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1. Notations 
Category Notation Meaning / description 

Prior-based family 

Data 𝐷𝑐  Data from current study 
 

𝐷ℎ One historical dataset 
 

𝐷ℎ1:𝐽
 Historical dataset indexed by 𝑗, 𝑗 = 1, … , 𝐽. 

 

𝐽 Number of available historical datasets. 

Population-level / 
true parameters 

𝜃𝑐  True treatment effect parameter to be 
estimated in the current study (e.g., log-OR, 
log-HR, mean difference). 

 𝜃ℎ  True effect from one historical dataset 
 

𝜃ℎ𝑗
 True treatment-effect parameter for historical 

study 𝑗, 𝑗 = 1, … , 𝐽. 

Power prior  𝑎0 Power/discount factor controlling historical 
borrowing, 0 ≤ 𝑎0 ≤ 1. 

 𝑎0𝑗
 Study- specific discount factor for the 

historical study 𝑗 

Commensurate 
priors  

𝜏 Commensurability precision controlling 
similarity between 𝜃𝑐  and historical 𝜃ℎ  

 𝜏ℎ𝑗
 Study-specific commensurability precision 

controlling the similarity between 𝜃𝑐  and  
𝜃ℎ1

, 𝜃ℎ2
, … 𝜃ℎ𝑗

 

MAP/rMAP/SAM 𝜇ℎ Overall mean effect across the historical 
studies 
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 𝜎ℎ
2 Between-study heterogeneity across the 

historical studies 

rMAP/SAM 𝑤 Mixture weight  

SAM Δ Pre-defined congruence/equivalence margin 

SAM/elastic 𝜇̂ℎ Mean of the historical posterior distribution of 
𝜃ℎ  

 𝜎̂ℎ
2 Variance of the historical posterior distribution 

of 𝜃ℎ  

Elastic prior 𝑇 Similarity/congruence statistic. 
 

𝑔(. ) Monotone function mapping similarity statistic 
𝑇 to a weight in (0,1). 

 

𝑎, 𝑏 Calibration/tuning parameters linking 𝑇and 
𝑔(𝑇) 

Joint likelihood-based family 

Population 
parameters 

𝜃𝑗  True treatment effect in study 𝑗 (here all the 
studies (current & historical) are given the 
notation:  𝑗, 𝑗 = 1, … , 𝐽), 

**In this family, the notations c and h for 
current and historical data will not be used 
anymore** 

 𝜇 Population-level mean treatment effect across 
studies 

 𝜎2 Between-study variance (heterogeneity) of true 
effects 

Observed data 𝐷𝑗  Observed data from study 𝑗 (current & 
historical) 
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 𝑦𝑗  Observed treatment-effect estimate from 
study 𝑗 (e.g. log-OR, log-HR, mean difference) 

 𝜎𝑗
2 Within-study variance of 𝑦𝑗  (assumed to be 

known) 

NNHM 𝑤𝑗  Shrinkage weight across study 𝑗 (current & 
historical) 

 

** I used AI to help me improve my writing style. 

 

 

 

 

 

 

 

 

 

 

 

  



 

7 

2. Abstract 
Background: 
Clinical trials of rare diseases are often limited by small sample sizes, which restrict the 
precision and reliability of treatment effect estimates. Slow-flow vascular malformations, 
as rare and clinically heterogeneous disorders, pose significant challenges for clinical trials 
because of limited patient populations, variable disease presentation, and diverse 
treatment responses. In this context, Bayesian borrowing approaches provide a principled 
framework for incorporating external or historical data with current study data. These 
methods include both prior-based approaches, which explicitly model prior information, 
and likelihood-based hierarchical models, which borrow information through partial 
pooling across studies. 

Methods: 
An exploratory simulation study was conducted based on two realizations of simulated 
datasets, representing a large (n = 100) and a small (n = 20) current studies, with 10 
historical studies exhibiting varying degrees of similarity. These scenarios were designed to 
assess borrowing behavior under different levels of similarity. In addition, a real-world 
analysis was performed using 19 historical studies extracted from the literature to reinforce 
the estimation of treatment effects from a study evaluating the effect of sirolimus in 
patients with slow-flow vascular malformations (our current study), focusing on two 
endpoints: pain response after 12 months and D-dimer decrease after 12 months. A two-
stage framework was applied, combining pre-borrowing weights, based on clinical, 
demographic, and methodological similarity with the current study, with four Bayesian 
borrowing methods: robust meta-analytic-predictive prior (rMAP), Self-adaptive mixture 
prior (SAM), elastic prior, and normal-normal hierarchical model (NNHM). 

Results: 
Simulation results suggest that all methods adapt the level of borrowing according to the 
degree of similarity between historical and current data, with increased effective sample 
size (ESS) and narrower intervals under high similarity levels, and reduced borrowing when 
the similarity decreases. In the real-world analysis, minimal borrowing was observed for 
the pain response endpoint, with posterior estimates remaining close to the current study 
estimate of 76.2%. For the D-dimer endpoint, all borrowing methods show an upward shift 
in the posterior mean relative to the current-only estimate. Moderate borrowing methods 
(rMAP and SAM) yield posterior means around 1.19–1.20, with credible intervals 
approximately 0.28–0.29 to 2.09–2.10, corresponding to moderate precision gains (relative 
ESS ≈ 14–16%). The Elastic models remain closer to the current-only estimate, with 
posterior means around 1.15 with credible intervals from 0.23-2.07 and smaller borrowing 
gains (relative ESS ≈ 10–11%). In contrast, NNHM produces the largest shift, with posterior 
means around 1.55 and credible intervals approximately 0.60 to 2.44, reflecting the 
strongest borrowing from historical data and the highest precision gains (relative ESS ≈ 19–
24%). 
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Conclusion: 
Bayesian dynamic borrowing methods provide a flexible framework for integrating historical 
data while adapting to the level of agreement between current and historical studies. The 
proposed two-stage approach provides a structured way to account for clinical relevance 
and methodological quality before integrating external data. Although borrowing led to 
modest gains in precision and small shifts in estimates, it did not substantially alter clinical 
conclusions. The recommendations for future work include performing large scale 
simulations with varying current study sample sizes and different levels of agreement 
between historical and current data. 

Keywords: Rare diseases, Bayesian borrowing,  Dynamic borrowing, Effective sample size, 
Hierarchical models, Historical data 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 

9 

3. Introduction 
3.1 Rare diseases 

Rare diseases, sometimes called orphan diseases, are defined as conditions affecting 
fewer than one person in every 2,000 individuals in any WHO region (1). Despite the term 
”Rare Diseases”, their worldwide prevalence is estimated at 4-7.6% and this number is 
equivalent to 329-624 million people collectively (2). In Belgium alone, from 600,000 to 
800,000 persons suffer from a rare disease and this estimate is conservative as reported by 
Sciensano (2). According to a 2024 editorial in The Lancet (1), nearly 80% of rare diseases 
have a genetic origin, 70% of which manifest in early childhood, and approximately 95% 
currently lack an approved treatment. The challenges surrounding rare diseases extend 
beyond clinical complexity, their diagnosis and management are difficult because 
clinicians often encounter conditions they have never seen before, and patients face 
substantial health, economic, and psychosocial burdens. Many individuals living with rare 
diseases experience poor quality of life, social isolation, and higher levels of psychological 
distress due to the chronic nature of their conditions, the limited therapeutic options, and 
the persistent discrimination (3). 

The absence of effective treatments for the vast majority of rare diseases (4) is closely 
linked to the obstacles encountered throughout the drug development and, more 
specifically, in conducting methodologically robust clinical trials. Research in rare 
diseases is hindered by small and heterogeneous populations, which often leads to 
underpowered studies and challenges in identifying reliable clinical endpoints (5). 
Additional difficulties are related to the variations in phenotypes and genotypes within the 
same disease which leads to high heterogeneity among the population. Furthermore, the 
practical difficulties associated with recruiting a control group as these diseases are 
serious conditions and patients often refuse to be in a control group. Consequently, many 
clinical trials of rare diseases adopt single-arm designs (6) since traditional randomized 
controlled trials (RCTs) are not feasible. 

Therefore, the Food and Drug Administration (FDA) has recognized these challenges in its 
guidance on common issues in rare disease drug development (7) where it is stated that, if 
patient availability is limited, alternative development strategies have to be adopted in both 
the design and the analysis phases of the trial. For example, externally-controlled clinical 
trials, and adaptive clinical trial designs are explicitly stated and accepted by the FDA (8) 
(9). 

Besides, the FDA has also endorsed the use of Bayesian methods in clinical development 
because they provide a natural framework for integrating external evidence with the current 
data, making them particularly suitable for rare disease settings. In fact, the FDA now 
accepts the use of external or synthetic control arms and Bayesian borrowing approaches 
that incorporate information from historical trials, registries, or real-world evidence to 
improve the precision and efficiency of underpowered trials. However, these approaches 
require rigorous justification of key assumptions, including the comparability of external 
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and current patient populations, consistency in outcome definitions and measurement, 
similarity in study design and standard of care, and the absence of substantial bias that 
could compromise the validity of the borrowed information (8). 

Likewise, the European Medicines Agency (EMA) promotes methodological flexibility in rare 
diseases and recognizes that producing standard trial evidence may be impossible in small 
populations. This is clearly mentioned in the EMA's Guideline on clinical trials in small 
populations, which sets out regulatory principles for the design, conduct, analysis, and 
interpretation of trials when recruitment is limited. Additionally, the EMA supports the use 
of adaptive study designs and sophisticated modelling in drug development, especially 
when these approaches are scientifically reasonable (10).  

3.2 Slow-Flow Vascular Malformations 

Slow-flow vascular malformations are complex congenital disorders arising from 
developmental anomalies of veins, lymphatic vessels, or capillaries (11). Lesions may be 
present at birth and grow proportionally or unpredictably throughout life. They often cause 
chronic pain, swelling, bleeding, disfigurement, and functional impairment, depending on 
their size and location (12). Clinical presentation varies substantially between patients, 
reflecting the broad anatomical and biological heterogeneity that complicates timely 
diagnosis and selection of optimal treatment strategies. Quality of life is often markedly 
reduced due to physical disability, psychological distress, and social limitations imposed 
by the chronic and disfiguring nature of the disease (13). 

Conventional therapeutic options including sclerotherapy, surgery, or laser are only 
partially effective and often associated with recurrence or complications. Sirolimus, a 
mechanistic target of rapamycin (mTOR) inhibitor, has emerged as one of the most 
promising systemic treatments for complicated vascular malformations by targeting the 
dysregulated phosphoinositide 3-kinase/protein kinase B/mechanistic target of rapamycin 
(PI3K/AKT/mTOR) signaling pathway implicated in their pathophysiology (14). However, 
despite encouraging clinical outcomes, evidence supporting such use comes largely from 
small, heterogeneous observational studies, case series, and single-arm early-phase trials. 
The field still lacks large, randomized, or long-term controlled studies. Therefore, rigorous 
statistical methods, such as Bayesian borrowing, are critical to generate robust inference 
from limited data. 

3.3 Bayesian Statistics and the concept of borrowing 

In this landscape, Bayesian statistics have become increasingly valuable. The Bayesian 
framework offers a formal mechanism for updating our beliefs about a parameter using 
observed data. It begins with prior knowledge, which is mathematically represented by a 
prior distribution, and incorporates new information through the likelihood function, 
yielding an updated estimate known as the posterior distribution (15). This relationship is 
expressed through Bayes’ theorem: 
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𝜋(𝜃 ∣ 𝐷) =
𝜋(𝐷 ∣ 𝜃)𝜋0(𝜃)

𝜋(𝐷)
 

where 
– 𝜃 is the parameter of interest, 
- 𝜋0(𝜃) is the prior (our belief before observing the data), 
– 𝜋(𝐷 ∣ 𝜃) is the likelihood (compatibility of the data with the parameter), 
– 𝜋(𝐷) is the marginal likelihood (normalizing constant), and 
– 𝜋(𝜃 ∣ 𝐷)  is the posterior (the updated belief). 

A key strength of Bayesian methods in rare disease research is their ability to borrow 
information from external or historical sources.  

In most cases, Bayes’ theorem is written in the following proportional form: 

𝜋(𝜃 ∣ 𝐷) ∝ 𝜋(𝐷 ∣ 𝜃) 𝜋0(𝜃), 
or equivalently, 

𝜋(𝜃 ∣ 𝐷) ∝ 𝐿(𝜃 ∣ 𝐷) 𝜋0(𝜃), 
 

where ∝ denotes proportionality. This notation indicates that the posterior distribution is 
proportional to the product of the likelihood and the prior, up to a normalizing constant that 
does not depend on θ. This constant is typically omitted for notational simplicity. The two 
expressions are mathematically identical, since the likelihood function L(θ ∣ D) is defined 
as the probability (or density) of the observed data given θ, viewed as a function of θ  for 
fixed data. 

3.3.1 The concept of borrowing 

The term "borrowing" (especially in Bayesian analysis) indicates acquiring information from 
external sources like past studies, registries, historical controls, or real-world evidence to 
strengthen the estimation of the treatment effect of the ongoing trial, especially if the 
ongoing trial has a small number of participants.  

Borrowing helps in increasing the precision of the treatment effect estimate, tightening 
credible intervals, increasing power and decision-making confidence when current data is 
weak (16) (17). The idea of borrowing can be illustrated with a very basic example: Consider 
a rare disease trial with a current sample of 𝑛 = 20 patients and an observed response 
proportion of 60%. Because of the small sample size, the estimate is associated with 
substantial uncertainty and high variability. Suppose that relevant historical evidence is 
available, such as a registry or a prior study including 𝑛 = 100 patients with a response rate 
of 55%. If the populations, endpoints, and study context are reasonably comparable, the 
historical information can be incorporated to strengthen the inference by combining 
evidence from both the current and past data sources. Importantly, borrowing does not 
imply a complete pooling or simple merging of the datasets. Instead, dynamic borrowing 
typically operates through partial pooling, whereby the historical information is down-
weighted according to its compatibility with the current study.   
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3.3.2 Dynamic borrowing 

Dynamic borrowing (18) is a term that describes the methods where the similarity of the 
historical evidence to the current study data determines the amount of information taken 
from the past studies. If the two sources are consistent, maximum borrowing takes place; if 
they are inconsistent, borrowing is minimized to a small level. This principle gives rise to 
the application of such flexible borrowing techniques such as robust meta-analytic 
predictive (rMAP) priors, commensurate priors, and associated robust prior formulations.  

The extent of dynamic borrowing is often summarized using the Effective Sample Size (ESS) 
(19), which reflects the amount of information contributed by the historical data after 
discounting. Conceptually, the ESS can be interpreted as the number of “additional 
patients” that the historical data effectively contribute to the current analysis after the 
model determines how much that information should be trusted. In other words, the ESS 
increases when historical data are similar to the current study and decreases when they 
are different. In the previous example, if there is notable dissimilarity between the historical 
and current studies, the model will automatically discount the historical evidence, so that 
the 100 historical observations may only contribute information equivalent to, for instance, 
only 5 effective patients rather than their full sample size. 

Although borrowing information from historical data can improve estimation accuracy and 
increase statistical efficiency in small-sample settings such as rare disease trials, 
inappropriate borrowing may also introduce substantial bias. This problem arises when the 
historical data are not sufficiently compatible with the current study population (20). 
Differences in patient characteristics, disease severity, or endpoint definitions between the 
historical and current studies may lead to systematic discrepancies between the two data 
sources. In such situations, excessive borrowing can shift the posterior estimates toward 
values that do not accurately reflect the current population, potentially resulting in 
misleading inference. Bias could also arise due to the presence of hidden or unmeasured 
confounding factors in the historical data. For example, changes over time in diagnostic 
criteria, supportive care, or patient selection procedures may affect outcomes in ways that 
are not explicitly captured in the model. Since these latent differences cannot always be 
directly quantified, naive borrowing strategies that treat historical and current data as fully 
exchangeable may produce biased posterior estimates (21). 

For this reason, the use of dynamic borrowing methods is generally preferred since they 
protect against prior-data conflict by discounting historical information when 
incompatibility is detected between the historical and current data, thereby reducing the 
influence of potentially misleading external evidence.  

Building on this framework, the present work focuses on slow-flow vascular malformations 
and the evaluation of sirolimus in the context of the Vascular Anomaly–Sirolimus–Europe 
(VASE) trial, a single-arm phase III clinical study involving both paediatric and adult patients 
(22). The goal of this work is to summarize and examine Bayesian borrowing methodologies 
to evaluate the effect of sirolimus in the context of the VASE trial. Specifically, this work has 
two objectives: 
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1. Exploring and comparing different Bayesian borrowing methods across different 
levels of similarity and different endpoints, and 

2. Borrowing treatment-effect estimates from previous historical studies to enhance 
the precision of effect estimation in our current trial. 
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4. Literature Review of the statistical methods used for 
borrowing 

Several Bayesian approaches have been applied in clinical trials for rare diseases to 
address challenges such as small sample sizes and the absence of a control group. We 
can divide the Bayesian methods used in the context of borrowing into 2 main families 
based on the mechanism through which borrowing occurs. 

Firstly, the prior-based family which can be presented with this formula: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐, 𝐷ℎ) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) [ 𝑓(𝐿(𝜃𝑐 ∣ 𝐷ℎ) 𝜋0(𝜃𝑐))] 

In this formulation, 𝜃𝑐  denotes the treatment-effect parameter for the current study, such 
as log-odds ratio, log-hazard ratio, or mean difference. The term 𝐿(𝜃𝑐 ∣ 𝐷𝑐) is the likelihood 
function of the current study data, this term remains unchanged across all prior-based 
borrowing methods. Historical data 𝐷ℎ do not enter the model through an additional or joint 
likelihood term. Instead, information from historical studies is incorporated through the 
construction of an informative prior distribution for 𝜃𝑐. This is represented by the effective 
prior 𝑓(𝐿(𝜃𝑐 ∣ 𝐷ℎ)) 𝜋0(𝜃𝑐) which combines a baseline prior 𝜋0(𝜃𝑐) with information derived 
from the historical likelihood 𝐿(𝜃𝑐 ∣ 𝐷ℎ). The function 𝑓(⋅) denotes a method-specific 
borrowing mechanism that determines how historical evidence influences the prior. 
Different choices of 𝑓(⋅) correspond to different prior-based borrowing approaches, such 
as power discounting in the Power Prior, predictive distributions in the Meta-Analytic 
Predictive (MAP) Prior, or robust mixture formulations in robust MAP and SAM Priors. While 
the functional form of 𝑓(⋅) varies across methods, its role is always to modify the prior of 
the current study rather than its likelihood. Consequently, historical evidence influences 
inference indirectly through the prior distribution for 𝜃𝑐  , rather than through a joint 
likelihood involving both current and historical data. This ensures that the likelihood 
contribution from the current study remains intact, while borrowing is controlled entirely 
through prior specification. Owing to this structure, prior-based borrowing methods are 
particularly well suited for strengthening or stabilizing estimation in small-sample or single-
arm settings, where information from the current study alone may be limited. 
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Secondly, the joint likelihood-based family can be represented by the following 
formulation: 

𝜋(𝜃1:𝐽, 𝜇, 𝜎2 ∣ 𝐷1:𝐽)   ∝   ∏ 𝐿(

𝐽

𝑗=1

𝜃𝑗 ∣ 𝐷𝑗)  ∏ 𝜋(

𝐽

𝑗=1

𝜃𝑗 ∣ 𝜇, 𝜎2)  𝜋0(𝜇, 𝜎2). 

 

In this formulation, each study 𝑗 = 1, … , 𝐽, whether historical or current, contributes to the 
analysis through its own likelihood term 𝐿(𝜃𝑗 ∣ 𝐷𝑗). Historical data therefore enter the 
model directly through the joint likelihood across all studies. Borrowing of information 
across studies is achieved by linking the study-specific parameters 𝜃𝑗  through shared 
hyperparameters, namely a population-level mean 𝜇 and a between-study variance 𝜎2. 
This hierarchical structure induces partial pooling (shrinkage) of the study-specific effects 
𝜃𝑗  toward the common mean 𝜇, with the degree of borrowing governed by the magnitude of 
𝜎2. Smaller values of 𝜎2correspond to stronger borrowing and greater shrinkage across 
studies, while larger values allow for increased between-study heterogeneity and therefore, 
weaker borrowing and lower shrinkage.  Across all the different approaches belonging to 
this family, the joint likelihood component (the green part of the equation) remains fixed, as 
all studies are modelled simultaneously. What changes across methods is the hierarchical 
prior specification (the grey part of the equation) that links the study-specific parameters 
𝜃𝑗. Different modelling choices for this hierarchical prior give rise to different joint 
likelihood–based borrowing approaches, such as the Normal–Normal Hierarchical Model 
and its extensions, including bias-corrected formulations.  

There is a second classification of the Bayesian borrowing approaches into supervised and 
unsupervised approaches (23), depending on how the degree of borrowing is determined. 
The unsupervised methods, including the power prior, the commensurate priors, the Meta-
Analytic Predictive (MAP) prior, and the Normal–Normal Hierarchical Model (NNHM), 
determine the extent of borrowing implicitly through the statistical model and the observed 
data. In these approaches, borrowing is typically governed by parameters such as 
between-study heterogeneity or model-based weights, without explicit incorporation of 
clinical judgment. However, in supervised methods, such as the Self-Adaptive Mixture 
(SAM) prior and the elastic prior, the amount of borrowing is explicitly regulated by user-
defined rules or expert judgements that incorporate clinical expertise, for example through 
discrepancy measures, or discounting functions. These methods allow investigators to 
control how similarity between historical and current data is assessed and how rapidly 
borrowing should decrease in the presence of disagreement. These will be explained in 
details in the following sections. 
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4.1 Prior-based family 

4.1.1 Power Priors 

The power prior (24) (25) is one of the simplest Bayesian methods for incorporating 
information from historical data into the current analysis. It introduces a discount 
parameter 𝑎0 ∈ [0,1], which specifies the proportion of information borrowed from the 
historical data when combining it with the current study as follow: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐, 𝐷ℎ, 𝑎0)   ∝   𝐿( 𝜃𝑐 ∣∣ 𝐷𝑐 )  (𝐿(𝜃𝑐 ∣ 𝐷ℎ))𝑎0 𝜋0(𝜃𝑐)  

In this formulation, the prior for 𝜃𝑐  is constructed as the product of a non-informative prior 
𝜋0(𝜃𝑐) and the likelihood of the historical data 𝐿(𝜃𝑐 ∣ 𝐷ℎ) raised to the power 𝑎0. Through 
this construction, an informative prior is obtained that controls the degree of borrowing 
from historical evidence. When 𝑎0 = 1, the historical data are fully incorporated, effectively 
treating them as fully compatible with the current study. Conversely, when 𝑎0 = 0, the 
historical data are completely discounted and do not contribute to inference. Values of 𝑎0 
between 0 and 1 correspond to partial borrowing, allowing for the control the degree of 
influence of the historical data on the posterior distribution. 

The power prior was initially developed to strengthen the effect of a single historical study 
𝐷ℎ (as shown in the above formula), however it can be extended to include several studies. 

When multiple historical studies 𝐷ℎ1, … , 𝐷ℎ𝐽  are available, the likelihood contributions from 
all historical studies can be incorporated in the model following this equation: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ1:𝐽
, 𝑎0) ∝ 𝐿( 𝜃𝑐 ∣∣ 𝐷𝑐 ) ∏ [𝐿(𝜃𝑐 ∣ 𝐷ℎ𝑗

)]
𝑎0

𝐽

𝑗=1

𝜋0(𝜃𝑐) 

 
where a single global discount parameter 𝑎0 is applied to all historical studies. 
Alternatively, study-specific discount parameters 𝑎0𝑗  may be introduced to allow different 
degrees of borrowing from each historical study, reflecting varying levels of similarity 
between each historical study and the current one. 

The main challenge here is how to choose an appropriate value for 𝑎0. Fixing it subjectively 
can introduce over-borrowing or under-borrowing bias to the final result (24), while 
estimating it from the data increases flexibility but adds some computational complexity. 
To address this issue, we can use the Normalized Power Prior (26)  

4.1.1.1 Normalized Power Priors 

In the normalized power prior, the discount parameter 𝑎0 is treated as a random variable 
rather than being fixed in advance. A prior distribution is assigned to 𝑎0, commonly a Beta 
distribution, such as 𝑎0 ∼ Beta(1,1), which represents a neutral and non-informative prior 
on the degree of borrowing (27) 
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The model in this case can be described with the following equation: 

𝜋(𝜃𝑐, 𝑎0 ∣ 𝐷𝑐 , 𝐷ℎ)   ∝   𝐿(𝜃𝑐 ∣ 𝐷𝑐)  [𝐿(𝜃𝑐 ∣ 𝐷ℎ)]𝑎0  𝜋0(𝜃𝑐)  𝜋0(𝑎0) 

According to the formula shown above, 𝑎0 is no longer fixed but is learned from the data 
through the posterior distribution. When the historical data are highly compatible with the 
current study, the model will choose higher values for 𝑎0 to upweight historical data since 
we have an agreement and this will lead to stronger borrowing. Conversely, when there is 
disagreement between the historical and current data, the posterior of 𝑎0 is driven toward 
smaller values, corresponding to weaker borrowing. This mechanism enables automatic 
and data-driven calibration of the borrowing strength, allowing the model to adaptively 
downweighs historical information when incompatibility is present.  

