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Abstract

Particle harvesting is an important step in the pharmaceutical industry, as it directly corre-
lates the yield of the manufacturing process. Granular suspensions are subject to study with
the objective to passively harvest the particles it contains. To this end, a numerical simulation
implementing a dense granular suspensions in a laminar plane Poiseuille flow is used to deter-
mine if the boundary conditions could allow harvesting using the intrinsic properties of the
flow. The simulations shows the limit of the algorithm when the true-slip boundary conditions
is applied.

Keywords :plane Poiseuille flow, granular suspensions, boundary conditions, particle har-
vesting
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1 Introduction

Particle harvesting is an important step in many industrial production processes, particularly
in the pharmaceutical industry, as it directly correlates the yield of the manufacturing process.
Several techniques have been developed and implemented to achieve particle separation but
the efficiency of these techniques remains subpar in some applications. Weak efficiency as
such motivates the investigation of alternative approaches.

One promising approach consists in exploiting the phenomenon of shear-induced particle
migration in Poiseuille flow channels. When a granular suspension flows through a chan-
nel under pressure-driven conditions, interactions between the suspended particles and the
surrounding fluid induce particles migration across the channel. Indeed, solid particles tend
to migrate away from regions of high shear rate towards regions of lower shear rate which
leads to an accumulation of particles towards the centre of the channel. This distribution of
particles is the starting point of the segregation approach. This could be exploited for particle
harvesting by splitting the channel into three areas to collect the central regions in which the
particle concentration is higher.

Developing such an approach requires an accurate description of the flow and of the parti-
cle distribution within the channel. Numerical simulations provide a powerful opportunity
for investigating these phenomena and for studying the influence of the geometrical param-
eters on the particle migration. Nevertheless, the predictive capability of a numerical model
depends not only on the governing equations used to describe the granular suspension, but
also on the boundary conditions imposed at the walls of the channel.

In the context of granular suspension flows, different boundary conditions have been pro-
posed to describe the behaviour of the mixture at the channel walls. Conventional conditions,
such as the no-slip boundary condition, provide a straightforward description of the mixture
velocity at a solid wall. However, their ability to accurately represent the behaviour of solid
particles may be questioned as multiple studies demonstrated discrepancies between simula-
tion and reality. It has been documented by numerous studies such as Sochi [2011], Cloitre
and Bonnecaze [2017] and et al. [2022] that the solid particles undergo an apparent slip on
the surface walls of the channel. This apparent-slip boundary condition is dependent on the
geometry of the channel and the properties of the mixture of interest.

The objective of this master thesis is to conduct a series of parametric studies with respect
to the characteristics of the pipe and the flow conditions to quantity the effects on particle
migration.



To achieve this objective, the numerical simulations are performed using a Python code devel-
oped within the LouvaiN ScHOOL OF ENGINEERING. Simulations of steady-state plane Poiseuille
flows are conducted for the geometry of interest, and the resulting velocity, granular pressure
and granular volume fraction profiles are analysed.

This master thesis is structured into five chapters. The second chapter presents a literature
review covering the mathematical background required to derive the governing equations im-
plemented in the numerical model. The third chapter provides a detailed description of the
numerical model and its implementation. The fourth chapter presents the results obtained
and discusses their implications. Finally, the last chapter summarizes the main findings and
presents the conclusions drawn from this work.



2 Litterature review

2.1 Mathematical background

To derive the governing equations describing the Poiseuille flow of dense non-colloidal sus-
pensions, it is first necessary to introduce the theorems and mathematical tools used in the
derivation.

2.1.1 Reynolds transport and divergence theorems

Theorem 2.1.1 Let a scalar function f(x,t) be defined on the domain V C R? with domain
boundary 6V, the Reynolds Transport Theorem states :

G ([roa) = [(Greo) v [ socivenas @

Where X is the position vector, t is the time, v is the velocity of the domainV (not to be confused
with the velocity of material particles in the studied domain V), n is the normal unit vector, and,
S represents the surface of the domain V.

Theorem 2.1.2 Let a continuously differentiable on the neighbourhood of V vector field f(x, 1),
the Divergence Theorem states :

/V-f(x,t)dV:/ f(x,t) -ndS (2.2)
% sV

Leibniz Rule can be generalized for more complex functions and domains instead of its stan-
dard form in R. This form of Leibniz rule provides a closed-form expression for the time
derivative of an integral evaluated over a time-dependent domain V.

Theorem 2.1.3 Let a continuously differentiable scalar function f(x,t) be defined on the do-
main )V C R3, the Leibniz Rule states :

d [
g [ronw= [[Tev (ru] av (23)

Where u is the velocity vector associated to the position vector X.



2.1.2 Conservation laws

As explained by Drew and Passman [1999], a mixture is represented by a series of bodies B,
all of which occupy regions of space simultaneously.

The presence of multiple constituents within a mixture is described through the concept of
the average volume fraction.

Definition 2.1.4 Let b(r,x) be a ball of radius r centered at x. Let Vj,(b(r,x)) be the average
volume of component k inside the ball b(r,x) and let V (b(r,x)) be the total volume in ball b(r, x).
The average volume fraction is defined as :

3, = lim Vi (b(r, x))

(%)) (24)

In the present study the mixture is assumed to be saturated and to consist of two different
phases, a granular phase and a fluid phase. The saturation condition states that the phases
completely occupy the available space. Consequently the sum of their volume fraction satisfies
Equation [2.5].

b+ 6, =1 (2.5)

The subscript s refers to the granular phase while the subscript f refers to the fluid phase.

Conservation of mass

In two-phase granular suspensions, the granular and fluid phases are treated as a single con-
tinuum when defining mass and by extension mass density.

Definition 2.1.5 In a closed space, the amount of mass enclosed in that space stays constant over
time. Mass can not be created nor destroyed, it can only be transformed. The balance of mass is

defined as :

d
o | pedv =0 (2.6)

Where p, represents the mass density of body By, which is the mass per unit total volume.

As discussed previously, the body B, does not occupy the entire spatial domain but only a
portion ¢y, of it. Consequently :

Py, = Pk Pr (2.7)

Where pj, is mass density of phase % per unit volume of phase k.
By combining Theorems [2.1.1], [2.1.2] and [2.1.3] with Equations [2.6] and [2.7], the following
result emerges:

/ <% (br pr) + V- (D pi uk)) dv =0 (2.8)
y

Equation [2.8] is a definite integral over any mixture volume, its argument must be equal to
zero to satisfy the equality.

