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Abstract

Radiotherapy is one of the most common treatments for cancer. Proton ther-
apy, a more advanced technique that uses proton beams instead of X-rays, is
growing rapidly due to its ability to target tumors more precisely.
Today, proton therapy treatment planning is typically based on so-called
"beamlet-based" methods, which involve dividing each beam into smaller
units called "beamlets", whose intensities are individually optimized.
These techniques are effective but require storing all the beamlets and involve
high computational demands, which can be a limitation in situations where
speed is essential, such as in adaptive proton therapy.

This thesis introduces a new approach called beamlet-free, in which the
optimization is performed without storing all individual beamlets. Instead,
the method simulate randomly beamlet pairs to gradually estimate their op-
timal intensities.
We present a proof of concept of this algorithm and analyze its convergence
on both a simplified case and a realistic patient case, comparing it to the
traditional beamlet-based method.

Although our algorithm consistently converges toward a solution, our ex-
periments on a simple case with few beamlets reveal residual noise stemming
from its stochastic nature and the beamlet approximations. This noise slows
convergence and prevents the algorithm from achieving a clinically accept-
able treatment plan within a practical number of iterations. In contrast, for
a more complex case with many beamlets, the beamlet-free approach appears
to approximate the performance of the beamlet-based method more closely.

Further work is needed to assess whether these limitations can be over-
come, enabling the full theoretical advantages of this approach to be realized.
It is also important to investigate whether, in practice, the beamlet-free al-
gorithm can outperform the beamlet-based method in terms of speed and
computational cost.
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Preliminary Notes

The AI ChatGPT form OpenAI was used for sentence improvement and
translation into English. However, it was not used to generate explanations.
DeepL was also used for translation.
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Chapter 1

Introduction

In Belgium, cancer was one of the leading causes of death in 2016. In 2018,
18.1 million cases were recorded and 9.6 million deaths were attributed to
cancer. In addition, 43.8 million people were living with a cancer that was
detected within 5 years in 2018. Experts expect 29 million cases in 2040 due
to aging and population growth [1].

However, it is possible to significantly reduce the morbidity of cancer
by using solutions that are already known. There are many effective treat-
ments for cancer, and around 50% of patients worldwide are treated with
radiotherapy [2]. Although proton therapy, which uses protons instead of
conventional X-rays as in traditional radiotherapy, offers significant clinical
advantages, less than 1% of patients are treated with protons or heavier ions
[3]. This is primarily due to the technical and financial challenges involved
in generating and accelerating protons, which demand large-scale equipment
such as cyclotrons or synchrotrons, as well as sophisticated delivery systems.
These infrastructures are significantly more expensive and complex to build
and operate than those used in conventional X-ray–based radiotherapy.

In both conventional radiotherapy and proton therapy, establishing a
treatment plan is a crucial step. Treatment planning involves defining the
ideal dose to be delivered to the tumor while ensuring that organs at risk
receive doses below predefined safety thresholds.

The most common delivery technique, known as pencil beam scanning,
divides each radiation beam into a large number of smaller sub-units called
beamlets. Each beamlet is characterized by its own energy, intensity, and
direction.
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Optimizing the treatment plan consists of adjusting the parameters of
each beamlet to modulate the dose distribution as precisely as possible, in
order to fulfill clinical objectives, maximizing tumor control while minimizing
exposure to healthy tissues.

In proton therapy, optimizing the treatment is even more important than
in traditional radiotherapy because the way the dose is delivered is very sen-
sitive to uncertainties and changes in the patient’s anatomy. Without proper
optimization, this may lead to an inhomogeneous dose distribution within
the tumor or high exposure of organs at risk, potentially causing severe side
effects.

However, treatment plan optimization is often computationally intensive
and time-consuming, which complicates its use in real-time or adaptive set-
tings, something that could be particularly beneficial for tumors located near
moving organs, such as the lungs. The high computational demand is largely
due to the complexity of the calculations needed to simulate and store beam-
lets, as these involve detailed modeling of proton interactions with matter.
Accurately computing dose distributions and storing individual beamlet data
are essential steps in determining dose gradients and adjusting their weights
(intensities) during optimization.

A new approach to overcome this limitation is the beamlet-free algorithm.
Unlike traditional beamlet-based methods, which require storing all beam-
lets in memory, the beamlet-free approach estimates the gradient using only
a small subset of beamlets. The goal is to drastically reduce computation
time and memory usage, while maintaining an accuracy level comparable
to conventional methods. These improvements could enable real-time treat-
ment planning while still meeting clinical requirements.

An initial version of the "beamlet-free" algorithm was introduced by Danah
Pross et al [4]. It also aims to optimize proton therapy treatment plans, but
follows a different approach from the one used in this thesis : at each itera-
tion, it simulates a batch of protons for a randomly selected spot, updates the
dose map, and estimates the cost variation to compute the spot’s gradient.
The selection probability is then adjusted accordingly, creating a probability
map used to guide future selections. The final spot weights correspond to
how often each was chosen. We do not elaborate on this method, as it is not
the focus of our study in this thesis.

A new version of the beamlet-free algorithm, which forms the basis of
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this thesis, simulates only two beamlets at a time, each with a small number
of protons. The method then computes the gradient for these two beamlets,
which depends in particular on their correlation with the others. These cor-
relations are stored in dedicated correlation matrices. The key advantage is
that this approach retains useful information that becomes more accurate
over iterations, without needing to store the full dose distribution of each
individual beamlet.

The objective of this thesis is to implement the new approach of the
beamlet-free algorithm, which uses a pair of beamlets, and to evaluate its
performance. As a proof of concept, we focus on demonstrating the feasibility
and convergence of the algorithm, rather than optimizing for computational
efficiency. Consequently, we do not analyze convergence speed or runtime.
The algorithm is tested using both a simplified, non-clinical scenario and
a realistic patient image featuring a tumor located in the right lung. More
specifically, the goal of this thesis is to answer the research question: Can the
beamlet-free algorithm converge to a result comparable to the beamlet-based
approach, and under what conditions?
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Chapter 2

State of the Art

2.1 Radiotherapy
As we mentioned in the introduction, radiotherapy is one of the most com-
mon ways to treat cancer. Other methods such as surgery, chemotherapy,
and immunotherapy are also available, but all of these have different side
effects. Physicians select the most appropriate treatment depending on the
type of cancer, the progression of the disease, and other clinical factors.

However, radiotherapy remains one of the standard treatments recom-
mended in the early stages of cancer, when there are few or no metastases
and local treatment is sufficient. Its objective is to ensure local-regional con-
trol of the tumor, by eradicating all cancerous cells to prevent extension or
recurrence in neighboring tissues [5].

Radiotherapy uses ionizing radiation, which is radiation with enough en-
ergy to release electrons from atoms or molecules. This includes two main
categories: particulate radiation (such as alpha, beta and neutron radiation)
and electromagnetic ionizing radiation (such as X-rays and gamma rays).
X-rays are most commonly used in radiotherapy. It is therefore necessary
to use machines, called linear accelerators, capable of producing radiation at
energies known as megavoltages, so that it can penetrate deep enough into
the patient’s body. The radiation absorbed will consequently cause damage
to the DNA structures of the cells. The impact of this damage on these
DNA structures can cause alterations at cellular level and eventually lead to
cell death. Damage to DNA can be caused by direct radiation, by hitting
the DNA itself, or indirect radiation via free radicals from water ionization.
Among the different kinds of DNA damage, double-strand breaks typically
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cause the most serious damage [6].

In order to deliver radiation to the tumor, the rays must inevitably pass
through healthy tissue. Consequently, surrounding healthy cells are exposed
to significant doses of radiation, which can damage their DNA, sometimes
leading to cell dysfunction. However, cells possess DNA repair mechanisms
that help correct such damage and prevent immediate dysfunction. Once
radiation has caused DNA damage, three main cellular responses are possible
[5]:

• Accurate repair: the cell correctly repairs the damage and maintain
normal function.

• Inadequate repair: the repair process fails, leading to cell inactivation
through mechanisms such as mitotic death, apoptosis or permanent
growth arrest.

• Misrepair: the cell survives despite incorrect repair, resulting in per-
manent genetic alterations. This process can lead to long-term side
effects, which may manifest years after treatment.

In order to avoid excessive doses in healthy tissues during planning, max-
imum tolerated doses are given according to the different tissues crossed in
addition to the dose prescribed to the tumor itself. A unit of radiation dose
is expressed in Gray (Gy) corresponding to joules of energy absorbed per
kilogram of tissue. Fortunately, DNA repair mechanisms in cancer cells are
often impaired, making them less effective than in healthy cells. This dif-
ference creates a therapeutic window that allows us to destroy most cancer
cells while preserving the function of healthy tissue [7]. Different strategies
can be used to maximize the damage to the tumor compared with healthy
tissue.

Fractionation

In radiotherapy, the biological dose represents an adjusted version of the
physical dose that accounts for tissue-specific sensitivity, providing a more
accurate estimation of its biological impact. The aim of a treatment to max-
imize the biological dose delivered to the tumor while minimizing the dose
in the rest of the tissues, particularly in organs at risk. Fractionation is a
method designed to increase the difference between the biological dose deliv-
ered to the tumor and that received by healthy tissues. Which means that
for the same total physical dose, the damage to healthy cells will be much less
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than that to cancerous cells. The total dose is divided into several sessions of
lower intensity, delivered regularly over several weeks. As mentioned above,
cancer cells often have impaired DNA repair mechanisms, unlike healthy cells,
which regenerate more efficiently. Rather than administering a single large
beam likely to cause irreversible damage to many healthy cells, fractionation
makes it possible to limit the biological dose collected by these cells, while
maintaining a dose sufficient to affect the tumor. In this way, repair errors
are relatively rare in healthy cells, whereas they accumulate in cancer cells,
gradually leading to cell death.

Beam modulation

By using multiple beams, a more uniform dose can be distributed across the
entire target while minimizing exposure to nearby organs at risk. Modulation
of each beam intensity is also important, so that higher doses can be delivered
where they are needed, while reducing doses in areas where organs at risk
are affected.

Particle Properties

The kind of particles selected could be an additional choice to maximize
damage to the tumor. This is where traditional radiation therapy (with
photons) and proton therapy (with protons) differ, as we will explore in the
following section.

2.2 Protontherapy
Proton therapy differs from radiotherapy in that protons rather than X-rays
(photons) are used in the treatment. The behavior of protons in matter, and
the specific facilities required for their production and guidance, differ sig-
nificantly from those of photons. These aspects are detailed in the following
subsections.

2.2.1 Physics of Protontherapy
In proton therapy, as in conventional radiotherapy, the dose delivered results
from the interaction of particles with matter, which slows down or scatters
the particles. It is the transfer of energy from the particles to the medium.
However, depending on the nature of the particles used (alpha particles,
protons, photons, etc.), these interactions are very different, which leads into
different resulting doses. Protons are heavy, positively charged particles,
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unlike photons, which are uncharged particles considered to have no mass.
It’s important to understand that the behavior of particles as they travel
through matter is highly stochastic. As a result, it’s difficult to predict the
exact path a single proton will take once it’s emitted. However, by simulating
a large number of particles within the same beam, we can reliably predict the
beam’s overall interaction with matter. Because of their charge and mass,
protons can interact with matter through several mechanisms. Figure 2.1
shows the 3 main types of proton interaction with matter at the energies
used in proton therapy [5][8]:

a) Inelastic collision with atomically bonded electrons: the incident proton
interacts with an atomically bonded electron, transferring some of its
energy to it, resulting in ionization or excitation of the atom.

b) Elastic scattering: the incident proton interacts mainly with the nu-
cleus of an atom, slightly modifying its trajectory with a slight loss of
energy. Overall, protons are relatively weakly scattered.

c) Nuclear interactions: the incident proton interacts with the nucleus,
generating secondary particles and the loss of the incident proton.

