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Abstract

Many fields of engineering require the global minimization of objective functions de-
fined over high-dimensional domains. To ensure tractability, it is crucial to develop
optimization methods that exploit structural properties of these functions to accel-
erate computations. The baseline of this work concerns functions with low effective
dimension, which depend only on a linear subspace of the full domain, referred to
as the effective subspace. The objective of this thesis is to study generalizations of
this concept.

The first part of this work focuses on functions with approximate low effective di-
mension, where deterministic variations remain small in the orthogonal complement
of the effective subspace. Theoretical results are established to characterize this
extension, and existing algorithms are adapted accordingly. Numerical experiments
are performed and demonstrate the competitiveness of the resulting extension.

The second part addresses the problem of identifying the effective subspace of func-
tions with low effective dimension in scenarios where only noisy evaluations of the
objective function are available. A Riemannian optimization framework is adopted
for this purpose. This approach improves estimation accuracy and is more robust
to noise, although it incurs higher computational costs and reduced scalability with
increasing ambient dimension.
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Introduction

This master thesis considers the unconstrained global optimization problem

min
x∈RD

f(x), (1)

of f : RD → R, with f continuously differentiable, possibly non-convex and deter-
ministic. The domain dimension D could be very large. This situation is encountered
for instance in (over-parametrized) neural networks [54, 7, 71, 42], where the num-
ber of (hyper-)parameters to be optimized is rather large, even for small networks.
This situation is encountered in high-dimensional statistics, where the number of
features in the data is typically large [29, 57]. In such contexts, estimating param-
eters through the minimization of a loss function, such as in maximum likelihood
estimation, can be computationally demanding. High-dimensional Bayesian opti-
mization is also relevant in areas such as control and policy search; see, for example,
the introductions of [75, 27] for related applications. Learning theory problems also
involve high-dimensional optimization, particularly in the recovery of sparse vectors
in large-dimensional spaces [70]. Similarly, the inference of causal effects in the
modeling of physical and biological systems often depends on a large number of pa-
rameters [50, 34], resulting in large-scale optimization problems linked to statistical
estimation. Further applications arise in high-dimensional signal processing, driven
by the increasing use of multi-sensor systems [45].
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Figure 1: A simple fully connected neural network without bias terms. The number
of parameters (weights) to tune is equal to 1024× 16 + 16× 5 + 5× 2 = 16474.
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High-dimensional problems are not only challenged by the exponential growth of the
search space, but also by the increased computational cost of standard optimization
tools, such as (finite-difference approximations of) gradients and Hessians. In other
words, such problems face the curse of dimensionality. The growing dimensionality
of modern problems in science and engineering creates a pressing need for scalable
dimensionality reduction methods tailored to large-scale optimization.

A common strategy to mitigate the challenges of high dimensionality is to restrict the
optimization process to a lower-dimensional subspace. Coordinate descent methods,
a local method performing first-order updates along individual coordinates, signif-
icantly reduce the computational cost per iteration [2, 8]. Their effectiveness in
large-scale settings has been established in various contexts, notably in [52]. These
methods have been extended to their block-coordinate counterparts, enabling up-
dates along subsets of variables, as developed in [43, 41]. Such approaches are widely
applied in large-scale optimization tasks, particularly in machine learning and sig-
nal processing, see, e.g., [4, 73, 56]. Further generalizations include proximal and
higher-order variants designed for nonlinear optimization, such as randomized sub-
space Newton methods and cubic regularization techniques [31, 33, 32]. When first-
order informations are not available, one can rely on derivative-free optimization.
Several local algorithms were developed using one-dimensional random subspaces,
see [6, 53, 63]. A low-dimensional approach is proposed in [19], for the particular
case of nonlinear least-squares problems.

While the previous methods focus on local optimization, this master thesis addresses
global optimization, where high dimensionality further complicates the search due
to the presence of numerous local minima. Stochastic approaches, such as simu-
lated annealing and multistart methods, offer practical alternatives [28]. Simulated
annealing mimics thermal annealing to probabilistically escape local minima, while
multistart methods increase global coverage by running local searches from multiple
initial points. For a brief history of global optimization, see [46, Section 1.3]. For a
complete introduction, see [35].

Fortunately, in many practical applications, the objective function f of (1) exhibits
an exploitable structure: it varies significantly only along a low-dimensional sub-
space S ⊂ RD, with dim(S) = de ≪ D. Such functions are commonly referred to
in the literature as having low effective dimension or effective subspace, or as being
multi-ridge or low-rank. Many methods aim to learn the subspace of variation of f
for optimization purposes. Some of them build on active subspace theory, a frame-
work that captures the subspace of variation of a function using a second-moment
matrix of its gradient, see [22]. In [15], the authors leverage active subspace theory
to develop A-ASM, an adaptive algorithm that estimates the effective subspace of
variation of a function by iteratively solving low-dimensional optimization problems
and sampling gradients. The method is supported by probabilistic convergence guar-
antees. Active subspaces are also used in [23], in order to extend genetic algorithms.
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Other relevant frameworks include basis adaptation [66], which identifies subspaces
associated with low-dimensional quantities of interest, and global sensitivity analysis
[59], which assesses the influence of input parameters on the output of mathematical
models. Other works rely on the estimation of multi-ridge functions through queries
of point values, see [21, 26, 68]. In [21], the function f is such that f(x) = g(a · x),
with a ∈ RD. With the assumptions that a is sparse and compressible, along with
g exhibiting smoothness, a is estimated with polynomial complexity depending on
the number of sampled points, providing an estimate of the direction of variation of
f . The authors of [26] generalizes this to the setup f(x) = g(Ax) with A ∈ Rde×D,
still with smoothness and sparsity assumptions. The latter is dropped in [68].

Random embeddings, projections of high-dimensional points onto low-dimensional
subspaces, have been applied to global optimization, particularly for functions with
low effective dimensionality [17, 18], where the effective dimensionality is usually
unknown. The authors of [18] assumes the objective varies only along a known
low-dimensional subspace and leverages random matrix theory to derive sharp suc-
cess probabilities. In contrast, the paper [17] introduces the more general X-REGO
framework, which requires no prior knowledge of the effective dimension and applies
to both constrained and unconstrained problems. Its convergence analysis is based
on conic integral geometry and yields almost sure global convergence under mild
conditions. Some works also cover the global optimization of functions with low
effective dimension in the constrained case, see [16]. See also the recent work [55]
for a broader perspective on the global optimization of functions with low effective
dimension.

This thesis investigates a generalization of the low effective dimensionality assump-
tion commonly employed in global optimization. The assumption is relaxed by
considering functions that exhibit an approximate low effective dimension, in either
a deterministic or stochastic sense. The first chapter focuses on stating and proving
implications between assumptions used for characterizing the low effective dimen-
sionality hypothesis. The second chapter focuses on deterministic perturbations,
drawing on the theory of active subspaces and the generalization of theoretical re-
sults derived in the first part, to identify dominant directions. The third chapter
addresses stochastic perturbations, using Riemannian optimization techniques to
explore the underlying low-dimensional structure when facing noisy queries of the
function as the only available information. This work stems from generalizing the
work of [15], and will thus be based on some results presented in it.

All experiments in this thesis are conducted using Julia [9], a high-level programming
language that combines execution speed with an expressive syntax. Julia’s just-
in-time (JIT) compilation and support for multiple dispatch make it well-suited
for numerical optimization and the development of custom solvers. Its growing
ecosystem and interoperability with Python, C, and Fortran further enhance its
practicality for scientific computing.
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Chapter 1

Existing Work

This chapter revisits foundational results concerning functions with low effective di-
mension, a structural property leveraged to reduce the complexity of high-dimensional
optimization problems. A function is said to have low effective dimension if it ex-
hibits significant variation only along a low-dimensional linear subspace of the input
space. See Figure 1.1 for an illustration.
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Figure 1.1: Two functions with low effective dimension. (a) Levy function - Set w1 =

1 + x1−1
4

and define f1 : R2 → R : (x1,x2)→ sin2(πw1) +
(
x1−1
4

)2 [
1 + sin2(2πw1)

]
.

The effective subspace is spanned by (1, 0) and the constant subspace is spanned by
(0, 1). (b) Define f : R2 → R : (x1,x2)→ sin2(x1−x2−0.5). The effective subspace
is spanned by (−1, 1) and the constant subspace is spanned by (1, 1).

The discussion begins by precisely defining the low effective dimension property.
Particular attention is given to the relationship between the function’s gradient
structure and the so-called effective subspace, along which the function varies. In
practice, this subspace can be identified by analysing the spectral properties of a
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matrix constructed from gradient information.

The purpose of this chapter is to make these assumptions explicit, clarify the links
between different formulations of the low effective dimension property, and refor-
mulate key results in a way that facilitates their extension to functions exhibiting
approximate low effective dimension. The reformulated results serve as a foundation
for the generalization pursued in the next chapter. We start with a definition of such
functions, taken from [72, Section 3].

Definition 1.1 (Definition 1 in Wang et al, [72]). A function f : RD → R is said
to have effective dimensionality de, with de ≤ D, if

• there exists a linear subspace S of dimension de such that for all x⊤ ∈ S ⊂ RD

and x⊥ ∈ S⊥ ⊂ RD, we have f(x⊥ + x⊤) = f(x⊥), where S⊥ denotes the
orthogonal complement of S ;

• de is the smallest integer with this property.

We call S the effective subspace of f and S⊥ the constant subspace of f .

In Figure 1.1, both functions have effective dimensionality de = 1. The effective
direction does not necessarily coincide with a canonical axis. For functions f :
RD → R with low effective dimension, identifying the active subspace requires an
analysis of the spectrum of the matrix

C =

∫
∇f(x)∇f(x)Tρ(x)dx = Ex∼ρ

[
∇f(x)∇f(x)T

]
, (1.1)

where ∇f is the gradient of f and ρ is a probability density on RD. Note that
C ∈ RD×D. In practice, one uses Monte-Carlo sampling to approximate C,

Ĉ =
1

M

M∑
i=1

∇f(x(i))∇f(x(i))T . (1.2)

When no first-order informations of f are available, one uses the following approxi-
mation

∇f(x) ≈ gh(x), [gh(x)]i =
f(x+ hei)− f(x)

h
for i = 1, ..., D, (1.3)

where ei is the i-th canonical vector of the D-dimensional Euclidean space.

In [15], it is shown that if f exhibits low effective dimension, the spectrum of the
matrix C is related to the effective subspace of f . Specifically, under certain addi-
tional assumptions, the effective subspace S coincides with range (C). This chapter
examines a set of assumptions that characterize functions with low effective dimen-
sion, with the aim of formally identifying the conditions under which this property
holds.
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1.1 Low effective dimension and active subspaces

This section presents results on functions with low effective dimension and active
subspaces, which will be extended in Section 2.1. Although several of these results
appear in [15], the purpose here is to clearly identify the elements that require gener-
alization, as the relevant assumptions and their equivalence are not stated explicitly
in that work. Particular emphasis is placed on the spectral properties of the ma-
trix C.

While Definition 1.1 provides useful insight into the low effective dimension property,
a more precise formulation is required to enable its practical exploitation in numer-
ical algorithms, as well as its extension to functions with approximate low effective
dimension. As a first formulation, consider Proposition 1.1, where the derivation,
left to the reader in [15], is made explicit.

Proposition 1.1 (Reformulation of Assumption 2.3, [15]). Assume that the function
f : RD → R has effective dimensionality de with effective subspace S and constant
subspace S⊥ spanned by the orthonormal columns of the matrices U ∈ RD×de and
V ∈ RD×(D−de), respectively. We write x⊤ = UUTx and x⊥ = V V Tx, the unique
Euclidean projections of any vector x ∈ RD onto S and S⊥, respectively. One has
for any x ∈ RD,

f(x) = f(UUTx). (1.4)

Proof. Construct first Q =
(
U V

)
∈ RD×D. By construction, Q is an orthonormal

matrix, as its columns are orthogonal with each other, are of unitary norm, and they
span the whole RD. Hence QQT = ID, with ID the identity matrix of dimension
D ×D. Note also that QQT = UUT + V V T . Then,

f(x) = f(QQTx) = f(UUTx+ V V Tx)

= f(x⊥ + x⊤) = f(x⊥) = f(UUTx).

Proposition 1.1 characterizes the low effective dimension assumption in terms of the
effective subspace spanned by the columns of U . For the purpose of generalization,
it is helpful to introduce an assumption that explicitly reflects invariance along
the subspace spanned by the columns of V . This perspective is motivated by [15,
Lemma 2.7], which supports the following assumption for functions with low effective
dimension.

Assumption 1.1 (No variation of the objective along a (D−de)-dimensional linear
subspace). There exists V ∈ RD×(D−de) with orthonormal columns such that, for all
x ∈ RD,

∥V T∇f(x)∥ = 0.

This is equivalent to requiring that the projection of the gradient onto any basis
vector of the constant subspace is zero. An alternative and intuitive formulation
for functions that exhibit no variation in certain directions is to characterize this
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invariance with respect to vectors lying in the subspace spanned by the columns of V .

Assumption 1.2 (Constant objective along a (D−de)-dimensional linear subspace).
There exists V ∈ RD×(D−de) with orthonormal columns such that, for all x ∈ RD

and for all u ∈ RD−de,
f(x) = f(x+ V u).

The vector u can be taken as V Ty, for y ∈ RD.

This implies that the function remains invariant under any linear combination of
the vectors spanning the column space of V . The assumptions introduced above are
related, as stated in the following proposition.

Proposition 1.2. Let f be a continuously differentiable function with low effective
dimension. Assumption 1.1 is equivalent to Assumption 1.2.

Proof. First implication. Assumption 1.1 ⇒ Assumption 1.2. Define

g(τ) = f (x+ τ (x+ V u− x)) = f (x+ τV u) .

By the fundamental theorem of calculus,

f(x+ V u)− f(x) = g(1)− g(0) =

∫ 1

0

g′(τ)dτ.

One can compute

g′(τ) =
d

dτ
f(x+ τV u) = ∇f(x+ τV u)T (V u).

Due to Assumption 1.1, it follows that

f(x+ V u)− f(x) = 0.

Second implication. Assumption 1.2 ⇒ Assumption 1.1. Let V ∈ RD×(D−de)

such that V =
(
v1, , . . . , vD−de

)
, with V satisfying Assumption 1.2. Notice that∥∥V T∇f(x)

∥∥ = 0 ⇔ vTi ∇f(x) = 0, for i = 1, . . . , D − de.

Consider an arbitrary i ∈ {1, . . . , D − de}. Take u = hei, with h > 0 and ei the
i-th canonical vector. By Assumption 1.2, and by the definition of the directional
derivative

Df(x) [vi] = lim
h→0

f (x+ hvi)− f(x)

h
= vTi ∇f(x) = 0.

