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Abstract

In recent years, data-driven control has gained prominence as an alternative to
traditional model-based strategies, particularly in contexts where constructing
accurate system models is difficult. Controllability remains a cornerstone of control
theory, as it determines the feasibility of designing effective control inputs. This
work addresses the problem of assessing controllability from noisy input–state
trajectory data, aiming to bridge the gap between theoretical guarantees and the
challenges posed by real-world noise-affected systems.

The study begins with a review of the literature on data-driven control, system
identification, and structural analysis, with an emphasis on the various definitions
of controllability. Special attention is given to the data-informativity framework,
which allows controllability to be tested directly from measured data. However,
both theoretical analysis and numerical evidence highlight a key limitation of this
approach: its lack of robustness in the presence of noise.

To address this issue, a hybrid method is introduced. Rather than applying control-
lability tests directly to noisy measurements, the structural sparsity of the system
is first inferred using either hard thresholding or LASSO regression. The result-
ing estimate is then analyzed using structural controllability theory. Simulations
conducted on both random and deliberately constructed systems show that this
two-step approach improves robustness significantly, yielding high accuracy even
under non-negligible noise.

Overall, this framework offers a practical and noise-resilient alternative for data-
driven controllability assessment, and suggests new research directions at the
intersection of structural inference, noisy data and controllability.
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Chapter 1

Introduction

“The laws of nature are written in the language of mathematics.” —Galileo Galilei

From collective animal motion such as bird flocking [1] to climate forecasting [2],
from aircraft design [3] to personalized recommendation systems [4], mathematics
provides the language through which we understand and influence the world. In
particular, mathematical modeling plays a pivotal role in science and engineering.
A model offers a simplified quantitative abstraction of a system, allowing us to
describe, analyze, and anticipate the evolution of the system over time. Their
universality and abstraction enable application across disciplines, enabling progress
in both theoretical and applied domains.

In the field of systems and control, models typically take the form of dynamical
systems, i.e., mathematical objects that describe how a system evolves over time
under the influence of external inputs. A widely used class of such systems is that
of discrete-time Linear Time-Invariant (LTI) systems, described by the update
equation:

x(t + 1) = Ax(t) + Bu(t), (1.1)
where x(t) ∈ Rn is the state vector at time t, u(t) ∈ Rm is the input vector at
time t, and A ∈ Rn×n, B ∈ Rn×m are matrices encoding the system dynamics and
input interactions, respectively. While many systems in practice are nonlinear,
time-varying, or described more naturally in continuous time, the LTI framework
(whether in discrete or continuous form) remains a foundational tool in control
theory due to its analytical tractability and broad applicability.

A central concept in control theory is the controllability of a system. Informally, a
system is controllable if it is possible to drive its state from any initial configuration
to any desired final configuration within finite time, using admissible inputs. This
notion is formalized by the following definition.

1



Definition 1.1 (Controllability). A discrete-time system of the form (1.1) is said
to be controllable if, for any initial state x(0) and any final state x(f), there exists
a finite sequence of inputs (u(0), . . . , u(T − 1)) such that x(T ) = x(f).

Controllability is not merely a theoretical curiosity; it is a cornerstone assumption
behind many powerful tools and results in systems and control, such as state
feedback design [5], Kalman decomposition [6], and optimal control [7]. For LTI
systems, the classical test for controllability is given by the Hautus criterion or the
rank condition involving the controllability matrix.

Theorem 1.2 (Kalman Rank Condition [8]). The LTI system (1.1) is controllable
if and only if the controllability matrix

C =
[
B AB A2B · · · An−1B

]
has full rank, i.e., rank(C) = n.

These classical methods rely on the availability of a fully specified model. They
belong to the model-based paradigm of control theory, in which the analysis and
design of control laws presuppose knowledge of the system matrices A and B. How-
ever, in many contemporary applications, this assumption is increasingly difficult
to satisfy.

Indeed, modern systems are often large-scale, high-dimensional, and interdependent.
Examples include power grids [9], communication networks [10], transportation
systems [11], and biological networks [12]. In such systems, obtaining a precise
model is prohibitively complex, or even fundamentally impossible. Sometimes the
underlying physics is unknown or too intricate; other times the network structure
is partially hidden, and the sheer scale of the network, with thousands of nodes and
interconnections, renders comprehensive modeling intractable. In fact, it is widely
acknowledged that the most time-consuming and error-prone step in deploying
model-based control is system identification [13].

This modeling challenge has sparked a growing interest in alternative approaches,
notably those based on data and structure. In data-driven methods, the focus shifts
from building an explicit model to extracting information directly from observed
input-output or input-state trajectories. In structural methods, only partial knowl-
edge of the system is assumed, such as known interconnections between states and
inputs, or the underlying network topology. By data, we mean measurements of a
dynamical system, typically of its inputs and outputs. By structure, we refer to
the pattern of zero and nonzero entries in the system matrices A and B.
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This thesis explores how the complementary strengths of data and structure can
be harnessed to overcome the limitations of traditional control methods. The main
focus is on determining whether controllability can be reliably inferred when the
available data are corrupted by noise. Classical data-driven techniques often fail in
such settings. To address this limitation, structural information such as sparsity
patterns or network topology is extracted from data and used as a substitute for
exact numerical knowledge. More precisely, a unified framework is developed for
data-driven controllability under noise, built upon structural controllability tests
and topology identification algorithms, enabling robust inference of controllability
and the design of control strategies in the absence of precise models.

1.1 From Data to Controllability
In many modern applications, obtaining an accurate first-principles model is imprac-
tical or impossible due to high dimensionality, unmodeled dynamics, or unknown
interconnections. The traditional two-step approach, consisting of system identi-
fication followed by model-based controller design, can therefore be prohibitively
expensive or lead to unreliable performance. As an alternative, a rapidly growing
body of work seeks to bypass explicit model construction and operate directly on
measured data, giving rise to the data-driven control paradigm. This shift reflects
a broader movement in systems and control theory toward leveraging experimental
data as the primary source of information, rather than relying on analytical models.

Data-driven control traces its roots to empirical tuning rules and adaptive archi-
tectures. Early milestones include classical PID tuning heuristics [14], adaptive
control schemes [15], iterative feedback tuning [16], and the concept of unfalsified
control [17]. More recently, these model-free concepts have evolved into a spectrum
of approaches, including one-shot predictive control based on Hankel matrices [18]
or not [19], model reference schemes [20], reinforcement learning for optimal control
[21, 22], and optimization-based PID tuning [23]. Surveys such as [24] document
the breadth of these techniques and classify them according to design objectives
and data requirements.

At the core of many of these developments lies Willems’ Fundamental Lemma
[25], which asserts that the set of trajectories of a controllable, observable LTI
system can be parametrized by a single persistently exciting input–output sequence
[26]. This result has inspired a wide range of behavioral, optimization-based, and
subspace-free control formulations [27, 28], enabling direct controller synthesis from
data without identifying the system matrices.
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In parallel to controller design, data-driven analysis of system-theoretic properties
has gained attention. Stability, dissipativity, and performance can be verified using
data-driven linear matrix inequalities and generalizations of the S-lemma [29, 30].
Controllability and observability are often assessed via rank conditions on Hankel
matrices or trajectory-based tests [31]. Alternative approaches construct data-based
estimates of the controllability and observability Gramians, which remain accurate
even in the presence of measurement and process noise [32, 33].

Despite this progress, most data-driven methods impose strong assumptions: the
unknown system must be controllable, observable, or stabilizable a priori, and the
input used to collect data must be persistently exciting of sufficiently high order.
These assumptions are frequently difficult to guarantee in realistic settings. To
relax these requirements, van Waarde et al. introduced the informativity frame-
work, which recasts control and analysis tasks as set-membership problems over all
systems consistent with observed data [34, 35]. In this setting, data are said to be
informative for controllability if every model compatible with the measurements is
controllable; similarly, data are informative for stabilization if there exists a single
feedback gain that stabilizes all consistent systems.

A particularly notable result in this line of work is a data-driven Hautus test for
controllability that avoids the need for persistently exciting inputs, relying instead
on simple rank conditions applied to measured data [34]. This contrasts with earlier
Hankel-rank tests, which rely on strong excitation conditions.

In practice, however, even small amounts of noise can cause purely data-driven
controllability tests to fail, resulting in false positives and undermining reliability. To
address this limitation, data can be augmented with partial structural information,
such as known sparsity patterns or network connectivity, to restore robustness.
The remainder of this thesis investigates this hybrid data-and-structure paradigm:
failure modes of classical and informativity-based controllability tests under noise
are analyzed, and algorithms are developed to recover and exploit structural priors,
enabling reliable controllability assessment when data alone are insufficient.

1.2 From Data to Network Structure
In many settings, the interconnection pattern of a dynamical network is either
unknown or only partially available. Recovering this pattern, commonly referred to
as structure or topology identification, is crucial for characterizing system dynamics,
diagnosing faults, and designing distributed control strategies.
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By structure is meant the zero/nonzero pattern of the entries in the system matrices
A and B of (1.1), irrespective of their numerical values. These pattern matrices are
denoted by A ∈ {0, ∗}n×n and B ∈ {0, ∗}n×m, where each “∗” indicates a strictly
nonzero entry and “0” indicates a zero entry. The structure thus captures only
which states or inputs influence which states (note that inputs do not influence other
inputs). A given structure (A,B) admits infinitely many numerical realizations
(A, B) sharing the same zero/nonzero pattern.
Example 1.3. The numerical pair

A =
(

1 0
0.5 −0.3

)
, B =

(
0.7
0

)

is one realization of the pattern

A =
(
∗ 0
∗ ∗

)
, B =

(
∗
0

)
.

Any other pair (A′, B′) whose nonzero entries exactly match the “∗” positions in A
and B is also a valid realization of this structure.
In the context of data-driven controllability, the aim is to recover the zero/nonzero
pattern of (A, B) directly from (noisy) input–state trajectories. Once this pattern
is identified, structural controllability tests can be applied to determine whether
the system is controllable, without estimating the exact numerical values. This
contrasts with classical system identification, which fits a full-valued model to the
data before checking controllability. Structure identification, by focusing solely on
the binary pattern, proves significantly more resilient to measurement noise. This
thesis demonstrates numerically that, even in the presence of noise, reliable control-
lability conclusions can be obtained by combining robust structure recovery with
structural controllability theory. The goal is to extract the underlying structure
from data alone, without requiring additional model assumptions. To the best of
the author’s knowledge, no comparable noise-tolerant, data-driven approach to
controllability has yet been clearly established in the literature.

Necessary and sufficient conditions for structure identification have been established
in [36], where it is shown that, given full knowledge of the system’s transfer func-
tion, the binary pattern of (A, B) can be uniquely reconstructed. This framework
was extended in [37], which introduces a graph simplification algorithm yielding
equivalent necessary and sufficient conditions via left-invertibility tests on selected
transfer submatrices. Further identifiability results, relying on controllability and
observability assumptions, appear in [38].
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While these contributions provide a solid theoretical foundation, they all require
exact, full-frequency transfer-function data or perfect state-space information and
assume noise-free measurements, assumptions that are deliberately avoided in this
trajectory-based, noisy setting. Moreover, such requirements are often unrealistic
in practical systems. In this thesis, the aim is to devise algorithms that recover a
structure (A,B) consistent with the observed data, even when the identification is
not unique. Rather than focusing on uniqueness, the approach emphasizes robust-
ness, scalability, and practical viability. The literature on structure identification
encompasses several mathematical approaches.

One prominent family of methods is the node knockout technique [39, 40]. In
this approach, the system is represented as a graph, and each node (or pair of
nodes) is “knocked out”, for example, by forcing its state to zero. The resulting
transfer function of the modified network is then analyzed via the graph Lapla-
cian to infer the original connectivity. While this technique targets the binary
pattern directly, it crucially assumes that the network is both controllable and
observable, and is formulated for undirected graphs, whereas the focus here is on
directed networks and on assessing controllability itself. Moreover, node knockout
methods are inherently intrusive, as they require the ability to intervene on the sys-
tem in specific ways, which may not be feasible or safe in many engineering contexts.

Alternative approaches employ constrained Lyapunov equations [41], which recover
structure in diffusion-only systems (i.e. systems without inputs) by fitting Lyapunov
matrices to steady-state covariances. Spectral methods have also been proposed:
reconstruction of binary links using cross-spectral densities and causal Wiener filter-
ing is developed in [42], while a power-spectral-density-based algorithm for binary
reconstruction in directed networks is presented in [43]. These methods offer noise
resilience in specific settings but either neglect inputs or rely on statistical aver-
ages, rather than directly exploiting time-domain trajectory data as considered here.

In contrast, the proposed framework operates directly on finite, noisy trajectory
data, without relying on transfer-function information. This perspective naturally
leads to convex optimization methods for structure recovery. A first idea, proposed
in [44], is to test each candidate zero/nonzero pattern by enforcing its zeros and
checking compatibility with the data. Although this exhaustive search guarantees
identification of all structures consistent with the data, the number of possible
patterns grows exponentially with system dimension, making it computationally
infeasible even for moderately sized networks. To overcome this combinatorial
explosion, modern approaches incorporate regularization techniques or leverage
structural priors.
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Another perspective casts structure identification as a sparse optimization problem:
the sparsest pattern that minimizes the discrepancy between observed trajectories
and the estimated system is sought. This formulation is studied in [45], which
analyzes LASSO-based recovery and shows that the number of samples required for
accurate identification grows only logarithmically with the system dimension. This
is a highly encouraging result for scalability. The developments in this thesis build
on these insights and further explore sparsity-promoting regularization techniques.

In addition, hard-thresholding methods are investigated, where small entries are
iteratively zeroed out to enforce sparsity; such algorithms have been analyzed in
[46]. By analyzing gradient-based estimators, LASSO-type penalties, and hard
thresholding schemes, the goal is to recover the interaction pattern among system
components using only trajectory data, even in the presence of measurement noise
or unmodeled dynamics. In particular, the influence of key parameters, such as the
number of observations, the noise level, and the system dimension, on the accuracy
and reliability of the recovered structure is quantified.

1.3 From Network Structure to Controllability
Once the zero/nonzero pattern (A,B) of a system is identified, the next step is to
determine whether this pattern alone guarantees controllability. Classical tests such
as the Hautus criterion require numerical matrices and cannot be applied directly
to binary patterns. Structural controllability theory addresses this limitation by
providing graph-theoretic and algebraic tests that operate solely on the pattern
matrices. These tests make it possible to assess controllability without requiring
knowledge of the exact system dynamics.

In structural controllability, the pair (A,B) is represented by a directed graph
whose vertices correspond to state and input nodes, and whose edges correspond to
“∗” entries in A or B. A path in this graph indicates an influence from one node
to another. The key problem is to characterize the conditions under which such a
graph guarantees that all (or at least one) numerical realizations (A, B) consistent
with the pattern are controllable.

Two notions emerge. A pattern is strongly structurally controllable if every nu-
merical realization of (A,B) is controllable. In contrast, it is weakly structurally
controllable if at least one realization is controllable. Although these definitions may
seem opposed, weak structural controllability is a generic property: if a pattern is
weakly controllable, then almost every realization is controllable.
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Weak structural controllability was introduced by Lin [47] and further developed
by Dion and al. [48]. It is shown that a pattern is weakly controllable if and only
if its graph is spanned by a collection of disjoint cacti, a simple graph structure
composed of cycles and paths, and if every state node is reachable from at least one
input node. While conceptually insightful, these conditions do not yield efficient
algorithms. A constructive criterion was provided in [49], which shows that weak
controllability holds if and only if the bipartite graph between state and input
nodes admits a perfect matching under a suitable input placement. This result was
extended in [50] to the general LTI setting, leading to a polynomial-time test.

Strong structural controllability imposes a more stringent requirement. Matching-
based conditions were first derived in [50] and independently in [51], while a
complementary condition based on graph coloring appears in [51] and [52]. In
these formulations, colors are assigned to nodes according to propagation rules that
ensure every pattern edge can support controllability for all realizations. More
recently, Jia and al. [53] introduced an extended notion of structure that allows for
a third type of entry: one that may be either zero or nonzero depending on the
parameter realization. This is formalized by pattern matrices A ∈ {0, ∗, ?}n×n and
B ∈ {0, ∗, ?}n×m, where “0” indicates a fixed zero, “∗” a fixed nonzero value, and
“?” an indeterminate entry that can be zero or nonzero. The presence of “?” entries
introduces ambiguity in the interconnection structure, and can be interpreted as
encoding two possible binary structures: one where the “?” is set to zero, and
one where it is set to nonzero. Any test for strong structural controllability must
therefore verify controllability under both configurations.
Example 1.4. Consider the pattern matrices

A =
(
∗ 0
? ∗

)
, B =

(
∗
0

)
.

The uncertain entry “?” at position (2, 1) represents a possible connection that
may or may not exist. This pattern encodes two standard binary structures:

A′ =
(
∗ 0
0 ∗

)
, A′′ =

(
∗ 0
∗ ∗

)
.

To conclude strong structural controllability from this pattern, both (A′,B) and
(A′′,B) must be controllable.
This extension captures uncertainty in the pattern itself, an important feature
when recovering structure from noisy data. Note that classical binary structure
theory is recovered as a special case when no “?” entries are present.
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When only the binary pattern (or its uncertain extension with “?” entries) is
available, structural controllability theory offers a powerful framework for assessing
whether a system can be controlled, irrespective of the exact parameter values. This
thesis develops efficient algorithms based on graph matchings and color propagation
rules to verify both weak and strong structural controllability. The computational
complexity of these algorithms is analyzed, along with their robustness to structural
uncertainty. The controllability properties of given structures are also systematically
investigated, including a comparison of the weak and strong notions. In particular,
the analysis examines how these properties vary with the sparsity of the underlying
system and identifies structural regimes where controllability is guaranteed under
either criterion.

