are
presented as applications. Other applications to this work concern Fluid Structure Interaction
(FSI), with a possible further step for adapting the method to soft bodies.

A brief introduction to the different methods used throughout this thesis is provided in Chapter 1,
as well as a short review of the literature in the domain of forced moving cylinders and Fluid
Structure Interaction. Then, the detailed methodology of each component solver as well as the
coupling strategy between both solvers for moving bodies is presented in Chapter 2, for moving
bodies. Afterwards, the first results of the present method are presented in Chapter 3 in order to
verify as far as possible the present method. Three cases of transverse oscillations of a cylinder in
a free stream at Reynolds Re = 100, and a cylinder rotating at three angular velocities in a free
stream at Re = 200 are presented. After that, three applications are presented. In Chapter 4,
an oscillating cylinder in the streamwise direction, and a heaving airfoil in the free stream at
Reynolds Re = 500 are presented. Finally, the achievements of this work are summarized and
the further possible developments are discussed in Chapter 5.
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Chapter 1

Introduction

1.1 Foreword
Industry is growing at an ever-increasing rate. To maintain this growth, new technologies that
must be both simple to use and economically profitable are required. Hence, the development
of numerical tools, one class of new technology, faces two main challenges: (1) being efficient
in terms of economic and time constraints while (2) still achieving adequate accuracy. It is
therefore important to find a trade-off between the accuracy of the results that we obtain and
the computational cost of the engineering simulations.

This is especially true in the numerical study of the flow past immersed bodies. The latter
has many applications in various domains. It has been studied for years in civil engineering
applications (ocean pipes, off-shore platforms, bridges, towers, etc.), and aerodynamics. More
recently, interests are also growing in the biological field, which also enables to develop bio-
inspired technologies, like birds formation flight that could be applied to commercial flights.
In addition to that, the wind energy field also rely on such studies. With the developments
and improvements in the wind turbines designs in the last decades, the numerical simulation of
the wakes and their interaction with other wind turbines is major for the improvement of wind
farms. For vertical axis wind turbines, the interaction of the wake of each blade with the others
is also of great interest. Moreover, with the Net Zero Emissions objective to achieve by 2050, the
development of the renewable energies is expected to increase in next few years. Therefore, it
can be expected that improvements will still be needed in that field, requiring therefore efficient
and accurate numerical tools that enable to assess aerodynamic performances, together with
the ability to evaluate the wake behaviour and its interaction with the surrounding.

Besides, a specific interest can be addressed to moving objects immersed in a flow. The movement
of the immersed bodies can lead to unsteady behaviours of the wake, which are less well-known
and which can be important to learn. Especially for applications where the wake interacts
with other bodies. For example, the interaction of the wakes of three blades of a vertical axis
wind turbine can be crucial to enhance the efficiency of the latter. Another application can be
the change in the aerodynamic forces exerted on a pitching or heaving airfoil, as long as the
description of its far wake. The behaviour of the wake is of great interest for applications where
the detection of the wake from another aircraft has to be perceived and/or predicted.

1



CHAPTER 1. INTRODUCTION

1.2 Scope of the work and literature review
Since the previously presented applications have been studied for many years, a lot of different
methods have been developed in order to take into account the presence of an immersed body in
the flow. In computational fluid dynamics, the two broad categories of methods are the so-called
Eulerian and Lagrangian (or vortex) methods. Of course, there exists many different methods
based on those formulations, all of them having their own advantages and disadvantages. Hybrid
methods have then been developed. The latter consist in coupling a Lagrangian method with an
Eulerian method, so that the resulting method combines the assets of both. In addition to that,
an important challenge that all methods should face is the ability to represent solid boundaries
in the flow and to obtain information about wall quantities in an accurate and efficient manner.
After that, an underlying challenge that is encountered is the ability of representing moving
boundaries, which - potentially - may deform (but this will not be discussed in this work).

1.2.1 Eulerian methods
Eulerian methods are grid-based methods. In this family of methods, the three most widely
used are the finite volumes, finite elements and finite differences methods. They can afford to be
body-fitted, which leads to a high accuracy resolution of the flow in the near-body region, and,
therefore, enables to capture with high precision the boundary layer, even at high Reynolds
numbers. The main issue with such methods is their computational cost that is tremendous
when the domain size increases. However, the advantage they have is that the mesh can be
stretched, so that, near solid boundaries, the anisotropic character of boundary layers can be
captured in a more efficient way than it would be by using vortex methods with increased
number of particles [2]. Another difficulty with Eulerian solvers is to define a proper boundary
condition at infinity and for the outflow, while it is naturally satisfied with vortex methods, as
it will be discussed in Section 1.2.2.

1.2.2 Lagrangian vortex methods
Vortex methods [3, 4] for incompressible flow are based on the vorticity-velocity formulation
of the Navier-Stokes equation since they rely on the fact that vorticity is carried by vortex
elements (or particles) throughout the flow. Those methods are very efficient in problems of
external flows where the vorticity is compact, i.e. low diffusion problems, as the evolution
of vorticity is computed in a Lagrangian way. It follows that these methods are less efficient
near solid interfaces since, in the boundary layers that develop in those regions, the viscous
effects are significant. Such methods would require increasing the number of vortex particles in
these regions of the flow in order to capture the flow fields more accurately. A first important
advantage of Lagrangian methods is that they are not constrained by a CFL condition - as
for Eulerian methods - which allows them to use larger time steps, since the method is more
stable. Secondly, the dispersion and diffusion errors are low. Those methods are thus efficient to
simulate the convection of vortical structures over long distances, as vorticity is only present in
boundary layers and in the wakes for external flows. Finally, the far-field unbounded boundary
conditions are enforced naturally.

However, a few well-known drawbacks are also related to the inherent characteristics of the
method already presented here above. First, the fact that the vortex particles, which are the
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support of information, are convected by the flow will entail spreading and clustering of the
computational elements in some regions. This is the so-called particle depletion drawback,
which deteriorates the accuracy of the method. In order to overcome this particle depletion, a
redistribution procedure can be applied by interpolating the particles’ information on a fixed
position of the domain. Secondly, the particles that carry information are isotropic, i.e. the
information they carry is uniform over their volume. The method is thus not able to capture
with high precision the anisotropic nature of boundary layers. The only way to balance that is to
increase the number of particles in those regions, which drastically increases the computational
cost of the method. Finally, this leads to another challenge of vortex methods: obtaining
an accurate treatment of solid boundaries. Immersed interface methods, panel methods, and
penalization methods have been developed in many different ways, in order to model solid
boundaries. However, the main issue with those methods is the to capture with a sufficient level
of accuracy and efficiently (from a computational cost point of view) the flow quantities near
the solid boundaries, while it is less costly and easier in Eulerian methods.

1.2.3 Hybrid methods
In light of the two previous sections, it can be understood that methods which could benefit
from advantages of both Eulerian and Lagrangian aspects are appealing. Such methods are
called hybrid methods. They rely on a coupling between an Eulerian and a Lagrangian solvers,
so that the resulting method could face the issues of taking into account solid boundaries, and
efficiently compute the flow quantities in this region in vortex methods while decreasing the size
of an Eulerian domain, so that it only carries the flow solution in that near-wall region.

The two challenges for using coupled solvers are, first, that information needs to be exchanged
between the two solvers, and, secondly, that correct boundary conditions must be enforced.
Indeed, since the two solvers work differently, the flow quantities owned by each could present
inconsistencies; the boundary condition must thus enforce consistency in-between the two solvers.
A subdomain must be defined for both solvers: the Eulerian solver covers the near-wall region of
the computational domain, while the Lagrangian solver covers the rest of the domain. There exist
two kinds of coupling approaches: strong couplings and weak couplings. The main drawback of
strong couplings is that the latter need iterations (using Schwarz alternating method) to provide
the boundary condition, which is computationally expensive. Since the present work is only
based on a weak coupling approach, no further description of strong coupling is provided but
more details about strong couplings can be found in [5, 6, 7, 8]. Regarding the weak coupling
methods that have already been developed for incompressible external flows [2, 5, 9], they suffer
from several shortcomings concerning a lack of accuracy and inconsistent velocity and vorticity
fields at the outer boundary. Among other things, they also do not conserve the circulation. A
recent work achieved by Billuart et al. [1] tackles the imprecision of the previous works with a
second order rate of convergence.

Regarding the work achieved by Billuart et al. [1], the principle is to divide the computational
domain into subdomains. The subdomains of each of the solvers are fully overlapped. According
to the respective advantages of the Eulerian and Lagrangian methods that have been presented
previously, an Eulerian solver is used for the near-wall subdomain while a Lagrangian solver is
suited for the wake flow. Indeed, as Eulerian solvers can be grid-based, and body-fitted, they
can solve the flow in the near-wall region, where viscous effects are important by preserving the
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anisotropic character of the boundary layers thanks to the use of a stretched grid. On the other
hand, Lagrangian solvers are efficient for convecting compact vortical structures in the wake
flow. Two important principles are therefore settled:

1. The Lagrangian method solves the flow over the entire domain, and its flow information is
used in order to provide the outer boundary condition to the Eulerian solver.

2. The Eulerian domain covers only the near-wall region and, using the boundary condition
provided by the Lagrangian solver, it computes with a higher level of accuracy the flow
over its domain. Thus, it can afterwards correct the flow information of the Lagrangian
solver on the part of the domain where both solvers are overlapped.

1.2.4 Arbitrary Lagrangian-Eulerian formulation
Taking into account distortions of the continuum in fluid mechanics problems solved with grid-
based methods might be challenging when using classical Lagrangian or Eulerian kinematical
descriptions, especially when studying moving solid boundaries. The Arbitrary Lagrangian-
Eulerian (ALE) formulation has therefore been introduced. According to Donea, Giuliani,
and Halleux [10], the first ALE methods were developed by Noh [11], Trulio [12], and Hirt,
Amsden, and Cook [13] in the 1960s-1970s for finite difference methods. Then, the ALE
formulation has been specified for incompressible, and viscous flows by Hughes et al. [14].
Finally, a good reference giving an overview of the ALE formulation and ALE methods is Donea,
Huerta, Ponthot, and Rodriguez-Ferran [15]. The ALE formulation has been introduced with
the intention of combining the advantages of both the Lagrangian and Eulerian kinematical
descriptions.

The ALE formulation, and the underlying ALE methods that have been developed, try to
mitigate the mesh distortions, especially when dealing with interfacial problems (like fluid-solid
and fluid-fluid interfaces, e.g.). Indeed, a Lagrangian description enforces the mesh nodes
to follow the continuum, which can therefore lead to large distortions of the mesh. While a
Lagrangian description easily enables to track the interface, the Eulerian description better
captures the details of the interface. On the other hand, the ALE approach can account for
moving - and deforming - meshes. It is especially convenient in the hybrid methods framework
that has been introduced in the previous section. In fact, as explained by Donea, Huerta,
Ponthot, and Rodriguez-Ferran [15], the ALE kinematical description relies on the definition
of a new frame, which is the referential frame; the latter is described by the considered mesh
coordinates χ, while the classical Lagrangian and Eulerian frames are described by the material
coordinates X and the spatial coordinates x, respectively. There are therefore three velocities
that are associated to the mappings between Lagrangian, Eulerian and ALE frames given by
Eqs. 1.1, 1.2, and 1.3 respectively.

Dx

Dt
= ∂x(X, t)

∂t

∣∣∣∣∣
x

= u(X, t) , (1.1)

∂x(χ, t)
∂t

∣∣∣∣∣
χ

= Uχ(χ, t) , (1.2)

∂χ(X, t)
∂t

∣∣∣∣∣
X

= w , (1.3)
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where u is the classical material velocity, Uχ = Umesh is the mesh velocity, and w is the particle
velocity as seen by the referential frame of reference (i.e. the frame associated to the mesh).
Finally, the actual convective velocity as seen by the laboratory frame is given in Eq. 1.4.

u−Umesh = ∂x

∂χ
·w . (1.4)

In the context of hybrid methods, the ALE kinematical description allows to keep the grid of
the Eulerian method undeformed, while moving at its reference frame velocity Uχ = Umesh. It
follows that, when combining an Eulerian method with a Lagrangian method, the reference
frame of the ALE description is naturally determined as the mesh of the Eulerian method.

Another important aspect of the ALE kinematical description is the fact that it provides modified
formulations of the conservative laws which are very simple. Indeed, the weak forms of the
conservation laws are obtained from the Eulerian formulation but, in all the convective terms,
the material velocity u has to be replaced by the actual convective velocity u−Umesh, which
takes into account the mesh motion. As an example, Eq. 1.5 provides the ALE formulation of
the momentum conservation:

ρ
∂u

∂t

∣∣∣∣∣
χ

+ ρ (u−Umesh) · ∇u = ∇ · σ (1.5)

where χ is the reference frame associated to the mesh, u, and σ are respectively the usual
notations for the material velocity, and the stress tensor. The stress tensor is given by

σ = −p I + 2µd , (1.6)

with p the pressure, µ the dynamic viscosity, I the identity tensor, and d the rate of strain
tensor, so that, for µ constant, ∇ · σ = −∇p+ µ∇2u is obtained. Using Eq. 1.6 in Eq. 1.5, it
can finally be obtained that

ρ
∂u

∂t

∣∣∣∣∣
χ

+ ρ (u−Umesh) · ∇u = −∇p+ µ∇2u , (1.7)

The ALE method applied to grid-based methods requires the use of a remeshing procedure for
taking into account the mesh movement. According to Donea, Huerta, Ponthot, and Rodriguez-
Ferran [15], two kinds of remeshing procedures exist: (1) a mesh regularization, or (2) a mesh
adaptation. The former minimizes the mesh distortion, while the latter allows larger mesh
distortions in order to keep the finest mesh near the regions of the computational domain where
the gradients are strongest.In other words, the mesh regularization corresponds to a prescribed
motion of the mesh, while the mesh adaptation optimizes the mesh movement in a manner to
keep a homogeneous accuracy of the method over the domain. In this work, since the bodies
are rigid, a prescribed mesh motion is thus imposed; the latter is applied to any node of the
mesh, so that the mesh is not deformed over the simulation.

In summary, the ALE description selects the most suitable description of the continuum,
depending on the studied case. The simple implementation of the moving mesh through the
ALE kinematical description makes ALE methods appropriate for the study of the flow past
moving boundaries. It is especially interesting in hybrid methods, where both the Eulerian and
Lagrangian methods are used, since they allow to choose as the reference frame solid boundaries,
which can either deform or remain rigid throughout the simulation.
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1.2.5 Study of the flow past moving bodies
As briefly mentioned in the previous section when discussing about the advantages of the ALE
description, the latter especially complies with moving bodies. Besides, the influence of moving
bodies can also be of great interest. Indeed, the unsteady effects on the wake developed behind
a body strongly influence the flow seen by others that are located downstream with respect
to the first one. Moreover, the interaction between the body itself and its own wake can be
observed.

The study of the flow behaviour past moving cylinders was of great interests in the end of the
previous century, but, nowadays, few numerical studies are considering this kind of application.
The interest for forced oscillating cylinder in a flow grew from the 1970s, after the first few
studies were published in the 1960s. It has been discovered that the frequency of oscillation
together with the amplitude of oscillation of an immersed cylinder strongly influence the vortex
shedding patterns, and the frequency of the lift and drag forces. Among others, Bishop and
Hassan (1964) [16], Koopman (1967) [17], and Williamson and Roshko (1988) [18] studied
experimentally various cases of oscillating cylinders. These former studies depict the main
results that can be learned from forcing the cylinder to oscillate in the transverse direction of a
stream. However, regarding the oscillations of a cylinder in the streamwise direction, the studies
are more scarce in the literature.

Namely, Bishop and Hassan [16] observed that, when the cylinder is forced to oscillate, there
are two origins to the oscillations of the hydrodynamic forces: there are contributions coming
(1) from the free oscillations of the wake, and (2) from the forced oscillations of the cylinder.
These two contributions lead to a behaviour of the wake that is influenced by both phenomena.
In addition to that, they claim that there exists a range of forced frequencies that lead to a
synchronization of the Strouhal frequency with the forced frequency; this phenomenon is called
lock-in. Outside of this lock-in range, they state that the combination of the two contributions
in the hydrodynamic forces mentioned above can lead to a loss of the Strouhal frequency in the
forces signal; in other words, the free oscillations of the wake do not correspond to the Strouhal
frequency anymore, and the new frequency changes depending on whether the forced frequency
is larger or lower than the Strouhal frequency. Though, in the lock-in range, the amplitude and
phase of the forces change depending on the forced frequency. In other words, they observed that
the phase between the forced motion of the cylinder and the lift force changes drastically near
the Strouhal frequency of the cylinder, with a jump that occurred in that region of frequency.

Koopman [17] reported on a map the coupled values of amplitude and frequency that are the
boundaries of the lock-in phenomenon, for three values of Reynolds number (Re = 100, 200,
and 300). This map has been used by other authors, as a reference for comparison.