As it holds for an arbitrary i ∈ {1, . . . , D−de}, we have shown the desired result.

Consider now the active subspaces framework, as introduced in [22]. According
to the following theorem, the effective subspace of a function with low effective
dimension corresponds to the range of the matrix C.
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Theorem 1.1 (Theorem 2.9 from [15]). Let f : RD → R be continuously differ-
entiable, and let ρ have support over the whole RD. Let C be defined as in Equa-
tion (1.1). Then, rank(C) = de if and only if f has effective dimensionality de. In
this case, the effective subspace of f is S = range(C).

Theorem 1.1 establishes an initial connection between the spectrum of C and the
low effective dimension assumption. If rank(C) = de, then C has exactly de positive
eigenvalues. Each of these is associated with an eigenvector such that S = range(C).
Consequently, the remaining D−de eigenvectors correspond to zero eigenvalues and
span the constant subspace of f . The matrix U can therefore be formed by stacking
the first de eigenvectors, and V by stacking the last D − de eigenvectors.

Finally, it is useful to characterize the spectrum of C more precisely. In practice,
C can be computed numerically, and its low-dimensional structure can be inferred
through an eigenvalue decomposition. The following result from [22] formalizes this
observation.

Lemma 1.1. The matrix C as defined in Equation (1.1) is symmetric and positive
semidefinite. Moreover, let (λi, vi) be an eigenpair of C. The mean-squared direc-
tional derivative of f with respect to the eigenvector vi is equal to the eigenvalue
λi,

λi = vTi Cvi =

∫ (
∇f(x)Tvi

)2
ρ(x)dx.

According to Lemma 1.1, if an eigenvalue of C is equal to zero, this indicates that
the function exhibits no variation in the direction spanned by the corresponding
eigenvector. Together, Lemma 1.1 and Assumption 1.1 motivate the following as-
sumption.

Assumption 1.3 (Tail of the spectrum of C). The eigenvalues of C are such that

λi = 0, i = de + 1, . . . , D.

As an illustration of Assumption 1.3, see Figure 1.2.
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Figure 1.2: Analysis of the eigenvalues of Ĉ for functions with low effective dimen-
sion. (a) Hartman 6-dimensional function embedded in a 20-dimensional space. The
effective dimension is 6. See Appendix A.2.7 for more details. The Monte-Carlo es-
timator Ĉ is constructed using M = 100 samples. (b) The function has effective
dimension equal to one. M = 10. See Equation (A.1) for more details.

It turns out that Assumption 1.1 and Assumption 1.3 are equivalent. Before showing
this equivalence, we state an intermediate result.

Proposition 1.3 (Theorem 1.2 of [60]). Let C be defined as in Equation (1.1).
Then,

min
V ∈RD×(D−de)

V TV=ID−de

trace(V TCV ) =
D∑

i=de+1

λi

where λi, i = de + 1, . . . , D are the D − de smallest eigenvalues of C, assuming
λ1 ≥ · · · ≥ λD.

See Appendix C for a geometric illustration of this result.

Proposition 1.4. Let f be a continuously differentiable function with low effective
dimension. Assumption 1.1 is equivalent to Assumption 1.3.

Proof. First implication. Assumption 1.1 ⇒ Assumption 1.3. Note that

λi = 0, i = de + 1, . . . , D ⇔
D∑

i=de+1

λi = 0,

since C is symmetric and positive semidefinite. Take V ∈ RD×(D−de) satisfying
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Assumption 1.1. It follows that

trace
(
V TCV

)
= trace

(
V T

∫
∇f(x)∇f(x)Tρ(x)dxV

)
= trace

(∫
V T∇f(x)∇f(x)TV ρ(x)dx

)
= trace

(∫
V T∇f(x)

(
V T∇f(x)

)T
ρ(x)dx

)
=

∫ (
V T∇f(x)

)T (
V T∇f(x)

)
ρ(x)dx

=

∫ ∥∥V T∇f(x)
∥∥2
2
ρ(x)dx

= 0.

Applying the reasoning above, as well as Proposition 1.3, one gets,

0 ≤
D∑

i=de+1

λi = min
Y ∈RD×(D−de)

Y TY=ID−de

tr
(
Y TCY

)
≤ tr

(
V TCV

)
≤ 0,

which implies that
D∑

i=de+1

λi = 0.

Second implication. Assumption 1.3 ⇒ Assumption 1.1. Consider Lemma 1.1.
The integrand is positive semidefinite, for each i ∈ {1, . . . , D}. Then, if λi = 0 for
some i ∈ {de + 1, . . . , D}, one has vTi ∇f(x) = 0, with (λi, vi) an eigenpair of C.
Then V in Assumption 1.1 can be constructed as the aggregation of the D− de last
eigenvectors.

Based on the above proposition, one can conclude that Assumptions 1.1 to 1.3 are
equivalent.
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Chapter 2

Deterministic perturbations

This chapter investigates functions that, although not strictly low-dimensional, vary
predominantly along a low-dimensional subspace, while the orthogonal complement
exhibits only limited variation, subject to a bounded deterministic perturbation.
Such functions are said to have approximately low effective dimension. The analysis
examines how this structural property can be exploited, using techniques such as
active subspaces [22], to improve the scalability of global optimization algorithms.
An illustration of this concept is provided in Figure 2.1. The approximate effective
direction is spanned by (−1, 1) and the approximate constant direction is spanned
by (1, 1). Each valley of the function, represented by coloured lines on the right plot,
corresponds to a set of approximate minimizers. Thus, starting from an initial guess,
optimizing only on the approximate effective direction, one can get an approximate
global minimizer up to the magnitude of the perturbation, here [−0.05, 0.05].
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Figure 2.1: f : R2 → R : x→ sin2 (x1 − x2 − 0.5) + 0.05 sin (x1 + x2 − 0.5) .

The first section of this chapter focuses on formulating assumptions for the theoreti-
cal characterization of such functions. The second section describes the experimental
setup, including the construction of the test set and the development of algorithms
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that extend those proposed in [15]. The third section presents numerical results
along with a discussion of the approach’s limitations.

2.1 Generalization to approximate low effective

dimension

This section aims to generalize the assumptions derived in Section 1.1. Under the
approximate low effective dimension assumption, the equality f(x⊥ + x⊤) = f(x⊥)
no longer holds. Consequently, deriving a definition analogous to Definition 1.1 is
of limited use, as a computational criterion is required. It is therefore necessary to
provide assumptions generalizing Assumptions 1.1 to 1.3. This motivates the work
carried out in Section 1.1 to state explicit assumptions. Assumption 1.1 can be
generalized as follows,

Assumption 2.1 (Bounded variations of the objective along a (D−de)-dimensional
linear subspace). There exists V ∈ RD×(D−de) with orthonormal columns and M1 > 0
(small) such that, for all x ∈ RD,∥∥V T∇f(x)

∥∥ ≤M1

As an illustration, consider the function

f : R2 → R, x 7→ sin(x1) + 10−5 sin(x2).

Clearly, the approximate constant subspace is spanned by (0, 1). Setting V = (0, 1)T ,

∇f(x) =
(

cos(x1)
10−5 cos(x2)

)
⇒

∣∣V T∇f(x)
∣∣ ≤ 10−5.

The interpretation of Assumption 2.1 relies on the assumption that the projection of
the gradient onto the approximate invariant subspace of f has small magnitude. As
an attempt to generalize Assumption 1.2, a Lipschitz-like assumption can be stated.

Assumption 2.2 (Lipschitzness in the almost constant direction). There exists
V ∈ RD×(D−de) with orthonormal columns and M2 > 0 (small) such that for all
x ∈ RD and for all u ∈ RD−de,

|f(x)− f(x+ V u)| ≤M2 ∥u∥ .

Similarly to Section 1.1, one can show that Assumption 2.1 implies Assumption 2.2.

Proposition 2.1. Let f be a continuously differentiable function satisfying Assump-
tion 2.1. Then Assumption 2.2 is satisfied.

Proof. By the use of the mean value theorem, one can find ξ ∈ (0, 1) such that

f(x+ V u) = f(x) +∇f ((1− ξ)x+ ξ(x+ V u))T (x+ V u− x) .
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Leading to

|f(x+ V u)− f(x)| =
∣∣∇f(x+ ξV u)T (V u)

∣∣
=
∣∣⟨u, V T∇f(x+ ξV u)⟩

∣∣
≤ ∥u∥

∥∥V T∇f(x+ V u)
∥∥

≤M1 ∥u∥ .

It follows from the proof of Proposition 2.1 that M1 = M2.

Consider again the active subspaces framework. An extension of Assumption 1.3
can be formulated to account for small variations in the spectrum.

Assumption 2.3 (Bound on the tail of the spectrum of C). The eigenvalues λ1 ≥
· · · ≥ λD ≥ 0 of the matrix C defined in Equation (1.1) satisfy

D∑
i=de+1

λi ≤M3

We show that Assumption 2.1 implies Assumption 2.3.

Proposition 2.2. Assumption 2.1 implies Assumption 2.3.

Proof. Assume that V satisfies Assumption 2.1. Then,

trace
(
V TCV

)
= trace

(
V T

∫
∇f(x)∇f(x)Tρ(x)dxV

)
= trace

(∫
V T∇f(x)∇f(x)TV ρ(x)dx

)
= trace

(∫
V T∇f(x)

(
V T∇f(x)

)T
ρ(x)dx

)
=

∫ (
V T∇f(x)

)T (
V T∇f(x)

)
ρ(x)dx

=

∫ ∥∥V T∇f(x)
∥∥2
2
ρ(x)dx

≤M2
1 .

Putting together the above reasoning and Proposition 1.3,

D∑
i=de+1

λi = min
Y ∈RD×(D−de)

Y TY=ID−de

trace
(
Y TCY

)
≤ trace

(
V TCV

)
≤M2

1
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For functions with low effective dimension, the matrix V is defined as the collection
of the lastD−de eigenvectors of C, corresponding to the zero eigenvalues. In the case
of functions with approximate low effective dimension, if V , constructed from the last
D− de eigenvectors, satisfies Assumption 2.1, then Assumption 2.3 also holds. This
implies that the function exhibits only limited variation along the directions spanned
by V . This insight motivates a numerical strategy for global optimization: the
matrix C is computed as defined in Equation (1.1), and its spectrum is analyzed to
identify the dominant eigenspace associated with directions of significant variation.
Since the eigenvalues reflect the magnitude of directional derivatives along their
corresponding eigenvectors, the spectral structure provides a direct basis for this
optimization approach.

2.2 Experimental setup

This section describes the algorithms introduced in [15] generalized to functions with
approximate low effective dimension. The construction of the testing set is presented
first.

2.2.1 Testing set

To construct a relevant set of functions for optimization, several benchmark func-
tions from [64] are employed. This library includes many functions commonly used
in global optimization as validation benchmarks; see, for example, [49, 40, 48], as
well as [15]. These functions are specifically designed to be challenging to optimize,
often featuring local minima and narrow valleys, making them suitable for assessing
algorithmic performance. A complete list of the test functions used in this master
thesis is provided in Appendix A.2.

To construct functions with approximate low effective dimension, the procedure
begins with the approach described in [15, Appendix B], which is recalled in Ap-
pendix A.1.1. The ”dummy directions” are modified to introduce low-magnitude
variation, as detailed in Appendix A.1.2. Given a function h : Rde → R, the result-
ing function is defined as

f : [−1, 1]D → R : x→ h(x̄) +
D∑

i=de+1

L

D − de
sin (ωixi + φi) . (2.1)

Here, x̄ denotes the restriction of the D-dimensional vector x to its first de com-
ponents. The constants L > 0, ωi, and φi are appropriately chosen for each
i ∈ {de + 1, . . . , D}. A random orthogonal matrix Q is generated to rotate the
basis, thereby avoiding alignment with the canonical axes. The resulting rotated
function takes the form f(QTx). By construction, the first de columns of Q span
the effective subspace, while the remaining D − de columns span the invariant sub-
space.
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Typically, the parameter L is chosen to be small relative to the variation in the
other directions, in order to ensure that the function exhibits an approximate low
effective dimension. The function is rescaled so that its global minimum lies within
the domain [−1, 1]. Figure 2.2 provides an illustration of how the spectrum evolves
with respect to the magnitude of the perturbation. In both cases, it can be verified
that the sum of the remainingD−de eigenvalues is less than L2 for each perturbation
magnitude L, in accordance with the prediction of Assumption 2.3.
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Figure 2.2: Spectrum of two functions with approximate low effective dimension.
(a) Adaptation of f : R2 → R : x → sin2 (x1 − x2 − 0.5) to 10 dimensions with ap-
proximate low effective dimensions. (b) Styblinski-Tang function in 10 dimensions.
See Appendix A for more details. M = 2000. The plot displays λ̃i = λi + 10−18, to
avoid numerical issues when computing the logarithmic value. The eigenvalues as-
sociated with the approximate invariant directions of magnitude − logL = 10 were
less than 10−20, which is what is expected from Assumption 2.3.

Finally, note that the optimal value of the new functions can be obtained by sub-
tracting the magnitude of the perturbation L to the original optimal value.

2.2.2 Algorithms

Since the focus is on functions with approximate low effective dimension, the al-
gorithms proposed in [15] must be refined and adapted to account for this relaxed
structural assumption. For consistency, the original algorithms to be adapted are
recalled in Appendix B. This section presents the necessary modifications for use
with functions of approximate low effective dimension. The procedure for estimating
the matrix C is outlined below.
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Algorithm 1 Estimating C, taken from [22]

1: Generate M samples
{
xj
S

}
independently from the probability density function

ρ. Set h > 0, a discretization parameter.
2: Compute gh

(
xj
S

)
for j = 1, . . . , M , as a finite-difference approximation of

∇f
(
xj
S

)
for j = 1, . . . ,M .

3: Return the estimate Ĉ

Ĉ :=
1

M

M∑
j=1

gh
(
xj
S

)
gh
(
xj
S

)T
.

The first algorithm considered involves solving the optimization problem over the
full-dimensional domain; see Algorithm 2. This algorithm serves as a baseline for
comparison and will be referred to as full domain throughout the remainder of this
document.

Algorithm 2 Full Domain

1: Use a global solver to solve
min
x∈RD

f(x)

Assume that the approximate effective dimensionality de is known a priori. Based
on the discussion at the end of Section 2.1, a natural extension of Algorithm 11 is to
consider the leading eigenspectrum of the matrix Ĉ. Since only de dimensions are
required, it is reasonable to take M = de. The corresponding algorithm, referred to
as approx-ASM, is defined in Algorithm 3. As shown in [15], choosing M = de
allows for the recovery of the effective subspace with high probability. It is expected
that in the context of approximate low effective dimension, this approach can still
yield meaningful results.