0

En (br pr) + V- (dr prug) =0 (2.9)

Equation [2.9] is also referred in the literature as the Continuity Equation.

4



Conservation of momentum

Definition 2.1.6 In a closed system, i.e. a system that does not allow transfer of matter with its
surroundings, the total momentum remains constant. The balance of momentum is defined as :

d
- [ pukdV = Fr+ Fp (2.10)

Where F? and F respectively represents the body and surface source of momentum to phase k.

The body source of momentum to phase £ represents the external contributions to the momen-
tum balance, and, can be modelled using the thermodynamic pressure gradient and a quantity
fr describing the exchange of momentum between phases due to their interactions. The latter
quantity is referred by Monsorno et al. [2016] as the interphasial momentum exchange.

Fr = / (=V (Prog) + fr) dV (2.11)

The negative sign preceding the thermodynamic pressure gradient indicates that the mixture
flows from a region of high pressure to a region of low pressure.

The surface source of momentum to phase k£ describes the internal source of momentum of
phase k, and, it can be modelled using the stress tensor of phase k. "The stress tensor X
express the forces exerted on a surface element dS given by the normal unit vector n oriented

outwards"!.

FP= / opXy-ndS (2.12)
2%

By applying Theorem [2.1.3] and [2.1.2] respectively to the left-hand side of Equation [2.10]
and to the right-hand side of Equation [2.12], and, combining the resulting equations with
Equation [2.11] the balance of momentum becomes :

/v (% (ﬁkuk) + V- (QkUk & Uk) +V (Pepr) — fr — V- (¢k2k)) dV =0 (2.13)

The argument used to derive the local form of the continuity equation [2.9] remains valid
in this situation. Equation [2.13] is a definite integral over an arbitrary mixture volume, its
integrand must be equal to zero to satisfy the equality.

% (Peper) + V- (Grprir @ ug) + V (91 Pr) = V- (0r k) + fr (2.14)

2.1.3 Navier-Stokes equations

The Navier-Stokes equations are the baselines of the governing equations used in the numer-
ical model and are formed by the balance of mass [2.9] and momentum [2.14].

From Andreotti et al. [2013]



2.2 Plane Poiseuille flow
The present study investigates a dense non-colloidal suspensions under a laminar plane Poiseuille

flow. The plane Poiseuille flow describes a flow occurring between two parallel plates as shown
in Figure [2.1].
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i

Figure 2.1: Plane Poiseuille flow, P; > Py Borghini [2015]

The plates are located at y = [ and y = —[ where [ denotes the half-width of the channel, the
origin is positioned at the centreline of the channel. The pressure gradient and the

2.2.1 Laminar flow

Laminar flow is a fluid flow characterized by low Reynolds numbers Re which indicates low
inertia and high viscosity effect. The fluid moves in a smooth and orderly parallel layers with
no disruption or mixing between them.

Definition 2.2.1 The Reynolds Number Re is a dimensionless number that characterizes the
flow regime, i.e. a laminar or turbulent flow. The Reynolds number is defined as :

_ gl py
s

Re (2.15)

Where ||uy|| represents the magnitude of the velocity of the fluid, | denotes the characteristic
length of the system (i.e. the half width of the channel in the plane Poiseuille flow), ps is the
density of the fluid and 15 is the dynamic viscosity of the fluid.

The present study considers a "Reynolds number of Re = 1.2 x 10™* with respect to the
centreline velocity"?. The flow regime is considered viscous since Re << 1. This regime is
characterized by significant viscous effects such as internal friction and resistance to defor-
mation which dominate over inertial forces.

The granular particles in the mixture are also subject to study using a non-dimensional num-
ber. The particle Reynolds number Re, plays an important role for defining the momentum
exchange between the fluid and granular phases. The definition of Re, follows Equation [2.15]
for which the the magnitude of the velocity of the fluid uy is replaced by the magnitude of the
slip velocity ||uy — u,|| and the characteristic length [ becomes the particle diameter d,,.

2From Monsorno et al. [2017]



2.2.2 Single phase flow

The purpose of this section is to introduce the single phase case in order to compare the re-
sults obtained with those of the flow of interest. the velocity profile of the fluid satisfies the
following second-order ordinary differential equation (ODE) provided by Chin [2012]:

dPup(y) 1dP

The solutions to the ODE [2.16] are obtained by integrating it two times with respect to the
variable y.

1 dP [y?
uf(y) = —— (y— + Cly + 02) with C;,Cy € R (2.17)
pr dx \ 2
The shear-rate of the flow follows an affine function given by Equation [2.18].
d 1 dP
y = Uf(y) = (y + Cl) with Cl eR (2.18)
dy pg da

Equations [2.17] and [2.18] become unique only if adequate boundary conditions for the fluid
velocity us(y) are determined.

It is usually assumed that the no-slip condition is valid due to strong adhesive forces (see
Section 2.4). This ensures the fluid sticks to the boundary, thus a zero velocity of the fluid
at the wall is imposed. The velocity profile of a single phase fluid in a plane Poiseuille flow
follows a quadratic law across the channel, the velocity attains its minimal values on both
walls while its peak is in the centreline of the channel. The shear rate follows a linear law
across the channel, its maximal values are on both boundary (i.e. y = :I:%) while its minimal
value is at the centreline of the channel.

2.2.3 Two-phase flow

Let us now consider a granular suspensions in a plane Poiseuille flow under assumptions iden-
tical to the ones of the single-phase flow (i.e. constant fluid pressure gradient, constant fluid
viscosity and small Reynolds number).

Several studies such as Xu et al. [2015], et al. [2018] and Chun et al. [2019] have already demon-
strated that under the no-slip boundary condition for both phases, the velocity profile of the
mixture follows a quadratic law similar to that obtained in the single phase case. Similarly, the
shear rate follows a comparable behaviour with that of the single phase case, indeed it reaches
its maximum at the walls and vanishes at the centreline of the channel. This observation is
consistent with the particle migration induced by the flow as they moves towards a region of
low shear rate.