Later, Williamson and Roshko [18] studied various cases of transverse oscillations, by varying
both the amplitude of oscillation (up to five cylinder diameters) and the frequency. They
identified several vortex patterns associated to the region of the (λ,A) map that they built
in [18], well-known as the Williamson and Roshko map. This map identifies the wake patterns
corresponding to the period and the amplitude of the oscillations imposed for a range of Reynolds
number 300 < Re < 1000. The parameters mentioned above are respectively identified by the
wavelength ratio λ/D = Tf U∞/D and the amplitude ration A/D, where Tf is the period of
oscillation, D is the diameter of the cylinder, and A is the amplitude of the movement imposed.
In their study, they investigated a wide range of the map; they thus investigated movements of
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large amplitude, that had not been performed before. They identified three main wake patterns
near the lock-in region. These are defined based on the vortices shed into the wake during each
cycle of oscillation, and they are referred by the following modes:

1. 2S mode: in each cycle, two successive vortices of opposite sign are shed. This mode is
similar to the classical vortex shedding of a fixed cylinder.

2. 2P mode: in each cycle, two pairs of vortices of opposite sign are shed, but the latter are
not convected on the line y/D = 0 in the wake, they are shifted above and below this
center line; i.e.: one of the two pairs is convected above y/D = 0, and the other below.

3. P − S mode: in each cycle, a pair of opposite signs vortices, followed by a single vortex
are shed into the wake. The pair of vortices is always shed either above or below y/D,
while the single vortex is convected in the wake on the other side of the center line. The
pair of vortices or the single vortex is shed above or below y/D = 0 depending on the flow
history.

They also state that the vortex shedding patterns that can be observed for the 2S and 2P
modes is due to the roll-up of four region of vorticity in the near-wall region over one cycle of
oscillation. The rolling-up of these vorticity regions is due to the acceleration of the cylinder in
the cycle, according to Williamson and Roshko [18]; the latter can be identified for large values
of λ, which leads to a 2P mode of vortex shedding. Otherwise, two regions of vorticity (of the
same sign) are merged, and, therefore, the mode that can be observed is a 2S mode. Those four
vortices play an essential role in the forces applied on the cylinder, and they strongly depend
on the wavelength of the cylinder movement λ. Finally, they also attribute the jump of phase
between the cylinder movement and the lift force - observed by Bishop and Hassan [16] - to
a transition between two modes of vortex shedding patterns. Indeed, Bishop and Hassan [16]
did only force measurements; they did not visualize the wake. On the other hand, Williamson
and Roshko [18] did not investigate the hydrodynamic forces in their experiments, they only
examined the wake patterns.

In addition to the famous experimental works mentioned above, numerical studies have been per-
formed by, among many others, Meneghini and Bearman (1995) [19], Blackburn and Henderson
(1999) [20], Mittal and Kumar (1999) [21], Anagnostopoulos (2000) [22], Leontini (2006) [23],
Nobari and Naredan (2006) [24], Placzec (2008) [25], Kumar, Navrose and Mittal (2016) [26].
Although these numerical works are more recent in comparison with the previous experimental
studies mentioned, there were also older numerical studies published in the 1970s. However,
the number of numerical investigations sharply increased in the 1990s. Most of the numer-
ical techniques used were finite elements methods (e.g.: Anagnostopoulos [22], Nobari and
Naredan [24], Kumar, Navrose and Mittal [26]) and spectral elements methods (e.g.: Blackburn
and Henderson [20], Leontini [23]); only a few used a finite difference or finite volume methods
(e.g.: Placzec [25]). In most of the studies conducted, the authors try to evaluate the lock-in
for some frequencies and amplitudes, and their results are compared with the observations
reported by Williamson and Roshko [18]; more precisely, they also identify the synchronization
of the wake oscillations with the forced frequency of the cylinder, and identify the wake patterns
according to the Williamson and Roshko map. In fact, the Williamson and Roshko map has
become a cornerstone for the identification of the wake patterns for a transversely oscillating
cylinder. However, the very recent numerical studies of transversely oscillating cylinders are
scarce; there is not a lot of research conducted on this subject anymore. In addition to that,

7



CHAPTER 1. INTRODUCTION

the results provided by the mentioned studies are often difficult to use as a reference, since
many of them chose their own pairs of parameters (i.e.: amplitude and frequency of oscillation),
and Reynolds number, in such a way that the same case is nearly never investigated by several
references. This kind of movement will be investigated with the present work in Chapter 3,
Section 3.1.

Studies concerning oscillating cylinders in the streamwise direction, are even more scarce (even
old) in the literature. Hurlbut et al. (1982) [27] performed a few numerical simulations of an
oscillating cylinder in the streamwise direction, using a finite difference method at Re = 1, 10,
and 100. They also performed three simulations of transverse oscillations at Re = 80. Nobari
and Naredan (2006) [24], and Leontini (2011) [28]. Due to the lack of references available,
it has been decided to present one case of inline oscillations of a cylinder at Re = 500 as an
application. The results are discussed in Chapter 4, Section 4.1.

Another kind of movement of cylinder has been investigated by, namely, Mittal and Kumar
(2003) [29]; they numerically simulated the rotation of a cylinder for various dimensionless rates
of rotation. Padrino and Joseph (2006) [30] also performed a few cases and compared their
results to those of Mittal and Kumar [29]. This kind of movement will be investigated with the
present work in Chapter 3, Section 3.2.

Interest also grew for the oscillations undergone by immersed bodies due their own vortex
shedding, or to an oscillating flow while experiencing external forces such as gravity, friction,
spring and damper forces. This corresponds to the well-known Fluid Structure Interaction (FSI)
and Vortex Induced Vibrations (VIV) applications. Even though vortex induced vibrations
were investigated in the early 1970s, they still remain a subject of many studies nowadays,
although the exact subjects of studies published has evolved. In fact, the first studies were
conducted on the effects on elastically mounted cylinder with one or two degree(s) of freedom, as
explained in the review made by Williamson and Govardhan (2004) [31]; specifically, the vortex
shedding patterns and the corresponding vibration mode, and the energy transfer between the
fluid and the body are investigated. The coupling between the body movement and the vortex
shedding and forces frequency is the basis of the VIV investigations. This subject is closely
related to the forced oscillations observations that are made from the previously mentioned
studies. Notably, the results from Williamson and Roshko [18] are often used to characterize the
wake. However, the number of studies conducted on elastically mounted cylinders is significantly
more important in comparison to the investigations on forced oscillations. The analyses of such
elastically mounted cylinders focused, among other objectives, on the amplitude that can be
reached by varying the spring and damper values, the existing modes corresponding to the
induced vibrations undergone by the cylinder, the transition between those modes, and, more
practically, the consistency to scale up those results to real applications. As it was the case for
numerical simulations of forced oscillations, in the VIV problems, ALE methods are also widely
used, especially in Finite Elements methods, as they enable to mitigate the mesh distortions. For
instance, Singh and Mittal (2005) [32], and Prasanth and Mittal (2008) [33] used a finite element
method. Even though such simulations could be performed with the method presented in this
work, no further details are provided about that part of the VIV studies since such cases have
not been investigated. Other subjects have been investigated in the FSI field. Indeed, nowadays,
the interest of FSI focuses more on real applications in civil engineering structures which are
subjected to oscillatory fluid flows like (e.g.: bridges, wind turbines towers, oceanic risers, ocean
pipes, etc.), bio-propulsion, or any other field which would benefit from the energy harvesting
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from the surrounding fluid. This domain is therefore very broad and has many applications in
the real life. The studies linked to VIV and FSI applications is abundant nowadays, and the
applications are as wide as they are interesting.

1.3 Objectives of the thesis
Since the present work is based on the method developed by Billuart et al. [1], some challenges
concerning the adaptation of the coupling methodology were not expected initially. Indeed, as
it will be further explained in Chapter 2, Section 2.3.2, a part of the coupling procedure has
required an unexpected adaptations, which therefore required several trials in the implementation
of the concerned step of the methodology. The latter is related to pressure oscillations that are
generated by the boundary condition in the finite difference (FD) method, which solves the
flow in the near-wall (NW) region. These pressure oscillations were also observed by Billuart et
al. [1], but with a lower impact on the aerodynamic forces. Investigations have been made in
order to determine whether the origin of the pressure oscillations observed in the present work
are also related to the redistribution frequency of the particles of the VPM method, as Billuart
et al. [1] observed. These analyses will be more deeply examined in Chapter 2, Section 2.5. The
main objective of this Master thesis is therefore to further develop and validate the coupling
methodology developed by Billuart et al. [1] in the case of moving bodies.

A verification of the methodology is presented in Chapter 3, in order to assess the accuracy of
the methodology developed in this work. The verification is done for two kinds of movements of
a cylinder: (1) a transverse oscillation of the cylinder in a free stream, and (2) a rotating cylinder
in a free stream. After that, two kinds of application are presented in Chapter 4: (1) a cylinder
oscillating in the streamwise direction, and (2) a heaving airfoil. Finally, the achievements and
discussions on the present work are summarized in Chapter 5.
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Chapter 2

Methodology: coupling between an
Eulerian and Lagrangian methods

The coupling procedure for handling moving bodies is based on the work performed by Billuart
et al. [1]. In what follows, the methodology presented only relies on one moving body with
general prescribed movements, even though the latter consists in adapting and modifying the
coupling method for one body at rest developed and more deeply described by Billuart et al. [1].
The implementation of moving bodies in the coupling method can be divided into two main
parts.

First, the handling of a moving mesh is performed in the Finite Difference on orthogonal mesh
(FDoom) solver - which is an in-house Finite Difference (FD) solver for the velocity-pressure
formulation of the 2D incompressible Navier-Stokes equations - through the implementation of
an Arbitrarily Lagrangian-Eulerian (ALE) formulation, as described in [15]. Let us recall that
the goal of ALE methods is to combine the advantages of both the Lagrangian and Eulerian
kinematical descriptions, and that a specific aspect of the latter is that the conservative laws are
expressed in the Eulerian formulation, but with the material velocity u that has to be replaced
by the actual convective velocity u − Umesh in all the convective terms. We recall the weak
form of the momentum conservation that was previously presented in Eq. 1.7, Section 1.2.4:

ρ
∂u

∂t

∣∣∣∣∣
χ

+ ρ (u−Umesh) · ∇u = −∇p+ µ∇2u ,

In this work, the method that is used is not an ALE method, since there are several grids and
methods employed, and, thus, that the whole body-fitted grid of the Eulerian method remains
undeformed. However, the formulation of the convective term in the Navier-Stokes equations
relies on the ALE formulation, allowing us to take into account the motion of the body. In
addition to that, without the coupling with the VPM solver, the formulation allows easily to
take into account a movement of the body, without deforming the mesh (even though, in the
coupling procedure, the mesh of the near-wall solver is actually moving on the VPM background
mesh, see later in Section 2.3.1).

Secondly, the coupling between FDoom and the Vortex-particle mesh (VPM) solver must also
be adapted to the moving mesh. Indeed, in this case, the Eulerian domain (i.e.: the domain on
which the method used to solve the flow is an Eulerian method) moves in a Lagrangian way
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in the inertial frame. On the other hand, the Lagrangian domain (i.e. the domain on which
the VPM method is used to solve part of the flow) remains fixed. As already discussed, this
coupling procedure presents two main challenges: an accurate transfer of information between
the two solvers and the enforcement of a correct boundary condition, so that the flow fields
remain consistent at the interface between the two solvers.

In what follows, the Eulerian and Lagrangian solvers are briefly presented individually, in
Sections 2.1 and 2.2 respectively. Then, the coupling procedure between the two solvers is
presented in Section 2.3.1.

2.1 Near-wall solver: FDoom
For the near-wall region, a body-fitted Finite Difference on orthogonal mesh (FDoom) solver is
used in order to capture accurately the boundary layer and small scale details of the near wake
by benefiting from the anisotropic character of a stretched grid. In such an orthogonal mesh,
the velocity components are expressed in a local coordinates system, which is defined at each
considered grid position. The two velocity components are therefore orthogonal and oriented in
the normal and tangential directions of the local grid frame.

The solver is based on a classical fractional step method [34, 35, 36] with computation of a
prediction of the velocity which is reprojected. The spatial discretization ensures a second
order accuracy and is based on a staggered Marker and Cell (MAC) mesh [37] (the schemes are
adapted to the local frames linked to the stretched orthogonal mesh). The solver being based
on the velocity-pressure formulation of the Navier-Stokes equations, the temporal integration
scheme used for the convective term is an explicit Adams-Bashforth scheme of order 2, while,
for the diffusive term, an implicit Crank-Nicholson scheme is used. Therefore, the fractional
time steps are given by:

(u∗ − un)
∆t+ =

(
1 + 1

2
∆t+
∆t−

)
Hn

h −
1
2

∆t+
∆t−H

n−1
h −∇hφ

n + 1
2ν
(
∇2
hu
∗ +∇2

hu
n
)

(2.1)

∇2
hg = 1

∆t+∇h · u∗ (2.2)

(un+1 − u∗)
∆t+ = −∇hg (2.3)

φn+1 = φn + g (2.4)

P n+1 = φn+1 − ν ∆t+
2 ∇2

hg (2.5)

where Hh , ((u − Umesh) · ∇u)h is the convective term that takes into account the ALE
kinematical description of the mesh (Umesh is the mesh velocity expressed in the inertial frame
of reference), ν , µ/ρ is the kinematic viscosity, P , (p/ρ) is the kinematic pressure, g is a
scalar, and ∆t+ and ∆t− are respectively the current and previous time steps.

According to the fractional time step method [34, 35, 36], Eq. (2.1) first enables to obtain a
prediction u∗ of un+1. Then, Eq. (2.2) - obtained from Eq. (2.3) together with the divergence-
free constraint on un+1 - is a Poisson equation to solve in order to compute the scalar g. In
order to solve the Poisson equation, a homogeneous Neumann condition must be imposed on

11



CHAPTER 2. METHODOLOGY

the boundaries of the domain, so that the normal components of the velocity predictor and the
exact velocity at the next time step are equal: u∗n = un+1

n . This Neumann condition is given
by: ∂g

∂n
= 0. After that, Eq. (2.3) corresponds to the reprojection of the predictor u∗ into a

solenoidal field. Finally, Eqs. (2.4) and (2.5) enable to obtain the pressure field at the next time
step. It is important to mention that, due to the homogeneous condition that is used to solve
the Poisson equation Eq. (2.2), the normal component at the next time step must be beforehand
known. That information will come from the second component of the hybrid solver; that is, the
VPM solver. The way the normal component of the velocity field is computed on the external
boundary of the FDoom domain will be explained in details in Section 2.3.

Concerning the wall conditions of the FDoom solver, Dirichelet boundary conditions are used.
The latter enforce the value of the normal and tangential components of the velocity field to the
mesh velocity projected onto the local orthogonal frame (even though the tangential velocity at
the wall is actually obtained by attributing the correct value to ghost points):

un(xwall) = Umesh(xwall) · ên(xwall) , (2.6)
us(xwall) = Umesh(xwall) · ês(xwall) , (2.7)

where Umesh(x) = Umesh(x) êx + Vmesh(x) êy is the mesh velocity field in the inertial frame
of reference, ên(x) and ês(x) are, respectively, the local normal and tangential directions of
the grid. Obviously, when the mesh velocity is zero, those boundary conditions end up being
no-through flow and no-slip boundary conditions.

Finally, the conservation of mass must be enforced over the Eulerian domain. When the body is
rigid, there is no deformation of the wall. Thus there is no flux at the wall by symmetry. The
conservation of mass is enforced by correcting uniformly the normal component of the velocity
field on the outer boundary, so that the total flux through the boundary is zero, as translated
in Eq. (2.8). ∮

∂Ωouter
NW

un dS = 0 . (2.8)

This is performed by removing homogeneously the excess of velocity on each grid point of the
external boundary. However, when the body is moving, Eq. (2.6) imposes a flux at the wall.
Therefore, the correction of the flow on the entire domain must now take into account that
additional flux1. Since the flux at the wall must not be changed, in order to verify Eq. (2.6),
the total flux on the inner and outer boundaries are computed and the correction is, again, only
applied on the outer boundary.

2.2 The Vortex Particle-Mesh method
The Vortex Particle-Mesh (VPM) method is an in-house solver that can already be considered
as a hybrid vortex method since there are both Lagrangian and Eulerian components used in
the solver. It is based on the vorticity-velocity formulation of the Navier-Stokes equations for
incompressible flows in 2D, given in Eq. (2.9).

Dω

Dt
= ∂ω

∂t
+ u · ∇ω = ν∇2ω . (2.9)

1For rigid bodies, the surface integral would be zero, but, for deforming bodies, it could be non-zero.
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As already mentioned, there are two components in the VPM solver. First, the Lagrangian
component comes from the particles used in order to discretize the convective term of Eq. (2.9).
As described in [3, 4] (and reduced to 2D instead of 3D), the 2D particles carry integral
information over their surface Sp about a certain physical field, which - in this case - is the
vorticity field. The so-called particle strength αp is defined by:

αp =
∫

Sp

ω dS . (2.10)

Here, we have that Sp = h2
VPM, as the VPM grid size is uniform (i.e.: ∆x = ∆y = hVPM). Since

the particles’ position is formulated in a Lagrangian fashion, the position xp of each particle p
over time can therefore be computed since the particles are convected by the flow. Eventually,
the Lagrangian discretization of the particles entails the three following differential equations
(two for the position and one for the particle’s strength):

dxp
dt

= u(xp) (2.11)
dαp
dt

= ν
∫

Sp

∇2ω dS . (2.12)

Secondly, the Eulerian component comes from the mesh that is used in order to recover the
velocity field from the vorticity field by solving a Poisson equation on a grid. Indeed, when
considering the Helmholtz decomposition of the velocity field: u = U∞ + uω, and knowing that
the relation between velocity and vorticity (in 2D) is given by: ω êz = ∇× u, the velocity field
can be recovered from the vorticity field (on the grid) through the resolution of the following
Poisson equation:

∇× (ω êz) = −∇2uω . (2.13)
The use of a grid in order to be able to compute the velocity field has two main advantages: it
is easier to compute spatial differential operators on a grid, and it allows to use fast and efficient
solvers for solving the Poisson equation Eq. (2.13).