When several historical studies are available, the normalized power prior can similarly be 
extended by assigning either a single prior to a global discount parameter 𝑎0 or separate 
priors to study-specific discount parameter 𝑎0𝑗

, depending on whether borrowing strength 
is assumed to be common across historical studies or allowed to vary by historical study. 

4.1.2 Commensurate prior 

Commensurate priors (20) extend the Power Prior framework by allowing the degree of 
borrowing to depend explicitly on the similarity between the current and historical studies, 
rather than through fixed or estimated discount weights applied to historical likelihoods. 
Instead of a discount parameter 𝑎0, borrowing is governed by a commensurability 
parameter 𝜏, which controls how strongly the current study treatment-effect parameter 𝜃𝑐  
is shrunk toward historical evidence 

When there is only one historical study, inference under the commensurate prior is based 
on the following posterior distribution 

𝜋(𝜃𝑐, 𝜃ℎ , 𝜏 ∣ 𝐷𝑐, 𝐷ℎ) ∝ 𝐿( 𝜃𝑐 ∣∣ 𝐷𝑐 ) 𝐿(𝜃ℎ ∣ 𝐷ℎ) 𝜋(𝜃𝑐 ∣ 𝜃ℎ , 𝜏) 𝜋0(𝜃ℎ) 𝜋0(𝜏), 
 

where 𝐿(𝜃𝑐 ∣ 𝐷𝑐) and 𝐿(𝜃ℎ ∣ 𝐷ℎ) denote the likelihoods for the current and historical data, 
respectively. The conditional prior 𝜋(𝜃𝑐 ∣ 𝜃ℎ, 𝜏)  induces commensurability between the 
current and historical effects, while 𝜋0(𝜃ℎ) and 𝜋0(𝜏) represent baseline priors for the 
historical parameter and the commensurability parameter. Importantly, the historical 
parameter 𝜃ℎ  must be estimated because similarity is defined through the relationship 
between 𝜃𝑐  and 𝜃ℎ; consequently, both the likelihood and prior for 𝜃ℎ  appear in the above 
equation.  

The parameter 𝜏 directly controls borrowing as small values of  τ lead to a strong borrowing 
and the contrary is true. This can be seen from the prior 𝜋(𝜃𝑐 ∣ 𝜃ℎ, 𝜏), which is typically 
specified as a normal distribution 𝒩(𝜃ℎ , 𝜏2). The parameter 𝜏 controls the spread of this 
distribution and thus the degree of similarity between 𝜃𝑐  and 𝜃ℎ. When 𝜏 is small, the 
distribution is tightly concentrated around 𝜃ℎ, forcing 𝜃𝑐  to be close to 𝜃ℎ  and resulting in 
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strong borrowing. Conversely, when 𝜏 is large, the distribution is more diffuse, allowing 
greater differences between 𝜃𝑐  and 𝜃ℎ, which corresponds to weaker borrowing 

In other words, we can say that 𝜏 represents the standard deviation of the unexplained 
difference between the current and the historical study that directly controls the amount of 
borrowing. A weak informative prior (Half-normal(0,1)) is usually specified for 𝜏. 

In the case we have multiple historical studies 𝐷ℎ1, … , 𝐷ℎ𝐽, the posterior will be modified 
like this:  

𝜋(𝜃𝑐, 𝜃ℎ1:𝐽
, 𝜏 ∣ 𝐷𝑐 , 𝐷ℎ1:𝐽

) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) ∏ 𝐿(

𝐽

𝑗=1

𝜃ℎ𝑗
∣ 𝐷ℎ𝑗

) ∏ 𝜋(

𝐽

𝑗=1

𝜃𝑐 ∣ 𝜃ℎ𝑗
, 𝜏) ∏ 𝜋0

𝐽

𝑗=1

(𝜃ℎ𝑗
) 𝜋0(𝜏) 

 

The current study could be linked to all historical studies through a single global similarity 
parameter 𝝉 if we assume a common borrowing level across all the historical studies, or 
we can use a study-specific commensurability approach by assigning a separate 
parameter 𝜏ℎ𝑗  to each historical study  𝑗, allowing different degrees of borrowing from 
different historical sources. While this offers greater flexibility, it substantially increases the 
number of parameters that must be specified and estimated. 

More generally, as the number of historical studies increases, commensurate priors 
become increasingly demanding to implement. With 𝐽 historical studies, one must specify 
priors for 𝐽 historical parameters 𝜃ℎ𝑗  and either 𝐽 commensurability parameters 𝜏ℎ𝑗

 (in the 
study-specific case) or at least one additional hyperparameter 𝜏 (in the global case), in 
addition to the current study parameter 𝜃𝑐. This growing number of priors increases 
modelling effort, computational burden, making model construction time-consuming. 
Similar challenges arise in the Power Prior framework, where each historical study requires 
its own discount parameter 𝑎0𝑗. For this reason, hierarchical alternatives such as the Meta-
Analytic Predictive (MAP) prior are often preferred in settings with many historical studies, 
as they pool evidence through a random-effects structure and capture between-study 
heterogeneity using fewer hyperparameters. 

4.1.3 Meta-analytic predictive prior (MAP) 

Meta-Analytic Predictive prior (MAP) (28) is a Bayesian approach designed to combine 
evidence from several historical studies when analyzing a new one. Unlike the Power and 
Commensurate Priors, which are difficult to apply with several external studies (29), the 
MAP prior can naturally handle multiple historical studies in a structured and coherent way 
by performing Bayesian random-effects meta-analysis of the historical studies. Inference 
for the current study’s true parameter 𝜃𝑐  under the MAP framework is based on the 
following posterior distribution: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ1:𝐽
) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽

)     (𝟏) 
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where 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽
) is a prior distribution constructed using the historical datasets 

𝐷ℎ1, 𝐷ℎ2, … , 𝐷ℎ𝐽  through this equation:  

𝜋MAP( 𝜃𝑐 ∣∣ 𝐷ℎ1:𝐽
) = ∫ 𝒩( 𝜃𝑐 ∣∣ 𝜇ℎ, 𝜎ℎ

2 ) 𝜋( 𝜇ℎ, 𝜎ℎ ∣∣ 𝐷ℎ1:𝐽
) 𝑑𝜇ℎ 𝑑𝜎ℎ    (𝟐) 

Where 𝒩( 𝜃𝑐 ∣∣ 𝜇ℎ, 𝜎ℎ
2 ) represents the normal probability density function of 𝜃𝑐  conditional 

on the mean effect across the historical studies 𝜇ℎ and the heterogeneity between the 
historical studies 𝜎ℎ

2. (For binary and Poisson data, the model is formulated using a normal 
approximation on the logit and log scales, respectively). 

In other words, we can summarize the steps for the MAP approach as the following: 

1- We first summarize the historical studies by performing a Bayesian random-effects 
meta-analysis to obtain a posterior distribution for the hyperparameters (𝜇ℎ

, 𝜎ℎ
2) 

𝜋(𝜇ℎ, 𝜎ℎ
2 ∣ 𝐷ℎ1:𝐽

) ∝ 𝐿(𝜇ℎ, 𝜎ℎ
2 ∣ 𝐷ℎ1:𝐽

) 𝜋(𝜇ℎ, 𝜎ℎ
2)  

2- We then predict the treatment effect of the current study 𝜃𝑐  by integrating over that 
posterior distribution of  𝜇ℎ and 𝜎ℎ

2 following equation (2) 

3- The resulting predictive distribution is used as a prior for 𝜃𝑐  as in (1) 

We can notice from the above equations that we have to assign only two (hyper)priors to 
the population-level parameters 𝜇ℎ and 𝜎ℎ  regardless of the number of the historical 
studies. This contrasts with the Power Prior and Commensurate Prior approaches, which, 
in the presence of multiple historical datasets, require additional study-specific discount 
or commensurability parameters and corresponding hyperpriors, which makes the model 
very heavy and time-consuming to execute. 

Before applying the MAP approach, it is important to carefully evaluate whether the 
historical studies are sufficiently comparable to the current study in terms of participant 
characteristics and study conditions, since these methods rely on an underlying 
assumption of exchangeability between past and current data. In other words, the model 
assumes that the current and historical studies are similar, and that any observed 
differences are random and can be captured through the between-study heterogeneity 
parameter. Consequently, the MAP approach will generally continue to borrow information 
from historical data even when some degree of dissimilarity exists. For this reason, robust 
MAP methods (next section) are often preferred, as they reduce the risk of inappropriate 
borrowing in the presence of prior-data conflict 

Another key consideration concerns the estimation of the between-study heterogeneity 
parameter 𝜎ℎ

2. When only a small number of historical studies (e.g., two or three) are 
available, the estimation of 𝜎ℎ

2 may be unstable, leading to over-borrowing or under-
borrowing issues (28). In other words, MAP assumes that the best prediction for a new 
study comes from the variability observed in past studies. With too few historical studies, 
the model can mistakenly conclude that  “all studies are very similar”, or “All studies are 
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different” due to the absence of enough information to reliably estimate heterogeneity 𝜎ℎ
2 

which can lead to either over-borrowing or under-borrowing. 

4.1.4 Robust Meta-analytic predictive priors (rMAP)  
One of the main limitations of the MAP approach is that it borrows information from the 
historical studies used in the meta-analysis regardless of whether their treatment effects 
are similar to the current study effect. 
The rMAP prior is an extension of the MAP prior designed to protect the analysis against 
situations in which the treatment effects in the historical data are not consistent with the 
effect in the current study (30). The rMAP approach combines two priors: the MAP prior 
derived from historical data and a vague prior representing the absence of reliable 
historical information (31), as follows: 

𝜋rMAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽
) = 𝑤 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽

) + (1 − 𝑤) 𝜋𝑉(𝜃𝑐) 
 
where 𝜋𝑉(𝜃𝑐) denotes a vague prior for the current study parameter 𝜃𝑐. This vague 
component allows the analysis to revert to a “no borrowing” scenario when the historical 
data are in conflict with the current data. When 𝑤 = 0, historical data are completely 
ignored and inference relies solely on the vague prior, however, when 𝑤 = 1, the MAP prior 
is used alone, corresponding to full reliance on the historical data. For values 𝑤 falling 
between 0 and 1, borrowing from historical data is partial and controlled by the weight 𝑤.  
The weight 𝑤 is typically specified during the design phase and is not estimated from the 
current data (28) (30). In practice, conservative values such as 𝑤 = 0.1, 0.2, or 0.3 are 
commonly used, with the final choice guided by expert judgment and supported by 
sensitivity analyses evaluating the operating characteristics of the design. 

4.1.5 Self-Adaptive Mixture Priors (SAM) 

A key limitation of the rMAP prior is the subjective selection of the mixture weight 𝑤, which 
controls the amount of borrowing from historical data. As a result, the degree of borrowing 
reflects a subjective or design-based level of trust in the historical data and is not fulldata-
adaptive. To address this, the SAM prior was proposed (23) (32) 

The SAM prior is defined as a mixture between an informative prior derived from historical 
data and a vague prior representing the absence of reliable historical information as 
follows: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋SAM(𝜃𝑐 ∣ 𝐷ℎ) 

𝜋SAM(𝜃𝑐 ∣ 𝐷ℎ) = 𝑤 𝜋inf(𝜃𝑐 ∣ 𝐷ℎ) + (1 − 𝑤) 𝜋𝑉(𝜃𝑐) 

By looking at this equation, we can notice that it looks  like the equation used in the rMAP 
framework, despite this, the calculation of the mixture weight 𝑤 differs between both 
approaches. 
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We know that 𝑤  is fixed in rMAP, however, it is fully data-driven in SAM, and is determined 
through a likelihood ratio (𝑅) that quantifies the agreement between the current and 
historical information as follows: 

𝑅 =
𝐿(𝜃𝑐 = 𝜃ℎ | 𝐷𝑐)

max {𝐿 (𝜃𝑐 = 𝜃ℎ + Δ ∣  𝐷𝑐),  𝐿 ( 𝜃𝑐 = 𝜃ℎ − Δ ∣  𝐷𝑐)}
 

  

Where Δ denotes a clinically meaningful deviation from the historical value selected based 
on an expert opinion, 𝐿(𝜃𝑐 = 𝜃ℎ | 𝐷𝑐) is the likelihood under the agreement between the 
current and historical data and  𝐿 (𝜃𝑐 = 𝜃ℎ + Δ ∣  𝐷𝑐),  𝐿 ( 𝜃𝑐 = 𝜃ℎ − Δ ∣  𝐷𝑐) are the 
likelihoods under the disagreement. 

The likelihood ratio compares the likelihood of the current data under exact agreement with 
the historical estimate to the likelihood under the most favourable clinically relevant 
deviation. The mixture weight 𝑤 is then defined as 

𝑤 =
𝑅

1 + 𝑅
 

𝑤 takes values between 0 and 1, when 𝑤 = 0, this indicates no borrowing from historical 
and the contrary is true. 

Now after I gave a general overview about SAM, I will explain step by step how SAM could be  
constructed in practice in the case we have a binary end point as it is explained in (23) 

**A concrete example ** 

Step 1: Defining the vague prior 

For a binary endpoint, the vague prior could be specified as a Beta distribution, 𝜋𝑉(𝜃𝑐) =
Beta (𝑎, 𝑏), typically with 𝑎 = 𝑏 = 1.  

Step 2: Summarizing the historical data and defining the informative prior 

The historical studies are summarized using a meta-analytic predictive (MAP) prior, as 
explained in the previous section, rather than by complete pooling, in order to account for 
potential heterogeneity across studies. 

The informative prior is therefore defined as: 

𝜋inf(𝜃𝑐 ∣ 𝐷ℎ) = 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽
). 

 

Step 3: Defining the likelihood of the current data 

the likelihood of the current data 𝐷𝑐, consisting of 𝑥 responses out of 𝑛 subjects, is given by 
the binomial model 

𝐿(𝜃𝑐 ∣ 𝐷𝑐) ∝ 𝜃𝑐
𝑥(1 − 𝜃𝑐)𝑛−𝑥. 
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Step 4: updating both the vague prior and the informative prior after seeing 𝑫𝒄 

Starting from the general formula of the posterior distribution 

𝜋(𝜃𝑐 ∣ 𝐷𝑐, 𝐷ℎ) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋SAM(𝜃𝑐 ∣ 𝐷ℎ), 

where 

𝜋SAM(𝜃𝑐 ∣ 𝐷ℎ) = 𝑤 𝜋Inf(𝜃𝑐 ∣ 𝐷ℎ) + (1 − 𝑤) 𝜋𝑉(𝜃𝑐) 
 

we obtain: 𝜋(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ) ∝ 𝑤 𝐿(𝜃𝑐 ∣ 𝐷𝑐)𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ) + (1 − 𝑤) 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋𝑉(𝜃𝑐) 

After the incorporation of  𝐿(𝜃𝑐 ∣ 𝐷𝑐), each term will be updated as follows: 

• An informative component, obtained by updating the MAP prior with the current 
data:  

𝜋MAP(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ) ∝ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽
) 

• Vague component:  

Beta(𝑎 + 𝑥,  𝑏 + 𝑛 − 𝑥) 
 

At this stage, 𝑤 represents the prior weight assigned to the informative component. 

Step 5: Calculation of data-driven mixture weight 

The mixture weight 𝑤 is determined through a likelihood ratio that quantifies the agreement 
between the current data and the historical estimate, 

𝑅 =
𝐿( 𝜃𝑐 = 𝜃ℎ ∣∣ 𝐷𝑐 )

max{𝐿( 𝜃𝑐 = 𝜃ℎ + Δ ∣∣ 𝐷𝑐 ), 𝐿( 𝜃𝑐 = 𝜃ℎ − Δ ∣∣ 𝐷𝑐 )}
 

𝑤 =
𝑅

1 + 𝑅
. 

 

Step 6: Updating w to w* and concluding the final posterior distribution 

The update from 𝑤 to 𝑤∗arises naturally by applying Bayes’ theorem, as the prior mixture 
weights are reweighted according to the marginal likelihood of each component. Applying 
Bayes’ theorem at the mixture level, the updated weight becomes: 

𝑤∗ =
𝑤𝑧1

𝑤𝑧1 + (1 − 𝑤)𝑧0
. 

𝑧0 =
𝐵(𝑎 + 𝑥,  𝑏 + 𝑛 − 𝑥)

𝐵(𝑎, 𝑏)
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𝑧1 = ∫ 𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋MAP(𝜃𝑐 ∣ 𝐷ℎ1:𝐽
) 𝑑𝜃𝑐 . 

 

Where B ( . , . ) is a beta function, 𝑧0 and 𝑧1 are the marginal likelihoods of the current data 
under the vague and the MAP prior respectively. 

Substituting these results into the mixture representation yields the final posterior 
distribution: 

𝜋(𝜃𝑐 ∣ 𝐷𝑐, 𝐷ℎ) = 𝑤∗ 𝜋MAP(𝜃𝑐 ∣ 𝐷𝑐, 𝐷ℎ) + (1 − 𝑤∗) Beta(𝑎 + 𝑥, 𝑏 + 𝑛 − 𝑥). 

Like I mentioned before, SAM prior is a supervised borrowing method since Δ is selected 
based on expert opinion, and the likelihood ratio test will differ based on the type of the 
endpoint under investigation. In conclusion, there is no uniform methodology in the 
calculation of SAM prior, the methods differ by the type of end points and the type of the 
distribution selected for the vague prior. 

4.1.6 Elastic prior 

The Elastic Prior (33) can be formulated within the general Bayesian framework for 
historical borrowing, in which inference on the current study parameter 𝜃𝑐  is based on the 
following posterior distribution:  

𝜋(𝜃𝑐 ∣ 𝐷𝑐 , 𝐷ℎ)   ∝   𝐿(𝜃𝑐 ∣ 𝐷𝑐) 𝜋Elastic(𝜃𝑐 ∣ 𝐷ℎ)   (3) 
 

where 𝜋Elastic(𝜃𝑐 ∣ 𝐷ℎ) represents an adjusted prior derived from the historical data (33). 
The construction of this elastic prior can be explained in three steps: 

Step 1:  The historical data are summarized using a fully Bayesian MAP approach. The 
resulting MAP prior is approximated and its mean 𝜇̂ℎ and variance 𝜎̂ℎ

2 are computed, 
providing a moment-based summary of the historical information. 

Step 2: The degree of agreement between the historical and current data is quantified using 
a discrepancy statistic 𝑇 following this formula 

𝑇 =
(𝜃𝑐−𝜇̂ℎ)2

𝑉𝑎𝑟(𝜃𝑐) + 𝜎̂ℎ
2

 

 

where 𝜃𝑐  denotes the observed effect estimate from the current study, 𝜇̂ℎ and 𝜎̂ℎ
2 are the 

historical mean and variance from step 1. We can see that smaller values of 𝑇 indicate 
stronger agreement and larger values indicate disagreement.  

This discrepancy measure must then be transformed into a discount function 𝑔(𝑇) ∈ (0,1), 
typically specified using a logistic form, 
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𝑔(𝑇) =
1

1 + exp {𝑎 + 𝑏 log (𝑇)}
 

with tuning parameters 𝑎 and 𝑏 controlling how rapidly borrowing decreases as 
disagreement increases. 

Step 3:  the historical posterior obtained in Step 1 is modified by inflating its variance by a 
factor 𝑔(𝑇)−1, yielding the elastic-adjusted prior 

𝜋Elastic(𝜃𝑐 ∣ 𝐷ℎ) ∼ 𝒩(𝜇̂ℎ,  𝜎̂ℎ
2 𝑔(𝑇)−1) 

 

Where  𝜇̂ℎ and 𝜎̂ℎ
2 denote the mean and variance of the historical posterior, respectively 

and we obtained them from step 1. 

Under the assumption that the historical and current studies target the same underlying 
treatment effect, the posterior distribution obtained for 𝜃ℎ  in Step 1 is reinterpreted as a 
prior distribution for the current-study parameter 𝜃𝑐. When the historical and current data 
are in close agreement, 𝑔(𝑇) ≈ 1, the variance inflation is minimal and borrowing is strong. 
Conversely, when substantial disagreement is detected, 𝑔(𝑇) ≈ 0, the variance becomes 
large and the adjusted prior approaches a vague prior, effectively eliminating borrowing. 

The discrepancy statistic 𝑇 is inversely related to the combined variance of the current and 
historical estimates, as it represents a standardized measure of the difference between 𝜃𝑐  
and 𝜇̂ℎ. When the variance is large, 𝑇 becomes small, leading to 𝑔(𝑇) ≈ 1, indicating 
minimal discounting. Importantly, in such cases the elastic prior remains diffuse due to the 
large historical variance 𝜎̂ℎ

2, rather than the effect of the discount function. This can be 
seen in this formula: 𝜋Elastic(𝜃𝑐 ∣ 𝐷ℎ) ∼ 𝑁(𝜇̂ℎ,  𝜎̂ℎ

2𝑔(𝑇)−1) 

The final posterior distribution for 𝜃𝑐  is then obtained by combining this elastic-adjusted 
prior with the likelihood from the current study, as shown in equation (3). 

As I mentioned above, the Elastic prior is a supervised borrowing method, as the form of 
the discrepancy statistic 𝑇and the parameters (𝑎, 𝑏) are specified by the analyst. Different 
formulations of 𝑇 have been proposed in the literature  (33); in this work, I adopted a simple 
and practical form based on standardized differences between current and historical 
estimates. 

4.2 Joint likelihood-based family 

4.2.1 Shrinkage borrowing via standard Bayesian Hierarchical Modeling (BHM) 
and Normal-Normal Hierarchical Model (NNHM) 

To understand this approach, we will begin with the general formulation of the joint 
likelihood-based families: 
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𝜋(𝜃1:𝐽, 𝜇, 𝜎2 ∣ 𝐷1:𝐽)   ∝   ∏ 𝐿(

𝐽

𝑗=1

𝜃𝑗 ∣ 𝐷𝑗)  ∏ 𝜋(

𝐽

𝑗=1

𝜃𝑗 ∣ 𝜇, 𝜎2)  𝜋0(𝜇, 𝜎2). 

where 𝜃𝑗  denotes the true effect in study 𝑗, including both the current and historical 
studies. In this formulation, all studies are modeled jointly through their likelihood 
contributions, while borrowing of information is induced through the hierarchical prior 
linking the study-specific effects. 

The NNHM (34) is the simplest special case of this general framework, consisting of two 
hierarchical levels that account for within-study variability and between-study 
heterogeneity. 

First level of the hierarchy: 

Each study provides an observed effect estimate 𝑦𝑗, which is assumed to be a noisy 
measurement of its own true effect 𝜃𝑗, with known within-study variance 𝜎𝑗

2 (typically taken 
as the squared standard errors reported by each study) 

𝑦𝑗 ∣ 𝜃𝑗 ∼ 𝒩(𝜃𝑗 , 𝜎𝑗
2) 

Second level of the hierarchy: 

In addition, the true study-specific effects 𝜃𝑗  are allowed to vary across studies. This 
between-study variation is modeled by assuming that the study effects are centered 
around a common mean 𝜇, with between-study variance 𝜎2: 

𝜃𝑗 ∣ 𝜇, 𝜎2 ∼ 𝒩(𝜇, 𝜎2)  
 

Here, 𝜇 represents the overall average effect across studies, while 𝜎2quantifies 
heterogeneity between studies. Smaller values of 𝜎2indicate that studies are more similar 
and therefore lead to stronger borrowing of information, whereas larger values allow for 
greater heterogeneity and weaker borrowing. Priors are assigned to 𝜇 and 𝜎2, typically a 
weakly informative normal prior for 𝜇 and a Half-Normal or Half-Cauchy prior for 𝜎2. 

Combining the within-study model and the between-study model through Bayes’ theorem 
yields posterior estimates of the study-specific effects that reflect partial pooling across 
studies. In particular, the posterior mean of each 𝜃𝑗  can be expressed as a weighted 
average of the observed study estimate and the overall mean: 

𝔼( 𝜃𝑗 ∣∣ 𝑦𝑗 , 𝜇, 𝜎2 ) = 𝑤𝑗𝑦𝑗 + (1 − 𝑤𝑗) 𝜇 
 

where the weight 𝑤𝑗  denotes the study-specific shrinkage weight, defined as a function of 
the within-study variance 𝜎𝑗

2and the between-study heterogeneity 𝜎2 and it is given by 
these formulas: 
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𝑤𝑗 =
1/𝜎𝑗

2

1/𝜎𝑗
2 + 1/𝜎2

=
𝜎2

𝜎2 + 𝜎𝑗
2 

 

These weights make the shrinkage mechanism of the NNHM explicit. When between-study 
heterogeneity 𝜎2is small, study effects are strongly shrunk toward the common mean 𝜇, 
resulting in strong borrowing across studies. When 𝜎2is large, shrinkage is weak and each 
study’s estimate is driven primarily by its own data. Similarly, studies with large within-
study variance 𝜎𝑗

2(i.e. imprecise estimates) are shrunk more strongly toward the overall 
mean, while more precise studies retain greater influence.  