The assumptions and conditions under which the previous studies were conducted are not
quite the same to the ones in the present study. For instance et al. [2018] and Xu et al. [2015]
do not completely neglect the effect of the gravity as the mixture is not considered neutrally
buoyant (see Section 2.3). Chun et al. [2019] focuses on the bi-disperse suspensions under a
plane Poiseuille flow, which means it considers a mixture containing two distinct groups of
granular particles differing from one another on the size (large and small radius), unlike the
present study which considers only granular spherical particles of the same radius.



2.3 Governing equations

The governing system of partial differential equations formed by Equations [2.9] and [2.14],
defining the Navier-Stokes equations, is widely known to be difficult to solve. The difficulty is
such that approximations and assumptions are required to make the system computationally
tractable.

Let us summarize the different steps taken to get to the governing equations implemented in
the numerical model.

2.3.1 Non-dimensionalisation

The governing equations used in the numerical simulation are expressed in non-dimensional
form. "The non-dimensionalisation is performed with respect to the the fluid density p,, the
fluid shear viscosity ji,., the half-width of the channel [, and the centreline velocity of the
equivalent single-phase fluid flow 4,"*. The aforementioned parameters are defined in the
literature as follows :

ﬁr = psgbs + pf¢f (2'19)
I, =1 (2.20)
/lr _ psgbs,us "i_ pf¢f:u’f (2.21)
Pr
Pr

2.3.2 Two-phase continuum model

Monsorno et al. [2016] provides an analytical study of the Navier-Stokes equations formed by
Equations [2.9] and [2.14] and demonstrated that under a constant mass density of both phases
(i.e. pr = constant for k = {f, s}), and, constant temperature for both phases and equal to
one another (i.e. 7y = T, = constant), the Navier-Stokes equations reduces to the system of
equations [2.23] - [2.27].

This system of differential equations consists of the balance of mass and momentum, while
the balance of energy is omitted as it becomes trivial under the assumptions stated above.
Equation [2.27] is "called the compaction equation and describes the evolution of the volume

fraction of the granular phase"*.

Fluid phase
d
% = —¢;V-u;s (2.23)
d 1
¢f$ ==V (Pos) + o V- ((¢/V-up) o1+ 20, V)
— (0 (uy —us) + PyVoy) (2.24)

Granular phase

3From Monsorno et al. [2017]
“From Monsorno et al. [2016]



dos

d.t = —¢sV - ug (2.25)
du, 1 d
¢f d.t =-V (Ps¢s) + ﬁv : ((Csv : us) ¢SI + 2Ns¢svs>
+ (6 (uy —u,) + PrVoy)
1
+ EV- (Xl + X V- V) = V- Cy (2.26)
Compaction equation

00 L oy (P — Pr— B+ V- (1:96,) (227)
dst — Rec s@f s f s Vs s .

The governing equations are composed of multiple parameters used as short-hand notations,
these parameters are listed and defined below.
The material derivative with respect to the velocity uy, is defined as :

d(-) _a(+)

—_— === V(- Vk={s, 2.28
The strain-rate tensor of phase k, V, satisfies Equation [2.29] and has a different physical
interpretation depending on the phase considered. For the granular phase, the strain-rate
tensor V describes the relative deformation of the grains in space and time, whereas for the
fluid phase, V; characterizes how the velocity of the fluid changes in space and time within
the fluid.

T
v, = m Vk = {s, [} (2.29)
The deviatoric part of Vy, noted Vﬁ is defined as :
1
V=V, — St (V)T  Vk={s f} (2.30)

The interphasial momentum exchange f, introduced in the balance of momentum [2.14], is
expressed in terms of the drag coefficient ¢, the slip velocity u; — u, and the pressure of
the fluid phase. Since fj describes the momentum exchange from a phase to another, the
relationship between f; and f; must satisfy Newton’s third law of motion and the principle
of conservation of linear momentum. This condition translates to the vanishing sum of these
terms, i.e. f; + f; = 0.

f s — _f b
= 5(11f —us)+Pqu§f (2.31)
The tensorial quantity C; appearing in the balance of momentum of the granular phase [2.26]
represents the Korteweg-type stresses. These stresses depend on the spatial distribution of the

grains and are nonlocal in nature as they account for the finite size of the grains through the
volume fraction of the granular phase.

C; =7Vo; @ Vo, (2.32)
The last short-hand notations are X, and &} and satisfy the following definition :
3 vi. v )
2vV,:V,

X, = —V2u, (2 Vi Vi — (2.33)
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V24
vV, 'V,

The governing equations are not exclusively composed of short-hand notations, there are more
parameters to consider such as the transport coefficients (9, us and ), the thermodynamic
derivatives (35 and ;). Let us define these parameters and list the relations employed in the
current study.

X, = — (2.34)

The interphasial drag coefficient J measures the friction and momentum transfer between
the two phases. It is defined using the HKL-type correlation which makes the coefficient a
function of the particle Reynolds number Re,, the volume fraction of the granular phase ¢,
and the particle diameter d,,.

§ = f(Rep, s, d,) (2.35)

The shear viscosity coefficient s measures the internal resistance of a fluid to shear deforma-
tion while the normal stress viscosity coefficient ,, describes the capacity of a granular media
to support normal viscous stresses resulting from shear deformation.

L VR

¢m - ¢s 10 <¢m - ¢s)2
s

(¢m - ¢s)2

Where ¢,, is the critical value of the granular volume fraction at the jamming transition which
is set to a value of 0.6.

e = (2.36)

=W N ot

i = (2.37)

The thermodynamic derivatives s and 7y, are determined empirically. Their constitutive rela-
tion should include a dependence on the microstructure of the granular phase (i.e. the volume
fraction of the granular phase ¢;) as they relate to this microstructure. The intergranular stress
Bs describes the resistance of solid particles to compaction, it is defined as :

Bs = folog (1 - ;f ) (2.38)

This formulation of 3, is consistent with its definition, in fact, 3, vanishes for small values of
®s, and conversely it diverges as ¢ approaches ¢,,.

The quantity v, is defined as the "derivative of the Helmholtz free energy of the granular phase
with respect to V,".

Vs = Yo@2 (2.39)

The coefficients vy and (3, are parameters that needs to be experimentally evaluated. The
numerical model presented in Chapter 3 considers these parameters as inputs, their values
will be set in Chapter 4.