Concerning the boundary conditions implemented in the VPM solver, it uses the FLUPS
library [38] in order to implement unbounded and natural outflow boundary conditions.

As a summary of the VPM method, the differential equations given in Eqs. (2.11) and (2.12)
are temporally integrated on the particles using a Runge-Kutta of order 3 scheme (RK3), while
the spatial differential operators are evaluated on a grid; the velocity field is computed on that
grid as well through the resolution of Eq. (2.13).

Underlying the previous assets and working principles of having a coupled method for the
VPM solver, it follows that exchanges of information are required. Therefore, two interpolation
procedures are defined: (1) interpolation of information from the grid points (or mesh) to the
particles (M2P ) or (2) from particles to grid points (P2M). Both M2P and P2M interpolation
procedures are performed using the high order M ′

4 scheme [39]. Finally, another important
feature of the VPM method is its ability to redistribute the vorticity field from the particles at
fixed grid locations. The vorticity carried by particles is thus interpolated from particles to grid
points, which can be seen as a reset of the particles. This enables to avoid the particle depletion
drawback that was already discussed in Section 1.2.2.
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2.3 Coupling procedure for moving bodies
The coupling strategy that is presented in this section is a slight adaptation of the approach
presented by Billuart et al. [1], which was inspired by the approach suggested by Daeninck
et al. [5]. In this approach, two domains are used: the Eulerian domain, which only covers
the near-wall part of the whole domain, and the Lagrangian domain, which covers the whole
domain. The latter are depicted in Fig. 2.1. On the Eulerian domain, the FDoom (or near-wall)

ΩVPM

ΩNW ∂Ωouter
NW

Inflow
Outflow

Unbounded 

Unbounded 

ΩBody

Fig. 2.1: Decomposition into a near-wall (NW) and VPM subdomains, and boundary conditions imposed on the VPM subdomain
(sketch from Billuart et al. [1]).

solver is used to solve the flow, while on the Lagrangian domain, the VPM solver is used. These
designations lead us to the following notations: ΩVPM stands for the Lagrangian subdomain
(where the VPM method is used) and ΩNW stands for the Eulerian subdomain (where the
FDoom solver is used). The interaction between the two solvers and the exchange of information
between the computational subdomains is the basis of the coupling methodology. On the one
hand, the near-wall solver uses a mixed boundary condition on its external boundary ∂Ωouter

NW that
is obtained by interpolating fields from the Lagrangian domain (more details on the boundary
condition and interpolation procedures are provided in Section 2.3.1). The solver is therefore
able to compute the flow fields with a correct boundary condition and with high accuracy. On
the other hand, in the Lagrangian domain, the flow fields quantities are also known over the
whole domain but, in the near-wall region, this information is highly under-resolved. The flow
fields in the near-wall region of the Lagrangian domain are thus corrected by the near-wall
solver, which owns well resolved flow fields in that region.

Another particularity of the methodology presented by Billuart et al. [1] is the use of two
subsets of particles in the VPM solver. The purpose is to decrease the computational cost of
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the method by relying on a redistribution frequency that is different for the two sets. The first
subset is used in order to compute the flow quantities in the vicinity of the NW subdomain
ΩNW and extends further away to a part of the VPM domain. The part of the domain on which
the first subset of particles is distributed is denoted Ω1, as depicted in Fig. 2.2. The particles

Inflow

Unbounded 

Outflow

Unbounded 

Ω2 = ΩVPM

Ω1

∂Ωouter
NW

ΩNW

δ

Fig. 2.2: Two subsets of particles and boundary conditions of the VPM solver: red and blue bullets depict the particles of subsets
1 and 2, respectively (Sketch from Billuart et al. [1])

of this subset are thus redistributed on the VPM grid at every time step in order to obtain
the most accurate flow information available. The second subset of particles covers the whole
domain (i.e.: Ω2 = ΩVPM), and is redistributed at a lower frequency in order to decrease the
computational cost, since the latter is used for the part of the domain that is further away from
the body. The second set of particles obviously suffers more from the particles depletion, due
to the lower rate of redistribution. Still, it enables to decrease the computational cost of the
method by keeping accurate flow fields in the region of the domain where the vorticity gradients
are more intense. Since the two sets of particles are overlapped, it is therefore required to define
a transition between the two sets for the P2M interpolation procedure. Either information
come from the first subset, or it is a combination, or, finally, it only comes from the second
subset. The selection of the particles that are used for that interpolation is performed through
the use of a transition function 1δΩ1 , that is smoothly achieved over a length δ, at a certain
distance from the outer boundary of the Eulerian subdomain ∂Ωouter

NW , as advised by Billuart et
al.[1]. The two subsets of particles and the transition length are sketched in Fig. 2.2.

2.3.1 Implementation of the methodology
At the beginning of each VPM time step, both solvers are at the same physical time tn. However,
the near-wall solver owns more accurate fields quantities than the VPM solver. The full time
step procedure is therefore described in what follows.
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1. In the near-wall region, the velocity field uNW(x, tn) of the Eulerian grid is interpolated
onto the VPM grid, but using a staggered grid2. This interpolation is performed through
a third order Lagrange interpolation of uNW(x, tn), and the resulting velocity field is
denoted uVPM, corr(x, tn). Since the body is moving, the interpolation coefficients together
with the location of the grid points on which the velocity field will be interpolated must
be determined at every time step. A sketch of the interpolation procedure, and of the
underlying grids is depicted in Fig. 2.3.

2. The velocity field uVPM, corr inside the body is set to the body velocity:

uVPM, corr(xbody, t
n) = Ubody(xbody, t

n) . (2.14)

This velocity field must take into account any prescribed3 movement (i.e.: translations
and rotation around an arbitrary point of the domain), and is used for computing the
underlying vorticity. Again, the VPM grid points where the velocity has to be set to the
body velocity must be determined at each time step.

3. A corrected vorticity field can be computed on the VPM mesh, since the corrected velocity
field uVPM, corr is known on the staggered grid from steps (1) and (2). The vorticity must
therefore be computed on the VPM collocated grid using

ωVPM, corr = ∇h × uVPM, corr . (2.15)

Nevertheless, the computation of the vorticity cannot be performed over all VPM grid
points that are located inside the intersection of the VPM and NW subdomains. In fact,
near the outer boundary of the Eulerian domain, some VPM grid points cannot benefit
from that correction, since the curl operator might not have the required information
about uVPM, corr(x, tn) in the vicinity of the VPM grid point on which the vorticity must
be computed. A sketch of the staggered grid on which the corrected velocity field is
interpolated is depicted in Fig. 2.3, as well as the stencil of the curl operator for the
computation of the corrected vorticity field.

4. The corrected vorticity field ωVPM, corr is integrated to the VPM vorticity field which is
not corrected, as discussed in step (3), with

ωVPM(xij, tn) = 1Ωcorr
NW

(xij)ωVPM, corr(xij, tn) +
(
1− 1Ωcorr

NW
(xij)

)
ωVPM(xij, tn) , (2.16)

where 1Ωcorr
NW

is the indicator function for the overlapped region of the Eulerian and
Lagrangian subdomains where the vorticity can be corrected. The latter ensures a smooth
transition between the vorticity that was corrected by the NW solver and the uncorrected
vorticity on the VPM grid. This indicator function has to be recomputed at every VPM
step for the case of a moving body.

5. The vorticity field ωVPM(xij) on the VPM grid is interpolated and transferred to the two
subsets of particles through the M2P interpolation procedure. Since the particles’ subset
1 is redistributed at every VPM time step, it directly benefits from that correction, while
the subset 2 does not necessarily, since it is redistributed every Nr time steps.

2The staggered grid is only used for the interpolation of the velocity from the NW solver.
3For FSI applications, an adaptation of the methodology has to be done, since the movement is not known

apriori.
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ΩBody

ΩNW

Wall

∂Ωouter
NW

ΩVPM

Zoo
m

Fig. 2.3: Correction of the VPM fields by the NW fields: the orthogonal mesh of the NW solver is in bold in foreground with its
flow fields un ( ), us ( ), and ughosts ( ); the VPM collocated grid is in background, with ωVPM and uω ( ); the staggered
grid for the interpolation of the velocity from the NW solver is superimposed on the VPM (collocated) grid, with uVPM, corr (
) and vVPM, corr ( ); a zoom on the staggered grid used for the computation of the corrected vorticity field ωVPM, corr is also
depicted (sketch from Billuart et al. [1])

6. The Poisson equation Eq. (2.13) is solved in order to recover the velocity field uω on the
collocated grid of the VPM solver. Since, during step (4), the vorticity field has been
corrected in a part of the overlapped region of the two subdomains, the underlying velocity
field has changed as well and is therefore no longer the same as the velocity field obtained
at the end of the previous RK3 time step.

7. RK3 time integration from tn to tn+1 = tn + ∆tVPM starts, and, at each RK3 sub-time
step, steps (7.1) to (7.3) are repeated:

7.1 The vorticity evolution on the particles is computed using Eq. (2.12) and the advection
of the particles is computed using Eq. (2.11).

7.2 The P2M interpolation procedure using the M ′
4 scheme [39] is performed over the

two sets of particles. Therefore, we retrieve on the VPM grid ω1,VPM and ω2,VPM, the
vorticity fields interpolated from the respective subsets of particles with

ω1,VPM(xij) = P2M(xp,1, αp,1) (2.17)
ω2,VPM(xij) = P2M(xp,2, αp,2) . (2.18)

7.3 The transition function 1δΩ1 , that computes the smooth transition between the two
subsets of particles, is recomputed at every RK3 sub-time step. In this way, the
body movement in-between each sub-time step can be taken into account and the
information about the vorticity field on the VPM grid can be interpolated using the
most precise location of the subdomain Ω1 that is available. The vorticity field that
is interpolated from the particles onto the VPM grid therefore uses information from
the two subsets of particles in the transition length δ with:

ωVPM(xij) = 1δΩ1(xij)ω1,VPM(xij) +
(
1− 1δΩ1(xij)

)
ω2,VPM(xij) . (2.19)
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7.4. Since, during step (7.3), the vorticity field has been corrected on the VPM grid from
the interpolation of the particles’ strength around the considered grid point, the
Poisson equation Eq. (2.13) is solved again in order to recover the corresponding
velocity field on the collocated VPM grid.

Once the full RK3 time step is achieved, the VPM solver is at tn+1, while the FDoom solver is
at tn. The latter therefore needs to make up with the VPM solver. In order to reconcile them in
time, the VPM solver must provide the outer boundary condition to the FDoom solver. This is
the most tricky and sensitive part of the coupling procedure. Indeed, determining the conditions
for the outer boundary of the near-wall solver is the most difficult part, as slight variations in
the velocity field on the boundary leads to high pressure oscillations in the velocity-pressure
solver, which deteriorate drastically the accuracy of the aerodynamic forces obtained with the
wall quantities. The interpolation procedure of the VPM fields for determining the boundary
condition is therefore very important. The latter is presented in Section 2.3.2, where the various
interpolation procedures that have been tested are presented and the observations on the results
are discussed.

8. Once the interpolation procedure is performed, the NW solver performs Nc sub-time
steps, during which equations Eqs. 2.1 to 2.5 are used. At each sub-time step m, the
outer boundary condition must be obtained through an interpolation of the VPM fields.
Therefore, at the sub-time tn,m = tn +∑m

l=1 ∆tlNW of the NW solver, on each x of ∂Ωouter
NW ,

the velocity components in the normal and tangential4 directions of the local coordinates
system of the orthogonal grid, and the vorticity can be determined. It is important to
stress that the boundary condition is not a pure Dirichlet condition as it could be thought.
Indeed, it consists in a mixed boundary condition, as explained by Billuart et al. [1].
Eq. (2.20) is a Dirichelet condition on un, and Eq. (2.21) is a Neumann condition on us.

un(x) = uVPM, interp(x) · ên(x) (2.20)
∂

∂n
[hs(x)us(x)] = [hn(x)hs(x)] ωVPM, interp(x) + ∂

∂s
[hn(x)un(x)] , (2.21)

where uVPM, interp and ωVPM, interp are the velocity and vorticity fields interpolated from
the respective VPM fields, hn and hs are the metrics in, respectively, the normal and
tangential direction of the Eulerian orthogonal mesh. In practice, Eqs. (2.20) and (2.21)
are applied with the following points:

8.1 un is imposed on each position x of the outer boundary ∂Ωouter
NW . It has then to be

corrected to ensure the mass conservation in the Eulerian subdomain, as depicted in
Fig. 2.4. The resulting normal component ucn thus satisfies:

∮

∂Ωouter
NW

ucn dS = 0 . (2.22)

8.2 From ωVPM, interp and uVPM, interp, the tangential component of the velocity us that
corresponds to ωVPM, interp can be computed and, since there is no grid point that
corresponds to uouters , the values at the ghost points ughosts are set in such a way that
they correspond to the desired value of the tangential velocity uouters , as shown in
Fig. 2.4.

4for the tangential component, there is no grid point on the boundary, thus the corresponding ghost value is
used.
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Now that the NW solver has performed its Nc sub-time steps, the full time step of the coupling
method is completed.

The methodology presented here above is actually the most straightforward extension of
the methodology from a stationary body presented by Billuart et al. [1] to a moving body.
This extension mainly concerns the recomputing of the positions where the fields have to
be interpolated from the VPM grid to the Eulerian grid, recomputing the weights, and the
transitions and indicator functions. Nevertheless, the non-trivial part of the extension of the
coupling procedure is the interpolation procedure of the VPM fields for the boundary condition
of the NW solver presented in step (8). The latter is discussed in greater detail in Section 2.3.2.

2.3.2 Boundary conditions for the near-wall solver
The boundary condition for the NW solver has been quite challenging to adapt in the coupling
procedure, since, as already mentioned before, it is the key component in order to obtain accurate
aerodynamic forces computed using the wall quantities. Slight oscillations in the boundary
conditions can lead to prohibitive oscillations in the pressure field, which is very sensitive to the
fluctuations of velocity on the outer boundary. The main implementations that have been tested
for the boundary condition are presented in this section in order to show that, even if some
conditions are close in the working principles, slight changes can lead to important deterioration
of the method. Depending on the way the VPM fields are interpolated in time and in space, the
effect on the accuracy of the aerodynamic forces obtained using the wall quantities is drastic,
with pressure oscillations that vary in magnitude.

Present implementation

For the present work the following interpolation procedure is applied. As the VPM fields are
known on the VPM grid at every VPM step, for obtaining the fields on the outer boundary at
each sub-time tn,m, the fields uVPM(xij) and ωVPM(xij) obtained on the whole VPM grid are
stored at times tn and tn+1. After that, at every sub-time step m, the following procedure is
applied:

(i) The VPM fields are linearly interpolated in time from the values at tn and tn+1 on every
VPM grid point xij with

uVPM, interp(xij, tn,m) = αm uVPM(xij, tn+1) + (1− αm) uVPM(xij, tn) (2.23)
ωVPM, interp(xij, tn,m) = αm ωVPM(xij, tn+1) + (1− αm) ωVPM(xij, tn) , (2.24)

where αm = tn,m − tn
tn+1 − tn .

(ii) The positions xun and xω of the grid points for the normal velocity component un (in
the local frame of the Eulerian mesh) and the vorticity ω on the outer boundary of the
Eulerian mesh ∂Ωouter

NW at time tn,m are updated. Then, the spatial interpolation of the
VPM fields uVPM, interp(xij, tn,m) and ωVPM, interp(xij, tn,m) onto the Eulerian grid points
xun and xω located on the outer boundary ∂Ωouter

NW is performed using the M ′
4 [39] scheme,

as shown in Fig. 2.4.

(iii) The mixed boundary condition can be applied using Eqs. (2.20) and (2.21) of step (8). It
is important to mention that the velocity field interpolated from the VPM grid at xun does
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not yet take into account the local orientation of the Eulerian mesh in order to compute
the local normal component un.

This interpolation procedure is the most successful, because it enables to mitigate the oscillations
generated by the boundary condition on the NW pressure field, leading to oscillations in the
pressure component of the aerodynamic forces that have the lowest amplitude, compared to
the other interpolation procedures presented in what follows. However, it was neither the only
approach tested, nor the first tested.