Figure 2.1: Illustration of the three main types of proton interactions with
matter. Credits : [8]

To quantify these interactions, it is useful to define the rate of energy
loss, given by the quotient S = dE/dx where E is the energy and x is the
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distance. To make the equation independent of the density of the medium,
it is possible to divide by the density, yielding the mass stopping power:

S

ρ
= − dE

ρdx
(2.1)

This rate is primarily due to inelastic collisions with bound atomic elec-
trons. By considering only this type of interaction, we obtain the Bethe-Bloch
formula [8]:

S

ρ
= −1

ρ

dE

dx
= 4πNer

2
emec

2 Z
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[
ln
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2mec
2γ2β2

I
− β2 − δ

2 −
C

Z

)]
(2.2)

Figure 2.2 provides a graphical representation of this equation.

• The x-axis represents the particle energy in MeV.

• The y-axis represents the mass stopping power in eV/um.

In the figure 2.2, the red curve represents mass stopping power as a function
of proton energy. It can be seen that, in general, the lower the particle energy,
the higher the mass stopping power, meaning that the particle loses more en-
ergy over a short distance. This physical principle introduces the concept of
the Bragg peak. When a particle emerges from a particle accelerator with a
high energy (of the order of several hundred MeV), it passes through mat-
ter depositing only a small fraction of its energy, slowing it down very little
over a long distance. On the other hand, once its energy has fallen to a few
MeV, it releases a much greater quantity of its energy, which slows it down
even more. This phenomenon causes protons to release a greater amount of
energy at the end of their trajectory, a dose peak known as the Bragg peak [9].

Figure 2.3 illustrates the theoretical dose that should be observed when
projecting high-energy protons into water. It shows a Bragg peak at around
30cm in the water. Before this peak, the deposited dose is relatively low,
whereas after the peak, the deposited dose is almost zero, since almost all
the particles have either stopped or have negligible energy left [10].
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Figure 2.2: Variation of the mass stop-
ping power as a function of particle energy.
Credits : [9]

Figure 2.3: Depiction of the
Bragg peak in water. Credits :
[10]

Finally, figure 2.4 shows the evolution of the fluence of a proton beam as
a function of depth. Fluence corresponds to the number of incident particles
(in this case protons) crossing an elementary surface dA. It initially decreases
slightly due to the protons’ nuclear interactions and then, around the Bragg
peak, decreases sharply: protons with no energy stop and are absorbed by the
medium. The sigmoidal shape at the end of the curve reflects the stochastic
fluctuations that particles undergo as they pass through matter [8].

Figure 2.4: Relative fraction of the fluence ϕ in a broad beam of protons
remaining as a function of depth z in water. Credits : [8]
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2.2.2 Depth-Dose Comparison Between Protons and
X-rays

One of the main advantages of proton therapy over conventional radiother-
apy is the shape of the dose distribution.

In figure 2.5, the dotted red curve represents the dose distribution of a
monoenergetic proton beam, which shows a clear Bragg peak at the target.
By combining several proton energies, enabling Bragg peaks to be superim-
posed at different depths, this peak is “flattened” to deliver a homogeneous
dose over the entire tumor zone (the shaded area). This produces the con-
tinuous red curve, which represents a proton beam modulated in energy to
create a plateau: the Spread-Out Bragg Peak (SOBP). In contrast, the blue
photon (X-ray) curve shows a significant release of energy before and after
this same target region. This means that, to achieve an equivalent dose in
the tumor, the surrounding healthy tissue receives a significantly higher dose
with a photon beam than with a modulated proton beam [11].

Figure 2.5: Depth-dose comparison of X-rays and proton beams, including a
Spread-Out Bragg Peak. Credits : [11]
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Figure 2.6 illustrates the difference between a conventional radiotherapy
treatment plan and a proton therapy plan. The dose delivered to healthy
tissues is significantly lower in proton therapy than in conventional radio-
therapy. In proton therapy, almost no dose is observed beyond the target,
unlike in conventional radiotherapy [12].

Figure 2.6: Dose distribution comparison of Radiotherapy and Protonther-
apy. Credits : [12]

2.2.3 Protontherapy Facility
Although proton therapy offers a major advantage thanks to proton-specific
dose delivery, it also has its drawbacks.

One of the main limitations is the infrastructure required to accelerate,
transport and deliver protons. Indeed, protons are far more complex to han-
dle than photons. Figure 2.7 illustrates the main components of this type of
installation. Firstly, protons are accelerated by a cyclotron or synchrotron.
Although these two devices are based on different principles, they share the
common goal of increasing particle energy to the level required for treatment.
A single accelerator can generally power different treatment rooms via dedi-
cated beamlines [5][13].

Once accelerated, particles are extracted from the accelerator into a
beamline for transport to the treatment room. The beamline is equipped
with various components to direct and focus the beam, preventing protons
from coming into contact with its walls.
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Finally, the beam enters a gantry, an imposing device designed to rotate
the beam around the patient to target the tumor at different angles. To meet
the technical constraints of these installations, a dedicated building generally
has to be built within the hospital [5]. Because of this complexity, the cost of
proton therapy is significantly higher than that of a conventional radiother-
apy facility. Currently, only a limited number of hospitals worldwide have
access to this type of infrastructure.

Figure 2.7: Schematic representation of a proton therapy system with its
main components. Credits : [5]

2.3 Protontherapy Delivery Techniques
Once the proton beam has been brought into the treatment room, it is nec-
essary to modulate its shape and energy, as well as the dose of protons that
the patient will receive. Passive scattering is one of the two most commonly
used techniques for delivering proton therapy. In this method, the narrow
beam exiting the nozzle is scattered laterally and longitudinally by a modu-
lator wheel and one or more scatterers, enabling the beam to cover the entire
surface of the tumour. Next, a collimator is used to shape the beam so that
it precisely matches the contour of the tumour. Any off-target protons are
absorbed by this device. Finally, a compensator is placed in the beam path
to modulate its penetration depth to conform to the target volume [13].
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However, this technique has several disadvantages. The materials used
must be tailored to the specific tumor; for instance, the shape of the com-
pensator must be customised for each patient, which means that it has to
be made to measure. In addition, a non-negligible dose is deposited between
the tumour and the compensator, resulting in unnecessary irradiation of the
healthy tissue located there [5].

The most commonly used technique today is pencil beam scanning (PBS).
This method relies on the use of beamlets, which are very narrow, monoen-
ergetic elementary beams. Unlike passive scattering, the aim of pencil beam
scanning is not to scatter the beam, but to use magnets to change the direc-
tion of each beamlet. Depending on their energy, the beamlets are directed
towards a precise point in the target, called a spot. The position of the spot
corresponds to the position of the theoretical Bragg peak of the beamlet. In
this way, the treatment plan is delivered layer by layer, thus resolving the
two main problems with the passive scattering technique mentioned above
[13].

Figure 2.8 shows a representation of a beamlet and its depth dose distri-
bution. The spot corresponds to the location of the peak dose [14].

Figure 2.8: Representation and depth dose distribution of a beamlet. Credits
: [14]

However, one of the main challenges of pencil beam scanning is the un-
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certainty related to tumour positioning. Since this technique requires more
time to deliver the dose compared to passive scattering, any movement of the
tumour during treatment can lead to significant dose delivery errors. These
two techniques are illustrated in Figure 2.9 [15].

In order to use the pencil beam scanning technique, it is necessary to
define the position of each individual spot, and then generate the treatment
plan based on these positions. All spot positions are stored in a spot matrix.
Several parameters must therefore be defined, such as the spacing between
spots and the spacing between layers. Pencil beam scanning will be the
method used in this thesis. The concept of spots and beamlets is therefore
fundamental for optimization in proton therapy, particularly for the beamlet-
free algorithm that we detail in this thesis.

Figure 2.9: Diagram of passive scattering and pencil beam scanning tech-
niques. Credits : [15]

Figure 2.10 shows the difference in dose distributions between the passive
scattering technique on the left side and pencil beam scanning on the right
side. The dose distributions appear to be more favorable with pencil beam
scanning compared to passive scattering [3].
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Figure 2.10: Passive scattering (PSPT) vs. Pencil beam scanning (IMPT)
dose distributions. Credits : [3]

Figure 2.11: Key Steps in a Treatment Plan. Credits : [16]
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2.4 Protontherapy Workflow
It is interesting to describe the 5 main stages in a proton therapy treatment.
These are illustrated in the figure 2.11.

The first step of the workflow consists of taking images using a CT scan.
The aim of this first stage is to estimate the density of the various tissues
in the patient’s body as accurately as possible. This is crucial because the
stopping power of protons can vary considerably depending on tissue density,
which can influence the depth of the bragg peak. The CT scanner generates
images by analysing the attenuation of photons at different energies. This
allows the images to be converted into Hunsfield units, which represent the
attenuation of photons relative to water. The CT images also serve as an
anatomical reference for the next steps. However, as we are using protons, it
is necessary to convert the Hunsfield units into stopping power ratios, which
represent the energy loss of protons relative to water. This conversion is only
possible if the CT scanner has been calibrated beforehand [17].

The second step aims to establish the contouring on the CT images of
the target(s) as well as the organ(s) at risk, and to prescribe the treatment
plan. The prescription is given by the doctor and contains the desired dose
in the target but also other objectives such as the maximum dose that can
be absorbed in the organs at risk.

The third step is the optimization of the treatment plan. This stage will
be described in more detail in the upcoming sections. In summary, the aim
is to find a dose distribution that is realistic and that best complies with the
prescription [5].

The fourth step is to analyse the quality of the treatment plan, using ex-
perimental measurements. One possible measurement method is to irradiate
a water phantom (a tank filled with water) to record the actual dose dis-
tribution using detectors. Visually comparing different plans on the basis of
their dose distribution can be complex. This is why Dose Volume Histograms
(DVH) are also used to evaluate the design quantitatively. An example of a
DVH is shown in Figure 2.12. On a DVH, the horizontal axis represents the
normalised dose (in percentage) and the vertical axis represents the volume of
the region of interest (in percentage) receiving at least that dose. Ideally, the
curve for the target (the prostate in the example in Figure 2.12) should shift
to the right, meaning that a large part of the target volume has been heavily
irradiated. The organs at risk should remain further to the left, meaning
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that they are relatively lightly irradiated. Nevertheless, in this example, a
significant part of the bladder and rectum receive a high dose, indicating
that the plan may not respect the constraints. DVHs can also be used to
formulate quantitative objectives: for example, it may be required that 95%
of the target volume should receive at least the prescribed dose, or that 90%
of the volume of an organ at risk should remain within the prescribed dose
range.

Figure 2.12: Example of a Dose Volume Histogram (DVH). Credits : [18]

The final stage is treatment delivery. The patient is precisely positioned
on the treatment table and a proton beam is applied. As explained in section
2.1, fractionating the treatment over several weeks allows for better sparing
of normal tissues and improved tumor control due to biological repair mech-
anisms.

2.5 Monte Carlo Method
In order to design a treatment plan adapted to the prescriptions using the
pencil beam scanning method, it is essential to determine the optimum in-
tensities of each beamlet to obtain an ideal dose distribution. To do this, it
is necessary to simulate the beamlets passing through the material. Several
methods can be used for this, but for the purposes of this thesis, as in many
other studies in protontherapy, we will only use the Monte Carlo method.

This stochastic technique consists of simulating the path taken by a large
number of protons through matter, taking into account all the physical laws
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of interaction (presented in section 2.2.1). The greater the number of pro-
tons simulated, the more the dose distribution converges towards reality, by
applying the law of large numbers.

The simulated beamlets can then be used in an optimisation process that
finally adjusts the intensity that each beamlet will have in order to draw up
the final treatment plan [19].

The challenge with Monte Carlo methods, compared to analytical algo-
rithms like the pencil beam algorithm, is that they require significant com-
putation time and considerable resources. On the other hand, analytical
algorithms are much faster and more resource-efficient, but they tend to
introduce greater uncertainty. This is partly because they handle lateral
heterogeneities poorly [20].
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Chapter 3

Optimization Strategies for
Treatment Planning

Figure 3.1 illustrates the main steps involved in the optimisation process.
The first step is to define the orientation and position of the beamlet spots.
It is also at this stage that the medical prescriptions to be complied with
are established. Next, one of the key steps is to optimise the intensities
of the beamlets previously defined to achieve a dose distribution that best
complies with the medical prescriptions and the constraints imposed. Once
the optimisation has been carried out, the dose distribution corresponding to
the intensities obtained is simulated. If the plan is validated by the medical
physicist and the doctor, it can be delivered to the patient. If not, some
optimisation parameters, such as increasing the weight of an organ at risk,
can be modified to improve the quality of the plan [21].