The NNHM can also be extended to incorporate bias adjustments, leading to the bias-
corrected meta-analysis model proposed by Verde (35). In this extension, additional 
hierarchical components are introduced to explicitly model potential systematic biases in 
the historical studies before borrowing information for the current trial. 

 

4.3 Practical implementation of the Bayesian borrowing methods for 
different types of endpoints 

The application of simple power priors or commensurate priors becomes less 
straightforward when multiple historical studies are available. Therefore, in this section, 
more flexible approaches are considered, including meta-analytic predictive (MAP) priors, 
mixture priors (rMAP and SAM), elastic priors, and the Normal–Normal Hierarchical Model 
(NNHM). 

For prior-based approaches, the implementation follows a two-stage strategy. In the first 
stage, the historical studies are analysed to construct an informative prior distribution for 
the parameter of interest in the current study. This is achieved using a MAP framework, 
where the study-specific effects from the historical data are assumed to arise from a 
common distribution characterized by an overall mean and a between-study heterogeneity 
parameter. The model is specified on an appropriate scale for each endpoint: the logit 
scale for binary outcomes, the log scale for event rates, and the identity scale for 
continuous outcomes. Weakly informative Normal priors are assigned to the overall 
mean parameter, while Half-Normal priors are specified for the between-study 
heterogeneity where 𝝈𝒋. These priors are selected to cover clinically plausible values 
while avoiding unrealistically large variability that could lead to unstable borrowing. 

In the second stage, the resulting MAP prior is used as the informative prior for the current 
study analysis. For the binary endpoint, the MAP prior is back-transformed to the 
probability scale and approximated as a mixture of Beta distributions. This means that the 
prior is represented as a weighted combination of several Beta distributions rather than a 
single distribution. Each component reflects a possible range and shape of the response 
probability informed by the historical data, while the weights represent their relative 
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plausibility. This mixture representation provides flexibility and allows the prior to capture 
skewness or heterogeneity in the historical evidence. For the event-rate endpoint, the MAP 
prior is constructed on the log scale and approximated using a mixture of Normal 
distributions; posterior summaries are then back-transformed using the exponential 
function to obtain event rates per person-year. For continuous outcomes, the MAP prior is 
constructed directly on the original scale and approximated using a mixture of Normal 
distributions, without the need for back-transformation. 

In robust borrowing approaches such as rMAP and SAM, the informative MAP prior is 
combined with a vague prior component representing minimal prior information. This 
mixture structure provides protection against prior–data conflict: when the current data are 
consistent with the historical data, the informative component dominates and borrowing is 
substantial, whereas in the presence of disagreement, the vague component receives 
more weight, thereby reducing the influence of historical information. 

In contrast, the Normal–Normal Hierarchical Model (NNHM) adopts a joint likelihood-
based approach in which current and historical studies are analysed simultaneously within 
a single hierarchical model. Each study provides an estimate of the effect with an 
associated within-study variance, and the true study-specific effects are assumed to follow 
a normal distribution with mean μ and between-study variance 𝜎𝑗

2. Priors are assigned 
directly to these higher-level parameters: weakly informative Normal priors for the 
overall mean μ and Half-Normal (or alternatively Half-Cauchy) priors for the 
heterogeneity parameter 𝝈𝒋. For binary and event-rate endpoints, the model is specified 
on the logit and log scales, respectively, and posterior estimates are back-transformed to 
the natural scale for interpretation. For continuous outcomes, the model is defined on the 
original scale and no back-transformation is required. In this framework, borrowing arises 
naturally through the hierarchical structure, with the degree of information sharing across 
studies governed by the magnitude of the heterogeneity parameter τ. 

4.4 Implementation of every method in R 

In this section, I will mention the R packages that could be used in the implementation of 
every method (Table1) 

Table1. Different R packages and R functions used in the implementation of every 
borrowing method: 

Method R Package CRAN Link Key Functions Supported 
Outcomes / 

Features 

Power 
Prior 

BayesPPD https://CRAN.R-
project.org/package
=BayesPPD 

two.grp.fixed.a0(), 
two.grp.random.a0(), 
power.two.grp.fixed.a0() 

Normal, binary, 
Poisson, 
exponential; fixed 
or random power 

https://cran.r-project.org/package=BayesPPD
https://cran.r-project.org/package=BayesPPD
https://cran.r-project.org/package=BayesPPD
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parameter; 
multiple historical 
datasets 

BayesPPDS
urv 

https://CRAN.R-
project.org/package
=BayesPPDSurv 

phm.fixed.a0(), 
phm.random.a0() 

Proportional 
hazards models 
with piecewise 
constant hazard 

bayesDP https://CRAN.R-
project.org/package
=bayesDP 

bdpnormal(), 
bdpbinomial(), 
bdpsurvival() 

Discount 
function-based 
power prior 

hdbayes https://CRAN.R-
project.org/package
=hdbayes 

glm.pp() GLMs with Stan 
backend 

Normaliz
ed Power 

Prior 

hdbayes https://CRAN.R-
project.org/package
=hdbayes 

glm.npp(), 
glm.npp.lognc() 

GLMs; log 
normalizing 
constant 
estimation 

BayesPPD https://CRAN.R-
project.org/package
=BayesPPD 

two.grp.random.a0() Random a₀ via 
normalized power 
prior framework 

Commen
surate 
Prior 

hdbayes https://CRAN.R-
project.org/package
=hdbayes 

glm.commensurate() GLMs 

psborrow2 https://CRAN.R-
project.org/package
=psborrow2 

borrowing_hierarchical_
commensurate() 

Simulation 
framework; 
propensity score 
integration  

psBayesbor
row 

https://CRAN.R-
project.org/package
=psBayesborrow 

commensurate.bin(), 
commensurate.t2e(), 
commensurate.cont() 

Binary, time-to-
event, 
continuous; 
propensity score 
matching 

MAP 
Prior 
/rMAP 

RBesT https://CRAN.R-
project.org/package
=RBesT 

gMAP(),  
automixfit(), postmix() 

Binary, normal, 
Poisson; mixture 
approximation of 
MAP prior 

hdbayes https://CRAN.R-
project.org/package
=hdbayes 

glm.bhm() GLMs; Bayesian 
hierarchical 
model inducing 
MAP prior 

https://cran.r-project.org/package=BayesPPDSurv
https://cran.r-project.org/package=BayesPPDSurv
https://cran.r-project.org/package=BayesPPDSurv
https://cran.r-project.org/package=bayesDP
https://cran.r-project.org/package=bayesDP
https://cran.r-project.org/package=bayesDP
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=BayesPPD
https://cran.r-project.org/package=BayesPPD
https://cran.r-project.org/package=BayesPPD
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=psborrow2
https://cran.r-project.org/package=psborrow2
https://cran.r-project.org/package=psborrow2
https://cran.r-project.org/package=psBayesborrow
https://cran.r-project.org/package=psBayesborrow
https://cran.r-project.org/package=psBayesborrow
https://cran.r-project.org/package=RBesT
https://cran.r-project.org/package=RBesT
https://cran.r-project.org/package=RBesT
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
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SAM 
Prior 

SAMprior https://CRAN.R-
project.org/package
=SAMprior 

SAM_weight(), 
SAM_prior(), get_OC() 

Binary, 
continuous. 

Elastic 
Prior 

— — Custom 
implementation 
required 

No dedicated 
CRAN package 
available 

NNHM hdbayes https://CRAN.R-
project.org/package
=hdbayes 

glm.bhm() GLMs; CmdStan 
backend 

historicalb
orrow 

https://CRAN.R-
project.org/package
=historicalborrow 

hb_mcmc_hierarchical()
, hb_mcmc_pool() 

Hierarchical and 
mixture models; 
benchmark 
models 
(independent, 
pooled) 

psborrow2 https://CRAN.R-
project.org/package
=psborrow2 

borrowing_hierarchical_
commensurate() 

Hierarchical 
commensurate 
prior (variant of 
NNHM) 

 

  

https://cran.r-project.org/package=SAMprior
https://cran.r-project.org/package=SAMprior
https://cran.r-project.org/package=SAMprior
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=hdbayes
https://cran.r-project.org/package=historicalborrow
https://cran.r-project.org/package=historicalborrow
https://cran.r-project.org/package=historicalborrow
https://cran.r-project.org/package=psborrow2
https://cran.r-project.org/package=psborrow2
https://cran.r-project.org/package=psborrow2
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5. Materials and methods 
This work was conducted along two complementary directions: an application to simulated 
data and an application to real-world data.  

5.1 Application to simulated data 

5.1.1 Overview 

Four borrowing methods (rMAP prior, SAM prior, elastic prior, and NNHM) were applied to 
two realizations of simulated data to compare and discuss the behavior of these methods  
across different scenarios. The simulation framework was designed to explore method 
performance across varying degrees of similarity between historical and current studies. 

5.1.2 Current Study Data Generation 

A single “current study” was simulated and held constant across all four scenarios to 
enable direct comparison of borrowing methods under identical current data conditions. 
The current study comprised: 

• Sample size: n = 100 patients in one realization and n=20 in a second realization 
• Follow-up: 200 person-years total or 40 person-years (2 years per patient) 

Three types of endpoints were considered for generating the current study (Table2) 

Table2. Simulation of the three different types of endpoints for the current study 

Endpoint True Parameter Data Generation Mechanism 

Binary (Response 
Proportion) 

𝜃 = 0.6    𝑅𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑟𝑠 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑛 , 𝜃) 

Events per person-years 𝜆 = 0.25 events /person-
years 

  𝐸𝑣𝑒𝑛𝑡𝑠 ~ 𝑝𝑜𝑖𝑠𝑠𝑜𝑛 (𝜆 , person-years)  

Continuous (Mean) 𝜇 = 25, 𝜎 = 12.0   𝑌~𝑁𝑜𝑟𝑚𝑎𝑙 (𝜇 , 𝜎2) 

 

The random seed was fixed (seed = 2024) to ensure reproducibility, yielding identical 
current study observations across all scenarios. 
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5.1.3 Historical Studies generation 

Ten “historical studies” were simulated with fixed sample sizes across all scenarios: n = 
{45, 87, 132, 56, 98, 71, 115, 39, 144, 63}. For event per person time outcomes, follow-up 
time was set to 2 × sample size (person-years) per historical study. 

5.1.4 Final datasets (Four scenarios) 

The four datasets differed only in the degree of similarity between historical and current 
study true parameters for every endpoint following this description: 

Scenario 1: High Similarity All 10 historical studies had true parameters within ±3% 
(proportions), ±0.02 (event per person year), or ±2 units (continuous mean) of the current 
study values.  

Scenario 2: Low Similarity 
All 10 historical studies have true parameters deviating by 15–25% (proportions), 0.12–0.20 
(event per person years), or 12–18 units (continuous mean) from current study values, with 
direction randomly assigned. 

Scenario 3: Medium Similarity All 10 historical studies have true parameters deviating by 
8–12% (proportions), 0.05–0.10 (event per person years), or 5–10 units (continuous mean) 
from current study values. 

Scenario 4: Mixed Similarity Historical studies comprise: 3 high similarity, 3 low similarity, 
and 4 medium similarity studies. 

For each historical study, the code first chooses a “true” value based on the similarity 
level. Then it simulates observed data from that true value. 

The standard errors are calculated separately for each outcome as follows:  

For the response proportion, 𝑆𝐸 = √
𝑝(1−𝑝)

𝑛
  where 𝑝 is the observed response proportion 

and 𝑛is the study sample size. 

For the event per person-years, 𝑆𝐸 = √
observed event rate

person-years
 , where person-years are calculated 

as: 𝑛 × 2 

For the continuous outcome, 𝑆𝐸 =
𝑆𝐷

√𝑛
, where 𝑆𝐷 is the observed standard deviation in that 

simulated historical study. To calculate the 𝑆𝐷, each historical study’s mean is first shifted 
(perturbed) to reflect its level of similarity to the current study, and individual data are then 
generated from a normal distribution with that mean and a fixed standard deviation of 12. 

The code used to simulate both current and historical studies are available in appendix: 
see Simulation and the final datasets are available in Supporting material I. 
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5.1.5 Bayesian Borrowing Methods 

Bayesian borrowing methods were implemented to incorporate historical data 𝐷ℎ𝑗
, (𝑗 =

1, … ,10)  into the estimation of the effect of the current study 𝜃𝑐  (probability event for binary 
endpoint, event rate for count data, and mean for continuous data). All analyses were 
conducted separately for binary, event-rate, and continuous endpoints (Table 3). 

All the Bayesian borrowing methods were applied according to the description mentioned 
in the section: Literature Review of the statistical methods used for borrowing. 

Table 3. Model specification and prior choices in the prior-based borrowing methods. 

 rMAP SAM Elastic 

 

 

 

 

 

 

Summary 
of 

historical 
data 

 

 

Prior choice 
for the mean 

For all endpoints, a weakly informative Normal prior was specified 
for the overall mean parameter, 𝜃ℎ  ∼ 𝒩(0, 22), defined on the 
appropriate model scale.  

For the binary endpoint, the model was formulated on the logit 
scale, and the resulting MAP prior was then transformed and 
approximated as a mixture of Beta distributions on the probability 
scale. Similarly, for the event-rate endpoint, the model was 
specified on the log scale. 

 

Prior choice 
for the 

between-
study 

heterogeneity 

 

The between-study heterogeneity was assigned endpoint-specific 
Half-Normal priors on the standard deviation, with scale 
parameters of 1 for binary outcomes, 0.5 for event-rate outcomes 
(on the log scale), and 10 for continuous outcomes. 

 

Use of 
historical 

information 

The historical studies were summarized using a Bayesian 
hierarchical meta-analytic predictive (MAP) framework 
implemented in the RBesT package in R. 

In the mixture-based approaches (rMAP and SAM), the full MAP 
prior distribution was retained and used directly (as a mixture), 
whereas in the Elastic approach the MAP prior was summarized 
using its mean and variance, and replaced by a single normal 
distribution. 
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Vague prior for the mixture 

The vague priors specified for the 
mixture priors were specific for 
every endpoint as follows: 

Beta(1,1) for the binary endpoint 

Normal(log(0.25), 4) for the event 
per person time at the log scale 

Normal(25, 400) for the Normal 
endpoint 

 

Not used explicitly 
(borrowing controlled via 
variance inflation) 

Borrowing mechanism Fixed mixture 
weight 

Data-adaptive 
mixture weight 

Variance inflation via 
discount function  

𝑔(𝑇) =
1

1+exp {𝑎+𝑏 log (𝑇)}
,  

where 𝑇 =
(𝜃𝑐−𝜇̂ℎ)2

𝑉𝑎𝑟(𝜃̂𝑐)+𝜎̂ℎ
2 

Weight / tuning parameters 

(these values are chosen 
arbitrary in this realization of 

simulated data) 

0.3 for all the 
endpoints 

Data-driven 𝑤 
(via SAMprior, 

using threshold 
Δ = 0.10 for the 
binary endpoint, 
Δ = 0.30 for the 
event rate, and 

Δ = 3 for the 
continuous 

endpoint  

 

Fixed 𝑎 = 0, 𝑏 = 2 for all the 
endpoints 

 

Normal–Normal Hierarchical Model (NNHM) 

In the joint likelihood-based framework, current and historical studies were analyzed 
simultaneously. For each study 𝑗 = 1, … , 𝐽, observed data 𝐷𝑗  provided an estimate 𝑦𝑗with 
known within-study variance 𝜎𝑗

2, linked to a true study-specific effect 𝜃𝑗. These effects were 
assumed to arise from a common population distribution with mean 𝜇 and between-study 
variance 𝜎2. 

A prior distribution must be specified for the second level of the hierarchy, namely for the 
overall mean μ and the between-study heterogeneity ( σ²). In our analyses, these choices 
were made separately for each endpoint. Specifically, for the response proportion (logit 
scale with μ ~ Normal(0, 3²) and σ ~ Half-Normal(0, 1); for the event per person time (log 
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scale with μ ~ Normal(log(0.25), 2²) and σ ~ Half-Normal(0, 1); and for the continuous 
mean, μ ~ Normal(25, 20²) and σ ~ Half-Normal(0, 10). These priors are weakly informative 
but reflect plausible ranges for each outcome on the transformed scale. The choice of prior 
for σ governs the extent of allowed heterogeneity and therefore directly influences the 
degree of borrowing across studies, while the prior for μ represents prior belief about the 
overall average effect.  

The posterior inference was performed using Gibbs sampling, with a Metropolis–Hastings 
step for updating the between-study heterogeneity parameter, implemented in R. The code 
is available in the appendix: Bayesian simulated data. 

5.2 Real-World data (RWD) 

Our current study of interest (22) is a multicenter single-arm trial evaluating the safety and 
effectiveness of Sirolimus for slow-flow vascular malformation in adults and children. The 
total sample size of the current study is 132, and this is a special case of a clinical trial of a 
rare disease as the sample size is quite high. 

There is a wide range of age groups among the participants with a female dominance.  The 
participants suffer from different types of vascular malformations existing in several 
anatomical locations. Some of the participants undergone surgical procedures prior to 
Sirolimus administration, and some were not. Some of the patients were symptomatic and 
some were not. The second problem is the absence of a control group due to the ethical 
concerns of recruiting patients without giving them the treatment. 

Several clinical endpoints were assessed in the current study; however, the primary 
endpoint (binary endpoint) considered in our analysis is the improvement in pain at 12 
months. This outcome was reported in 76% of patients (77/101), as only 101 participants 
have reported they suffered from pain at baseline. 

The secondary endpoint (continuous endpoint) evaluated in this analysis is the mean 
reduction in D-dimer levels from baseline after 12 months of Sirolimus treatment (n = 
64) (calculated as the pre-Sirolimus levels – post-Sirolimus levels / pre-Sirolimus levels)  

Our goal now is to search for some historical studies and extract the data that best match 
our study of interest to reinforce its our estimates. 

5.2.1 Identification of the relevant studies 

An advanced search was conducted in PubMed with the following search term: (sirolimus 
OR rapamycin OR mTOR) AND ("vascular anomalies" OR "vascular malformations" OR 
"vascular abnormalities" OR "vascular tumors" OR "lymphatic malformations" OR 
"lymphatic anomalies" OR "venous malformations" OR "capillary malformations" OR 
"arteriovenous malformations" OR "combined vascular malformations").  

The publication year and study design were not restricted so that numerous observational 
studies including case series as well as single-arm trials were included in the search. The 
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primary aim was to select studies with both pre- and post-sirolimus data similar to my 
current study of interest. 

606 studies were captured in the initial search; after applying filters to select only those 
that included humans, there were 463 articles. Titles and abstracts screening narrowed the 
selection down to 31 studies, and 18 of them were selected as relevant for inclusion 
(Figure 1). 
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1.  

  

 

 

 

 

 

 

  

   

 

 

 

  

 

 

  

  

 

 

 

  

 

 

Figure 1. PRISMA diagram to describe the final inclusion of 19 studies in the analysis 

5.2.2 Data extraction 

Among the 19 studies and our current study, we extracted the total number of participants, 
median age, male proportion, the dose of sirolimus , procedures and medications prior to 

 

PubMed (n=606) 

 

Title and abstract screening  

(n=463) 

Full paper screening 

(n=31) 

143 removed after filtering out 

animal studies 
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13 irrelevant papers are removed 

(12 focused on the clinical 

manifestation of the disease; 1 

focused on fast-slow vascular 

malformation) 

432 papers removed because 

they are irrelevant or they just 

describe the clinical features 

of the vascular malformation 

without collecting data 
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Sirolimus administration, type and anatomical location of the vascular malformation (all of 
these demographic and clinical features were used later on to calculate similarity weights) 
(Table 3) and the entire data extraction table is available in Supporting material II. 

Regarding responses, data are collected regarding the change in pain, response type 
(complete versus partial response and no response), and the change in the D-dimer levels 
are collected. 

 

 

 

 

  



 

38 

Table 3. Baseline characters of the studies included in the analysis 

Studies Study design 

Baseline characteristics Type of vascular malformation 

N 

Age 
median in 

years 
(range) 

Males 
(n) 

Median 
duration of 
Sirolimus 

treatment in 
months 
(range) 

Venous 
(n) 

Capillary 
(n) 

Lymphatic 
(n) 

Combined 
(n) 

Seront et al, 
2023 (our study 
of interest) (22) Trial 132 30 (0-73) 46 7.5 (3-12) 76 7 27 22 

Fernández 
Oliveira et al, 

2023 (36) 
Observational 
retrospective 7 

4.2 (3 
months-17 

years) 6 12.5 (1-96) 2   3 2 
Mack et al, 
2019 (37) 

Observational 
retrospective 15 13 (1-25) 5 21 (9-42) 3     12 

Tian et al, 2019 
(38)   Case series 56 

2  (2 
months-16 

years) 32 12 (1-24)     56   

Harbers et al, 
2021 (39) Case series 12 

16 (1-50 
years) 8 

6 initial (3-
6),follow-up 

(7-36) 2   5 5 
R Gabeff et al, 

2019 (40) 
Observational 
retrospective 10 13 (2-47) 6 24.5 (3-72) 10       

Engel et al, 
2023 (41) 

Prospective 
and 

retrospective 29 
8 (0.33–
42.36) 9 7.5 (3-12)       29 

Rebecca et al, 
2025 (42) 

Observational 
retrospective 55 41 (23-72) 26 

4.2 IQR: 424.5 
days 35 2 4 14 

Hammer, 2018  
(43) Trial 19 16  (3-64) 7 28 (1-48) 7   8 4 
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Ozeki et al, 
2024 (44)   Trial 13 

6 (8 
months-

71) 6 13  1   4 8 
Adams et al, 

2016 (45) Trial 60 
8.1 (21 d-

28.5 y) 25 6 (3-12)     22 38 

Yi Ji e al, 2021 
(46) Trial 126 4.8 (0.1-14) 64 

6 years in 
total, 

assessment 
after 6, 12, 24 

months  19   20 76 
Pang et al, 
2021 (47) 

Prospective 
Case series 7 43 (23-60) 3 6 in total 5   2   

Yesil et al, 2015 
(48) Case series 6 

8.667 
(3.66- 13) 3 13 (9-18) 1     5 

Kim et al, 2023 
(49) Case series 20 

5.05 (1 
month-19 

y) 14 25.2 (7–51.6) 4   7 9 
Wang et al, 
2025 (50)  

Retrospective 
case control 36 24 15 6.34     36   

Triana et al, 
2017 (51) 

Retrospective 
review 41 

12.8 (0.16–
47) 17 8.5 (1-51) 8   19 14 

Sandbank et al, 
2019 (52) 

Multicenter 
study and a 

review 19 

mean: 6.2 
years, 

range: 0.5–
322 

months 13 11 (1.5-60) 1   6 12 
Weigand et al, 

2018 (53) 
Systematic 

review 55 5  (0-64) 18 10 (1.5-78)     28 27 
Weigand et al, 

2022 (54) 
Systematic 

review 89 1  (0-17) 16 12 (2-48)     89   
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5.2.3 Quality-adjusted Similarity weights 

A pre-borrowing framework is introduced to quantify the degree of similarity between each 
historical study and the current study. This step is motivated by the presence of both 
demographical and clinical heterogeneity of the participants of historical studies, as 
patients differ in age (paediatric vs adult populations), type of vascular malformation 
(venous, lymphatic, capillary, combined), and prior treatments and procedures 
(sclerotherapy, surgery, laser, steroids) and this is shown in the main data extraction table 
available in Supporting material II. As a result, assuming full similarity across studies would 
be unrealistic, and study-specific weights are required to reflect both comparability and 
methodological reliability. 

To address this, a study-specific similarity weight (𝑞𝑗) is constructed by combining three 
components: (1) methodological quality assessed through risk of bias, (2) study design, 
and (3) demographic and clinical similarity. 

First, risk-of-bias (ROB) weights (𝑤𝑗
𝑅𝑂𝐵) are assigned based on the NIH quality 

assessment tool for before–after studies without a control group (55). Each study is 
evaluated using a standardized set of 12 criteria and classified into one of three categories: 
Good, Fair, or Poor. These categories are mapped to numerical weights (1.0, 0.7, and 0.3, 
respectively), reflecting decreasing internal validity. This approach ensures that studies 
with higher risk of bias contribute less to the borrowing process (Table 4).  

The detailed ROB assessment for all studies is provided in Supporting material III. 