ΩBody

ΩNW

Wall

∂Ωouter
NW

ΩVPM

Fig. 2.4: Boundary condition of the NW solver: spatial interpolation of the VPM fields at sub-time tn,m (step (ii) - ),
correction of un for mass conservation (step (8.1) - ), ghost tangential velocity computation (step (8.2) - ). Eulerian
mesh is in bold in foreground with ω ( ), us ( ), un ( ), ughosts ( ); the VPM collocated grid is in background with ω and
uω ( ) (sketch from Billuart et al. [1])

Most straightforward interpolation procedure

The approach presented in this section was initially implemented. Even though it was quite
straightforward with respect to the work performed by Billuart et al.[1], it was discarded due to
the important pressure oscillations it generated. The procedure consists in the following steps:

(i) The positions xun and xω of the grid points on the outer boundary of the Eulerian mesh
∂Ωouter

NW at time tn+1 are updated. Thus, the spatial interpolation of the VPM fields at
time tn+1 onto the Eulerian grid points located on the outer boundary ∂Ωouter

NW can be
performed using M ′

4 [39], as illustrated in Fig. 2.4.

(ii) At each sub-time step m of the NW solver, the outer boundary condition is obtained
through a linear interpolation in time from the NW fields at time tn (which are known
from previous time step on the boundary locations at that time xouter

un
(tn) and xouter

ω (tn))
and the VPM fields at time tn+1, interpolated on xouter

un
(tn+1) and xouter

ω (tn+1). Therefore,
at the time tn,m = tn +∑m

l=1 ∆tlNW, on each x of ∂Ωouter
NW :

un,mVPM, interp (x(tn,m)) = αm un+1
VPM, interp

(
x(tn+1)

)
+ (1− αm) unVPM, interp (x(tn)) (2.25)

ωn,mVPM, interp(x (tn,m)) = αm ωn+1
VPM, interp

(
x(tn+1)

)
+ (1− αm) ωnVPM, interp (x(tn)) , (2.26)

where unVPM, interp (x(tn)) stands for uVPM, interp (x(tn), tn) for the sake of brevity.
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(iii) The mixed boundary condition can be applied with Eqs. (2.20) and (2.21) of step (8).

The only difference with the interpolation procedure that is finally used in this work is the fact
that the temporal and spatial interpolations have been reversed. In other words, the temporal
interpolation is not applied on the VPM fields, as it is the case for the final method.

For the approach presented here above, the linear interpolation in time of the fields on the
boundary is performed on uVPM, interp, vVPM, interp, and ωVPM, interp, at each NW sub-time step,
and, after that, the normal component un can be determined based on the local orientation
of the FDoom mesh. However, the resulting velocity component un does not benefit from the
correction such that the mass is conserved on the NW subdomain. This correction will be
applied in a second time, and for every sub-time step, as described in step (8) and illustrated in
Fig. 2.4. Another approach could therefore try to mitigate the error by applying the temporal
interpolation directly on the normal component un instead of the velocities expressed in the
inertial frame.

In effect, after the spatial interpolation of the VPM fields at time tn+1, the resulting normal
component un can already be computed, since the position of the Eulerian grid points on the
boundary are known as well. Moreover, since the flux at the wall at time tn+1 is also known,
the mass conservation can already be enforced. Thus, instead of interpolating uVPM and vVPM
in time, computing the resulting un, and then correcting the latter to obtain ucn, we could
directly compute un, correct it, and interpolate ucn between tn and tn+1. By doing so, we do
not need to apply a correction at each NW sub-time step, since the normal components are
obtained by linear interpolation of fields that already take into account the mass conservation.
This procedure has been tested as well, and does not present any significant reduction of the
amplitude of the oscillations. Therefore, it seems equivalent to the straightforward interpolation.

Temporal interpolation at higher order of the VPM fields

Since the VPM fields are known at each sub-time step of the RK3 scheme (i.e. at the physical
times tn, tn+1/3, tn+3/4, and tn+1) - as they are retrieved on the VPM grid from the particles’
strength and position evolution through a P2M procedure - the fields information at those times
can be used. As a reminder, at each sub-time step, a P2M interpolation procedure is applied in
order to get back the vorticity field on the VPM grid. Then a Poisson equation Eq. (2.13) is
solved in order to determine the underlying velocity field uω on those collocated grid points,
as it is described above in step (7.3). Therefore, information about those VPM fields can be
used for increasing the order of the interpolation procedure of the VPM fields for the boundary
condition of the near-wall solver. Indeed, regarding the previous procedures presented, they
only involve linear interpolations in time.

However, this procedure has been tested in the same way the present procedure is introduced
above (see steps (i) to (iii) of the present implementation, but with a close difference: the order
of the temporal interpolation is larger here), and it has been observed that it increased even
more the magnitude of the oscillations in the aerodynamic forces as compared to the other
approaches. This is probably due to the fact that the third order interpolation captures second
derivatives that are false; in other words, it captures a spurious temporal behaviour, which
can be considered as an overfitting of the temporal evolution of the fields on the boundary. In
addition to that, this method also increases even more the computational cost, as it requires to
store the VPM fields at more times.
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2.4 Numerical stability and accuracy
The stability and CFL-like constraints are basically the same as for the case of a static body,
as also recalled in Billuart et al. [1]. Concerning the FDoom solver, there is a slight change in
the classical CFL formula, in order to take into account the ALE formulation in the convective
term.

First, the classical CFL condition has to take into account the mesh movement by replacing
the material velocity u by the convective velocity (u−Umesh) in the relative frame attached to
the mesh, as it was done for the convective term in the Navier-Stokes equations presented in
Section 2.1. The CFL number in the relative frame is thus given in Eq. 2.27.

CFLrel = max
(
||u−Umesh||

h

)
∆t . (2.27)

On the other hand, the VPM method does not need the same kind of CFL-like condition for
the stability of the method. Still, the two following Lagrangian criteria are used in order to
ensure the accuracy of the method and limit the particles depletion

max ||d||∆t ≤ 0.2 ;max |ω| ∆t ≤ 0.2 , (2.28)
where the norm of the rate of strain tensor is, here, defined as

||d|| ,
∣∣∣∣∣
∂u

∂x

∣∣∣∣∣+
1
2

∣∣∣∣∣
∂u

∂y
+ ∂v

∂x

∣∣∣∣∣ . (2.29)

In addition to the classical criteria presented above, the coupling method of the moving Eulerian
mesh on the VPM grid, requires a new CFL-like stability condition. The latter is provided in
Eq. 2.30 and translates the fact the grid points of the Eulerian mesh should not cover a distance
larger the distance between two VPM grid points over one VPM time step.

CFLmesh = max ||Umesh|| ∆t
hVPM

< 1 . (2.30)

2.5 Discussion on the coupling parameters
In order to figure out more precisely what improvements in the method should be performed in
order to decrease the amplitude of oscillations mentioned in Section 2.3.2, several parametric
tests have been performed. The parameters that have been investigated are the following.

• The ratio of FD time steps for each VPM time step: NFD/VPM.

• The remeshing frequency of the second subset of particles Nr.

• The width of the transition zone for the two sets of particles, and the length of the extent
of the first set of particles beyond the outer boundary ∂Ωouter

NW of the NW solver.

• The values of the Lagrangian criteria presented in Section 2.4 for the accuracy of the
method.
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Several tests5 have been performed and the following conclusions have been retrieved:

1. The smaller the time step, the better the results.

2. The remeshing frequency and the Lagrangian criteria for stability are not responsible for
such a high amplitude of oscillation.

3. Expanding the boundaries considered for the indicator function for the transition zone
between the two sets of particles does not decrease the amplitude of oscillations.

5The results are not presented in this work.
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Chapter 3

Verification: flow past a moving
cylinder

In this chapter, the validation of several single movements is presented. The study of the flow
past moving cylinders has been studied for many years, but, nowadays, it does not present
much attention anymore, as it was presented in the introduction Chapter 1, Section 1.2.5. This
explains the fact that the references used in this chapter are sometimes old research studies and
that the Reynolds numbers used for those studies were quite low. Two kinds of movements are
presented:

1. A cylinder oscillating in the transverse direction of the freestream velocity.

2. A rotating cylinder in a freestream.

The following common dimensionless numbers are used in the following chapters:

t∗ ,
t U∞
D

, ω∗ ,
ωD

U∞
, P ∗ ,

P
1
2 U

2
∞
, h+ ,

hn,wallNW uτ
ν

, Cd ,
Fx

1
2 ρU

2
∞D

, Cl ,
Fy

1
2 ρU

2
∞D

, (3.1)

with uτ , the shear velocity defined by u2
τ , |τwall|/ρ (τwall being the wall shear stress), and where

hn,wallNW is the size of the first cell of the Eulerian orthogonal mesh in the normal direction.

For all simulations, at time t∗ = 0, the flow solution is set to the potential flow solution. The
coupling parameters between the VPM solver and the NW solver are chosen as advised by
Billuart et al. [1]. As a reminder, still, the second subset of particles that covers the whole
VPM domain is redistributed every Nr = 5 time steps, while the other is redistributed every
time step. Concerning the transition length between the two subsets of particles, δ = 8hVPM,
and the starting and ending of the indicator function 1δΩ1 with respect to the end of the
Eulerian subdomain are set according to the recommendations from Billuart et al. [1]. The mesh
parameters used for the three investigated cases are the same and provided in Table 3.1. They
have been chosen in such a way that there is a consistency between the cell size at the outer
boundary of the NW solver and the VPM cell size, and that the flow is sufficiently resolved. The
FD grid is fine in order to present accurate results. Namely, the first cell enables a resolution
such that h+ < 1 for t∗ ≥ 0.025 in the simulations of the transverse motion (Section 3.1), and
t∗ ≥ 0.82 in the cases of the rotating cylinder motion (Section 3.2).
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Table 3.1: Mesh parameters of the NW solver and VPM solver for the validation cases

w/R R/hVPM R/hn,wallNW hn,wallNW /hθ,wallNW

2 12.8 50 1.3

3.1 Transverse oscillation of a cylinder at Re = 100
The dimensionless parameters that characterize the body movement are:

1. The dimensionless amplitude of oscillation: A∗ = A/D.

2. The dimensionless frequency of the forced oscillation: F = ff/fSt, where fSt is the Strouhal
frequency that corresponds to the flow past the fixed cylinder at the same Reynolds number,
and ff is the forced frequency at which the cylinder oscillates.

The validation will be made by comparing similar simulations and results with the ones presented
by Placzec et al. [25]. The method used by Placzec et al. [25] is a finite volume method with
28, 800 cells over the whole computational domain. The latter is 32.5D long, and 20D high, with
the cylinder positioned at x/D = 12.5. Regarding the top and bottom boundaries, a slip wall
and ∂u/∂y = 0 are imposed as boundary condition, and a Neumann condition on the velocity
field with ∂u/∂x = 0 and ∂v/∂x = 0 for the outflow boundary condition. In the three cases
that are presented, the Reynolds number was Re = 100. They assessed the Strouhal number as
St ' 0.169 for a shedding regime at the same Reynolds number for a fixed cylinder, while the
present method assesses the Strouhal number at St ' 0.1608. The first two cases presented
have an amplitude of A∗ = 0.25 but have a forced frequency corresponding, respectively to a
so-called locked and unlocked configurations. In Section 3.1.1, a locked configuration is presented.
Locked configurations correspond to cases where the forced oscillations of the cylinder drive the
oscillations of the aerodynamic forces, and of the shedding. Results from Placzec et al. [25]
should be compared with caution, since they did not validate their results by comparing them
with other references for the prescribed movements they investigated. This thus reflects the
lack of studies of the flow past forced moving cylinder, and it can explain why some results
obtained with present method can differ from those of Placzec et al. [25]. In Section 3.1.1, an
locked configuration is presented. Unlocked configurations mean that the cylinder motion does
not exactly enforce the oscillations in the aerodynamic forces. In other words, other frequencies
can be implied in the behavior of the aerodynamic forces. Finally, in Section 3.1.3, a third case
is discussed for the purpose of presenting a different vortex shedding pattern, due to the high
amplitude oscillation of A∗ = 1.

Placzec et al. [25] assess the locked/unlocked regime with several results: the Power Spectral
Density (PSD) of the aerodynamic forces, which should present a peak at f ∗ = f/ff ≈ 1.0 for a
locked regime, and through what they call a phase portrait, which presents the aerodynamic
force as a function of the cylinder position, for example Cl(y), Cd(y) or Cl(Cd). In the case
where there is a temporal synchronization of the oscillation in the aerodynamic forces with the
cylinder motion, the phase portrait obtained should be a close curve. What is interesting with
the phase portrait is that they provide an image of the energy transfer between the moving
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body and the fluid. The vertical motion of the cylinder is imposed with Eq. 3.2.

Ymesh(t)/D = A∗ sin (2 π ff t) = A∗ sin
(

2π
Tf

t

)
, (3.2)

where Tf , 1/ff is the period of the forced oscillation.
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3.1.1 Case 1: Locked configuration Re = 100 - A∗ = 0.25 - F = 0.9
As already mentioned above, the shedding regime of a cylinder in a locked configuration is driven
by the forced frequency of oscillation of the cylinder. Instantaneous plots of the dimensionless
vorticity close to the cylinder at three times of one oscillation period are shown in Fig. 3.1.
These times correspond to the extreme positions of the cylinder in its forced motion, i.e. when
y/D ' ±1 and the last correspond to a moment when the cylinder is at the beginning of a new
cycle y/D ' 0. The iso-contours of vorticity show that there is a very good agreement between
the vorticity from the near-wall and VPM solvers, which reflects that the mixed boundary
condition is well adapted to the moving Eulerian mesh on the VPM background. When looking
at the whole wake developed behind the cylinder in Fig. 3.2, one can realize that the transverse
oscillation creates a wake that looks like to the one behind a static cylinder, but here, the
consecutive vortices of opposite sign that are shed are not aligned. Indeed, the vortices of same
sign are mutually aligned, but to around y/D = 0. There is an offset, with the negative vortices
that are shed above y/D = 0 and the positive ones below.

(a) t/Tf ' 32.75 (b) t/Tf ' 33 (c) t/Tf ' 33.5

Fig. 3.1: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.9: contours of dimensionless vorticity in FDoom and
VPM solvers. Levels are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are by steps of 0.2 (starting from P ∗max). The colour
plot is saturated for |ω∗| > 3. The limit between the FDoom and VPM results is represented by a thin black line.

Placzec et al. [25] do not provide plots of vorticity field, it is therefore not possible to compare
this result from the present study. In addition to that, the simulation they performed was only
18 periods of oscillation long, and they also include the transient starting which is less relevant
since the interest is greater for the statistically converged times. Since their simulation is quite
short, they cannot show many oscillations for the statistically converged times. Thus, the results
from the present method are taken once the simulation is statistically converged, and compared
with the results from Placzec et al. [25] at smaller times, that is, the results from Placzec et
al. [25] have been shifted in time, so that they are in phase with the results from the present
study, and they therefore do not correspond to the times indicated on the plot. When comparing
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Fig. 3.2: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.9: contours of dimensionless vorticity and pressure
(bottom) at t/Tf ' 33.5 in the FDoom and VPM solvers. Levels for ω∗ are by steps of 1 (starting from |ω∗| = 0.5) - levels for
P ∗ are by steps of 0.2 (starting from P ∗max). The colour plot is saturated for |ω∗| > 3. The limit between the FDoom and VPM
results is represented by a thin black line.

both curves in Fig. 3.3, it is obvious that there is an important difference in the results. As
the other simulations will show, the results from the present method are in better agreement,
which lead us to suspect that the results that are compared do not correspond to the same case.
Regarding the results from the present method, the oscillation in the aerodynamic forces can be
seen in Fig. 3.3. What is also important to notice is that the drag coefficient presents more
oscillations than the lift coefficients. The fact that the peaks of maximum (resp. minimum)
lift coefficient do not happen exactly at the moment when the cylinder reaches its minimum
(resp. maximum) position y/D comes from the fact that the vortices are not shed at that exact
moment. Table 3.2 provides the values of lift and drag coefficients averaged over the last 16
oscillation periods compared to the values that can be extracted from the results of Placzec et
al. [25].

In addition to the time history of the lift and drag coefficients, the phase portraits are depicted in
Figs. 3.4 and 3.5. The difference in amplitude of the lift coefficient between can be observed again,
and the high frequency oscillations in the drag coefficient are even more evident. Physically, the
phase portrait of the lift coefficient can represent the energy transfered by the cylinder to the
flow (or vice versa).

Finally, the spectral analysis of the lift coefficient is shown in Fig. 3.6, where the locked shedding
regime can clearly be assessed, since the main peak appears at f/ff = 1, exactly. This therefore
means that the lift coefficient oscillates exactly at the forced frequency of the cylinder. Another
peak at f/ff = 3 appears in the spectrum, but this can be discarded with respect to the main
one.
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Fig. 3.3: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.9: lift and drag coefficients over 4 forced oscillations
once the flow is statistically steady. Results from the present method ( ) and from Placzec et al. [25] ( ). Results from Placzec
et al. [25] have been shifted in time so that they can be compared with the present results.
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Fig. 3.4: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.9: phase portraits of the lift and drag coefficients.
Results from the present method ( ) and from Placzec et al. [25] ( ).

Table 3.2: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.9: force coefficients computed with wall quantities of
the NW solver averaged over 16 periods of forced oscillation (Tf ).