3.1 Cost Function in Radiotherapy
The cost function is the function that our optimisation will minimise. In
proton therapy, as in conventional radiotherapy, it evaluates the quality of
the dose distribution delivered by all the beamlets. On the one hand, it
penalises deviations between the prescribed dose and the dose delivered to
the target, and on the other hand, it penalises any excess dose delivered to
organs at risk. These two components are represented in the equation 3.1.
The deviations are generally squared in order to penalise large deviations
more heavily, which favours a more homogeneous dose distribution.

In proton therapy, the cost function generally takes the following form:
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Figure 3.1: Optimisation Planning Process. Credits : [21]

f(x) = wPTV

nPTV

∑
i∈PTV

(Di −Dpresc
i )2

︸ ︷︷ ︸
Cost of under/over-dosing tumour (PTV)

+ wOAR

nOAR

∑
j∈OAR

max(Dj −Dtol
j , 0)2

︸ ︷︷ ︸
Cost of overdosing a single organ at risk (OAR)

(3.1)

• f(x): global cost function to be minimized where x corresponds to the
intensity of the beamlets.

• wP T V ; wOAR: weighting factor associated with the planning target vol-
ume (PTV) and the organ at risk (OAR) respectively.

• Di; Dj: dose received by voxel i; j in the PTV and OAR respectively.

• Dpresc
i ; Dtol

j : prescribed dose for voxel i and maximum tolerated dose
for voxel j in the PTV; OAR respectively.

• nP T V ; nOAR: number of voxels in PTV; OAR respectively.

In some cases, other types of objective may be used [22] :

• Biological objectives: for example, Tumor Control Planning (TCP),
which represents the probability that the treatment will eliminate all
the tumor cells in the target, or Normal Tissue Complication Prob-
ability (NTCP), which represents the probability of complication for
normal tissues.
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• Objectives based on the Dose Volume Histogram: for example, ensuring
that at least 95% of the target receives the intended dose, or limiting
the amount of radiation received by organs at risk.

3.2 Gradient Descent
The aim of this method is to minimise a cost function f(x). As a reminder,
since we are using the pencil beam scanning technique, each beam consists of
numerous narrow beamlets. Each beamlet has its own weight (i.e., intensity),
spot position, and direction. In proton therapy, the variable "x" of the cost
function corresponds to the weights of the beamlets. The aim is to find the
ideal weights that minimise the cost function [4][23].

3.2.1 Fundamentals of Gradient Descent
Each beamlet is first assigned arbitrary initial weights, forming the starting
point of the optimisation process. The algorithm then evaluates the cost
function based on these weights and updates them in the direction opposite
to the gradient, as this is the direction in which the cost function decreases
most rapidly [23].

Once the new state has been obtained, the algorithm checks whether the
clinical or planning objectives have been achieved. If not, the process is re-
peated by recalculating the gradient from the current state. The optimisation
continues until the stopping criteria are met, indicating that the solution is
sufficiently close to the optimum. At each iteration, we have [23] :

xk+1 = xk − η∇f(xk)

• xk : Vector of beamlet weights at iteration k.

• η : The learning rate.

• ∇f(xk) : Gradient of the cost function f(x) evaluated at xk, i.e.

∇f(xk) =
(

∂f

∂x1
, . . . ,

∂f

∂xn

)
One of the limitations of this method lies in the calculation of these gradi-

ents, which can sometimes be very costly in terms of resources and/or time.
In addition, as we mentioned earlier, gradient descent ensures that we con-
verge towards a local minimum, but not necessarily to the global minimum.
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To be sure of reaching a global minimum, the cost function must be a ‘con-
vex’ function, meaning it has a single minimum and no local traps.

In radiotherapy, we will therefore use a convex cost function, which en-
sures that we converge towards the global minimum.

3.2.2 Stochastic Gradient Descent
When there is a lot of data, calculating the full gradient is very expensive
and not always feasible in practice [23]. This issue is particularly significant
in proton therapy, where treatment plans typically consist of thousands of
beamlets. Since each beamlet has an associated weight, a large number of
gradient computations is required. The problem becomes even more critical
when high precision is needed, as this requires simulating beamlets over a
large number of voxels, making matrix operations increasingly computation-
ally expensive.

To overcome this problem, we approximate the gradient using a subset of
the data. This gives us [23]:

xk+1 = xk − η∇fik
(xk)

where fik
is the cost function evaluated over a randomly chosen subset ik

[23]. In the beamlet free algorithm we implemented, this subset is made up of
pairs of beamlets used to approximate their respective gradient, in contrast
to the beamlet based algorithm which uses all the beamlets. Updating the
weights is therefore much faster, but more approximate. Stochastic gradient
descent can therefore be more efficient when working with large datasets,
because it consumes far fewer computational resources. However, it tends
to introduce more noise and will tend to converge less smoothly compared
to standard gradient descent. This behavior is illustrated by the figure 3.2.
Since the gradient is only approximated, it will generally required more iter-
ations to reach a satisfactory solution.

One important point to highlight is the relevance of using stochastic gra-
dient descent in proton therapy. Indeed, when applying a Monte Carlo al-
gorithm with only a limited number of sampled particles (forming a batch),
we obtain only a partial estimate of the impact each beamlet has on the
dose distribution. Each particle batch used to simulate a beamlet can be
considered an i.i.d. (independent and identically distributed) sample that is,
drawn independently and according to the same probability distribution as
the others. In this context, using stochastic gradient descent becomes partic-
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Figure 3.2: Stochastic gradient descent compared with standard gradient
descent. Credits : [24]

ularly relevant: if all simulated batches are i.i.d. for each beamlet, then the
expected value of the cost function gradient computed over a given particle
subset i is equivalent to the gradient of the global cost function.

E[∇fi(x)] = ∇f(x)

We can therefore say that, on average, the estimated gradient will point in
the correct direction to minimize the cost function, which ensures conver-
gence. In other words, the average of all partial dose estimates provides a
reliable approximation of the final dose distribution. This explanation illus-
trates how a concept originating from machine learning can be effectively
applied to proton therapy [25].

3.2.3 Beamlet-Based Optimization
The beamlet-based algorithm is a treatment planning method for conven-
tional radiotherapy or proton therapy, whose goal is to optimize the dose
distribution to make the treatment as effective as possible. This method
involves dividing each beam into smaller elements named "beamlets". Each
of these beamlets has its own energy and intensity, so they can be combined
to modulate the dose more precisely compared to the original beam. The
aim of this algorithm is to optimize the weights (i.e. the intensity) of each
beamlet to achieve a dose distribution that meets clinical requirements.
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Principle

The basic principle of the beamlet-based algorithm is to calculate the dose
to each voxel by linearly summing the dose contributions from each beamlet
weighted by their intensities. The total dose received by a voxel is given by
the following formula:

di =
∑

j

Bijxj

where :

• di is the total dose to voxel i.

• Bij is the dose contribution from beamlet j to voxel i.

• xj is the weight of the beamlet j.

The dose influence matrix (B) is therefore essential, as it allows us to
determine the dose received in each voxel. However, since it represents the
dose deposited by each beamlet in each voxel, its dimensions are "number of
voxels" by "number of beamlets". Its large size makes it computationally and
memory intensive to use.

Steps in the algorithm:

Pre-calculation of the influence matrix: The algorithm starts by com-
puting the dose delivered by each beamlet to every voxel in the regions of
interest. These dose contributions constitute the influence matrix B (of size
number of beamlets × number of voxels).

Optimising beamlet intensities: The algorithm iteratively adjusts the
weights of each beamlet, aiming to deliver a uniform dose to the tumor while
minimising irradiation of organs at risk, by following the opposite gradient
direction. The gradients are computed using the previously calculated influ-
ence matrix.

Total dose calculation: Once the beamlet weights have been optimized,
the total dose of the plan is computed, and the quality of the plan is eval-
uated based on the respect of the clinical requirements. If the results are
not satisfactory, we can adjust certain optimisation parameters, such as the
weights assigned to the objective function for organs at risk and the target,
and rerun the optimisation to improve the treatment plan.
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Strengths and limitations

The beamlet-based algorithm is highly accurate and well-suited for complex
cases requiring robust optimisation. However, the dose influence matrix can
become enormous in size, making it challenging to store and process. Fur-
thermore, the computations demand significant computational resources, es-
pecially when using high-precision Monte Carlo simulations, which simulate
the passage of numerous protons through the material.

3.2.4 Beamlet-Free Optimization
As mentioned earlier, the beamlet-based algorithm is an extremely powerful
tool for calculating effective treatment plans. However, one of its main limi-
tations is the high computational cost required to simulate the beamlets and
optimise the treatment. This means the beamlet-based algorithm performs
best when there is ample time available before treatment delivery. Con-
versely, it is relatively inefficient for real-time or near-real-time treatments.
This significant drawback forces patients to undergo medical examinations,
including imaging, several hours or even days prior to treatment. As a result,
organs at risk may not be in exactly the same position, which can greatly
reduce the treatment’s effectiveness. Many organs are mobile and can shift
slightly within the body. Furthermore, the beamlet-based algorithm does
not support motion tracking, a treatment technique that involves “filming”
the tumour in real time to monitor its movement during treatment. This
approach is especially beneficial for tumours located near rapidly moving or-
gans, such as the lungs.

The beamlet-free algorithm is an alternative approach to the beamlet-
based algorithm that aims to overcome these limitations. The goal of this
new method is to generate treatment plans more quickly, while maintaining
sufficient accuracy to satisfy clinical constraints. This could allow patients to
be treated soon after clinical examinations, and even make motion tracking
feasible.

A key aspect of this approach is that the dose influence matrix (B) is no
longer computed. This eliminates the need to keep in memory all beamlets,
which was necessary to build the B matrix, hence the term “beamlet-free.”
In the beamlet-free algorithm (BFA), only two beamlets need to be stored at
a time, resulting in a significant reduction in resource usage, including RAM,
especially when handling a large number of beamlets, as illustrated in Figure
3.3.
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Figure 3.3: Comparison of beamlet-based and beamlet-free algorithms in
terms of memory usage, computation time, and target coverage. Credits :
[4]

In addition, instead of performing a single highly accurate Monte Carlo
simulation that requires a substantial amount of computing time, as done
with the beamlet-based algorithm, we will iteratively perform a much larger
number of less precise simulations. This approach allows us to stop the op-
timisation as soon as clinical constraints are satisfied, potentially simulating
significantly fewer protons than the beamlet-based algorithm.

Details of the beamlet-free algorithm, such as the gradient calculation,
are presented in the next chapter, “Materials and Methods.”

Proof of concept

The aim of this thesis is to establish a proof of concept for the beamlet-free al-
gorithm, focusing primarily on the feasibility and convergence of the method.
This exploratory phase is based on a Python implementation that allows us
to efficiently observe and analyse the results. The Monte Carlo simulations
are performed in C for better performance, but the communication between
the C and Python environments introduces a considerable time overhead.
The beamlet-free algorithm requires a large number of Monte Carlo simula-
tions, which significantly increases computing time. Our goal is to produce a
working version and analyse its results, but, due to the limitations described
above, we will not be able to compare the computational cost of this method
with that of the beamlet-based algorithm.

The results obtained during this exploration will then enable the devel-
opment of a more optimized version in C, eliminating the overhead from the
Python-C interaction.
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3.3 Learning Rate Selection
The learning rate (η) is a hyperparameter in optimisation algorithms that
determines how quickly the beamlet weights are updated at each iteration
[23].

Figure 3.4 shows a simple example of how the learning rate affects conver-
gence, using the cost function f(x) = x2. If the learning rate is too low, the
algorithm will converge, but much too slowly (fig 3.4a). Conversely, if the
learning rate is too high, the algorithm may diverge without ever reaching
the minimum (fig 3.4c).