Second, study design weights (𝑤𝑗
𝐷𝑒𝑠𝑖𝑔𝑛

) are derived based on the hierarchy of evidence as 
described in the GRADE framework (56). Although GRADE does not provide explicit 
numerical weights, it emphasizes that randomized and prospective designs provide 
stronger evidence than observational studies and case series. Based on these principles, 
study designs are assigned weights reflecting their relative methodological strength, with 
higher values assigned to prospective and multicentre studies and lower values to less 
robust designs like case series (Table 4) 

Third, The demographic and clinical characteristics are combined into a single similarity 
measure (𝑆𝑗) through the use of the Gower distance (57), which aggregates information 
across multiple variables of different types. For each historical study 𝑗, the distance 𝐷𝑗  from 
the current study is calculated as the average of variable-specific distances: 

𝐷𝑗 =
1

𝐾
∑ 𝑑𝑗𝑘

𝐾

𝑘=1
   where: 

• 𝐾 is the number of variables included in the similarity assessment  

• 𝑑𝑗𝑘 ∈ [0,1] represents the distance between study 𝑗 and the current study for 
variable 𝑘 
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Each variable contributes equally to the overall distance, after being scaled to ensure 
comparability. For continuous variables (e.g., age or disease duration), the distance is 
computed as the absolute difference between the two studies divided by the observed 
range of that variable. For categorical variables (e.g., anatomical location), the distance is 
defined as 0 if the categories are identical and 1 if they differ. Proportions (e.g., distribution 
of malformation types) are treated as continuous variables and compared using absolute 
differences. 

The overall distance 𝐷𝑗  is therefore the average of these standardized differences across all 
variables, ensuring that no single variable dominates the measure. This distance is then 
transformed into a similarity measure:  𝑆𝑗 = 1 − 𝐷𝑗, so that higher values of 𝑆𝑗  indicate 
greater similarity between the historical study and the current study (Table 4). 

The variables included in this calculation are age, gender, disease duration, proportion of 
malformation type, anatomical location, and procedures undergone before Sirolimus 
administration. All of these variables are available in the main data extraction sheet in the 
section: Supporting material II 

Only the available demographic and clinical data were used, relying exclusively on the 
information reported in each study rather than imputing missing values. In the similarity 
calculation, variables that were not reported for a given study were simply excluded, so 
that similarity was based only on characteristics shared with the current study. To account 
for differences in the amount of available information across studies, a completeness 
adjustment was applied**, assigning slightly lower weights to studies with more missing 
data. This approach avoids introducing unsupported assumptions about unreported 
clinical features and ensures that the similarity assessment remains transparent and 
grounded in observed data. 

The three components are combined into a single similarity weight 𝑞𝑗, defined as: 

𝑞𝑗 = 𝑆𝑗 × √𝑤𝑗
𝑅𝑂𝐵 × 𝑤𝑗

𝐷𝑒𝑠𝑖𝑔𝑛 

This formulation prioritizes demographic and clinical similarity as the primary driver of 
similarity, while incorporating methodological quality as a moderating factor. The use of the 
square root (i.e., a geometric mean–type adjustment (58)) ensures that lower-quality 
studies are down-weighted without being completely excluded. 

The resulting weights 𝑞𝑗  are used in the Bayesian borrowing analyses to modulate the 
contribution of each historical study, allowing borrowing to reflect both similarity to the 
target population and the credibility of the evidence. 

 

**The completeness metric is calculated by dividing the number of variables observed in both the current study and 
historical study  j  over the total number of variable used in the similarity assessment and then this metric is multiplied by 
𝑆𝑗  to downweigh the historical study with large number of missing data 
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Table 4. The individual component scores and the resulting final pre-borrowing 
weights. 

Study ROB Study Design Demographic 
and clinical 
similarity 
weight (𝑆𝑗) 

ROB 
Weight 
(𝑤𝑗

𝑅𝑂𝐵) 

Design 
Weight 
(𝑤𝑗

𝐷𝑒𝑠𝑖𝑔𝑛
) 

Final 
weight 
(𝑞𝑗) 

Fernandez 
Oliveira et al, 
2023 

Poor Observational 
retrospective 

0.367 0.3 0.6 0.156 
Mack et al, 
2019 

Fair Retrospective 
review 0.211 0.7 0.5 0.125 

Tian et al, 
2019 

Fair Case series 
0.256 0.7 0.5 0.152 

Harbers et al, 
2021 

Poor Case series 
0.287 0.3 0.5 0.111 

R Gabeff et al, 
2019 

Poor Observational 
retrospective 0.313 0.3 0.6 0.133 

Engel et al, 
2022 

Fair Observational 
Prospective 

and 
retrospective 0.207 0.7 0.6 0.134 

Rebecca et al, 
2025 

Fair Observational 
retrospective 0.345 0.7 0.6 0.224 

Hammer, 
2018 

Good Trial 
0.374 1 0.85 0.345 

Ozeki et al, 
2024 

Good Trial 
0.145 1 0.85 0.133 

Adams et al, 
2016 

Good Trial 
0.138 1 0.85 0.127 

Yi Ji e al, 2021 Good Trial 0.128 1 0.85 0.118 
Pang et al, 
2021 

Fair Prospective 
Case series 0.301 0.7 0.85 0.232 

Yesil et al, 
2015 

Poor Case series 
0.341 0.3 0.5 0.132 

Kim et al, 
2023 

Fair Case series 
0.315 0.7 0.5 0.186 

Wang et al, 
2025 

Good Retrospective 
case control 0.337 1 0.7 0.282 

Triana et al, 
2017 

Poor Retrospective 
review 0.364 0.3 0.5 0.141 

Sandbank et 
al, 2019 

Poor Multicentre 
study and a 

review 0.193 0.3 0.75 0.092 
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Weigand et al, 
2018 

Fair Systematic 
review 0.27 0.7 0.8 0.202 

Weigand et al, 
2022 

Fair Systematic 
review 0.248 0.7 0.8 0.186 

 

The R code used to calculate these weights is available in the appendix: pre borrowing 
weights and the final excel sheet with all the detailed weights (with the completeness 
metric and the downweighing of the studies with several missing data) is available in 
Supporting material IV 

5.2.4 Bayesian borrowing analysis and the inclusion of the pre-borrowing 
weights  

Binary Endpoint (Pain response) 

For the binary endpoint, pre-borrowing weights (𝑞𝑗) were incorporated on the probability 
scale by converting each historical study into quality-adjusted effective counts: 

𝑛𝑗
eff =  𝑁𝑗 × 𝑞𝑗  

𝑟𝑗
eff = 𝑅𝑗 × 𝑞𝑗  

where 𝑁𝑗  denotes the original sample size of study 𝑗, 𝑅𝑗  the number of responders, and 𝑞𝑗  
the corresponding similarity-quality weight. The quantities 𝑛𝑗

effand 𝑟𝑗
eff represent the 

effective sample size and effective number of responses after incorporating similarity 
weights. 

A MAP prior was then fitted using the gMAP function of the R package RBest. This quality-
adjusted MAP prior served as the informative component for constructing both the robust 
MAP (rMAP) and the SAM prior. Additionally, elastic priors were derived based on the mean 
and standard deviation estimates of the MAP distribution. 

For the Normal-Normal Hierarchical Model (NNHM), the pre-borrowing weights were 
incorporated at the second hierarchical level rather than through effective counts, 
according to: 

𝜃𝑗 ∣ 𝜇, 𝜎2 ∼ 𝒩(𝜇,  𝜎2/𝑞𝑗). 

Continuous Endpoint (d-dimer decrease) 

For the continuous endpoint, similarity weights were incorporated via a quality-adjusted 
effective sample size. For each historical study 𝑗, the effective sample size was defined as: 

𝑛𝑗
eff =  𝑁𝑗 × 𝑞𝑗  
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The within-study standard error was then recalculated as: 

𝑆𝐸𝑗
eff =

𝑆𝐷𝑗

√𝑛𝑗
eff

, 

where 𝑆𝐷𝑗  is the reported standard deviation of study 𝑗. 

A Gaussian MAP prior was fitted using the RBesT package in R. This MAP prior was 
subsequently used as the informative component in both the rMAP and SAM approaches. 
Elastic priors were constructed using the mean and standard deviation of the MAP 
distribution. 

For the NNHM, similarity weights were incorporated at the second hierarchical level in the 
same manner as for the binary endpoint. 

5.2.5 Sensitivity analysis 

The main objective of the sensitivity analysis is to assess the stability and robustness of 
each borrowing method across a wide range of parameter values. Ideally, the level of 
borrowing should remain relatively stable when these parameters are varied. Large 
fluctuations in results indicate that a method is highly sensitive to specific parameter 
choices and may therefore lack robustness. To evaluate this, the analysis was repeated 
across 50 different parameter settings for each method, with parameter grids deliberately 
constructed to span a broad spectrum of scenarios, ranging from low similarity (limited 
borrowing) to high similarity (strong borrowing). 

Binary endpoint (pain response) 
For the binary outcome, the sensitivity grids are defined on both the probability and logit 
scales, reflecting the underlying formulation of each method. The rMAP robustness weight 
𝑤 ∈ [0.02,1.00] controls the mixture between informative (historical) and vague priors on 
the probability scale; exploring this full range allows evaluation from minimal to complete 
borrowing. The SAM similarity tolerance Δ ∈ [0.01,0.50] is specified on the probability 
scale, as agreement is assessed in terms of response proportions; this range captures 
scenarios from very strict similarity to moderate clinical differences. The Elastic prior 
parameters (𝑎, 𝑏)are varied over a 50-point grid with 𝑎 ∈ [−2,3] and 𝑏 ∈ [0.5,4], operating 
on the logit scale through a discrepancy-based discounting function; this grid spans weak 
to strong levels of discounting. Finally, the NNHM heterogeneity prior scale 𝜎 ∈ [0.1,5.0] is 
defined on the logit scale, representing between-study variability in log-odds; the chosen 
range covers near-homogeneity to substantial heterogeneity.  

Continuous endpoint (D-dimer decrease) 
For the continuous outcome, the sensitivity grids are defined primarily on the mean 
difference scale for all the methods. The rMAP weight 𝑤 ∈ [0.02,1.00] again governs the 
degree of borrowing through the prior mixture. The SAM tolerance Δ ∈ [0.1,3.0] is defined on 
the mean difference scale, reflecting the use of a normal likelihood to assess agreement 
between current and historical data; this range spans small to clinically meaningful 
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differences in D-dimer reduction. The Elastic prior grid (𝑎, 𝑏), with 𝑎 ∈ [−2,3] and 𝑏 ∈
[0.5,4], to enable exploration from aggressive borrowing to low borrowing. The NNHM 
heterogeneity prior 𝜎 ∈ [0.1,3.0] is defined on the mean scale, representing between-study 
standard deviation and covering scenarios from high exchangeability to substantial 
heterogeneity.  

5.2.6 Point estimates and credible intervals calculation 

Binary endpoint (pain response) 

Regarding the effects of the historical and current data, 95% confidence intervals were 
calculated using standard methods for binomial proportions, implemented via the 
‘prop.test()’ function in R. 

For the rMAP and the SAM priors, the posterior distributions were represented as mixtures 
derived from the MAP prior combined with the binomial likelihood. Point estimates were 
obtained as the posterior mean of the mixture distribution. Credible intervals were 
computed using the exact posterior mixture quantiles. 

For the Elastic prior, the model was constructed on the logit scale. The MAP prior was 
sampled on the probability scale and transformed to the logit scale, from which a normal 
approximation was obtained via moment matching. After applying the elastic variance 
inflation, the posterior distribution on the logit scale was normal. Posterior samples were 
then generated from this normal distribution and transformed back to the probability scale. 
Point estimates were calculated as the mean of the transformed posterior samples, and 
credible intervals were computed as the empirical 2.5th and 97.5th percentiles of these 
samples. 

For the NNHM, posterior inference was obtained via MCMC sampling using a normal 
likelihood for the logit-transformed study-level proportions and their corresponding 
standard errors, representing a normal approximation to the binomial sampling 
distribution. Posterior samples of the current-study parameter were obtained after burn-in 
and transformed back to the probability scale using the inverse-logit function. Point 
estimates were calculated as the mean of the transformed posterior samples, and 95% 
credible intervals were computed as the empirical 2.5th and 97.5th percentiles of these 
samples. 

Continuous endpoint (D-dimer decrease) 

Regarding the effects of the historical and current data for the continuous endpoint, 95% 
confidence intervals were calculated in the conventional way using standard t-based 
methods for the mean, based on the sample mean, standard deviation, and sample size. 

For the rMAP and the SAM priors, the posterior distributions were represented as mixtures 
of normal components obtained via the RBesT framework. Point estimates were obtained 
as the posterior mean of the mixture distribution. In these cases, 95% credible intervals 
were computed using the exact quantiles of the posterior mixture distributions. 
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For the Elastic prior, the MAP prior was first approximated by a moment-matched normal 
distribution with mean 𝜇̂ℎ and variance 𝜎̂ℎ

2. After applying the elastic variance inflation 
factor 𝑔(𝑇)−1, the posterior distribution remained normal due to conjugacy with the normal 
likelihood. Point estimates were obtained as the posterior mean of the normal distribution, 
and 95% credible intervals were calculated analytically using the corresponding normal 
quantiles. 

For the NNHM, posterior inference was obtained via Markov Chain Monte Carlo (MCMC) 
sampling using a custom Gibbs sampler with a Metropolis–Hastings update for the 
between-study heterogeneity parameter. The posterior distribution of the current-study 
parameter was summarized using retained samples after burn-in. Point estimates were 
computed as the posterior mean of these samples, and 95% credible intervals were 
obtained as the empirical 2.5th and 97.5th percentiles. 

5.2.7 Effective sample size (ESS) 

The concept of effective sample size (ESS) is used to quantify the amount of information in 
a statistical model by expressing it as an equivalent number of observations. In the 
Bayesian literature, this is often defined for a prior distribution alone, before observing the 
current data. For example, in a binary-beta conjugate setting, a Beta (𝑎, 𝑏) prior can be 
interpreted as contributing 𝒂 prior successes and 𝒃 prior failures, so it behaves as if it 
represents 𝒂 + 𝒃 observations in total. This is because, when combined with current data, 
the posterior becomes Beta (𝑎 + 𝑥, 𝑏 + 𝑛 − 𝑥) where 𝑥 is the observed success in the 
current study , meaning the prior adds directly to the observed counts. Therefore, the ESS 
of a Beta prior is 𝒂 + 𝒃, as it reflects the strength of the prior in terms of an equivalent 
sample size (59). 

However, in this analysis, the borrowing methods used (rMAP, SAM, Elastic priors, and 
NNHM) combine historical and current data in a data-adaptive way, so the contribution of 
the historical information is not fixed. Instead, it depends on the level of agreement 
between historical and current evidence. As a result, a single fixed prior ESS cannot be 
defined for these methods (59). In other words, there is no universal closed-form 
expression that can be applied for all the Bayesian borrowing methods and for different 
types of endpoints. 

For this reason, ESS is defined here at the posterior level, to measure how much 
additional information is gained from borrowing after combining the prior with the current 
data. This is done by comparing the posterior variance with and without borrowing. Since 
statistical information is inversely related to variance (via Fisher information), a reduction in 
variance corresponds to an increase in information. 

The additional ESS is defined as: 

ESS = max (0,   𝑛𝑐 (
Varno borrow

Varborrow
−1)) 
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where 𝑛𝑐  is the current study sample size, Varno borrow is the posterior variance obtained 
using only current data, and Varborrow is the posterior variance under the borrowing model. 
This definition expresses the gain in precision due to borrowing as an equivalent number of 
additional observations from the current study. 

  



 

48 

6. Results 
6.1 Application to simulated datasets 

First case: Current study (n= 100) 

When the historical studies are very similar to the current study, most Bayesian borrowing 
methods use a large portion of the historical information. In simple terms, the models 
consider the historical data reliable and borrow strongly from it. As a result, the estimates 
become more precise and the intervals are narrower compared to using the current study 
alone. This also leads to a higher effective sample size (ESS), because the historical data is 
consistent with the current evidence and supports the same effect  (Figure 2A). 

In the moderate similarity scenario, the historical data is somewhat aligned with the 
current study but not perfectly. The methods still borrow information, but more cautiously. 
This means the final estimate is slightly influenced by the historical data. The intervals are 
slightly narrower than the current-only analysis, and the ESS increases moderately, 
reflecting balanced and careful borrowing (Figure 2B). 

When there are clear differences between the historical studies and the current study, the 
borrowing methods automatically reduce how much they rely on the historical data. In 
simple words, the models detect disagreement and shift more weight toward the current 
study. As a result, the ESS decreases and the estimates are driven mainly by the current 
data. The intervals remain close to the uncertainty of the current study, showing cautious 
borrowing under heterogeneity  (Figure 2C).  

When the historical data is clearly inconsistent with the current study, the dynamic 
borrowing approaches strongly down-weight the historical evidence, sometimes almost 
ignoring it. In practice, this means the final estimate is mainly based on the current trial, 
and the ESS from historical data becomes very small. This highlights a key advantage of 
Bayesian dynamic borrowing in rare disease trials: it protects the analysis from misleading 
conclusions when the historical studies are not compatible with the current population  
(Figure 2D). 
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Figure 2. Forest plots showing point estimates and 95% CI based on 4 Bayesian 
borrowing methods across different scenarios and different endpoints (when n-

current=100) 

Based on this limited simulation-based investigation, the borrowing methods show a 
consistent pattern of behavior. When similarity is high, all methods borrow more and 
increase precision; when similarity decreases, they reduce borrowing and rely more on the 
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current study. This consistency across endpoints indicates that the dynamic borrowing 
mechanism is stable and can be applied to different outcome type, which is particularly 
important in rare disease trials where multiple types of outcomes are often analyzed. 

Now, let’s concentrate our attention to only one endpoint type (the proportion)  and 
compare between the different methods in more details. The simulation results for the 
binary endpoint indicate that all dynamic borrowing methods behave adaptively across 
similarity scenarios when compared with the no-borrowing baseline (CI width = 0.177). 

In the high similarity scenario, notable precision gains are observed. NNHM achieves the 
narrowest credible interval (CI width=0.135), followed by Elastic (CI width=0.153), 
indicating substantial borrowing from historical data. In contrast, rMAP (CI width=0.167) 
and SAM (CI width=0.170) remain more conservative, with interval widths closer to the no-
borrowing scenario 

Under low and medium similarity, CI widths across all methods (approximately 0.174–
0.177) closely match the no-borrowing level, demonstrating appropriate weakness of 
borrowing in the presence of heterogeneity. 

In the mixed similarity scenario, moderate borrowing is evident. NNHM (CI width=0.157) 
and Elastic (CI width=0.163) again yield narrower intervals, reflecting partial pooling across 
compatible studies, whereas rMAP (CI width=0.166) and SAM (CI width=0.160) show more 
cautious borrowing (Table 5) 

Table 5: Precision and Borrowing Performance of Bayesian Methods for the Binary 
Endpoint Across Similarity Scenarios 

Method Scenario Posterior 
Mean 

CI Lower CI Upper CI width 

rMAP High Similarity 0.681 0.609 0.776 0.167 
rMAP Low Similarity 0.707 0.616 0.791 0.175 
rMAP Medium Similarity 0.698 0.607 0.784 0.177 
rMAP Mixed Similarity 0.706 0.619 0.785 0.166 
SAM High Similarity 0.685 0.609 0.779 0.170 
SAM Low Similarity 0.707 0.616 0.791 0.175 
SAM Medium Similarity 0.706 0.614 0.79 0.176 
SAM Mixed Similarity 0.705 0.622 0.782 0.160 
Elastic High Similarity 0.688 0.606 0.759 0.153 
Elastic Low Similarity 0.709 0.615 0.789 0.174 
Elastic Medium Similarity 0.703 0.608 0.783 0.175 
Elastic Mixed Similarity 0.706 0.618 0.781 0.163 
NNHM High Similarity 0.659 0.602 0.737 0.135 
NNHM Low Similarity 0.708 0.615 0.79 0.175 
NNHM Medium Similarity 0.682 0.591 0.765 0.174 
NNHM Mixed Similarity 0.702 0.619 0.776 0.157 
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No borrowing 0.706 0.614 0.790 0.177 

Overall, the ranking of borrowing strength based on interval width is approximately: the 
NNHM (strongest borrowing) followed by the Elastic prior (moderate borrowing) followed by 
the rMAP and SAM (most cautious). These findings seem to indicate that hierarchical 
pooling methods enable greater information sharing when appropriate, while robust 
mixture approaches maintain stronger protection against potential incompatibility with 
historical data (Figure 3) 

 

Figure 3. Forest plots showing different borrowing methods across different similarity 
scenarios for a proportion endpoint 
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The excel sheets containing all posterior mean estimates and the 95% crl  for all the 
scenarios when the sample size of the current study =100 is available in Supporting 
material V 

Second case: Current study (n= 20) 

For a current study with a small sample size (n = 20), representing a typical rare disease 
setting, Figure 4 shows that the degree of borrowing decreases as the similarity between 
the historical data and the current study declines. When the historical studies are highly 
similar, substantial borrowing occurs, reflected by a shift of the estimates toward the 
historical data and an increase in precision across the different endpoints. As similarity 
decreases (medium and low scenarios), the methods progressively downweigh the 
historical information, resulting in estimates that move closer to the current study results. 
In the mixed similarity scenario, partial borrowing is observed, while still maintaining 
robustness against potentially conflicting historical data. 

Figure 4 also highlights that differences between the Bayesian borrowing methods are 
more pronounced in this small-sample setting, particularly in the medium and low 
similarity scenarios. In contrast, for a current study with larger sample size (n = 100), the 
posterior estimates were closer to the current study estimate, and differences between 
methods become minimal. The reduction in credible interval width is also less pronounced, 
indicating a weaker influence of the historical data. 

The excel sheets containing all posterior mean estimates and the 95% crl  for all the 
scenarios (when the sample size of the current study =20) is available in Supporting 
material VI 
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Figure 4. Forest plots showing point estimates and 95% CI based on 4 Bayesian 
borrowing methods across different scenarios and different endpoints (when n-

current=20) 
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6.2 Real-World data 

In this section, the primary aim is to strengthen the analysis of both the pain proportion (a 
binary endpoint) and the reduction in D-dimer levels (a continuous endpoint) by 
incorporating historical data from 19 studies identified in the literature. 

6.2.1 Binary endpoint 

For the binary endpoint, all dynamic borrowing methods yielded posterior means that were 
very close to the current-only estimate (76.2%). Overall, the historical data are not fully 
consistent with the observed effect in the current study. Some studies report similar 
effects, such as those by Yi Ji, Triana, and Sandbank, while others show different results, 
including studies by Hammer, Tian, Weigand (2018), and Weigand (2022). This pattern 
suggests a mixed similarity scenario, where some historical studies align with the current 
data and others differ substantially. As a result, the overall borrowing is limited (Figure 5). 

 

Figure 5. Forest Plot of Current and Historical Studies with Posterior Response Rates 
under Bayesian Borrowing Methods 
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rMAP (w = 0.5–0.8) 

In this setting, rMAP produces credible interval widths of 15.1–15.4 percentage points (pp), 
modestly narrower than the no-borrowing width of 17.4 pp, indicating a moderate influence 
of historical data on the final estimate. The borrowed information is limited but noticeable, 
with an ESS of 13–20 (≈12.8–20.0%), reflecting cautious borrowing. Increasing the mixture 
weight from w = 0.50 to w = 0.80 leads to a clear gain in precision and ESS, although the 
improvement remains controlled. This suggests that rMAP balances borrowing and 
robustness, allowing more information sharing when compatibility with historical data is 
supported while still protecting against over-borrowing (Table 6). 

SAM prior 

SAM performs similarly to rMAP but shows slightly stronger borrowing. Credible interval 
widths are 15.0 pp for Δ = 0.10 and 14.9 pp for Δ = 0.25, representing further narrowing 
compared to rMAP. The borrowed ESS is 20–21, corresponding to ≈19.6–20.5% relative 
ESS. These results indicate a consistent precision gain over no borrowing and slightly 
greater borrowing than rMAP at w = 0.50, while being broadly comparable to rMAP at w = 
0.80. The minimal differences between Δ values suggest that SAM is stable with respect to 
its tuning parameter in this setting (Table 6). 

Elastic prior 

Elastic prior yields more conservative borrowing compared to rMAP and SAM. The credible 
interval widths are 15.8–15.9 pp, only slightly narrower than the no-borrowing interval. The 
borrowed ESS is 7 in both configurations, corresponding to ≈ 6.5–6.6% relative ESS. This 
indicates limited information sharing from historical data. Compared with other methods, 
Elastic shows smaller gains in precision. The near-identical results across parameter 
settings also indicate low sensitivity to tuning (Table 6). 