Algorithm 3 approx-ASM (known de)

1: Initialize p ∈ RD. The approximate effective dimension de is known.
2: Apply Algorithm 1 with M = de samples to compute Ĉ.
3: Compute a basis A of the range of Ĉ. The matrix A is such that A ∈ RD×de .
4: Calculate y by solving approximately,

min
y∈Rde

f (Ay + p) .

5: Construct the solution estimate x = Ay + p.

Now consider the case where de is unknown. In this setting, a method is required
to determine an appropriate cutoff in the spectrum of C, in order to select the
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eigenvectors to be included in the matrix A. Since the variation of f along each
direction is reflected by the corresponding eigenvalue, the selection strategy will
primarily rely on the eigenvalues of Ĉ. If the perturbation magnitude L is known, a
natural approach is to apply the result of Proposition 2.2. As an example, consider
a function constructed as in Equation (2.1),

f : [−1, 1]D → R : h (x [1 : de]) +
D∑

i=de+1

L

D − de
sin(xi).

The approximate effective subspace is spanned by

U =

(
Ide

0(D−de)×de

)
Note that

∇f (x) =



∂
∂x1

h (x [1 : de])
...

∂
∂xde

h (x [1 : de])

L cos (xde+1) /(D − de)
...

L cos (xD) /(D − de)


.

To find a V ∈ RD×D−de satisfying Assumption 2.1 such that V TV = ID−de , one can
observe the gradient of f and set

V =

(
0de×(D−de)

I(D−de)×(D−de)

)
.

Observe that∥∥V T∇f (x)
∥∥ =

√
(L cos (xde+1) / (D − de))

2 + · · ·+ (L cos (xD) / (D − de))
2

≤ L

D − de

D∑
i=de+1

|cos (xi)|

≤ L.

Moreover, this reasoning holds for any orthogonal basis of the approximate invariant
subspace. Indeed, if Q ∈ R(D−de)×(D−de) and QTQ = QQT = ID−de ,∥∥∥(V Q)T ∇f(x)

∥∥∥ =
∥∥QTV T∇f(x)

∥∥ ≤ ∥∥V T∇f(x)
∥∥ ≤ L.

This implies that the constantM1 in Assumption 2.1 is known, and, by construction,
the assumption holds up to an orthogonal rotation of the canonical basis. According
to Proposition 2.2, this further implies that Assumption 2.3 is satisfied. As a result,
the eigenvalues of C satisfy

D∑
i=de+1

λi ≤ L2.
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Note that if L ∈ [0, 1], then L2 ≤ L. Assume the eigenvalues are ordered as
λ1 ≥ · · · ≥ λD ≥ 0. In this case, any eigenvalue greater than L cannot be associated
with an eigenvector spanning the approximate invariant subspace. An illustration is
provided in Figure 2.2, where for each value of L, the eigenvalues corresponding to
the approximate invariant subspace remain below both L and L2, up to a numerical
tolerance introduced for readability. In this figure, for every considered value of L,
exactly de eigenvalues exceed the threshold L (and L2), while the remaining D− de
eigenvalues fall below it. Assuming de ≪ D, it is reasonable to take M = D/2
so that M ≫ de. The value L can then serve as a threshold for truncating the
spectrum of Ĉ. When D = 10, choosing M = 10 ensures coverage of the effective
dimensionality de.

The procedure used to clip the spectrum and estimate the effective dimensionality
de is detailed in Algorithm 4. To account for numerical instabilities, the eigenvalue
threshold is set to L+ L/10.

Algorithm 4 First Clipping Strategy (known L)

1: Input: The matrix Ĉ, the perturbation magnitude L.
2: Set d̃e = 0.
3: Set Â = [ ].
4: for i = 1, . . . ,M do
5: Compute the eigenpair (λi, vi).
6: if λi ≥ L+ L/10 then

7: Â←
[
Â | vi

]
8: d̂e ← d̂e + 1
9: else
10: break.
11: end if
12: end for
13: Returns: Â, d̂e.

In Algorithm 4, it is not necessary to compute all eigenpairs of Ĉ. A more efficient
approach, particularly for large D, is to apply the Inverse Power method followed by
deflation or any block generalization, as described in [58, Section 4.1]. This motivates
the use of the algorithm presented in Algorithm 5, referred to as clip-ASM.
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Algorithm 5 clip-ASM (known L)

1: Initialize p ∈ RD. The perturbation magnitude L is known.
2: Apply Algorithm 1 with M = D/2 samples (or M = 10) to compute Ĉ.
3: Compute an approximation of the leading eigenspace of Ĉ using Algorithm 4.

Call it Â, and let d̂e be its dimension.
4: Calculate y by solving approximately,

min
y∈Rd̂e

f
(
Ây + p

)
5: Construct the solution estimate x = Ây + p.

If the perturbation magnitude is unknown, the spectrum of functions with approx-
imate low effective dimension typically exhibits a noticeable drop at the transition
between the dominant and invariant subspaces. This behavior, illustrated in Fig-
ure 2.2, can be exploited as a heuristic for identifying the approximate effective
dimension. Based on this observation, a second clipping strategy is introduced in Al-
gorithm 6, which identifies the effective subspace by locating a significant spectral
gap. It is set to 100, as an heuristic choice.

Algorithm 6 Second Clipping Strategy (Unknown L)

1: Input: Sorted eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λM and corresponding eigenvectors
v1, v2, . . . , vM .

2: Set d̂e = 1.
3: Set Â = [ v1 ].
4: for i = 1, . . . ,M − 1 do
5: λcurrent ← λi and λnext ← λi+1

6: if λcurrent/λnext < 102 then

7: Â←
[
Â | vi+1

]
, and d̂e ← d̂e + 1

8: else
9: break.
10: end if
11: end for
12: Returns: Â, d̂e.

2.2.3 Global Solver

In Algorithms 2, 3 and 5, a global solver is employed. Specifically, KNITRO [14]
is used, a high-performance solver for large-scale nonlinear optimization that sup-
ports both convex and nonconvex problems. The termination criterion is set to its
default value, and the multistart option is enabled with 200 starting points. All
other parameters are left at their default settings. Unless stated otherwise, these
configurations remain unchanged throughout the chapter.
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2.3 Numerical results

This section is dedicated to the comparison of the four algorithms presented in
Section 2.2.2. Their naming is recalled here:

• full domain: Solving the optimization problem on the full domain, as de-
scribed in Algorithm 2.

• approx-ASM: The approximate effective dimensionality de is known, and
Algorithm 3 is applied.

• clip-ASM: The approximate effective dimensionality de is unknown, and the
magnitude of the approximate constant dimension L is known. It is Algo-
rithm 5 with clipping procedure described in Algorithm 4.

• clip-ASM (2): The approximate effective dimensionality de and L are un-
known. It is Algorithm 5 with clipping procedure described in Algorithm 6.

To address the challenge of benchmarking optimization algorithms across a large
collection of test problems, this work adopts performance profiles, as introduced by
Dolan and Moré [24]. As the test set size increases, presenting detailed results for
each algorithm-function pair becomes impractical, often leading to overly lengthy or
inconsistent presentations. Aggregated metrics such as averages can be misleading,
particularly in the presence of outliers or failed runs, and typically require manual
filtering. Performance profiles overcome these limitations by representing the cu-
mulative distribution function of a chosen performance metric (such as runtime or
number of function evaluations) across the entire test set. This provides a robust
and compact summary that enables consistent and interpretable comparisons of al-
gorithmic performance.

This thesis adopts the performance metric introduced in [15]. Let F denote the test
set, as defined in Section 2.2.1 and Appendix A.2, and let S represent the set of algo-
rithms described in Section 2.2.2 and summarized in the preceding bullet points. For
each function f ∈ F and algorithm s ∈ S, let Nf (s) denote the number of function
evaluations required by algorithm s to converge. The convergence threshold is set
to ϵ = 10−3; that is, Nf (s) is assigned the value ∞ if algorithm s does not converge
to an ϵ-minimizer of f under the fixed solver settings detailed in Section 2.2.3. The
performance probability is thus defined as

πs (α) =
|{f ∈ F : Nf (s) ≤ αmins∈S Nf (s)}|

|F|
, α ≥ 1,

where the operator | · | outputs the cardinality of a given set.

Experiments are conducted at two levels of perturbation magnitude, L ∈ {10−4, 10−6},
and two ambient dimensions, D ∈ {10, 200}. Each configuration is evaluated under
three random seeds, accounting for the randomness introduced both by KNITRO’s
initialization and by the sampling procedure used to construct the matrix Ĉ. The
convergence threshold is set to ϵ = 10−3, justified by the fact that the maximum
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deviation between the optimal value obtained by optimizing over the approximate
effective subspace and the true global minimum is bounded by the perturbation
magnitude. Assessing convergence using a threshold smaller than the perturbation
would be misleading, as the discrepancy would then depend solely on the initializa-
tion. We present in Figure 2.3 the results for L = 10−4.

100 101 102 103 104

α

0.0

0.2

0.4

0.6

0.8

1.0

Pr
op

. o
f p

ro
bl

em
s 

so
lv

ed

Seed 1

100 101 102 103 104

α

Seed 2

100 101 102 103 104

α

Seed 3

approx-ASM
clip-ASM
full domain
clip-ASM (2)

(a) D = 10

100 101 102 103 104

α

0.0

0.2

0.4

0.6

0.8

1.0

Pr
op

. o
f p

ro
bl

em
s 

so
lv

ed

Seed 1

100 101 102 103 104

α

Seed 2

100 101 102 103 104

α

Seed 3

approx-ASM
clip-ASM
full domain
clip-ASM (2)

(b) D = 200

Figure 2.3: Performance profiles for L = 10−4 with varying problem dimensions.

In the case D = 10, shown in Figure 2.3a, the three algorithms operating on a low-
dimensional subspace exhibit comparable performance, with only minor variations
across different seeds. The solver applied over the full domain generally outper-
forms the subspace-based methods within a factor of 10 of the optimal budget, and
ultimately solves all problems within 104 times the best observed performance. In
this low-dimensional setting, the benefits of dimensionality reduction are not clearly
observable. Additionally, the low-dimensional algorithms solve approximately 60%
of the problems in the test set, whereas the full-domain solver successfully ad-
dresses all problems under the specified KNITRO settings.

The case D = 200, presented in Figure 2.3b, shows that solving the problem over the
full domain tends to offer greater robustness (i.e. more problems are solved) across
the three seeds, though this comes at the expense of a higher computational budget.
It takes a higher ratio α for full domain to achieve a good proportion of prob-
lem solved, around 103. For the second and third seeds, the methods clip-ASM
(2) and clip-ASM, respectively, achieve a similar proportion of solved problems
compared to the full-domain approach, but with improved efficiency. The method
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approx-ASM also demonstrates a degree of robustness, consistently solving be-
tween 50% and 60% of the problems, with performance largely unaffected by the
value of α. This is due to the fact that the problems solved by approx-ASM are
either successfully optimized or not solved at all. It is also worth noting that, in
this high-dimensional setting, the final proportion of problems solved by the full-
domain method is lower than in the lower-dimensional case D = 10. The effects of
dimensionality reduction are thus observable for D = 200.

The results for the case where L = 10−6 is presented in Figure 2.4
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Figure 2.4: Performance profiles for L = 10−6 with varying problem dimensions.

For the case D = 10, shown in Figure 2.4a, the full domain approach solves a
greater number of problems within a factor of 10 of the optimal performance. The
method approx-ASM displays consistent behavior across the three random seeds.
The strategy clip-ASM generally outperforms its variant clip-ASM (2) in terms
of efficiency. Overall, the results and the corresponding analysis are consistent with
those observed in Figure 2.3a.

In the case D = 200, shown in Figure 2.4b, the full-domain optimization is less
efficient than approx-ASM, although it ultimately solves a slightly larger number
of problems. The methods clip-ASM and clip-ASM (2) are competitive with
approx-ASM in terms of the number of problems solved, but generally require
more function evaluations. As observed previously, approx-ASM follows a distinct
pattern: when it succeeds, it typically provides the best solution among all algo-
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rithms; otherwise, the problem remains unsolved. Compared to its counterpart at
L = 10−4, approx-ASM demonstrates slightly improved efficiency in terms of the
number of problems successfully solved.

When comparing the two perturbation magnitudes L ∈ {10−4, 10−6} for D = 10,
the performance of the clipping-based algorithms remains similar. This is due to
the fact that, for small ambient dimensions, constructing Ĉ with M = 10 or M = de
using finite differences does not result in a significant difference in the number of
function evaluations. A similar observation holds for the case D = 200, where the
overall performance across both magnitudes remains comparable.

The three low-dimensional algorithms generally exhibit comparable performance,
with variations as discussed above. However, the lack of prior knowledge of de results
in increased computational cost, as additional queries are required to construct Ĉ.
In some cases, the clipping-based strategies outperform the approx-ASM approach
in terms of the proportion of problems solved. Since these algorithms estimate the
effective dimension de, it is natural to evaluate the quality of these estimations across
the three random seeds, to investigate the robustness of the clipping approach, de-
spite the greater number of queries required.

To this end, a reporting format similar to that of [15, Table 2, Section 5.2] is adopted.
When all three seeds yield the correct estimate, a single number is reported. If the
estimates differ across seeds, all three values are shown. The true dimension is
indicated in bold. When none of the seeds correctly estimates de, the true value (in
bold) is still reported alongside the incorrect estimates. The results for L = 10−4

are presented in Table 2.1.

Clip (1) Clip (2)
D = 10 D = 200 D = 10 D = 200

Squared Sine 1 1 1 1
Styblinski-Tang 8D 8 8 8 8
Styblinski-Tang 2D 2 2 2 2

Beale (3,2, 4) (5,5,5) 2 2 2
Hartman 3D 3 3 3 3
Hartman 6D 6 6 6 6

Trid 5 5 5 5
Goldstein-Price (5,4,5) 2 (55,5,42) 2 (1, 2, 2) 2

Levy 6 6 6 6
Rosenbrock 7 7 7 7

Table 2.1: Estimation of de for the two clipping strategies. L = 10−4.

The results for L = 10−6 are presented on Table 2.2.
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Clip (1) Clip (2)
D = 10 D = 200 D = 10 D = 200

Squared Sine 1 1 1 1
Styblinski-Tang 8D 8 8 8 8
Styblinski-Tang 2D 2 2 2 2

Beale (5,3,4) 2 (35,28,12) 2 2 2
Hartman 3D 3 3 3 3
Hartman 6D 6 6 6 6

Trid 5 5 5 5
Goldstein-Price (7,8,7) 2 (88,96,109) 2 2 2

Levy 6 6 6 6
Rosenbrock (7,8,7) (8,8,8) 7 7 7

Table 2.2: Estimation of de for the two clipping strategies. L = 10−6.