(a) Learning rate too low
(b) Appropriate learning
rate (c) Learning rate too high

Figure 3.4: Effect of the learning rate on convergence. Credits : [23]

To avoid choosing a learning rate that is too small or too large, it’s in-
teresting to use a degressive learning rate. The algorithm begins with a
relatively high learning rate to quickly approach towards the optimum, and
the rate is gradually reduced to enable more precise convergence.
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Chapter 4

Materials and Methods

4.1 Materials

4.1.1 MCsquare
The MCsquare (Many core Monte Carlo) software was used to simulate the
beamlets. One of its main advantages is its parallel architecture, which con-
siderably speeds up Monte Carlo simulation calculations. MCsquare uses a
class II condensed history transport algorithm. This type of algorithm aims
to group together multiple successive physical interactions into a single sim-
ulation step. In the case of class II, the agorithm groups minor collisions
together but treats hard collisions individually. This approach offers a good
balance between computational speed and accuracy. Simulations performed
with MCsquare show a difference of less than 2% compared with those ob-
tained with GEANT4, a reference algorithm that is extremely accurate but
much slower to run [19][26].

4.1.2 OpenTPS
The optimisation was implemented in OpenTPS, an open source software
package for optimising treatment plans. This software allows us to use the
beamlets simulated in MCsquare [27].

4.1.3 Patient Imaging Data
In this thesis, all simulations were conducted on two different cases: a simple
scenario, which allowed for extensive testing to analyze the overall perfor-
mance of the algorithm, and a realistic, complex patient case that required
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significantly more computational resources.

Realistic tests were conducted on DICOM data using CT images from real
patients. The organs at risk potentially intersected by the beams include the
right lung, the heart, and the esophagus. As shown on Figure 4.1

Figure 4.1: CT scan of the patient highlighting the organs at risk and the
target volume

To ensure the proper functioning of our algorithm, voxels that were shared
between the tumor and the OARs were removed from the OARs, while still
being included in the target volume. Figure 4.3a illustrates this overlap
removal for the right lung.

Figure 4.2: Right Lung Mask Before and After Overlap Removal
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When a tumor is located close to the esophagus, as is the case in our
study, treatment protocols recommend fractionating the uniform dose of 8
Gy into six separate fractions [28].

4.2 Analytical Gradient Calculation
The following section presents the mathematical development leading to the
gradients used in optimisation. This development was developed by our su-
pervisor John Aldo Lee, in an internal technical report entitled ‘Beamlet-free
Monte Carlo plan optimization revisited’ [29].

We begin by defining the cost function, which aims to achieve a uniform
dose distribution within the target volume. This cost is expressed as:

DW = ∥dpr −Bx∥2
W (1)

The goal is to minimize DW such that the delivered dose Bx matches the
prescribed dose dpr. Here, B represents the matrix containing the dose con-
tributions of each beamlets, x the corresponding weights of each beamlets,
and W a weighting matrix reflecting the relative importance of different ob-
jectives for each region of interest.

With the cost function defined, it becomes possible to apply gradient
descent to minimize it. The gradient of the cost function with respect to the
beamlet weights x can be computed using the following expression:

∇xDW = 2B⊤W(Bx− dpr) (2)

The weights are then updated iteratively according to the rule: x ← x −
η∇xDW where η denotes the learning rate.

Now consider the case where the beamlets are not yet accurately esti-
mated, meaning that only a small subset of particles has been simulated.
This situation is analogous to stochastic gradient descent, as each beamlet
is based on different data samples drawn from the same underlying random
process.

One first approach is to reformulate the gradients as follows:

∇xDW = 2B⊤
p W(Bpx− dpr) (3)
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where each beamlet is simulated on a particle batch p. A key limitation
of this approach is that if the batch size is too small, the gradient estimate
becomes highly noisy, which may lead to scaling issues.

To mitigate these problems and avoid storing the full beamlet matrix,
it is preferable to construct a total dose dQ by adding together simulations
of individual beamlets across multiple batches. The total dose Bx is thus
obtained by summing the dose contributions of each beamlet over all batches.
Given that the dose contribution of beamlet i is bixi and that its dose over
all batches Qi of beamlet i is expressed as ∑Qi

p=1 bip, the total dose over all
batches Q of all beamlets is given by:

dQ = ∑B
i=1

∑Qi
p=1 bipxi

Although we have not implemented this in our code, Qi can be larger for
beamlets deemed more important and smaller for less relevant beamlets.

Regarding the gradient calculation, multiplication by B is not feasible
since only bip at the pth batch is known. That’s why we use the total dose
dQ instead.

To facilitate understanding, we first develop equation 2, which involves
B. We will then apply a similar reasoning using dQ.

DW = ∥dpr −Bx∥2
W (4)

= (dpr −Bx)T W(dpr −Bx) (5)
= ∥dpr∥2

W − 2(Bx)T Wdpr + (Bx)T W(Bx) (6)
= ∥dpr∥2

W − 2xT BT Wdpr + xT (BT WB)x. (7)

The following steps follow the exact same reasoning, but with Bx replaced
by dQ :

DW = ∥dpr − dQ∥2
W (8)

=

∥∥∥∥∥∥dpr −
B∑

i=1

Qi∑
p=1

bip
xi

Qi

∥∥∥∥∥∥
2

W

(9)

where B is the number of beamlets, and the division by Qi ensures that the
dose magnitudes of the beamlets are comparable, even if they were simulated
with different numbers of protons.

By expanding the expression, we obtain:
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DW =
dpr −

B∑
i=1

Qi∑
p=1

bip
xi

Qi

T

W

dpr −
B∑

j=1

Qj∑
q=1

bjq
xj

Qj

 (10)

The transition from equation (9) to (10) is made possible by renaming
the beamlet index i to j in the second term, and similarly renaming the batch
index p to q, without any loss of generality.

DW = ∥dpr∥2
W

−
B∑

i=1

xi

Qi

Qi∑
p=1

bT
ipWdpr −

B∑
j=1

xj

Qj

Qj∑
q=1

bT
jqWdpr (11)

+
 B∑

i=1

Qi∑
p=1

bip
xi

Qi

T

W

 B∑
j=1

Qj∑
q=1

bjq
xj

Qj


Note that the first term is independent of x.

By applying the general formula below to the second term,
N1∑
i=1

f(i) +
N2∑
j=1

g(j) =
N1,N2∑
i,j=1

(
f(i)
N2

+ g(j)
N1

)

We obtain the following rearranged expression:

−
B∑

i=1

xi

Qi

Qi∑
p=1

bT
ipWdpr −

B∑
j=1

xj

Qj

Qj∑
q=1

bT
jqWdpr (12)

= − 1
B

B∑
i,j=1

 xi

Qi

Qi∑
p=1

bT
ipWdpr + xj

Qj

Qj∑
q=1

bT
jqWdpr

 (13)

= − 1
B

B∑
i,j=1

Qi,Qj∑
p,q=1

(
xi

QiQj

bT
ipWdpr + xj

QiQj

bT
jqWdpr

)
(14)

where the batches associated with each pair of beamlets are now matched
two by two.

The last term can then be rewritten as:
B∑

i,j=1

 xi

Qi

Qi∑
p=1

bip

T

W

 xj

Qj

Qj∑
q=1

bjq

 (15)

=
B∑

i,j=1

Qi,Qj∑
p,q=1

(
xixj

QiQj

bT
ipWbjq

)
(16)
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where the summations over the beamlets and over the batches are explicitly
factored out.

By combining the three terms, we obtain:

DW = ∥dpr∥2
W

− 1
B

B∑
i,j=1

Qi,Qj∑
p,q=1

(
xi

QiQj

bT
ipWdpr + xj

QiQj

bT
jqWdpr

)
(17)

+
B∑

i,j=1

Qi,Qj∑
p,q=1

(
xixj

QiQj

bT
ipWbjq

)

Since the summations over the batches appear explicitly in both the sec-
ond and the third terms, we can isolate a specific pair of batches (p,q). This
allows us to extract the summations ∑Qi,Qj

p,q=1 as well as the scaling factor 1
QiQj

.
The cost function for a given beamlet pair (i,j) and batch pair (p,q) can thus
be computed as follows:

(DW)(p,q) = ∥dpr∥2
W −

1
B

B∑
i,j=1

(xibT
ip + xjbT

jq)Wdpr +
B∑

i,j=1
xixjbT

ipWbjq

(18)

Finally, we can compute the gradients for a pair of beamlets (i,j) simulated
respectively with the batches of particles (p,q), as follows:

∂(DW)(p,q)

∂xi

= − 1
B

B∑
j=1

bT
ipWdpr +

B∑
j=1

bT
ipWbjqxj (21)

= −bT
ipWdpr +

B∑
j=1

bT
ipWbjqxj (22)

∂(DW)(p,q)

∂xj

= − 1
B

B∑
i=1

bT
jqWdpr +

B∑
i=1

bT
jqWbipxi (23)

= −bT
jqWdpr +

B∑
i=1

bT
jqWbipxi (24)

The gradient equations are specific to a uniform dose objective with a
cost function of the form ∥dpr−Bx∥2

W. Adding an organ at risk complicates
the model, as it would require using a cost function of the form ∥max(dpr −
Bx, 0)∥2

W. We did not carry out the derivation for such a cost function.
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4.3 Practical Implementation
The core of our work involved implementing the beamlet-free algorithm in a
Python environment.

The following section show the main steps of our beamlet-free algorithm
implementation.

4.3.1 Pseudo Code
The basic structure of the algorithm is outlined in the pseudocode below.
First, the main plan parameters need to be defined: the physician’s dose pre-
scription, the number of protons simulated per beamlet during optimization,
the number of iterations, the learning rate, ...

Once the plan parameters are set, the following elements are initialized:
x (the weight matrix), W (the weight values linked to the different dose
objectives), dpr (the prescribed dose objectives) and CW (the correlation
matrices for each ROI). These will be described in detail later in this thesis.
Their purpose is to store information about the beamlets used during the
optimization process, in the form of correlations between pairs of beamlets
in the various regions of interest.

The optimization process then begins. At each iteration, two random
beamlets, generated by MCsquare with a limited number of protons, are se-
lected. The weights associated with these beamlets are updated based on
their respective gradients, following the optimization rules.

Once the optimization ends (either after the maximum number of iter-
ations is reached or an early stopping criterion is met), a dose map can
be generated using MCsquare. This time, beamlets are simulated with a
large number of protons to enable accurate evaluation of the treatment plan.
These high-precision beamlets are only used at the evaluation stage, once
the optimal weights have already been determined, they do not influence the
optimization itself.

Some deviations from the pseudocode will be discussed later in this thesis.
However, the core idea behind the algorithm remains the same.
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Algorithm 1 Beamlet-free algorithm
Initialization

1: Import CT images
2: Define plan parameters
3: Initialize the weight matrix, the correlation matrices CW for each ROI,

the W matrix and the dpr matrix
Optimization

4: for i← 1 to nb_iterations do
5: Simulate two random, coarse beamlets generated by MCsquare
6: Add their correlations to the correlation matrices CW

7: Compute gradients corresponding to the two beamlets
8: Update the weight matrix x
9: Remove the beamlets

10: end for
Evaluation

11: Generate a dose map using the final weights by calling MCsquare (with
precise beamlets) — optional

4.3.2 Initialization of Clinical Constraints
The first part of the algorithm consists of initialising the clinical constraints.
To carry out our first tests, we created a simple case illustrated in Figure
4.3a, which contains a target and a single organ at risk. The purpose of this
example is to check that a beam emitted from the top of the target naturally
reduces its intensity as it passes through the OAR. A second beam, emitted
from the left, is also simulated. If the algorithm is working correctly, it should
compensate for the under-dosage in the part of the target located behind the
OAR to obtain the most homogenous dose possible. The dose prescription
matrix is of size (150,150,150), and we have included :

• A target with a prescribed homogeneous dose of 20 Gy.

• An organ at risk with a maximum tolerated dose of 5 Gy.

• Two beams: one from the left side, the other from the upper side.

The OpenTPS software allows the weights to be initialized with values
other than zero. This option was used here to help guide the optimisation
process toward a satisfactory solution from the start. Figure 4.3b shows the
dose distribution before optimisation begins.
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(a) Dose prescription matrix example (b) Dose distribution before optimiza-
tion

The cost function for this example can be :

COST = wT V
1

nT

∑
i∈T

(di − 20)2 + wOAR
1

nOAR

∑
j∈T

(max(dj − 5, 0))2

where :

• wT V and wOAR represent the weights associated with the target volume
(TV) and the organ at risk (OAR), respectively.