Cd Cmin
d Cmax

d Cl Cmin
l Cmax

l

Present method 1.485 1.372 1.606 −1.5×10−5 −0.194 0.194
Placzec et al. [25] 1.5 / / / −0.135 0.135
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Fig. 3.5: Transverse oscillation of a cylinder - Re = 100, A∗ =
0.25, F = 0.9: phase portraits of the lift and drag coefficients
from the present method.
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Fig. 3.6: Transverse oscillation of a cylinder - Re = 100, A∗ =
0.25, F = 0.9: FFT of the lift coefficient: main peak at f∗ =
f/ff = 1, showing the synchronization of the vortex shedding
with the forced oscillation ff of the cylinder. Lower peaks are
at f∗ = 2 and 3.
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3.1.2 Case 2: Unlocked configuration Re = 100 - A∗ = 0.25 - F = 0.5
The foremost aspect to underline in this case, is that, since the dimensionless frequency of
oscillation of the cylinder F = ff/fSt is exactly half the Strouhal frequency, and when looking
beforehand at the results from Placzec et al. [25], it has been decided to figure out the Strouhal
frequency of the cylinder at Re = 100 with the present method. This enables to then perform
the simulation at a different forced frequency ff from Placzec et al. [25] but still at the same
dimensionless frequency F = 0.5. Indeed, it could be thought a priori that the physical
behaviour of the vortex shedding could present specific features due to the presence of two
driving frequencies with the forced frequency that is exactly half of the natural frequency. This
intuition will be verified with the following results obtained with the aerodynamic forces. The
Strouhal number was obtained by both probing the velocity in the wake and performing the
spectral analysis of the lift force. The Strouhal number from the present method is therefore
St ' 0.1608, while the value from Placzec et al. [25] is St ' 0.169.

Fig. 3.7: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.5: contours of dimensionless vorticity and pressure
(bottom) at t/Tf ' 26 in the FDoom and VPM solvers. Levels for ω∗ are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are
by steps of 0.2 (starting from P ∗max). The colour plot is saturated for |ω∗| > 3. The limit between the FDoom and VPM results is
represented by a thin black line.

In the case where the forced frequency is not close to the natural shedding frequency of the
cylinder, i.e. its Strouhal frequency, the shedding regime presents a behaviour that is completely
different. In fact, the shedding regime is not only driven by the forced frequency as it is the
case for a locked configuration. Instead, two main frequencies drive the shedding regime: the
forced oscillation and the Strouhal frequency. In Fig. 3.7, the vorticity field over the whole
domain is shown, once the flow has reached a statistically converged pattern. It can clearly be
seen that both the relative position of the vortices in the wake and the shape of the vortices is
different from the case of a locked configuration, presented above. The shape of the vortices is
not regular. Some vortices are more stretched in the vertical direction, and have thus a less
compact support of circulation. This is even more obvious in the iso-contours plot than in the
colour plot. Near the end of the domain, two vortices are so stretched that their support of
vorticity is very diffuse compared to the previous case. In order to highlight that the forced
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frequency does not drive alone the shedding regime, Figs. 3.12 and 3.13 show two series of plots
where the cylinder is at the same place y/D in its periodic motion, spaced by 13 periods of
oscillation Tf . When comparing respectively each plot of the two series, it can be seen that they
do not present the same behaviour, as it is the case in locked shedding regimes. In addition
to that, the zoom on the cylinder body enables the agreement of the vorticity field across the
outer boundary of the near-wall ∂Ωouter

NW .

Considering now the aerodynamic forces exerted on the cylinder, Fig. 3.8 compares the results
from Placzec et al. [25] to those from the present method. They do not correspond to the same
times of the simulation, due to the diverging behaviour of the starting. In addition to that,
since the results from the reference are not provided for a long simulation, the whole behaviour
cannot be compared. Indeed, for a longer simulation, the beating behaviour could be observed,
as it has been done with the present results shown in Fig. 3.9. Therefore, only 6 periods are
compared in Fig. 3.8. Even though the periods that are compared do not correspond to the
same moments, the beating behaviour in the results from Placzec et al. [25] can be guessed.
Moreover, both the high and low amplitudes of oscillations in the lift coefficient are in good
agreement. That is to say, the global tendency of the beating frequency is present, since the
maxima and minima from both amplitudes change. This is even more obvious in Fig. 3.9, where
the results from the present study show the beating behaviour.
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Fig. 3.8: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.5: lift coefficient over 6 forced oscillation periods.
Results from the present method ( ) are run with St = 0.1608. Results from Placzec et al. [25] ( ) are run with St = 0.1669.

The drag coefficient is also presented in Fig. 3.9, and it presents a beating behaviour likewise.
However, it seems that the beating frequency for the drag and lift forces is not the same, which is
related to the fact that the drag coefficients oscillates at a frequency close to twice the oscillation
frequency of the lift coefficient, as it is the case for the shedding past a static cylinder, or even
in the case where lock-in occurs. Finally, it should be pointed out that, as it was the case
for simulation performed at F = 0.9, that the oscillations in the drag coefficients are more
important in the drag curve than in the lift curve. Nevertheless, it seems that those high
frequency oscillations have a lower amplitude than in the case F = 0.9, which would therefore
mean that the higher the velocity, the higher the amplitude of oscillations in the force measured
at the wall.

The phase portrait Cl(y/D) shown in Fig. 3.10 can also depict the beating behaviour. Indeed,
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Fig. 3.9: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.5: lift and drag coefficients over the whole simulation
(discarding the transient times of the beginning of the simulation): beating frequency can be observed for 2 frequencies in the force
oscillations.

the maxima of the lift coefficient shape is an ellipsoid. The curve Cl(y/D) seems to have a
symmetry of axis Cl = 0. Indeed, the ellipsoid drawn by the maxima of the lift coefficient
seems to be the mirror image of the ellipsoid drawn by the minima. The two ellipsoids are not
horizontal, they have a slight inclination with respect to the axis of motion y/D.

Finally, the Fourier transform of the lift coefficient is shown in Fig. 3.11, where it can clearly be
seen that the two frequencies that drive the shedding regime are, first, the Strouhal frequency1,
that is, at f/ff = 2, and secondly, the forced frequency. Thus, in unlocked configurations, the
Strouhal frequency mainly dictates the behaviour of the vortex shedding, even though there is
also the forced frequency that plays a role as well.

1Actually, the main peak is at a frequency slightly higher than the Strouhal frequency. This might be due to
a Strouhal number that is slightly underestimated.
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Fig. 3.10: Transverse oscillation of a cylinder - Re = 100, A∗ =
0.25, F = 0.5: phase portrait of the lift coefficient: periodic
behavior at 2 frequencies f∗ = 1 and 2 and beating frequency
can be observed by the ellipsoid shape of the the curves that
connect the maxima and minima (two ellipsoids are visible).
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Fig. 3.11: Transverse oscillation of a cylinder - Re = 100,
A∗ = 0.25, F = 0.5: FFT of the lift coefficient: main peak
at f∗ = f/ff ' 2 (actually, f∗ is slightly above 2), second im-
portant peak at f∗ = 1 corresponding to the forced oscillation
frequency. The natural Strouhal frequency drives the behavior
of the vortex shedding in competition with the forced oscilla-
tion.
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(a) t/Tf ' 12.25 (b) t/Tf ' 12.5 (c) t/Tf ' 13

Fig. 3.12: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.5: contours of dimensionless vorticity in FDoom and
VPM solvers. Levels are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are by steps of 0.2 (starting from P ∗max). The colour
plot is saturated for |ω∗| > 3. The limit between the FDoom and VPM results is represented by a thin black line.

(a) t/Tf ' 25.25 (b) t/Tf ' 25.5 (c) t/Tf ' 26

Fig. 3.13: Transverse oscillation of a cylinder - Re = 100, A∗ = 0.25, F = 0.5: contours of dimensionless vorticity in FDoom and
VPM solvers. Levels are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are by steps of 0.2 (starting from P ∗max). The colour
plot is saturated for |ω∗| > 3. The limit between the FDoom and VPM results is represented by a thin black line.
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3.1.3 Case 3: Locked configuration Re = 100 - A∗ = 1.0 - F = 0.9
For cases where the amplitude of oscillations increases, the vortex shedding mode will be
strongly impacted as well. Indeed, according to Williamson and Roshko [18], the shedding
regime that corresponds to such a movement is called a 2S mode, meaning that there is actually
two single vortices of opposite sign that are shed consecutively. However, Placzec, Sigrist and
Hamdouni [25] took the values (A∗). This is probably due to the fact that the Reynolds number
is very low (Re = 100), while in the results of Williamson and Roshko, the range of Reynolds
number was higher: 300 < Re < 1000.

Fig. 3.14: Transverse oscillation of a cylinder - Re = 100, A∗ = 1, F = 0.9: contours of dimensionless vorticity and pressure
(bottom) at t/Tf ' 28 in the FDoom and VPM solvers. Levels for ω∗ are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are
by steps of 0.2 (starting from P ∗max). The colour plot is saturated for |ω∗| > 4. The limit between the FDoom and VPM results is
represented by a thin black line.

In Fig. 3.15, a zoom on the cylinder at three times of the oscillation period shows the consistency
in between the VPM and FDoom fields through the outer boundary of the FDoom solver. In
addition to that, it can be seen that, due to the important amplitude of the forced movement,
the position of the stagnation point on the cylinder significantly moves throughout the period
of oscillation. When looking at the plots at t/Tf ' 27.5 and t/Tf ' 28, it seems that the vortex
shedding is symmetric up/down over one motion period. This can also be observed by looking
at the phase portrait of the lift coefficient presented in Fig. 3.17. However, due to the high
frequency oscillations of the forces computed with the wall quantities, the averaged values given
in Table 3.3 depict an non-symmetric behaviour of the lift coefficient.

Table 3.3: Transverse oscillation of a cylinder - Re = 100, A∗ = 1.0, F = 0.9: force coefficients computed with wall quantities of
the NW solver averaged over 16 periods of forced oscillation (Tf ).

Cd Cmin
d Cmax

d Cl Cmin
l Cmax

l

2.107 1.300 3.044 −0.007 −1.356 1.304

In Fig. 3.16, the lift coefficient curve from the present results is in good agreement with the
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(a) t/Tf ' 27.25 (b) t/Tf ' 27.5 (c) t/Tf ' 28

Fig. 3.15: Transverse oscillation of a cylinder - Re = 100, A∗ = 1, F = 0.9: contours of dimensionless vorticity in FDoom and VPM
solvers. Levels are by steps of 1 (starting from |ω∗| = 0.5) - levels for P ∗ are by steps of 0.2 (starting from P ∗max). The colour plot
is saturated for |ω∗| > 4. The limit between the FDoom and VPM results is represented by a thin black line.

results from Placzec et al. [25] that have been shifted in time in order to properly compare
them with results from the present method. The curve of the drag coefficient presents, again,
more important oscillations than the lift coefficient. The phase portraits of the lift and drag
coefficient are provided in Fig. 3.17. The drag presents a shape of phase portrait similar to that
of the case where A∗ = 0.25 (and at the same forced frequency). On the other hand, the phase
portrait of the lift coefficient is different from that of the case where A∗ = 0.25. In effect, due to
the large oscillation amplitude and, therefore, the formation of a tail to the shedded vortices,
the lift coefficient does not follow a purely sinusoidal evolution (see Fig 3.16), as it is the case
for the lower amplitude of oscillation (see Fig. 3.5).
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Fig. 3.16: Transverse oscillation of a cylinder - Re = 100, A∗ = 1, F = 0.9: lift coefficient over 6 forced oscillations. Results from
the present method ( ) and from Placzec et al. [25] ( ).
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Fig. 3.17: Transverse oscillation of a cylinder - Re = 100, A∗ = 1, F = 0.9: phase portraits of the lift and drag coefficients. Results
from the present method ( ) and from Placzec et al. [25] ( ).

The combined phase portrait of the lift and drag coefficients is depicted in Fig. 3.18. Even
though, there are high frequency oscillations in the curve, it also seems to present a symmetric
curve with Cl = 0 as an axis of symmetry.

Finally, the Fourier transform of the lift coefficient shows that three frequencies influence the
behaviour of the vortex shedding, with the main one that obviously is the forced frequency, as
the vortex shedding is synchronized with the forced frequency, which means that lock-in occurs.
Smaller peaks appear at higher frequencies f/ff ' 2 and 3. They probably depict the high
frequency oscillations that have a periodic behaviour, as it can be seen in the phase portrait of
the lift coefficient in Fig. 3.17.

Cd

C
l

1.25 1.75 2.25 2.75 3.25
−1.5

−1

−0.5

0

0.5

1

1.5

Fig. 3.18: Transverse oscillation of a cylinder - Re = 100,
A∗ = 1, F = 0.9: combined phase portrait of the lift and
drag coefficients from the present method.
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Fig. 3.19: Transverse oscillation of a cylinder - Re = 100, A∗ =
1, F = 0.9: FFT of the lift coefficient: main peak at f∗ =
f/ff = 1, showing the synchronization of the vortex shedding
with the forced oscillation ff of the cylinder. Lower peaks are
at f∗ = 2 and 3.
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3.2 Rotating cylinder at Re = 200
The dimensionless parameter that characterizes the rotating motion of the cylinder is

α = ΩR

U∞
,

where Ω is the angular speed of the cylinder, R is the radius of the cylinder and U∞ is the
freestream velocity. This parameter represents the ratio of the azimuthal velocity at the surface
of the cylinder with respect to the freestream velocity. In the present simulations, the initial
condition is set to the potential flow solution of a static cylinder, and after that, the rotation
rate is directly set to Ω.

Three cases are presented in this section. The case of a rotating cylinder at different rotation
speeds. The first case is a simulation at α = 0.5. At this rate of rotation, vortex shedding
is still observable. For the two other runs, the rates of rotation are given by α = 2.5 and
α = 3.0. For these cases, the vortex shedding vanishes, and lobes of vorticity of opposite sign
are wrapped around the cylinder. What is interesting in these cases is that the flow gets closer
to the potential flow, but at a smaller rotation speed. In fact, the streamlines of the potential
flow solutions are like the streamlines of the viscous flows investigated in this section. However,
the difference is that, for similar streamlines, the potential flow needs a lower rate of rotation.
The results are compared with those from Mittal and Kumar [29]. They used a finite element
method for solving the Navier-Stokes in primitive variables. The computational domain is made
of 31, 800 elements (and 32, 190 nodes), with a length of 100D. Concerning the top and bottom
boundaries, a slip wall (v = 0) and Neumann (∂u/∂y = 0) conditions are imposed, while for
the outflow boundary a Neumann condition on the velocity is imposed with ∂u/∂x = 0 and
∂v/∂x = 0. In their paper, Mittal and Kumar [29] also provide a mesh independence study,
in which they assess that the position of the outflow boundary does not influence the value
of the lift coefficient, but that it influences the values of the drag coefficient for a domain size
L/D < 75. The effect of the relative position of the outflow boundary with respect to the
cylinder position has also been observed in the present study; it is discussed in Section 3.2.4.
For the case α = 3.0, the results from Padrino and Joseph [30] are also used.

It is also important to stress the fact that, for the case of a rotating cylinder, an artefact can be
used in the present method so as to keep the Eulerian mesh fixed. Therefore, in the three cases
that are presented, the results from the present study are always presented with and without
this artefact. The use of the artefact removes the errors that could come from the interpolation
procedure, as this step is very similar (but still different2) to the interpolation procedure used
by Billuart et al. [1].

Three results can thus be compared: the results from the present classical method (with the
Eulerian mesh that rotates), the present method with the use of the artefact, and the results
from Mittal and Kumar [29]. Globally, the results that are obtained are in good agreement with
those of Mittal and Kumar, except the drag coefficient. Indeed, it has been observed that the
drag coefficient was strongly impacted by the outflow. In fact, as soon as the starting vortex
reaches the right boundary of the VPM solver, there is a deflection in the freestream velocity

2The difference comes from the fact that spatial and temporal interpolations have been reversed, as explained
in Section 2.3.2.
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direction at the inflow, which impacts the drag. While the lift force is only influenced during a
transient period, the drag coefficient is impacted over the remaining of the simulation.
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3.2.1 Case 1: Re = 200 - α = 0.5
For small values of α, vortex shedding is observed, while, for larger values, a steady state is
reached. Mittal and Kumar [29] claim that vortex shedding is observed for α < 1.91. As already
mentioned before, for the case of a rotating cylinder, an artefact can be used in order to keep
the Eulerian mesh fixed with respect to the inertial frame of reference. The vorticity field
obtained with both present method and present method with the fixed mesh are compared in
Fig. 3.20. They are in good agreement and, moreover, the vorticity field is consistent through
the outer boundary of the FDoom solver. The vortex shedding that is observed is close to the
vortex shedding past a static cylinder, but the direction of the wake is not horizontal as it is the
case for a static cylinder. Indeed, there is a slight upward deflection of the wake, due to the
circulation generated by the rotating cylinder.

(a) Present coupling with rotating Eulerian mesh - t U∞/D ' 219.53 (b) Present coupling with fixed Eulerian mesh - t U∞/D ' 219.47

Fig. 3.20: Rotating cylinder - Re = 200, α = 0.5: contours of dimensionless vorticity in FDoom and VPM solvers shown over 12D
downstream of the cylinder. Levels are by steps of 1 (starting from |ω∗| = 0.5). The colour plot is saturated for |ω∗| > 4. The limit
between the FDoom and VPM results is represented by a thin black line. Good agreement between the vorticity contours of both
methods.