1.4 Outline and Relations Between Chapters
This thesis addresses the challenge of determining controllability from data in
the presence of noise, a setting of growing importance in large-scale, complex,
and partially observed systems. As noted in recent literature, many data-driven
controllability tests, though theoretically elegant, are highly sensitive to even small
levels of measurement noise and often produce false positives, incorrectly declaring
a system controllable when it is not. Consequently, relying solely on numerical
conditions extracted from noisy data can compromise the reliability of such assess-
ments. This work investigates whether controllability can be reliably inferred from
noisy trajectory data.

To approach this problem, the analysis adopts a complementary paradigm: struc-
tural controllability, which bases controllability conclusions on the structure of the
system rather than its precise numerical values. Structural methods are naturally
more robust to noise, as they require only information about zero/nonzero patterns.
The central idea is to integrate both paradigms by recovering structural information
from noisy data and applying structural controllability theory to enable robust
conclusions.

This conceptual flow is illustrated in Figure 1.1, which summarizes three main
paradigms of controllability. In the classical setting, controllability is inferred by
first identifying a model and then applying algebraic tests such as the Kalman
rank condition. In the data-driven approach, assessments are based directly on
observed trajectories, using informativity-based or rank-based conditions without
model identification. The approach proposed in this thesis follows a hybrid path:
structure is recovered from data and subsequently used to assess controllability via
structural methods (highlighted in blue in the figure).
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Real System Data
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Controllability

Model
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Controllability
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Structural

Controllability

Figure 1.1: Paradigms of controllability: classical, data-driven, and structural.

Throughout this thesis, three notions of controllability are considered: classical,
data-driven, and structural. Although closely related, these notions are not equiva-
lent. Classical controllability depends on specific numerical realizations and must
be reassessed whenever the system changes. Data-driven controllability, as defined
by the informativity framework, considers all systems consistent with the observed
data but can only confirm controllability; it cannot detect uncontrollability, which
limits its reliability in the presence of noise. Structural controllability, by contrast,
applies to all realizations matching a given structure: if the structure is strongly
controllable, then every realization is controllable. However, this also implies
that if even one realization is not controllable, the structure fails the strong test.
Weak structural controllability relaxes this requirement but has its own limitations,
particularly in ambiguous configurations.

The structure of this thesis reflects the conceptual progression from classical meth-
ods to hybrid data-and-structure-based approaches.

Chapter 1 motivates the need to move beyond traditional model-based control,
highlighting the limitations of relying exclusively on accurate numerical models in
large-scale, noisy, or partially known systems. It introduces the three paradigms
of controllability (classical, data-driven, and structural) and reviews the relevant
literature, including data-driven analysis, structural controllability theory, and
network structure identification.
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Chapter 2 presents the data-driven approach in detail through the informativity
framework. It formalizes the notion of controllability from data, illustrates it
with examples, and examines how measurement noise degrades the reliability of
informativity-based tests.

Chapter 3 focuses on structural controllability. It introduces algorithmic tools to
test both weak and strong structural controllability using graph-theoretic methods
such as matchings and color propagation rules. The chapter also analyzes the
computational complexity of these algorithms and explores how the sparsity of a
system influences its controllability properties.

Chapter 4 addresses the problem of recovering system structure from data. It
introduces algorithms that extract the zero/nonzero pattern of the system matrices
from noisy input–state trajectories. Methods based on sparse optimization (such
as LASSO and hard-thresholding) are discussed, along with theoretical results on
sample complexity and noise robustness.

Finally, Chapter 5 integrates the techniques developed in the preceding chapters
into a unified pipeline. Starting from noisy data, the system structure is recovered
and controllability is assessed using structural theory. This chapter compares
the proposed framework with classical and data-driven methods and applies it to
various network examples to demonstrate its practical value and robustness.

Taken together, the thesis contributes a coherent methodology for inferring control-
lability from noisy data by integrating data-driven and structural perspectives into
a robust and scalable framework.
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Chapter 2

Data-Driven Control

Data-driven control refers to the class of methods that bypass explicit model
identification and instead use measured data directly to analyze system properties
or synthesize controllers. This approach is particularly appealing when accurate
modeling is infeasible due to system complexity or partial observability. Among
recent developments, one line of work stands out for its generality and rigor: the
data informativity framework, introduced by van Waarde and al. [34], which recasts
system-theoretic analysis as a property verification problem based entirely on
trajectory data.

2.1 Data Informativity Framework
The following introduces the formalism of the data informativity framework devel-
oped in [34]. Rather than identifying a single system, this approach considers the
entire set of systems that are consistent with the observed data. The central ques-
tion is whether every such system satisfies a given property, such as controllability
or stabilizability. If this is the case, the data are said to be informative for that
property. This perspective enables robust verification based solely on measurements
and forms the theoretical foundation for the results presented in this chapter.

2.1.1 System Class and Data-Consistent Set
Let Σ denote a general system class, such as linear time-invariant (LTI), linear
time-varying (LTV), or nonlinear models. It is assumed that the true but unknown
system S ∈ Σ belongs to this class. Let D denote a finite collection of observed
data generated by S. This data may include, for instance, full or partial mea-
surements of inputs, states, or outputs, collected over one or several finite time
intervals. The nature of the data depends on the system and the measurement setup.

13



The following defines the set of systems that are consistent with the available data.

Definition 2.1 (Data-Consistent Set). Given the data D, the set ΣD ⊆ Σ is
defined as the collection of all systems in Σ that are consistent with the data D,
that is, that could also have generated these data.

In other words, ΣD contains every system that agrees with the measurements,
according to the behavior specified by D. Since only the data D are available, the
true system S cannot be distinguished from any other element of ΣD based on the
data alone.

2.1.2 Data Informativity for Analysis
The problem of verifying whether a system-theoretic property holds, based solely
on observed data, is now considered. Typical properties of interest include stability,
controllability, observability, or dissipativity. Since the true system S ∈ Σ is un-
known, only the data set D can be used to infer whether such a property is satisfied.

The following defines the set of systems within Σ that possess a given property.

Definition 2.2 (Property Set). Let P be a system-theoretic property. The property
set ΣP ⊆ Σ is defined as the collection of all systems in Σ for which property P
holds.

The objective is to determine whether the true system S belongs to ΣP . Since S
cannot be distinguished from any element of ΣD, the only way to conclude that S
satisfies the property is to verify that every system consistent with the data also
satisfies it. This leads to the notion of informativity.

Definition 2.3 (Informativity for Analysis). The data set D is said to be informa-
tive for the property P if

ΣD ⊆ ΣP .

That is, all systems consistent with the observed data possess the property P .

This notion does not require exact identification. Even when multiple systems
are compatible with the data, informativity holds as long as all such systems
share the desired property. This situation is illustrated in Figure 2.1, where the
data-consistent set lies entirely within the property set, thereby ensuring that
the property holds for the true system. In the special case where ΣD = {S},
informativity reduces to model identification followed by property verification.

14



ΣΣP

ΣD

S

Σ : model class
S : unknown system
D : given data set

ΣD : data consistent systems
P : system property
ΣP : systems with property P

Figure 2.1: The data are informative for property P as ΣD ⊆ ΣP .

In general, however, it may occur that some systems in ΣD satisfy P while others
do not. In such cases, no definitive conclusion can be drawn from the data alone,
since D is compatible with both systems that possess and systems that lack the
property. This is illustrated in Figure 2.2, where ΣD intersects but is not entirely
contained in ΣP .

ΣΣP

ΣD

S

Σ : model class
S : unknown system
D : given data set

ΣD : data consistent systems
P : system property
ΣP : systems with property P

Figure 2.2: The data are not informative for property P .
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2.2 Data-Driven Analysis
To develop a concrete understanding of the data informativity framework, the
analysis is restricted to the class of discrete-time linear time-invariant (LTI) systems
with full input and state measurements. This setting serves as a foundational model
for studying data-based controllability and enables explicit characterizations of the
data-consistent set. Let the true system S = (As, Bs) ∈ Σ evolve according to

x(t + 1) = Asx(t) + Bsu(t), (2.1)

where x(t) ∈ Rn is the state at time t and u(t) ∈ Rm the control input at time
t. The dimensions n and m are assumed known, but the matrices As ∈ Rn×n and
Bs ∈ Rn×m are unknown. The associated model class is given by

Σ :=
{
(A, B) ∈ Rn×n × Rn×m

∣∣∣ x(t + 1) = Ax(t) + Bu(t)
}

, (2.2)

that is, the set of all discrete-time LTI input–state systems of compatible size.

2.2.1 Data Collection and Consistency
The state trajectory is generated by exciting the true system S over a finite horizon
t = 0, 1, . . . , T with the input sequence

u(0), u(1), . . . , u(T−1),

and recording the resulting states for a given initial condition:

x(0), x(1), . . . , x(T ).

The data are organized into block matrices as follows:

U− :=
[
u(0) u(1) · · · u(T−1)

]
∈ Rm×T ,

X :=
[
x(0) x(1) · · · x(T )

]
∈ Rn×(T +1).

The matrix X is further partitioned as

X− =
[
x(0) x(1) · · · x(T − 1)

]
∈ Rn×T ,

X+ =
[
x(1) x(2) · · · x(T )

]
∈ Rn×T ,

so that the dynamics (2.1) take the compact form

X+ = AsX− + BsU−. (2.3)
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Stacking input and state data yields the block matrix equation

X+ = [As Bs]
[
X−
U−

]
, (2.4)

where [As Bs] ∈ Rn×(n+m) is unknown. The full dataset is denoted D = (U−, X),
or equivalently (U−, X−, X+) when needed. The set of systems consistent with the
data is

ΣD := {(A, B) ∈ Σ | X+ = AX− + BU−} .

This construction accommodates both long single trajectories and collections of
shorter experiments by concatenating the associated matrices U−, X−, and X+.
The following example illustrates a data-consistent set in the LTI case.
Example 2.4. Let n = 2, m = 1, and consider the system S = (As, Bs) defined by

As =
[
0 0
0 1

]
, Bs =

[
1
0

]
.

The system is excited over a time horizon T = 2, and the observed input–state
trajectory is

U− =
[
0 1

]
, X− =

[
1 0
1 1

]
, X+ =

[
0 1
1 1

]
.

The corresponding data set is

D = (U−, X−, X+).

The data-consistent set is then given by

ΣD =
{

(A, B) ∈ R2×2 × R2×1
∣∣∣∣∣ X+ = [A B]

[
X−
U−

]}
,

which, in this case, becomes

ΣD =

(A, B) ∈ R2×2 × R2×1

∣∣∣∣∣∣∣∣
[
0 1
1 1

]
=
[
A B

] 
1 0
1 1
0 1


 .

By construction, ΣD contains precisely those systems that could have generated
the observed data. Thus, it captures all information available for any subsequent
informativity-based analysis or controller synthesis.
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2.2.2 Informativity for System Identification
A natural question is whether the collected data D determine the underlying system
uniquely. If this is the case, then the system matrices (As, Bs) can be recovered
directly from the data, and standard model-based analysis or controller design
techniques become applicable. This leads to the following definition.

Definition 2.5 (Informativity for Identification). The data set D = (U−, X) is
said to be informative for system identification if

ΣD = {(As, Bs)},

i.e., if the data-consistent set is a singleton containing the true system.

Since the true model (As, Bs) always belongs to ΣD by construction, informativity
for identification amounts to asking whether it is the only model that fits the
data. This depends entirely on the rank of the combined matrix of state and input
trajectories.

Theorem 2.6 (Informativity for Identification [34]). The data D = (U−, X) are
informative for identification if and only if

rank
[
X−

U−

]
= n + m.

In that case, the unique model (As, Bs) can be recovered from the data via

[As Bs] = X+

[
X−

U−

]†

,

where † denotes the Moore–Penrose pseudoinverse.

This result shows that exact identification is possible whenever the data matrix
has full row rank. However, the pseudoinverse is not unique when T > n + m, so
the expression above yields the minimum-norm solution in that case.

2.2.3 Informativity for Controllability
The notion of informativity can be specialized to the property of controllability.
In this case, the data are said to be informative for controllability if every system
consistent with the data satisfies this property. This leads to the following definition.
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Definition 2.7 (Informativity for Controllability). Let Σcont ⊆ Σ denote the set
of all controllable systems in the model class Σ, i.e.,

Σcont = {(A, B) ∈ Σ | (A, B) is controllable}.

The data set D = (U−, X) is said to be informative for controllability if

ΣD ⊆ Σcont.

In other words, all systems compatible with the data must be controllable. A key
result from [34] provides a simple, testable condition that guarantees this.

Theorem 2.8 (Data-Driven Hautus Test for Controllability [34]). The data D =
(U−, X) are informative for controllability if and only if

rank
(
X+ − λX−

)
= n ∀λ ∈ C.

This test mirrors the classical Hautus criterion [54], but applies directly to measured
data and requires no model identification. Crucially, the condition may hold even
when the true system is not uniquely identifiable. In such cases, the data may still
reveal that all compatible models are controllable, as illustrated in the following
example.
Example 2.9. Let n = 2, m = 1, T = 2, and consider the observed input–state data

X =
[
0 1 1
0 1 −1

]
, U− =

[
1 1

]
.

Then
X− =

[
0 1
0 1

]
, X+ =

[
1 1
1 −1

]
.

To apply the data-driven Hautus test, consider

X+ − λX− =
[
1 1− λ
1 −1− λ

]
for all λ ∈ C.

This matrix has full rank for all λ ∈ C since its determinant equals −2 ̸= 0, so
the data are informative for controllability. However, they are not informative for
system identification. Indeed, the combined matrix

[
X−

U−

]
=

0 1
0 1
1 1


has rank 2 < 3 = n + m. Thus, multiple systems are consistent with the data.
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One can show that the consistent set is

ΣD =
{

(A, B)
∣∣∣∣∣ B =

[
1
1

]
, A

[
1
1

]
=
[

0
−2

]}
,

i.e., all (A, B) such that a11 + a12 = 0 and a21 + a22 = −2. Each such pair yields a
controllability matrix of full rank:

[
B AB

]
=
[
1 ×
1 ×

]

has rank 2 regardless of the precise entries of A. Hence, even without identifying
the true system, the data allow us to conclude that all compatible models are
controllable.

2.2.4 Limits of Certifying Uncontrollability
Although the data-driven Hautus test offers a direct criterion to certify controlla-
bility from data, it provides no mechanism to certify uncontrollability. If the test
condition fails, it cannot be concluded that the underlying system is uncontrollable;
only that the data are not informative for controllability.

This raises the question of whether the failure of informativity merely reflects
insufficient data or indicates a more fundamental ambiguity: namely, whether
both controllable and uncontrollable systems can explain the same trajectory. In
such cases, even perfect, noise-free measurements do not resolve the system’s
controllability status. The following example illustrates this limitation.
Example 2.10. Consider two systems in Σ:

Acont =
[
0 1
1 0

]
, Bcont =

[
1
0

]
,

which is controllable, and

Auncont =
[
−2 2
−1 1

]
, Buncont =

[
2
1

]
,

which is not controllable. Suppose the collected data are:

U− =
[
2 3

]
, X− =

[
1 2
0 1

]
, X+ =

[
2 4
1 2

]
.

A direct computation shows that both systems satisfy

X+ = AX− + BU−.
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Hence, both (Acont, Bcont) and (Auncont, Buncont) belong to ΣD. Since one is control-
lable and the other is not, it follows that ΣD ⊈ Σcont, and thus D is not informative
for controllability. Importantly, this is not a trivial case: the input U− is nonzero,
and the observed data reflect valid and nondegenerate system behavior. Yet, despite
the quality of the measurements, the underlying system could be either controllable
or uncontrollable.

This example highlights an inherent asymmetry in the data-informativity framework:
while it can certify that all systems consistent with the data are controllable, it
cannot exclude the possibility of controllability. Consequently, informativity for
controllability constitutes a one-sided test: failure to certify does not imply failure
of the property.

2.3 Empirical Analysis
This section investigates the behavior of the data-driven Hautus test for controlla-
bility through numerical experiments. The analysis begins in the idealized setting
of noise-free data, where expected outcomes are verified for both controllable and
uncontrollable systems. The focus then shifts to the impact of perturbations,
examining how measurement noise affects the test’s reliability. This allows an
evaluation of its robustness in practical scenarios, where exact data are rarely
available. In addition, the effect of specific noise directions, such as those aligned
with controllable or uncontrollable modes, is considered.

2.3.1 Computational Considerations
Although the data-driven Hautus condition provides a complete theoretical test, its
implementation involves verifying a rank condition over the complex field. However,
similar to the classical Hautus test where controllability is verified by checking a
rank condition at the eigenvalues of the system matrix, this can be reduced to
checking finitely many critical values of λ derived from the data [34]. In particular,
the test is equivalent to the conditions:

rank(X+) = n, (2.5)

and
rank(X+ − λX−) = n ∀λ ̸= 0 such that λ−1 ∈ σ(X−X†

+), (2.6)
where σ(M) denotes the spectrum of a matrix M , that is, the set of its eigenvalues,
and X†

+ is any right inverse of X+. This reformulation enables practical computation
by evaluating a finite, data-dependent set of cases.
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2.3.2 Singular Values as a Robust Alternative to Rank
Despite these simplifications, directly using matrix rank remains numerically fragile.
The rank function is inherently discontinuous with respect to matrix entries,
making it highly sensitive to small perturbations, such as measurement noise. This
sensitivity can lead to unreliable conclusions when testing controllability from
empirical data. The issue is illustrated by the following example.
Example 2.11. Let

Aε =
[
1 1
1 1 + ε

]
, ε ∈ R.