It is evident that the second strategy, clip-ASM (2), yields more accurate estimates
of de than its original counterpart. This is particularly noticeable for the Goldstein-
Price and Beale functions, where the improvement holds consistently across both
D ∈ {10, 200} and L ∈ {10−4, 10−6}. These observations suggest that, while As-
sumption 2.1 remains valid, Assumption 2.3 may no longer be satisfied in these cases.

This overestimation error may arise from two factors. The first is related to the
use of finite differences, rather than exact gradients, in constructing Ĉ. If the step
size h is too small, numerical errors can distort the spectrum of Ĉ, as illustrated
in Figure 2.5. Specifically, decreasing h can result in a spectrum that no longer
satisfies Assumption 2.3, with some eigenvalues exceeding the theoretical threshold.
This effect is particularly evident for the Goldstein-Price and Beale functions, which
are most affected by this issue. Theoretically, the sum of the last D−de eigenvalues
should be bounded above by L2, which is not observed for h = 10−8 in these cases.
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Figure 2.5: Influence of finite-difference approximation of the gradient in the spec-
trum of Ĉ. The thresholds display L2.

The second identified factor concerns the construction of the test set. Specifically,
applying the rotation by evaluating f(x) = h(QTx), where Q is a D×D orthogonal
matrix, instead of directly implementing the rotated function, introduces numerical
errors in the computation of the product QTx. These errors affect the reconstruction
of the spectrum of Ĉ. This phenomenon is illustrated in Figure 2.6. In the left-
hand plots, where no rotation is applied (i.e., no matrix multiplication occurs within
the test function definition), the spectrum is reconstructed accurately for all three
displayed functions. In contrast, the right-hand plots show that the inclusion of
the internal matrix multiplication introduces numerical errors that distort the spec-
trum, leading to an overestimation of de. This effect is particularly evident for the
Beale and Goldstein-Price functions, while the Rosenbrock function remains largely
unaffected. These observations are consistent with the results reported in Tables 2.1
and 2.2, where no overestimation is observed for the Rosenbrock function, but well
for Beale and Goldstein-Price.
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Figure 2.6: Influence of error propagation when computing the product QTx. The
horizontal lines represent L, the perturbation magnitude.

A final idea was investigated to explain the overestimation of de by assuming that Ĉ
is computed using the exact gradient, rather than a finite-difference approximation.
Recall that

C = Ex∼ρ
[
∇f(x)∇f(x)T

]
,

and that Ĉ, constructed from M samples, is an unbiased estimator of C. Conse-
quently, its variance is expected to decrease as M increases, which should theoret-
ically lead to improved accuracy in the detection of the active subspace. However,
in practice, once M exceeds the minimum number of samples required to capture
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the spectrum related to the active subspace, further increases in M do not yield
significant improvements in the quality of the estimation of de.

Finally, the proportion of problems solved across the three seeds is reported for each
algorithm and each dimension. Following the convention in [15], a value of 1 indicates
that all three seeds successfully solved the problem up to the threshold ϵ = 10−3,
meaning |fopt − f ∗| ≤ ϵ. A value of 0 indicates that none of the seeds achieved
convergence. Intermediate values of the form α/3 denote that the problem was
solved by α out of the three seeds. The results for L = 10−4 are shown in Table 2.3.

Clip (1) Clip (2) approx-ASM full domain
D = 10 D = 200 D = 10 D = 200 D = 10 D = 200 D = 10 D = 200

Squared Sine 1 1 1 1 1 1 1 0
Styblinski-Tang 2D 2/3 1 2/3 2/3 2/3 2/3 1 1

Beale 2/3 2/3 2/3 2/3 1/3 1/3 1 1
Hartman 3D 2/3 1/3 2/3 2/3 2/3 1 1 1
Hartman 6D 1/3 2/3 1/3 1/3 2/3 1/3 1 1

Trid 1/3 2/3 1/3 1/3 1 1/3 1 1
Goldstein-Price 2/3 1 1/3 0 0 1/3 1 1

Levy 1/3 1 2/3 2/3 2/3 0 2/3 1/3
Rosenbrock 0 0 1/3 1/3 0 1/3 1 1

Table 2.3: Global Results for L = 10−4.

The results for L = 10−6 are displayed on Table 2.4.

Clip (1) Clip (2) approx-ASM full domain
D = 10 D = 200 D = 10 D = 200 D = 10 D = 200 D = 10 D = 200

Squared Sine 1 1 1 1 1 1 1 1
Styblinski-Tang 2D 1 1/3 2/3 2/3 1/3 1 1 1

Beale 2/3 2/3 1/3 2/3 2/3 2/3 1 1
Hartman 3D 1/3 0 1/3 2/3 2/3 1 1 1
Hartman 6D 2/3 1/3 1/3 1/3 1/3 1/3 1 1

Trid 2/3 1/3 1/3 2/3 1 1/3 1 1
Goldstein-Price 1 1 1/3 1/3 1/3 1/3 1 1

Levy 1/3 2/3 2/3 0 2/3 0 1 1/3
Rosenbrock 0 1/3 0 1/3 1/3 1/3 1 1

Table 2.4: Global Results for L = 10−6.

The results show that the performance of the full domain approach remains stable
across both perturbation magnitudes, with no significant differences observed. In
contrast, for any value of L, all other algorithms typically require more than one ini-
tialization (i.e., seed) to successfully solve a problem. This highlights the sensitivity
of low-dimensional subspace optimization methods to the initial configuration of the
sampled points, emphasizing the importance of initialization in such settings.

29



Chapter 3

Stochastic perturbations

This chapter investigates the problem of identifying effective subspaces of functions
that satisfy a low effective dimensionality assumption but are accessible only through
noisy evaluations. Let f : RD → R be a continuously differentiable, possibly non-
convex function with known effective dimensionality de ≪ D. Formally, given a
point x̄ ∈ RD drawn at random, the only accessible quantity is a noisy observation

f̄(x̄) = f(x̄) + ϵ(x̄), (3.1)

where ϵ(x̄) ∼ N (0, σ2) denotes a realization of a Gaussian noise variable. The noise
variance σ2 is assumed to be known. As discussed in the introduction of Chap-
ter 2, exploiting structural information about the low-dimensional nature of the
function can significantly accelerate global optimization procedures, such as the one
described in Equation (1). This direction is further explored in [15]. The objective
of this chapter is to recover such effective subspaces in the presence of noisy function
evaluations. As an illustration, see Figure 3.1. The approximate constant direction
of the function is spanned by the vector (1, 1).

x1

−4
−2

0
2

4

x 2

−4
−2

0
2

4
−0.2
0.0
0.2
0.4
0.6
0.8
1.0

Figure 3.1: The represented function is f : R2 → R : x→ sin2 (x1 − x2 − 0.5)+ϵ(x),
with ϵ(x) ∼ N (0, σ2 = 0.01).
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Identifying this approximate effective subspace is therefore essential, as it yields an
approximate minimizer up to the stochastic perturbation. In contrast to the ap-
proach developed in Chapter 2, the emphasis here lies in identifying the invariant
and effective subspaces of the objective function, rather than integrating such struc-
tural insights directly into the global optimization procedure.

While the active subspace method offers a widely used approach for subspace iden-
tification, it exhibits notable limitations in noisy settings, as illustrated by examples
in this chapter. To overcome these difficulties, an alternative framework based on
Riemannian optimization is introduced. The optimization is performed over the
Grassmann manifold, which provides a natural and elegant setting for representing
subspaces of fixed dimension. Following a brief overview of manifolds and Rieman-
nian optimization techniques, the problem is formally defined, and a theoretical
analysis of the proposed formulation is conducted. Numerical experiments are then
presented to evaluate the practical performance of the method, including compar-
isons with the active subspace approach. The respective advantages and limitations
of each method are also discussed. The test functions used in this study are detailed
in Appendix A.2.

3.1 Limitations of the active subspace approach

An initial approach leveraged the methodology presented in Section 1.1. Specifically,
the leading eigenspace of the matrix Ĉ was estimated using a finite difference scheme,
as defined in Equation (1.3). However, such schemes exhibit high sensitivity to
noise. Assuming a Gaussian noise model ϵ(x) ∼ N (0, σ2/2), the construction of Ĉ
requires evaluating directional derivatives along the canonical basis vectors ei, for
i = 1, . . . , D. For a finite step size h > 0, the i-th component of the estimator takes
the form

[gh(x)]i =
f(x+ hei)− f(x)

h
+

ϵ′(x)

h
∼ O(h) + ϵ′(x)

h
, (3.2)

where ϵ′(x) ∼ N (0, σ2). As a result, the noise term scales as ϵ′(x)/h ∼ N (0, σ2/h2).

This scaling highlights the difficulty in selecting an appropriate step size h. A large
value of h reduces the influence of noise but increases the discretization error. Con-
versely, a small h improves the discretization accuracy but amplifies the variance of
the estimator, rendering the result nearly random. Recent studies [62, 61] examine
the performance limitations of noisy finite-difference schemes in optimization set-
tings. One of the key findings in these studies is that, given a known noise level in
function evaluations, it is possible to select a finite-difference stepsize that minimizes
the expected error between the true gradient and its approximation. Nevertheless,
under relatively high noise variance, the underlying structure of the function may be
preserve. However, the finite-difference method becomes ineffective for estimating
the gradient reliably.
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In Figure 3.2, the angle in radians is reported between the true invariant subspace
and the eigenvector associated with the smallest eigenvalue of the matrix Ĉ, which
is constructed from noisy finite difference approximations. The purpose of this
experiment is to illustrate the sensitivity of subspace recovery to noise in gradient
approximations.

Two functions are considered for this analysis, both described in Appendix A.2. The
first is a variant of the Squared Sine function, defined explicitly in Equation (A.1),
and the second is a variant of the Levy function, described in Equation (A.5). Both
functions are defined in ambient dimension D = 2, but admit a one-dimensional
effective subspace, i.e., their effective dimensionality is de = 1. This implies that the
invariant structure of interest is entirely captured by a single direction, spanned by
(1, 1). We use M = 10, according to the sample complexity results of [15] (M is of
the same order of de).
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Figure 3.2: Illustration of the trade-off between the noise variance σ2 and the dis-
cretization stepsize h in finite difference schemes. Each data point represents the
average result over 50 independent trials to account for stochastic variability.

As expected, the experiment clearly highlights the instability caused by noise am-
plification for small discretization stepsizes h. In this regime, the finite-difference
scheme becomes increasingly sensitive to noise, which severely hinders the recovery
of the invariant subspace. This sensitivity is particularly evident even at relatively
low noise levels. For instance, when σ2 = 10−6, the subspace estimation error (in
radians) ranges from approximately 0.1 (Levy function with h = 10−4) to around
1 for other combinations. This corresponds to an angular error between roughly
5◦ and 50◦, illustrating the limitations of the approach in accurately identifying
low-dimensional structure under stochastic perturbations.

To further illustrate the impact of noise on subspace recovery, consider 20 indepen-
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dent runs of the active subspace method applied to the same two functions. The
results are shown for three different levels of noise. Figure 3.3 displays the outcomes
obtained using a step size of h = 10−6, whereas Figure 3.4 corresponds to a step size
of h = 10−4. The results clearly demonstrate that when h is too small, any poten-
tial precision gain is overwhelmed by the noise, leading to significant variability and
instability in the estimated invariant subspaces. A larger step size is therefore nec-
essary to increase the likelihood of accurately recovering the true invariant subspace.
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Figure 3.3: Representation of 20 trials of the Active subspace method, using M = 10
samples. The discretization step is set to h = 10−6.
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Figure 3.4: Representation of 20 trials of the Active subspace method, using M = 10
samples. The discretization step is set to h = 10−4.

This section begins by addressing the trade-off associated with the choice of the finite
difference stepsize h: selecting h too small amplifies noise and increases variance,
whereas choosing h too large introduces a systematic bias. The focus here is on
the latter scenario. As indicated in Equation (3.2), increasing h effectively reduces
the variance of the estimator, but at the cost of introducing bias. In such cases,
the finite difference scheme may converge to a biased direction or misidentify the
dominant eigenspace of Ĉ. In extreme cases, the method may even return the
orthogonal complement of the true invariant subspace. This behaviour is illustrated
in Figure 3.5.
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Figure 3.5: Representation of 20 trials of the Active subspace method, using M = 10
samples. The discretization step is set to h = 0.5.

To address these limitations, a new approach based on Riemannian optimization is
proposed. The idea is to reformulate the spectral problem as a standard optimization
problem, with the expectation that the resulting objective function may be more
amenable to optimization in the presence of noise.

3.2 Matrix Manifolds and Orthogonality Constraints

This section provides a brief overview of theory of manifolds and their applications
to orthogonality constraints. Consider the optimization problem

min
x∈M

f(x), (3.3)

where M denotes a Riemannian manifold. A detailed treatment of Riemannian
manifolds falls outside the scope of this thesis, as it belongs to the domain of Rie-
mannian geometry. There is the need to understand what is a manifold in order to
tackle Equation (3.3) at best. A concise introduction can be found in [13].

3.2.1 Reminder on Manifolds

The discussion begins with the definition of a topological manifold, as presented
in [44].

Definition 3.1 (Topological manifold). LetM be a topological space. We say that
M is a topological manifold of dimension n or a topological n-manifold if it has the
following properties:
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• M is a Hausdorff space : for every pair of distinct points p, q ∈M, there are
disjoint open subsets U, V ⊆M such that p ∈ U and q ∈ V .

• M is second-countable: there exists a countable basis for the topology ofM.

• M is locally Euclidean of dimension n: each point ofM has a neighbourhood
that is homeomorphic to an open subset of Rn.

The final point in Definition 3.1 motivates the introduction of the tangent space, a
fundamental concept in differential geometry. The remainder of this section follows
the work of Absil, Mahony, and Sepulchre [1].

Definition 3.2 (Tangent vector - Definition 3.5.1 of [1]). Let Jx (M) be set of
smooth real-valued functions defined on a neighbourhood of x. A tangent vector ξx
to a manifoldM at a point x is a mapping from J (M) to R such that there exists
a curve γ onM with γ(0) = x, satisfying

ξxf = γ̇(0)f :=
d (f(γ(t)))

dt

∣∣∣∣
t=0

,

for all f ∈ Jx (M). Such a curve γ is said to realize the tangent vector ξx. The
tangent space to M at x, denoted by TxM, is the set of all tangent vectors to M
at x. This set is a vector space.

Definition 3.2 is fundamental, as the tangent space at each point x ∈M provides a
local first-order (linear) approximation of the manifoldM. This concept forms the
basis for constructing optimization algorithms on smooth manifolds. A formal defi-
nition of smooth manifolds lies beyond the scope of this thesis; however, intuitively,
it involves equipping a topological manifold with additional structure that enables
the application of calculus-based tools. All manifolds considered in this work are
assumed to be smooth.