The coefficient (; represent the bulk viscosity of phase k, it measures the resistance of phase
k to compression.

SFrom Monsorno et al. [2017]
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2.3.3 Reduced governing equations

The two-phase continuum model described above does not consider the geometry of the prob-
lem at hand, it is therefore possible to reduce the complexity of the governing equations using
additional constraints based on the geometry under consideration.

Monsorno et al. [2017] developed the reduced governing equations of the plane Poiseuille flow
under the specific assumptions on the fluid flow and on the grains.

Let us seek time-independent solutions of the governing system of differential equations[2.23]-
[2.27] that are unidirectional, which implies they follow the stream-wise direction and depend
on the boundary-normal direction.

Let us assume that :

+ The stream-wise direction follows the x-axis while the boundary-normal direction fol-
lows the y-axis.

+ The flow is laminar as the Reynolds number is low and is set to Re = 1.2 x 107

+ The half-channel width [ is sufficiently small so that the mixture can be considered neu-
trally buoyant, its value is set to [ = 2.0 x 107> mm. Consequently, the gravitational
force is expected to be small enough to be neglected in the model.

« The velocity vectors are aligned in the stream-wise direction 1. Therefore :

u = (y)lx  VE={s, f} (2.40)
Where 14 is the unit vector in the direction of the z-axis.

+ The granular volume fraction is dependent on the y-coordinate, and by extension so is
the fluid volume fraction since the mixture is assumed to be saturated.

¢s = ¢s(y) (2.41)
¢r=1—0s(y) (2.42)

+ In accordance with the above assumptions, the pressure of phase k, P, follows the
stream-wise direction, i.e. 1,, and depends on the y-coordinate. The pressure of phase
k is then decomposed as :

P, =pr(y) — Fx VEk={s [} (2.43)

Where F'x denotes the constant pressure gradient that drives the flow along the z-axis.
Moreover, it has been proven that py is constant and, without loss of generality, is set to
pr = 0 for simplicity.

The system of differential equations [2.44] - [2.47] forms the reduced governing equations
implemented in the numerical model studied.

Fluid phase
1 d de .
Redy ((1—(153) d_y) =6 (up —us) — F(1— ¢s) (2.44)

11



Granular phase

L d (/qubs%) = —0 (uf - us) - F¢s (2'45)

§d_y dy
1 d du d dos\” d

n®s = — 5 s | —5— — — (PsPs 2.46

(ucb ) dy(’y(dy)) g, %) (2.46)

Compaction equation

Re dy dy
d dos
=B+ — (4, 222) — 2.47
p ﬁ+dy (v dy) (2.47)

The reduced governing equations are composed of four differential equations, three balance of
momentum equations for the granular phase and one for the fluid phase, and, the compaction
equation which described the behaviour of the granular volume fraction. The reduced govern-
ing equations do not include the balance of mass as Equations [2.23] and [2.25] both become
trivial under the assumptions introduced above.

This governing system of differential equations are composed of four differential equations and
four variables, namely the granular volume fraction ¢;, the pressure of the granular phase p;,
and, the velocity of each phase u and u,.

2.4 Boundary conditions

In order to solve the governing equations, boundary conditions are a requirement to that end.
In a granular suspension, the granular and fluid phases require a priori different boundary con-
ditions since each phase react differently with the boundary of the system. Indeed, a common
assumption used for Newtonian fluid in a laminar flow is the no-slip boundary condition.

Definition 2.4.1 The no-velocity-offset boundary condition, also known as the no-slip bound-
ary condition states that the velocity of the fluid in direct contact with the boundary of the system
equals the velocity of this boundary. This assumption translates to a zero tangential fluid velocity
at the wall.

Following the assumptions made in Section 2.3, the no-slip boundary conditions of the fluid
is given by Equation [2.48].
up(Y)ly=+1="0 (2.48)

The physical interpretation of this boundary condition is that the adhesive forces between the
fluid particles and the solid surface of the boundary of the system exceeds the cohesive forces
existing between the fluid particles. The fluid then sticks to the wall of the system.

Note that the boundary points are located at y = +1 instead of y = [ as presented in Section
2.2. This definition of the boundary points is the result of the non-dimensionalisation of the
system.

The choice of the boundary condition for the granular phase is not as straightforward as it
is for the fluid phase. Indeed, several studies have successfully modelled and reproduced the
main characteristics of the flow under consideration with a no-slip boundary condition applied
on the velocity of the granular phase (for instance Chun et al. [2019], Yeo and Maxey [2011],
Monsorno et al. [2017]). However, these models do not accurately capture the behaviour of

12



the granular phase in the vicinity of the wall. Consequently, discrepancies remain between
experimental data and numerical simulations regarding the volume fraction of the granular
phase at the walls.

Recent studies suggest modifications regarding the choice of the boundary condition applied
on the velocity of the granular phase. This proposition is supported by conclusive experi-
mental evidence indicating the presence of a thin lubrication layer between the wall and the
first layer of particles, where the shear rate is higher (Sochi [2011], Cloitre and Bonnecaze
[2017],et al. [2022]). Therefore, experimental campaigns have explored increasing the surface
roughness of the walls as a means of controlling the slip of the granular phase, suggesting
that the no-slip boundary condition may not adequately describe the behaviour of the gran-
ular phase near the walls. According to Varsakelis et al. [2022], the most physically relevant
alternative seems to be the apparent slip boundary condition.

Definition 2.4.2 The apparent slip boundary condition is a Robin-type boundary condition
whose form in the flow of interest is :

)i = Bty (1~ jm)( g, 20 ) 219

Where [3,, denotes the slip coefficient which measures the slip between the grains and the surface
of the boundary, and, d,, is the grain diameter.

duy(y)
dy

+ ¢y

y==+1

The apparent slip boundary condition is sometimes described as a velocity discontinuity be-
tween the bulk flow and the surface wall. However, in accordance with Definition [2.4.2], the
velocity at the wall remains continuous with that of the bulk flow.

For comparison purposes, let us first determine the effect of introducing slip on the boundary
of the system using the true-slip boundary condition. The true-slip boundary conditions de-
scribes a situation in which the grains roll and slide along the wall of the system, the adhesive
forces between the granular particles and the wall of the system are not sufficiently strong to
reduce the tangential velocity to zero.