When ε = 0, the matrix has rank 1. For any ε ≠ 0, its rank is 2. Hence, the rank
changes discontinuously as ε→ 0, despite arbitrarily small perturbations.
This discontinuity limits the usefulness of rank as a diagnostic tool in the presence
of noise or modeling uncertainty. A more robust alternative is provided by singular
values, which vary continuously with matrix entries and quantify proximity to rank
deficiency in a graded, numerically stable manner.

Definition 2.12 (Singular Values [55]). Let A ∈ Rn×m. The singular values of A
are the nonnegative square roots of the eigenvalues of A⊤A, ordered as

σ1(A) ≥ σ2(A) ≥ · · · ≥ σmin(n,m)(A) ≥ 0.

The largest and smallest singular values are denoted by σmax(A) := σ1(A) and
σmin(A) := σmin(n,m)(A), respectively.

Singular values are well-defined for all real matrices, regardless of shape. They
provide a continuous measure of proximity to rank deficiency and are therefore
more stable in data-driven settings. In the matrix Aε, for example, the smallest
singular value σmin(Aε) increases smoothly from zero, even though the rank jumps
abruptly. This behavior offers a sensitive indicator of near-rank-deficiency and
avoids the discontinuous nature of rank.

Lemma 2.13 (Singular Value Characterization of Rank [55]). The number of
nonzero singular values of a matrix A equals its rank.

Since the data-driven Hautus test requires X+ and X+ − λX− to be full row rank,
this is equivalent to all singular values being strictly positive. In practice, one may
verify that

σmin(X+) > 0 and σmin(X+ − λX−) > 0 ∀λ ̸= 0 such that λ−1 ∈ σ(X−X†
+),

thus obtaining a numerically stable certification of controllability.
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If any of these minimal singular values approach zero, the associated matrix is
nearly rank-deficient, indicating that the system lies close to the boundary be-
tween controllability and uncontrollability. In such cases, singular values enable a
continuous and reliable assessment, unlike the abrupt and potentially misleading
conclusions drawn from rank.

This interpretation aligns with the geometric formulation proposed by Eising [56],
who defines the distance from a controllable pair (A, B) to the set of uncontrollable
systems as

inf
λ∈C

σmin
(
[λI − A B]

)
.

This metric quantifies the robustness of the classical Hautus condition. In parallel,
the singular values of X+ and X+ − λX− can be viewed as data-driven analogues,
reflecting the resilience of the system to uncertainty in the available measurements.

2.3.3 Noiseless Case
The empirical investigation begins in a noise-free setting to illustrate how the data-
driven Hautus test behaves under ideal conditions. Although theoretical guarantees
ensure the validity of the test, numerical examples help reveal its behavior near
the boundary between controllability and uncontrollability.

Consider the system

As =
[
0 0
0 1

]
, Bs =

[
1
0

]
. (2.7)

It can be easily checked that this system is not controllable, as the second state
evolves independently of the input. Using trajectory data generated over a horizon
T = 100, the smallest singular values involved in the data-driven Hautus test are
computed:

σmin(X+) = 8.82, σmin(X+ − λX−) = 0.

The vanishing singular value of X+−λX− confirms that this matrix is rank-deficient,
indicating that the data are not informative for controllability.

To examine the sensitivity of the test near the boundary between controllability
and uncontrollability, a parameter α ∈ R is introduced in the second entry of the
input matrix. This defines a parameterized family of systems that includes both
controllable and uncontrollable cases. The modified system is given by:

As =
[
0 0
0 1

]
, Bs =

[
1
α

]
. (2.8)
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When α = 0, the system coincides with the previously considered uncontrollable
case, where the second state is unaffected by the input. For any α ̸= 0, controllability
is restored, as both states become influenced by the control input. By continuously
varying α, the smallest singular values of X+ and X+−λX− reveal how the system
approaches the controllability boundary. This behavior is illustrated in Figure 2.3.
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Figure 2.3: Evolution of the smallest singular values of X+ and X+ − λX− as a
function of α.

As shown in Figure 2.3, the smallest singular value σmin(X+) remains strictly
positive and nearly constant for all values of α, including when the system is
uncontrollable. This confirms that the rank of X+ alone does not capture the loss
of controllability.

In contrast, σmin(X+ − λX−) decreases smoothly as α → 0, vanishing precisely
when the system becomes uncontrollable. This smooth variation confirms the
usefulness of singular values in capturing how close a system lies to the boundary
of controllability. It also demonstrates that the matrix X+ − λX− carries the
structural information essential for assessing controllability, an aspect that becomes
particularly valuable when dealing with noisy or incomplete measurements.
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2.3.4 Noisy Case
The data-driven Hautus test is now examined in the presence of measurement noise.
For this purpose, the system defined in (2.7) is reconsidered, with additive white
Gaussian noise affecting the state trajectories. The true system dynamics become:

x(t + 1) = As x(t) + Bs u(t) + w(t), (2.9)

where
w(t) ∼ N (0, Σ2

wI2),
with Σw > 0 denoting the standard deviation and I2 ∈ R2×2 the identity matrix.
Figure 2.4 illustrates the evolution of the smallest singular values of X+ and
X+ − λX− as the noise level increases, that is, for varying values of Σw.
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Figure 2.4: Evolution of the smallest singular values of X+ and X+ − λX− as a
function of the noise standard deviation Σw.

As shown in Figure 2.4, even when the true system is uncontrollable, adding noise
perturbs the data matrices in a way that causes their smallest singular values to
become strictly positive. This change artificially increases their apparent rank, as
the noise randomizes the matrix columns and makes them appear linearly inde-
pendent. As a result, the data-driven Hautus test incorrectly suggests controllability.
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This behavior highlights a key limitation of the test: in the presence of noise, it
may produce false positives, particularly when the system lies near the boundary
of controllability. Nonetheless, the smallest singular value of X+−λX− exhibits an
almost linear dependence on the noise level, suggesting that it remains a meaningful
and continuous indicator of proximity to uncontrollability. These observations raise
the question of whether the location of the noise within the system also affects the
test outcome.

To investigate this effect, the structure of the system is leveraged, as it contains
both a controllable and an uncontrollable component:

As =
[

Acontr
Auncontr

]
=
[
0 0
0 1

]
, Bs =

[
Bcontr

Buncontr

]
=
[
1
0

]
. (2.10)

Here, the first state is directly actuated and thus controllable, while the second
evolves independently and is uncontrollable. To assess how noise location affects
the test outcome, singular values are computed under two scenarios: when noise
is selectively added either to the controllable or to the uncontrollable component.
Figure 2.5 and Figure 2.6 illustrate the evolution of the smallest singular values of
X+ and X+ − λX− as the noise standard deviation Σw increases in each case.
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Figure 2.5: Evolution of the smallest singular values of X+ and X+ − λX− in
function of the noise standard deviation Σw for the controllable part.
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Figure 2.6: Evolution of the smallest singular values of X+ and X+ − λX− in
function of the noise standard deviation Σw for the uncontrollable part.

Previous observations indicate that σmin(X+ − λX−) is more informative than
σmin(X+) for assessing controllability, especially near the boundary between control-
lable and uncontrollable regimes. Unlike σmin(X+), which remains nearly constant,
the former responds sensitively to structural variations. It is therefore adopted as
the primary diagnostic metric in the presence of noise.

Figure 2.5 shows that perturbing only the controllable state has little effect on the
test outcome: σmin(X+− λX−) stays close to numerical zero, and the test correctly
identifies the lack of controllability. In contrast, Figure 2.6 reveals that injecting
noise into the uncontrollable state significantly alters the result. Even modest
disturbances are sufficient to inflate the singular value and trigger a false positive.
This sensitivity to noise aligned with uncontrollable dynamics underscores a critical
vulnerability of the test when applied to empirical data.

These findings underscore the susceptibility of informativity-based controllability
tests to measurement noise, particularly when it affects uncontrollable modes. This
lack of robustness motivates the integration of structural information into the
analysis. The next sections develop a framework that combines data and structural
insight to address this limitation.
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Chapter 3

Structural Controllability

In many practical applications, the exact numerical values of system matrices
are unavailable. However, the structural configuration, such as the presence or
absence of interconnections, is often well known. Structural controllability offers
a theoretical framework that abstracts from numerical values and focuses on the
interconnection structure, typically modeled using patterns of zero, nonzero, or
arbitrary entries. This chapter examines two central notions: weak structural con-
trollability, introduced in [49, 50], which investigates whether at least one realization
of the pattern yields a controllable system; and strong structural controllability,
introduced in [50, 53], which requires that all realizations be controllable.

3.1 Pattern Matrices and Associated Graphs
To analyze systems for which only structural information is available, the framework
of pattern matrices, as formalized in [53], is employed. This abstraction captures the
sparsity structure of system matrices and enables controllability analysis without
requiring precise parameter values. Importantly, it can also account for entries that
may vanish under specific conditions, such as parameter cancellations.

Definition 3.1 (Pattern Matrix). A pattern matrix is a symbolic matrix

M∈ {0, ∗, ?}p×q,

where:

• 0 denotes a fixed zero entry,

• ∗ denotes a free but nonzero entry,

• ? denotes an arbitrary entry, possibly zero or nonzero.
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This generalization is essential in real-world scenarios. A motivating example
arises in electrical networks, where component values may cancel under specific
configurations.
Example 3.2 (Circuit model with ambiguous interconnections [53]). Consider the
circuit in Figure 3.1, which includes resistive, inductive, and capacitive components,
along with a current-controlled voltage source with gain G. The physical parameters
R, C1, C2, L are strictly positive but not precisely known.
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IC1

+

–

VC1

C2

+ –

VC2

−+

GIC1

L IL

I

Figure 3.1: Example circuit.

According to Kirchhoff’s laws, the system is described by the matrices

A =


− 1

RC1
0 − 1

C1

0 0 − 1
C2

R−G
RL

1
L
−G

L

 , B =


1

RC1
0

0 − 1
C2

G−R
RL

0

 .

Some entries, such as A11, are structurally nonzero (i.e., nonzero for all admissible
parameter values), some are fixed zeros, and others, such as A31, may vanish
depending on parameter relations, for instance when R = G. These cases motivate
the use of ‘?‘ entries in the corresponding pattern matrices:

A =

∗ 0 ∗
0 0 ∗
? ∗ ∗

 , B =

∗ 0
0 ∗
? 0

 .

This illustrates how physical uncertainty naturally leads to pattern structures
involving ‘?‘ entries, which fall outside the scope of classical structural controllability
analysis based solely on ‘0‘ and ‘∗‘.

30



To formally describe all numerical systems consistent with a given pattern, the
notion of a pattern class is introduced.

Definition 3.3 (Pattern Class). Given a pattern matrix M ∈ {0, ∗, ?}p×q, its
pattern class is the set of all real matrices that satisfy the structural constraints
encoded by M:

P(M) =
{

M ∈ Rp×q

∣∣∣∣∣ Mij = 0 if Mij = 0,
Mij ̸= 0 if Mij = ∗

}
.

Entries marked with ‘?’ impose no constraint and may take any real value.

The pattern class P(M) thus represents all numerical realizations consistent with
a given symbolic structure. It provides a foundation for studying system-theoretic
properties, such as controllability, independently of specific parameter values.

Definition 3.4 (Structured Discrete LTI System). Let A ∈ {0, ∗, ?}n×n and
B ∈ {0, ∗, ?}n×m be pattern matrices representing the structure of the state and
input matrices. The pair (A,B) defines a structured discrete-time LTI system as
the set of all systems of the form

x(t + 1) = Ax(t) + Bu(t),

where A ∈ P(A) and B ∈ P(B). In this settings, the matrices A and B are not
known exactly, but must conform to the symbolic patterns encoded in A and B.

To illustrate how structured systems can be constructed from pattern matrices,
consider the following example.
Example 3.5. Let n = 2 and m = 1. Define the pattern matrices:

A =
(
∗ ?
0 ∗

)
, B =

(
?
∗

)
.

The corresponding pattern classes are given by:

P(A) =
{

A =
(

a11 a12
0 a22

) ∣∣∣∣∣ a11, a22 ̸= 0, a12 ∈ R
}

,

P(B) =
{

B =
(

b1
b2

) ∣∣∣∣∣ b2 ̸= 0, b1 ∈ R
}

.

A particular realization within this structured family is:

A =
(

2 −0.5
0 3

)
, B =

(
1
4

)
,
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which yields the discrete-time system:

x(t + 1) =
(

2 −0.5
0 3

)
x(t) +

(
1
4

)
u(t).

Any other choice with a11, a22, b2 ≠ 0 and arbitrary a12, b1 also defines a valid
realization of the structured system (A,B).
To analyze structural controllability using graph-theoretic tools, it is useful to
associate each pattern matrix with a directed graph that encodes the structural
constraints. This graph captures the influence structure implied by the entries of
the matrix and serves as a central object in subsequent combinatorial tests.

Definition 3.6 (Associated Graph). Let M ∈ {0, ∗, ?}p×q be a pattern matrix
with p ≤ q. Define two disjoint sets of directed edges:

E∗ = { (j, i) ∈ {1, . . . , q} × {1, . . . , p} |Mij = ∗} ,

E? = { (j, i) ∈ {1, . . . , q} × {1, . . . , p} |Mij =?} .

The associated graph G(M) = (V, E) is defined by:

V = {1, 2, . . . , q}, E = E∗ ∪ E?,

where edges in E∗ are drawn as solid arrows, and those in E? as dashed arrows. A
node j is said to be an out-neighbor of node i if (i, j) ∈ E, i.e., if there is a directed
edge from i to j.

The following example illustrates how the associated graph can be constructed
from a pattern matrix.
Example 3.7. Consider the pattern matrix M∈ {0, ∗, ?}4×5 given by:

M =


0 0 ∗ 0 0
0 ∗ ∗ ? ∗
∗ 0 ? 0 0
0 ∗ 0 0 ?

 .

The associated graph G(M), shown in Figure 3.2, contains five nodes, each corre-
sponding to a column of M. Solid arrows represent entries marked ‘∗‘, and dashed
arrows represent entries marked ‘?‘. For instance, since M4,2 = ∗, there is a solid
arrow from node 2 to node 4. Similarly, since M4,5 =?, there is a dashed arrow
from node 5 to node 4. These edges indicate that node 4 is an out-neighbor of
nodes 2 and 5. In the graph representation, node 5, which corresponds to an input,
is shown in grey.
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3

4
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5

Figure 3.2: Associated graph G(M) corresponding to the pattern matrix.

3.2 Weak Structural Controllability
Originally introduced by Lin [47], the notion of structural controllability focuses
on whether a system can be controllable based solely on the pattern of zero and
nonzero entries in its matrices, independently of their numerical values. In much of
the literature, this concept is referred to simply as structural controllability. The
qualifier "weak" has been adopted in more recent works to distinguish it from strong
structural controllability, which imposes stricter conditions.
Definition 3.8 (Weak Structural Controllability). The structured system (A,B) is
weakly structurally controllable if there exists at least one realization (A, B) which
is controllable, with A ∈ P(A) and B ∈ P(B).
Lin’s framework assumes binary pattern matrices, whose entries are either fixed
zeros or structurally free. In the present setting, more expressive structural in-
formation is allowed by including symbolic entries from {0, ∗, ?}. To recover the
classical weak structural controllability tests, this general model can be translated
into Lin’s binary formalism by constructing equivalent pattern matrices as follows.

Let A ∈ {0, ∗, ?}n×n and B ∈ {0, ∗, ?}n×m. Define binary matrices A′ ∈ {0, ?}n×n

and B′ ∈ {0, ?}n×m by:

A′
ij =

0 if Aij = 0
? otherwise

, B′
ij =

0 if Bij = 0
? otherwise

.

The weak structural controllability of (A,B) in this general framework is then
equivalent to that of (A′,B′) in Lin’s original sense. This equivalence holds because
weak structural controllability is a generic property [57], meaning that if one
admissible realization is controllable, then almost all are.
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Definition 3.9 (Generic Property [57]). A system-theoretic property is said to be
generic for a structured system if it holds for all realizations of the free parameters,
except those lying in a proper algebraic variety, i.e., the zero set of one or more
nontrivial real-coefficient polynomials in the parameter space.
This interpretation clarifies why structurally nonzero entries (∗) can be treated as
fully free (?) in this context: since the existence of a single controllable realization
implies that almost all realizations are controllable, except for a negligible subset
of pathological parameter values, no generality is lost by this simplification.

Several other properties in structural system theory, such as observability, decou-
pling, or pole assignability, are also known to be generic. Comprehensive surveys
of these properties and their algebraic foundations can be found in [48] and [58].
The following sections introduce concrete algebraic and graph-theoretic criteria for
verifying weak structural controllability.

3.2.1 Algebraic Characterization
Given a structured system (A,B), controllability is assessed by analyzing the
controllability matrices of realizations (A, B) such that A ∈ P(A) and B ∈ P(B).
This leads to a purely algebraic condition for weak structural controllability.
Definition 3.10 (Structured Controllability Matrix). Let A ∈ {0, ∗, ?}n×n and B ∈
{0, ∗, ?}n×m be pattern matrices. The structured controllability matrix associated
with the pair (A,B) is the symbolic matrix

C(A,B) =
[
B AB A2B · · · An−1B

]
,

where products are interpreted symbolically, preserving structural constraints.
This symbolic matrix reflects the structural pattern common to all controllability
matrices of realizations with A ∈ P(A) and B ∈ P(B).
Definition 3.11 (Generic Rank [59]). The generic rank of a structured matrixM,
denoted g-rank(M), is the highest rank that attained by any numerical realization
M ∈ P(M). It corresponds to the rank obtained for almost all admissible choices
of the free parameters.
Using this notion, the following criterion provides a necessary and sufficient condi-
tion for weak structural controllability.
Theorem 3.12 (Algebraic Test for Weak Structural Controllability [48]). A struc-
tured system (A,B) is weakly structurally controllable if and only if the structured
controllability matrix satisfies:

g-rank (C(A,B)) = n.
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In other words, the system is weakly structurally controllable if the controllability
matrix has full row generic rank, meaning it attains rank n for almost all choices
of the free parameters in A and B.
Example 3.13. Let n = 3, m = 1, and consider the pattern matrices:

A =

? ? ?
? ? ?
? ? ?