For each vector in the tangent space, it is often necessary to define a notion of length,
analogous to the Euclidean case. To this end, an inner product can be introduced
on the tangent space at each point x ∈M,

⟨·, ·⟩x : (TxM, TxM)→ R : (ξx, ζx)→ ⟨ξx, ζx⟩. (3.4)

This bilinear, symmetric, and positive-definite form induces a norm on the tangent
space. If the operator defined by Equation (3.4) varies smoothly with x, it is referred
to as a Riemannian metric. Equipping the tangent spaces of a smooth manifold with
such a metric endows the manifold with additional geometric structure, resulting in
what is known as a Riemannian manifold.

As a final intuition, a Riemannian manifold can be viewed as a topological space
that admits curvature, while still locally resembling a Euclidean space. This local
Euclidean structure allows for the generalization of many concepts and tools from
classical differential calculus and linear algebra to the manifold setting.
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3.2.2 Orthogonality Constraints

This subsection introduces several important manifolds that arise from orthogonality
constraints. A comprehensive treatment can be found in [25]. The paper [25] is used
as the main source for the subsection. A first example of a Riemannian manifold is
the n-dimensional unit sphere, denoted by Sn−1, and defined as

Sn−1 =
{
x ∈ Rn | xTx = 1

}
, ⟨ξ, η⟩x = ξTη.

Here, the inner product is independent of the base point x, and thus varies smoothly.
This structure qualifies Sn−1 as a Riemannian manifold. An illustration of S1 and
S2 is provided in Figure 3.6.

1 0 1
x

1

0

1

y

(a) (b)

Figure 3.6: (a) S1, the unit circle embedded in R2, with one-dimensional tangent
spaces illustrated at several points (red dashed lines). (b) S2, the unit sphere embed-
ded in R3, with a two-dimensional tangent plane shown at a point x. In both cases,
the dimension of the tangent space at each point is n− 1, matching the dimension
of the manifold.

Moreover, Sn−1 can be classified as an embedded submanifold. While a rigorous
definition lies beyond the scope of this thesis, an intuitive explanation is provided.
Let E and E ′ be manifolds such that E ′ ⊂ E . If E ′ inherits the topology induced by
E , then E ′ is said to be an embedded submanifold of E . In Figure 3.6, each sphere is
an example of an embedded submanifold within the ambient Euclidean space. The
next manifold generalizes these ideas to the case where de > 1.

The Stiefel manifold is defined as in [1, Section 3.3.2]:

St(D, de) :=
{
X ∈ RD×de : XTX = Ide

}
, (3.5)

where Ide denotes the de × de identity matrix. When de = 1, the Stiefel manifold
reduces to the sphere SD−1. The Stiefel manifold forms an embedded submanifold
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of RD×de . Intuitively, a point X ∈ St(D, de) represents an orthonormal basis of a
de-dimensional subspace of RD. Let

F : St(D, de)→ R, Y 7→ F (Y ).

The gradient of a real-valued function on the Stiefel manifold is given by

∇F := FY − Y F T
Y Y, (3.6)

where the matrix FY is the Euclidean gradient, defined component-wise as

(FY )ij =
∂F

∂Yij

, (3.7)

for i ∈ {1, . . . , D} and j ∈ {1, . . . , de}. In certain settings, it is sufficient to opti-
mize over the subspace spanned by the columns of a matrix X ∈ St(D, de). This
observation motivates the introduction of the following manifold.

The Grassmann manifold, denoted by Gr(D, de), is defined as the set of all
de-dimensional subspaces of RD. To relate an element of St(D, de) to a fiber in
Gr(D, de), an equivalence relation, denoted by ∼, must be introduced. Specifically,
for X, Y ∈ St(D, de),

X ∼ Y ⇔ span(X) = span(Y ) ⇔ X = Y Q, (3.8)

for some Q ∈ O(de), the group of de × de orthogonal matrices. Based on this
equivalence, the following set can be defined:

[X] = {Y ∈ St(D, de) : X ∼ Y } . (3.9)

This provides a way to define Gr(D, de) as

Gr(D, de) := St(D, de)/ ∼ := {[X] : X ∈ St(D, de)} . (3.10)

The Grassmann manifold thus has a quotient geometry, meaning that one can quo-
tient out an equivalence relation from a set, making it a single point. It admits a
canonical projection that maps an element of St(D, de) onto a representation of the
equivalence class defining an element of Gr(D, de). Define the projection

π : St(D, de)→ Gr(D, de) : Y 7→ Y Y T , (3.11)

as the mapping from the Stiefel manifold to a representative of the equivalence
class defined by the Grassmann manifold. Specifically, for Y ∈ St(D, de) such that
span(Y ) = S, the matrix PS = Y Y T defines the orthogonal projection operator onto
the subspace S.

A point on the Grassmann manifold can thus be represented by any point on the
Stiefel manifold spanning the same subspace. This point is described by a D × de
matrix, and serves as the numerical representation of the associated subspace, i.e.,
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the point on the Grassmann manifold. The Grassmann manifold is also an embedded
submanifold of RD×de . Let

F : Gr(D, de)→ R : Y 7→ F (Y ).

The gradient of a real-valued function on the Grassmann manifold is given by

∇F := FY − Y Y TFY , (3.12)

where FY is the Euclidean gradient as defined in Equation (3.7).

3.3 Problem Formulation

The problem of identifying the effective subspace is formulated as a Riemannian
optimization problem on the Grassmann manifold. The theoretical background
supporting this section is presented in Section 3.2. The problem is formulated as

min
S⊆RD

dim(S)=de

M∑
i=1

[
f̄
(
x
(i)
S

)
− f̄

(
x(i)
)]2

, (3.13)

where f̄ : RD → R complies with the assumptions stated in the introduction of
Chapter 3, defined by Equation (3.1), and xS denotes the orthogonal projection
of x on the subspace S. This formulation stems from exploiting Proposition 1.1.
Computationally, this will be implemented as

min
Y ∈RD×de

Y TY=Ide

M∑
i=1

[
f̄
(
Y Y Tx(i)

)
− f̄

(
x(i)
)]2

:= F (Y ) , (3.14)

where span(Y ) = S. Note that F (Y ) = F (Y Q) for any Q ∈ O(de), the group
of de × de orthogonal matrices. This invariance implies that F depends only on
the subspace spanned by the columns of Y . Consequently, problem (3.14) can be
reformulated as an optimization problem on the Grassmann manifold Gr(D, de),
which consists of all de-dimensional subspaces of RD. This reformulation aims to
isolate the intrinsic solutions of the original problem. It is possible because the
invariance property of the objective function allows us to quotient out the action of
the orthogonal group. The formal definition of the objective function is given by

F : Gr (D, de)→ R : Y →
M∑
i=1

[
f̄
(
Y Y Tx(i)

)
− f̄

(
x(i)
)]2

, (3.15)

with
{
x(i)
}M
i=1

being a collection of points sampled at random.

The optimization problem is implemented using the Manopt.jl library [5], which
provides a flexible framework for optimization on manifolds in the Julia program-
ming language. The underlying manifold structures, including the Grassmann man-
ifold, are represented and manipulated using the Manifolds.jl library [3], which
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offers a comprehensive and extensible interface for differential geometry in Julia.
This implementation builds upon the original Manopt toolbox developed for MAT-
LAB in 2012 [11]. A Python implementation of the framework is also under active
development; see [67] for details.

The rest of this section is dedicated to exhibit some properties related to the op-
timization problem described in Equation (3.13). The first results concerns the
smoothness of the objective function. Next, the gradient of the objective function
is presented. After that, a finite-difference scheme is discussed for optimization pur-
poses. We also present the Gradient Descent with Armijo line-search, as well as
Particle Swarm optimization. Finally, a small subsection discusses the error metrics
on the Grassmann manifold. It is crucial if one wants to discuss the convergence of
optimization algorithms.

3.3.1 Smoothness of the objective function

Consider the noiseless setting first, with the additional assumption that f is smooth.
The goal is to analyse the smoothness of F : Gr(D, de) → R. Looking at Equa-
tion (3.15), one can see that the objective function can be expressed with its domain
being the Stiefel manifold, St(D, de). Define

F̃ : St(D, de)→ R : Y →
N∑
i=1

[
f
(
Y Y Tx(i)

)
− f

(
x(i)
)]2

. (3.16)

Observe that

F̃ := F ◦ π : St(D, de)→ Gr(D, de)→ R : Y → PS →
N∑
i=1

[
f
(
PSx

(i)
)
− f

(
x(i)
)]2

,

(3.17)
with the canonical projection defined by

π : St (D, de)→ Gr (D, de) : Y → Y Y ⊤ (3.18)

Several results are now gathered to support the analysis of the smoothness of the ob-
jective function defined in Equation (3.13). The following propositions are adapted
from Chapter 3 of [1] and from [12].

Proposition 3.1 (Functions on quotient manifolds, Proposition 3.4.5 of [1]). Let
M/ ∼ be a quotient manifold and let f be a function on M/ ∼. Let π = M →
M/ ∼ defined by x 7→ [x] be the canonical projection. Then f̃ is smooth if and only
if f := f̃ ◦ π is a smooth function onM.

Proposition 3.2 (Embedded structure of Stiefel manifolds, Section 3.3.2 of [1]).
Let St(D, de), (de ≤ D) be a Stiefel manifold. It holds that St(D, de) is an embedded
submanifold of RD×de.
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Proposition 3.3 (Smoothness on embedded submanifolds, Proposition 3.31 of [12]).
LetM be an embedded submanifold of a manifold E. Then F :M→ R is smooth if
there exists a neighbourhood U of M in E and a smooth map F̄ : U → R such that
F = F̄ |M. Precisely, F̄ (y) = F (y) for all y ∈ M. The map F̄ is called a smooth
extension of F .

Proposition 3.4 (Compactness of the Stiefel manifold, Example 8.28 of [12]).
St (D, de) is closed in RD×de and bounded, and therefore compact.

Proposition 3.5 (Smooth extension of the Stiefel manifold, Section 3.3 of [12]).
St(D, de) is closed in RD×de. The map F : St(D, de) → R is smooth if and only if
there exists a smooth F̄ : RD×de → R such that F̄ |St(D,de) = F .

Proposition 3.6 (Linearity for smooth maps, Section 3.3 of [12]). Let G1, G2 :
M→ E be smooth maps. For a1, a2 ∈ R, G(·) := a1G1(·) + a2G2(·) is smooth.

Taken together, these results provide the necessary theoretical foundation for analysing
the smoothness of the objective function F : Gr(D, de) → R via its lifted version

F̃ : St(D, de) → R. In particular, Proposition 3.1 allows one to study the smooth-

ness of F on the quotient manifold Gr(D, de) by considering the smoothness of F̃
on the Stiefel manifold. Propositions 3.2 to 3.6 then provide sufficient conditions
to establish the smoothness of F̃ as a restriction of a smooth function defined on
the ambient Euclidean space RD×de . The next result formalizes this reasoning by
establishing that the smoothness of the original function f on RD indeed implies the
smoothness of the objective function F defined on the Grassmann manifold. The
proof proceeds by explicitly constructing a smooth extension of the lifted objective
and applying the aforementioned propositions.

Theorem 3.1 (Smoothness of the objective function). If f : RD → R is smooth,
then the objective function defined by Equation (3.13) is smooth.

Proof. Proposition 3.1 states that one can prove the smoothness of F̃ to characterize
the smoothness of F . Proposition 3.6 allows us to consider only one term of the sum
in the cost function. Propositions 3.2, 3.3 and 3.5 allow us to consider an extension
of F̃

F̄ : RD×de → R : Y →
[
f
(
Y Y Tx

)
− f (x)

]2
, (3.19)

with x ∈ RD, where the superscript (i) is dropped, as one can consider only one

term of the sum. It is easily verified that F̄ |St(D,de)(y) = F̃ (y), for all y ∈ St(D, de),

i.e. a restriction of F̄ to matrices with mutually orthogonal columns gives F̃ .

Based on the above discussion, if one manages to show the smoothness of F̄ , then the
smoothness of F is immediate. The euclidean case is expected to be easier to show,
justifying the above reasoning. As the composition of smooth functions preserves
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smoothness, the analysis is further restricted to the characterization of

f ′ : RD×de → R : Y → f(Y Y Tx). (3.20)

It is easy to derive that for x ∈ RD and Y ∈ RD×de := [v1, ...vp] and vj ∈ RD for
j ∈ {1, .., p},

Y Y Tx =
de∑
j=1

vj⟨vj, x⟩,

with ⟨·, ·⟩ the canonical euclidean product. Finally, define

g : RD×de → RD : Y →
de∑
j=1

vj⟨vj, x⟩. (3.21)

with x ∈ RD given, such that f ′ ≡ f ◦g. It is easily seen that g is a smooth function
everywhere on RD×de . Looking at each of its components, one notices that it is a
quadratic form in terms of the entries of Y , and this is smooth. It follows that under
the assumption of the smoothness of f , one has that F is also a smooth function
from Gr(D, de) to R. The Flowchart D.1 in Appendix represents this reasoning as
well.

It is important to note that, when considering a fixed realization of the noise, thereby
removing all stochasticity from the objective function, the resulting modification
corresponds to an affine shift. As such, the objective function remains smooth in
this setting as well.

3.3.2 Gradient of the objective function

In this subsection, the gradient of the objective function is derived analytically.
Recall that the Riemannian gradient of a real-valued function F defined on the
Grassmann manifold Gr(D, de) is given by

∇F (Y ) = FY − Y Y TFY , (3.22)

where FY ∈ RD×de denotes the Euclidean gradient of F , with components

(FY )ij =
∂F

∂Yij

, for i = 1, . . . , D, and j = 1, . . . , de.

The Euclidean gradient of the objective function defined in Equation (3.15) is ex-
pressed as

FY = 2
N∑
i=1

(
f(Y Y Tx(i))− f(x(i))

) [
∇f(Y Y Tx(i))Tx(i)TY + x(i)∇f(Y Y Tx(i))Y

]
.

(3.23)
Given this expression for FY , the corresponding Riemannian gradient on Gr(D, de)
follows directly from Equation (3.22). Additional details regarding the derivation
are provided in Appendix D.
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3.3.3 Finite-Difference scheme

In the current setup, one only have access to noisy queries of the function. The aim of
this subsection is to design a finite-difference scheme on Riemannian manifolds. We
start with the Euclidean case, in order to provide a generalization that is expected
to work on the Riemannian case. Consider a continuously differentiable function
f : RD → R, and a step size h > 0. Then

∇f (x) ≈
D∑
i=1

[gh (x)]i ei, [gh (x)]i =
f (x+ hei)− f(x)

h
, (3.24)

with ei denoting the i-th canonical basis of RD. Based on the above reasoning,
one possible generalization would be to consider the canonical decomposition of the
tangent space of the manifoldM at x, that is TxM.