• nT and nOAR are the number of voxels in the TV and OAR, respectively.

• di and dj correspond to the dose received in voxels i and j.

• 20 and 5 represent the prescribed dose values for the target and the
OAR, respectively.

However, as previously mentioned in section 4.2, we were unable to de-
termine the analytical gradient of a Dmax-type cost function, such as the
function wOAR

nOAR

∑
j∈OAR(max(dj − 5, 0))2. For this reason, we were forced to

limit ourselves to a Duniform-type formulation for the OAR. The issue with
Duniform is that, if we request a uniform dose of 5 Gy in the OAR, the algo-
rithm tends to artificially increase the dose in the under-irradiated voxels of
the OAR to meet this uniform target, which goes against the goal of sparing
healthy tissue. We therefore chose to request a Duniform of 0 Gy, not with
the unrealistic aim of enforcing a strictly zero dose, but rather to encourage
the algorithm to minimize the dose in the OAR as much as possible, while
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preserving differentiability. This approximately corresponds to a Dmax min-
imization, since any nonzero dose is penalized. To prevent the algorithm
from focusing too much on the OARs, which would otherwise incur a high
cost even when the dose is below the acceptable threshold, we assigned them
a lower relative weight than the tumor volume (TV), in order to prioritize
tumor coverage during optimization.

Consequently, our cost function is defined as follows:

COST = wT V

nT V

∑
i∈T V

(di − 20)2 + wOAR

nOAR

∑
j∈OAR

(dj − 0)2

4.3.3 Beamlet Simulation
At each iteration of our algorithm, we need to simulate 2 beamlets using
MCsquare. However, since the communication between Python and MC-
square takes a significant amount of time, it would be extremely slow to send
requests to MCsquare at every iteration. The trick to overcome this limi-
tation is to precompute all beamlets, which we then keep in memory, and
randomly select 2 at each iteration. This is in direct contradiction with the
beamlet-free algorithm, as one of its main goals is precisely to avoid storing all
beamlets in memory. Nevertheless, we allow ourselves this exception because
our implementation is solely intended as a proof of concept to demonstrate
the feasibility and convergence of the method, and is not designed to opti-
mize performance. Moreover, this is not a limitation for a future optimized
C implementation, which could simply simulate a pair of beamlets directly
with MCsquare, without the overhead caused by communication between our
implementation and MCsquare.

To avoid overusing the same beamlets, we simulate new beamlets every
1000 iterations. Since our basic simulation consists of 176 beamlets, this
means that each beamlet is used on average 11.36 times. This is a good
compromise: it’s not frequent enough for the optimization to fully adapt to
the beamlets, but still sufficient to save considerable computation time and
allow optimization to be performed within reasonable time frames.

Therefore, our workaround should not significantly affect the results re-
garding the convergence of the algorithm.

4.3.4 Computation of the Gradient
After selecting a beamlet pair, the next step is to numerically compute their
respective gradients, which are presented in analytical form in section 4.2:
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∂(DW)(p,q)

∂xi

= −bT
ipWdpr +

B∑
j=1

bT
ipWbjqxj

∂(DW)(p,q)

∂xj

= −bT
jqWdpr +

B∑
i=1

bT
jqWbipxi

The two gradients have a similar structure, differing only in their associ-
ation with their respective beamlet. Therefore, we will detail the derivation
of only one of them, as the other can be obtained in an analogous way. To
facilitate understanding, the gradient can be decomposed into two terms:

∂(DW)(p,q)

∂xj

= −bT
jqWdpr︸ ︷︷ ︸

First term

+
B∑

i=1
bT

jqWbipxi︸ ︷︷ ︸
Second term

It is important to note that the matrices bjq, bip, W, and dpr are all of
the same dimensions, corresponding to the size of the CT scan, which allows
us to compute their dot product.

First Term

The calculation of the first term is relatively straightforward. Since W is a
mask that selects only the voxels belonging to the region of interest (ROI),
the product bT

jqWdpr amounts to computing a dot product between the dose
distribution matrix delivered by beamlet j and the prescribed dose matrix,
but restricted to the ROI.

In other words, this term measures the correlation between the dose dis-
tribution of beamlet j and the prescription in voxels of the ROI. If the dose
delivered by this beamlet is high in voxels where the prescription is also high,
this dot product will be large.

For the OARs, we can set this term to zero, since the prescribed dose is
0 Gy, as explained in section 4.3.2.

Second Term

The second term of the gradient, defined as ∑B
j=1 bT

ipWbjqxj, corresponds to
the sum of dot products between bjq and each of the other beamlets within
the ROI, multiplied by their respective weights (i.e., their intensities). Since,
by the nature of the beamlet-free algorithm, we cannot store all beamlets in
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memory, we construct a correlation matrix CW for each ROI. These matrices
have dimensions (number of beamlets × number of beamlets) and store the
correlations between all beamlets within each ROI. This approach is signifi-
cantly less memory-intensive than storing the full influence matrix B, which
has dimensions (number of beamlets × number of voxels). As the number
of voxels typically far exceeds the number of beamlets, this reduction in size
leads to substantial memory savings. Furthermore, CW is a symmetric ma-
trix, so in principle, it would be possible to store only a triangular version,
cutting the memory usage in half. However, we did not implement this op-
timization in our code.

In our case, we use 421,875 voxels and 176 beamlets, so the memory con-
sumption could be significantly lower with the beamlet-free algorithm than
with the beamlet-based approach.

To populate CW , at each iteration, we add the correlation between the
two selected beamlets, i and j, into the matrix CW at indices [i, j] and [j, i].
If a beamlet pair has already been selected in previous iterations, the new
value is added using a weighted average with the previous observations. For
instance, if the pair (i, j) has already been observed three times, the update
is done as follows:

C[i, j]← 3
4 C[i, j] + 1

4 · Correlationi,j,

and symmetrically for C[j, i].

This process allows for the progressive refinement of the CW matrix ap-
proximation, reducing the impact of noise inherent in beamlet simulations
with a low number of protons. The more iterations are performed, the more
stable and representative the matrix becomes of the true correlations.

Then, to compute ∑B
i=1 bT

jqWbip xi, it is sufficient to take the dot product
between column i of CW and the beamlet weight vector.

Total gradient

Once the two terms are added together, we obtain the stochastic gradient
associated with the selected beamlet. This gradient is then used to update
the weight xj of the beamlet according to the standard gradient descent rule:

xj ← xj − η ·
∂(DW)(p,q)

∂xj
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It is interesting to note that, as the dose distribution approaches the
prescribed dose, the quantity ∑B

i=1 bipxi, which corresponds to the actual
dose distribution, gets closer to dpr. Theoretically, the two terms of the
gradient should cancel each other out when the prescribed dose is achieved,
although in practice, noise due to beamlet simulation and the stochastic
nature of the method can affect this balance.

When dealing with multiple ROIs, it is necessary to have one CW matrix
per ROI, since the matrix W is specific to each ROI.

4.3.5 Pre-Filling of the Correlation Matrix CW

For the beamlet-free algorithm to converge properly, it is essential that the
CW matrix is adequately populated. Although we can compute the first term
of the gradient without issue, the second term requires access to the entire
column of CW corresponding to the beamlet in question. This second term
is crucial because it helps counterbalance the first term. It generally acts to
increase the gradients when the weights (x) are too high, that is, when the
dose exceeds the prescribed value. This increase in the gradient causes the
weights to decrease, leading to a stable equilibrium.

However, when CW is not sufficiently populated, the second term remains
too weak, causing the algorithm to continuously increase the weights beyond
what is necessary, which results in a dose well above the target.

In theory, we expected this matrix to be gradually filled during the iter-
ations, but in practice, it appears to be filling up far too slowly.

Let us consider an example to estimate the number of iterations required
to fill the matrix CW . Suppose the matrix has N distinct entries (i.e., only the
upper triangular part including the diagonal, due to symmetry), and at each
iteration, one entry and its symmetric counterpart are randomly filled. In
this context, the expected number of iterations needed to fill a proportion P
of the matrix of size N is given by N ·

(
HN −HN(1−P )

)
, where HN = ∑N

k=1
1
k

[30].

Given that CW is a symmetric matrix of size n× n, the total number of
unique entries (including the diagonal) is N = n(n+1)

2 .

In a relatively simple case with approximately 200 beamlets, we have n
= 200, N = n(n+1)

2 = 20100. This yields the following table:
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Filled Proportion (%) Required Iterations (Average)

50 13 932
75 27 863
90 46 277
95 60 205
99 92 514

In a more realistic case with around 10000 beamlets, we have n = 10000,
N = 50 005 000. This results in the following table:

Filled Proportion (%) Required Iterations (Average)

50 34 660 824
75 69 321 648
90 115 140 763
95 149 801 583
99 230 281 486

As we can see, even in a simple case, an extremely large number of iterations is
required for CW to be sufficiently filled. This means that convergence towards
the solution only happens after many iterations. In the more complex case,
with a realistic number of iterations, CW will never be sufficiently populated
to allow the algorithm to converge properly.

Solution:

To overcome this problem, we decided to pre-fill the CW matrix. This is
normally not allowed, as it would require keeping all beamlets in memory,
which goes against one of the main advantages of the beamlet-free approach.

Therefore, instead of pre-filling CW using all beamlets, we attempted to
construct an approximation of CW . As mentioned in section 4.3.4, CW is
populated by computing the correlation between two beamlets (B dot B).
So, to estimate CW without storing all beamlets, we tried to approximate
the correlation between two beamlets based solely on their spot positions and
angles.

We took into account not only the distance between their spots, but also
whether their paths intersect or whether a spot lies close to the trajectory
of the other beamlet. The result of this CW approximation is illustrated in
Figure 4.4b.
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(a) Exact CW Matrix (b) Our Approximtion of CW

Figure 4.4: Comparison Between Exact and Approximated CW

Although the CW approximation we obtained reproduces some patterns
present in the exact matrix, the result remains rather limited. Visually, a few
similarities can be observed, but the overall structure is far from convincing.

That said, the presence of some recurring patterns suggests that it might
theoretically be possible to achieve a better approximation with a more suit-
able method. Exploring this idea, and in particular the development of a
more effective approximation strategy, could be the subject of more in-depth
research.

In our simulations, we were not able to use our approximated CW as the
initial CW matrix because it was too far from reality, which would have led
to poor results. To be able to run our simulations nonetheless, we chose to
pre-fill the CW matrix using the exact product of the beamlet matrix, rather
than relying on an approximation. Concretely, this means we computed CW

directly using the full matrix B derived from the beamlets. However, these
beamlets were generated using the number of protons from a single iteration,
which naturally introduces statistical noise.

Therefore, while the CW matrix used is “exact” in terms of mathematical
construction, it is based on noisy data, which makes it practically closer to
what could be expected from a realistic approximation. We consider that if
a method were capable of accurately approximating CW , it should be able
to produce similar results to those obtained with this noisy version.
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The development of such an approximation method, capable of efficiently
reconstructing CW from partial or noisy data, is an interesting challenge.
However, it lies beyond the scope of this work and could be considered as a
potential future research project.

4.3.6 Simulation Parameters
In our two simulations (simple example and patient), some fairly general
parameters had to be defined:

• Spot spacing: the distance between two adjacent spots within the same
layer is set to 5 mm and 7 mm in the simple example and patient
simulation respectively.

• Layer spacing: the distance between successive layers is also set to 5 mm
and 6 mm in the simple example and patient simulation respectively.

• Target margin: this margin is added around the target volume to ir-
radiate a slightly larger area than the visible tumor. It accounts for
microscopic disease not visible on imaging and compensates for setup
and range uncertainties. The margin is set to 3 mm and 2 mm in the
simple example and patient simulation respectively.

• Scoring spacing: set to [2, 2, 2] and [4, 4, 4] in the simple example and
patient simulation respectively. This parameter implies that the dose
is optimized on a grid with half and one-quarter of the original reso-
lution per spatial dimension, respectively. Nevertheless, the final dose
evaluation is performed on the original high-resolution grid. While this
approach substantially accelerates the simulation, it comes at the cost
of reduced spatial accuracy in the dose distribution and, consequently,
in the optimization algorithm.