 , B =

?
?
?

 .

All entries are structurally free. By definition, any realization A ∈ P(A) and
B ∈ P(B) can contain arbitrary (zero or nonzero) values. The corresponding
structured controllability matrix is

C(A,B) =
[
B AB A2B

]
=

? ? ?
? ? ?
? ? ?

 .

The structural pattern of C(A,B) is fully free, and therefore its generic rank
is 3. In addition, for almost all admissible choices of the free parameters, the
numerical matrix C(A, B) has rank 3. Controllability fails only if the columns
become algebraically dependent, which occurs on a proper algebraic variety in the
parameter space. Hence, the system is weakly structurally controllable.

3.2.2 Graph–Theoretic Characterization
In addition to algebraic conditions, weak structural controllability can be char-
acterized through purely combinatorial properties of the graph associated with
the system [49, 50]. This graph-based approach enables controllability analysis by
inspecting the structure of the pattern matrices directly. In particular, the concept
of an associated bipartite graph plays a central role in this analysis.

Definition 3.14 (Associated Bipartite Graph). Let M∈ {0, ?}p×q be a pattern
matrix with p ≤ q. The associated bipartite graph is the undirected graph defined
by

H(M) = (V +, V −, E),
where the two disjoint node sets are:

V + = {1, 2, . . . , q}, V − = {1′, 2′, . . . , p′},

and the edge set E ⊆ V + × V − is given by:

E = { (j, i′) ∈ {1, . . . , q} × {1′, . . . , p′} |Mij =?} .
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The primes on the nodes in V −, which represent the rows ofM, serve to distinguish
them from the column nodes in V +. Since this characterization is developed in the
classical weak controllability setting, where structurally nonzero entries are treated
as free, all edges in the bipartite graph are drawn as solid lines.

To illustrate the construction of a bipartite graph from a structural pattern matrix,
consider the following example.
Example 3.15. Let M∈ {0, ?}4×5 be the pattern matrix

M =


? 0 ? 0 0
0 ? 0 0 ?
? 0 0 ? 0
? 0 0 0 ?

 .

The associated bipartite graph H(M) is shown in Figure 3.3. Its two node sets are

V + = {1, 2, 3, 4, 5}, V − = {1′, 2′, 3′, 4′},

and each undirected edge connects column node j ∈ V + to row node i′ ∈ V −

whenever Mij =?.

1

2

3

4

5

1’

2’

3’

4’

Figure 3.3: Bipartite graph H(M) associated with the matrix in the example.

For example, since M3,1 =?, node 1 is connected to node 3′; and since M2,5 =?,
node 5 is connected to node 2′. Each solid edge corresponds to a structurally free
entry in the matrix M.
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To formulate a graph-theoretic test for weak structural controllability, two key
notions from combinatorics and graph theory are used: matchings in bipartite
graphs and accessibility in directed graphs. These concepts allow controllability
conditions to be interpreted in purely structural terms. The definition below recalls
the notion of a matching, which identifies disjoint connections between input and
state nodes in the bipartite representation.

Definition 3.16 (Matching in a Bipartite Graph [60]). Let H = (V +, V −, E) be
a bipartite graph. A matching is a subset M ⊆ E such that no two edges in M
share a common endpoint. That is, for any distinct edges (u1, v1), (u2, v2) ∈M , it
holds that {u1, v1} ∩ {u2, v2} = ∅. The cardinality of a matching is the number of
edges it contains, denoted |M |.

This matching condition is complemented by a notion of accessibility, which ensures
that each state can be influenced by at least one input node through a directed
path in the associated graph.

Definition 3.17 (Accessibility in a Directed Graph). Let G = (V, E) be a directed
graph, and let S ⊆ V be a designated subset of nodes. A node v ∈ V is said to be
accessible from S if there exists a directed path in G from some node s ∈ S to v.
The set of accessible nodes from S is defined as

{ v ∈ V | ∃ s ∈ S such that a directed path exists from s to v } .

Remark 3.18. When S denotes the set of input nodes in a structured system, the
corresponding notion is referred to as input accessibility. The system is said to be
input-accessible if every state node is accessible from at least one input node.
The main graph-theoretic characterization of weak structural controllability can
now be stated.

Theorem 3.19 (Graph-Theoretic Characterization of Weak Structural Control-
lability [50, 49]). Let (A,B) be a structured system with A ∈ {0, ?}n×n and
B ∈ {0, ?}n×m. Let G([A B]) denote the directed graph associated with the combined
pattern matrix [A B], and let H([A B]) denote the corresponding bipartite graph.
The structured system (A,B) is weakly structurally controllable if and only if the
following two conditions are satisfied:

1. Input Accessibility: Every state node i ∈ {1, . . . , n} is accessible from the
set of input nodes {n + 1, . . . , n + m} in the directed graph G([A B]); that is,
a directed path from an input node to node i exists.

2. Full Matching: The bipartite graph H([A B]) admits a matching of cardi-
nality n, namely a set of n disjoint edges covering all state nodes 1′, . . . , n′.
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This graph-theoretic characterization gives rise to efficient algorithmic procedures
for verifying weak structural controllability. The first condition, input accessibility,
can be checked by performing a single breadth-first search (BFS) or depth-first
search (DFS) initiated from the set of input nodes in the digraph G([A B]). This
procedure has linear time complexity, O(|V |+ |E|).

The second condition, corresponding to the existence of a full matching in the
bipartite graph H([A B]), constitutes a classical maximum matching problem. It
can be solved efficiently using the Hopcroft–Karp algorithm [61], which runs in
O(|V | 12 · |E|) time.

A key implication is that weak structural controllability can be verified in polynomial
time for general structured systems.
Remark 3.20. Although the verification of weak structural controllability is com-
putationally tractable, the associated input selection problem, which consists in
determining the minimum number of input nodes required to ensure structural
controllability, is known to be NP-hard [62]. This task, often referred to as the
Minimum Driver Node Problem, involves identifying the smallest input set such
that all state nodes are accessible and a full matching exists.
The application of the graph-theoretic characterization is now illustrated through
a complete example. The considered system satisfies both accessibility and full
matching conditions, thereby confirming its weak structural controllability.
Example 3.21. Let n = 3 and m = 1. Consider the structured system (A,B) defined
by:

A =

0 0 ?
? ? 0
0 ? 0

 , B =

?
0
?

 .

The associated directed graph G([A B]) is shown in Figure 3.4. The input node is
labeled 4 and represented in grey, while state nodes are numbered 1, 2, and 3.

1

3

4 2

Figure 3.4: Directed graph G([A B]).
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Input accessibility is verified by exhibiting directed paths from the input node to
each state node. Figure 3.5 displays one such path per state node.

1

3

4 2

1

3

4 2

1

3

4 2

Figure 3.5: Accessibility of state nodes 1, 2, and 3 from input node 4.

Each state node is reachable from the input, confirming that the input accessibility
condition is satisfied. The associated bipartite graph H([A B]) is shown in Fig-
ure 3.6. As per convention, the column indices define the set V + = {1, 2, 3, 4}, and
the row indices define the set V − = {1′, 2′, 3′}.

1

3

4

2

1’

3’

2’

Figure 3.6: Associated bipartite graph H([A B]).

To verify the second condition in the graph-theoretic test, a matching that covers
all nodes in V − is required. One such matching is illustrated in Figure 3.7, where
the selected edges are highlighted. It consists of the following three disjoint pairs:

M = {(1, 2′), (3, 1′), (4, 3′)}.

Since the matching has cardinality n = 3 and covers all row nodes, the full matching
condition is satisfied.
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2

3

4

1’

2’

3’

Figure 3.7: Full matching in H([A B]).

Together with input accessibility, this confirms that the system is weakly structurally
controllable.

3.3 Strong Structural Controllability
In contrast to the weak setting, strong structural controllability requires that every
realization consistent with the structural pattern yields a controllable system. This
property is more conservative, as it ensures controllability under all admissible
parameter combinations.

Strong structural controllability is studied within the full symbolic framework
{0, ∗, ?}, as introduced in section 3.1. In this setting, entries marked with ∗ must
be nonzero in all realizations, whereas entries marked ? may take arbitrary values.
This distinction is critical when analyzing systems whose controllability must be
preserved under all structurally consistent parameter variations, as examined in [53].
Definition 3.22 (Strong Structural Controllability). The structured system (A,B)
is said to be strongly structurally controllable if the pair (A, B) is controllable for
all realizations with A ∈ P(A) and B ∈ P(B).
In other words, controllability must hold for all matrix pairs that respect the
symbolic structure: no admissible choice of parameter values may lead to a loss of
controllability.

The following example illustrates a structured system that is weakly, but not
strongly, structurally controllable. This distinction highlights the more stringent
requirements imposed by the strong notion.
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Example 3.23. Let n = 3, m = 1, and consider the structured system (A,B) defined
by:

A =

0 ∗ 0
0 0 ∗
? 0 ?

 , B =

∗0
0

 .

Entries marked ∗ are required to be nonzero in all realizations, while those marked
? may take arbitrary values. Consider the following admissible realization:

A =

0 1 0
0 0 1
1 0 1

 , B =

1
0
0

 .

The corresponding controllability matrix is:

C(A, B) =

1 0 0
0 0 1
0 1 1

 ,

which has full rank. Hence, the system is controllable for this specific realization,
and the structured system is weakly structurally controllable. Now consider another
realization in which the structurally free entry A3,1 is set to zero:

A =

0 1 0
0 0 1
0 0 1

 , B =

1
0
0

 .

This choice remains consistent with the pattern matrix, since the entry A3,1 = 0 is
permitted under the ? symbol. The corresponding controllability matrix is:

C(A, B) =

1 0 0
0 0 0
0 0 0

 ,

which has rank only 1. This realization therefore corresponds to an uncontrollable
system. While the structured system admits a controllable realization (and is thus
weakly structurally controllable), it is not controllable for all admissible parameter
choices. Consequently, the system is not strongly structurally controllable.
The following sections introduce algebraic and graph-theoretic criteria for verifying
strong structural controllability.
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3.3.1 Algebraic Characterization
A key result established in [53] demonstrates that strong structural controllability
can be verified by testing a symbolic rank condition directly on the pattern matrices.
This approach does not require the enumeration of numerical realizations and
instead relies entirely on the combinatorial structure encoded by A and B. The
central idea is to assess whether controllability is preserved under all admissible
parameter assignments. This is accomplished by analyzing two symbolic matrices:
the original pattern [A B], and a modified version [Ā B], which adjusts for potential
eigenvalue cancellations due to zero diagonal entries.
Definition 3.24 (Full Row Rank of a Pattern Matrix). Let M∈ {0, ∗, ?}p×q be a
pattern matrix. The matrix M is said to have full row rank if every realization
M ∈ P(M) satisfies rank(M) = p.
To account for all possible eigenvalue configurations, including those affected by
zero diagonal entries, a modified matrix Ā is introduced.
Definition 3.25 (Modified Pattern Matrix Ā). Let A ∈ {0, ∗, ?}n×n be a pattern
matrix. The matrix Ā ∈ {0, ∗, ?}n×n is obtained by modifying only the diagonal
entries of A as:

Āii :=
∗ if Aii = 0,

? otherwise,
for all i = 1, . . . , n,

with all off-diagonal entries unchanged, i.e., Āij := Aij for all i ̸= j.
This substitution enforces structural nonzeros on the diagonal, ensuring that all
eigenvalue configurations are structurally admissible and avoiding singularities due
to absent self-loops.
Theorem 3.26 (Algebraic Characterization of Strong Structural Controllability
[53]). Let A ∈ {0, ∗, ?}n×n, B ∈ {0, ∗, ?}n×m, and let Ā ∈ {0, ∗, ?}n×n be defined as
above. The structured system (A,B) is strongly structurally controllable if and only
if both pattern matrices

[A B] and [Ā B]
have full row rank.

The two rank conditions stated above are logically independent; neither implies the
other. It is possible for [A B] to have full row rank while [Ā B] does not, and vice
versa. These cases reflect distinct structural obstructions to controllability: the
former arises from general rank deficiency, while the latter is linked to pathological
eigenvalue placement due to fixed zero entries on the diagonal. The following
example illustrates a situation where the first rank condition is satisfied, but the
second fails.
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Example 3.27. Let

A =
(
∗ ∗
0 0

)
, Ā =

(
? ∗
0 ∗

)
, B =

(
∗
∗

)
.

In this case, the matrix [A B] is generically of full row rank. Consider the realization

Ā =
(

0 1
0 1

)
, B =

(
1
1

)
.

The resulting matrix [Ā B] fails to attain rank 2; its rank is only 1. This illustrates
that the second rank condition can fail independently of the first.
A notable simplification arises when no diagonal entry of A is structurally zero. In
this case, the second rank condition alone ensures strong structural controllability.
Corollary 3.28 (Zero-Diagonal Simplification [53]). Suppose that none of the
diagonal entries of A are fixed zeros. Then the structured system (A,B) is strongly
structurally controllable if and only if the matrix [Ā B] has full row rank.
Since Ā is obtained by modifying only the zero diagonal entries of A, the inclusion
P(A) ⊆ P(Ā) holds. Therefore, the first rank condition is implied by the second
one.
Example 3.29. Let

A =
(
∗ ∗
? ∗

)
, B =

(
0
∗

)
, Ā =

(
? ∗
? ?

)
.

Since no diagonal entry of A is fixed zero, each diagonal element of Ā is structurally
free. The combined pattern matrix becomes

[Ā B] =
(

? ∗ 0
? ? ∗

)
,

which has full row rank for all realizations. Therefore, the system is strongly
structurally controllable.

3.3.2 Graph–Theoretic Characterization
While the algebraic characterization provides exact and rigorous conditions for
strong structural controllability, the associated symbolic rank tests are not always
straightforward to verify in practice. A complementary perspective, based on
graph theory, yields a purely combinatorial criterion that is both intuitive and
computationally efficient. This approach relies on the notion of colorability of
the directed graph associated with a pattern matrix. The procedure captures
the propagation of influence through solid (nonzero) edges in the interconnection
structure of the system.
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Definition 3.30 (Colorability). Let M ∈ {0, ∗, ?}p×q be a pattern matrix with
p ≤ q, and let G(M) = (V, E) denote its associated directed graph, where V =
{1, . . . , q} is the vertex set and E = E∗ ∪E? the edge set, with E∗ and E? denoting
the sets of solid and dashed edges, respectively. The graph G(M) is said to be
colorable if all nodes 1, . . . , p (corresponding to the rows ofM) can be colored black
via the following iterative process:

1. Initially, all nodes are colored white.

2. If a node i ∈ V has exactly one white out-neighbor j, and the edge (i, j) ∈ E∗
is solid, then node j is colored black.

3. The process is repeated until no additional nodes can be colored.

The graph is deemed colorable if, upon termination, all nodes in {1, . . . , p} have
been colored black.

The procedure described above is governed by a local mechanism, often referred
to as the color-change rule, which reflects how structural influence can propagate
deterministically along specific nonzero edges. Importantly, nodes p + 1, . . . , q
(typically corresponding to input variables) are not required to be colored black.
These nodes generally have no incoming edges and act as sources of control.

Theorem 3.31 (Full Rank via Colorability [53]). A pattern matrixM∈ {0, ∗, ?}p×q

has full row rank for all realizations in its pattern class if and only if its associated
graph G(M) is colorable.

This result enables a purely graph-theoretic reformulation of the algebraic test
for strong structural controllability. In particular, verifying whether a structured
system is strongly controllable amounts to checking the colorability of two associated
pattern graphs.

Theorem 3.32 (Graph-Theoretic Strong Structural Controllability [53]). The
structured system (A,B) is strongly structurally controllable if and only if the
associated graphs

G([A B]) and G([Ā B])
are both colorable.

The colorability of a graph, as defined by the color-change rule, can be verified
efficiently. Specifically, the procedure can be implemented in O(p · q) operations
by scanning each solid out-neighbor of every node at most once. This makes the
graph-theoretic test both intuitive and computationally tractable for large-scale
systems. The following example illustrates the application of this criterion in
practice.
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Example 3.33 (Colorability Verification). Let n = 3, m = 2, and consider the
following pattern matrices:

A =

∗ 0 ∗
0 0 ∗
? ∗ ∗

 , B =

∗ 0
0 ∗
? 0

 .

The modified matrix Ā is obtained by replacing diagonal entries of A according to
the rule: set Āii = ∗ if Aii = 0, and Āii =? otherwise. This yields:

Ā =

? 0 ∗
0 ∗ ∗
? ∗ ?

 .

The associated graphs G([A B]) and G([Ā B]) are displayed in Figure 3.8. Nodes 4
and 5, corresponding to inputs, are shown in grey.

1

3

4 2 5

1

3

4 2 5

Figure 3.8: Graphs associated with [A B] (left) and [Ā B] (right).

The color-change rule is now applied to G([A B]). The propagation proceeds in
three steps as illustrated in Figure 3.9.
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Figure 3.9: Color-change propagation on G([A B]).
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In the first step (left), node 5 has a unique white out-neighbor, node 2, connected
by a solid edge. Node 2 is therefore colored black. In the second step (center),
node 2 has a unique white out-neighbor, node 3, which is then colored black. In
the third and final step (right), node 3 has a unique white out-neighbor, node 1,
which is also colored black.

At the end of the procedure, all nodes in {1, 2, 3} are black, confirming that G([A B])
is colorable. The same color-change sequence applies to the graph G([Ā B]), which
is also colorable. According to the graph-theoretic characterization, this establishes
that the structured system (A,B) is strongly structurally controllable.