Definition 2.4.3 The true-slip boundary condition states that the velocity of the granular phase
in contact with the boundary of the system is proportional to a reference velocity.

Us (y) |y:i1 = Aslip Umax (250)
Where Agyy, is the slip coefficient whose values lies in the interval 0 < Ag;, < 1.

In the literature, the choice of the reference velocity in Equation [2.50] is the maximal velocity
of the mixture, which lays at the centre of the channel.

The boundary condition associated to the granular volume fraction ¢; is given below.

1
/;1 ¢s(y>dy = 255 and (bs(y)‘y:*l = ¢s(y>’y:1 (2'51)

This condition accounts for the one-dimensional nature and symmetry of the flow, while as-
suming the average granular volume fraction ¢, to be a known quantity.

13



This boundary condition ensures the conservation of the granular volume fraction in the chan-
nel and is therefore referred to as a conservation-type boundary condition.

The Last boundary condition to define is for the granular pressure p;. It is defined using a
Dirichlet boundary condition via the following equation.

ps(y)|y:1 = Bs (¢s(y)|y:1) (2'52)

This condition exploits the symmetry of the system to apply Equation [2.52] on both walls.This
symmetry property results from the boundary condition imposed on the granular volume
fraction ¢, and the fact that the intergranular stress f3; is a function of the granular volume
fraction.
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3 Numerical methodology

3.1 Simulation setup

The simulations were performed by varying different parameters individually to facilitate
comparison between the different cases.

In this study, the term physical parameters refers to the inputs of the numerical model that
govern its physical behaviour, whereas solver parameters refers to the inputs that determine
how the computer solves the reduced governing equations.

The physical parameters considered for variations are listed below.

« The average volume fraction of the granular phase ¢,: 0.298 and 0.411

+ The constant pressure gradient F’x: 95000.0 and 169560.0

The thermodynamic coefficient 7,: 0.5, 0.05, 0.005 and 0.0005

The intergranular stress coefficient 55: 1078, 1072 and 10~°

The boundary condition applied on the velocity of the granular phase: no-slip, true-slip
and apparent-slip.

Note that the values of ¢ and F'y are linked. Indeed, an increase in the amount of grains in
the mixture corresponds to an increase of ¢, which in turn increases the shear resistance of
the mixture. Therefore a greater driving force is required to maintain a similar flow, which
translates to a greater value of the constant pressure gradient F'x. In conclusion, modifying
the average volume fraction of the granular phase ¢, requires to adjust the constant pressure
gradient F'y in accordance. The average volume fraction set at 0.298 and 0.411 corresponds
respectively to a value of the constant pressure gradient F'x of 95000 and 169560.

It should be noted that 3y = 0.05 and 7y = 10~ are used as baseline values for comparison
purposes. Accordingly, when f3; is modified, 7, is kept fixed at 10~ and vice-versa.

Aside from the physics parameters presented above, the solver parameters were modified only
to reduce or increase the rate of convergence and reduce the CPU strain. These parameters
are the following.

+ The maximal number of iterations.
+ The number of points to discretize the 1-D grid.

 The tolerance € on the /o-norm, which defines the convergence criterion.
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« The under-relaxed factor, which defines the convergence rate and the stability of the
simulation.

A third category of parameters referred to as the reference parameters is introduced. These
parameters consist of the input values used to transform each parameter and variable into
its non-dimensional form. The relations presented in Section 2.3.1 can not be applied in the
present study since some of the required values are variables to be determined at the end of
the simulation, namely u, and ¢, with k = {s, f}. The reference parameters are listed below.

« The shear viscosity of reference : i, = 0.04 [kg / (m.s)]
« The density of reference : p, = 1200 [kg / m?]

« The half-channel width : [, = 2 x 1075 [m]

+ The velocity of reference : i, = 0.0002 [m / s*]

These reference values satisfies the assumption made in Section 2.3.3 regarding the value of
the Reynolds number Re.

As the relations presented in Section 2.3.1 are not used, the non-dimensionalisation of the
outputs of the numerical model satisfies the following.

ut = % Vk = {s, f} (3.1)
pot = L (3.2)
Pr (ur)

The granular volume fraction ¢ is by definition non-dimensional and therefore requires no
modifications.

3.2 Numerical algorithm

The numerical algorithm used to solve the governing equations [2.44] - [2.47] is the segregated
Picard-iteration algorithm, and a second-order centred differences scheme is used to compute
the derivatives.

The segregated Picard iteration algorithm decouples the governing system of equations into
a set of independent equations that are solved sequentially. This is an iterative method, thus
the solutions progressively become more accurate with each iteration.

3.2.1 Discretization

The governing equations are discretized using the centred difference scheme which stipulates
that the first- and second-order derivatives can be approximated using finite differences. Let
1) be a twice continuously differentiable function, its first- and second order derivatives are
evaluated as follows :

d Yy +Ay) =9y —Ay)
& Yy + Ay) —2¢(y) + ¢y — Ay)
dy? W)~ (Ay)? .
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To keep track of the iterations at which the computations are performed and the position
within the grid at which it was computed, the superscript n is introduced to represent the
iteration number while the subscript ¢ denotes the corresponding grid point. Therefore, Equa-
tions [3.3] and [3.4] can be written at iteration n as follows :

d i1 — Vit
— ~ — 3.5
d? i — 27
N i T (3.6)
d2y ( ) y=t (Ay)Q

Where Ay represents the discretization step between consecutive points along the y-axis.

3.2.2 Under-relaxation factor

The under-relaxation factor is introduced to improve the stability of the iterative solutions
obtained by the algorithm. This factor limits the changes a variable undergoes between two
successive iteration. It is necessary to control the changes of the variables due to the non-
linearity nature of the governing equations. The under-relaxation is implemented using the
following update-rule.

Pt = (1= M) Y + My (3.7)

Where A is the relaxation factor whose values are in the interval 0 < A < 1, and, v refers to
the intermediate value obtained by solving a discretized equation.

Note that if A = 0, there are no updates and each iteration remains identical to the previous
one. Conversely, if A = 1 the next iteration is equal to the intermediate value obtained by
solving the semi-implicit scheme, which means that the intermediate value is fully accepted
without under-relaxation.