• Number of beams: We use 2 beams for both examples.

• Learning Rate: In most of our simulations, we used fixed learning rates,
except in a dedicated section focused on finding an optimal value. In
that section, we explored various types of decreasing learning rates,
both linear and exponential, across different value ranges.

The number of spots increases if the spot spacing or layer spacing is
reduced, or if the target margin is increased. In our case, we intentionally
chose parameters that significantly reduce the number of spots. This results
in a loss of precision, but allows us to run our simulations within a reasonable
computation time.
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4.3.7 Cost Evaluation
To assess the performance and convergence of our algorithm, we need to eval-
uate the cost function at each iteration to observe its evolution. To do so,
we simulated high-precision beamlets, which are used solely for this purpose.
These beamlets allow us to accurately compute the dose distribution based
on the beamlet weights at each iteration.

All the dose distribution images, cost plots, and other visualizations in
this report were generated using these high-precision beamlets, which are not
used by the optimization algorithm itself.

In a realistic implementation of the beamlet-free algorithm, this cost
would not be computable, as it requires access to the full beamlet matrix
in order to calculate the dose distribution, given by ∑B

i=1 bipxi.

4.3.8 Determining a Stopping Criterion
As mentioned above, the cost function cannot be computed in the beamlet-
free algorithm. Therefore, it cannot be used as a stopping criterion. The
stopping criterion is typically used to stop the algorithm once sufficient con-
vergence has been reached. Usually, this is done by analyzing the evolution
of the cost function over iterations. Once the cost no longer decreases signif-
icantly, the optimization process can be stopped.

In the case of the beamlet-free algorithm, it is therefore essential to find
an alternative criterion to determine when the algorithm has converged suf-
ficiently. To address this, we use the norm of the gradient vector. Indeed,
we expect that the closer the algorithm is to the optimum, the smaller the
norm of the gradient becomes.

However, we cannot simply average the norms of all the individual gra-
dients we compute. Since we are performing a stochastic optimization, the
gradients are highly noisy and may vary significantly, they can be positive
or negative for the same beamlet depending on the pairing at each iteration.

To obtain a more accurate estimate of the total gradient of one beam-
let, we should sum all the individual gradients corresponding to each pairing
with this beamlet first, and then compute the norm of this sum. This way,
positive and negative contributions can cancel each other out, and when
the algorithm reaches convergence, the norm of the summed gradient of one
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beamlet should tend toward zero, even though individual gradients may still
be non-zero.

Our strategy to implement this is to divide the iterations into windows
of size X, and to evaluate the average gradient norm of each beamlet within
each window.

The gradient norm is computed as follows:

1) Initialize a list (or vector) of the same size as the weight vector x, filled
with zeros.

2) For each beamlet j, we sum all the gradients associated with it, i.e. all
the gradients computed when it was paired with other beamlets during
the considered iteration window. We store the result of this sum at
index j of the list. This should approximate the gradient of beamlet j
using all iterations within the window.

3) Compute the norm (e.g., the ℓ2-norm) of the resulting list. This norm
reflects the overall magnitude of the beamlet gradients.

4) To track the evolution of this norm over time, repeat steps 1–3 by
sliding the iteration window forward. A step size of 1 offers maximum
precision, while a larger step size can be used to reduce computational
cost.

The choice of window size is critical. If the window is too small, the
computed gradient norm will be highly noisy and may appear to stagnate
even before the cost function reaches a plateau. Conversely, if the window size
X, is too large, the norm, computed over last X iterations, will introduce a
delay in detecting convergence, making the stopping criterion less responsive
to the current state of the algorithm.
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Chapter 5

Results

In this section, we present all the results obtained to evaluate the algorithm’s
performance. Interpretations and explanations of these results are provided
in the Discussion (chapter 6). The results were first obtained using the sim-
ple example introduced earlier, and then using the patient image case also
presented in a previous section.

To assess performance, we varied the number of protons simulated per
beamlet, testing values from 32 to 1024 in powers of 2. An additional simula-
tion with 100,000 protons was performed to evaluate the algorithm’s behavior
at a much finer beamlet granularity. We then examined how different learn-
ing rates affect the optimization process. Since it is important to stop the
simulation once sufficient convergence is reached, we also analyzed the im-
pact of various stopping criteria. Finally, we compared the beamlet-based
and beamlet-free approaches

5.1 Dosimetric Results
To begin, we qualitatively examine the dose distributions generated by the
algorithm. Figure 5.1 shows the distributions obtained with 32, 256, and
1024 protons per beamlet. The dose within the target remains consistently
close to 20 Gray across all simulations. In contrast, the dose deposited in the
organ at risk tends to decrease as the number of simulated protons increases,
indicating a potential improvement in sparing healthy tissue.

This qualitative analysis provides initial insight into the algorithm’s be-
havior. A more rigorous quantitative evaluation is presented in the following
sections.
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Figure 5.1: Dose distribution for 32, 256 and 1024 protons

5.2 Quantitative Results

5.2.1 Cost Functions
Figure 5.2 shows the evolution of the objective function cost over the course
of the iterations. Each curve corresponds to a simulation performed with a
different number of protons per beamlet. Overall, the cost tends to decrease
with increasing iterations.

The curves associated with higher proton counts exhibit smoother and
more stable convergence, whereas those using fewer protons tend to fluctu-
ate more and show slower or incomplete convergence. The amplitude of the
cost fluctuations also decreases with the number of protons.

The cost is evaluated at each iteration by comparing the current weight
vector to a fixed reference dose matrix, which was computed at the beginning
of the simulation. This reference matrix was generated by simulating each
beamlet with one million protons to obtain a highly accurate dose estimate.
While such a matrix would not be feasible in practice with the beamlet-free
algorithm, due to computational constraints, it serves solely as a benchmark
for performance evaluation and does not influence the optimization itself.

5.2.2 Dose Volume Histograms
Figure 5.3 presents the Dose Volume Histograms (DVHs) obtained for differ-
ent numbers of protons per beamlet. As the number of protons increases, the
DVH curves tend to approach the dose objectives, indicated by the vertical
black lines, specifically 20 Gray for the target volume and 0 Gray for the
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Figure 5.2: Evolution of costs as a function of iterations

organ at risk. Differences between curves are more pronounced in the organ
at risk than in the target region.

Table 5.1 summarizes key DVH metrics for each region of interest and
for varying proton counts. Reported values include the 2nd, 5th, 95th, and
98th percentiles of the dose distribution. For reference, the 5th percentile
corresponds to the dose received by at least the 5% most irradiated volume.
While these percentiles do not always improve monotonically with increasing
proton count, an overall trend toward better dose conformity can be observed.

Number of protons :
Target 32 64 128 256 512 1024 100000

D2 21.64 21.86 21.67 21.67 21.30 21.37 21.37
D5 21.25 21.28 21.52 21.35 21.18 21.06 20.96
D95 17.15 18.10 17.91 18.25 18.71 18.69 18.81
D98 16.49 17.64 17.13 17.49 18.40 18.32 18.42

Number of protons :
Organe at risk 32 64 128 256 512 1024 100000

D2 6.97 6.87 6.75 5.33 5.36 4.92 3.50
D5 6.97 6.80 6.68 5.14 5.32 4.92 3.47

Table 5.1: Evolution of key dose metrics for the target and organ at risk as
the number of simulated protons per beamlet increases.
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Figure 5.3: Dose Volume Histogram across the full range of simulated protons
per beamlet.

5.3 Learning Rate
The previous results were obtained using a fixed learning rate. However, as
discussed earlier in this thesis, it can be beneficial to adapt the learning rate
over the course of the iterations. To investigate this, further simulations were
performed using beamlets composed of 1024 protons.

Two types of learning rate decay were explored: linear and exponential.
For both strategies, three decay profiles were tested: from 0.2 to 0.05, from
0.3 to 0.033, and from 0.4 to 0.025. Figure 5.4 shows how these learning rates
evolve over iterations. Solid lines correspond to linear decay, while dashed
lines represent exponential decay. A horizontal purple line indicates the fixed
learning rate of 0.01 used in the previous sections. The markers on the curves
indicate the iterations at which the learning rate was updated. In this work,
the step size is updated each time a full batch of particles is processed. A
batch is defined as the complete set of distinct beamlet pairs, which, in this
case, amounts to 15,576 combinations.

Figure 5.5 shows the evolution of the cost as a function of the number
of iterations for various learning rate schedules. The same color coding and
line styles are used throughout. Overall, the curves display similar behavior,
with two notable exceptions: the green dashed line (exponentially decreasing
learning rate from 0.4 to 0.025), which results in a higher cost, and the solid
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Figure 5.4: Adaptive Evolution of Learning Rates per Batch (every 15,576
iterations)

yellow line (linearly decreasing learning rate from 0.3 to 0.033), which yields
a lower cost.

Figure 5.5: Evolution of cost as a function of iterations for different learning
rates
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5.4 Stopping Criterion
Just like the previous section, the analysis of the stopping criterion is per-
formed using the optimization that simulates beamlets composed of 1024
protons.

To identify a stopping criterion, two approaches were analyzed: the evolu-
tion of the magnitude of the stochastic gradients and the norm of the gradient
vector as a function of the iterations, as explained in Section 4.3.8.

Regarding the first approach, we initially applied a Gaussian filter to the
evolution of the stochastic gradient magnitude. As shown in Figure 5.6, the
gradient magnitude decreases sharply during the first 100,000 iterations be-
fore reaching a plateau.

Figure 5.6: Variation of absolute gradient values across iterations with Gaus-
sian filtering

The second approach considered was to compute the norm of the gradient
vector. In this method, we sum all the gradients corresponding to the same
beamlet that fall within the same iteration window. The behavior of the
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gradient norm evolution varies significantly depending on the chosen window
size. Figure 5.7 shows different windows. The curves representing windows
of 50,000 and 150,000 iterations appear to plateau after a certain point, in
contrast to the curve corresponding to a 250,000 iteration window.

Figure 5.7: Gradient norm variation profile as a function of iterations for 3
different windows

Figures 5.8 and 5.9 allow us to compare this norm (using a 250,000 it-
eration window) with the evolution of the cost function over the iterations.
We can observe that the gradient norm curve has an overall shape similar to
that of the cost function, although clear differences remain.

Figure 5.8: Gradient vector norm
variation profile as a function of it-
erations

Figure 5.9: Evolution of cost as a
function of iterations

Finally, the same process was performed for simulations using beamlets
with different numbers of protons, as shown in Figure 5.10. The gradient
vector appears to approach a plateau that decreases as the number of protons
per beamlet increases. This decrease in gradients relative to the number of
protons is also illustrated in Figure 5.11. We kept Figure 5.10 in linear
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scale to remain consistent with the previous figures. As a result, the curves
corresponding to a high number of protons may appear almost flat. However,
they actually follow a similar shape to the other curves, but within a smaller
value range.

Figure 5.10: Gradient vector norm
variation profile as a function of iter-
ations

Figure 5.11: Mean gradient vector
norm variation profile as a function of
number of protons

5.5 Application to a Realistic Patient Case
At this stage, it is important to present the algorithm’s performance on
patient images. The optimization was performed using beamlets of 256 pro-
tons. This number of protons was chosen because, given that the goal of the
beamlet-free approach is to use beamlets generated with a small number of
protons, 256 already seems like a more reasonable choice than 1024. Figure
5.12 shows the dose distributions generated after optimization. Although
there is a dose peak at the target location, the dose distribution within the
target is slightly less uniform compared to the simple example analyzed ear-
lier.

Next, Figure 5.13 shows the evolution of the cost function over iterations,
together with the corresponding dose volume histogram. The goal within
the target is to achieve a uniform dose of 8 Gray; the corresponding curve
in the DVH indicates that the algorithm approaches this objective but does
not fully satisfy it. Additionally, we observe significant doses delivered to a
certain percentage of the right lung volume.