In Fig. 3.21, the vorticity field over the whole length of the computational domain is depicted,
demonstrating the deflection of the long wake (that extends up to 37 diameters downstream of
the cylinder) due to the rotation of the cylinder. This plot uses the results from the present
method with the Eulerian mesh kept fixed, as it is considered as the reference compared to
the case where the Eulerian mesh rotates in the inertial frame of reference. Indeed, as the
results that are presented in what follows show, the present method with a fixed mesh obtains
better results, i.e. the forces obtained with the wall quantities provide less noisy curves due
to the fact that the interpolation of the boundary condition for the NW solver provides very
accurate results when the Eulerian mesh remains fixed. In addition to that, since there is a
vortex shedding, a Strouhal number can be computed. Based on the Fourier transform of the lift
force3, the main frequency in the spectral signal of the lift curve can be retrieved, and, thus, the
pseudo-Strouhal numbers can be computed. The values obtained with both present methods
are provided in Table 3.4.

The curves of the lift and drag coefficients for a few dimensionless times are shown in Fig. 3.22,
and the time-averaged, maximum and minimum values are provided in Table 3.5, compared
with the values from Mittal and Kumar [29]. The lift coefficient fluctuates as in the case of the

3The values are taken from the moment when the simulation is statistically converged until the end of the
simulation
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Table 3.4: Rotating cylinder - Re = 200, α = 0.5: Strouhal number and Strouhal period based on the FFT of the lift coefficient.

St TSt

Present method with rotating Eulerian mesh 0.1908 0.131
Present method with fixed Eulerian mesh 0.1921 0.130

Fig. 3.21: Rotating cylinder - Re = 200, α = 0.5: contours of dimensionless vorticity in FDoom and VPM solvers from the present
method with fixed Eulerian mesh at t∗ ' 219.5. Levels are by steps of 1 (starting from |ω∗| = 0.5). The colour plot is saturated
for |ω∗| > 4. The limit between the FDoom and VPM results is represented by a thin black line.

vortex shedding of a fixed cylinder, but the values are not symmetric around Cl = 0, due to
the Magnus effect, as shown in Fig. 3.22. Indeed, for a rotating cylinder, a negative lift force
is created, due to the circulation created by the rotating body. The acceleration of the flow
on the lower side of the cylinder leads to a decrease of pressure, while on the upper side of
the cylinder, the azimuthal velocity on the edge of the cylinder is opposite to the freestream
direction, which therefore leads to an increase of pressure. Therefore, a downward resultant
force is applied on the cylinder. After that, it can be observed that there is a slight offset
between the lift curves from the present method and present method with the Eulerian mesh
fixed. This means that, for the case where the Eulerian mesh rotates, the impulsive starting of
the cylinder does not present the same transient behaviour, which thus leads to a slight time
offset. Regarding the drag coefficient, the behaviour is different from the purely sinusoidal
shape of that for a fixed cylinder. In fact, when the maximum peak of drag is reached, the drag
does not decrease monotonically, it has a second peak of lower amplitude due to the rotating
movement, which therefore differentiates the drag curve of a static cylinder from a rotating
cylinder, both experimenting vortex shedding. What can also be clearly seen in Fig. 3.22, is
that for the case where the Eulerian mesh is fixed, there is no high frequency oscillations as it is
the case when the Eulerian mesh is rotating. This is especially obvious in the drag coefficient
curve. The combined phase portrait of the lift and drag coefficient is depicted in Fig. 3.23.

In Fig. 3.24, the long wake of the vorticity field is again depicted, but, in addition to that, the
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time-averaged vorticity and horizontal velocity fields over ∆t∗ ' 109 are shown. The latter
depict the asymmetry of the vorticity field with respect to x/D = 0. Indeed, the region where
the time-averaged vorticity field is zero is not horizontal but follows a line that is deflected
upward.
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Fig. 3.22: Rotating cylinder - Re = 200, α = 0.5: lift and drag coefficients. Results from the present method ( ) and the present
method with the Eulerian mesh held fixed ( ).
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Fig. 3.23: Rotating cylinder - Re = 200, α = 0.5: phase portrait of the combined lift and drag coefficients. Results from the present
method ( ) and the present method with the Eulerian mesh held fixed ( ).

Table 3.5: Rotating cylinder - Re = 200, α = 0.5: force coefficients computed with wall quantities of the NW solver averaged over
17 Strouhal periods1.

Cd Cmin
d Cmax

d Cl Cmin
l Cmax

l

Present method 1.278 1.121 1.365 −1.225 −1.944 −0.489
Present method (fixed mesh) 1.275 1.122 1.360 −1.229 −1.945 −0.498
Mittal and Kumar [29] / 1.123 1.347 / −1.990 −0.599

1For the present methods, the respective Strouhal periods provided in Table 3.4 are used.
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Fig. 3.24: Rotating cylinder - Re = 200, α = 0.5: Top: ω∗(t∗ ' 220). Middle: ω∗ averaged over ∆t∗ ' 109, i.e.: 21 Strouhal
periods. Bottom: ux/U∞ averaged over ∆t∗ ' 109. The limit between the FDoom and VPM results is represented by a thin black
line.
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3.2.2 Case 2: Re = 200 - α = 2.5
As previously mentioned, for values of α larger than 1.91, vortex shedding is no longer observed,
but a steady state flow is established. This can be observed in Fig. 3.25, where a zoom on
the vorticity field and the underlying iso-contours is provided. It shows the comparison of the
steady state vorticity fields in-between both the present method and present method with the
Eulerian mesh held fixed in the inertial frame of reference. The iso-contours show that there
is a slight "kink" near the outer boundary of the near-wall solver. Indeed, when comparing
with high precision the iso-contours near the outer boundary ∂Ωouter

NW , it can be seen that the
iso-contours are not smooth through the boundary, while it is the case for the results from the
present method with the static Eulerian mesh. Furthermore, it is even more obvious that there
is a difference since some of the iso-contours do not extend as far in the case where the Eulerian
mesh is rotating. This can be especially obvious for the positive iso-contour that extends the
farthest in the wake and for the positive iso-contour that closes up near the outer boundary
∂Ωouter

NW .

(a) Present coupling with rotating Eulerian mesh (b) Present coupling with fixed Eulerian mesh

Fig. 3.25: Rotating cylinder - Re = 200, α = 2.5: contours of dimensionless vorticity at t∗ ' 205 in FDoom and VPM solvers
shown over 8D downstream of the cylinder. Levels are by steps of 0.5 (starting from |ω∗| = 0.5). The colour plot is saturated for
|ω∗| > 4. Inconsistency can be observed in the vorticity field of both methods.

In Fig. 3.26, a zoom near the cylinder depicts the norm of the velocity field and the corresponding
streamlines for the time-averaged solution from the present method with the Eulerian mesh
kept fixed. Even though the velocity field has been time-averaged, one should have observed the
same fields for an instantaneous plot, since a steady state is reached. After that, the position
of the saddle points near the surface of the cylinder are shown in Fig. 3.27. From those plots,
the approximate positions of the saddle point can be figured out. The latter are provided in
Table 3.6. On the left of the second saddle point, a large recirculation area is present.
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Fig. 3.26: Rotating cylinder - Re = 200: comparison between the viscous case from the present study α = 2.5 (left) and the inviscid
case αpot = 1.3 (right): streamlines and colour plot corresponding to the dimensionless norm of the velocity ||ū||/U∞. Results
from the present work are averaged over ∆t∗ ' 144.

Fig. 3.27: Rotating cylinder - Re = 200, α = 2.5: zoom on the two saddle points located about (x/D ' −0.390; y/D ' 0.531) and
(x/D ' 0.972; y/D ' 0.672), respectively. The colour plot corresponds to the dimensionless norm of the velocity ||ū||/U∞.

Table 3.6: Rotating cylinder - Re = 200, α = 2.5: approximate position of the saddle points from the present method with the
Eulerian mesh held fixed.

x/D y/D

Saddle point 1 −0.390 0.531
Saddle point 2 0.972 0.672

The comparison of the instantaneous vorticity field regarding the time-averaged vorticity field is
provided in Fig. 3.28. As already mentioned, both plots are equivalent, since the steady state is
reached for such a value of α. In addition to that, the time-averaged horizontal velocity is also
provided. The mean values4 of the lift and drag coefficients are compared for both the present
methods, with the results from Mittal and Kumar [29] in Table 3.7.

Finally, the dimensionless wall vorticity from both present methods and from Mittal and
4The mean is computed once the flow reaches the steady state.
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Table 3.7: Rotating cylinder - Re = 200, α = 2.5: force coefficients computed with the averaged wall quantities from the NW
solver.

Cd Cl

Present method 0.092 −7.650
Present method (fixed mesh) 0.056 −7.648
Mittal and Kumar [29] 0.146 −7.614

Fig. 3.28: Rotating cylinder - Re = 200, α = 2.5: Top: ω∗(t∗ ' 205). Middle: ω∗ averaged over ∆t∗ ' 144. Bottom: ux/U∞
averaged over ∆t∗ ' 144. The limit between the FDoom and VPM results is represented by a thin black line.

Kumar [29] is provided in Fig. 3.29. The values from the present methods are the values
corresponding5 to t∗ ' 205. There is a slight offset of the values from the present method
with respect to the values from Mittal and Kumar [29]. In addition to that, the maximum and
minimum values of the vorticity at the wall are slightly larger with present methods than those
of the reference. The skin friction, for a rotating cylinder, can be computed with

τwall
µ

= êθ · (n̂× (ωwall − 2 Ω)) (3.3)

= − (ωwall − 2 Ω) ,

where êθ is the azimuthal direction, and n̂ is the normal at the surface of the cylinder. The
values where the skin friction cancels out correspond to the separation and reattachment points

5Actually, the values from both present methods are not exactly at the same dimensionless time t∗, but it
should not matter, since the steady state is already reached.
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on the surface of the cylinder. The skin friction, shown in Fig. 3.30, is made dimensionless as
the wall vorticity is, i.e. with

τ ∗wall = τwall
µ

D

U∞
. (3.4)

The values of maximal and minimal wall vorticity, as well as their location, and the location of
the attachment and separation points on the cylinder are provided in Table 3.8 for both present
methods, and Mittal and Kumar [29]. It is important to stress that the exact values for the
results from Mittal and Kumar [29] are not known. In fact, the values provided in Table 3.8
have been taken from digitized results, together with the wall vorticity results. Therefore, one
should take an uncertainty interval6 on both the position and the values of ω∗.
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Fig. 3.29: Rotating cylinder - Re = 200, α = 2.5: dimensionless
wall vorticity ω∗ at t∗ ' 205. Results from the present method
( ), the present method with fixed Eulerian mesh ( ), and
Mittal and Kumar [29] ( ).
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Fig. 3.30: Rotating cylinder - Re = 200, α = 2.5: dimensionless
skin friction τ∗wall at t

∗ ' 205. Results from the present method
( ), the present method with fixed Eulerian mesh ( ). At-
tachment and separation points are located around θ ' −75.9◦,
and θ ' −172.5◦, respectively.

Table 3.8: Rotating cylinder - Re = 200, α = 2.5: position of the attachment (θa) and separation (θs) points at the cylinder surface,
and positions and values of the maximum and minimum values of ω∗.

θa θs θ(ω∗max) ω∗max θ(ω∗min) ω∗min

Present method −172.5◦ −75.9◦ −122.2◦ 37.0 −9.7◦ −41.5
Present method (fixed mesh) −172.5 −76.0 −123.0◦ 37.1 −9.0◦ −41.5
Mittal and Kumar [29] / / −119 35.3 −7 −40.2

6It can be considered that the values of position lie ±2◦ around the provided values, while the values of ω∗

lie ±0.2 the values given in Table 3.8.
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3.2.3 Case 3: Re = 200 - α = 3.0
The results presented in the present section are the same as in Section 3.2.2, where the
dimensionless rotation rate α was 2.5. In this case, again, a steady-state is reached. The results
from both Mittal and Kumar [29], and Padrino and Joseph [30] are used as references.

First, let us compare the vorticity field obtained by the present method and the present method
with the Eulerian mesh held fixed. In Fig. 3.31, it can be seen that the difference between both
present methods is even more exacerbated with respect to the case where α = 2.5. In effect,
the colour plot depicts low intensity vorticity slightly above the long lobe of negative vorticity.
In addition to that, the "kink" near the boundary ∂Ωouter

NW is more important as well than in
the case α = 2.5. When comparing iso-contours plots of both methods, it is also clear that
the corresponding contours do not have the same length, especially the positive iso-contour
of lowest intensity (i.e. the continuous iso-contour which extends the furthest in the wake in
Fig. 3.31). This shows, once more, that the present method with the Eulerian mesh kept fixed
must be considered as the reference from the present method. Finally, it should be noticed
that in the case where the Eulerian mesh is rotating, the point where the contours cross the
boundary ∂Ωouter

NW is shifted by a positive7 angle.

(a) Present coupling with rotating Eulerian mesh (b) Present coupling with fixed Eulerian mesh

Fig. 3.31: Rotating cylinder - Re = 200, α = 3.0: contours of dimensionless vorticity at t∗ ' 137 in FDoom and VPM solvers
shown over 8D downstream of the cylinder. Levels are by steps of 0.5 (starting from |ω∗| = 0.5). The colour plot is saturated for
|ω∗| > 4. The limit between the FDoom and VPM results is represented by a thin black line.

The velocity magnitude near the cylinder, and the corresponding streamlines are also depicted in
Fig. 3.32. The plot looks very similar to the case α = 2.5. Still, the position of the saddle points
and the angle formed by the streamlines upstream are different, as depicted in Fig. 3.9 and
quantified in Table 3.9. In Fig. 3.32, the streamlines can also be compared with the potential
flow at a dimensionless rate of rotation αpot = 1.75. The streamlines of the viscous flow past the
cylinder rotating at α = 3.0 are similar to those of the inviscid flow past the rotating cylinder

7Angle is counted positive in the trigonometric direction, or counter clockwise.
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at α = 1.75. The value for the rate of rotation in the potential flow case has been found by
comparing the angle formed by the velocity vector around the positions (x/D; y/D) = (−3; 0)
and (x/D; y/D) = (3; 0) with the angles obtained with the present study. The parameter α
has to be smaller than 2 in the case of the potential flow, in order to have two stagnation points
on the cylinder (see Appendix A for more details about the corresponding potential flow). For
higher rates, there is one unique stagnation point, located above the cylinder, along the axis
x = 0. Another difference is that the viscous flow presents a recirculation zone and has two
saddle points that are not on the surface of the cylinder, unlike the potential flow case.

Fig. 3.32: Rotating cylinder - Re = 200, viscous case from the present study α = 3.0 (left) and inviscid case αpot=1.75 (right):
streamlines and colour plot corresponding to the dimensionless norm of the velocity ||ū||/U∞. Results from the present work are
averaged over ∆t∗ ' 109.

Fig. 3.33: Rotating cylinder - Re = 200, α = 3.0: zoom on the two saddle points located about (x/D ' −0.259; y/D ' 0.625) and
(x/D ' 0.553; y/D ' 0.684), respectively. The colour plot corresponds to the dimensionless norm of the velocity ||ū||/U∞.

Table 3.9: Rotating cylinder - Re = 200, α = 3.0: approximate position of the saddle points from the present method with the
Eulerian mesh held fixed.

x/D y/D

Saddle point 1 −0.259 0.625
Saddle point 2 0.553 0.684
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The comparison of the lift and drag coefficients reached at the steady-state between the cases
with the rotating Eulerian mesh, the fixed Eulerian mesh, and the results from Mittal and
Kumar [29] and Padrino and Joseph [30], are provided in Table 3.10. Again, it can be observed
that the values for the lift coefficient are in good agreement, while the value for the drag
coefficient is lower with present methods than with the results from the references.

In Fig. 3.34, the instantaneous plot of vorticity again shows that the instantaneous vorticity
field at steady-state is the same as the time-averaged values over the simulation times where
the steady-state seems to be settled. The time-averaged dimensionless horizontal velocity is
also depicted. In this Figure, as in the case where α = 2.5, the results used are those from the
present method with the Eulerian mesh held fixed in the inertial frame, as it is considered to be
the present method reference.

Fig. 3.34: Rotating cylinder - Re = 200, α = 2.5: Top: ω∗(t∗ ' 137). Middle: ω∗ averaged over ∆t∗ ' 144. Bottom: ux/U∞
averaged over ∆t∗ ' 144. The limit between the FDoom and VPM results is represented by a thin black line.

Table 3.10: Rotating cylinder - Re = 200, α = 3.0: averaged force coefficients computed with wall quantities from the NW solver,
and values from literature.