Given a point Y ∈ Gr (D, de), the tangent space at Y consists of all D×de matrices
∆ satisfying the condition:

Y T∆ = 0,

as detailed in Since this equation holds for any representative Y of the equivalence
class [Y ], it suffices to check it for a single choice of Y . To see this, let Z = Y Q
with Q ∈ O(de). Then ZT∆ = QTY T∆ = 0. For more informations about tangent
spaces for Grassmann manifolds, see [25, Equation 2.64 of Section 2.5]. Algorithm 7
represents this procedure.

Algorithm 7 Computation of the Tangent Space on Gr(p, n)

1: Input: A matrix Y ∈ RD×de with orthonormal columns.
2: Compute the null space of Y T to obtain an orthonormal basis W =
{vde+1, . . . , vD} of the orthogonal complement of col(Y ).

3: Initialize an empty set B to store basis matrices.
4: for each vi ∈ W , with de + 1 ≤ i ≤ D do
5: for j = 1 to de do
6: Define ∆ij ∈ RD×de as a matrix where all columns are zero except the j-th

column, which is set to vi.
7: Add ∆ij to B.
8: end for
9: end for

10: Output: The set B forming a basis for the tangent space. The tangent space
is given by the span:

TY Gr (D, de) = span{∆ij | de + 1 ≤ i ≤ D, 1 ≤ j ≤ de} = span {B} .

As a sanity check of Algorithm 7, consider the following propositions.

Proposition 3.7 (Dimension of the tangent space, Section 3.5.1 of [1]). LetM be
a manifold. The dimension of the vector space TxM is equal to the dimension of
the manifoldM.
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Proposition 3.8 (Dimension of the Grassmann manifold, Section 2.5 of [25]). The
dimension of Gr (D, de) is de × (D − de).

Clearly, the set B contains de× (D − de) linearly independent elements. Hence, the
basis B spans a space of the same dimension as Gr (D, de), confirming the correct-
ness of Algorithm 7.

Let F : Gr (D, de) → R. Based on Algorithm 7, a natural extension of Equa-
tion (3.24) is to consider

∇F (Y ) ≈
∑
i,j

F (RY [h∆ij])− F (Y )

h
∆ij, (3.25)

for i = de + 1, . . . , D and j = 1, . . . , de. RY (·) is the Retraction operator on the
Grassmann manifold. Intuitively, a Retraction is an operator that takes a point
X ∈ M and a vector v ∈ TXM, and move the point X along the manifold, in the
direction v. A formal definition is provided.

Definition 3.3 (Definition 3.47 of [12]). A retraction on a manifoldM is a smooth
map

R :M×TM→M : (x, v) 7→ Rx (v) ,

such that each curve c(t) = Rx (tv) satisfies c(0) = x and c′(0) = v.

This concept plays a central role in Riemannian optimization. A retraction operator
enables movement along the manifold, allowing iterative updates that remain on
the manifold and potentially converge to a solution. In this thesis, an intuitive
explanation is sufficient; see Figure 3.7, downloaded from [47].

Figure 3.7: Illustration of a retraction operator on a manifold. The point θ lies on
the manifold, and the vector v belongs to the tangent space at θ. The operator
Rθ(v) maps v back onto the manifold, with the effect of moving θ in the direction
v. Figure courtesy of [47].

As illustrated, the retraction Rθ(v) moves the point θ along the direction v, while
ensuring that the resulting point remains on the manifold.
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3.3.4 Gradient Descent with Armijo line search

Intuitively, a Riemannian gradient descent method operates similarly to its Eu-
clidean counterpart, with the key distinction that iterates must be retracted back
onto the manifold after each update. The algorithm is recalled below, following the
formulation from [12], where the quantity ∇F denotes the Riemannian gradient.

Algorithm 8 Riemannian Gradient Descent, Algorithm 4.1 of [12]

1: Input: x0 ∈M
2: for k = 0, 1, 2, . . . do
3: Pick a step-size αk > 0
4: xk+1 = Rxk

(sk), with step sk = −αk∇f (xk)
5: end for
6: Output: A sequence x0, x1, x2, . . . generated by the Gradient Descent.

Note that the sc The choice of the step size αk is typically handled using a back-
tracking line-search strategy. This approach is also recalled below, following the
exposition in [12].

Algorithm 9 Armijo line-search, Riemannian optimization, Algorithm 4.2 of [12]

1: Parameters: τ, r ∈ (0, 1); for example τ = 1
2
and r = 10−4

2: Input: x ∈M, ᾱ > 0
3: Set α← ᾱ
4: while f(x)− f (Rx (−α∇f(x))) < rα ∥∇f(x)∥2 do
5: Set α← τα
6: end while
7: Output: α

For further details on convergence aspects in Riemannian optimization, the reader
is referred to [12, Chapter 4].

3.3.5 Particle Swarm Optimization

Particle Swarm Optimization (PSO) was initially introduced as a metaheuristic algo-
rithm simulating social behaviour [38]. As emphasized in the introduction of [37], it
models the human capacity to process knowledge collectively within societies. From
a high-level perspective, given a set of initial positions, referred to as the swarm, the
algorithm iteratively updates each particle. Intuitively, particles explore the search
space, updating their positions based on whether a new location leads to a lower
objective function value. The process is summarized below, reproducing Equation 4
from [39]:

NEW POSITION = CURRENT POSITION

+ PERSISTENCE

+ SOCIAL INFLUENCE.

(3.26)
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In this formulation, each particle moves from its current location, influenced by
its momentum and the positions of other particles. Section 3 of [10] provides a
comprehensive overview of PSO in the Euclidean setting, followed by an extension
known as Guaranteed Convergence PSO (GCPSO). Since the Grassmann manifold
is not a vector space, the algorithm must be adapted accordingly. The original
PSO algorithm [38] does not ensure convergence to a stationary point. To address
this limitation, the authors of [69] proposed modifications that improve convergence
properties. A general PSO framework, adapted to the Grassmann manifold, is
implemented in the Manopt.jl library and is summarized below.

Algorithm 10 Particle Swarm Optimization for Riemannian Optimization

1: Parameters:
S = {s1, . . . , sn}; s(i)k denotes the k-th particle at iteration i, for k = 1, . . . , n.
M, the current manifold{
X

(i)
k

}n

k=1
: The velocities of k-th particle at iteration i

w, c, s : Inertia, cognitive weight, and social weight, respectively
r1, r2 : Newly generated random factor at each step.
T{·← ·} : A vector transport.
Retr−1 is an inverse retraction.{
p
(i)
k

}n

k=1
: Best position of each particle at iteration i.

g(i) : Best position among all particles at iteration i.
2: Initialization :

Draw randomly {s(0)k }nk=1 onM.

Set X
(0)
k = 0, for k = 1, . . . , n.

3: for i = 1,2, . . . do
4: for k = 1, . . . , n do
5: X

(i)
k = ωT

s
(i)
k ←s

(i−1)
k

X
(i−1)
k + cr1Retr

−1
s
(i)
k

(p
(i)
k ) + sr2Retr

−1
s
(i)
k

(p
(i)
k ),

6: s
(i+1)
k = Retr

s
(i)
k

(
X

(i)
k

)
7: p

(i+1)
k =

{
s
(i+1)
k if F

(
s
(i+1)
k

)
< F

(
p
(i)
k

)
p
(i)
k else.

8: end for

9: g(i+1) =

{
p
(i+1)
k if F

(
p
(i+1)
k

)
< F

(
g(i)
)
for some k ∈ {1, . . . , n} ,

g(i) else.
10: end for
11: OUTPUT : g contains the optimal point.

As described in [10, Section 3.3], in the context of the Grassmann manifold Gr(D, de),
the transport vector is defined by

TB←A : RD×de × RD×de → RD×de : (A,B)→ d

dt
ExpA

(
tḂ
)∣∣∣

t=1
, (3.27)

with
ExpA (tX) := AV cos (tΘ) + U sin (tΘ) , (3.28)
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where X = UΘV ⊤ is a thin SVD. Note that Equation (3.28) characterizes the
geodesic starting at a point A ∈ Gr (D, de) with velocity X ∈ TAGr (D, de). This
allows us to define the retraction on the Grassmann manifold

The retraction on the Grassmann manifold Gr (D, de) is defined by

Retr
s
(i)
k

(
X

(i)
k

)
: Gr (D, de)× T Gr (D, de)→ Gr (D, de)

:
(
s
(i)
k , X

(i)
k

)
→ Exp

s
(i)
k

(
X

(i)
k

)
.

(3.29)

The inverse retraction on the Grassmann manifold, denoted by Retr−1· (·), pro-
vides the velocity of the geodesic linking two points on Gr (D, de). Assume X, Y ∈
Gr (D, de). It is defined by (see [1, Section 3.8] or [10, Equation 10]),

LogX (Y ) := Uatan (Σ)V T , (3.30)

where U, V and Σ are given by the thin SVD of Π⊥XY
(
XTY

)−1
, where Π⊥X :=

I − XXT is the orthogonal projection onto TXGr (D, de). The thin SVD has the
form

UΣV T = Π⊥XY
(
XTY

)−1
.

3.3.6 Error Metric on the Grassmann manifold

A key element when evaluating a proposed solution is the error with respect to
the true subspace. This section recalls the error metrics defined on the Grassmann
manifold. Loosely speaking, the goal is to quantify the discrepancy between two
subspaces of the same dimension. In this context, the error is measured via the
principal angles between the two subspaces.

An error is represented by the distance between two points. Remember that a
natural thing to do for X, Y ∈ Gr (D, de = 1), represented by a unitary vector on
SD−1, is to compute the angle between X and Y . Thus

distSD−1 (X, Y ) = acos
(
X⊤Y

)
. (3.31)

One can generalize this result to Gr (D, de) for de > 1, as presented in [74, Introduc-
tion], using the principal angles. Let X, Y ∈ Gr (D, de). Those angles are computed
from the Singular Value Decomposition (SVD) of X⊤Y :

X⊤Y = UΣV ⊤.

It turns out that Σ ∈ Rde×de is such that

Σ = diag (σ1, . . . , σde) = diag (cos θ1, . . . cos θde) .

Each canonical angle is thus given by θi = acos (σi) for i = 1, . . . , de. Finally, the
distance is given by

distGr(D,de) (X, Y ) =

(
de∑
i=1

θ2i

)1/2

, (3.32)
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with θi the i-th principal angle, as discussed above. See that Equation (3.32) is
consistent with Equation (3.31) with the restriction de = 1. For more informations
about principal angles, see [30, Section 6.4.3].

3.4 Numerical experiments

The objective of this section is to present numerical results related to the material
introduced in the second chapter. The discussion begins with illustrative exam-
ples in low-dimensional settings, namely in R2 and R3, to provide intuition about
the objective function. The validity of the finite-difference approximation of the
Riemannian gradient, as described in Equation (3.25), is then assessed. Finally, a
comparison is made between the Riemannian optimization framework and the active
subspace approach, as discussed in previous chapters and presented in [22].

3.4.1 Low-dimensional illustration

To better understand the behaviour of the objective function in the presence of
noise, it is instructive to exploit the equivalence between the Grassmann manifold
Gr(D, de = 1) and the unit sphere SD−1. In particular, for low-dimensional settings
such asD = 2 andD = 3, the problem reduces to an optimization over the Euclidean
parameter space, which allows for direct visualization of the objective function. In
the case D = 2, the objective function can be expressed as a univariate function of
an angle θ, yielding the formulation

Fθ : [−2π, 0]→ R : θ 7→
N∑
i=1

[
f

((
cos θ
sin θ

)(
cos θ
sin θ

)T

x(i)

)
− f

(
x(i)
)]2

, (3.33)

which represents a point on the circle. For the three-dimensional case (D = 3), the
corresponding formulation is given by

Fφ,θ : [−2π, 0]2 → R

: (φ, θ) 7→
N∑
i=1

f

sinφ cos θ
sinφ sin θ
cosφ

sinφ cos θ
sinφ sin θ
cosφ

T

x(i)

− f
(
x(i)
)

2

,
(3.34)

which represents a point on the sphere. These parametrizations enable a detailed
inspection of the landscape of the objective function as a function of the sample size
N and the magnitude of the noise. The analysis focuses on the case D = 2, using
the same test functions as described in Section 3.1, whose definitions are recalled in
Appendix A.2. The results for the Squared Sine function are illustrated in Figure 3.8,
and the corresponding plots for the Levy function are presented in Figure 3.9. Note
that the points are sampled uniformly in [−1, 1]2
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Figure 3.8: Squared Sine defined by Equation (A.1)
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Figure 3.9: Levy function, defined by Equation (A.5)
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These plots illustrate both noiseless and noisy settings, with the addition of Gaus-
sian noise of variance σ2 = 0.01. While the global minimum appears clearly in
both cases, the objective functions exhibit numerous local minima that can hinder
optimization, excepted the setting of . This effect is particularly pronounced in the
presence of noise, which reduces the smoothness of the surface and amplifies the
number of misleading basins. Although this phenomenon seems to diminish as the
number of evaluations N increases, we aim to deliberately restricts N to remain
in a low-sample regime. This constraint reflects the goal of being competitive with
active subspaces methods. Indeed, the more samples we have, the more queries of
the function we have to do, in addition with the new projection Y Y Tx(i), that needs
to be done at each iteration, for each sample, which depends on D.

These visual patterns help explain the limited effectiveness of gradient-based meth-
ods. The abundance of local minima and narrow valleys leads to high sensitivity to
initialization, and noise further degrades the accuracy of finite-difference gradients.
While Armijo line-search occasionally stabilizes convergence, consistent success re-
mains elusive. Multistart strategies offer partial mitigation but are computationally
costly and still prone to premature convergence in such rugged landscapes.

Given these difficulties, it is natural to turn to Particle Swarm Optimization (PSO).
PSO is less sensitive to local irregularities and can explore the search space more
globally. A gradient descent with Armijo line-search could still perform well for
functions with acceptable profile, e.g. Figure 3.9a for N = 5, using a multistart.
But those are not the usual profile we would get on random function, and this struc-
ture stems particularly from the regularity of the Levy function.

When increasing N on the Squared Sine function in both settings as in Figure 3.8,
the obtained function can be related to the Easom function and its αEasom vari-
ant [36, 51, 15, 20]. These functions are notoriously difficult to optimize with local
methods, because they exhibit flat landscape everywhere but around the global min-
imizer, being very sharp. But PSO is better equipped to handle such landscapes.
Therefore, in scenarios where the objective function is highly multimodal and lacks
smoothness, PSO provides a robust and justified alternative. The results presented
in Appendix D.4, however, highlight that we may have scalability issues.