NNHM (σ = 0.5 and 1.0) 

NNHM shows the strongest borrowing among all methods. It achieves the narrowest 
credible intervals, 14.4 pp for both σ = 0.5 and σ = 1.0, together with the largest borrowed 
ESS values of 28–30, corresponding to ≈ 28.0–29.6% relative ESS. This reflects substantial 
information sharing from the historical data. Compared with mixture-based approaches, 
NNHM is clearly more aggressive in borrowing, leading to the greatest precision gains. The 
similar results across the two σ values suggest that borrowing remains strong even under 
increased heterogeneity assumptions. (Table 6). 
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Table 6. Posterior Estimates, Credible Interval Width, and Effective Sample Size 
borrowed under Bayesian Borrowing Methods for the Binary endpoint 

Method Posterior 
Mean 

95% CrI CrI 
Width 

ESS 
Borrowed 

Relative 
ESS (%) 

No Borrowing 76.20% [66.5%, 83.9%] 17.4 pp 0 0.00% 
rMAP (w=0.50) 76.40% [68.2%, 83.7%] 15.4 pp 13 12.80% 
rMAP (w=0.80) 76.60% [68.6%, 83.7%] 15.1 pp 20 20.00% 
SAM (Δ = 0.10) 76.60% [68.7%, 83.7%] 15.0 pp 20 19.60% 
SAM (Δ = 0.25) 76.70% [68.8%, 83.7%] 14.9 pp 21 20.50% 

Elastic (a=-1, b=1) 76.30% [67.7%, 83.6%] 15.9 pp 7 6.60% 
Elastic (a=2, b=3) 76.30% [67.7%, 83.6%] 15.8 pp 7 6.50% 

NNHM (σ = 0.5) 76.30% [68.5%, 83.0%] 14.4 pp 28 28.00% 
NNHM (σ = 1.0) 76.30% [68.5%, 82.8%] 14.4 pp 30 29.60% 

 

Figure 6 shows that across all parameter settings and sensitivity scenarios, the posterior 
response proportions remain tightly centered around the observed current-study effect, 
indicated by the dashed vertical line. This suggests that the borrowing methods do not 
substantially shift the estimates toward the historical data. Rather, the historical 
information appears to be discounted because of limited compatibility with the current 
study, so the current study remains the main driver of posterior inference. 

rMAP (top block) shows that posterior means are nearly identical across all 50 scenarios, 
with relatively consistent and moderately wide credible intervals. This indicates stable and 
robust borrowing, with limited sensitivity to changes in the robustness weight. The 
consistency of CI widths suggests controlled borrowing that avoids over-reliance on 
historical data. 

SAM (second block) also centres very tightly around the current study estimate, with 
slightly narrower and more uniform credible intervals compared to rMAP. The near-overlap 
of intervals across scenarios indicates that SAM provides stable borrowing with minimal 
sensitivity to the Δ parameter in this setting. 

Elastic (third block) exhibits a small dispersion of posterior means around the dashed line, 
slightly greater than rMAP and SAM. This reflects sensitivity to the tuning parameters (a, b), 
which modulate the degree of borrowing. However, the overall spread remains limited, and 
the estimates stay close to the current study effect, indicating gradual and controlled 
borrowing. 

NNHM (last block) shows the most pronounced reduction in credible interval widths 
across scenarios, in comparison to the other methods. While the posterior means remain 
stable and centred near the current estimate, the narrower intervals reflect stronger 
borrowing driven by hierarchical pooling. In this example, NNHM leverages historical 
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information more aggressively, leading to greater precision gains while maintaining 
consistency in point estimates. 

The excel sheet containing the posterior means and 95% credible intervals for all the 200 
scenarios (50 scenarios per method) are available in Supporting material VII 
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Figure 6. Combined sensitivity analysis across all 200 scenarios (50 per method) for the 
binary endpoint 
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The codes used to produce these results are available in appendix : RWD analysis (Binary 
endpoint) the dataset used in analyzing both the binary endpoint is available in Supporting 
material IV 

6.2.2 Continuous endpoint 

The current study alone gives a mean D-dimer decrease of 1.072 with a 95% CI of 0.082 to 
2.062, indicating substantial uncertainty. All three historical studies report larger mean 
decreases, ranging from 2.340 to 3.240, so incorporating them leads to an upward shift in 
the posterior mean across all borrowing methods. 

Figure 7 shows that all borrowing approaches increase the posterior estimate compared to 
the no-borrowing analysis, although the magnitude of this shift varies by method. 

The ESS results indicate moderate borrowing for rMAP and SAM, with relative ESS of 
approximately 1 to 16%, while the Elastic prior shows more limited borrowing, around 10  to 
11%. The largest borrowing is observed under NNHM, with relative ESS of 19.0% for σ = 0.5 
and 24.0% for σ = 1.0. This is consistent with the binary endpoint, where NNHM also 
produced the largest ESS (Figure 7; Table 7) 
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Figure 7. Forest Plot of Observed and Posterior Mean D-dimer Decrease Across Bayesian 
Borrowing Methods 

It is noticeable that  both the rMAP and SAM provide controlled borrowing, with posterior 
means moving only modestly from the no-borrowing estimate of 1.072 to approximately 
1.19–1.20. Elastic is slightly more conservative, with posterior means around 1.15. NNHM 
borrows more strongly from the historical data, shifting the posterior mean further upward 
to approximately 1.55, while also providing the largest ESS gain (Table 7). 

Table 7. Posterior Mean D-dimer Decrease, Credible Intervals, and Borrowing Metrics by 
Method 

Method Posterior Mean [95% 
CrI] 

CrI 
Width 

ESS 
Borrowed 

Relative 
ESS (%) 

No Borrowing 1.072 [0.082, 2.062] 1.981 0 0.00% 
rMAP (w=0.50) 1.197 [0.290, 2.096] 1.805 10 15.10% 
rMAP (w=0.80) 1.198 [0.294, 2.096] 1.803 10 15.70% 
SAM (Δ = 0.50) 1.193 [0.282, 2.094] 1.813 9 14.50% 
SAM (Δ = 1.00) 1.192 [0.280, 2.094] 1.814 9 13.90% 
Elastic (a=-1, b=1) 1.154 [0.233, 2.075] 1.842 7 11.10% 
Elastic (a=2, b=3) 1.150 [0.227, 2.073] 1.847 7 10.50% 
NNHM (σ = 0.5) 1.547 [0.605, 2.441] 1.836 12 19.00% 
NNHM (σ = 1.0) 1.549 [0.601, 2.442] 1.841 15 24.00% 
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The sensitivity analysis demonstrated that the posterior mean was shifted to the right for all 
the 200 scenarios and under the different tuning parameters (Figure 8). 

rMAP (Top block) shows very stable posterior means across all scenarios, tightly clustered 
around ~1.18–1.20. The credible intervals are relatively consistent in width, with minimal 
variation across scenarios. This indicates robust and controlled borrowing, with little 
sensitivity to the choice of robustness weight. 

SAM (second block) behaves similarly to rMAP, with posterior means also tightly clustered 
around ~1.19. The intervals are slightly more uniform and show minimal dispersion across 
scenarios. This suggests stable borrowing with low sensitivity to the tuning parameter (Δ).  

Elastic (third block) shows moderate dispersion in posterior means, with values spreading 
slightly more than rMAP and SAM (roughly ~1.10–1.25). This reflects greater sensitivity to 
the tuning parameters (a, b), which control the degree of shrinkage. However, the estimates 
still remain relatively close to the current-study effect (Middle vertical line), indicating 
gradual and controlled borrowing, without large shifts toward historical data. 

Finaly, the NNHM (last block) provides the largest variability in both posterior means and 
credible intervals. Posterior means span a much wider range (approximately ~1.3 up to 
~1.8), and the width of the credible intervals varies a lot across different scenarios and this 
demonstrates that the NNHM in this example is sensitive to any change in σ levels. 

The excel sheet containing the posterior means and 95% credible intervals for all the 200 
scenarios (50 scenarios per method) are available in Supporting material VIII 

The codes used to produce these results are available in the appendix:  RWD analysis 
(Continuous endpoint) and the dataset used in analyzing the continuous endpoint is 
available in Supporting material IV 

All the R scripts with the datasets used to perform the analysis are available in Supporting 
Material IX 
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Figure 8. Combined sensitivity analysis across all 200 scenarios (50 per method) for the 
continuous endpoint 
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From a clinical perspective, the results across both endpoints indicate that incorporating 
historical data did not change the overall conclusions regarding Sirolimus effectiveness. 

For the pain response endpoint, the observed response rate in the current study is 
approximately 76%, and all borrowing methods yield very similar estimates, with only 
minimal differences in both the posterior means and credible intervals. Although historical 
studies show a wide range of response rates, these differences limit their influence on the 
combined analysis. As a result, the inclusion of external data does not meaningfully alter 
the estimated treatment effect. Clinically, this suggests that the evidence for pain 
reduction remains robust and is primarily driven by the current study, with historical data 
providing only minor refinement without changing the overall interpretation. 

For the D-dimer decrease endpoint, the current study indicates a more modest effect 
compared to the historical studies, which generally report larger reductions. Incorporating 
historical data results in an upward shift in the estimated treatment effect across all 
methods, with this shift being more pronounced under NNHM, reflecting stronger 
borrowing. However, despite this increase, the estimates remain within a clinically 
comparable range, and credible intervals continue to overlap with the no-borrowing 
analysis. This suggests that, although the historical evidence indicates a potentially 
stronger biological effect, the incorporation of borrowed information does not meaningfully 
change the overall clinical interpretation of treatment efficacy. 

Importantly, the differences observed between borrowing methods do not translate into 
clinically meaningful differences in conclusions. Even in methods that allow stronger 
borrowing, such as hierarchical modelling, the resulting estimates remain within a similar 
range and do not suggest a different clinical decision. Overall, these findings indicate that 
borrowing historical data can improve precision or slightly adjust estimates, but in this 
setting, it did not lead to a change in the clinical interpretation of treatment benefit 
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7. Discussion 
Simulated datasets 

The primary objective of this part is exploratory, aiming to investigate the behaviour of 
different Bayesian borrowing techniques in a setting with multiple historical studies with 
varying degrees of similarity to the current study across different endpoints. Two illustrative 
scenarios are considered: a relatively large current study (n = 100) and a smaller current 
study (n = 20), the latter reflecting a typical rare disease context where borrowing external 
information could be relevant. 

Overall, the results suggest that Bayesian dynamic borrowing methods adjust the extent of 
borrowing according to the level of agreement between historical and current data, which 
is a fundamental feature of dynamic borrowing approach (20) (60) . However, these findings 
should be interpreted as illustrative rather than definitive, since there is no replications. 

When the historical studies are highly similar to the current study, all methods exhibit 
substantial borrowing, leading to increased precision and narrower credible intervals 
compared to the current-only analysis. This is accompanied by a higher effective sample 
size (ESS), reflecting the contribution of consistent external information. Such behaviour is 
well established in Bayesian hierarchical and meta-analytic frameworks, where similarity 
across studies supports stronger pooling of information (61) (62). 

Differences between the borrowing approaches become more apparent when 
discrepancies exist between the historical and current data. The NNHM generally 
facilitates more continuous borrowing through its exchangeability assumption, which 
considers study-specific effects as arising from a common underlying distribution and 
therefore supports information sharing across studies (34). In contrast, the rMAP, SAM, and 
Elastic prior  approaches are specifically designed to mitigate the influence of historical 
information when prior-data conflict is detected, often resulting in more conservative 
borrowing under conditions of disagreement (31) (23) (33) . 

The application of the Bayesian borrowing methods on the 2 simulated realizations also 
shows the influence of the sample size of the current study on borrowing behaviour. For 
smaller current sample sizes (n = 20), borrowing is more pronounced and differences 
between methods are more visible, particularly in scenarios with partial or low similarity. In 
contrast, when the current sample size is larger (n = 100), the posterior estimates are 
primarily driven by the current data, and the gains in precision from borrowing become 
more limited. This reflects a fundamental principle of Bayesian inference, the relative 
influence of prior information decreases as the amount of observed data increases (61). 

More broadly, these findings illustrate that the posterior distribution represents a balance 
between prior information and the likelihood. When the current data are limited, borrowing 
plays a larger role and can substantially influence the estimates. As the sample size of 
current data increases, the likelihood dominates, reducing the impact of the prior and 
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leading to posterior estimated near to the current study’s estimate. This trade-off is a 
central feature of Bayesian evidence synthesis and hierarchical modelling (60) (62). 

Real-World analysis 

In this part, we evaluated the impact of incorporating historical data to estimate the effect 
of Sirolimus for both pain response after 12 months of treatment (binary endpoint) and the 
D-dimer decrease after 12 months of treatment (continuous endpoint) using several 
Bayesian borrowing approaches. Overall, the findings demonstrate that the extent of 
borrowing is strongly driven by the level of agreement between the current and historical 
data, as well as by the structure of the borrowing model. 

For the pain response endpoint, all methods yield posterior estimates very close to the 
current-only analysis, indicating minimal borrowing from historical data. This can be 
explained by the substantial heterogeneity observed across the historical studies, with 
response rates varying widely. Some studies report very high effects (around 90% to 100%), 
whereas others show much lower response rates (approximately 30-40%), indicating a lack 
of consistency in the direction and magnitude of the effect. Such variability is common in 
rare diseases, where individual studies often have small sample sizes and differences in 
endpoint definitions and reporting. 

In such settings, robust borrowing approaches are designed to downweigh external 
information to avoid bias arising from prior-data conflict. This behaviour is consistent with 
the framework of robust meta-analytic-predictive priors introduced by Neuenschwander 
(63) and further developed by Schmidli (31) where borrowing is adaptively reduced when 
historical data are not similar to the current study. From a methodological perspective, this 
confirms that these approaches effectively protect against inappropriate borrowing. From a 
clinical perspective, it reinforces that the conclusions for pain response are robust and 
primarily driven by the current study. 

In contrast, for the D-dimer decrease endpoint, all methods resulted in an upward shift of 
the posterior mean relative to the no-borrowing analysis. This is expected, as all historical 
studies consistently reported larger treatment effects than the current study. Even though 
the historical studies are small, they all consistently suggest a larger treatment effect. As a 
result, they collectively influenced the location of the posterior estimate, shifting the mean 
upward. However, because of their limited size with respect to the sample size of the 
current study, they do not substantially improve precision, which explains why the effective 
sample size remains low (61) (64). This behavior is consistent with the properties of 
random-effects models, where agreement in effect direction facilitates stronger 
information sharing across studies as suggested by Higgins (65). The explanation behind 
this is that hierarchical models tend to pool estimates toward a common mean when the 
historical studies show effects in the same direction, even when sample sizes are small 
(65) (34). However, the magnitude of this shift differed across methods, reflecting their 
underlying borrowing mechanisms. Methods such as rMAP and SAM exhibited moderate 
borrowing, leading to modest increases in the estimated effect and slight gains in 
precision. Elastic models were more conservative, particularly under certain 
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parameterizations, resulting in estimates closer to the current study. In contrast, the 
hierarchical model (NNHM) produced the largest upward shift.  

Overall, the results illustrate that no single borrowing method is universally optimal. Robust 
approaches such as rMAP and SAM provide protection against prior-data conflict and are 
well suited for settings with heterogeneous or uncertain historical evidence. Elastic 
approaches offer additional flexibility through parameter tuning but tend to remain 
conservative. Hierarchical models enable stronger information borrowing but are more 
sensitive to assumptions about between-study variability. These findings are consistent 
with the general principles of Bayesian evidence synthesis described by Spiegelhalter (62), 
where the balance between bias and efficiency depends on the compatibility of the data 
sources. Importantly, despite methodological differences, all approaches led to similar 
overall conclusions, particularly for the pain response endpoint, where borrowing had 
minimal impact. For the D-dimer endpoint, borrowing led to modest increases in the 
estimated effect, but these changes did not substantially alter the clinical interpretation.  

These findings are particularly relevant in the context of rare diseases, where small sample 
sizes often limit the ability to draw precise conclusions from a single study. In such 
settings, the use of historical data represents an important opportunity to improve the 
precision and support decision-making.  
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8. Strengths and limitations 
This work has several important strengths. First, it presents a two-stage framework 
combining pre-borrowing weighting with model-based Bayesian borrowing, which 
represents a novel and practical approach to incorporating historical data. By explicitly 
accounting for clinical, demographic, and methodological differences between studies 
before applying Bayesian borrowing. Second, it includes a comparison of four different 
borrowing methods covering both prior-based approaches and hierarchical likelihood-
based models. This allows an investigation of how different methodological assumptions 
influence borrowing behaviour, providing valuable insight into their relative performance. 
Finally, the combination of simulation scenarios and real-world application strengthens the 
relevance of the findings and demonstrates the practical implications of these methods in 
a clinical context. 

These strengths should be considered alongside several limitations. The proposed pre-
borrowing weighting framework, while conceptually appealing, involves a degree of 
subjectivity, particularly in the specification of risk-of-bias and study design weights. 
Although these choices are grounded in established frameworks, they may influence the 
resulting borrowing and introduce variability across analysts.  

The simulation component is also limited in scope. The results are only based on a single 
simulated realization per scenario, and do not include a comprehensive evaluation of 
operating characteristics such as type I error control. Furthermore, the comparison of 
borrowing methods was restricted to a limited set of configurations, and additional 
simulations would be required to fully characterize their performance under different 
conditions of heterogeneity and sample size. These limitations suggest that the simulation 
findings should be interpreted as illustrative rather than definitive. 

An additional limitation is related to the definition of study endpoints used in the analysis of 
real-world data, which was not fully consistent across the included historical studies. In 
rare disease settings, endpoints are often patient-reported or defined differently across 
studies, reflecting variations in clinical practice and study design. This heterogeneity in 
endpoint definition may introduce additional variability and affect the comparability of 
results when pooling data through Bayesian borrowing approaches.  

Future work should focus on more extensive simulation studies to further evaluate the 
performance of these methods under a wider range of scenarios. In particular, it would be 
valuable to explore settings where all the historical data agree on the direction of the effect 
and other settings where they disagree, as well as scenarios with varying sample sizes for 
the current study. Such analyses would provide a more comprehensive understanding of 
the robustness and reliability of borrowing approaches and help strengthen the evidence 
base for their application. 
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9. Conclusion 
In conclusion, this work shows that Bayesian borrowing methods can be effectively used to 
incorporate historical data while adapting to the level of agreement between historical 
studies and the current study. The proposed two-stage framework, combining pre-
borrowing weighting with model-based approaches, provides a structured way to account 
for clinical relevance and methodological quality when integrating external data. 

After the application of the borrowing methods to 2 simulated datasets, borrowing seemed 
to increase when historical studies were highly similar, leading to increased precision and 
higher effective sample size, whereas it decreased as similarity declined. The simulations 
also highlighted the impact of the current sample size, with stronger borrowing and clearer 
differences between methods observed in small-sampled current study, and more limited 
influence of historical data when the current sample size was larger. 

In the real-world analysis, borrowing led to modest improvements in precision and small 
shifts in estimates, without substantially altering the overall conclusions.  

These findings are particularly relevant in the context of rare diseases, where limited 
sample sizes make the use of external information essential. In such settings, Bayesian 
dynamic borrowing offers a flexible and robust approach to improve efficiency while 
maintaining protection against inappropriate information sharing. 
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12. Annex 
12.1 Simulation 
library(dplyr) 
library(tidyr) 
library(ggplot2) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# PARAMETERS 
# ===========================================================================
== 
 
CURRENT_N <- 100 
 
# OUTCOME 1: Response proportion 
CURRENT_TRUE_PROP <- 0.60 
CURRENT_RESPONDERS <- rbinom(1, CURRENT_N, CURRENT_TRUE_PROP) 
CURRENT_OBS_PROP <- CURRENT_RESPONDERS / CURRENT_N 
 
# OUTCOME 2: Event rate 
CURRENT_TRUE_EVENT_RATE <- 0.25 
CURRENT_FOLLOW_UP_TIME <- CURRENT_N * 2 
CURRENT_EVENTS <- rpois(1, CURRENT_TRUE_EVENT_RATE * CURRENT_FOLLOW_UP_TIME) 
CURRENT_OBS_EVENT_RATE <- CURRENT_EVENTS / CURRENT_FOLLOW_UP_TIME 
 
# OUTCOME 3: Continuous 
CURRENT_TRUE_MEAN <- 25.0 
CURRENT_TRUE_SD <- 12.0 
CURRENT_CONTINUOUS_DATA <- rnorm(CURRENT_N, CURRENT_TRUE_MEAN, CURRENT_TRUE_S
D) 
CURRENT_OBS_MEAN <- mean(CURRENT_CONTINUOUS_DATA) 
CURRENT_OBS_SD <- sd(CURRENT_CONTINUOUS_DATA) 
 
cat("=======================================================================\
n") 
cat("CURRENT STUDY (IDENTICAL across all 4 scenarios)\n") 
cat("=======================================================================\
n") 
cat(sprintf("Sample size: %d\n\n", CURRENT_N)) 
 
cat("OUTCOME 1: Overall Response (Proportion)\n") 
cat(sprintf("  True: %.2f, Observed: %.3f\n\n", CURRENT_TRUE_PROP, CURRENT_OB
S_PROP)) 
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cat("OUTCOME 2: Time-to-Event (Event Rate)\n") 
cat(sprintf("  True: %.3f, Observed: %.3f\n\n", CURRENT_TRUE_EVENT_RATE, CURR
ENT_OBS_EVENT_RATE)) 
 
cat("OUTCOME 3: Continuous Outcome\n") 
cat(sprintf("  True mean: %.1f, Observed: %.2f (SD=%.2f)\n\n",  
            CURRENT_TRUE_MEAN, CURRENT_OBS_MEAN, CURRENT_OBS_SD)) 
 
HIST_SAMPLE_SIZES <- c(45, 87, 132, 56, 98, 71, 115, 39, 144, 63) 
N_HISTORICAL <- 10 
 
# ===========================================================================
== 
# HELPER FUNCTIONS 
# ===========================================================================
== 
 
generate_proportion <- function(ref_prop, similarity) { 
  if (similarity == "high") { 
    deviation <- runif(1, -0.03, 0.03) 
  } else if (similarity == "medium") { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 0.08, 0.12) 
  } else { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 0.15, 0.25) 
  } 
  max(0.05, min(0.95, ref_prop + deviation)) 
} 
 
generate_event_rate <- function(ref_rate, similarity) { 
  if (similarity == "high") { 
    deviation <- runif(1, -0.02, 0.02) 
  } else if (similarity == "medium") { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 0.05, 0.10) 
  } else { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 0.12, 0.20) 
  } 
  max(0.05, min(0.80, ref_rate + deviation)) 
} 
 
generate_continuous_mean <- function(ref_mean, similarity) { 
  if (similarity == "high") { 
    deviation <- runif(1, -2, 2) 
  } else if (similarity == "medium") { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 5, 10) 
  } else { 
    deviation <- sample(c(-1, 1), 1) * runif(1, 12, 18) 
  } 
  ref_mean + deviation 
} 
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simulate_historical_study <- function(true_prop, true_event_rate, true_mean, 
n, study_id, similarity) { 
  # Outcome 1 
  responders <- rbinom(1, n, true_prop) 
  obs_prop <- responders / n 
  se_prop <- sqrt(obs_prop * (1 - obs_prop) / n) 
  if (se_prop == 0) se_prop <- 0.01 
   
  # Outcome 2 
  person_years <- n * 2 
  events <- rpois(1, true_event_rate * person_years) 
  obs_event_rate <- events / person_years 
  se_rate <- sqrt(obs_event_rate / person_years) 
  if (se_rate == 0) se_rate <- 0.01 
   
  # Outcome 3 
  continuous_data <- rnorm(n, true_mean, CURRENT_TRUE_SD) 
  obs_mean <- mean(continuous_data) 
  obs_sd <- sd(continuous_data) 
  se_mean <- obs_sd / sqrt(n) 
   
  data.frame( 
    study_id = study_id, 
    study_type = "historical", 
    similarity = similarity, 
    n = n, 
    # Outcome 1 
    responders = responders, 
    true_proportion = true_prop, 
    observed_proportion = obs_prop, 
    se_proportion = se_prop, 
    ci_lower_proportion = max(0, obs_prop - 1.96 * se_prop), 
    ci_upper_proportion = min(1, obs_prop + 1.96 * se_prop), 
    # Outcome 2 
    person_years = person_years, 
    events = events, 
    true_event_rate = true_event_rate, 
    observed_event_rate = obs_event_rate, 
    se_event_rate = se_rate, 
    ci_lower_event_rate = max(0, obs_event_rate - 1.96 * se_rate), 
    ci_upper_event_rate = obs_event_rate + 1.96 * se_rate, 
    # Outcome 3 
    true_mean = true_mean, 
    observed_mean = obs_mean, 
    observed_sd = obs_sd, 
    se_mean = se_mean, 
    ci_lower_mean = obs_mean - 1.96 * se_mean, 
    ci_upper_mean = obs_mean + 1.96 * se_mean, 



 