The dose statistics on tabular 5.2 confirm the DVH interpretation: the
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Figure 5.12: Dose distribution for the patient with Beamlet Free Algorithm
(256 protons)

Figure 5.13: DVH and Cost as a function of iterations for the Patient Ex-
ample with Beamlet Free Algorithm (with 256 protons)
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relatively low D98 value (5.7 Gy) suggests underdosage in a significant por-
tion of the volume. Furthermore, a slightly elevated D2 (9.14 Gy) suggests
slight hotspots, indicating a lack of homogeneity within the target. Re-
garding the organs at risk, the esophagus and heart received relatively low
radiation doses, as indicated by both their D2 and mean dose values. In
contrast, the right lung appears to have been significantly affected, with the
DVH revealing that a considerable portion of its volume was exposed to high
doses relative to the prescribed target dose.

Region of Interest D2 D5 D95 D98

Target Volume 9.14 8.95 6.41 5.70
Right Lung 6.46 5.21 – –
Heart 0.89 0.13 – –
Esophagus 1.31 0.82 – –

Table 5.2: Dose metrics for target volume and organs at risk (in Gy)

5.6 Comparison with the Beamlet-Based Al-
gorithm

Finally, to conclude this section, it is interesting to compare the beamlet
free algorithm implemented in this work with a beamlet based algorithm.
This comparison will be detailed in the following points for both the sim-
ple example and the patient images used in this thesis. All tests using
the beamlet-based algorithm were performed with beamlets simulated us-
ing 100,000 protons.

5.6.1 Example on a Simple Configuration
Figure 5.14 shows the evolution of the cost function over iterations for the
beamlet free algorithm (with 1024 and 100,000 protons simulated per beam-
let) as well as for the beamlet based algorithm for our basic example. This
figure also presents a dose-volume histogram comparing the two algorithms.
It can be observed that the total cost is significantly lower for the beamlet
based algorithm compared to the beamlet free algorithm (0.03 versus around
1, respectively), even with the same quality of beamlets simulation. Re-
garding the DVH, the beamlet based algorithm tends to better approach the
target and OAR objectives compared to the beamlet free algorithm.
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The iteration scale is not shown on the cost plot because one iteration
of the beamlet-based algorithm does not correspond to one iteration of the
beamlet-free algorithm. In the beamlet-based approach, the gradients of all
beamlets are computed at each iteration, allowing the weights of all beamlets
to be updated simultaneously. In contrast, the beamlet-free algorithm only
updates the weights of two beamlets at a time. Moreover, a single iteration of
the beamlet-based algorithm is significantly more computationally intensive
than one of the beamlet-free algorithm. Therefore, the relevant information
in this figure is the overall shape of the curve and the final cost reached, but
not the apparent speed of convergence, since the x-axis does not represent a
comparable scale between the two methods.

Figure 5.14: DVH and Cost comparison between the Beamlet Free Algorithm
(with 100,000 and 1024 protons) and the Beamlet Based Algorithm

5.6.2 Example on a Realistic Configuration
Figures 5.15 and 5.16 present the DVHs and the cost evolution as a function
of iterations on the patient’s CT scan, comparing the beamlet-free algorithm
(with 256 and 50,000 protons simulated per beamlet) and the beamlet-based
algorithm. The results obtained with the beamlet-free algorithm are very
similar regardless of the number of protons used. Once again, the beamlet-
based approach performs better, but in this case, the difference between the
two algorithms is much smaller. The final cost reaches approximately 1.3
with the beamlet-based method, compared to 1.7 with the beamlet-free one.
As previously mentioned, the iteration scale is not shown in the cost plot,

62



since the notion of an "iteration" is not comparable between the two methods.

Figure 5.15: DVH comparison between the Beamlet Free Algorithm (with
50,000 and 256 protons) and the Beamlet Based Algorithm

Figure 5.16: Cost in function of iterations comparison between the Beamlet
Free Algorithm (with 50,000 and 256 protons) and the Beamlet Based Algo-
rithm
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Chapter 6

Discussion

6.1 Objectives of the Study
As mentioned earlier in Section 3.2.4, the aim of this study is to establish
a proof of concept for the beamlet-free algorithm, focusing primarily on its
feasibility and convergence. However, we are not able to evaluate perfor-
mance in terms of computation time and numerical efficiency due to the
hybrid architecture of the implementation: the algorithm is implemented in
Python while the Monte Carlo simulations are run in C, which leads to a
performance penalty caused by communication between the two languages.
This study therefore serves as an intermediate step between the theoretical
method and the implementation of an optimized version of the algorithm in
C, which would eliminate the time loss caused by inter-language exchanges.

6.2 Interpretation of Results

6.2.1 Residual Noise in the Optimization Process
As an introduction, a first expected observation which will reappear through-
out the discussion is the emergence of residual noise affecting the results. This
originates from two main factors: the stochastic noise inherent to stochas-
tic gradient descent, and the noise arising from beamlets generated with a
limited number of protons.

Stochastic Noise

In addition to the noise induced by the beamlets, the use of a stochastic
algorithm also generates noise in the results. Indeed, the gradients used are
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estimates based on subsampling, which introduces additional variability in
their computation. This noise is inherent to the method and therefore un-
avoidable, but it can be mitigated by adjusting certain parameters, such as
the learning rate.

Theoretically, although the stochastic method introduces noise, the gradi-
ents should gradually balance out over the iterations, allowing the algorithm
to reach convergence. This is a direct consequence of the mathematical for-
mulation, which indicates that the theoretical gradient of a beamlet corre-
sponds to the sum of all stochastic gradients computed when comparing this
beamlet with each of the others. According to the law of large numbers,
if a sufficient number of beamlet comparisons are made, the result should
converge toward the exact gradient.

To isolate this stochastic noise, we used a simulation with beamlets gen-
erated using a large number of protons (100,000 protons), which allows us
to minimize the noise caused by the beamlets. In Figure 5.2, the curve cor-
responding to beamlets simulated with 100 000 protons shows a clear trend
toward convergence throughout the iterations, although its cost occasionally
increases due to stochastic noise, as seen in the zoomed-in view in Figure
6.1. However, since the algorithm has not yet fully converged, it is difficult
to assert with certainty that it would converge to the minimum of the cost
function if the number of iterations were significantly higher. As shown in
Figure 5.14, the beamlet-based algorithm converges to a much better so-
lution, which demonstrates that it is possible to reach an better optimal
solution.

It would be interesting to further investigate this limitation in conver-
gence, as different hypotheses could lead to this result.

• The stochastic noise remains significant, even after a very large num-
ber of iterations, which prevents the algorithm from converging to the
minimum of the cost function within a realistic number of iterations.

• The learning rate used in our implementation is not optimal. A decreas-
ing learning rate specific to the optimization could potentially improve
the results. However, we tested different decreasing learning rates, and
our results do not appear to show any significant improvement.

These results suggest that the stochastic noise is too significant and pre-
vents convergence within a realistic number of iterations.
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Figure 6.1: Local analysis of Cost Function Behavior

Beamlet Noise

The very principle of the beamlet-free algorithm relies on simulating a large
number of low-precision beamlets. Using a small number of protons to sim-
ulate each beamlet inevitably introduces noise, which tends to decrease as
the number of protons increases. The results obtained confirm this observa-
tion: the algorithm performs poorly when the number of protons is too low,
while it improves significantly as this number increases. As shown in Figure
5.2, where the same learning rate is used for each simulation, those with few
protons are extremely noisy. This suggests that an adaptive learning rate
based on the number of protons could yield better results, as it would limit
the impact of noise on the evolution of the weights.

However, it is quite difficult to determine the optimal learning rate "blindly"
without running the code multiple times. Moreover, if we use an optimal
learning rate for some proton numbers and suboptimal ones for others, the
results are no longer truly comparable. For this reason, we chose to keep the
learning rate fixed when analysing our results. The impact of using different
learning rates is investigated separately, for a fixed number of protons.
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6.2.2 Search for a Stopping Criterion
To define a proper stopping criterion, we should study the shape of the cost
function: when it stagnates or decreases only very slightly, this suggests that
a minimum has been almost reached. However, since we do not know the to-
tal cost (given by the matrix product Bx), it is necessary to identify another
quantity that exhibits a similar behavior.

Normally, the gradients are expected to follow roughly the same behavior
as the cost function. As shown in Figure 5.6, it is not possible to directly use
the stochastic gradients as a stopping criterion because they stagnate after
fewer than 100,000 iterations, likely due to stochastic noise. In reality, it is
not the individual gradient that faithfully reflects the cost curve, but rather
the norm of the sum of gradients associated with a beamlet and all other
pairs.

Thus, as detailed in section 4.3.8, we chose to compute these norms by
summing, for each beamlet, the gradients over a window of iterations. In our
specific case, to obtain a reliable measure, the size of this window must be
large. However, this introduces a latency effect, since the norm is calculated
over the entire window.

It is interesting to note that this norm eventually stagnates beyond a
certain number of iterations. Moreover, as shown in Figures 5.10 and 5.11,
the average value reached during this plateau decreases as the number of
protons increases. This can be explained by the uncertainty associated with
the beamlets, as well as the noise induced by the stochastic descent.

Indeed, highly noisy beamlets generate gradients that are themselves more
noisy. Moreover, since these beamlets deviate further from the optimal so-
lution, their gradients tend to remain higher, as gradients generally decrease
when approaching the convergence point. It thus appears that the more im-
precise the beamlets are, the less accurately the norm we compute reflects
the cost curve.

Finally, Figures 5.8 and 5.9 show that, when the beamlets are sufficiently
well simulated and the iteration window is large enough, the computed norm
loosely follows the general trend of the cost function, although the two are
not closely aligned. This appears to be a potential approach for defining
a stopping criterion, although at present, the two curves still appear quite
different. To obtain a satisfactory stopping criterion, it would be neces-
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sary to ensure that it converges at the same time as the algorithm. Since,
in our simulations, the algorithm does not seem to have fully converged, it
is difficult to prove that the stopping criterion will converge at the same time.

6.2.3 Comparison with the Beamlet-Based Approach
Figure 5.14 and Figure 5.16 show the evolution of the cost across different
algorithms, we will primarily focus on the final cost achieved rather than
the speed in terms of iteration count. As mentioned in the Results section,
comparing the number of iterations between the beamlet-free and beamlet-
based algorithms is not meaningful: in a single iteration, the beamlet-based
algorithm updates the weights of all beamlets, whereas the beamlet-free ap-
proach only modifies two beamlets.

It appears that in the case of a complex patient plan with a high number
of beamlets, the beamlet-free algorithm performs proportionally closer to the
beamlet-based algorithm than in a simple plan. For instance, in the patient
case, the final cost reached was 1.7 with the beamlet-free algorithm compared
to 1.3 with the beamlet-based algorithm, a difference of about 24%, while
the beamlet-free algorithm had likely not yet fully converged. On the other
hand, for the simple plan, the final cost was around 1 with the beamlet-
free algorithm using 1024 protons, compared to a cost of just 0.03 with the
beamlet-based, a difference of 97%.

These results suggest that the beamlet-free algorithm may be significantly
more effective in complex plans than in simple ones, which is particularly rel-
evant in realistic clinical scenarios.

Figure 6.2 comes from a study that used an early version of the beamlet-
free algorithm, which is slightly different from ours. It shows that the
beamlet-free algorithm is less effective than the beamlet-based approach
when using fewer than 2000 spots, but appears to perform significantly bet-
ter beyond that threshold.

In our patient case, a total of 1108 beamlets were used, compared to 176
for the simple case. It would therefore be particularly interesting to compare
both algorithms on more complex cases. However, we were limited by the
computational resources required for such simulations. Additionally, our im-
plementation was intended as a proof of concept rather than an optimized
version.
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The performance difference between the beamlet-free and beamlet-based
approaches depending on the number of spots can be explained by several
factors. The beamlet-based algorithm stores the entire beamlet matrix in
memory and uses it at each iteration to compute the gradients, resulting in
a computational cost that is roughly linear with respect to the number of
beamlets. On the other hand, the beamlet-free algorithm only keeps two
beamlets in memory at a time, meaning the computational cost per iteration
remains nearly constant regardless of the number of beamlets, although the
number of iterations required increases with the complexity of the plan.