3.4 Empirical Analysis
The preceding sections have presented rigorous algebraic and graph-theoretic con-
ditions for verifying whether a structured system is weakly or strongly structurally
controllable. Although these criteria are exact, their verification typically requires
detailed structural information, which may be unavailable in uncertain environ-
ments. This raises the question of whether controllability can be inferred from
coarse structural indicators alone, without explicitly checking rank or colorability.

This section explores that question from two complementary angles. First, it exam-
ines whether certain canonical interconnection patterns, such as directed cycles and
directed stars, are structurally controllable by construction, regardless of specific
parameter values. Second, it adopts a probabilistic perspective to assess how the
likelihood of controllability varies with the overall edge density of the network.

Using both deterministic examples and Monte Carlo simulations, the empirical
analysis provides insight into how global structural features, such as network
topology and edge density, can influence controllability even in the absence of
precise knowledge about the location or value of nonzero entries.

3.4.1 Controllability in Canonical Graph Topologies
Certain network structures possess inherent controllability properties that can
be deduced without detailed analysis. This section illustrates that idea using
two canonical interconnection patterns: directed cycles and directed stars. These
examples show that structural controllability can, in some cases, be inferred directly
from the topology of the graph, independently of the specific parameter values.
Similar reasoning extends to other configurations, such as chains, trees, or complete
graphs.
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Directed Cycles with a Single Input

Consider the directed 3-cycle shown in Figure 3.10, where each state node influences
the next in a closed loop. A single input (represented by node 4, shown in grey) is
applied to state node 1.

1

3

4 2

Figure 3.10: Directed 3-cycle with an input applied to node 1.

The associated structural matrices are:

A =

0 0 ∗
∗ 0 0
0 ∗ 0

 , B =

∗0
0

 .

The corresponding controllability matrix is:

C(A, B) =
[
B AB A2B

]
=

∗ 0 0
0 ∗ 0
0 0 ∗

 .

Each structurally nonzero diagonal entry lies in a distinct row, guaranteeing full row
rank for all realizations. Therefore, the system is strongly structurally controllable.
This conclusion extends to any directed 3-cycle with a single input. Since the
nodes of the cycle can be relabeled without altering the underlying interconnection
pattern, the same argument applies regardless of the initial node ordering.

More generally, this property holds for any directed cycle of size n with a single
input. By renumbering the nodes so that they follow the natural order of the cycle
and placing the input at node 1, the system matrix A takes the form of a cyclic
permutation matrix with a single nonzero entry per row and column, appropriately
shifted. The corresponding controllability matrix C(A, B) = [B AB . . . An−1B]
becomes diagonal, with structurally nonzero entries along the diagonal, ensuring
full rank. Therefore, every directed cycle of arbitrary size with a single input is
strongly structurally controllable.
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Directed Star

Now consider the directed star topology illustrated in Figure 3.11. It consists of
node 1 at the center, with directed edges to leaf nodes 2, 3, and 4. The system has
three inputs applied directly at nodes 1, 2, and 3 (input nodes are shown in grey).
Node 4 is not directly actuated but is influenced through node 1.
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Figure 3.11: Directed star with 4 states and inputs at nodes 1, 2, and 3.

The structural matrices are:

A =


0 0 0 0
∗ 0 0 0
∗ 0 0 0
∗ 0 0 0

 , B =


∗ 0 0
0 ∗ 0
0 0 ∗
0 0 0

 .

The controllability matrix takes the form:

C =
[
B AB A2B A3B

]
=


∗ 0 0 0 0 · · · 0
0 ∗ 0 ∗ 0 · · · 0
0 0 ∗ ∗ 0 · · · 0
0 0 0 ∗ 0 · · · 0

 .

The first three rows are structurally covered by the input matrix B, while the
last row is reached through the product AB, reflecting the influence path from
node 1 to node 4. Each row contains a structural pivot in a distinct column, and
all higher-order terms vanish since Ak = 0 structurally for k ≥ 2. Therefore, the
system is strongly structurally controllable.

This conclusion can also be understood in terms of structural matching. The edge
from node 1 to node 4 ensures a path to the otherwise unactuated node, while the
direct inputs to nodes 1, 2, and 3 provide control over the remaining states. More
generally, a directed star with n nodes requires at least n− 1 input nodes, one at
the center and the others at the leaves, to ensure strong structural controllability.
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3.4.2 Controllability and Edge Density in Random Graphs
Beyond canonical motifs, it is natural to explore whether structural controllability
can be inferred from global metrics such as edge density. Edge density is defined
as the ratio of actual directed edges (either within the state-transition matrix A
or from the input matrix B) to the total number of possible edges, which equals
n(n + m) for a system with n states and m inputs. This notion quantifies how
densely connected a system is, without regard to the specific placement of connec-
tions. Edge density is inversely related to sparsity: it corresponds to the proportion
of nonzero entries (marked ∗ or ?) in the pattern matrices (A,B).

To empirically study the effect of edge density on controllability, a Monte Carlo
simulation is conducted. For fixed system size n and various input dimensions
m ≤ n, 10, 000 random structured systems are generated at each level of edge
density. For a given number of edges, the positions of nonzero entries are assigned
uniformly at random across all n(n + m) possible locations. Each realization is
then tested for weak and strong structural controllability.

Figure 3.12 illustrates the relationship between edge density and the probability of
structural controllability for systems of size n = 3 and input dimensions m = 1, 2, 3.
The trends observed provide several key insights.
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Figure 3.12: Controllability vs edge density for n = 3 and m ∈ {1, 2, 3}.
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First, for very sparse systems (corresponding to edge densities below approximately
15%), the probability of controllability is essentially zero for both the weak and
strong notions. This is expected: with too few edges, basic structural conditions
such as the matching condition and input accessibility (for weak controllability),
or the colorability condition (for strong controllability), cannot be satisfied. Alge-
braically, a system with many structural zeros is also likely to contain entire rows
or columns of zeros in (A,B), making full row rank unattainable.

Focusing next on strong structural controllability, the curves reveal a distinct
bell-shaped profile. As edge density increases beyond 15%, the probability of strong
controllability rises steadily, reaching a peak between approximately 40% and 50%.
Beyond this point, the probability decreases again and tends toward zero as the
system approaches full connectivity (near 85% to 100% edge density). This behav-
ior highlights a fundamental trade-off: both under-connected and over-connected
systems are unlikely to be strongly controllable. In dense systems, the abundance
of structural connections increases the likelihood of pathological realizations in
which the controllability matrix fails to have full rank for all parameter values.

Interestingly, the location and height of the peak shift with the number of inputs m;
larger m values consistently increase the maximum probability of strong controlla-
bility. This observation aligns with the intuition that additional inputs enhance the
controllability of the system. Graphically, more input nodes yield more initial black
nodes in the colorability test, facilitating control propagation. Algebraically, more
inputs increase the structural richness of the matrix B, increasing the likelihood
that the controllability matrix spans all state directions.

In contrast, weak structural controllability exhibits a markedly different behavior.
The corresponding curves increase monotonically with edge density, reaching 100%
as the system becomes dense. This reflects the fact that weak controllability only
requires the existence of a single favorable realization. Greater density offers more
flexibility for satisfying the structural matching condition. As before, increasing m
shifts the curves leftward, making weak controllability more likely at lower densities
due to improved input accessibility.

These simulations highlight the critical role of edge density in determining the
likelihood of structural controllability. For strong controllability, a “sweet spot”
emerges, neither too sparse nor too dense, where the probability of controllability is
maximized. For weak controllability, denser systems tend to be more favorable. In
both cases, increasing the number of inputs systematically improves controllability.
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The trends shown in Figure 3.13 for systems with n = 6 states broadly mirror those
observed for n = 3 case, though they appear more pronounced and shift noticeably
as system size increases.
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Figure 3.13: Controllability vs edge density for n = 6 and m ∈ {1, 3, 6}.

For strong structural controllability, the characteristic bell-shaped profile persists:
the probability is near to zero at low edge densities, increases to a peak, and then
declines again as connectivity increases. Compared to the n = 3 case, the peaks
now occur at significantly lower edge densities (typically around 30% to 35% rather
than 40% to 50%). This shift reflects the fact that larger systems admit more
possible edge positions, so fewer connections are needed proportionally to meet
the structural controllability conditions. As before, an excess of connections can
introduce structural dependencies or redundancies that reduce the likelihood of
achieving full rank across all realizations.

The number of inputs m remains a key factor. With only m = 1 input for n = 6
states, strong controllability is almost never achieved, regardless of edge density.
This highlights the challenge of satisfying colorability or rank conditions when a
single input must influence the entire system. In contrast, with m = 6 inputs (one
assigned to each state), strong controllability is observed across a broad range of
intermediate densities.
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These empirical trends are further supported by theoretical results presented in [63],
which analyzes the number of strongly structurally controllable graphs as a function
of the number of nodes n and the number of inputs m. They establish that when
the number of control nodes grows sublinearly with the system size (i.e., m ≤ βn
for some constant β < 1) the proportion of strongly controllable graphs tends to
zero as n increases. This is consistent with the simulation results: for m = 1, the
probability of strong controllability drops significantly between n = 3 and n = 6. In
contrast, they show that if the number of inputs grows linearly with the number of
nodes, the proportion of strongly controllable graphs remains bounded away from
zero. This behavior is clearly observed when each node is actuated individually
(m = n), where the probability of strong controllability remains stable even as
the network size increases. These results confirm that the scaling of the number
of inputs with respect to system size plays a critical role in maintaining strong
structural controllability.

On the weak side, the behavior remains distinctly monotonic: the likelihood of
weak structural controllability increases steadily with edge density and typically
reaches 100% well before full connectivity is achieved. Crucially, there is no decline
in probability at high densities, in contrast to the strong case. This is because weak
controllability requires only the existence of a single favorable realization. As edge
density increases, so does the number of structural degrees of freedom, making it
easier to satisfy the graph-theoretic matching and input-accessibility conditions.

These results further support the conclusion that structural controllability is
highly sensitive to both the connectivity pattern and the input configuration.
From a practical perspective, this has important implications: for example, when
n = m = 6, even in the absence of precise structural information, observing
an edge density between 60% to 80% is sufficient to infer with high confidence
that the system is weakly controllable. This highlights a key insight: structural
controllability can, in many cases, be inferred probabilistically from global features
alone, even when the structural model is imperfect or under-identified.
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Chapter 4

Structure Identification

After analyzing controllability through both numerical data and structural pat-
terns, attention is now directed toward the intermediate step that links these two
perspectives: the identification of the structure of the system based on data. This
chapter aims to develop methods for inferring the sparsity pattern, that is, the zero
or nonzero structure of the system matrices, from input–state trajectories. This
structural information is essential for applying the tools of structural controllability
introduced in the previous chapter. Several optimization-based techniques are
presented to recover the underlying structure of the system, both in ideal noise-free
conditions and in more realistic scenarios involving measurement or process noise.

4.1 Problem Formulation
This section addresses the problem of identifying the structure of a linear dynamical
system from trajectory data. The objective is to recover the structure of the matrices
As ∈ Rn×n and Bs ∈ Rn×m governing the evolution of a discrete-time LTI system:

X+ = AsX− + BsU−, (4.1)

where X−, X+ ∈ Rn×T and U− ∈ Rm×T are data matrices constructed from in-
put–state trajectories, as described in Chapter 2. A natural approach consists in
formulating a least-squares optimization problem, leading to the following objective
function:

min
A∈Rn×n, B∈Rn×m

f(A, B) = ∥X+ − AX− −BU−∥2
F , (4.2)

where ∥ · ∥F denotes the Frobenius norm, which measures the total squared error
between predicted and observed next-state values. Once an optimal solution is
obtained, the structured system (A,B) is inferred by examining which entries of
(A, B) are approximately zero or nonzero.
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A brute-force approach to structure identification consists in testing every possible
sparsity pattern. For each combination of zero or nonzero entries, the constrained
version of (4.2) is solved, and the compatibility of the resulting model with the
data is assessed. This procedure guarantees the identification of all admissible
structures, or the unique structure if identifiability holds. However, since each
entry in A and B can independently be either zero or nonzero, the total number of
possible patterns is 2n(n+m), resulting in an exponential number of optimization
problems. Such a method is therefore computationally intractable.

To address this combinatorial complexity, this chapter presents three alternative
strategies designed to promote sparsity directly through the optimization pro-
cess. These approaches enable efficient structure recovery without the need to
exhaustively enumerate all possible zero or nonzero configurations.

4.1.1 Problem Transformation
The initial problem (4.2) is intuitive but can be difficult to manipulate directly, as
the unknowns are stored separately across the matrices A and B. To address this,
the entire optimization problem is reformulated as an equivalent standard vector
least-squares problem:

min
y∈Rn(n+m)

∥z − Φy∥2
2, (4.3)

where y denotes a vector of unknowns, Φ is a design matrix constructed from the
data, and z is the target vector. This formulation is well established in the context
of least-squares regression. It allows for efficient computation of gradients and
Hessians, and provides a natural setting for incorporating structural priors such
as sparsity, which play a central role in the structure identification process. The
derivation begins from the original objective function:

f(A, B) = ∥X+ − AX− −BU−∥2
F .

By concatenating the matrices A and B horizontally, and stacking the data matrices
X− and U− vertically, the objective function can be rewritten as:

f(A, B) =
∥∥∥∥∥X+ −

[
A B

] [X−
U−

]∥∥∥∥∥
2

F

.

In order to facilitate vectorization, the expression is transposed to operate in a
row-wise format. This transformation is valid, as the Frobenius norm is invariant
under transposition. By applying the distributivity of the transpose over matrix
multiplication and subtraction, the expression becomes:

f(A, B) =
∥∥∥∥∥∥XT

+ −
([

X−
U−

])T [
A B

]T ∥∥∥∥∥∥
2

F

.
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The following quantities are introduced to simplify notation:

Z = XT
+ ∈ RT ×n, φ =

[
X−
U−

]T

∈ RT ×(n+m), Y =
[
A B

]T
∈ R(n+m)×n.

With this notation, the objective function can be rewritten as:

f(A, B) = f(Y ) = ∥Z − φY ∥2
F .

Although this formulation is more compact, the variables Z and Y remain matrix-
valued. To express the problem as a standard vector regression, both sides are now
vectorized. Specifically, the following definitions are introduced:

z = vec(ZT ) ∈ RnT , y = vec(Y T ) ∈ Rn(n+m).

In expanded form, the vectors z and y are expressed as:

z =


ZT

1
ZT

2
...

ZT
T

 ∈ RnT , y =


(Y T )1
(Y T )2

...
(Y T )n

 ∈ Rn(n+m),

where Zi denotes the i-th row of Z, and (Y T )j denote the j-th row of the transposed
parameter matrix Y T . The regression matrix Φ ∈ RnT ×n(n+m) is then defined as:

Φ =


In ⊗ φ1
In ⊗ φ2

...
In ⊗ φT

 ,

where each φt is the t-th row of φ, and ⊗ denotes the Kronecker product. This
construction ensures that the vectorized product φY corresponds to Φy in the
reformulated problem. The final expression of the objective function is:

f(y) = ∥z − Φy∥2
2. (4.4)

Consequently, the original matrix least-squares problem:

min
A,B
∥X+ − AX− −BU−∥2

F

is fully equivalent to the following vector formulation:

min
y∈Rn(n+m)

∥z − Φy∥2
2.

This reformulation significantly simplifies both the analysis and the solution process.
It provides access to a broad set of tools from convex optimization, with or without
sparsity-inducing penalties, which are leveraged in the following sections to recover
structured dynamics from data.
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4.2 Least-Squares Regression Solving
The focus now shifts to solving the vector least-squares problem introduced in (4.4).
Although this problem appears elementary, it plays a central role in the structure
identification procedure, forming the basis for all sparsity-aware methods developed
in the following sections. The problem can be addressed either through a closed-
form solution or by means of iterative optimization techniques, each approach
offering distinct trade-offs in terms of scalability, accuracy, and flexibility.

4.2.1 Theoretical Analysis
Prior to introducing specific solution methods, it is useful to examine the main
theoretical properties of the objective function

f(y) = ∥z − Φy∥2
2.

This function is convex, as it results from the composition of the squared Euclidean
norm, which is convex, with an affine transformation. Consequently, any local
minimizer is also a global minimizer. This property guarantees convergence for a
broad class of iterative algorithms, including those based on gradient descent.

The function is also differentiable and admits closed-form expressions for both its
gradient and Hessian:

∇f(y) = 2ΦT(Φy − z), ∇2f(y) = 2ΦTΦ.

The Hessian is constant, symmetric, and positive semi-definite, confirming that the
function is a convex quadratic function. When ΦTΦ has full rank, the function
becomes strictly convex, thereby guaranteeing the uniqueness of the global mini-
mizer. This condition may be ensured under the so-called persistence of excitation
property of the data [25]. To formalize the regularity of the gradient, the following
definition is recalled.
Definition 4.1 (Lipschitz gradient [64]). Let f : Rn → R be a twice continuously
differentiable function. If there exists a constant L > 0 such that

∥∇f(y1)−∇f(y2)∥2 ≤ L∥y1 − y2∥2 for all y1, y2 ∈ Rn,

then the gradient ∇f is said to be L-Lipschitz continuous.
In the present setting, since the Hessian ∇2f(y) is constant, the gradient is globally
Lipschitz continuous with constant:

L = ∥∇2f(y)∥2 = 2∥ΦTΦ∥2.