80 

    stringsAsFactors = FALSE 
  ) 
} 
 
create_current_study_row <- function() { 
  se_prop <- sqrt(CURRENT_OBS_PROP * (1 - CURRENT_OBS_PROP) / CURRENT_N) 
  se_rate <- sqrt(CURRENT_OBS_EVENT_RATE / CURRENT_FOLLOW_UP_TIME) 
  se_mean <- CURRENT_OBS_SD / sqrt(CURRENT_N) 
   
  data.frame( 
    study_id = "Current", 
    study_type = "current", 
    similarity = "reference", 
    n = CURRENT_N, 
    responders = CURRENT_RESPONDERS, 
    true_proportion = CURRENT_TRUE_PROP, 
    observed_proportion = CURRENT_OBS_PROP, 
    se_proportion = se_prop, 
    ci_lower_proportion = max(0, CURRENT_OBS_PROP - 1.96 * se_prop), 
    ci_upper_proportion = min(1, CURRENT_OBS_PROP + 1.96 * se_prop), 
    person_years = CURRENT_FOLLOW_UP_TIME, 
    events = CURRENT_EVENTS, 
    true_event_rate = CURRENT_TRUE_EVENT_RATE, 
    observed_event_rate = CURRENT_OBS_EVENT_RATE, 
    se_event_rate = se_rate, 
    ci_lower_event_rate = max(0, CURRENT_OBS_EVENT_RATE - 1.96 * se_rate), 
    ci_upper_event_rate = CURRENT_OBS_EVENT_RATE + 1.96 * se_rate, 
    true_mean = CURRENT_TRUE_MEAN, 
    observed_mean = CURRENT_OBS_MEAN, 
    observed_sd = CURRENT_OBS_SD, 
    se_mean = se_mean, 
    ci_lower_mean = CURRENT_OBS_MEAN - 1.96 * se_mean, 
    ci_upper_mean = CURRENT_OBS_MEAN + 1.96 * se_mean, 
    stringsAsFactors = FALSE 
  ) 
} 
 
simulate_dataset <- function(scenario_name, similarity_pattern) { 
  results <- create_current_study_row() 
   
  for (i in 1:N_HISTORICAL) { 
    sim_level <- similarity_pattern[i] 
    hist_study <- simulate_historical_study( 
      true_prop = generate_proportion(CURRENT_TRUE_PROP, sim_level), 
      true_event_rate = generate_event_rate(CURRENT_TRUE_EVENT_RATE, sim_leve
l), 
      true_mean = generate_continuous_mean(CURRENT_TRUE_MEAN, sim_level), 
      n = HIST_SAMPLE_SIZES[i], 
      study_id = paste0("Historical_", i), 
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      similarity = sim_level 
    ) 
    results <- rbind(results, hist_study) 
  } 
   
  results$scenario <- scenario_name 
  return(results) 
} 
 
# ===========================================================================
== 
# SIMULATE ALL FOUR SCENARIOS 
# ===========================================================================
== 
 
dataset_high <- simulate_dataset("Scenario 1: High Similarity", rep("high", 1
0)) 
dataset_low <- simulate_dataset("Scenario 2: Low Similarity", rep("low", 10)) 
dataset_medium <- simulate_dataset("Scenario 3: Medium Similarity", rep("medi
um", 10)) 
dataset_mixed <- simulate_dataset("Scenario 4: Mixed Similarity",  
                                   c(rep("high", 3), rep("low", 3), rep("medi
um", 4))) 
 
all_data <- rbind(dataset_high, dataset_low, dataset_medium, dataset_mixed) 
 
# ===========================================================================
== 
# EXPORT DATA 
# ===========================================================================
== 
 
write.csv(dataset_high, "C:/Users/marin/Downloads/Simulation/dataset_high_sim
ilarity.csv", row.names = FALSE) 
write.csv(dataset_low, "C:/Users/marin/Downloads/Simulation/dataset_low_simil
arity.csv", row.names = FALSE) 
write.csv(dataset_medium, "C:/Users/marin/Downloads/Simulation/dataset_medium
_similarity.csv", row.names = FALSE) 
write.csv(dataset_mixed, "C:/Users/marin/Downloads/Simulation/dataset_mixed_s
imilarity.csv", row.names = FALSE) 
write.csv(all_data, "C:/Users/marin/Downloads/Simulation/all_datasets_combine
d.csv", row.names = FALSE) 

12.2 Bayesian simulated data 
# ===========================================================================
== 
# Robust Meta-Analytic Predictive (rMAP) Prior Analysis 
# ===========================================================================
== 
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# Purpose: 
#   Apply MAP and robust MAP (rMAP) borrowing to 4 simulated datasets 
#   with 3 endpoints using the RBesT package. 
# 
# MAP framework: 
#   π(θ_c | D_c, D_h1, ..., D_hJ) ∝ L(θ_c | D_c) × π_MAP(θ_c | D_h1, ..., D_h
J) 
# 
# Historical MAP prior: 
#   π_MAP(θ_c | D_h1, ..., D_hJ) 
#     = ∫ N(θ_c | μ_h, sigma_h^2) × π(μ_h, sigma_h | D_h1, ..., D_hJ) dμ_h ds
igma_h 
# 
# where: 
#   θ_c      = true parameter in the current study 
#   μ_h      = mean effect across historical studies 
#   sigma_h  = between-study heterogeneity among historical studies 
# 
# For binary and Poisson data: 
#   - Binary outcomes are handled in RBesT through the Beta-Binomial framewor
k. 
#   - Poisson/event-rate outcomes are modeled using a normal approximation on 
the log scale. 
# 
# rMAP framework: 
#   π_rMAP(θ_c) = w × π_MAP(θ_c | historical) + (1 - w) × π_V(θ_c) 
# 
# where: 
#   w        = prior weight assigned to the MAP component 
#   π_V(θ_c) = vague prior 
# ===========================================================================
== 
 
# Install RBesT  
if (!require("RBesT", quietly = TRUE)) { 
  install.packages("RBesT") 
} 
 
library(RBesT) 
library(dplyr) 
library(ggplot2) 
library(tidyr) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# LOAD THE SIMULATED DATASETS 
# ===========================================================================
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== 
 
dataset_high <- read.csv("C:/Users/marin/Downloads/Simulation/dataset_high_si
milarity.csv") 
dataset_low <- read.csv("C:/Users/marin/Downloads/Simulation/dataset_low_simi
larity.csv") 
dataset_medium <- read.csv("C:/Users/marin/Downloads/Simulation/dataset_mediu
m_similarity.csv") 
dataset_mixed <- read.csv("C:/Users/marin/Downloads/Simulation/dataset_mixed_
similarity.csv") 
 
all_datasets <- list( 
  "High Similarity" = dataset_high, 
  "Low Similarity" = dataset_low, 
  "Medium Similarity" = dataset_medium, 
  "Mixed Similarity" = dataset_mixed 
) 
 
# ===========================================================================
== 
# DESIGN CHOICE FOR rMAP 
# ===========================================================================
== 
# Conservative robustification weight as recommended in practice 
w_map <- 0.3 
 
# ===========================================================================
== 
# OUTCOME 1: RESPONSE PROPORTION (Binary Endpoint) 
# ===========================================================================
== 
# For binary endpoints, RBesT uses a Beta-Binomial MAP prior. 
# Internally, the historical model is based on a random-effects meta-analysis
, 
# and the resulting MAP prior is approximated as a mixture of Beta distributi
ons. 
 
results_outcome1 <- list() 
 
for (scenario_name in names(all_datasets)) { 
   
  cat(sprintf("\n--- %s ---\n", scenario_name)) 
   
  data <- all_datasets[[scenario_name]] 
   
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
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  # -------------------------------------------------------------------------
-- 
  # Step 1: Historical random-effects meta-analysis 
  # -------------------------------------------------------------------------
-- 
  # This yields the posterior distribution of (μ_h, sigma_h) 
  # for the historical studies. 
   
  map_fit <- gMAP( 
    cbind(responders, n - responders) ~ 1 | study_id, 
    data = historical, 
    family = binomial, 
    tau.dist = "HalfNormal",   # RBesT argument name; represents sigma_h prio
r 
    tau.prior = 1, 
    beta.prior = 2 
  ) 
   
  sigma_h_median <- median(map_fit$tau) 
   
  cat("Historical MAP model fitted successfully.\n") 
  cat(sprintf("Posterior median of historical heterogeneity sigma_h: %.3f\n", 
sigma_h_median)) 
   
  # -------------------------------------------------------------------------
-- 
  # Step 2: Approximate the MAP prior 
  # -------------------------------------------------------------------------
-- 
  map_prior <- automixfit(map_fit) 
  print(map_prior) 
   
  # -------------------------------------------------------------------------
-- 
  # Step 3: Construct robust MAP prior 
  # -------------------------------------------------------------------------
-- 
  vague_prior <- mixbeta(c(1, 1, 1))  # Beta(1,1), weak/vague prior 
   
  rmap_prior <- mixcombine( 
    informative = map_prior, 
    vague = vague_prior, 
    weight = c(w_map, 1 - w_map) 
  ) 
   
  print(rmap_prior) 
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  # -------------------------------------------------------------------------
-- 
  # Step 4: Update priors with current study data 
  # -------------------------------------------------------------------------
-- 
  posterior_vague <- postmix(vague_prior, r = current$responders, n = current
$n) 
  posterior_map   <- postmix(map_prior,   r = current$responders, n = current
$n) 
  posterior_rmap  <- postmix(rmap_prior,  r = current$responders, n = current
$n) 
   
  # -------------------------------------------------------------------------
-- 
  # Step 5: Posterior summaries 
  # -------------------------------------------------------------------------
-- 
  summary_vague <- summary(posterior_vague) 
  summary_map   <- summary(posterior_map) 
  summary_rmap  <- summary(posterior_rmap) 
   
 
  results_outcome1[[scenario_name]] <- list( 
    map_fit = map_fit, 
    map_prior = map_prior, 
    rmap_prior = rmap_prior, 
    vague_prior = vague_prior, 
    posterior_vague = posterior_vague, 
    posterior_map = posterior_map, 
    posterior_rmap = posterior_rmap, 
    current = current, 
    historical = historical, 
    sigma_h = sigma_h_median 
  ) 
} 
 
# ===========================================================================
== 
# OUTCOME 2: EVENT RATE (Poisson Endpoint) 
# ===========================================================================
== 
# For Poisson/event-rate data, the model is formulated using a normal 
# approximation on the log scale: 
#   log(rate_j) approximately follows a normal model 
# with standard error approximately equal to 1 / sqrt(events_j) 
 
results_outcome2 <- list() 
 
for (scenario_name in names(all_datasets)) { 
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  cat(sprintf("\n--- %s ---\n", scenario_name)) 
   
  data <- all_datasets[[scenario_name]] 
   
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
   
 
  historical <- historical %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)) 
    ) 
   
  current <- current %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)) 
    ) 
   
  # Historical random-effects meta-analysis on the log-rate scale 
  map_fit <- gMAP( 
    log_rate ~ 1 | study_id, 
    weights = se_log_rate^(-2), 
    data = historical, 
    family = gaussian, 
    tau.dist = "HalfNormal",   # RBesT argument name; represents sigma_h prio
r 
    tau.prior = 0.5, 
    beta.prior = 2 
  ) 
   
  sigma_h_median <- median(map_fit$tau) 
   
 
  # MAP prior approximation as a mixture of normals 
  map_prior <- automixfit(map_fit) 
  cat("MAP prior on the log-rate scale:\n") 
  print(map_prior) 
   
  # Vague prior on log-rate scale 
  vague_prior <- mixnorm(c(1, log(0.25), 2)) 
   
  # Robust MAP prior 
  rmap_prior <- mixcombine( 
    informative = map_prior, 
    vague = vague_prior, 
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    weight = c(w_map, 1 - w_map) 
  ) 
   
  # Update with current study data 
  posterior_vague <- postmix(vague_prior, m = current$log_rate, se = current$
se_log_rate) 
  posterior_map   <- postmix(map_prior,   m = current$log_rate, se = current$
se_log_rate) 
  posterior_rmap  <- postmix(rmap_prior,  m = current$log_rate, se = current$
se_log_rate) 
   
  # Summaries back-transformed to the rate scale 
 
  results_outcome2[[scenario_name]] <- list( 
    map_fit = map_fit, 
    map_prior = map_prior, 
    rmap_prior = rmap_prior, 
    vague_prior = vague_prior, 
    posterior_vague = posterior_vague, 
    posterior_map = posterior_map, 
    posterior_rmap = posterior_rmap, 
    current = current, 
    historical = historical, 
    sigma_h = sigma_h_median 
  ) 
} 
 
# ===========================================================================
== 
# OUTCOME 3: CONTINUOUS MEAN 
# ===========================================================================
== 
# For continuous outcomes, the model is formulated directly on the normal sca
le. 
 
results_outcome3 <- list() 
 
for (scenario_name in names(all_datasets)) { 
   
  cat(sprintf("\n--- %s ---\n", scenario_name)) 
   
  data <- all_datasets[[scenario_name]] 
   
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
   
 
  # Historical random-effects meta-analysis on the observed mean scale 
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  map_fit <- gMAP( 
    observed_mean ~ 1 | study_id, 
    weights = n / observed_sd^2, 
    data = historical, 
    family = gaussian, 
    tau.dist = "HalfNormal",   # RBesT argument name; represents sigma_h prio
r 
    tau.prior = 10, 
    beta.prior = 2 
  ) 
   
  sigma_h_median <- median(map_fit$tau) 
   
 
  map_prior <- automixfit(map_fit) 
  cat("MAP prior on the normal scale:\n") 
  print(map_prior) 
   
  # Vague prior 
  vague_prior <- mixnorm(c(1, 25, 20)) 
   
  # Robust MAP prior 
  rmap_prior <- mixcombine( 
    informative = map_prior, 
    vague = vague_prior, 
    weight = c(w_map, 1 - w_map) 
  ) 
   
  # Current study standard error 
  current_se <- current$observed_sd / sqrt(current$n) 
   
  # Update with current study data 
  posterior_vague <- postmix(vague_prior, m = current$observed_mean, se = cur
rent_se) 
  posterior_map   <- postmix(map_prior,   m = current$observed_mean, se = cur
rent_se) 
  posterior_rmap  <- postmix(rmap_prior,  m = current$observed_mean, se = cur
rent_se) 
   
  
  results_outcome3[[scenario_name]] <- list( 
    map_fit = map_fit, 
    map_prior = map_prior, 
    rmap_prior = rmap_prior, 
    vague_prior = vague_prior, 
    posterior_vague = posterior_vague, 
    posterior_map = posterior_map, 
    posterior_rmap = posterior_rmap, 
    current = current, 
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    historical = historical, 
    sigma_h = sigma_h_median 
  ) 
} 
 
# ===========================================================================
== 
# CREATE SUMMARY TABLE 
# ===========================================================================
== 
 
summary_table <- data.frame() 
 
for (scenario_name in names(all_datasets)) { 
   
  # -------------------------------------------------------------------------
-- 
  # Outcome 1: Response Proportion 
  # -------------------------------------------------------------------------
-- 
  res1 <- results_outcome1[[scenario_name]] 
  summary_table <- rbind(summary_table, data.frame( 
    Scenario = scenario_name, 
    Outcome = "Response Proportion", 
    Method = c("No Borrowing", "MAP", "rMAP"), 
    Posterior_Mean = c( 
      summary(res1$posterior_vague)["mean"], 
      summary(res1$posterior_map)["mean"], 
      summary(res1$posterior_rmap)["mean"] 
    ), 
    CI_Lower = c( 
      qmix(res1$posterior_vague, 0.025), 
      qmix(res1$posterior_map, 0.025), 
      qmix(res1$posterior_rmap, 0.025) 
    ), 
    CI_Upper = c( 
      qmix(res1$posterior_vague, 0.975), 
      qmix(res1$posterior_map, 0.975), 
      qmix(res1$posterior_rmap, 0.975) 
    ), 
    Historical_Heterogeneity_sigma_h = res1$sigma_h 
  )) 
   
  # -------------------------------------------------------------------------
-- 
  # Outcome 2: Event Rate 
  # -------------------------------------------------------------------------
-- 
  res2 <- results_outcome2[[scenario_name]] 
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  summary_table <- rbind(summary_table, data.frame( 
    Scenario = scenario_name, 
    Outcome = "Event Rate", 
    Method = c("No Borrowing", "MAP", "rMAP"), 
    Posterior_Mean = c( 
      exp(summary(res2$posterior_vague)["mean"]), 
      exp(summary(res2$posterior_map)["mean"]), 
      exp(summary(res2$posterior_rmap)["mean"]) 
    ), 
    CI_Lower = c( 
      exp(qmix(res2$posterior_vague, 0.025)), 
      exp(qmix(res2$posterior_map, 0.025)), 
      exp(qmix(res2$posterior_rmap, 0.025)) 
    ), 
    CI_Upper = c( 
      exp(qmix(res2$posterior_vague, 0.975)), 
      exp(qmix(res2$posterior_map, 0.975)), 
      exp(qmix(res2$posterior_rmap, 0.975)) 
    ), 
    Historical_Heterogeneity_sigma_h = res2$sigma_h 
  )) 
   
  # -------------------------------------------------------------------------
-- 
  # Outcome 3: Continuous Mean 
  # -------------------------------------------------------------------------
-- 
  res3 <- results_outcome3[[scenario_name]] 
  summary_table <- rbind(summary_table, data.frame( 
    Scenario = scenario_name, 
    Outcome = "Continuous Mean", 
    Method = c("No Borrowing", "MAP", "rMAP"), 
    Posterior_Mean = c( 
      summary(res3$posterior_vague)["mean"], 
      summary(res3$posterior_map)["mean"], 
      summary(res3$posterior_rmap)["mean"] 
    ), 
    CI_Lower = c( 
      qmix(res3$posterior_vague, 0.025), 
      qmix(res3$posterior_map, 0.025), 
      qmix(res3$posterior_rmap, 0.025) 
    ), 
    CI_Upper = c( 
      qmix(res3$posterior_vague, 0.975), 
      qmix(res3$posterior_map, 0.975), 
      qmix(res3$posterior_rmap, 0.975) 
    ), 
    Historical_Heterogeneity_sigma_h = res3$sigma_h 
  )) 
} 
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# Round for display 
summary_table$Posterior_Mean <- round(summary_table$Posterior_Mean, 3) 
summary_table$CI_Lower <- round(summary_table$CI_Lower, 3) 
summary_table$CI_Upper <- round(summary_table$CI_Upper, 3) 
summary_table$Historical_Heterogeneity_sigma_h <- round(summary_table$Histori
cal_Heterogeneity_sigma_h, 3) 
 
print(summary_table) 
 
# Save summary table 
write.csv( 
  summary_table, 
  "C:/Users/marin/Downloads/R scripts/rMAP/rmap_summary_table.csv", 
  row.names = FALSE 
) 
 
save( 
  results_outcome1, results_outcome2, results_outcome3, summary_table, 
  file = "C:/Users/marin/Downloads/R scripts/rMAP/rmap_results.RData" 
) 
 
#############################################################################
####################### 
# ===========================================================================
== 
# SAM Prior (Self-Adapting Mixture) Analysis 
# ===========================================================================
== 
# 
# THEORY-ALIGNED IMPLEMENTATION 
# 
# SAM prior: 
#   π(θ_c | D_c, D_h) ∝ L(θ_c | D_c) × π_SAM(θ_c | D_h) 
# 
#   π_SAM(θ_c | D_h) = w × π_inf(θ_c | D_h) + (1 - w) × π_V(θ_c) 
# 
# where: 
#   π_inf(θ_c | D_h) = π_MAP(θ_c | D_h1, ..., D_hJ) 
# 
# In this implementation: 
#   - The informative prior is the MAP prior obtained from the historical stu
dies 
#     using RBesT. 
#   - For the binary endpoint, the MAP prior is implemented using the 
#     Beta-Binomial framework in RBesT. 
#   - For the event-rate endpoint, log(event rate) is treated as approximatel
y 
#     normal, exactly as in the rMAP and Elastic sections. 
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#   - For the continuous endpoint, the model is formulated on the normal scal
e. 
#   - The vague prior is Beta(1,1) for the binary endpoint and a vague normal 
#     prior for the approximately normal endpoints. 
#   - The SAM prior weight w is computed with the SAMprior package. 
# 
# ===========================================================================
== 
 
if (!require("SAMprior", quietly = TRUE)) { 
  install.packages("SAMprior") 
} 
 
library(RBesT) 
library(SAMprior) 
library(dplyr) 
library(ggplot2) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# HELPERS 
# ===========================================================================
== 
 
# Recover the posterior informative mixture weight w* 
# by summing the posterior weights corresponding to the informative component
s. 
get_w_posterior_from_postmix <- function(sam_post, informative_prior) { 
  post_mat <- as.matrix(sam_post) 
  inf_mat  <- as.matrix(informative_prior) 
   
  if (is.null(dim(post_mat))) post_mat <- matrix(post_mat, nrow = 1) 
  if (is.null(dim(inf_mat)))  inf_mat  <- matrix(inf_mat, nrow = 1) 
   
  n_inf <- nrow(inf_mat) 
   
  if (nrow(post_mat) < n_inf) { 
    stop("Posterior mixture has fewer components than informative prior.") 
  } 
   
  sum(post_mat[seq_len(n_inf), 1]) 
} 
 
# Deterministic pseudo-data for normal endpoints: 
# returns a vector with exactly the requested sample mean and sample SD. 
make_normal_pseudodata <- function(mean_target, sd_target, n) { 
  n <- max(as.integer(round(n)), 2L) 
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  z <- qnorm(ppoints(n)) 
  z <- (z - mean(z)) / sd(z) 
   
  mean_target + sd_target * z 
} 
 
# ===========================================================================
== 
# LOAD DATA AND RUN ANALYSIS 
# ===========================================================================
== 
 
datasets <- list( 
  "High Similarity" = read.csv("C:/Users/marin/Downloads/Simulation/dataset_h
igh_similarity.csv"), 
  "Low Similarity" = read.csv("C:/Users/marin/Downloads/Simulation/dataset_lo
w_similarity.csv"), 
  "Medium Similarity" = read.csv("C:/Users/marin/Downloads/Simulation/dataset
_medium_similarity.csv"), 
  "Mixed Similarity" = read.csv("C:/Users/marin/Downloads/Simulation/dataset_
mixed_similarity.csv") 
) 
 
all_results <- list() 
 
for (scenario_name in names(datasets)) { 
   
  cat(sprintf("\n%s\n%s\n", scenario_name, strrep("=", nchar(scenario_name)))
) 
   
  data <- datasets[[scenario_name]] 
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
   
  scenario_results <- list() 
   
  # =========================================================================
== 
  # OUTCOME 1: RESPONSE PROPORTION (binary endpoint) 
  # =========================================================================
== 
   
 
  responders_h <- round(historical$observed_proportion * historical$n) 
  nonresponders_h <- historical$n - responders_h 
   
  historical_bin <- data.frame( 
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    responders = responders_h, 
    nonresponders = nonresponders_h, 
    study_id = factor(seq_len(nrow(historical))) 
  ) 
   
  map_fit_1 <- gMAP( 
    cbind(responders, nonresponders) ~ 1 | study_id, 
    data = historical_bin, 
    family = binomial, 
    tau.dist = "HalfNormal", 
    tau.prior = 1, 
    beta.prior = 2 
  ) 
   
  map_prior_1 <- automixfit(map_fit_1) 
  vague_prior_1 <- mixbeta(c(1, 1, 1))  # Beta(1,1) 
   
  theta_hat_h_1 <- unname(summary(map_prior_1)["mean"]) 
  Delta_1 <- 0.10 
   
 
  x_c_1 <- round(current$observed_proportion * current$n) 
  n_c_1 <- current$n 
   
  # Current binary data as a 0/1 vector for SAMprior 
  y_current_1 <- c(rep(1, x_c_1), rep(0, n_c_1 - x_c_1)) 
   
  sam_w_1 <- SAM_weight( 
    if.prior = map_prior_1, 
    nf.prior = vague_prior_1, 
    delta    = Delta_1, 
    data     = y_current_1 
  ) 
   
  sam_w_1 <- min(max(sam_w_1, 1e-8), 1 - 1e-8) 
   
  sam_prior_1 <- SAM_prior( 
    if.prior = map_prior_1, 
    nf.prior = vague_prior_1, 
    weight   = sam_w_1 
  ) 
   
  sam_post_1 <- postmix(sam_prior_1, r = x_c_1, n = n_c_1) 
   
  sam_w_post_1 <- get_w_posterior_from_postmix( 
    sam_post = sam_post_1, 
    informative_prior = map_prior_1 
  ) 
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  scenario_results$outcome1 <- list( 
    map_fit = map_fit_1, 
    map_prior = map_prior_1, 
    vague_prior = vague_prior_1, 
    sam_prior = sam_prior_1, 
    sam_post = sam_post_1, 
    theta_hat_h = theta_hat_h_1, 
    sigma_h = median(map_fit_1$tau), 
    Delta = Delta_1, 
    w_prior = sam_w_1, 
    w_posterior = sam_w_post_1, 
    mean_transformed = unname(summary(sam_post_1)["mean"]), 
    ci_lower_transformed = qmix(sam_post_1, 0.025), 
    ci_upper_transformed = qmix(sam_post_1, 0.975) 
  ) 
   
  # =========================================================================
== 
  # OUTCOME 2: EVENT RATE (treated as normal on the log-rate scale) 
  # =========================================================================
== 
   
  cat("\n--- OUTCOME 2: Event Rate ---\n") 
   
  historical_2 <- historical %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)), 
      study_id = factor(seq_len(n())) 
    ) 
   
  current_2 <- current %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)) 
    ) 
   
  map_fit_2 <- gMAP( 
    log_rate ~ 1 | study_id, 
    weights = se_log_rate^(-2), 
    data = historical_2, 
    family = gaussian, 
    tau.dist = "HalfNormal", 
    tau.prior = 0.5, 
    beta.prior = 2 
  ) 
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  map_prior_2 <- automixfit(map_fit_2) 
   