Cd Cl

Present method −0.084 −10.383
Present method (fixed mesh) −0.127 −10.375
Mittal and Kumar [29] 0.035 −10.366
Padrino and Joseph [30] 0.012 −10.340
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The dimensionless vorticity at the cylinder wall and skin friction are also depicted in Figs. 3.35
and 3.36, where the results from both present methods are compared with those from Mittal and
Kumar [29] and those from Padrino and Joseph [30]. Again, the results are in good agreement
and the results from the present methods have peaks of maximum (resp. minimum) vorticity that
are slightly higher (resp. lower) than those from the two references, as specified in Table 3.11.
The separation and attachment points on the cylinder surface for present methods are also
provided. Compared to the case α = 2.5, the peak of negative wall vorticity is close to 0◦ while
it is slightly shifted in the lower part of the cylinder surface in the case α = 2.5. On the other
hand, the peak of positive vorticity is more or less at the same location, as are the attachment
and separation points. As mentioned in Section 3.2.2 for the case α = 2.5, an uncertainty
interval on the values given in Table 3.11 should be considered, since values do not come directly
from the references. This interval can be considered as the same as previously, i.e. ±2◦ for the
positions and ±0.2 for ω∗.
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Fig. 3.35: Rotating cylinder - Re = 200, α = 3.0: dimensionless
wall vorticity ω∗ at t∗ ' 137. Results from the present method
( ), the present method with fixed Eulerian mesh ( ), Mittal
and Kumar [29] ( ), and Padrino and Joseph [30] ( ).
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Fig. 3.36: Rotating cylinder - Re = 200, α = 3.0: dimensionless
skin friction τ∗wall at t

∗ ' 205. Results from the present method
( ), the present method with fixed Eulerian mesh ( ). At-
tachment and separation points are located around θ ' −75.6◦,
and θ ' −174.8◦, respectively.

Table 3.11: Rotating cylinder - Re = 200, α = 3.0: position of the attachment (θa) and separation (θs) points at the cylinder
surface, and positions and values of the maximum and minimum values of ω∗.

θa θs θ(ω∗max) ω∗max θ(ω∗min) ω∗min

Present method −174.8◦ −75.6◦ −123.7◦ 40.7 0.8◦ −49.2
Present method (fixed mesh) −174.8◦ −75.7◦ −123◦ 40.7 1.5◦ −49.2
Mittal and Kumar [29] / / −120◦ 38.8 4◦ −47.8
Padrino and Joseph [30] / / −120◦ 39.9 1◦ −49.2
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3.2.4 Impact of the size of the domain
From the previous simulations of a cylinder rotating at various angular speeds, it has been
observed that there is a sudden change in the lift and drag coefficient when the starting vortex
reaches the outflow boundary. More precisely, the lift coefficient seems to be influenced in
a transient way, while the drag coefficient seems to be influenced for the remaining of the
simulation. In order to see whether the position of the boundary has an influence on those
sudden changes in the aerodynamic forces, a run for Re = 200, α = 2.5 has been performed
with the same dimensionless positions of the cylinder in the domain, but the cylinder diameter
has been decreased by a factor 2, so that the length of the domain is actually twice as long as
the initial case.

We are interested in the angle formed by the velocity vector at the inlet of the domain, and how
it is influenced by the outflow of the starting vortex. We compare the results from the initial
simulation, presented in Section 3.2.2, and the similar simulation, with a domain twice as long.
The dimensionless mesh parameters for the two simulations are identical, and they are the same
as for the results presented in the previous sections. The only difference for the case of the
longer domain is that the VPM grid is twice as long, and that the diameter of the cylinder is
twice as small as in the other cases. The dimensionless mesh parameters are thus kept the same
as for the shorter domain, whose results have been discussed in a previous section. However,
the parameters are still listed in Table 3.12

Table 3.12: Mesh parameters of the NW solver and VPM solver for the two domain sizes

Domain size w/R R/hVPM R/hn,wallNW hn,wallNW /hθ,wallNW

[40D; 20D] 2 12.8 50 1.3
[80D; 20D] 2 12.8 50 1.3

As it can be seen in Fig. 3.37, the direction of the velocity vector at the inflow (and at positions
located a few diameters downstream of the cylinder) is strongly influenced by the outflow of the
starting vortex, since an abrupt change in the orientation of the velocity vector happens when
the starting vortex reaches the boundary. Moreover, it can be seen that this transition is less
abrupt when the domain is twice as long, and that the variation of orientation ∆θ achieved is less
strong when the domain is longer as well. In addition to that, the impact on the aerodynamic
forces - which is consistent with the impact on the orientation of the velocity vector - can
also be observed in Fig. 3.38. It can be seen that the impact on the lift is less severe than
the effect on the drag. The lift undergoes a transient perturbation, but its value is roughly
the same before and after the starting vortex goes out of the domain, while the value of the
drag coefficient changes in the asymptotic value it reaches for the steady state. Eventually, the
transient perturbation for the aerodynamic forces is more severe in the case where the domain
is shorter, as the zooms on the times where the starting vortex reaches the outflow boundary
show in Fig. 3.38.

When comparing the asymptotic values reached by the aerodynamic coefficients with the results
already presented before, it can be concluded that there is no impact on the lift coefficient for a
longer domain, but that the steady state value of the drag coefficient is closer to the results
from Mittal and Kumar [29] when the domain is twice as long.
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Fig. 3.37: Rotating cylinder - Re = 200, α = 2.5: time evolution of the angle of the velocity vector at (x/D ' −3; y/D ' 0) (left),
and (x/D ' 3; y/D ' 0) (right). Results from the present method with fixed Eulerian mesh for the domain length of 40D ( )
and 80D ( ).
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Fig. 3.38: Rotating cylinder - Re = 200, α = 2.5: comparison of the time evolution of the lift (left) and drag (right) coefficients for
two domain sizes. Results from the present method with fixed Eulerian mesh for the domain length of 40D ( ) and 80D ( ):
the starting vortex reaches the outflow boundary around t∗ ' 40 and t∗ ' 80, respectively.

Table 3.13: Rotating cylinder - Re = 200, α = 2.5: averaged force coefficients computed with the wall quantities from the NW
solver.

Cd Cl

Present method 0.092 −7.650
Present method (fixed mesh) 0.056 −7.648
Present method with longer domain (fixed mesh) 0.089 −7.648
Mittal and Kumar [29] 0.146 −7.614
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Applications

4.1 Inline oscillations of a cylinder at Re = 500
The third movement that can be investigated in order to assess the method for moving bodies is
the movement of an oscillatory cylinder in the freestream velocity direction. With the previously
presented methodology for moving bodies, and with the prior knowledge of the results of
transverse oscillations of a cylinder in a freestream, interesting combinations of forced frequency
and amplitude of motion can be found, leading to different wake patterns. In this section, it
has been decided to present cases at a higher Reynolds number with respect to the results that
can be found in the literature. In fact, as it has been mentioned in Chapter 1, the results for
inline oscillations of a cylinder are scarce, and the few references that can be found do not
investigate Reynolds numbers such as Re = 500. Therefore, in light of the analyses that have
been presented in Chapter 3, Sections 3.1.1, 3.1.2, and 3.1.3, it has been decided to choose a
period of oscillation corresponding to the theoretical Strouhal number of a shedding cylinder
at Re = 500, i.e. St ' 0.2. A posteriori, an additional run for the case of a fixed cylinder has
been performed in order to determine the Strouhal number of the flow past the cylinder at the
considered Reynolds number. The latter enables a consistency in the analysis of the frequency
content of the aerodynamic forces, and in order to assess whether there is lock-in or not in
the present case investigated, even though, with the chosen oscillation period, it is expected
to observe lock-in since the theoretical value of the Strouhal number should be close to the
Strouhal found with the present method. The Strouhal number is about St ' 0.2237., which
gives a dimensionless forced frequency F ' 0.894 ≈ 0.9.

The dimensionless parameters that characterize the body movement are, as it was the case for
the transverse oscillations:

1. The dimensionless amplitude of oscillation: A∗ = A/D.

2. The dimensionless frequency of the forced oscillation: F = ff/fSt, where fSt is the
Strouhal frequency that corresponds to the flow past the fixed cylinder at the same
Reynolds number.
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Eq. 4.1 provides the kinematical description of the cylinder movement over time.

Xmesh(t)/D = A∗ sin
(

2 π
Tf

t

)
. (4.1)

The VPM and FDoom grids are fine in order to keep h+ < 1 for t∗ ≥ 0.005, and to keep a
consistency is cell size between the two component solvers, i.e.: at the outer boundary of the
NW solver ∂Ωouter

NW , the VPM and FDoom cell sizes are close. The mesh parameters of the NW
and VPM solvers are provided in Table 4.1.

Table 4.1: Mesh parameters of the NW solver and VPM solver for the cylinder oscillating inline at Re = 500.

w/R R/hVPM R/hn,wallNW hn,wallNW /hθ,wallNW

2 25.6 312.5 0.24

In what follows, the cases investigated correspond to the A∗ = 0.5, and A∗ = 1. In Section 4.1.1,
the flow is studied for A∗ = 0.5, with a dimensionless oscillation frequency F ≈ 0.9, this flow
is symmetric. Then, Section 4.1.2 investigates the same parameters of motion of the cylinder,
but with a perturbation in the flow that is set, so that a different shedding pattern can be
triggered and described. Finally, Section 4.1.3 focuses on the symmetric flow for a dimensionless
amplitude of oscillation A∗ = 1, with the same frequency, i.e.: F ≈ 0.9.
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4.1.1 Case 1: Re = 500 - A∗ = 0.5 - F = 0.9 without flow perturbation
In this section, the results are presented for the impulsive start of a cylinder oscillating in the
freestream direction, for an amplitude of oscillation corresponding to half the cylinder diameter.
The flow should remain 2D, since there is no perturbation and that the oscillation is in the
freestream direction. However, due to the accumulation of errors, after approximately 20 periods
of oscillations, the errors triggers an asymmetry in the domain, which leads to a different pattern.
The results of this section therefore focus only on the flow that is symmetric, i.e. for the times
t/Tf < 20.

The shedding process is much complex than in the cases investigated in the previous chapters.
Indeed, in this case, the backward movement of the cylinder triggers the shedding and makes
the vortices that are shed spinning in the near wake. These vortices are interacting with the
previously shed vortices. Fig. 4.1 provides the details of the vorticity fields in the near wall and
near wake regions over one period of oscillation. Both figures are further discussed below. Then,
Fig. 4.2 provides the colour plots of vorticity fields over the domain for a few cycles. It gives a
rough idea of the way the far wake evolves over time.

As shown in Fig. 4.1, every cycle, two pairs of opposite sign vortices are shed around 1 diameter
above and below the centerline y/D = 0. The latter are then convected into the far wake.
However, before being convected into the far wake, some complex interactions appear. First, the
twin vortices (or primary vortices) are growing as the cylinder moves in the opposite direction
from the freestream velocity, with two secondary vortices of opposite sign at the back of the
cylinder (t/Tf ' 16.75). This is actually very similar to the impulsive start of a cylinder at a
higher Reynolds number, since the effective Reynolds number is higher than Re = 500 due to
the velocity of the body. After that, the backward motion of the cylinder triggers the shedding
of the twin vortices. However, as the cylinder moves backward, the secondary vortices at the
back of the cylinder are growing in the transverse direction, until they reach the external flow,
and that the primary vortices detach from the body. From the moment when the primary
vortices separate and that the secondary vortices reach the outer flow, the latter are wrapping
around the primary vortices (t/Tf ' 17). The secondary vortices are thus stretched around
the primary vortices (t/Tf ' 17.24), but, while being shed into the near wake, the pairs of
vortices are spinning, due to the rolling up of the secondary vortices and the interaction of the
two vortices in each respective pair. Once the cylinder has reached its extreme position (from
t/Tf ' 17.24 to t/Tf ' 17.37), the stretched secondary vortices are then shrinked again; their
support of vorticity is thus more compact again. After that, since the pairs of vortices are still
spinning, the secondary vortices start to interact with the primary vortices of the previous cycle
(i.e.: the vortices downstream), and are again stretched, as they interact with both the primary
vortices shed from the same cycle and from the previous cycle. Finally, those secondary vortices
have a sigmoid shape (t/Tf ' 17.5) due to their interaction with the primary vortices of two
successive cycles.

The far wake evolution is better depicted in Fig. 4.2. The converged regime is not reached on
these instantaneous plots. Nevertheless, the complex interaction between the primary vortices
of two successive cycles can clearly be observed; they are rolling up. Moreover, it can be seen
that the region in the wake where this rolling up happens is moving downstream over time. In
fact, the second primary vortex that rolls up around the previous one is creating a specific wake
pattern, i.e.: a Kelvin-Helmholtz-like instability. It can also be observed that the vortex, when
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t/Tf ' 16.75

t/Tf ' 17.0

t/Tf ' 17.24

t/Tf ' 17.37

t/Tf ' 17.5

Fig. 4.1: Inline oscillation of a cylinder - Re = 500, A∗ = 0.5, F ≈ 0.9: colour plot and contours of dimensionless vorticity in
FDoom and VPM solvers of the dimensionless vorticity field ω∗, and pressure field P ∗ (left) at several times. Levels are by steps
of 2 (starting from |ω∗| = 1) - levels for P ∗ are by steps of 1 (starting from P ∗max). The colour plot is saturated for |ω∗| > 8. The
limit between the FDoom and VPM results is represented by a thin black line.

wrapping up around the previous vortex does not thicken the wake downstream. Indeed, the far
wake remains thin for all the times that are shown in Fig. 4.2. Regarding the secondary vortices,
which have a very low strength compared to the primary vortices, they are convected faster
downstream than the primary vortices. In fact, they are accelerated by the spin of the primary
vortices. Therefore, the secondary vortices are moving downstream by following a sinusoidal
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track, passing over the primary vortices of the previous cycles.

t/Tf ' 16.4

t/Tf ' 17.4

t/Tf ' 18.4

t/Tf ' 19.4

Fig. 4.2: Inline oscillation of a cylinder - Re = 500, A∗ = 0.5, F ≈ 0.9: dimensionless vorticity field ω∗ at several times. The plots
are saturated for ω∗ > 6. The limit between the FDoom and VPM results is represented by a thin black line.

Finally, the drag curve over 5 periods of oscillation is provided in Fig. 4.3, and the phase portrait
of the drag coefficient is provided in Fig. 4.4. The oscillations of the drag coefficient are obviously
driven by the oscillation frequency, as the previous description of the vortex shedding pattern
already showed. The shape of the oscillation of the drag curve is different from a perfectly
sinusoidal pattern. This can especially be seen around Tf ' 0.25, which corresponds to the
moment when the vortices are shed. It can actually be seen, in Fig. 4.1, that the boundary
layers are quite thin, right after the separation of the vortices occured. The phase portrait
also confirms that the change in the sinusoidal pattern happens when the cylinder reaches
x/D ' 0.5.
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Fig. 4.3: Inline oscillation of a cylinder - Re = 500, A∗ = 0.5,
F ≈ 0.9: drag coefficient over 5 periods of forced oscillation.
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Fig. 4.4: Inline oscillation of a cylinder - Re = 500, A∗ = 0.5,
F ≈ 0.9: phase portrait of the drag coefficient.
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4.1.2 Case 2: Re = 500 - A∗ = 0.5 - F = 0.9 with flow perturbation
In this section, the same parameters of oscillation are taken as in the previous section, but
a perturbation in the flow is set in order to trigger a different shedding pattern. For this
purpose, the flow experiences a vertical perturbation over one period of forced oscillation during
t/Tf = 10 and t/Tf = 11. The vertical perturbation on the freestream velocity is described by
V∞/U∞ = 1/2 sin (2π t/Tf ), where V∞ is the vertical perturbation in the freestream velocity, and
its value is always zero otherwise. The vorticity field over the whole computational domain at a
late time of the run is depicted in Fig. 4.5, where complex interactions between the successive
vortices that are shed can be observed. The curves of lift and drag coefficients from the moment
of the simulation the perturbation in the flow is set are shown in Fig. 4.6.

Fig. 4.5: Inline oscillation of a cylinder with flow perturbation - Re = 500, A∗ = 0.5, F ≈ 0.9: dimensionless vorticity field ω∗ over
the whole domain at t∗ ' 195. The plot is saturated for ω∗ > 6. The limit between the FDoom and VPM results is represented by
a thin black line.

The curves of the aerodynamic coefficients are provided in Fig. 4.6. In this figure, the chaotic
behaviour of the flow can be observed, with very high amplitude oscillations in the forces.
Although, after t/Tf = 30, it seems that a more or less periodic pattern establishes, it cannot
be asserted since the simulation is too short to confirm this trend. The details of the vortex
shedding near the body are depicted in Fig. 4.7, where the complex vortex patterns are shown
over approximately one oscillation cycle.