This Lipschitz constant L plays a central role in selecting admissible step sizes and
establishing convergence rates for iterative algorithms such as gradient methods.
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4.2.2 Analytical Solution
The least-squares objective function

f(y) = ∥z − Φy∥2
2

admits a unique closed-form minimizer when the matrix ΦTΦ is invertible. This
solution is given by the normal equations, a classical result in linear estimation
theory (see, e.g., [65]):

y∗ = (ΦTΦ)−1ΦTz. (4.5)
This expression yields the vector y∗ ∈ Rn(n+m) that minimizes the squared error
between the predicted and observed values. In practice, it is often preferable to
avoid computing the inverse explicitly for reasons related to numerical stability.
Instead, the normal equations

ΦTΦ y = ΦTz, (4.6)

are typically solved using factorization techniques, such as Cholesky decomposition
when ΦTΦ is positive definite, or QR decomposition when improved numerical
robustness is required. If ΦTΦ is not of full rank, the inverse does not exist.
In such cases, the minimum-norm solution is obtained using the Moore–Penrose
pseudoinverse, denoted by (ΦTΦ)†, leading to:

y∗ = (ΦTΦ)†ΦTz. (4.7)

This analytical method is computationally efficient for systems of moderate di-
mension and serves as a useful baseline. However, its applicability decreases in
high-dimensional settings or when structural constraints, such as sparsity, must
be incorporated. In these cases, iterative solvers offer greater flexibility, both to
accommodate larger systems and to integrate regularization terms or structural
priors, as discussed in the next subsection.

4.2.3 Gradient Descent
As an alternative to the closed-form solution, the least-squares problem can be
solved iteratively using gradient descent. Although this method is generally slower
in idealized settings, it provides significant advantages in terms of flexibility and
scalability. In particular, it becomes especially relevant when introducing regular-
ization terms, such as sparsity-promoting penalties, which disrupt the separability
exploited by analytical solutions. Based on the gradient expression established
earlier, the standard gradient descent update is given by (see, e.g., [64]):

yk+1 = yk −
1
L
∇f(yk) = yk −

1
2∥ΦTΦ∥2

ΦT(Φyk − z),
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where L = 2∥ΦTΦ∥2 denotes the Lipschitz constant of the gradient. The iterations
are typically terminated once the gradient norm falls below a prescribed tolerance:

∥∇f(yk)∥2 ≤ ε,

where ε > 0 is a threshold specified by the user. In the ideal case where the data
are noise-free and the model matches a linear system, the loss f(yk) can, in theory,
converge to zero. More importantly, this iterative scheme provides a computational
framework that can be naturally extended to structured recovery tasks.

4.2.4 Noiseless Case
In the absence of noise, a key question is whether the system matrices As and Bs,
or at least their structure, can be uniquely identified from input–state trajectories.
Uniqueness is essential, as it determines whether the recovered structure is the
only one consistent with the data. As established in Theorem 2.6, a necessary and
sufficient condition for identifiability in the noiseless setting is:

rank
[
X−

U−

]
= n + m. (4.8)

This condition guarantees that the combined past states and inputs span the full
parameter space, thereby enabling the unique recovery of As and Bs through the
least-squares formulation introduced in (4.3).

To assess the practical implications of this identifiability condition, a Monte Carlo
simulation is conducted to estimate the empirical probability of unique identifica-
tion as a function of two key parameters: the number of observations T , and the
sparsity level k. The sparsity k is defined as the total number of zero entries in the
concatenated system matrix [As Bs] ∈ Rn×(n+m). By construction, this quantity
satisfies 0 ≤ k ≤ n(n + m), where k = 0 corresponds to a fully dense system, and
k = n(n + m) corresponds to a completely zero system.

In the simulations, each entry of As and Bs is independently sampled from the
uniform distribution over the interval [−1, 1], ensuring that the eigenvalues of As

lie within the unit disk. This avoids instability from divergent dynamics and, al-
though not required for identifiability, simplifies the numerical setting. To impose a
prescribed sparsity level k, k positions are randomly selected in the matrix [As Bs],
and the corresponding entries are set to zero. The selection of zero positions
is randomized independently in each trial, allowing a broad range of structural
configurations to be sampled for each fixed value of k.
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The influence of the number of observations is first examined. The data matrices
X− ∈ Rn×T and U− ∈ Rm×T each contain T columns. Consequently, the rank of
their vertical concatenation is upper-bounded by T :

rank
[
X−
U−

]
≤ T.

Therefore, if T < n + m, the rank condition for identifiability necessarily fails:

rank
[
X−
U−

]
< n + m,

and the identification problem becomes underdetermined. This reflects the fact
that the number of independent data points is insufficient to recover the n(n + m)
parameters that define the system.

Next, the effect of sparsity is considered. When most entries in As and Bs are
zero, the system exhibits fewer effective degrees of freedom, and certain states may
display limited or no variation over time. This can lead to a loss of identifiability,
even when T ≥ n + m. To quantify this effect, small-scale systems with n = 3 and
m = 1 are simulated. For each pair (k, T ), 100,000 random systems are generated.
The proportion of uniquely identifiable systems is reported in Figure 4.1.
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Figure 4.1: Percentage of uniquely identifiable systems as a function of the number
of observations T and the sparsity level k.
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The simulation results reveal several notable patterns. First, for any fixed sparsity
level k, the proportion of uniquely identifiable systems saturates once the number
of observations reaches T = n + m. Beyond this threshold, additional data have no
further impact on identifiability. For example, when k = 9, approximately 54% of
the systems are uniquely identifiable, and this proportion remains unchanged for
all T ≥ n + m. This confirms that, in the noiseless regime, increasing the number
of observations beyond the minimal rank condition is unnecessary.

Second, as the system becomes sparser (i.e., as k increase), the probability of unique
identification decreases. A sparsity threshold exists beyond which uniqueness is
never guaranteed, regardless of the number of observations. In the present study,
this threshold is observed around

k = (n− 2)(n + m),

which corresponds to the minimal number of zero entries required for certain
pathological non-identifiable structures to arise.

Closer inspection of the non-unique cases reveals two recurrent structural patterns.
In all observed failures, the system falls into one of two configurations. In the
first case, at least two of the three state variables exhibit zero dynamics: their
corresponding rows in both As and Bs are entirely zero. This configuration is
referred to as Form I.
Example 4.2 (Form I). In this example, the dynamics of the first and third states
are completely suppressed:

As =

 0 0 0
0.1 0.85 0.58
0 0 0

 , Bs =

 0
0.2
0

 .

Because the trajectories of the first and third states remain constant over time,
the corresponding rows in X− are linearly dependent, and the data matrix fails to
satisfy the rank condition. Consequently, the system is not uniquely identifiable.

The second failure mode arises when the entire state matrix As is zero. In this con-
figuration, the system is purely input-driven, and state transitions are independent
of prior state values. This case is referred to as Form II.
Example 4.3 (Form II). Here, the system evolves entirely due to inputs:

As =

0 0 0
0 0 0
0 0 0

 , Bs =

−0.98
0.2
−0.54

 .
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In this configuration, the matrix involved in the identifiability rank condition
has linearly dependent columns, except possibly for the initial state. Since As is
identically zero, all future state transitions are driven solely by the inputs. As a
result, the trajectory data lack internal variability, and the rank condition is violated.

Both Forms I and II correspond to structurally degenerate systems that are trivially
uncontrollable. Notably, Form I requires at least (n− 2)(n + m) zero entries in the
system matrices, whereas Form II requires the entire matrix As to be zero, that is,
n2 zeros entries. Since

(n− 2)(n + m) < n2 for all n ≥ 3,

Form I occurs more frequently in random sampling. This structural asymmetry
accounts for the predominance of Form I among non-identifiable systems observed
in the simulations. These empirical observations support the following conclusions:

• If k < (n − 2)(n + m), the system is almost always uniquely identifiable,
except for a few specially constructed counterexamples (see Example 2.10).

• If k ≥ (n− 2)(n + m), all observed non-identifiable systems fall into Form I
or II and are thus trivially uncontrollable.

These observations are encouraging: they indicate that the complete methodology,
consisting of structure identification followed by structural controllability testing, is
highly reliable in the noiseless regime, provided that the number of observations sat-
isfies T ≥ n+m. This hypothesis will be examined more extensively in later sections.

Finally, although it is theoretically possible for a system to admit both a controllable
and an uncontrollable realization consistent with the same data (see Example 2.10),
such ambiguous cases are exceedingly rare. In the simulations, which covered a wide
range of sparsity levels and system realizations, no such cases were observed. These
degenerate systems, which do not fall into Form I or II, remain non-identifiable but
exhibit a subtler form of ambiguity. Additional experiments on higher-dimensional
systems confirming this trend are provided in Appendix B.

To further validate the above findings and assess the behavior of the identifica-
tion procedure under practical conditions, the performance of gradient descent is
evaluated on the same class of systems with n = 3 and m = 1. Since empirical
identifiability does not improve beyond T = n + m, the analysis is restricted to the
critical range T ≤ n + m, that is, when the number of observations is below the
minimum required for identifiability.
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For each pair (k, T ), 100 independent random systems are generated, and the
least-squares identification problem is solved using gradient descent. The accuracy
of structure recovery is defined as the ratio of systems for which the recovered
structure matches the ground truth, over the total number of systems tested.
Results are presented in Figure 4.2, which illustrates how identifiability degrades
with increasing sparsity and decreasing data volume.
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Figure 4.2: Structure identification accuracy of the gradient descent method across
different sparsity levels k and observation lengths T .

The results confirm the observations made in the previous section. When the
number of observations reaches the theoretical threshold T = n + m, and the
system is not excessively sparse (specifically, when k < (n− 2)(n + m)), the gradi-
ent descent algorithm consistently recovers the correct sparsity pattern, achieving
perfect identification accuracy across all trials.

As the sparsity level increases beyond the threshold k ≥ (n− 2)(n + m), recovery
performance degrades. In these regimes, the systems contain few non-zero parame-
ters, making it harder for the algorithm to detect active components reliably. In
some cases, the optimization fails to converge to the correct solution. Nevertheless,
the method often returns sparse estimates that remain structurally compatible
with the ground truth, preserving the reliability of subsequent controllability tests.
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In contrast, when T < n + m, the algorithm systematically fails to identify
the correct structure. This aligns with the theoretical identifiability condition,
which requires at least n + m independent observations to uniquely determine the
system matrices. This limitation is not a drawback of the algorithm itself, but
rather a fundamental constraint of the problem. From a practical perspective, the
requirement T ≥ n + m is a mild assumption that is typically satisfied in realistic
data collection scenarios.

4.2.5 Noisy Case
The performance of the gradient descent algorithm is now examined in the presence
of measurement or process noise. In this setting, the system evolves according to
perturbed linear dynamics:

x(t + 1) = As x(t) + Bs u(t) + w(t), (4.9)

where w(t) ∈ Rn is an additive noise term modeled as white Gaussian noise, with

w(t) ∼ N (0, Σ2
wIn).

Each component wi(t) is drawn independently from a zero-mean normal distribution
with standard deviation Σw > 0, identical across all state dimensions.

To illustrate the impact of noise on structure recovery, a representative example is
considered involving a system with a known sparsity pattern.
Example 4.4 (Effect of noise on structure recovery). The true system matrices As

and Bs used to generate the data are:

As =

0.886 0 0.952
0 0.214 −0.247

0.603 0 0

 , Bs =

0.087
0.804

0

 .

Entries highlighted in blue denote exact zeros in the ground-truth system and
define the underlying sparsity pattern. When data are generated without noise
(w(t) = 0), gradient descent successfully recovers the correct structure without error.

Now consider the same system with additive white Gaussian noise of standard
deviation Σw = 0.001. The recovered matrices are:

Anoise =

0.875 0.001 0.945
0.002 0.201 −0.255
0.626 0.003 0.018

 , Bnoise =

0.086
0.813
0.007

 .
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Entries shown in red indicate small non-zero values appearing at positions corre-
sponding to exact zeros in the original system. These deviations, caused by noise,
illustrate a key limitation of the unconstrained gradient descent approach: it is
sensitive to perturbations and does not enforce sparsity in the estimated matrices.
As a result, even minimal noise can introduce spurious entries that obscure the
true structure.

Despite this sensitivity, the sparsity pattern remains visually apparent. Most
originally zero entries are only slightly perturbed, and the dominant non-zero
components are preserved in both location and magnitude.

This observation is encouraging. It suggests that although gradient descent alone
does not guarantee exact structure recovery under noise, its output remains suf-
ficiently close to the true system to serve as a starting point. The next section
introduces a post-processing procedure that enables recovery of the correct sparsity
pattern, even in the presence of noise.

4.3 Least-Squares Method with Thresholding
As shown in Example 4.4, in the presence of noise, the gradient descent solution
may include small spurious entries at positions that should be structurally zero.
A natural way to improve robustness is to eliminate these small-magnitude terms
through a thresholding operation. The underlying idea is that true nonzero
coefficients typically have larger magnitude than noise-induced artifacts. This
motivates the use of hard thresholding, a simple yet effective technique widely
employed in compressive sensing, particularly for sparse signal recovery [66].

4.3.1 Method Description
The thresholding procedure acts purely as a post-processing step: it is applied after
solving the least-squares problem via gradient descent. No additional optimization
is required. Given the solution vector y obtained from gradient descent, the K
smallest entries in absolute value are set to zero, where K ∈ {0, 1, . . . , n(n + m)} is
a user-defined sparsity parameter. The remaining entries are left unchanged. For
illustration, consider again the system from Example 4.4. When hard thresholding
with K = 11 is applied in the noisy case, the result is:

Athr =

0 0 0.945
0 0 0
0 0 0

 , Bthr =

0
0
0

 .
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Here, the 11 smallest absolute values in the vectorized form of (Anoise, Bnoise) have
been set to zero. This configuration is overly aggressive and removes relevant
dynamics. In contrast, using K = 5 yields:

Athr =

0.875 0 0.945
0 0.201 −0.255

0.626 0 0

 , Bthr =


0.086
0.813

0

 .

This threshold recovers the exact sparsity pattern of the original system, demon-
strating the ability of hard thresholding to correct noise-induced errors when an
appropriate value of K is selected.

A key practical challenge lies in selecting the appropriate threshold level K. While
the optimal value can often be identified visually in small-scale examples, defining a
principled and automatic selection criterion remains non-trivial in general. The next
section introduces strategies to determine an effective threshold K∗ that ensures
robust structure recovery under noisy conditions.

4.3.2 Hyperparameter Selection
Selecting an appropriate value of K, denoted K∗, is critical to the effectiveness
of the thresholding procedure. This parameter directly governs the sparsity of
the estimated model and therefore influences both the interpretability and the
accuracy of the recovered structure. Under mild conditions, gradient descent yields
a solution close to the true system, and a well-chosen value of K enables accurate
recovery through thresholding.

Several strategies for selecting K have been proposed in the literature [67], each
balancing sparsity and data fidelity in a distinct way. Here, a pragmatic approach
is adopted: the sparsest thresholded model that still explains the observed data
with sufficient accuracy is selected. More precisely, the following definitions are
introduced:

• HK(y): the hard-thresholding operator that sets to zero the K smallest entries
of y in absolute value;

• RMSEK = 1√
N
∥z − ΦHK(y)∥2: the root mean square error associated with

the thresholded model, where N = nT is the lenght of the output vector z.

The RMSE provides a normalized measure of reconstruction error that accounts
for both the number of time steps T and the system dimension n.
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To ensure numerical stability and impose a smooth penalty on poor reconstructions,
the selection criterion is defined using the negative exponential of the RMSE:

K∗ = max
{
K : e−RMSEK ≥ τ

}
, (4.10)

where τ ∈ (0, 1) is a tolerance parameter that controls the acceptable level of
reconstruction error. The exponential function approaches 1 for models that closely
fit the data, and decreases rapidly for models with high error. The resulting K∗

corresponds to the sparsest model that preserves an adequate level of data fidelity.
Example 4.5 (Threshold selection for known sparsity). The system defined in
Example 4.4 is revisited, with ground-truth matrices given by:

As =

0.886 0 0.952
0 0.214 −0.247

0.603 0 0

 , Bs =

0.087
0.804

0

 .

This system contains exactly five structural zeros. For each candidate value of K,
the corresponding value of e−RMSEK ic computed and plotted in Figure 4.3. The
pink horizontal line represents tolerance threshold τ = 0.9995, and the vertical
purple line indicates the optimal sparsity level K∗ = 5.
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Figure 4.3: Exponential error metric e−RMSEK as a function of the threshold level
K with τ = 0.9995.
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In this case, the selection rule correctly identifies the optimal sparsity level: K∗ = 5
is the largest value for which the reconstruction error remains above the threshold τ .
Increasing the sparsity further, for instance by setting K = 6, leads to a noticeable
degradation in performance, indicating that relevant information has been removed.
The detailed algorithm used to automatically select K∗ is provided in Appendix A.

The effectiveness of this criterion depends on the choice of the threshold parameter
τ , which controls the trade-off between data fidelity and model sparsity: higher
values favor accurate reconstruction with denser models, while lower values encour-
age sparser solutions at the risk of underfitting.

To assess the influence of the threshold parameter τ , Monte Carlo simulations
are performed across various sparsity levels and noise intensities. For each pair
(k, τ), where k represents the number of zero entries in the true system matrices,
100 random systems are generated, and structure identification is carried out via
gradient descent followed by hard thresholding. The resulting accuracy is reported
in the heatmaps below. Figure Figure 4.4 shows results for low noise (Σw = 0.0001),
and Figure 4.5 to higher noise (Σw = 0.001).
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Figure 4.4: Structure identification accuracy as a function of τ for different
sparsity levels k, with noise level Σw = 0.0001.
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Figure 4.5: Structure identification accuracy as a function of τ for different
sparsity levels k, with noise level Σw = 0.001.

The results in Figure 4.4 and Figure 4.5 highlight several trends. In low-noise
regimes, higher thresholds such as τ = 0.9995 yield the best results, especially
for denser systems. As noise increases, however, this value becomes overly strict,
causing relevant entries to be erroneously removed. Lower thresholds, like τ = 0.998,
offer more robust performance across a wide range of sparsity and noise levels.