There exist a trade-off between the convergence rate and the numerical stability of the algo-
rithm. Indeed, as the value of A\ decreases, the convergence rate decreases as well while the
numerical stability improves.

3.2.3 Initial conditions

The initial conditions refers to the starting values of the unknowns of the system. These values
are set to the following values :

ug, =0, ul =0, ¢l =0d, Pl =0(0) (3.8)

These initial values are valid at the first iteration n = 0 for all points in the grid.

3.2.4 Computation sequence

The program starts with first-guess values for the unknown py, uy, u, and ¢, as given in Equa-
tion [3.8]. The program then proceeds with solving the discretized governing equations. The
equations are solved sequentially, following the order in which the intermediate values are
obtained: ¢7, u}, u; and finally py.
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The intermediate value ¢ is obtained by solving the semi-implicit scheme of the compaction
equation [2.47].

(v 470 ) @t — (i + 200 ) o+ (i, +08) @
= =2(Ay)" (pL; — 52) (9)

The intermediate value of u} is determined by solving the semi-implicit scheme of the balance
of momentum of the fluid phase [2.44].

= (on e, ), + (oh, 20+ 0, ) up — (00, + 00w
= 2Re (Ay)? [07 (u}, —ul) — F (1 —¢7)] (3.10)

The intermediate value of u} is computed the same way the previous values were, by solving
the semi-implicit scheme of Equation [2.45].

(,u’; ?Z + ,u?iH ?i+1) U;H - (;u?i,l Zi,l + 2“; ZZ + MZ‘H Zi+1) u;
(s 0 0k ), = —2Re(Ay)? [0F (uf —ul) = Fol] (1

The last intermediate value to be computed is p%, which is determined using Equation [2.46].
This differential equation is integrated yielding the following result :

dug
dy
Where C' is the integration constant.
The discretization of [3.12] yields the following semi-implicit scheme :

1

__,un¢s

2
Re

dy

2
1 n n ?i+1 - u?i—l n < ?i+1 - 7511'—1) e " gb* (3 13)
T piHn s s = D5, P, :
ReM 7 i QAy /y i 4 (Ay)Q i i

The expression of the integration constant C' is not given as it is long and cumbersome, how-
ever it should be noted that C' is a function of f3;, the Reynolds number Re, the slip velocity
||us — ugl|, the volume fraction of the granular phase ¢, 75 and .

Once all intermediate values have been computed, the relative error € is evaluated using the
lo-norm to determine whether the convergence criterion is satisfied. Convergence is attained
if the relative errors associated with all four unknowns (i.e. @5, uy, us and p;) are all below the
threshold value set for the convergence.

_ v =il
€= ———"
(2
If the convergence criterion is not met, all unknowns are updated for the next iteration n + 1
using Equation [3.7].

Vi e [0, N —1] (3.14)

Note that all the computations above assume that i € [1, N — 2] where N denotes the number
of points in the grid. The boundary points i = 0 and ¢ = N — 1 are accounted for using the
boundary conditions, which are implemented according to the procedure described in Section
3.3.
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3.3 Boundary Conditions

The numerical algorithm is not complete without the boundary conditions introduced in Sec-
tion 2.4. The complexity of implementing a boundary condition depends on its type. There are
three types of boundary conditions considered in this project: Dirichlet boundary conditions,
Robin-type boundary condition and finally a conservation-type boundary condition.

The boundary condition applied on each unknown is computed simultaneously with the un-
knowns of the bulk that need to be determined at the corresponding step of the resolution
sequence. Therefore, the intermediate values on the walls of the channel are first determined
before being updated using Equation [3.7].

The boundary condition applied to the granular volume fraction ¢, is a conservation-type
boundary condition. This implies that all the variables, those of the bulk and those on the
walls of the channel, need to be considered in the numerical formulation. The definite inte-
gral present in Equation [2.51] is translated to a finite summation in the numerical model.

N—

> oh =20, and ¢ =45, (3.15)

1=

—_

The constraint applied to the fluid velocity on the surface walls is the no-slip boundary con-
dition. This constraint follows Equation [2.48], which is easily implemented as it is a Dirichlet
boundary condition.

uyp, =0 (3.16)

This formulation of the fluid velocity is valid only on the walls, implying that ¢ = 0 and
1=N—1.

The constraint applied to the granular velocity depends on the choice made before the ex-
ecution of the program. If the no-slip boundary condition is selected, then it follows the ex-
pression [3.16] with the sole difference that u}, is replaced by u.

The true-slip boundary condition described in Definition [2.4.3] is implemented as follows.

uy, = Aqipuy, (3.17)

Where m = (N — 1) /2 denotes the middle point of the y-axis grid at which the maximal
velocity uj is predicted to occur.

The apparent-slip constraint is a Robin-type boundary condition, which requires the dis-
cretization of the derivative present in Equation [2.49]. Note that using a central finite dif-
ference on the boundary is not recommended on a boundary as it would require the use of a
ghost point which would increase the size of the grid. The method employed was to consider
the symmetry of the channel and to use a forward finite difference on the wall.
The first-order forward finite difference evaluates first-order derivative as follows.

i1 — U

d
d_y¢<y) . ~ Ay (3.18)
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The apparent-slip boundary condition is implemented and given by the expression below.

u?, = Bud (1 - ) (_7,+— +(1—gp) LK (3.19)
Z ’ Om/) \ 1y Ay (=) Ay

Note that the coefficient 3,, is set to unity, and y; denotes the fluid viscosity coefficient. Since
Equation [3.19] uses a forward-finite difference scheme, the subscript ¢ is set to 0. The sym-
metry of the channel allows u,:,  to be equal to ug;.

The last constraint to implement is a Dirichlet boundary condition applied to the granular
pressure p;. Its formulation is given below.

ps, = Bolog (1 - aﬁ_*) (3.20)
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4 Numerical results and discussion

The simulations were performed to compare the different boundary conditions applied to
the velocity of the granular phase. Accordingly, the simulations are divided into three main
groups: no-slip, true-slip, and apparent-slip.

Within each group, the simulations are further divided into two subgroups according to the
average volume fraction of the granular phase ¢, and, consequently, the corresponding con-
stant pressure gradient driving the flow Fx.