  # Vague normal prior on the log-rate scale 
  vague_prior_2 <- mixnorm(c(1, log(0.25), 2)) 
   
  mu_h_hat_2 <- unname(summary(map_prior_2)["mean"]) 
  Delta_2 <- 0.30 
   
 
  
  # Use n_eff = events so that the current SE is respected under the normal a
pproximation. 
  n_eff_2 <- max(round(1 / current_2$se_log_rate^2), 2L) 
  y_current_2 <- make_normal_pseudodata( 
    mean_target = current_2$log_rate, 
    sd_target   = 1, 
    n           = n_eff_2 
  ) 
   
  sam_w_2 <- SAM_weight( 
    if.prior = map_prior_2, 
    nf.prior = vague_prior_2, 
    delta    = Delta_2, 
    data     = y_current_2 
  ) 
   
  sam_w_2 <- min(max(sam_w_2, 1e-8), 1 - 1e-8) 
   
  sam_prior_2 <- SAM_prior( 
    if.prior = map_prior_2, 
    nf.prior = vague_prior_2, 
    weight   = sam_w_2 
  ) 
   
  sam_post_2 <- postmix( 
    sam_prior_2, 
    m = current_2$log_rate, 
    se = current_2$se_log_rate 
  ) 
   
  sam_w_post_2 <- get_w_posterior_from_postmix( 
    sam_post = sam_post_2, 
    informative_prior = map_prior_2 
  ) 
   
 
  scenario_results$outcome2 <- list( 
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    map_fit = map_fit_2, 
    map_prior = map_prior_2, 
    vague_prior = vague_prior_2, 
    sam_prior = sam_prior_2, 
    sam_post = sam_post_2, 
    mu_h_hat = mu_h_hat_2, 
    sigma_h = median(map_fit_2$tau), 
    Delta = Delta_2, 
    w_prior = sam_w_2, 
    w_posterior = sam_w_post_2, 
    mean_transformed = exp(unname(summary(sam_post_2)["mean"])), 
    ci_lower_transformed = exp(qmix(sam_post_2, 0.025)), 
    ci_upper_transformed = exp(qmix(sam_post_2, 0.975)) 
  ) 
   
  # =========================================================================
== 
  # OUTCOME 3: CONTINUOUS MEAN 
  # =========================================================================
== 
   
 
  historical_3 <- historical %>% 
    mutate( 
      se_mean = observed_sd / sqrt(n), 
      study_id = factor(seq_len(n())) 
    ) 
   
  current_3 <- current %>% 
    mutate( 
      se_mean = observed_sd / sqrt(n) 
    ) 
   
  map_fit_3 <- gMAP( 
    observed_mean ~ 1 | study_id, 
    weights = se_mean^(-2), 
    data = historical_3, 
    family = gaussian, 
    tau.dist = "HalfNormal", 
    tau.prior = 10, 
    beta.prior = 2 
  ) 
   
  map_prior_3 <- automixfit(map_fit_3) 
   
  # Vague normal prior on the mean scale 
  vague_prior_3 <- mixnorm(c(1, 25, 20)) 
   
  mu_h_hat_3 <- unname(summary(map_prior_3)["mean"]) 
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  Delta_3 <- 3 
   
 
  y_current_3 <- make_normal_pseudodata( 
    mean_target = current_3$observed_mean, 
    sd_target   = current_3$observed_sd, 
    n           = current_3$n 
  ) 
   
  sam_w_3 <- SAM_weight( 
    if.prior = map_prior_3, 
    nf.prior = vague_prior_3, 
    delta    = Delta_3, 
    data     = y_current_3 
  ) 
   
  sam_w_3 <- min(max(sam_w_3, 1e-8), 1 - 1e-8) 
   
  sam_prior_3 <- SAM_prior( 
    if.prior = map_prior_3, 
    nf.prior = vague_prior_3, 
    weight   = sam_w_3 
  ) 
   
  sam_post_3 <- postmix( 
    sam_prior_3, 
    m = current_3$observed_mean, 
    se = current_3$se_mean 
  ) 
   
  sam_w_post_3 <- get_w_posterior_from_postmix( 
    sam_post = sam_post_3, 
    informative_prior = map_prior_3 
  ) 
   
 
  scenario_results$outcome3 <- list( 
    map_fit = map_fit_3, 
    map_prior = map_prior_3, 
    vague_prior = vague_prior_3, 
    sam_prior = sam_prior_3, 
    sam_post = sam_post_3, 
    mu_h_hat = mu_h_hat_3, 
    sigma_h = median(map_fit_3$tau), 
    Delta = Delta_3, 
    w_prior = sam_w_3, 
    w_posterior = sam_w_post_3, 
    mean_transformed = unname(summary(sam_post_3)["mean"]), 
    ci_lower_transformed = qmix(sam_post_3, 0.025), 
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    ci_upper_transformed = qmix(sam_post_3, 0.975) 
  ) 
   
  all_results[[scenario_name]] <- scenario_results 
} 
 
# ===========================================================================
== 
# CREATE SUMMARY TABLE 
# ===========================================================================
== 
 
cat("\n\n") 
cat("=======================================================================\
n") 
cat("SAM PRIOR SUMMARY TABLE\n") 
cat("=======================================================================\
n\n") 
 
summary_rows <- list() 
row_idx <- 1 
 
for (scenario_name in names(all_results)) { 
  res <- all_results[[scenario_name]] 
   
  for (outcome_info in list( 
    list(name = "Response Proportion", key = "outcome1"), 
    list(name = "Event Rate", key = "outcome2"), 
    list(name = "Continuous Mean", key = "outcome3") 
  )) { 
    outcome_res <- res[[outcome_info$key]] 
     
    summary_rows[[row_idx]] <- data.frame( 
      Scenario = scenario_name, 
      Outcome = outcome_info$name, 
      historical_mean = round( 
        if (!is.null(outcome_res$theta_hat_h)) outcome_res$theta_hat_h else o
utcome_res$mu_h_hat, 
        3 
      ), 
      historical_sigma_h = round(outcome_res$sigma_h, 3), 
      Delta = round(outcome_res$Delta, 3), 
      w = round(outcome_res$w_prior, 3), 
      w_posterior = round(outcome_res$w_posterior, 3), 
      Posterior_Mean = round(outcome_res$mean_transformed, 3), 
      CI_Lower = round(outcome_res$ci_lower_transformed, 3), 
      CI_Upper = round(outcome_res$ci_upper_transformed, 3) 
    ) 
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    row_idx <- row_idx + 1 
  } 
} 
 
summary_table <- do.call(rbind, summary_rows) 
print(summary_table) 
 
write.csv( 
  summary_table, 
  "C:/Users/marin/Downloads/R scripts/SAM/sam_prior_results.csv", 
  row.names = FALSE 
) 
 
outcome1 <- all_results[[names(all_results)[1]]]$outcome1 
outcome2 <- all_results[[names(all_results)[1]]]$outcome2 
outcome3 <- all_results[[names(all_results)[1]]]$outcome3 
 
save( 
  all_results, summary_table, 
  file = "C:/Users/marin/Downloads/R scripts/SAM/SAM_results.RData" 
) 
 
 
#############################################################################
####################### 
# ===========================================================================
== 
# Elastic Prior Analysis 
# ===========================================================================
== 
# 
# Elastic Prior Framework: 
#   π(θ_c | D_c, D_h) ∝ L(θ_c | D_c) × π_Elastic(θ_c | D_h) 
# 
# Where: 
#   θ_c                    = true effect parameter in current study 
#   D_c                    = current study data 
#   D_h                    = historical data 
#   L(θ_c | D_c)           = likelihood from current study 
#   π_Elastic(θ_c | D_h)   = elastic-adjusted prior from historical data 
# 
# Construction in 3 Steps: 
# 
# STEP 1: 
#   Construct a posterior distribution using only the historical data: 
#     π(θ_h | D_h) ∝ L(θ_h | D_h) × π_V(θ_h) 
# 
#   In this implementation, θ_h is summarized using a fully Bayesian MAP 
#   approach applied to the historical studies, yielding: 



 

101 

#     μ_̂h     = mean of the historical posterior 
#     σ_̂h²    = variance of the historical posterior 
# 
# STEP 2: 
#   Quantify discrepancy and compute discount function: 
#     T = (θ_̂c - μ_̂h)^2 / (Var(θ_̂c) + σ_̂h²) 
#     g(T) = 1 / (1 + exp(a + b × log(T))) 
# 
# STEP 3: 
#   Inflate historical posterior variance: 
#     π_Elastic(θ_c | D_h) ~ N(μ_̂h, σ_̂h² × g(T)^(-1)) 
# 
# Notes: 
#   - For binary outcomes, the model is formulated on the logit scale. 
#   - For event-rate outcomes, the model is formulated on the log scale. 
#   - For continuous outcomes, the model is formulated on the original scale. 
# ===========================================================================
== 
 
library(RBesT) 
library(dplyr) 
library(ggplot2) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# HELPER FUNCTIONS 
# ===========================================================================
== 
 
adjust_prop <- function(prop, n) { 
  out <- prop 
  out[prop <= 0] <- 0.5 / (n[prop <= 0] + 1) 
  out[prop >= 1] <- (n[prop >= 1] + 0.5) / (n[prop >= 1] + 1) 
  out 
} 
 
logit <- function(p) log(p / (1 - p)) 
inv_logit <- function(x) 1 / (1 + exp(-x)) 
 
# ---------------------------------------------------------------------------
-- 
# Step 1: Extract historical posterior summaries from MAP 
# ---------------------------------------------------------------------------
-- 
# For binary data, the MAP prior is a Beta mixture on the probability scale. 
# To keep the Elastic prior formulation consistent, we transform samples to 
# the logit scale and summarize them by μ_̂h and σ_̂h². 
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# 
# For Poisson/event-rate and continuous outcomes, the MAP prior is summarized 
# directly on the modeling scale. 
# ---------------------------------------------------------------------------
-- 
 
extract_historical_posterior_from_map <- function(map_prior, 
                                                  outcome_type = c("binary", 
"poisson", "continuous"), 
                                                  n_sim = 50000) { 
  outcome_type <- match.arg(outcome_type) 
   
  if (outcome_type == "binary") { 
    p_samp <- rmix(map_prior, n_sim) 
    p_samp <- pmin(pmax(p_samp, 1e-8), 1 - 1e-8) 
    theta_samp <- logit(p_samp) 
  } else { 
    theta_samp <- rmix(map_prior, n_sim) 
  } 
   
  mu_h_hat <- mean(theta_samp) 
  sigma_h_sq_hat <- var(theta_samp) 
   
  list( 
    mu_h_hat = mu_h_hat, 
    sigma_h_sq_hat = sigma_h_sq_hat, 
    sigma_h_hat = sqrt(sigma_h_sq_hat) 
  ) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Step 2: Calculate discrepancy statistic and discount function 
# ---------------------------------------------------------------------------
-- 
 
calculate_discount <- function(theta_c_hat, var_theta_c_hat, 
                               mu_h_hat, sigma_h_sq_hat, 
                               a = 0, b = 2) { 
   
  T_stat <- (theta_c_hat - mu_h_hat)^2 / (var_theta_c_hat + sigma_h_sq_hat) 
  T_stat <- max(T_stat, 1e-10) 
   
  g_T <- 1 / (1 + exp(a + b * log(T_stat))) 
   
  list( 
    T = T_stat, 
    g_T = g_T, 
    a = a, 
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    b = b 
  ) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Step 3: Compute elastic posterior 
# ---------------------------------------------------------------------------
-- 
 
compute_elastic_posterior <- function(theta_c_hat, var_theta_c_hat, 
                                      mu_h_hat, sigma_h_sq_hat, g_T) { 
   
  g_T_safe <- max(g_T, 0.001) 
   
  sigma_Elastic_sq <- sigma_h_sq_hat / g_T_safe 
  sigma_Elastic <- sqrt(sigma_Elastic_sq) 
   
  sigma_post_sq <- 1 / (1 / sigma_Elastic_sq + 1 / var_theta_c_hat) 
  mu_post <- sigma_post_sq * (mu_h_hat / sigma_Elastic_sq + theta_c_hat / var
_theta_c_hat) 
  sigma_post <- sqrt(sigma_post_sq) 
   
  ci_lower <- qnorm(0.025, mu_post, sigma_post) 
  ci_upper <- qnorm(0.975, mu_post, sigma_post) 
   
  list( 
    mean = mu_post, 
    sd = sigma_post, 
    ci_lower = ci_lower, 
    ci_upper = ci_upper, 
    sigma_Elastic_sq = sigma_Elastic_sq, 
    sigma_Elastic = sigma_Elastic, 
    g_T = g_T_safe 
  ) 
} 
 
 
a_param <- 0 
b_param <- 2 
 
cat(sprintf("Tuning parameters: a = %.1f, b = %.1f\n\n", a_param, b_param)) 
 
all_results <- list() 
 
for (scenario_name in names(datasets)) { 
   
  cat(sprintf("\n%s\n%s\n", scenario_name, strrep("=", nchar(scenario_name)))
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) 
   
  data <- datasets[[scenario_name]] 
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
   
  scenario_results <- list() 
   
  # =========================================================================
== 
  # OUTCOME 1: RESPONSE PROPORTION 
  # =========================================================================
== 
   
  cat("\n--- OUTCOME 1: Response Proportion ---\n") 
   
  hist_resp <- historical %>% 
    mutate( 
      responders = round(observed_proportion * n), 
      nonresponders = n - responders, 
      study_id = factor(seq_len(n())) 
    ) 
   
  map_fit_1 <- gMAP( 
    cbind(responders, nonresponders) ~ 1 | study_id, 
    data = hist_resp, 
    family = binomial, 
    tau.dist = "HalfNormal", 
    tau.prior = 1, 
    beta.prior = 2 
  ) 
   
  map_prior_1 <- automixfit(map_fit_1) 
  hist_post_1 <- extract_historical_posterior_from_map( 
    map_prior = map_prior_1, 
    outcome_type = "binary" 
  ) 
   
  p_c_adj <- adjust_prop(current$observed_proportion, current$n) 
  theta_c_hat_1 <- logit(p_c_adj) 
  var_theta_c_hat_1 <- 1 / (current$n * p_c_adj * (1 - p_c_adj)) 
   
  cat(sprintf("  Step 1: μ_̂h = %.3f, σ_̂h = %.3f\n", 
              hist_post_1$mu_h_hat, hist_post_1$sigma_h_hat)) 
   
  discount_1 <- calculate_discount( 
    theta_c_hat = theta_c_hat_1, 
    var_theta_c_hat = var_theta_c_hat_1, 
    mu_h_hat = hist_post_1$mu_h_hat, 
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    sigma_h_sq_hat = hist_post_1$sigma_h_sq_hat, 
    a = a_param, 
    b = b_param 
  ) 
   
  cat(sprintf("  Step 2: T = %.3f, g(T) = %.3f\n", 
              discount_1$T, discount_1$g_T)) 
   
  elastic_post_1 <- compute_elastic_posterior( 
    theta_c_hat = theta_c_hat_1, 
    var_theta_c_hat = var_theta_c_hat_1, 
    mu_h_hat = hist_post_1$mu_h_hat, 
    sigma_h_sq_hat = hist_post_1$sigma_h_sq_hat, 
    g_T = discount_1$g_T 
  ) 
   
  cat(sprintf("  Step 3: σ_̂h² / g(T) = %.3f\n", elastic_post_1$sigma_Elastic_
sq)) 
   
  elastic_mean_prob <- inv_logit(elastic_post_1$mean) 
  elastic_ci_prob <- inv_logit(c(elastic_post_1$ci_lower, elastic_post_1$ci_u
pper)) 
   
  cat(sprintf("  Posterior: %.3f [%.3f, %.3f]\n", 
              elastic_mean_prob, elastic_ci_prob[1], elastic_ci_prob[2])) 
   
  scenario_results$outcome1 <- list( 
    map_fit = map_fit_1, 
    map_prior = map_prior_1, 
    hist_post = hist_post_1, 
    discount = discount_1, 
    elastic_post = elastic_post_1, 
    mean_transformed = elastic_mean_prob, 
    ci_lower_transformed = elastic_ci_prob[1], 
    ci_upper_transformed = elastic_ci_prob[2] 
  ) 
   
  # =========================================================================
== 
  # OUTCOME 2: EVENT RATE 
  # =========================================================================
== 
   
  cat("\n--- OUTCOME 2: Event Rate ---\n") 
   
  historical_2 <- historical %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)), 
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      study_id = factor(seq_len(n())) 
    ) 
   
  current_2 <- current %>% 
    mutate( 
      log_rate = log(observed_event_rate + 0.001), 
      se_log_rate = 1 / sqrt(pmax(events, 1)) 
    ) 
   
  map_fit_2 <- gMAP( 
    log_rate ~ 1 | study_id, 
    weights = se_log_rate^(-2), 
    data = historical_2, 
    family = gaussian, 
    tau.dist = "HalfNormal", 
    tau.prior = 0.5, 
    beta.prior = 2 
  ) 
   
  map_prior_2 <- automixfit(map_fit_2) 
  hist_post_2 <- extract_historical_posterior_from_map( 
    map_prior = map_prior_2, 
    outcome_type = "poisson" 
  ) 
   
  theta_c_hat_2 <- current_2$log_rate 
  var_theta_c_hat_2 <- current_2$se_log_rate^2 
   
  cat(sprintf("  Step 1: μ_̂h = %.3f, σ_̂h = %.3f\n", 
              hist_post_2$mu_h_hat, hist_post_2$sigma_h_hat)) 
   
  discount_2 <- calculate_discount( 
    theta_c_hat = theta_c_hat_2, 
    var_theta_c_hat = var_theta_c_hat_2, 
    mu_h_hat = hist_post_2$mu_h_hat, 
    sigma_h_sq_hat = hist_post_2$sigma_h_sq_hat, 
    a = a_param, 
    b = b_param 
  ) 
   
  cat(sprintf("  Step 2: T = %.3f, g(T) = %.3f\n", 
              discount_2$T, discount_2$g_T)) 
   
  elastic_post_2 <- compute_elastic_posterior( 
    theta_c_hat = theta_c_hat_2, 
    var_theta_c_hat = var_theta_c_hat_2, 
    mu_h_hat = hist_post_2$mu_h_hat, 
    sigma_h_sq_hat = hist_post_2$sigma_h_sq_hat, 
    g_T = discount_2$g_T 



 

107 

  ) 
   
  elastic_mean_rate <- exp(elastic_post_2$mean) 
  elastic_ci_rate <- exp(c(elastic_post_2$ci_lower, elastic_post_2$ci_upper)) 
   
  cat(sprintf("  Posterior: %.3f [%.3f, %.3f]\n", 
              elastic_mean_rate, elastic_ci_rate[1], elastic_ci_rate[2])) 
   
  scenario_results$outcome2 <- list( 
    map_fit = map_fit_2, 
    map_prior = map_prior_2, 
    hist_post = hist_post_2, 
    discount = discount_2, 
    elastic_post = elastic_post_2, 
    mean_transformed = elastic_mean_rate, 
    ci_lower_transformed = elastic_ci_rate[1], 
    ci_upper_transformed = elastic_ci_rate[2] 
  ) 
   
  # =========================================================================
== 
  # OUTCOME 3: CONTINUOUS MEAN 
  # =========================================================================
== 
   
  cat("\n--- OUTCOME 3: Continuous Mean ---\n") 
   
  historical_3 <- historical %>% 
    mutate( 
      se_mean = observed_sd / sqrt(n), 
      study_id = factor(seq_len(n())) 
    ) 
   
  current_3 <- current %>% 
    mutate( 
      se_mean = observed_sd / sqrt(n) 
    ) 
   
  map_fit_3 <- gMAP( 
    observed_mean ~ 1 | study_id, 
    weights = se_mean^(-2), 
    data = historical_3, 
    family = gaussian, 
    tau.dist = "HalfNormal", 
    tau.prior = 10, 
    beta.prior = 2 
  ) 
   
  map_prior_3 <- automixfit(map_fit_3) 
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  hist_post_3 <- extract_historical_posterior_from_map( 
    map_prior = map_prior_3, 
    outcome_type = "continuous" 
  ) 
   
  theta_c_hat_3 <- current_3$observed_mean 
  var_theta_c_hat_3 <- current_3$se_mean^2 
   
  cat(sprintf("  Step 1: μ_̂h = %.2f, σ_̂h = %.2f\n", 
              hist_post_3$mu_h_hat, hist_post_3$sigma_h_hat)) 
   
  discount_3 <- calculate_discount( 
    theta_c_hat = theta_c_hat_3, 
    var_theta_c_hat = var_theta_c_hat_3, 
    mu_h_hat = hist_post_3$mu_h_hat, 
    sigma_h_sq_hat = hist_post_3$sigma_h_sq_hat, 
    a = a_param, 
    b = b_param 
  ) 
   
  cat(sprintf("  Step 2: T = %.3f, g(T) = %.3f\n", 
              discount_3$T, discount_3$g_T)) 
   
  elastic_post_3 <- compute_elastic_posterior( 
    theta_c_hat = theta_c_hat_3, 
    var_theta_c_hat = var_theta_c_hat_3, 
    mu_h_hat = hist_post_3$mu_h_hat, 
    sigma_h_sq_hat = hist_post_3$sigma_h_sq_hat, 
    g_T = discount_3$g_T 
  ) 
   
  cat(sprintf("  Posterior: %.2f [%.2f, %.2f]\n", 
              elastic_post_3$mean, elastic_post_3$ci_lower, elastic_post_3$ci
_upper)) 
   
  scenario_results$outcome3 <- list( 
    map_fit = map_fit_3, 
    map_prior = map_prior_3, 
    hist_post = hist_post_3, 
    discount = discount_3, 
    elastic_post = elastic_post_3, 
    mean_transformed = elastic_post_3$mean, 
    ci_lower_transformed = elastic_post_3$ci_lower, 
    ci_upper_transformed = elastic_post_3$ci_upper 
  ) 
   
  all_results[[scenario_name]] <- scenario_results 
} 
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# ===========================================================================
== 
# CREATE SUMMARY TABLE 
# ===========================================================================
== 
 
summary_rows <- list() 
row_idx <- 1 
 
for (scenario_name in names(all_results)) { 
  res <- all_results[[scenario_name]] 
   
  for (outcome_info in list( 
    list(name = "Response Proportion", key = "outcome1"), 
    list(name = "Event Rate", key = "outcome2"), 
    list(name = "Continuous Mean", key = "outcome3") 
  )) { 
    outcome_res <- res[[outcome_info$key]] 
     
    summary_rows[[row_idx]] <- data.frame( 
      Scenario = scenario_name, 
      Outcome = outcome_info$name, 
      mu_h_hat = round(outcome_res$hist_post$mu_h_hat, 3), 
      sigma_h_hat = round(outcome_res$hist_post$sigma_h_hat, 3), 
      sigma_h_sq_hat = round(outcome_res$hist_post$sigma_h_sq_hat, 3), 
      T = round(outcome_res$discount$T, 3), 
      g_T = round(outcome_res$discount$g_T, 3), 
      sigma_Elastic = round(outcome_res$elastic_post$sigma_Elastic, 3), 
      sigma_Elastic_sq = round(outcome_res$elastic_post$sigma_Elastic_sq, 3), 
      Posterior_Mean = round(outcome_res$mean_transformed, 3), 
      CI_Lower = round(outcome_res$ci_lower_transformed, 3), 
      CI_Upper = round(outcome_res$ci_upper_transformed, 3) 
    ) 
     
    row_idx <- row_idx + 1 
  } 
} 
 
summary_table <- do.call(rbind, summary_rows) 
print(summary_table) 
 
write.csv( 
  summary_table, 
  "C:/Users/marin/Downloads/R scripts/Elastic/elastic_prior_results.csv", 
  row.names = FALSE 
) 
 
outcome1 <- scenario_results$outcome1 
outcome2 <- scenario_results$outcome2 
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outcome3 <- scenario_results$outcome3 
 
save( 
  outcome1, outcome2, outcome3, 
  file = "C:/Users/marin/Downloads/R scripts/Elastic/elastic_results.RData" 
) 
 
 
 
 
# BETWEEN-STUDY MODEL: 
#   θ_j | μ, sigma ~ N(μ, sigma²) 
# 
# Where: 
#   μ = overall average effect across studies 
#   sigma² = between-study heterogeneity variance 
#   sigma  = between-study heterogeneity standard deviation 
# 
# PRIORS: 
#   μ ~ N(μ_0, σ_μ²)     [weakly informative normal prior] 
#   sigma ~ Half-Normal(0, σ_sigma) or Half-Cauchy(0, σ_sigma) 
# 
# CONDITIONAL POSTERIOR MEAN (given μ and sigma²): 
#   E[θ_j | θ_̂j, μ, sigma²] = w_j × θ_̂j + (1 - w_j) × μ 
# 
# Where the shrinkage weight is: 
#   w_j = (1/sigma_j²) / (1/sigma_j² + 1/sigma²) 
#       = sigma² / (sigma² + sigma_j²) 
# 
# Interpretation: 
#   - Small sigma² → w_j ≈ 0 → strong shrinkage toward μ (strong borrowing) 
#   - Large sigma² → w_j ≈ 1 → weak shrinkage (each study uses own data) 
#   - Large sigma_j² → stronger shrinkage toward μ (imprecise studies borrow 
more) 
# 
# Note: 
#   The weighted-average formula above is exact conditionally on μ and sigma²
. 
#   In the full Bayesian model below, posterior summaries integrate over 
#   uncertainty in both μ and sigma. 
 
library(dplyr) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# NNHM FUNCTIONS WITH PROPER BAYESIAN INFERENCE 
# ===========================================================================
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== 
 
#' NNHM: Normal-Normal Hierarchical Model with MCMC 
#'  
#' Implements the full Bayesian hierarchical model: 
#'   Within-study:  θ_̂j | θ_j ~ N(θ_j, sigma_j²) 
#'   Between-study: θ_j | μ, sigma ~ N(μ, sigma²) 
#'   Prior on μ:    μ ~ N(μ_0, σ_μ²) 
#'   Prior on sigma: sigma ~ Half-Normal(0, σ_sigma) 
#' 
#' Uses Gibbs sampling for posterior inference. 
 