Since the thresholding step is lightweight and purely post-processing, it is feasible
to evaluate several values of τ in parallel. In the remainder of this work, the value
τ = 0.9995 is used by default in low-noise settings, while τ = 0.998 serves as a
robust alternative under noisier conditions.

Additional experiments reported in Appendix B confirm that this selection strategy
generalizes well to higher-dimensional systems, with a natural decrease in accuracy
due to increased estimation complexity. Although exact recovery of the true
sparsity level K∗ is not always achievable, particularly in the presence of noise with
heavy-tailed perturbations, the thresholding procedure remains a principled and
effective approach to structural recovery in practice.
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4.3.3 Empirical Analysis
The effect of the number of observations T on structure identification accuracy is
first examined. While T = n + m is sufficient for unique recovery in the noiseless
setting, the optimal number of observations under noise may differ. Understanding
this dependence is essential for reliable practical application. The results for a fixed
noise level are shown in Figure 4.6.
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Figure 4.6: Structure identification accuracy of the gradient–descent with
thresholding method as a function of T , for different sparsity levels k with noise

level Σw = 0.001 and threshold τ = 0.998.

Unlike the noiseless case, where T = n + m suffices for identifiability, the presence
of noise makes this threshold suboptimal. Accuracy improves substantially as T
increases from 4 to 6 and continues to rise up to around T = 15. Beyond that,
however, the performance plateaus or even slightly deteriorates.

This decline is due to the accumulation of noise over time. As T grows, each state
becomes affected by a longer sequence of noise inputs, increasing the variance of
x(t). This makes the identification problem more ill-conditioned. In particular,
for very large values such as T = 30, the trajectories become dominated by noise,
making it harder to recover the true structure.
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This effect is especially pronounced for sparse or moderately sparse systems. In
contrast, hypersparse systems (although of limited practical interest) appear to
benefit more from larger observation horizons. These observations confirm that
extending the time horizon excessively tends to be detrimental.

To assess whether similar trends persist under lower noise levels, the analysis
is repeated with a higher threshold τ = 0.9995. The results are presented in
Figure 4.7.
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Figure 4.7: Structure identification accuracy of the gradient–descent with
thresholding method as a function of T , for different sparsity levels k with noise

level Σw = 0.0001 and threshold τ = 0.9995.

The same qualitative behavior is observed: performance improves rapidly as T
increases beyond n + m, but tends to plateau afterwards. When T becomes too
large, a modest drop in accuracy is again observed due to the accumulation of noise.

Based on these observations, the number of observations is fixed to T = 2(n + m)
for the remaining experiments. This value offers a practical compromise: large
enough to ensure identifiability, yet small enough to limit the effect of noise. In
this setting, it corresponds to T = 8. The impact of noise magnitude Σw on
identification accuracy is now evaluated.
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To evaluate the impact of noise on structure identification, simulations are performed
using the fixed settings from previous sections (T = 2(n + m), τ ∈ {0.998, 0.9995}).
The parameter Σw denotes the standard deviation of the additive Gaussian noise,
with higher values corresponding to increased noise levels.

For each pair (k, Σw), 100 random systems are generated, and structure identifi-
cation is performed using gradient descent followed by hard thresholding. The
resulting accuracy is reported in Figure 4.8.
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Figure 4.8: Structure identification accuracy of the gradient–descent with
thresholding method as a function of noise level Σw, for different sparsity levels k

with horizon T = 8 and threshold τ = 0.998.

Figure 4.8 indicates that, with τ = 0.998, the method maintains high accuracy
across a broad range of noise levels. Accuracy decreases, however, for large noise
magnitudes (e.g., Σw = 0.01), where the perturbations significantly affect the
dynamics. As previously observed, hypersparse systems remain more difficult to
identify accurately.

To assess whether these patterns hold under a more stringent threshold, results
obtained with τ = 0.9995 are reported in Figure 4.9.
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Figure 4.9: Structure identification accuracy of the gradient–descent with
thresholding method as a function of noise level Σw, for different sparsity levels k

with horizon T = 8 and threshold τ = 0.9995.

Figure 4.9 shows that applying a stricter threshold (τ = 0.9995) yields excellent
results in low-noise conditions but leads to a marked decline in accuracy as the
noise magnitude exceeds Σw = 0.001. This threshold is appropriate when prior
knowledge indicates low levels of noise but may be too limiting in general. In
settings where the noise level is unknown or expected to vary, a more moderate
value of τ provides improved robustness.

In summary, the hard-thresholding approach demonstrates strong empirical perfor-
mance under noisy conditions. With a moderate number of observations and for
small-scale systems, it achieves over 90 % accuracy in structure recovery, provided
the threshold τ is selected appropriately. These results support the use of post-
processing via thresholding to mitigate the sensitivity of gradient descent to small
perturbations, without incurring significant computational cost.

Additional experiments for higher-dimensional systems are presented in Appendix B.
While the same qualitative trends are observed, accuracy declines with increasing
system size, emphasizing the need for improved scalability.

72



4.3.4 Error Analysis
To better understand the behavior of the method in cases where it fails to recover
the correct sparsity level K∗, the nature of the errors is analyzed. Specifically, the
objective is to assess whether the predicted sparsity K remains close to the true
value or deviates significantly. Confusion matrices are computed for two represen-
tative scenarios. For each sparsity level k, 100 random systems are generated, and
the corresponding predicted values of K are recorded following the thresholding step.

A first analysis is conducted under a robust configuration with moderate noise,
where Σw = 0.001 and τ = 0.998. The resulting confusion matrix is presented in
Figure 4.10.
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Figure 4.10: Confusion matrix for the gradient-descent with thresholding method,
with Σw = 0.001 and τ = 0.998.

For dense systems (i.e., small values of K∗), the predicted sparsity K tends to remain
tightly clustered around the true value. Even when misidentified, the deviations
are minor, with most predictions located near the diagonal of the confusion matrix.
As the true sparsity increases, the variability in predictions grows slightly, but
remains relatively constrained for moderate levels of K∗.
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A more discriminative setting is then considered, characterized by very low noise
with Σw = 10−5 and a stricter threshold τ = 0.9995. The corresponding results are
shown in Figure 4.11.
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Figure 4.11: Confusion matrix for the gradient-descent with thresholding method,

with Σw = 10−5 and τ = 0.9995.

In this low-noise regime, prediction accuracy improves further. For moderately
sparse systems (K∗ ∈ {6, 7, 8, 9}), the predicted sparsity is highly concentrated
along the diagonal, indicating consistent identification of the true structure. In
contrast, for hypersparse systems (K∗ ∈ {10, 11}), the predictions become erratic,
with values of K widely dispersed. This reflects the previously observed instability
in these extreme cases.

These findings suggest that the method performs reliably when the underlying
sparsity is moderate and noise remains limited. When errors occur, they tend
to be of small magnitude, which is favorable for subsequent analysis tasks such
as controllability assessment. As discussed in section 3.4, slight discrepancies in
K rarely impact the controllability result. Performance degrades primarily in
hypersparse regimes, which are of limited practical significance.
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4.4 Gradient Descent with Regularization
To encourage sparsity directly within the optimization process, an alternative to
hard-thresholding is to modify the objective function by introducing a regulariza-
tion term. This approach leads to the class of penalized least-squares methods,
among which the LASSO (Least Absolute Shrinkage and Selection Operator) is
particularly well known [68].

The core idea is to favor solutions with fewer nonzero entries by penalizing the
number of active coefficients in the parameter vector y, which includes both A and
B. A direct formulation involves minimizing the following objective:

min
y∈Rn(n+m)

f(y) = ∥z − Φy∥2
2 + λ∥y∥0,

where ∥y∥0 counts the number of nonzero elements in y, and λ > 0 is a regulariza-
tion parameter balancing reconstruction accuracy and sparsity.

The objective is to identify, among all solutions that explain the data well, the
sparsest one. However, this formulation involves the ℓ0-norm, making the problem
combinatorial and NP-hard in general, except under strong assumptions.

To address this computational intractability, the ℓ0 norm is commonly approximated
by a convex surrogate. A popular and theoretically justified choice is the ℓ1-norm,
which leads to the LASSO formulation [69]:

min
y∈Rn(n+m)

f(y) = ∥z − Φy∥2
2 + λ∥y∥1. (4.11)

This optimization problem is convex and can be solved efficiently using a variety
of well-established algorithms. The ℓ1 penalty encourages sparsity by shrinking
small coefficients toward zero, effectively performing variable selection during the
optimization. In the next sections, the algorithm used to solve this problem is de-
scribed, followed by an evaluation of its performance on the structure identification
task.

4.4.1 Method Description
The algorithm used to solve the regularized problem introduced in (4.11) relies on
a composite optimization framework. The objective is written as:

min
y

f(y) = F (y) + φ(y),
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where F (y) is a smooth function with Lipschitz-continuous gradient, and φ(y) is a
convex, possibly non-smooth term [64]. In this context, the components are:

F (y) = ∥z − Φy∥2
2, φ(y) = λ∥y∥1.

This formulation belongs to the class of composite non-smooth optimization prob-
lems [70]. A well-established approach to solving such problems is the Proximal
Gradient Method [71], which updates the current iterate yk as follows:

yk+1 = prox 1
L

φ

(
yk −

1
L
∇F (yk)

)
, ∀k ≥ 0. (4.12)

The proximal operator is defined by [72]:

proxh(x) = arg min
x′

{1
2∥x

′ − x∥2
2 + h(x′)

}
.

In the case of ℓ1-regularization, this yields the soft-thresholding rule [73], which is
applied element-wise. Specifically, for each component:

ỹi = yi
k −

1
L

(∇F (yk))i ,

where ỹi ∈ R denotes the ith component of the vector ỹ ∈ Rn(n+m). Then, the
updated coordinate yi

k+1 is given by:

yi
k+1 =


ỹi − λ

L
, if ỹi > λ

L
,

0, if |ỹi| ≤ λ
L

,

ỹi + λ
L

, if ỹi < − λ
L

.

The iterations are stopped when the change between two successive iterates becomes
small, as measured by the gradient mapping criterion [64]:

L∥yk+1 − yk∥2 ≤ ε,

where ε > 0 is a tolerance set by the user and L the Lipschitz constant.

The performance of the LASSO estimator critically depends on the choice of λ [74].
If λ is too small, the penalty is insufficient to remove noisy entries; if it is too large,
true non-zero coefficients may be eliminated. Since the optimal value depends
on unknown quantities such as the true sparsity and noise level, it is difficult to
determine it analytically.

A practical and widely-used strategy is to select λ via K-fold cross-validation [75].
The idea is to divide the data into K consecutive blocks of equal length. For each
candidate λ, the following steps are repeated K times:
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• In the training phase, one block is left out and the LASSO problem is solved
on the remaining K − 1 blocks. This produces a candidate solution ŷ(λ).

• In the validation phase, the prediction error of ŷ(λ) is evaluated on the
held-out block, using the root-mean-square error as the performance metric.

Repeating this process over all blocks yields K validation errors per value of λ. Av-
eraging these gives the cross-validation curve CV(λ), and the optimal regularization
strength is selected as the value minimizing this curve, i.e., λ∗ = arg minλ CV(λ).
In practice, we use K = 3 or K = 5, depending on the total number of observations
T , to ensure that each training set remains sufficiently large. This cross-validation
procedure provides a fully data-driven value of λ, tuned to the actual noise and
sparsity levels without requiring prior knowledge. The simulations presented in the
next section rely on the optimal λ∗ obtained through this method.

4.4.2 Empirical Analysis
The behavior of the LASSO method under noisy conditions is assessed, with a
particular focus on its sensitivity to the number of observations. For each pair
(k, T ), 100 random systems are simulated, and the regularization parameter λ is
selected using 3-fold cross-validation. The results are summarized in Figure 4.12.
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Figure 4.12: Structure identification accuracy of the LASSO method as a function
of T , for different sparsity levels k and noise level Σw = 0.0001.
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Figure 4.12 shows that the number of observations has limited impact on perfor-
mance. While very small or large values of T may slightly reduce accuracy (e.g.,
T = 18), the method remains robust across the tested range.

To enable direct comparison with the hard-thresholding approach, the number of
observations is fixed to T = 3(n + m) for the remainder of the analysis. Cross-
validation is performed using K = 3 contiguous blocks, ensuring that each training
set contains 2(n + m) samples—consistent with previous experimental settings.

The performance of the LASSO method is evaluated under varying noise levels. For
each pair (k, Σw), 100 random systems are generated, and structure identification is
carried out using 3-fold cross-validation. The results are presented in Figure 4.13.
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Figure 4.13: Structure identification accuracy of the LASSO method as a function
of noise level Σw, for different sparsity levels k and T = 12.

Figure 4.13 shows that the method performs reliably across a wide range of noise
levels. For most systems, it achieves over 90 % accuracy, and it handles hyper-
sparse cases more effectively than the hard-thresholding approach. However, perfect
accuracy is difficult to attain even under low noise. Achieving this would require
using a very fine grid of λ values, effectively tuning the regularization for each
individual instance. While possible, this significantly increases computational cost.
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As already observed previously, at the highest noise level tested (Σw = 0.01), per-
formance degrades slightly, but still remains superior to that of hard thresholding.

The LASSO framework has been introduced and evaluated in the presence of noise.
Cross-validation allows for adaptive selection of the regularization parameter λ,
resulting in accurate structure recovery in most scenarios. The next chapter extends
the comparison between LASSO and hard thresholding to higher-dimensional
systems and examines how both approaches affect controllability outcomes.

4.4.3 Error analysis
As with the hard-thresholding method, the deviation of LASSO from the true
sparsity level K∗ is analyzed when exact recovery fails. For each system, both the
true number of zero entries and the number estimated by LASSO are recorded.
These results are then aggregated into a confusion matrix.

For each sparsity level k, we simulate 100 random systems, using 3-fold cross-
validation. The outcome is shown in Figure 4.14.
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Figure 4.14: Confusion matrix for the LASSO method with Σw = 0.001 and T = 12.
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The overall behavior is similar to that of the thresholding method. For dense
systems, LASSO tends to predict a sparsity level close to the ground truth. In the
moderately sparse regime, the estimates remain centered near the diagonal, albeit
with slightly more dispersion.

The key distinction arises for ultra-sparse systems. When k = 11, LASSO retains
93 % of its predictions within the hyper-sparse band (10–12 zeros), whereas thresh-
olding showed a broader spread in this regime. This confirms that LASSO handles
extreme sparsity more consistently. In some cases, unlike hard-thresholding, the
method may even yield completely null systems, i.e., with k = 12.

It is important to note that this analysis reflects only the number of zeros, not
their exact positions. For LASSO, sparsity accuracy and exact structure accuracy
can differ by up to 5 %. In other words, the algorithm may occasionally return
a support with the correct number of non-zero entries, but located at incorrect
indices. By contrast, with thresholding, the two notions typically coincided.

As before, results for higher-dimensional systems are available in Appendix B.

4.4.4 Comparison with the Hard Thresholding Method
To clarify the above observations, Figure 4.15 compares the performance of hard
thresholding (for τ = 0.998 and τ = 0.9995) and the LASSO method under two
noise levels: high noise (Σw = 0.001, shown in blue) and low noise (Σw = 0.00001,
shown in orange). Accuracy is computed as in the previous graphs of this section.

0 2 4 6 8 10
Number of 0 in A and B (sparsity)

0

20

40

60

80

100

Ac
cu

ra
cy

 (%
)

 Accuracy of the different methods (n=3, m=1)

HT ( = 0.998, w = 0.001)
HT ( = 0.9995, w = 0.001)
LASSO ( w = 0.001)
HT ( = 0.998, w = 0.00001)
HT ( = 0.9995, w = 0.00001)
LASSO ( w = 0.00001)

Figure 4.15: Accuracy of hard thresholding (HT) with two thresholds (τ = 0.998
and τ = 0.9995) and LASSO under two noise levels (Σw = 0.001 and

Σw = 0.00001).
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The figure confirms the trends discussed earlier. The hard thresholding method
with τ = 0.998 achieves comparable performance to the LASSO method across most
sparsity levels, except in the hyper-sparse regime, where LASSO shows superior
robustness.

Using a higher threshold (τ = 0.9995) improves performance under low-noise
conditions and even outperforms LASSO in most cases; again with the exception
of hyper-sparse systems. However, this stricter thresholding becomes unreliable in
moderate-to-high noise regimes, where it leads to significant accuracy loss.
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Chapter 5

Numerical Experiments

This chapter evaluates the full pipeline: structure identification followed by struc-
tural controllability testing. While the previous chapter focused on the sparsity
pattern recovery, the present analysis investigates whether the inferred structure
preserves the controllability type of the original system. Even when recovery is
imperfect, the predicted sparsity level typically remains close to the true value,
except in hyper-sparse cases. As shown in Chapter 3, controllability is generally
robust to small structural deviations, suggesting that minor identification errors
may not alter the controllability outcome. This hypothesis is now tested empirically
by assessing whether models obtained through hard thresholding or LASSO pro-
duce correct controllability classifications. Limitations of the approach, including
sensitivity to parameter choices and intrinsic failure modes, are also discussed.

5.1 Simulations on Random Graphs
The complete identification pipeline (structure recovery followed by controllability
testing) is evaluated on randomly generated systems. This full-scale assessment
aims to measure the reliability of the approach when no prior structural assump-
tions are made and randomness affects all components of the problem.

For each sparsity level k, 100 independent systems are generated to ensure a broad
exploration of the space of possible structures. Each system is uniquely defined
by randomly assigning the positions of the k zero entries across the combined
matrices (As, Bs), while the non-zero coefficients are sampled independently from a
uniform distribution over [−1, 1]. The initial condition x0 and the input sequence
U− are also drawn randomly from the same distribution. This ensures that every
trial features distinct dynamics and excitation patterns, providing a representative
sample of the system space at a given sparsity level.
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This Monte Carlo strategy reduces the influence of stochastic noise and ensures that
reported results reflect typical behavior rather than isolated cases. Averaging over
many randomized trials mitigates sampling variability and provides a more accurate
picture of how identification methods perform across diverse configurations. This
setup allows for an evaluation of robustness without relying on idealized or specially
constructed systems.