Due to the high frequency oscillation and the chaotic behaviour of the flow, the separation of the
vortices over the oscillation cycle is difficult to describe accurately. The various vorticity plots
provided in Fig. 4.7 show that there are different scales of vortices that are shed. It seems that
a tail of negative1 circulation extends when the cylinder is moving forward between t∗ ' 167.4
and t∗ ' 168.6. This tail-like layer - emanating from the top of the cylinder - gives rise to a

1The sign of the latter depends on the cycle; for the next cycle, the sign is positive.
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Fig. 4.6: Inline oscillation of a cylinder with flow perturbation - Re = 500, A∗ = 0.5, F ≈ 0.9: drag coefficient Cd ( ) and lift
coefficient Cl ( ) coefficients over the whole simulation (discarding the times before the perturbation is set).

large scale vortex that is rolling up between t∗ ' 168.6 and t∗ ' 170.6. Moreover, it can be
observed that the tail-like layer changes direction while the large scale vortex is rolling up and
the cylinder is moving backward. This therefore creates a smaller scale vortex of the same sign
which remains weakly linked to the core of the large scale vortex (see t∗ ' 169.9 and t∗ ' 170.6).
Eventually, the two vortices separate from the body (a few time steps after t∗ ' 170.6), and,
while they are shed into the wake, they interact with other vortices, as shown in the global
view in Fig. 4.5. The large scale vortex separates from the small scale vortex shortly after they
both separate from the cylinder. This is due to the interaction of the large scale vortex with a
counter-rotating vortex emanating from the bottom of the cylinder while the tail is growing
(see the vortex of positive circulation about t∗ ' 168.6). Indeed, this vortex of opposite sign
also separates from the cylinder about t∗ ' 170.6, and will brake the weak link between the
two vortices of same sign. Eventually, it is important to stress that the tail-like structure that
develops from t∗ ' 167.4 to t∗ ' 168.6 experiences a change in orientation, which is the result
of the common effects of its own interaction with the near wake and the body motion. The first
times shown in Fig. 4.7 between t∗ ' 165 and t∗ ' 166.9 also show that the discussion here
above is also for the previous cycle, since the same phenomena happens on the lower side of the
cylinder, and, thus, with the vortices of reverted sign.

62



CHAPTER 4. APPLICATIONS

t∗ ' 165 t∗ ' 168.1

t∗ ' 165.7 t∗ ' 168.6

t∗ ' 166.3 t∗ ' 169.4

t∗ ' 166.9 t∗ ' 169.9

t∗ ' 167.4 t∗ ' 170.6

Fig. 4.7: Inline oscillation of a cylinder with flow perturbation - Re = 500, A∗ = 0.5, F ≈ 0.9: dimensionless vorticity field ω∗ at
several times between t/Tf ' 33 and t/Tf ' 34.13. The plots are saturated for ω∗ > 10. The limit between the FDoom and VPM
results is represented by a thin black line.

63



CHAPTER 4. APPLICATIONS

4.1.3 Case 3: Re = 500 - A∗ = 1.0 - F = 0.9 without flow perturbation
The last case investigated for the inline oscillations of a cylinder is a high oscillation amplitude
case, with A∗ = 1. The frequency of oscillation remains the same as for the two previous cases,
i.e. the dimensionless frequency is F ≈ 0.9. The vortex shedding pattern is similar to the case
investigated in Section 4.1.1; but in the present case, the vortex shedding pattern is much more
simple, since the vortices of two successive cycles do not interact, and that the vortices shed
above and below the centerline weakly interact with each other.

The long wake is shown in Fig. 4.8, providing a global view of the flow in the statistically
converged regime. The vortices which are shed into the wake are spinning while being convected
into the far wake. In Fig. 4.11 a zoom on the near wall and near wake enables to better observe
the formation of the vortex shedding pattern. As it was the case for A∗ = 0.5 (see Section 4.1.1),
when the cylinder is moving forward (i.e. in the opposite direction from the freestream velocity),
a pair of primary vortices are formed, and another pair of secondary vortices is formed as well,
which is similar to the flow structure of an impulsively started cylinder. As it can be observed
in Fig. 4.8, the pattern of the vortex shedding is a 2P − 2S shedding mode, i.e. two pairs (2P )
and two single (2S) vortices are shed every cycle. The details of the formation of this pattern

Fig. 4.8: Inline oscillation of a cylinder - Re = 500, A∗ = 1.0, F ≈ 0.9: dimensionless vorticity field ω∗ over the domain at t∗ ' 122.
The plot is saturated for ω∗ > 12. The limit between the FDoom and VPM results is represented by a thin black line.

are depicted in Fig. 4.11.

The most significant part in the oscillation cycle corresponds to the times of the cycle when the
cylinder is moving backward. Indeed, similarly to the case A∗ = 0.5, the backward movement of
the cylinder pushes the secondary vortex, which is strained by both the wall and the primary
vortex. Eventually, the secondary vortex penetrates the primary vortex while being stretched in
the transverse direction, until it reaches the external flow about t/Tf ' 22.75. In fact, on the
one hand, the cylinder movement enforces the secondary vortex to flatten, and, on the other
hand, it also enforces the primary vortex to separate from the cylinder. However, the difference
with the case of a lower amplitude of motion (A∗ = 0.5) is that, due to the higher acceleration
of the cylinder, when the secondary vortex is wrapping up around the primary vortex between
t/Tf ' 22.87 and t/Tf ' 22.99, the high acceleration of the cylinder causes the secondary vortex
to split into two parts, as it can be seen between t/Tf ' 23.16 and t/Tf ' 23.37, in Fig. 4.11.
This phenomenon happens because the size of the secondary vortex is initially strained by the
primary vortex behind the cylinder, and that it is abruptly stretched in the transverse direction.
Therefore, for each cycle, two pairs of equal sign vortices and two single vortices, whose sign is
opposite to their corresponding pair, are shed into the wake. Since the amplitude of oscillation
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of the cylinder is higher, the distance between the shed vortices and the centerline is larger,
which therefore leads to a very weak interaction between the vortices from each side of the
centerline. Indeed, while the vortices are convected, the two pairs of lower strength vortices are
diffusing, and a weak interaction can be observed near the centerline in the far wake. It can also
be seen that each set of vortices shed over one cycle is convected by following a nearly straight
path in the wake, and that the sets of vortices, while being convected, are spinning as well.

The drag curve and its phase portrait are provided in Figs. 4.9 and 4.10, it is similar to the
case A∗ = 0.5, even though the amplitude of the drag is more than twice the amplitude of the
previous case, and that the sinusoidal shape depicts the presence of a secondary frequency in
the spectral content; but it is the case as well for A∗ = 0.5. Since the behaviour of the vortex
shedding is very similar to the case A∗ = 0.5, the similar shapes of the drag curve and phase
portrait is consistent as well.
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Fig. 4.9: Inline oscillation of a cylinder - Re = 500, A∗ = 1.0,
F ≈ 0.9: drag coefficient over 5 periods of forced oscillation.
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Fig. 4.10: Inline oscillation of a cylinder - Re = 500, A∗ = 1.0,
F ≈ 0.9: phase portrait of the drag coefficient.
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t/Tf ' 22.75 t/Tf ' 23.23

t/Tf ' 22.87 t/Tf ' 23.37

t/Tf ' 22.99 t/Tf ' 23.5

t/Tf ' 23.16 t/Tf ' 23.62

Fig. 4.11: Inline oscillation of a cylinder - Re = 500, A∗ = 1.0, F ≈ 0.9: dimensionless vorticity field ω∗ at several times, and
iso-contours of dimensionless pressure P ∗. The plots are saturated for ω∗ > 12 and the levels for P ∗ are by step of 1, starting from
P ∗max. The limit between the FDoom and VPM results is represented by a thin black line.
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4.2 Heaving airfoil at Re = 500
The methodology of moving bodies can be applied to a heaving airfoil at an angle of attack
(AoA) of 10◦, in a free stream at Re = c U∞/ν = 500, where c is the chord of the airfoil. In
this section, the forced frequency that has been used is half the frequency corresponding to the
Strouhal number of the shedding of a cylinder at Re = 100. In order words, the simulation
performed has a forced frequency ff = 1/2 fSt, 100, where fSt, 100 is the Strouhal frequency that
corresponds to the flow past the static cylinder at a Reynolds number Re = DU∞/ν = 100.
This value was provided in Chapter 3, Section 3.1 (as a reminder, St100 ' 0.1608). The latter
has been chosen in order to avoid high frequency of oscillation which would considerably decrease
the possible duration of the simulation2 due to computational time restrictions. This simulation
has been run until t∗ = t U∞/c ' 52. The mesh parameters that have been chosen the run
ensure that h+ < 1 for t∗ ≥ 0.001; they are listed in Table 4.2. It is important to stress that the
final mesh obtained for the case of the heaving airfoil is the result of a Joukowsky transformation
of the cylinder mesh, with a regularization that allows a finite thickness at the trailing edge. In
other words, the values in Table 4.2 correspond to the settings of the mesh before the conformal
transformation.

Table 4.2: Mesh parameters of the NW solver and VPM solver for the heaving airfoil: parameters are values on the cylinder mesh
before the regularized conformal transform.

w/R R/hVPM R/hn,wallNW hn,wallNW /hθ,wallNW

2 25.6 312.5 0.24

The dimensionless parameters of the body movement are specified and defined, similarly to the
previous cases, as follows:

1. The dimensionless amplitude of oscillation: A∗ = A/c = 0.268. This value is actually
obtained because the amplitude was initially defined based on the diameter of the cylinder
before the conformal transformation, which increases the characteristic length, since the
chord is larger than the cylinder diameter.

2. The dimensionless frequency of the forced oscillation: F = ff/fSt, 100 = 0.5.

Similarly to the case of the cylinder, Eq. 4.2 provides the kinematical description of the airfoil
movement over time.

Xmesh(t)/c = A∗ sin
(

2 π
Tf

t

)
. (4.2)

Fig. 4.12 depicts a global view on the wake of the regularized airfoil that is heaving. The regime
is nearly statistically converged3. The instant shown in Fig 4.12 corresponds to a moment
when the airfoil reaches the bottom of its trajectory. This explains why, on the suction side of
the airfoil, the flow separates and the boundary layers does not remain attached over a long
portion of the suction side. Besides, the wake is deflected upward with respect to the airfoil,

2A more consistent frequency of oscillation would be linked to the frequency corresponding to the Strouhal
of the static airfoil at Re = 500.

3A longer run is actually necessary in order to confirm that the statistically converged regime is reached.
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Fig. 4.12: Heaving airfoil - Re = 500, A∗ = 0.268, F = 0.5: dimensionless vorticity field ω∗ at t∗ ' 51.76, corresponding to
t/Tf ' 7.75. The plot is saturated for ω∗ > 6. The limit between the FDoom and VPM results is represented by a thin black line.

due to the downward trajectory of the previous few times. The separation of the flow when the
airfoil reaches y/c ' −0.5 gives rise to a large scale vortex of negative circulation, that is shed
when the airfoil moves upward again. The details of the vortex dynamics during one cycle are
described here below.

In Fig. 4.13, a closer look on the airfoil and its wake is provided for five times of an oscillation
cycle. The iso-contours are also provided in parallel, in order to illustrate the accurate continuity
across the boundary ∂Ωouter

NW , and thus, the consistency between the the NW and VPM solvers.
About t/Tf ' 6.75, the airfoil is stalling, which results in the formation of a large lobe of
vorticity of negative circulation. Even though the flow is separating, that lobe still remains
linked to the body. This lobe of vorticity is then shed into the wake while the airfoil is moving
upwards, as it can be seen about t/Tf ' 7; indeed, the lobe of vorticity is stretched by the vortex
of positive strength emanating from the pressure side. The positive vortex starts interacting
with the large lobe of negative strength due to the upward motion of the airfoil about t/Tf ' 7.
Finally, the lobe of negative vorticity splits and two resultant vortices are shed into the wake
about t/Tf ' 7.25.

At t/Tf ' 7.5, the airfoil is already moving downwards and the formation of a new lobe of
negative vorticity can also be seen, due to the downward motion of the body. About that time,
another feature of the vortex pattern can be observed. In fact, since the airfoil is close to y/c = 0
its velocity low, which therefore gives rise to the formation of a thick wake. Then, while the
airfoil is moving downwards, this thick wake becomes unstable due to the motion of the airfoil
and the influence of the lobe of negative vorticity.

In Fig. 4.14, the aerodynamic coefficients are shown over the whole simulation, while, in Fig. 4.15,
the phase portraits of the latter show that the vortex shedding is periodic, since the curves
are closed. The phase portraits are drawn with the values of the five last oscillations, starting
from the final time of the simulation, and therefore discarding the first three cycles, in order to
neglect the transient starting, as the wake has not reached the outflow boundary yet.
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t/Tf ' 6.75

t/Tf ' 7.0

t/Tf ' 7.25

t/Tf ' 7.5

t/Tf ' 7.75

Fig. 4.13: Heaving airfoil - Re = 500, A∗ = 0.268, F = 0.5: dimensionless vorticity field ω∗ at several times. The colour plots are
saturated for ω∗ > 8. The iso-contours are by step of 1. The limit between the FDoom and VPM results is represented by a thin
black line.
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Fig. 4.14: Heaving airfoil - Re = 500, A∗ = 0.268, F = 0.5: drag coefficient Cd ( ) and lift coefficient Cl ( ) coefficients over
the whole simulation.
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Fig. 4.15: Heaving airfoil - Re = 500, A∗ = 0.268, F = 0.5: phase portrait of the lift and drag coefficients.
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Chapter 5

Conclusions

5.1 Discussion
The main objective of this work was to extend the coupling methodology developed by Billuart
et al. [1] for the 2D simulations of external flows to moving bodies. The new methodology was
presented in Chapter 2, and a verification was therefore required. The latter was presented in
Chapter 3. The test cases for the verification have been chosen from a literature review presented
in Chapter 1. Chapter 1 also discussed the principles of the existing numerical methods used in
external flow aerodynamics, and introduced the basic pricniples of the new coupling methodology
of Billuart et al. [1]. Finally, interesting applications could be presented in Chapter 4, where the
cases investigated have - namely - been chosen based on the literature review and the previous
results.

The simulation of translating motions of rigid bodies have been successfully achieved in this
work, even though some improvements could still be examined for decreasing the pressure
oscillations in the near-wall solver. On the other hand, when considering the rotational motions,
the present coupling methodology reveals some limitations, as it has been discussed in Chapter 3,
for the case of a rotating cylinder.

Furthermore, this work also enabled to present again test cases that were investigated approxi-
mately 50 years ago and which do not rise much interest in the literature nowadays, although
there are many studies in vortex dynamics that could still be investigated. For example, the
shedding patterns of a cylinder oscillating in the streamwise direction could be more deeply
studied.

Finally, the ability of the methodology developed in this work to be applied to other bodies (as
an airfoil) is promising for more specific studies, as the application of the heaving airfoil showed
results that give confidence in the validity of the methodology.

5.2 Perspectives
Still, the most important perspective of the present work is to investigate the origin of the
spurious interpolation of the boundary condition in the case of a rotating body, as it was
discussed in Chapter 3, Section 3.2.
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CHAPTER 5. CONCLUSIONS

Then, many applications can rely on the work that has been achieved in this Master thesis. A
straightforward application that could be implemented is a Fluid Structure Interaction case.
Either implementing elastically mounted bodies, as it was introduced in Chapter 1, or another
example of application could be a falling body. Many other applications related to FSI could be
investigated using this work as a basis. Only a slight adaptation of the methodology presented
should be implemented, since the body movement is not prescribed in such applications.

Another interesting direction, which would not require many developments, is the case of
multiple bodies whose wakes would interact. As an example, three airfoils rotating could be
of great interest in order to study the wake interaction in vertical axis wind turbines. After
that, the methodology could even be further adapted to a case where the Eulerian subdomains
could overlap when dealing with several bodies. Eventually, collisions of two bodies could
be implemented, as it was already investigated by Bampalas and Graham [40], and Gazzola,
Mimeau, Tchieu and Koumoutsakos [41].

Finally, deforming bodies could be investigated. The body, with soft boundaries, would not be
rigid anymore and there would be a non-zero divergence inside the body, which would require
further developments in the present methodology.
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Appendix A

Potential flow past a rotating cylinder

The theoretical developments for the potential flow past a rotating cylinder are recalled in the
present Appendix. The flow past a rotating cylinder with circulation can be computed with the
superposition of a dipole, a uniform flow, and a point vortex whose total circulation is the same
as the circulation corresponding to a patch of uniform vorticity ω = ω0 enclosed in the closed
contour C drawn by the cylinder, such that, for any radial position r (in polar coordinates), we
have that:

ω =




0 if r > R ,

ω0 otherwise.
(A.1)

The circulation of the patch of uniform vorticity can be computed using:

Γ =
∮

C
v · dl =

∫ 2π

0
uθ(R)Rdθ = uθ(R) 2πR (A.2)

⇔ Γ =
∫

S
ω dS =

∫ R

0

∫ 2π

0
ω0 r dθ dr = ω0 π R

2 ,

where uθ is the azimuthal velocity component, R is the radius of the cylinder, and S is the
surface of the vorticity patch, i.e.: the surface of the cylinder. By recalling that, for a rigid body
rotation, the link between the rotational speed and the rate of rotation of a fluid element is given
by Ω = 1/2ω0. It can finally be obtained that the circulation of the point vortex corresponding
to a rigid cylinder rotation is given by: Γ = 2πR2Ω.

Eventually, the complex potential of the complex number z, and the corresponding radial and
azimuthal velocity components of the potential flow past a rotating cylinder at a rotational
speed Ω are respectively given by:

f(z) = U∞

(
z + R2

z

)
+ Γ

2πı log
(
z

R

)
, (A.3)

ur(r, θ) = U∞

(
1− R2

r2

)
cos (θ) , (A.4)

uθ(r, θ) = −U∞
(

1 + R2

r2

)
cos (θ) + Γ

2πr . (A.5)
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