3.4.2 Finite-Differences scheme validation

By inspecting Figures 3.8 and 3.9, it appears that in the absence of noise and with
a sufficiently large number of samples, convergence to a solution using first-order
methods remains plausible. The objective of this section is therefore to numeri-
cally validate the scheme introduced in Section 3.3.3. This constitutes an essential
preliminary step.

The gradient descent algorithm presented in Section 3.3.4 is employed, using N =
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2000 samples and running for 2000 iterations. No convergence criterion is imposed
on the gradient norm. A multistart strategy with five random initializations is used.
The objective is to verify that the observed reconstruction error on the subspace ex-
hibits the expected first-order convergence rate, i.e., O(h). The errors are displayed
in radians.

This rate is evaluated across four test functions defined in Appendix A and listed in
Table A.2: Squared Sine, Beale, Goldstein-Price, and Levy. The effective dimension
is fixed at de = 1 and the ambient dimension is set to D = 5 for the function Squared
Sine. The others are set to (D, de) = (3, 2).
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Figure 3.10: Error on the solution (mean over 20 runs) for four functions.

We see that besides Beale function, all the subspace are reconstructed according to
a linear rate of convergence following O (h).

3.4.3 Numerical results

The goal of this section is to provide a rigorous numerical comparison between the
PSO approach and the Active Subspace method. The analysis focuses on the four
functions from the testing set detailed in Table A.2. These functions are selected
because, within the broader test set described in Table A.1, they allow for clear
control of the effective dimensionality, specifically for de ∈ {1, 2}.

Results are presented for three different levels of noise variance in Figure 3.11. The
number of samples is fixed at N = 10, aligning with the typical budget used in the
Active Subspace method. The PSO algorithm is executed for 2000 iterations with a
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swarm size of 100. A multistart strategy is used with five different seeds. The PSO
performance curve displayed corresponds to the best result among the five runs.

For comparative purposes, results obtained via the Active Subspace method, as
discussed in the previous chapter, are also included. The gradient is approximated
using finite-difference schemes with various discretization levels. The errors are
displayed in radians.
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Figure 3.11: Comparison of the errors with respect to the number of oracle calls
for PSO and Active subspaces. The PSO run represented (black) is the best curve
obtained among the 5 multistarts.

The results presented in Figure 3.11 suggest that for low-dimensional problems, PSO
outperforms Active Subspaces in terms of final accuracy. Note that the final accu-
racy also depends on the noise level, the lower the noise, the better the performance.
However, achieving the best precision using Active Subspaces typically requires sig-
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nificantly more oracle calls, approximately 1000 times more. Furthermore, in the
case of Active Subspaces, employing a larger step size h improves the accuracy of
the subspace reconstruction.

It is also worth noting that there is no built-in way to validate a solution obtained
through the Active Subspaces method. In contrast, validation is feasible for the
PSO algorithm, as one can analyze the objective function and its expected value at
optimality. This aspect is discussed in Appendix D.3.

Numerical values corresponding to the best solutions obtained at the end of the
optimization process are reported in Table 3.1. PSO consistently outperforms the
Active Subspace technique, irrespective of the noise level. Additionally, higher noise
levels result in decreased solution accuracy for both methods.

Description σ2 PSO AS - h = 10−2 AS - h = 10−4 AS - h = 10−6

Squared sine, 10−4 0.0018 0.47 1.34 1.46
D = 5, 10−8 2.75× 10−5 9.85× 10−3 1.37 1.45
de = 1. 10−12 9.66× 10−8 3.51× 10−3 0.013 1.53
Beale, 10−4 5.38× 10−8 4.33× 10−6 7.93× 10−4 2.81× 10−3

D = 3, 10−8 4.91× 10−11 1.95× 10−7 7.18× 10−6 1.27× 10−3

de = 2. 10−12 9.56× 10−13 1.28× 10−9 3.94× 10−8 3.5× 10−6

Levy, 10−4 6.44× 10−6 4.44× 10−3 0.46 0.37
D = 3, 10−8 2.56× 10−8 2.88× 10−5 1.12× 10−2 0.59
de = 2. 10−12 1.34× 10−10 7.6× 10−8 1.19× 10−5 4.73× 10−3

Goldstein Price, 10−4 1.07× 10−9 2.3× 10−6 1.88× 10−4 1.08× 10−2

D = 3, 10−8 1.27× 10−12 2.11× 10−8 9.2× 10−7 1.85× 10−4

de = 2. 10−12 9.33× 10−14 1.24× 10−9 2.11× 10−8 7.59× 10−7

Table 3.1: Final error for each algorithm (radians)

The previous analysis has focused on relatively small values of (D, de). It is of inter-
est to investigate how the ambient dimension influences the convergence behavior of
the algorithm. According to [15], the Active Subspace method achieves satisfactory
subspace reconstruction with high probability when the number of samples N is of
the order of de, with limited impact of the ambient dimension D. This raises the
question of whether PSO exhibits a similar dependence on the ambient dimension
in noisy settings. In particular, it is worth examining whether low-dimensional sub-
spaces can be successfully recovered within higher-dimensional ambient spaces than
those considered in Table 3.1 and Figure 3.11. Numerical results addressing this
question are presented in Figure 3.12, with the noise variance set to σ2 = 10−4.
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Figure 3.12: Scaling of PSO with respect to the ambient dimension D. The test set
is defined as Appendix A.2. The errors are in radians

The results indicate that PSO exhibits a strong dependence on both the number of
samples N and the ambient dimension D. This observation aligns with the findings
discussed in Section 3.1, where increasing the number of samples helps to better
reveal the minimum of the objective function. However, as D increases, the search
space becomes increasingly irregular and less suitable for global optimization, as
illustrated in Appendix D.4. While increasing the sample size mitigates this issue to
some extent, PSO ultimately provides only an approximate recovery of the effective
subspace. That is, besides Squared Sine, no effective subspace can be reconstructed
with PSO for D = 10.

In contrast, the Active Subspace method demonstrates consistent performance across
varying values of D and N , provided that N > de. This consistency highlights the
scalability advantage of the Active Subspace method, which is largely independent
of the ambient dimension. The PSO-based approach, on the other hand, requires
repeated evaluations of the objective function at each iteration and suffers from
poor scalability with respect to D, rendering it less practical for high-dimensional
problems.
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Conclusion

Many fields of engineering require the global minimization of objective functions
defined over large domains. To ensure tractability, it becomes essential to develop
optimization methods that exploit the structure of these functions, thereby accel-
erating computations. In this context, the starting point of this master thesis was
the low effective dimension framework, in which a function depends only on a linear
subspace of the full domain.

This work focused on two extensions of this framework and evaluated their gener-
alization potential relative to the basic case. The first extension concerns functions
with approximate low effective dimension, where the function exhibits limited vari-
ation in the orthogonal complement of the effective subspace, up to deterministic
perturbations. The second extension addresses functions with low effective dimen-
sion but subject to noisy function evaluations. Despite the additional computational
costs introduced by these generalizations, the adapted methods demonstrate the
ability to yield relevant and robust results.

The analyses carried out in this thesis established preliminary theoretical connec-
tions between the assumptions required for a function to possess a low effective
dimension, as in [15], and those required to exhibit an approximate low effective di-
mension. This led to the design and adaptation of algorithms suited to this relaxed
setting. The reformulation of certain propositions from [15] enabled an extension of
the theoretical framework to encompass functions with approximate structure. It
was also shown that the spectrum of the matrix C, as used in [22], remains a valid
tool to identify the effective subspace, even under these generalized assumptions. In
high-dimensional regimes (e.g., D = 200), the proposed algorithms demonstrated
competitive performance compared to full-domain solvers.

Several open questions emerged from this analysis. Beyond identifying and opti-
mizing over the approximate effective subspace, it would be valuable to study the
trade-offs associated with increasing the number of selected directions. Allowing for
more directions might improve accuracy or robustness, but at the cost of efficiency.
Moreover, numerical instabilities introduced by rotating the canonical axes within
the objective function were found to perturb the spectrum of C. It remains to be
explored how a randomized testing set could be constructed to minimize such effects,
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or how to design such a set with reduced computational burden.

In the presence of noisy function evaluations, the focus shifted to the accurate re-
covery of the effective subspace rather than solving the related optimization prob-
lem. The proposed approach employed Riemannian optimization techniques on the
Grassmann manifold, using an objective function analogous to a sum-of-squares
formulation. This strategy was motivated by the inadequacy of finite-difference ap-
proximations for constructing C in noisy settings. Particle Swarm Optimization
(PSO) was adopted due to its suitability for the structure of the objective. This
method exhibited higher accuracy in subspace reconstruction, albeit at significant
computational cost. Experiments conducted for low-dimensional ambient spaces
(D ≤ 5) revealed promising results, but scalability remains a key challenge. Future
investigations should focus on improving the tractability of this approach for higher
dimensions, where dimensionality reduction becomes most beneficial.

In conclusion, the results from [15] can be effectively extended to the setting of ap-
proximate low effective dimension, even when the underlying function displays more
complex behaviour. When returning to the original low effective dimension set-
ting but allowing only noisy queries, the Riemannian framework provided improved
performance in small dimensions. However, further work is needed to make such
techniques computationally efficient and scalable for practical applications.
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Appendix A

Test set description

A.1 Transformation methods

A.1.1 Low effective dimension

This section is citation of [15], but is restated here for convenience and complete-
ness. Each function h in Table A.1 is turned into a function f over RD, for D an
integer chosen in a range spanned by [2, 300], with de ≤ D. We proceeds in three
steps. First, we apply a suitably chosen linear change of variable to each function
of Table A.1, to turn it into a function h̄ whose domain is [−1, 1]de . Then, we add
D − de fake dimensions in the search space, with zero coefficient:

h(x) = h̄ (x̄) + 0 · xde+1 + · · ·+ 0 · xD.

Finally, in order to obtain a non-trivial constant subspace, we rotate the function
h(x) by applying random orthogonal matrix Q to x. The D-dimensional function
used in the tes set is then given by

f(x) = h
(
QTx

)
.

Note that, by construction, the first de colmuns of Q form a basis of the effective
subspace S of f , and the last D − de columns of Q form a basis of the constant
subspace S⊥ of f .

A.1.2 Approximate low effective dimension

We generalize the construction of functions with low effective dimension presented
in Appendix B of [15], and reminded in Appendix A.1.1.

Assume that one wants to construct a function f : RD → R from a function
g : Rde → R taken in Appendix A.2. Three steps are considered.

First step. A suitable change of variable is applied on g to map its domain to the
hypercube [−1, 1]de . The resulting function is called ḡ. Consider only one variable xi
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such that xi ∈ [ai, bi]. Consider ξi ∈ [−1, 1]. Then a change of variable ζi : ξi → xi

is given by

ζi : [−1, 1]→ [ai, bi] : ξ →
(bi − ai)

2
ξ − (bi + ai)

2
,

and one can define ζ as

ζ : [−1, 1]de → dom(g) : (ξ1, . . . , ξde)→ (ζ1 (ξ1) , . . . , ζD (ξD)) .

The function ḡ has thus the following definition

ḡ : [−1, 1]de → R : x→ (g ◦ ζ) (x) .

Second step. This step consists of adding D− de low effective dimensions, that is,
their variation is small in the considered dimension. The extension considered is

h(x) : [−1, 1]D → R : ḡ(x̄) +
D∑

i=de+1

Ai sin (ωixi + ϕi) ,

with x̄ a restriction to the first de-th components of x ∈ RD. By default, one can
set

Ai =
L

D − de
,

ϕi ∼ Context-dependant,

ωi = 1,

for i = de + 1, ..., D. Those choices ensure that in the approximate low effective
dimension, one knows the constant L in the characterization

|f(x)− f(x+ V u)| ≤ L∥u∥,

with V ∈ RD×(D−de) and u ∈ RD−de . Any other choice of parameter works, and are
relevant, as long as L ≪ 1, for the approximate low effective dimension hypothesis
to hold.

Third step. The final step is used to ensure that one does not always end up with
the canonical axes as invariant subspace. Generate Q ∈ O(D), the set of orthogonal
matrices, and use

f : [−1, 1]D → R : x→ h(QTx).

Note that by definition, the de-th first columns of Q span the effective subspace, and
the (D−de)-th last columns span the approximate low effective dimension subspace.

A.2 Test functions

All the functions described in this section are summarized in Table A.1. All of them
were taken from [65].
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Function Domain Global minimum
Squared sinus [−4, 4] h(y∗) = 0

Styblinski-Tang 2D [−5, 5]2 h(y∗) = −78.332
Styblinski-Tang 8D [−5, 5]8 h(y∗) = −313.329

Beale [−4.5, 4.5]2 h(y∗) = 0
Hartman 3D [0, 1]3 h(y∗) = −3.86278
Hartman 6D [0, 1]6 h(y∗) = −3.32237

Trid [−25, 25]5 h(y∗) = −30
Goldstein-Price [−2, 2]2 h(y∗) = 3

Levy [−10, 10]6 h(y∗) = 0
Rosenbrock [−2.048, 2.048]7 h(y∗) = 0

Table A.1

The following four functions are used as a test set in Chapter 3.

Function Domain Global minimum
Squared sinus [−4, 4] h(y∗) = 0

Beale [−4.5, 4.5]2 h(y∗) = 0
Goldstein-Price [−2, 2]2 h(y∗) = 3

Levy [−10, 10]2 h(y∗) = 0

Table A.2

The rest of this section is dedicated to presenting the analytical expression of the
functions described in Table A.1.

A.2.1 Squared Sine

The function is defined by

f : [−4, 4]→ R : (x, y)→ sin (x− 0.5)2 ,

with de = 1. Throughout this master thesis, the following variant is used as well,

f : R2 → R : (x, y)→ sin (x− y − 0.5)2 , (A.1)

with de = 1. This function is already rotated and is used for illustration purposes.

A.2.2 Styblinski-Tang

The function is defined by

f : [−5, 5]de → R : x→ 1

2

de∑
i=1

(
x4
i − 16x2

i + 5xi

)
(A.2)
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A.2.3 Beale

The function is defined by

f : [−1, 1]2 → R : x→ (1.5− x1 + x1x2)
2

+
(
2.25− x1 + x1x

2
2

)2
+
(
2.625− x1 + x1x

3
2

)2
.

(A.3)

A.2.4 Levy

The function is defined by

f : [−10, 10]de → R

:x→ sin2 (πw1) +
de−1∑
i=1

(wi − 1)2
[
1 + 10 sin2 (πwi + 1)

]
+ (wde − 1)2

[
1 + sin2 (2πwde)

]
,

(A.4)

with

wi = 1 +
xi − 1

4
, for i = 1, . . . , de.