For each sampled system (As, Bs), the true structural controllability type (both
weak and strong) is determined based on the criteria introduced in Chapter 3.
Structure identification is then performed using the parameters specified in the
previous chapter (such as the observation horizon T , the threshold τ , or the cross-
validation scheme for LASSO) and examine whether the recovered structure yields
the same controllability verdict. This end-to-end evaluation provides insight into
the practical consequences of imperfect recovery and helps determine whether
approximate models remain valid from a control-theoretic perspective.

5.1.1 Performance Under High Noise
The complete identification and controllability pipeline is first evaluated on small-
scale systems under high process noise. The analysis considers systems with n = 3
states, m = 1 input, and a noise standard deviation of Σw = 0.001.

Both identification methods are applied using the configurations specified previously.
For gradient descent followed by hard thresholding, the observation horizon is set
to T = 8 with a threshold parameter τ = 0.998. For LASSO regression, T = 12 is
used, and the regularization parameter λ is selected via 3-fold cross-validation.

Figure 5.1 reports the accuracy of both methods across a range of sparsity levels.
Each group of bars corresponds to a specific number of zero entries across As and
Bs, from 0 (fully dense) to 11 (highly sparse).

The figure compares gradient descent with hard thresholding (labeled HT) and
LASSO regression. Three accuracy metrics are shown for each method. The blue
bars indicate the structure identification accuracy, defined as the percentage of
cases where the recovered sparsity pattern (i.e., the zero positions) matches exactly
the ground truth. The orange bars represent the accuracy in strong structural
controllability: they reflect the proportion of systems for which the strong control-
lability status of the recovered model agrees with that of the true system. Finally,
the green bars display the same metric for weak structural controllability.
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This visual breakdown facilitates the evaluation of the performance of each method,
not only in terms of raw identification accuracy, but also in preserving key system-
theoretic properties under noisy conditions.
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Figure 5.1: Controllability preservation rate for n = 3, m = 1, and Σw = 0.001.

As observed in previous chapters, both identification methods exhibit better per-
formance on dense systems, that is, when the number of structural zeros k is small.
In these regimes, the structure is easier to recover and both gradient descent with
hard thresholding (HT) and LASSO regression return accurate sparsity patterns.

However, as the systems become increasingly sparse (k ≥ 10), the structure identifi-
cation accuracy drops significantly. In these hyper-sparse cases, LASSO consistently
outperforms HT, achieving better recovery of the underlying sparsity even when
noise is high. Despite this, both methods fall below 60 % structure accuracy in the
most extreme sparsity settings.

The most striking observation comes from the orange and green curves, which
represent the ability of the recovered models to preserve the original system’s strong
and weak structural controllability. Across the entire sparsity spectrum, both HT
and LASSO maintain a prediction accuracy above 95 % for both controllability
types.
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This shows that, even when the structure is not recovered exactly, the essential
control properties of the system are retained. This behavior can be traced back to
the error analyses conducted earlier: when the methods fail, they tend to produce
models with sparsity levels close to the true one (either slightly higher or slightly
lower). As shown in Chapter 3, structural controllability typically evolves smoothly
with sparsity. Therefore, small errors in the pattern often do not affect the control-
lability status, which explains the high level of agreement between ground truth
and predictions.

In summary, even under high noise, the pipeline reliably captures the controllability
character of the system, validating its use for practical purposes even when exact
structure recovery is challenging.

To gain further insight into the reliability of the pipeline, a detailed error analysis
is performed. Specifically, the predictions made by both methods are examined
across all configurations; covering every sparsity level k and all 100 random trials
per level. For each method, the frequency with which the recovered model correctly
matches the controllability status (weak or strong) of the true system is evaluated.

The results are summarized in Table 5.1, which reports the classification perfor-
mance of both identification methods with respect to weak and strong structural
controllability. The four columns show the proportion of true positives (TP), true
negatives (TN), false positives (FP), and false negatives (FN). These quantities
measure how often the predicted controllability status of the identified structure
matches that of the ground-truth system.

Controllability type TP TN FP FN
Weak SC (HT) 56.75 % 41.83 % 1.33 % 0.08 %

Weak SC (LASSO) 56.67 % 42.75 % 0.42 % 0.17 %
Strong SC (HT) 6.25 % 93.08 % 0.50 % 0.17 %

Strong SC (LASSO) 6.33 % 92.83 % 0.75 % 0.08 %

Table 5.1: Classification results over all trials (n = 3, m = 1, Σw = 0.001).

From Table 5.1, it is observed that misclassifications are extremely rare across all
categories, confirming the robustness of the method. In most cases, both HT and
LASSO correctly identify the system’s controllability status. When errors do occur,
they tend to be false positives, that is, the recovered model is deemed structurally
controllable (weakly or strongly) when the true system is not.
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This asymmetry can be attributed to the nature of structure identification errors.
As shown previously, incorrect recoveries usually involve small deviations in the
sparsity pattern, and often result in models that are slightly denser than the original.
Since controllability is typically more likely in denser systems (as they offer more
interconnections), these structural overestimations bias the result toward declaring
controllability, even when the true system is not.

5.1.2 Performance Under Low Noise
The analysis is now extended to the low-noise setting, while keeping the same
system dimensions (n = 3, m = 1) and reducing the noise level to Σw = 0.00001.
The identification procedures are applied using the previously established configu-
rations: gradient descent with hard thresholding is run with T = 8 and τ = 0.9995,
while LASSO regression uses T = 12 and 3-fold cross-validation for selecting the
regularization parameter λ.

Figure 5.2 presents the results, following the same structure as in the high-noise case.
The plot shows, for each sparsity level, the structure identification accuracy (blue),
as well as the preservation rate for strong (orange) and weak (green) structural
controllability. This allows for direct comparison with Figure 5.1 and highlights
how lower noise improves or shifts the performance profile of the two methods.
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Figure 5.2: Controllability preservation rate for n = 3, m = 1, and Σw = 0.00001.
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In this low-noise setting, both methods achieve high structure identification ac-
curacy for dense systems, with exact recovery exceeding 90 % when k ≤ 7. As
sparsity increases, the identification becomes more difficult, and accuracy decreases,
especially for HT in the hypersparse regime (k ≥ 10). Nonetheless, LASSO contin-
ues to outperform HT in these cases, confirming its greater robustness to extreme
sparsity.

Importantly, the structural controllability metrics (orange and green bars) remain
consistently high across the entire range. Both HT and LASSO maintain weak and
strong controllability agreement with the ground truth in more than 95 % of cases,
even when the structure is not perfectly recovered. This suggests that the critical
system-level properties are preserved despite minor structural inaccuracies.

To better understand the reliability of these findings, the full set of predictions is
compiled into confusion matrices, which summarize the frequencies of true positives
(TP), true negatives (TN), false positives (FP), and false negatives (FN) across all
trials. The results are presented in Table 5.2.

Controllability type TP TN FP FN
Weak SC (HT) 56.83 % 42.92 % 0.25 % 0.00 %

Weak SC (LASSO) 56.75 % 43.17 % 0.00 % 0.08 %
Strong SC (HT) 6.42 % 93.50 % 0.08 % 0.00 %

Strong SC (LASSO) 6.42 % 93.33 % 0.25 % 0.00 %

Table 5.2: Classification results over all trials (n = 3, m = 1, Σw = 0.00001).

These numbers reinforce the earlier conclusions. The rate of misclassification
remains extremely low, particularly for false negatives. Most errors are again
false positives, which occur when the inferred structure slightly overestimates the
system’s connectivity, causing it to be (incorrectly) labeled as controllable. This is
consistent with the tendency of identification methods to slightly underestimate
sparsity when noise is low.

In summary, the low-noise regime showcases the strengths of both identification
techniques, with excellent structural and controllability recovery, particularly for
LASSO in highly sparse systems. These results validate the use of data-driven
structure inference in low-noise environments and highlight the reliability of the
proposed pipeline in practice.
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5.1.3 Comparison with Data-Driven Controllability Testing
In this experiment, the identification-based pipeline is compared to the data-
informativity framework introduced by van Waarde and al. [34] and discussed
in Chapter 2. Specifically, the data-driven Hautus test is applied directly to the
measured input–state trajectories, without performing any system identification.

The experimental setup remains identical to the previous section: systems with
n = 3 states, m = 1 input, and low process noise (Σw = 0.00001) are consid-
ered. Both identification strategies, gradient descent with hard thresholding (HT)
and LASSO regression, are applied using the same parameters as previously defined.

Figure 5.3 reports the classification accuracy for weak structural controllability as
a function of sparsity. Each curve indicates the proportion of systems for which the
predicted controllability status (weakly controllable or not) matches the ground
truth. The performance of the HT and LASSO identification pipelines is compared
with the data-driven test based on the informativity framework. Additionally, the
baseline proportion of truly weakly controllable systems at each sparsity level is
included. This reference curve corresponds to a naive classifier that always assigns
the weakly controllable label, regardless of the actual system properties.
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Figure 5.3: Accuracy of weak structural controllability classification for systems
with n = 3, m = 1, and Σw = 0.00001.
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Consistent with the findings of the previous section, both HT and LASSO achieve
near-perfect accuracy across all sparsity levels, indicating that identification errors
do not significantly affect the outcome of the controllability test. In contrast,
the data-driven test aligns with the baseline curve, revealing that under noisy
conditions, even minimal, the data-driven Hautus test systematically reports con-
trollability. Introducing a threshold on the smallest singular value could potentially
improve robustness, but this would require prior knowledge of the noise level, as
the singular value is observed to increase approximately linearly with the noise
magnitude (see Figure 2.4).

This phenomenon, analyzed in Chapter 2, shows a critical limitation: the data-
informativity framework can yield overly optimistic conclusions when applied to
noisy trajectories, effectively behaving as a constant classifier for weak controllabil-
ity.

5.2 Limits of Structural Controllability
A central limitation of the random graph simulations presented so far lies in the
nature of weak structural controllability itself. When system matrices are generated
with random nonzero entries, any structure that satisfies the conditions for weak
structural controllability will, with probability one, yield a numerically controllable
system. This follows from the fact that uncontrollable parameter choices form a
set of measure zero within the admissible space of free parameters.

As a result, the only uncontrollable systems observed in the random simulations
correspond to structures that are not weakly structurally controllable from the
outset. This indicates that the experiments do not naturally cover systems that
are structurally controllable in the weak sense but become uncontrollable due to
particular numerical configurations. Nevertheless, such pathological cases remain
theoretically relevant and merit further investigation.

To investigate this specific class of systems (those that are weakly structurally con-
trollable but numerically uncontrollable) system matrices A and B are constructed
to embed a deliberately uncontrollable mode. A fixed direction v = [1,−1, 1]⊤
and scalar λv are chosen such that the conditions v⊤A = λvv⊤ and v⊤B = 0 hold.
Under this construction, the scalar projection z(t) = v⊤x(t) evolves independently
of the input, rendering it unresponsive to the control signal u(t). Consequently,
the dynamics of z(t) are autonomous, following z(t + 1) = λvz(t), and the system
becomes uncontrollable along the associated mode.
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What makes this construction subtle is that the zero-nonzero pattern of A and B
still satisfies the graph-based conditions for weak structural controllability. The
system’s uncontrollability arises solely from the exact alignment of numerical val-
ues, not from its structural support. In algebraic terms, the controllability matrix
C = [B AB A2B . . . An−1B] has full structural rank but lacks full numerical rank.

This construction is used to simulate two categories of uncontrollable systems:
those that are both numerically and structurally uncontrollable, and those that are
structurally controllable in the weak sense but rendered uncontrollable through
deliberate numerical tuning. In both scenarios, the identification pipeline, whether
based on hard thresholding or LASSO, systematically classifies the systems as
weakly structurally controllable. This outcome confirms that the approach inherits
the same limitations as the underlying graph-theoretic framework: it does not
account for numerical degeneracies that compromise controllability while remaining
consistent with structural criteria.
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Chapter 6

Conclusion

Grounded in the framework of data-driven control, and more specifically the concept
of data informativity introduced by van Waarde and al. [34], this Master’s thesis
has addressed the challenge of assessing the controllability of linear time-invariant
systems using only noisy observations of their input–state trajectories. To over-
come the limitations introduced by noise, we proposed an intermediate two-step
strategy: first identifying the system’s structural sparsity pattern, and then testing
controllability through structural condition.

Chapter 1 provided the context and motivation for this thesis, emphasizing the
critical role of controllability in practical applications. It also presented a compre-
hensive literature review across the three core mathematical domains central to this
work: data-driven control, structural controllability, and structure identification.
By situating the thesis within the broader history of control theory and discussing
the main contributions and limitations of existing approaches, the chapter laid the
conceptual groundwork for the developments that follow.

In Chapter 2, we presented the data informativity framework in detail. We sup-
ported the theoretical exposition with examples and numerical investigations,
particularly focusing on the robustness of the data-driven Hautus test. These
experiments highlighted a major limitation: the framework lacks resilience to noise,
which may result in false positive conclusions regarding controllability.

To address this limitation, we turned to structural methods. Chapter 3 reviewed
key notions from the literature, such as weak and strong structural controllability,
and introduced new numerical results showing how these properties evolve with
edge sparsity in random LTI systems. These insights supported the idea that
structural features can buffer the effects of noise in a meaningful way.
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Chapter 4 developed two techniques for recovering the underlying sparsity pat-
tern of a system from data: a hard-thresholding method based on least-squares
estimation, and a regularized regression approach using LASSO. We analyzed the
performance of both methods empirically, showing that even when exact recovery
fails, the predicted structures often retain key system properties. We also analyzed
the nature of the errors to better understand the limitations of these techniques.

In Chapter 5, we evaluated the full identification pipeline (structure recovery fol-
lowed by controllability testing) on both random and carefully designed pathological
systems. Our experiments showed that both hard-thresholding and LASSO can
reliably identify the correct controllability status of the original system, even when
the structural recovery is imperfect. On small systems, both methods achieved
over 97% accuracy in controllability classification. Furthermore, comparisons with
the data-informativity framework confirmed its theoretical limitations under noisy
data, highlighting the advantage of the proposed hybrid method.

Overall, this thesis achieves its initial objectives: it proposes a robust and effec-
tive methodology for assessing system controllability using only trajectory data,
without requiring full model identification. By bridging structural and data-driven
paradigms, it provides a new approach to combining theoretical insights with the
challenges of real-world noise.

This work also opens several avenues for future research. Since the method combines
ideas from multiple mathematical domains, further refinement of each component
could enhance performance or generality. For example, integrating data-driven
filtering techniques to suppress noise, extending the method to higher-dimensional
systems, or addressing partial observability through techniques such as compressive
sensing would make the approach more broadly applicable. Additionally, a deeper
analysis of pathological cases, where systems appear controllable under noise but
are not, could improve robustness guarantees and help delineate the limits of
inference from data alone.
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Appendix A

Hard Thresholding Algorithm

Concretely, the vector y ∈ Rn(n+m) subjected to thresholding is obtained by solving
the least-squares problem (4.4) using gradient descent. Once the iterations converge
to a solution satisfying the prescribed stopping criterion, this estimated vector y is
post-processed to recover a sparse structure.

To that end, a hard thresholding procedure is employed. This method eliminates
the K smallest entries in magnitude from the vector y, where K is automatically
selected to balance reconstruction accuracy and sparsity. The selection criterion is
based on the RMSE of the reconstructed outputs, as described earlier.

Algorithm 1 Hard Thresholding with Automatic Selection
1: Set K∗ ← 0, yK∗ ← y
2: Compute the absolute values of y: |y|
3: for Ki = 0 to n(n + m) do
4: Identify indices IKi

of the Ki smallest entries in |y|
5: Set ythr ← y
6: for each i ∈ IKi

do
7: Set ythr[i]← 0
8: end for
9: Compute RMSEKi

= 1√
N
∥z − Φythr∥2

10: if exp(−RMSEKi
) ≥ τ then

11: K∗ ← Ki

12: yK∗ ← ythr
13: end if
14: end for
15: Reshape yK∗ into AK∗ , BK∗

16: return AK∗ , BK∗
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Appendix B

Higher Dimension Analysis

The results presented below are based on Monte Carlo simulations conducted with
50 random samples per sparsity level k.
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Figure B.1: Controllability preservation rate for n = 5, m = 2, and Σw = 0.00001.

The figure shows the performance of both identification methods on higher-
dimensional systems with n = 5 states and m = 2 inputs. A slight divergence in
behavior is observed: the hard-thresholding method achieves higher accuracy on
dense systems, whereas LASSO performs better in sparse regimes, consistent with
observations in smaller systems. With respect to controllability classification, both
methods maintain high accuracy overall. Nevertheless, a slight drop is noted for
hard thresholding in the very sparse setting.

A more detailed analysis of the structure identification performance follows.
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Figure B.2: Confusion matrix for the hard-thresholding method.
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Figure B.3: Confusion matrix for the LASSO method.
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The results confirm that for dense systems, the thresholding method achieves
higher accuracy than LASSO regression, whereas the opposite holds in sparse
regimes. In both cases, the predicted structures remain concentrated near the
correct sparsity level k. However, LASSO exhibits a clear limitation in terms
of computational efficiency: the cross-validation procedure becomes significantly
slower in higher-dimensional settings. In contrast, the thresholding method retains
low computational cost.

Overall, the simulations indicate that both approaches behave similarly to the
small-scale case, although with a moderate decline in accuracy. Experiments
conducted under increased noise levels display the same qualitative patterns, with
a slightly more pronounced accuracy reduction.
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