Finally, within each subgroup, the simulations are divided into two categories: variations of
~o while keeping [, constant, and vice versa. This results in six simulations per subgroup.

This chapter is structured into three sections. The first three present the results concern-
ing the granular volume fraction ¢,, the granular pressure p;, and the velocity us and u,.

The algorithm was validated under the no-slip boundary conditions applied on the granu-
lar velocity us by the LouvaiN ScHOOL OF ENGINEERING in the paper Monsorno et al. [2017].
Consequently, the results obtained under this boundary condition will serve as a point of com-
parison for the true- and apparent- slip boundary conditions.
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4.1 Volume fraction

TRUE - Slip : § = 0.298, Fy = 95000[Pajm], fo = 0.05[Pa] ApparentSlip : \overline{\phi}_s = 0.298, F_X = 95000 [Pa / m], \beta_0=0.05 [Pal$
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(a) True-slip (b) Apparent-slip

No— Slip: ;= 0.298, Fx = 950001 Pa/m, By = 0.05[Pal

position

(c) No-slip
Figure 4.1: Granular volume fraction for 3, = 0.05[Pa] and ¢, = 0.298

The first observation is that the true-slip and apparent-slip cases exhibit profiles similar to
those obtained for the no-slip case. The main expected difference between the three configu-
rations lies in the behaviour of the granular volume fraction at the walls. In both slip cases,
granular particles are present at the surface walls of the channel. Interestingly, the results
obtained for 7y = 107® and 7y = 107 are nearly identical. Note that there is no result of
the true-slip case for 79 = 1071° due to many errors occurring and preventing any form of
correct data to be exploited. These errors range from a poorly chosen under-relaxation factor
to false convergence, i.e. the program assumes convergence as there the relative difference is
respected but there are no physical meaning behind these kind of results.

The granular particle concentration for 7y = 10 in the apparent-slip case exhibits a peculiar
behaviour near the boundary of the channel. Indeed ¢, increases drastically at these locations
compared to the other values of 7. This result may indicate an extreme case of reduced shear
rate, or this corresponds to an edge case, i.e. an input parameter that approaches the limit of
the numerical model. This behaviour can only be determined by examining the other results
obtained under the same conditions. Before doing so, let us determine the effects of 7, on the
granular volume fraction ¢;.

The influence of 7 is shown in Figure [4.1], as 7, decreases the concentration of grains in-
creases in the centreline of the channel. This phenomenon can be explained by combining the
compaction equation [2.47] with the definition of 4 given by Equation [2.39]. The resulting
expression makes the influence of the coeflicient v, on ¢ explicit.

ps — Bs + ’Yoi (d)?d(bs) =0 (4.1)

dy dy
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The algorithm solves the compaction equation by treating p; and [3; as parameters whose
values are set to those obtained in the previous iteration while considering ¢, as the variable
of the equation. Consequently, the granular volume fraction profile is inversely proportional
to the value of 7y which corroborates the observation made. Indeed, the resolution of the first
step of the algorithm (at iteration n) consists of solving a tridiagonal matrix whose solutions
are proportional to the constant vector.

TRUE - Slip : §, = 0.298, F, = 95000[Paim], yo = 10~°[kg. m/s?] Apparent - Slip : §. = 0.298, Fx = 95000[Pajm], yo = 10~[kg. m/s?]

(a) True-slip (b) Apparent-slip

No - Slip : §; = 0.298, Fx = 95000[Pa/m], yo = 10~[kg. m/s?]

000
Position

(c) No-slip
Figure 4.2: Granular volume fraction for 7y = 10~[kgm/s?| and ¢, = 0.298

Figure [4.2] presents the granular volume fraction profiles obtained while keeping 7y, con-
stant. Let us determine how the variations of 3, has an effect on the granular volume fraction.
Comparing the apparent-slip and the no-slip cases reveals similar behaviour. As expected, the
main difference lies in the behaviour on the surface walls. A complementary observation is
that decreasing the value of (3, leads to an increase of the concentration of granular particles
in the centreline of the channel. This is explained by recalling that fs(¢;) is defined as the
intergranular stress, which characterizes the resistance of the granular phase to compaction.
Therefore, a lower value of 3, corresponds to a lower resistance to compaction, allowing more
particles to migrate towards the centreline.

For the true-slip case, it should be noted that for 5, = 0.5, the granular volume fraction pro-
file is nearly identical to those of the apparent- and no-slip cases. However, for /3, set to 0.005
and 0.0005 the profile reaches a zero-value around the points y ~ £0.7. This abrupt change
in behaviour between 0.05 and 0.005 and the vanishing granular volume fraction seems to
deviate from the expected physical behaviour of a granular suspension under plane Poiseuille
flow. This suggests that true-slip boundary condition reached an edge case. The lower limit
of 3y in the true-slip case is, a priori, 0.005.
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TRUE - Slip: §, = 0.411, Fx = 169560(Pa/m}, Bo = 0.05[Pa] Apparent = Slip: . = 0.411, Fx = 169560[ Pa/m], f = 0.05(Pal

000 035 050 075 100 oo o075 a0 025 00
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(@) True-slip (b) Apparent-slip
Figure 4.3: Granular volume fraction for 3, = 0.05[Pa] and ¢, = 0.411

Let us examine the influence the average granular volume fraction grain size ¢,, and by ex-
tension the constant pressure gradient F'x, has on the previous results.

An obvious but nonetheless important observation is that increasing the average volume frac-
tion directly shifts each granular volume fraction profile upwards. Note that the no-slip case
is not included, as it does not exhibit any significant differences from the profiles presented
previously, unlike the true- and apparent-slip cases. Aside from the overall profile shape, the
main noticeable difference is the behaviour of the granular volume fraction on the surface
walls of the channel in the true- and apparent-slip cases.