Figure 6.2: Comparison of beamlet-based and beamlet-free algorithms in
terms of memory usage, computation time, and target coverage. Credits :
[4]

It is important to note that the performance of the beamlet-free algorithm
could likely be significantly improved with a better choice of learning rate.
In contrast, the beamlet-based algorithm already uses an adaptive learning
rate, which is presumably close to optimal, potentially limiting further im-
provements and narrowing the gap between the two methods.

Nevertheless, the current results do not appear to meet clinical constraints
sufficiently for the treatment plan to be viable in practice. This may be due
to simplifications made in the simulation parameters. Specifically, we were
constrained to use a spot spacing of 7 mm and a layer spacing of 6 mm, with
only two main beams, and employed voxels 64 times larger than those in the
original CT scan in order to run the simulations within a reasonable time
frame on our available computational resources.

Despite these limitations, the results demonstrate clear convergence of
the beamlet-free algorithm, which appears to approach the performance of
the beamlet-based method as the number of beamlets and the complexity
of the plan increase. This is a very promising outcome and motivates fur-
ther analysis of the computational cost and resource requirements needed to
achieve full convergence.
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6.3 Limitations
After discussing the results obtained, it is important to outline some signifi-
cant limitations encountered throughout the thesis.

6.3.1 Impact of the Number of Beamlets on Algorithm
Performance

First, we observed that a large number of iterations is necessary for the
algorithm to converge. Furthermore, the simulations conducted in this thesis
use relatively few beamlets compared to what is required in real clinical
cases. Since the square correlation matrices CW have dimensions equal to the
number of beamlets, increasing the number of beamlets leads to a quadratic
growth in the size of these matrices. As a result, a proportionally higher
number of iterations will be required on average to fill the correlation matrices
with an equivalent level of precision.

6.3.2 Limitation Due to Beamlet Reuse
The optimization was implemented in Python, while the beamlet simulation
was performed using the MC Square software, which is written in C. Com-
munication between these two programs inevitably involves a significant time
cost during algorithm simulation. Ideally, a random pair of beamlets would
be selected and simulated by MC Square at each iteration. However, the
latency caused by inter-language communication makes frequent calls to MC
Square difficult to implement. To overcome this issue, we chose to simulate
a full matrix of beamlets every 1000 iterations and then randomly select
beamlet pairs from this matrix. Consequently, after 500,000 iterations, 500
matrices will have been generated.

Figures 6.3a and 6.3b show the evolution of the gradient norm over it-
erations using a small window. The gradient norm was calculated in the
same way as in Section 4.3.8. Figure 6.3b is a zoomed-in view of Figure
6.3a and reveals an unexpected pattern: the curve exhibits numerous peaks,
each spaced exactly 1000 iterations apart. This corresponds to the intervals
at which new beamlet matrices are generated. For 1000 iterations, the al-
gorithm minimizes the cost based on a fixed set of beamlets and, when the
cost decreases, the gradients also decrease. Then, when new beamlets are
simulated, the cost increases slightly (as the weights are adapted to the previ-
ous beamlets), and the gradients rise accordingly. These increases appear as
peaks in Figure 6.3b. Theoretically, we would expect a slow decrease followed
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by a sudden rise in the gradient norm. However, these peaks are smoothed
due to the window used to compute the norm, which acts as a filter. By
calculating a moving norm over several iterations, this window attenuates
abrupt variations in the gradients.

(a) Gradient Vector Norm
(b) Gradient Vector Norm Zoom on im-
age

Figure 6.3: Gradient vector norm profile for a tiny window

6.3.3 Pre-filling of the Correlation Matrix CW

As a reminder, one of the main advantages of the Beamlet-Free method is
that it does not require storing all beamlets in memory. However, we chose
to use the beamlet matrix to pre-fill the CW matrix, which goes against this
principle and constitutes a significant limitation of our approach.

A preliminary solution was developed in Section 4.3.5. The CW matrix
exhibits regular patterns, suggesting that it may theoretically be possible
to develop an efficient approximation method without computing the full
matrix. Even if such an approximation is not perfectly accurate, it would
likely be sufficient to produce results comparable to ours, considering that
our own CW matrix was built from noisy, and thus imprecise, beamlets.

Designing such an approximation method could represent a promising
direction for future work.

6.3.4 Addition of an Organ at Risk
Introducing an OAR into the model using a uniform dose objective set to
0 Gy is not optimal. Two alternative strategies were investigated in order
to better reflect the goal of minimizing the maximum dose, rather than a
uniform dose, in the OAR, while avoiding reliance on the mathematical gra-
dient, whose computation appears prohibitively complex. However, each of
these methods presents significant limitations that prevent us from achieving
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satisfactory results.

To implement a Dmax objective instead of a Duniform, one could in theory
apply the same approach as for Duniform, but restrict it only to voxels receiving
a dose above the prescribed threshold. However, the dose distribution is
unknown during the optimization process, since computing it requires access
to the full beamlet matrix through the equation: ∑B

i=1 bipxi.

First Method

A first approach to estimating the dose distribution is to construct an ac-
cumulated dose matrix. This matrix is initially set to 0 Gy in every voxel.
Then, at each iteration, we update it by adding the contribution of the sim-
ulated pair of beamlets, scaled by their respective gradients.

If a gradient is negative, the algorithm aims to increase the beamlet’s
weight, meaning that the beamlet will contribute more dose, so we add its
dose distribution to the accumulated matrix. Conversely, if the gradient is
positive, we subtract its dose, reflecting the fact that the algorithm is trying
to reduce the weight of that beamlet. With this accumulated dose matrix,
we can identify voxels where the dose exceeds the prescribed threshold, and
restrict the gradient computation to those voxels only. This mimics a Dmax
objective.

A major limitation of this method is the accumulation of error. Because
only a small number of protons is simulated per beamlet, the dose contri-
bution added to the matrix at each iteration is noisy and approximate. For
example, a given beamlet might be added to the accumulated dose at one
iteration, then removed at another. However, since each simulation of the
beamlet is imprecise and varies from one iteration to the next, the subtrac-
tion doesn’t perfectly cancel out the previous addition. This introduces an
error into the accumulated dose, and over time, these discrepancies build up,
leading to an increasingly inaccurate estimation of the actual dose distribu-
tion. Over time, this error accumulates, and the accumulated dose no longer
reflects the actual dose corresponding to the current weights x. The smaller
the number of protons simulated per beamlet, the larger this deviation be-
comes.
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Second Method

A second approach would be to consider gradients in the organ at risk only
when they are strictly positive. This would imply that the second term is
greater than the first, meaning that Bx > dpr, i.e., the received dose exceeds
the prescribed dose.

This method has the advantage of not requiring the tracking of an accu-
mulated dose. However, it does not allow us to identify which specific voxels
exceed the dose objective, so the gradient is computed over the entire OAR
regardless of the local dose distribution.

6.4 Perspectives
Finally, several perspectives that we find interesting to explore for poten-
tial future work are outlined. These perspectives are closely related to the
limitations discussed in the previous section.

6.4.1 Code Optimization
Now that the proof of concept for the beamlet-free algorithm has been com-
pleted, it could be interesting to use the C programming language instead
of Python. Beyond the fact that C is generally more efficient than Python
for optimization tasks, it is important to recall that beamlet simulation is
performed in C, while the optimization was implemented in Python. Com-
munication between these two programs inevitably introduces latency during
the algorithm’s execution.

Moreover, integrating the code directly into MC Square (the software
used for beamlet simulation) would help overcome the limitation discussed
in the previous section regarding the reuse of beamlets.

Because many of the matrices in our approach are sparse (since we only
look at voxels inside the ROI), we used sparse matrices as much as possible.
It would be useful to keep using them, as sparse matrices help improve the
speed and efficiency of the beamlet-free algorithm.

It is certainly possible to improve our code by finding strategies to reduce
the amount of calculations required and/or increase simulation speed. As an
illustration, three non-exhaustive examples are listed below :
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• Implementing the algorithm to support multithreading would allow for
the simultaneous comparison of multiple beamlets, thereby increasing
the simulation speed.

• Use each beamlet for two consecutive iterations. The beamlet simulated
at iteration t could be reused at iteration t+1, along with a newly
simulated beamlet that would then be reused at iteration t+2, and so
on. This approach would reduce the number of Monte Carlo simulations
by approximately half, as each simulated beamlet would be used twice.

• Finally, a last example to improve the algorithm’s efficiency could be to
progressively refine the grid size (spatial resolution) over the course of
the iterations. The simulation could begin with low-resolution images
and less precise beamlets. After a certain number of iterations, the
resolution of both the images and the beamlets could be increased. This
approach would likely save computational resources and time during
the initial phase, before enhancing the precision of the algorithm later
on.

However, it would first be necessary to ensure that these strategies do not
alter the theoretical convergence of the algorithm.

6.4.2 Improved Management of Organs at Risk
As presented in Section 6.3.4, it would be relevant to derive a theoretical
expression for the gradient with regard to the specific cost of a given organ
at risk, as represented below.

DW = ∥max(dpr −Bx, 0)∥2
W

Another possibility is to explore alternative numerical approaches to obtain
gradients that more closely approximate the ideal gradients. As an introduc-
tion, two methods that we implemented were briefly mentioned in Section
6.3.4, although they were not detailed in this thesis. These methods were
only superficially explored, and it could be interesting to examine them more
thoroughly.

6.4.3 Improved Pre-calculation of the Correlation Ma-
trices CW

As explained in Section 6.3.3, achieving a good approximation of the cor-
relation matrices CW appears important to fully eliminate the beamlet ma-
trix, as intended by the beamlet-free algorithm, while ensuring the algorithm
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converges within a reasonable number of iterations. A potential solution is
detailed in Section 4.3.5.

6.4.4 Learning Rate Adaptation
Finally, further research on a decreasing learning rate could lead to better
results, and this learning rate could be adapted to the different parameters of
the algorithm. Indeed the range of values should be correlated with certain
parameters such as grid size, number of spots, and so on. Drawing inspiration
from existing literature could help in adapting the learning rate effectively.
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Chapter 7

Conclusion

In conclusion, the objective of this thesis was to realize a proof of concept for
the beamlet-free algorithm. For this purpose, the optimization was performed
according to the equations presented in Section 4.2. Through this work, the
following points were chosen for analysis :

• The overall performance of the algorithm as a function of the number
of protons simulated per beamlet.

• The search for a stopping criterion to stop the algorithm once it is
judged to be sufficiently convergent.

• The exploration of an adaptive, decreasing learning rate that could lead
to improved convergence of the algorithm.

These analyses were first performed on a simple example that is not rep-
resentative of a clinical case, allowing us to evaluate the algorithm’s perfor-
mance without being influenced by the complexity of a real scenario. Then,
after gaining a clear understanding of the overall functioning of the algorithm,
a simulation was conducted on a patient image to assess the algorithm’s per-
formance in a real-world context.

This thesis also highlighted several major limitations related to the op-
timization process, most of which arise from a fundamental issue: residual
noise. This noise arises from two different sources: first, the stochastic gra-
dient descent approximating the true gradient at each iteration, and second,
the uncertainty resulting from beamlets simulated with a relatively low num-
ber of protons.

Residual noise will therefore decrease as the number of simulated protons
per beamlets increases, since the uncertainty generated by the beamlets will
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be lower. Our results showed clear convergence of the beamlet-free algorithm,
with its convergence point tending to approach that of the beamlet-based al-
gorithm as the number of beamlets increases, which we find highly promising.

Contrary to our expectations, this thesis demonstrated that a large num-
ber of iterations is necessary for the algorithm to produce accurate results
while continuing to approach the global minimum of the cost function.

As a proof of concept, the objective was not to directly optimize the al-
gorithm’s performance. That is why we chose a model developed in Python.
The use of the C language would, of course, be more appropriate for opti-
mizing the algorithm’s performance in future work.

Without having conducted thorough analyses, we can say that the ad-
vantage of the beamlet-free algorithm lies in not needing to fully store the
beamlet matrix, unlike other optimization methods used in proton therapy.

Several possible improvements have been suggested to enhance the perfor-
mance of the beamlet-free algorithm and to assess whether it could be used in
clinical settings and ideally, incorporated into adaptive treatment planning
in proton therapy. The ultimate goal of this algorithm is to get as close as
possible to the beamlet-based performance while achieving much faster op-
timization with significantly reduced computational resource requirements.
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