A variant is also used in this master thesis, that is

f : [−10, 10]2 → R : x→ sin2 (πw1) + (w1 − 1)2
[
1 + sin2 (2πw1)

]
,

w1 = 1 +
x1 − x2 − 1

4
.

(A.5)

A.2.5 Goldstein-Price

The function is defined by

f : [−1, 1]2 → R : x→
[
1 + (x1 + x2 + 1)2

(
19− 14x1 + 3x2

1 − 14x2 + 6x1x2 + 3x2
2

)]
×
[
30 + (2x1 − 3x2)

2
(
18− 32x1 + 12x2

1 + 48x2 − 36x1x2 + 27x2
2

)]
(A.6)

A.2.6 Rosenbrock

The function is defined by

f : Rd → R : x 7→
d−1∑
i=1

[
100(xi+1 − x2

i )
2 + (xi − 1)2

]
. (A.7)

A.2.7 Hartman 6D

The function is defined by

f(x) = −
4∑

i=1

αi exp

(
−

6∑
j=1

Aij(xj − Pij)
2

)
, (A.8)
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where

α =
(
1.0 1.2 3.0 3.2

)T
, A =


10 3 17 3.5 1.7 8
0.05 10 17 0.1 8 14
3 3.5 1.7 10 17 8
17 8 0.05 10 0.1 14

 ,

P = 10−4 ×


1312 1696 5569 124 8283 5886
2329 4135 8307 3736 1004 9991
2348 1451 3522 2883 3047 6650
4047 8828 8732 5743 1091 381

 .

A.2.8 Hartman 3D

The function is defined by

f(x) = −
4∑

i=1

αi exp

(
−

3∑
j=1

Aij(xj − Pij)
2

)
, (A.9)

where

α =
(
1.0 1.2 3.0 3.2

)T
, A =


3.0 10 30
0.1 10 35
3.0 10 30
0.1 10 35

 , P = 10−4×


3689 1170 2673
4699 4387 7470
1091 8732 5547
381 5743 8828

 .

A.2.9 Trid

The function is defined by

f : Rd → R : x 7→
d∑

i=1

(xi − 1)2 −
d∑

i=1

xixi−1. (A.10)
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Appendix B

Algorithm for functions with low
effective dimension

We recall here for consistency the algorithm presented in [15] for functions with low
effective dimension. Assume that we aim to solve

f ∗ = min
x∈RD

f (x) ,

where f : RD → R is a real-valued continuously differentiable, possibly non-convex,
deterministic function. Assume further that f has low effective dimensionality. One
can use the following algorithm to efficiently solve this optimization problem.

Algorithm 11 ASM-1

1: Initialize p ∈ RD and M , a number of sample gradients
2: Apply Algorithm 1 with M samples to compute Ĉ.
3: Compute a basis A of the range of Ĉ, and let d be its dimension.
4: Calculate y by solving approximately, and possibly, with a given probability,

min
y∈RD

f (Ay + p)

5: Construct the solution estimate, x = Ay + p.
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Appendix C

Additional theoretical results for
deterministic perturbations

Proposition C.1. Let C be defined as in Equation (1.1). Then,

min
V ∈RD×(D−de)

V TV=ID−de

trace(V TCV ) =
D∑

i=de+1

λi

where λi, i = de + 1, . . . , D are the D − de smallest eigenvalues of C.

Proof. The framework adopted here is the Riemannian optimization on the Stiefel
manifold. We aim to solve the following optimization problem

min
V ∈RD×(D−de)

V TV=ID−de

trace(V TCV ),

which is defined as the minimization of the following objective function

F : St(D,D − de)→ R : V → trace
(
V TCV

)
,

with St(n, p) defined by

St(n, p) =
{
X ∈ Rn×p | XTX = Ip, p ≤ n

}
.

The gradient of a real-valued function defined on St(n, p) is given by

∇F (V ) = FV − V F T
V V,

with FV the Euclidean gradient of F , such that

(FV )ij =
∂F

∂Vij

.

70



Let Y ∈ RD×(D−de) arbitrary. It follows that

DF (V ) [Y ] = ⟨FV , Y ⟩

= lim
h→0

trace
[
(V + hY )T C (V + hY )

]
− trace

[
V TCV

]
h

= 2 trace
(
Y TCV

)
= ⟨2CV, Y ⟩ .

(C.1)

We infer that FV = 2CV , and

∇F (V ) = 2CV − 2V V TCV.

Any stationary points must satisfy

CV = V V TCV.

We recognize an eigendecomposition structure. If we choose V such that it contains
orthonormal eigenvectors of C, then the equality is satisfied.

CV = V V TCV ⇔ CV = V Λ,

with Λ a diagonal matrix containing the eigenvalues of C associated with the chosen
eigenvectors in V . Turns out that with this choice of V

trace(V TCV ) =
∑
i

λi,

for the chosen i ∈ {1, . . . , D}. The minimum is thus obtained by taking as columns of
V the D−de last eigenvectors of V (associated to the D−de lowest eigenvalues).

Example. As an illustration of Proposition C.1, assume that

C =

(
1 0
0 2

)
.

Then,

F : St(2, 1)→ R :

(
sin θ
cos θ

)
→
(
sin θ cos θ

)(1 0
0 2

)(
sin θ
cos θ

)
= 1 + cos2 θ. (C.2)

By abuse of notation, we consider F (θ) directly. The solution is given by F (θ∗) = 1,
with θ∗ = π/2. Looking at the corresponding vector, v∗ =

(
1 0

)
, which is exactly

the eigenvector associated to the smallest eigenvalue of C. As an illustration of the
objective function, see Figure C.1.
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Minimum at = /2

Figure C.1: See that the function C.2 admits two extrema. One is the minimum at
θ = π/2. It spans v =

(
1 0

)
. The other is the maximum, spanning v =

(
0 1

)
.
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Appendix D

Additional material about
Riemannian optimization

D.1 Smoothness of the objective function

Figure D.1 illustrates the process required to prove the smoothness of an objective
function on Grassmann manifolds.

Smoothness on quotient 
manifolds

Goal : Smoothness of F

Smooth 
extension in 
embedded 

space

Stiefel manifolds 
are embedded in 

the n x p euclidean 
space

Linearity for 
smooth 

functions

Composition 
preserves 

smoothness
f is smooth

Smoothness of g ?

Yes

Figure D.1: The convention is (p, n) is a tuple associated with n × p orthonormal
frames. For consistency, note that (D, de) ≡ (p, n) with D = n and p = de.

D.2 Details about the derivation of the gradient

The objective of this note is to compute the riemannian gradient of the objective
function on the Grassmann manifold. Define FY such that

(FY )ij =
∂F

∂Yij

, (D.1)
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that is, an euclidean differentiation in the euclidean space RD×de . Define

gi : RD×de → RD : Y → Y Y Tx(i), (D.2)

and
Fi : Gr(D, de)→ R : Y →

[
f
(
Y Y Tx(i)

)
− f

(
x(i)
)]2

(D.3)

This redefinition is justified by the linearity of the gradient. One can then only
consider one term of the sum defining the objective function (3.13).

We are now interested in finding the gradient of F as defined in (D.1). Denote by
Ẏ an arbitrary direction in RD×de . The directional derivative of Fi at the point Y
in the direction Ẏ is such that

DFi (Y ) [Ẏ ] = ⟨F i
Y , Ẏ ⟩. (D.4)

It follows that

DFi (Y ) [Ẏ ] = 2
(
f(Y Y Tx(i))− f(x(i))

)
Df(Y Y Tx(i))[Ẏ ]. (D.5)

Using the parametrization defined in (D.2) as well as the chain rule (see Appendix
A of [1]), note that

Df(Y Y Tx(i))[Ẏ ] = Df(g(Y ))
[
Dg(Y )[Ẏ ]

]
= ⟨∇f(g(Y )), Dg(Y )[Ẏ ]⟩. (D.6)

Using the definition of g as in (D.2), one can retrieve the expression of the directional
derivative by direct computation,

D (g(Y )) [Ẏ ] = lim
h→0

g(Y + hẎ )− g(Y )

h

= lim
h→0

(
Y + hẎ

)(
Y + hẎ

)T
− Y Y T

h
x

= lim
h→0

hY Ẏ T + hẎ Y T + h2Ẏ Ẏ T

h
x

= Y Ẏ Tx+ Ẏ Y Tx.

(D.7)

With this computation, one can compute the directional derivative of f(Y Y Tx(i))
in the direction Ẏ . Then, one can express the directional derivative of Fi in the
direction Ẏ . Let k = 2

(
f(Y Y Tx(i))− f(x(i))

)
. Then,

DFi (Y ) [Ẏ ] = kDf(Y Y Tx(i))[Ẏ ]

= kDf(gi(Y ))[Dg(Y )[Ẏ ]]

= k⟨∇f(gi(Y )), Dgi(Y )[Ẏ ]⟩

= k∇f(Y Y Tx(i))T
(
Ẏ Y Tx(i) + Y Ẏ Tx(i)

)
= k tr

(
∇f(Y Y Tx(i))T

(
Ẏ Y Tx(i) + Y Ẏ Tx(i)

))
= k

{
tr(Y Tx(i)∇f(Y Y Tx(i))Ẏ ) + tr((x(i)∇f(Y Y Tx(i)Y )T Ẏ )

}
= k tr

{[
∇f(Y Y Tx(i))Tx(i)TY + x(i)∇f(Y Y Tx(i))Y

]T
Ẏ
}

(D.8)

74



By identification according to (D.4), and by additivity property, one has that

FY = 2
N∑
i=1

(
f(Y Y Tx(i))− f(x(i))

) [
∇f(Y Y Tx(i))Tx(i)TY + x(i)∇f(Y Y Tx(i))Y

]
(D.9)

Knowing the euclidean gradient, the riemannian gradient is immediate, that is

∇F (Y ) = FY − Y Y TFY (D.10)

D.3 Validation of a candidate subspace through

the objective function

Consider the objective function

F (Y ) =
N∑
i=1

[
f
(
Y Y Tx(i)

)
− f

(
x(i)
)]2

.

We still assume to have only access to f through noisy queries

f̃(x) = f(x) + ε, ϵ ∼ N (0, σ2).

The objective function becomes

F̃ (Y ) =
N∑
i=1

[
f̃
(
Y Y Tx(i)

)
− f̃

(
x(i)
)]2

.

Assume that Y is the correct D × de orthonormal frames spanning the invariant
subspace of F , that is, the optimal solution of

min
Y ∈RD×de

Y TY=Ide

N∑
i=1

[
f
(
Y Y Tx(i)

)
− f

(
x(i)
)]2

.

At optimality, we can thus define the following random variable

X =
N∑
i=1

(ε′i + ε′′i )
2
, and ε′i, ε

′′
i ∼ N (0, σ2), i.i.d..

We are thus interested in finding the expectation and the variance of the above
quantity. If the value is drawn from X with high probability, then we can consider
that we converged toward the optimal solution. Remember that

Y ∼ N (µY , σ
2
Y ),

Z ∼ N (µZ , σ
2
Z),

Y + Z ∼ N (µY + µZ , σ
2
Y + σ2

Z).
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Then

X =
N∑
i=1

X2
i , Xi ∼ N (0, 2σ2).

A squared normally distributed random variable has a Chi-Squared distribution,
that is, Xi ∼ 2σ2χ2

1. By remembering the expectation and the variance of a chi-
squared distribution, along with the sum, one gets that

E [X] = 2Nσ2, V [X] = 8N2σ4.

As an example, see for N ∈ {10, 100} and σ2 = 10−4 the probability density function
of the associated X on Figure D.2.
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Figure D.2: Probability Density Function (pdf) of the random variable X at opti-
mality

On Table D.1 are displayed the expectations and variances of X for different number
of samples and variances of noise.

σ2 = 10−4 σ2 = 10−8 σ2 = 10−12

E [X] V [X] E [X] V [X] E [X] V [X]
N = 10 0.002 8× 10−6 2× 10−7 8× 10−14 2× 10−11 8× 10−22

N = 100 0.02 8× 10−4 2× 10−6 8× 10−12 2× 10−10 8× 10−20

Table D.1: Expectation and Variance of the objective function at optimality

The quantities presented on Table D.1 provide a way to verify the optimality of
the solution found using the riemannian approach. On each scenario, based on the
expectation and the variance, one is able to derive confidence interval for a proposed
solution, as a correct solution would be centered around its expectation with high
probability.

D.4 Low-dimensional Illustration in 3D

This section aims to present the evolution of the objective function for Squared Sine,
for de = 1 and D = 3.
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Figure D.3: σ2 = 10−4
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Figure D.4: σ2 = 10−8
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Figure D.5: σ2 = 10−12
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Appendix E

Use of AI

ChatGPT and DeepL were used to assist with grammar and language refinement.
Example of ChatGPT prompt used in this master thesis : ”Correct the grammar
and the scientifical soundness of this paragraph. Do not alter the content in any
way, focus on the rephrasing and structure only.”

During the course of this project, GitHub Copilot was used as a coding assistant
to streamline repetitive implementation tasks. Its contribution remained strictly
limited to low-level programming support and did not influence any theoretical
developments or methodological decisions.

79



UNIVERSITÉ CATHOLIQUE DE LOUVAIN 
École polytechnique de Louvain
Rue Archimède, 1 bte L6.11.01, 1348 Louvain-la-Neuve, Belgique | www.uclouvain.be/epl


	Introduction
	Existing Work
	Low effective dimension and active subspaces

	Deterministic perturbations
	Generalization to approximate low effective dimension
	Experimental setup
	Testing set
	Algorithms
	Global Solver

	Numerical results

	Stochastic perturbations
	Limitations of the active subspace approach
	Matrix Manifolds and Orthogonality Constraints
	Reminder on Manifolds
	Orthogonality Constraints

	Problem Formulation
	Smoothness of the objective function
	Gradient of the objective function
	Finite-Difference scheme
	Gradient Descent with Armijo line search
	Particle Swarm Optimization
	Error Metric on the Grassmann manifold

	Numerical experiments
	Low-dimensional illustration
	Finite-Differences scheme validation
	Numerical results


	Conclusion
	Test set description
	Transformation methods
	Low effective dimension
	Approximate low effective dimension

	Test functions
	Squared Sine
	Styblinski-Tang
	Beale
	Levy
	Goldstein-Price
	Rosenbrock
	Hartman 6D
	Hartman 3D
	Trid


	Algorithm for functions with low effective dimension
	Additional theoretical results for deterministic perturbations
	Additional material about Riemannian optimization
	Smoothness of the objective function
	Details about the derivation of the gradient
	Validation of a candidate subspace through the objective function
	Low-dimensional Illustration in 3D

	Use of AI