TRUE = Slip : 3, = 0.411, Fx = 169560[Pa/ml, yo = 10~Tkg. mis’] Apparent ~ Slip : 3, = 0.411, Fx = 169560[Paim], yo = 10-°[kg. m/s]

Position Rosition

(a) True-slip (b) Apparent-slip
Figure 4.4: Granular volume fraction for vs = 10~[kgm/s? and ¢, = 0.411

Let us first review the results obtained in the true-slip case, Figures [4.3a] and [4.4a] show that
the vanishing granular volume fraction observed previously reappears, although it is now lo-
cated closer to the surface walls of the channel. The edge-case seems to occur for similar
values of ). However when [, is kept constant, values of 7, that were previously physically
correct no longer do. It seems that increasing the average volume fraction have reduced the
tolerance of the program against edge-case associated with 7, parameter.
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4.2 Pressure
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Figure 4.5: Granular pressure for 3, = 0.05[Pa] and ¢, = 0.298

Figure [4.5] shows the granular pressure p; across the boundary conditions and the variation
of 7y. Note that the sign of the granular pressure has a physical meaning. A positive pressure
denotes a compressive stress acting on the granular particles whereas a negative pressure
corresponds to a tensile stress. These two types of stress respectively result in the compaction
and expansion of the granular phase, with the latter causing the grains to move away from
one another.

All the granular pressure profiles exhibit the same behaviour. As the value of v, decreases,
the peak pressure of the compaction zone in the middle of the channel decreases whereas
the width of the compaction zone becomes narrower. It is observed that at 7y = 107!, the
granular pressure is a priori positive everywhere in the channel except on the boundaries. The
effect of the narrower compaction zone can also be observed in the granular volume fraction
profile. Indeed, when reviewing each granular pressure profile with its associated granular
volume fraction profile, it can be observed that the concentration of granular particles in the
centreline of the channel is directly correlated to the granular pressure distribution.
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Figure 4.6: Granular pressure for v, = 10~°[kgm/s%] and ¢, = 0.298

Following the observations made earlier concerning the link between the granular volume
fraction and the granular pressure, which already existed in the governing equations, it is
only natural to extend the verification with the variations of .

The values for which there was an edge-case are consistent with the observations made in
Section 4.1. The effect of these edge-cases manifests as a spike at the location where the
granular volume fraction vanishes.

TRUE ~ Slip: §; = 0.411, Fx = 169560[Pa/m], Bo = 0.05[Pal Apparent — Slip : §; = 0.411, F = 169560[Pa/m], B, = 0.051Pa]
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Figure 4.7: Granular volume fraction for 3, = 0.05[Pa] and ¢, = 0.411
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Figure 4.8: Granular volume fraction for vs = 10~[kgm/s? and ¢, = 0.411

Figures [4.7a] and [4.8a] shows the effects of an edge-case applied on the pressure profile. The
values around the boundary of the channel takes values that have no physical meaning to it.

4.3 Velocity
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Figure 4.9: Fluid velocity for 3y = 0.05[Pa] and ¢, = 0.298

Figure [4.10] presents the fluid velocity profiles obtained while keeping (3, constant. The first
observation is that the influence of v, on the fluid velocity differs between the apparent-slip
case, and the no- and true-slip cases. In the apparent-slip case, the maximum fluid velocity
decreases as 7y, decreases. Conversely, for the no- and true-slip cases, the maximum fluid ve-
locity increases as 7, decreases.

The second observation is that the fluid velocity profile for the apparent-slip case exceeds
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unity, indicating that the fluid velocity surpasses the reference value. In contrast, the max-
imum velocities for the no- and true-slip cases remain respectively around 0.8 and 1. This
can be explained by the differences in the behaviour of the granular particles near the surface
walls. Indeed, for a granular particle to move faster it must to encounter less resistance of
flow, i.e. the lesser the shear stress, the faster the granular particles move. Each boundary
conditions applied on the granular phase has a different shear rate profile at the boundary of
the channel. The no-slip boundary conditions has the highest shear rate of the three since
the tangential velocity is always set to zero. The true-slip constraint sees its shear rate be less
than of the no-slip, and finally the apparent-slip condition is assumed to have an even lower
shear rate. The link between the shear rate and shear stress is the following.

shear stress = 15 shear rate (4.2)

Where ¢ is the fluid viscosity and constant across all simulations. The apparent-slip case
possesses the lowest shear rate, so the lowest shear stress and in turn has the fastest velocity
profile.
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Figure 4.10: Granular velocity for 7y = 107°[kgm/s*| and ¢, = 0.298

Let us consider the granular velocity profiles and compare them with the corresponding fluid
velocity profiles. The comparison shows that the velocity of the granular phase u, and that
of the fluid phase u; are nearly identical, with the latter being slightly faster. This can be ex-
plained by a strong viscous drag that exchanges momentum between the two phases. Indeed,
by using the expression of the semi-implicit scheme [3.10] and considering that the drag co-
efficient 07 is a relative large number, it follows that the velocity slip u}, — u;, must remain
small in comparison for the right-hand side of the scheme to remain a finite number.
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5 Conclusion

The objective of this master thesis was to investigate the influence of the boundary condition
applied to the solid phase of a dense granular suspension under a laminar plane Poiseuille flow.
This work accounted for three constraints that were compared between each other, namely
the no-slip, the true-slip and the apparent-slip boundary conditions.

The numerical study was conducted using a two-phase continuum model describing the fluid
and granular phases. This system of equations was complicated to implement, therefore a re-
duced governing system of equations was determined using the geometry of interest. The nu-
merical algorithm used in this study was provided and developed within the Louvain ScaooL
oF ENGINEERING. This algorithm implements the reduced governing equations and are solved
after discretization of its unknown.

The profiles of each output shows that the boundary condition applied on the granular ve-
locity has a limited influence en the shape of its curve. Varying the coefficients 7y and [,
shows the limit of the program when the true-slip constraint is considered.

The true-slip boundary conditions, despite its simple expression, has the most difficulties to
reach convergence. There are three main reasons for such a low convergence rate. Firstly, the
simulation might run into a singular matrix due to a vanishing ¢y, this observation is espe-
cially true if a simulation involves the true-slip boundary condition.

Secondly, the small under-relaxation factor needed to maintain stability which can make a
simulation run for over a month before converging. Finally, the simulation might wrongly
converge to a solution that has no physical meaning to it.

The simulations done in this master thesis proved the limit of the algorithm for certain values
of the studied parameters as some were edge-case for the true-slip constraint.

Further simulations should be considered, with more varying values of 7 and /3, to determine
if the range of physically plausible solutions is restricted. The numerical algorithm could im-
prove its robustness against instability associated to the true-slip constraint. The boundary
conditions, especially the apparent-slip constraint, could be updated as there are more studies
on the subject nowadays.
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