NNHM_posterior <- function(theta_hat_j, sigma_j,  
                           mu_0 = 0, sigma_mu = 10, sigma_sigma = 1, 
                           n_iter = 10000, n_burnin = 2000, 
                           current_idx = 1) { 
   
  J <- length(theta_hat_j)   # Total number of studies (current + historical) 
  sigma_j_sq <- sigma_j^2    # Within-study variances sigma_j² 
   
  # =========================================================================
= 
  # Initialize parameters 
  # =========================================================================
= 
   
  # Initialize μ (overall mean) 
  mu <- mean(theta_hat_j) 
   
  # Initialize sigma² (between-study variance) 
  sigma_sq <- var(theta_hat_j) 
  sigma_sq <- max(sigma_sq, 0.01) 
   
  # Initialize θ_j (study-specific effects) 
  theta_j <- theta_hat_j 
   
  # Storage for posterior samples 
  mu_samples <- numeric(n_iter) 
  sigma_samples <- numeric(n_iter) 
  theta_j_samples <- matrix(0, nrow = n_iter, ncol = J) 
   
  # =========================================================================
= 
  # Gibbs Sampling 
  # =========================================================================
= 
   
  for (iter in 1:n_iter) { 
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    # ---------------------------------------------------------------------- 
    # Step 1: Sample θ_j | μ, sigma², θ_̂j, sigma_j² for each study j 
    # ---------------------------------------------------------------------- 
    # Posterior for θ_j is Normal with: 
    #   Precision: 1/sigma_j² + 1/sigma² 
    #   Mean: (θ_̂j/sigma_j² + μ/sigma²) / (1/sigma_j² + 1/sigma²) 
     
    for (j in 1:J) { 
      post_precision_j <- 1 / sigma_j_sq[j] + 1 / sigma_sq 
      post_var_j <- 1 / post_precision_j 
      post_mean_j <- post_var_j * (theta_hat_j[j] / sigma_j_sq[j] + mu / sigm
a_sq) 
      theta_j[j] <- rnorm(1, post_mean_j, sqrt(post_var_j)) 
    } 
     
    # ---------------------------------------------------------------------- 
    # Step 2: Sample μ | θ_j, sigma²  
    # ---------------------------------------------------------------------- 
    # Prior: μ ~ N(μ_0, σ_μ²) 
    # Likelihood: θ_j | μ, sigma² ~ N(μ, sigma²) 
    #  
    # Posterior precision: J/sigma² + 1/σ_μ² 
    # Posterior mean: (sum(θ_j)/sigma² + μ_0/σ_μ²) / (J/sigma² + 1/σ_μ²) 
     
    post_precision_mu <- J / sigma_sq + 1 / sigma_mu^2 
    post_var_mu <- 1 / post_precision_mu 
    post_mean_mu <- post_var_mu * (sum(theta_j) / sigma_sq + mu_0 / sigma_mu^
2) 
    mu <- rnorm(1, post_mean_mu, sqrt(post_var_mu)) 
     
    # ---------------------------------------------------------------------- 
    # Step 3: Sample sigma² | θ_j, μ using Metropolis-Hastings 
    # ---------------------------------------------------------------------- 
    # Prior: sigma ~ Half-Normal(0, σ_sigma), so sigma² has corresponding dis
tribution 
    # Likelihood: θ_j | μ, sigma² ~ N(μ, sigma²) 
     
    # Propose new sigma² (log-normal random walk) 
    sigma_sq_proposed <- exp(log(sigma_sq) + rnorm(1, 0, 0.3)) 
     
    # Log-posterior for current sigma² 
    log_post_current <- sum(dnorm(theta_j, mu, sqrt(sigma_sq), log = TRUE)) + 
      dnorm(sqrt(sigma_sq), 0, sigma_sigma, log = TRUE) -  
      0.5 * log(sigma_sq)  # Jacobian for sigma → sigma² 
     
    # Log-posterior for proposed sigma² 
    log_post_proposed <- sum(dnorm(theta_j, mu, sqrt(sigma_sq_proposed), log 
= TRUE)) + 



 

113 

      dnorm(sqrt(sigma_sq_proposed), 0, sigma_sigma, log = TRUE) - 
      0.5 * log(sigma_sq_proposed) 
     
    # Acceptance probability (with proposal ratio for log-normal RW) 
    log_accept <- log_post_proposed - log_post_current +  
      log(sigma_sq_proposed) - log(sigma_sq) 
     
    if (log(runif(1)) < log_accept) { 
      sigma_sq <- sigma_sq_proposed 
    } 
     
    # Store samples 
    mu_samples[iter] <- mu 
    sigma_samples[iter] <- sqrt(sigma_sq) 
    theta_j_samples[iter, ] <- theta_j 
  } 
   
  # =========================================================================
= 
  # Discard burn-in and compute summaries 
  # =========================================================================
= 
   
  keep_idx <- (n_burnin + 1):n_iter 
  mu_post <- mu_samples[keep_idx] 
  sigma_post <- sigma_samples[keep_idx] 
  theta_j_post <- theta_j_samples[keep_idx, ] 
   
  # Posterior summaries for current study (θ_c) 
  theta_c_samples <- theta_j_post[, current_idx] 
   
  # Compute shrinkage weights using posterior mean of sigma 
  sigma_hat <- mean(sigma_post) 
  sigma_sq_hat <- sigma_hat^2 
  w_j <- sigma_sq_hat / (sigma_sq_hat + sigma_j_sq)  # Shrinkage weights 
   
  # Borrowing weight for current study (1 - w_j = weight on overall mean) 
  borrowing_weight_c <- 1 - w_j[current_idx] 
   
  return(list( 
    # Current study posterior 
    theta_c_mean = mean(theta_c_samples), 
    theta_c_sd = sd(theta_c_samples), 
    theta_c_ci_lower = quantile(theta_c_samples, 0.025), 
    theta_c_ci_upper = quantile(theta_c_samples, 0.975), 
    theta_c_samples = theta_c_samples, 
     
    # Hyperparameter posteriors 
    mu_mean = mean(mu_post), 
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    mu_sd = sd(mu_post), 
    mu_ci_lower = quantile(mu_post, 0.025), 
    mu_ci_upper = quantile(mu_post, 0.975), 
     
    sigma_mean = mean(sigma_post), 
    sigma_sd = sd(sigma_post), 
    sigma_ci_lower = quantile(sigma_post, 0.025), 
    sigma_ci_upper = quantile(sigma_post, 0.975), 
     
    # Shrinkage weights 
    w_j = w_j, 
    w_c = w_j[current_idx],                 # Weight on current study's own d
ata 
    borrowing_weight = borrowing_weight_c, # Weight on overall mean (1 - w_c) 
     
    # All study posteriors 
    theta_j_means = colMeans(theta_j_post), 
    theta_j_sds = apply(theta_j_post, 2, sd), 
     
    # Full samples 
    mu_samples = mu_post, 
    sigma_samples = sigma_post, 
    theta_j_samples = theta_j_post 
  )) 
} 
 
 
 
for (scenario_name in names(datasets)) { 
   
  cat(sprintf("\n%s\n%s\n", scenario_name, strrep("=", nchar(scenario_name)))
) 
   
  data <- datasets[[scenario_name]] 
  current <- data %>% filter(study_type == "current") 
  historical <- data %>% filter(study_type == "historical") 
   
  # Combine current (first) + historical studies 
  all_studies <- rbind(current, historical) 
  J <- nrow(all_studies) 
   
  scenario_results <- list() 
   
  # ========================================================================= 
  # OUTCOME 1: RESPONSE PROPORTION (logit scale) 
  # ========================================================================= 
   
  # Transform to logit scale 
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  props <- all_studies$observed_proportion 
  ns <- all_studies$n 
   
  theta_hat_j <- log(props / (1 - props))                    # θ_̂j on logit s
cale 
  sigma_j <- 1 / sqrt(ns * props * (1 - props))              # sigma_j (withi
n-study SD) 
   
 
  # Prior specification 
  mu_0_1 <- 0 
  sigma_mu_1 <- 3 
  sigma_sigma_1 <- 1 
 
  # Run NNHM 
  nnhm_1 <- NNHM_posterior( 
    theta_hat_j, sigma_j,  
    mu_0 = mu_0_1, sigma_mu = sigma_mu_1,  
    sigma_sigma = sigma_sigma_1, 
    n_iter = 15000, n_burnin = 3000, 
    current_idx = 1 
  ) 
   
 
  # Transform back to probability 
  theta_c_prob <- 1 / (1 + exp(-nnhm_1$theta_c_samples)) 
  nnhm_mean_prob <- mean(theta_c_prob) 
  nnhm_ci_prob <- quantile(theta_c_prob, c(0.025, 0.975)) 
   
  
  scenario_results$outcome1 <- list( 
    nnhm = nnhm_1, 
    mean_transformed = nnhm_mean_prob, 
    ci_lower_transformed = nnhm_ci_prob[1], 
    ci_upper_transformed = nnhm_ci_prob[2] 
  ) 
   
  # ========================================================================= 
  # OUTCOME 2: EVENT RATE (log scale) 
  # ========================================================================= 
   
  rates <- all_studies$observed_event_rate 
  events <- all_studies$events 
   
  theta_hat_j_2 <- log(rates + 0.001)         # θ_̂j on log scale 
  sigma_j_2 <- 1 / sqrt(pmax(events, 1))      # sigma_j 
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  mu_0_2 <- log(0.25) 
  sigma_mu_2 <- 2 
  sigma_sigma_2 <- 1 
   
  nnhm_2 <- NNHM_posterior( 
    theta_hat_j_2, sigma_j_2, 
    mu_0 = mu_0_2, sigma_mu = sigma_mu_2, 
    sigma_sigma = sigma_sigma_2, 
    n_iter = 15000, n_burnin = 3000, 
    current_idx = 1 
  ) 
   
 
  # Transform back to rate 
  theta_c_rate <- exp(nnhm_2$theta_c_samples) 
  nnhm_mean_rate <- mean(theta_c_rate) 
  nnhm_ci_rate <- quantile(theta_c_rate, c(0.025, 0.975)) 
 
  scenario_results$outcome2 <- list( 
    nnhm = nnhm_2, 
    mean_transformed = nnhm_mean_rate, 
    ci_lower_transformed = nnhm_ci_rate[1], 
    ci_upper_transformed = nnhm_ci_rate[2] 
  ) 
   
  # ========================================================================= 
  # OUTCOME 3: CONTINUOUS MEAN 
  # ========================================================================= 
   
  means <- all_studies$observed_mean 
  sds <- all_studies$observed_sd 
  ns <- all_studies$n 
   
  theta_hat_j_3 <- means 
  sigma_j_3 <- sds / sqrt(ns)                 # sigma_j = SD / sqrt(n) 
   
 
  mu_0_3 <- 25 
  sigma_mu_3 <- 20 
  sigma_sigma_3 <- 10 
   
  nnhm_3 <- NNHM_posterior( 
    theta_hat_j_3, sigma_j_3, 
    mu_0 = mu_0_3, sigma_mu = sigma_mu_3, 
    sigma_sigma = sigma_sigma_3, 
    n_iter = 15000, n_burnin = 3000, 
    current_idx = 1 
  ) 
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  scenario_results$outcome3 <- list( 
    nnhm = nnhm_3, 
    mean_transformed = nnhm_3$theta_c_mean, 
    ci_lower_transformed = nnhm_3$theta_c_ci_lower, 
    ci_upper_transformed = nnhm_3$theta_c_ci_upper 
  ) 
   
  all_results[[scenario_name]] <- scenario_results 
} 
 
# ===========================================================================
== 
# CREATE SUMMARY TABLE 
# ===========================================================================
== 
 
summary_rows <- list() 
row_idx <- 1 
 
for (scenario_name in names(all_results)) { 
  res <- all_results[[scenario_name]] 
   
  for (outcome_info in list( 
    list(name = "Response Proportion", key = "outcome1"), 
    list(name = "Event Rate", key = "outcome2"), 
    list(name = "Continuous Mean", key = "outcome3") 
  )) { 
    outcome_res <- res[[outcome_info$key]] 
    nnhm <- outcome_res$nnhm 
     
    summary_rows[[row_idx]] <- data.frame( 
      Scenario = scenario_name, 
      Outcome = outcome_info$name, 
      mu_posterior = round(nnhm$mu_mean, 3), 
      sigma_posterior = round(nnhm$sigma_mean, 3), 
      w_c = round(nnhm$w_c, 3), 
      borrowing_weight = round(nnhm$borrowing_weight, 3), 
      theta_c_mean = round(outcome_res$mean_transformed, 3), 
      CI_Lower = round(outcome_res$ci_lower_transformed, 3), 
      CI_Upper = round(outcome_res$ci_upper_transformed, 3) 
    ) 
    row_idx <- row_idx + 1 
  } 
} 
 
summary_table <- do.call(rbind, summary_rows) 
print(summary_table) 
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write.csv(summary_table, "C:/Users/marin/Downloads/R scripts/NNHM/nnhm_result
s.csv", row.names = FALSE) 
 
outcome1 <- scenario_results$outcome1 
outcome2 <- scenario_results$outcome2 
outcome3 <- scenario_results$outcome3 
 
save(outcome1, outcome2, outcome3, 
     file = "C:/Users/marin/Downloads/R scripts/NNHM/NNHM_results.RData") 

12.3 pre borrowing weights 
-------------------------------------------------------------- 
# STEP 1: LOAD REQUIRED PACKAGES 
# ---------------------------------------------------------------------------
-- 
 
library(cluster)   
library(dplyr)    
library(readr) 
 
# ---------------------------------------------------------------------------
-- 
# STEP 2: LOAD YOUR DATA 
# ---------------------------------------------------------------------------
-- 
 
 
data <- read.csv( 
  "C:/Users/marin/Downloads/Datasets/demographics.csv", 
  fileEncoding = "latin1", 
  stringsAsFactors = FALSE, 
  na.strings = c("", "NA") 
) 
 
 
# ===========================================================================
== 
# PART A: RISK OF BIAS (ROB) WEIGHTS 
# ===========================================================================
== 
# 
# WHY? Studies with high risk of bias may give misleading results. 
#      We want to DOWNWEIGHT biased studies so they contribute less. 
# 
# HOW? We assign a weight between 0 and 1 based on the ROB rating: 
#      - "Good" quality = 1.0  
#      - "Fair" quality = 0.7  
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#      - "Poor" quality = 0.3  
# 
# ---------------------------------------------------------------------------
-- 
 
calculate_rob_weights <- function(rob_ratings) { 
  # Create a named vector of weights for each ROB category 
  rob_weight_map <- c( 
    "Good" = 1.0,   # No bias concerns - full weight 
    "Fair" = 0.7,   # Some bias concerns - reduced weight 
    "Poor" = 0.3    # Serious bias concerns - heavily downweighted 
  ) 
   
  # Apply the mapping to each study's ROB rating 
  weights <- rob_weight_map[rob_ratings] 
   
  # If any ROB rating is not recognized, assign 0.5 (uncertain) 
  weights[is.na(weights)] <- 0.5 
   
  return(weights) 
} 
 
# Calculate ROB weights for all studies 
rob_weights <- calculate_rob_weights(data$ROB) 
 
cat("=== RISK OF BIAS WEIGHTS ===\n") 
cat("Logic: Good=1.0, Fair=0.7, Poor=0.3\n\n") 
for (i in 1:nrow(data)) { 
  cat(sprintf("%-45s | ROB: %-4s | Weight: %.1f\n",  
              substr(data$Studies[i], 1, 45),  
              data$ROB[i],  
              rob_weights[i])) 
} 
 
# ===========================================================================
== 
# PART B: STUDY DESIGN WEIGHTS 
# ===========================================================================
== 
# 
# WHY? Different study designs have different levels of evidence quality. 
#      Randomized trials are generally more reliable than case series. 
# 
# HOW? We assign weights based on the evidence hierarchy: 
#      - Randomized Trial = 1.0 (highest quality) 
#      - Prospective observational = 0.85 
#      - Systematic review = 0.80 
#      - Multicenter study = 0.75 
#      - Retrospective case-control = 0.70 
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#      - Other observational = 0.60 
#      - Case series = 0.50 (lowest quality) 
# 
# ---------------------------------------------------------------------------
-- 
 
calculate_design_weights <- function(designs) { 
   
  weights <- sapply(designs, function(design) { 
    design_lower <- tolower(design) 
     
    # Check design type in order of specificity 
    if (grepl("randomised|randomized|rct", design_lower)) { 
      return(1.0)   # Randomized trials - highest weight 
    } else if (grepl("prospective|trial", design_lower) && !grepl("retrospect
ive", design_lower)) { 
      return(0.85)  # Prospective only 
    } else if (grepl("systematic review", design_lower)) { 
      return(0.80)  # Systematic reviews 
    } else if (grepl("multicenter", design_lower)) { 
      return(0.75)  # Multicenter studies 
    } else if (grepl("retrospective case control|case control", design_lower)
) { 
      return(0.70)  # Case-control studies 
    } else if (grepl("observational", design_lower)) { 
      return(0.60)  # Other observational studies 
    } else if (grepl("case series", design_lower)) { 
      return(0.50)  # Case series - lowest weight 
    } else { 
      return(0.50)  # Unknown - conservative weight 
    } 
  }) 
   
  return(weights) 
} 
 
# Calculate design weights for all studies 
design_weights <- calculate_design_weights(data$Design) 
 
 
# ===========================================================================
== 
# PART C: DEMOGRAPHIC SIMILARITY WEIGHTS (GOWER DISTANCE WITHOUT IMPUTATION) 
# ===========================================================================
== 
# 
# For each historical study, similarity is calculated using only the variable
s 
# reported in both the current study and the historical study. 
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# 
# A completeness penalty is added: 
#   Completeness_j = number of available variables / total number of planned 
variables 
# 
# Adjusted similarity: 
#   S_adjusted_j = S_j * Completeness_j 
# 
 
# ===========================================================================
== 
 
calculate_demographic_similarity <- function(data) { 
   
  n_studies <- nrow(data) 
  n_historical <- n_studies - 1 
   
  cat("Current study:", data$Studies[1], "\n") 
  cat("Historical studies:", n_historical, "\n\n") 
   
  # ========================================================= 
  # SELECT KEY DEMOGRAPHIC / CLINICAL VARIABLES 
  # ========================================================= 
   
  demo_data <- data.frame( 
    Total = data$Total, 
    Age = data$Age_median, 
    Duration = data$Median.duration.of.treatment.in.months, 
    Male_prop = data$Males / data$Total 
  ) 
   
  if ("Antiplatelet" %in% names(data)) { 
    demo_data$Antiplatelet_prop <- data$Antiplatelet / data$Total 
  } 
  if ("Oral..venous.anticoagulant" %in% names(data)) { 
    demo_data$Anticoagulant_prop <- data$Oral..venous.anticoagulant / data$To
tal 
  } 
  if ("Antineoplastic..vincristine." %in% names(data)) { 
    demo_data$Antineoplastic_prop <- data$Antineoplastic..vincristine. / data
$Total 
  } 
  if ("Antibiotic.antibiotherapy" %in% names(data)) { 
    demo_data$Antibiotic_prop <- data$Antibiotic.antibiotherapy / data$Total 
  } 
  if ("Steroids" %in% names(data)) { 
    demo_data$Steroids_prop <- data$Steroids / data$Total 
  } 
  if ("Surgery" %in% names(data)) { 
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    demo_data$Surgery_prop <- data$Surgery / data$Total 
  } 
  if ("Sclerotherapy.embolization" %in% names(data)) { 
    demo_data$Sclero_prop <- data$Sclerotherapy.embolization / data$Total 
  } 
  if ("Venous.malformation" %in% names(data)) { 
    demo_data$VM_prop <- data$Venous.malformation / data$Total 
  } 
  if ("Capillary.malformation" %in% names(data)) { 
    demo_data$Capillary_prop <- data$Capillary.malformation / data$Total 
  } 
  if ("Lymphatic.malformations" %in% names(data)) { 
    demo_data$LM_prop <- data$Lymphatic.malformations / data$Total 
  } 
  if ("Combined" %in% names(data)) { 
    demo_data$Combined_prop <- data$Combined / data$Total 
  } 
  if ("Cervico.facial" %in% names(data)) { 
    demo_data$Cervicofacial_prop <- data$Cervico.facial / data$Total 
  } 
  if ("Trunk" %in% names(data)) { 
    demo_data$Trunk_prop <- data$Trunk / data$Total 
  } 
  if ("Limb" %in% names(data)) { 
    demo_data$Limb_prop <- data$Limb / data$Total 
  } 
  if ("Cervicofacial.and.trunk" %in% names(data)) { 
    demo_data$Cervi_trunk_prop <- data$Cervicofacial.and.trunk / data$Total 
  } 
  if ("Trunk.and.limb" %in% names(data)) { 
    demo_data$Trunk_limb_prop <- data$Trunk.and.limb / data$Total 
  } 
  if ("Cervicofacial..trunk.and.limb" %in% names(data)) { 
    demo_data$Cervi_trunk_limb_prop <- data$Cervicofacial..trunk.and.limb / d
ata$Total 
  } 
  if ("Internal" %in% names(data)) { 
    demo_data$Internal_prop <- data$Internal / data$Total 
  } 
  if ("Pain" %in% names(data)) { 
    demo_data$Pain_prop <- data$Pain / data$Total 
  } 
  if ("Functional.limitation" %in% names(data)) { 
    demo_data$Functional_limitation_prop <- data$Functional.limitation / data
$Total 
  } 
  if ("Bleeding" %in% names(data)) { 
    demo_data$Bleeding_prop <- data$Bleeding / data$Total 
  } 
  if ("Cellulitis" %in% names(data)) { 
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    demo_data$Cellulitis_prop <- data$Cellulitis / data$Total 
  } 
  if ("Coagulopathy" %in% names(data)) { 
    demo_data$Coagulopathy_prop <- data$Coagulopathy / data$Total 
  } 
  if ("Infection" %in% names(data)) { 
    demo_data$Infection_prop <- data$Infection / data$Total 
  } 
  if ("Oozing" %in% names(data)) { 
    demo_data$Oozing_prop <- data$Oozing / data$Total 
  } 
  if ("Ulceration" %in% names(data)) { 
    demo_data$Ulceration_prop <- data$Ulceration / data$Total 
  } 
  if ("Problems.with.the.speech.tongue" %in% names(data)) { 
    demo_data$Speech_tongue_prop <- data$Problems.with.the.speech.tongue / da
ta$Total 
  } 
  if ("Upper.airway.obstruction" %in% names(data)) { 
    demo_data$Upper_airway_obstruction_prop <- data$Upper.airway.obstruction 
/ data$Total 
  } 
  if ("Facial.deformity" %in% names(data)) { 
    demo_data$Facial_deformity_prop <- data$Facial.deformity / data$Total 
  } 
  if ("Swelling" %in% names(data)) { 
    demo_data$Swelling_prop <- data$Swelling / data$Total 
  } 
   
  # ========================================================= 
  # CALCULATE GOWER DISTANCE WITH MISSING VALUES 
  # ========================================================= 
  # daisy() handles missing values by excluding unavailable variables 
  # from each pairwise distance calculation. 
   
  gower_dist <- daisy(demo_data, metric = "gower") 
  dist_matrix <- as.matrix(gower_dist) 
   
  # Similarity between current study and each historical study 
  raw_similarity <- 1 - dist_matrix[2:n_studies, 1] 
   
  # ========================================================= 
  # COMPLETENESS PENALTY 
  # ========================================================= 
  # Count variables available in both current and historical study. 
   
  total_variables <- ncol(demo_data) 
   
  completeness <- numeric(n_historical) 
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  for (j in 2:n_studies) { 
    available_vars <- !is.na(demo_data[1, ]) & !is.na(demo_data[j, ]) 
    completeness[j - 1] <- sum(available_vars) / total_variables 
  } 
   
  adjusted_similarity <- raw_similarity * completeness 
   
  cat("Similarity calculated without imputation.\n") 
  cat("Completeness penalty applied.\n\n") 
   
  return(list( 
    historical_studies = data$Studies[2:n_studies], 
    raw_similarity = raw_similarity, 
    completeness = completeness, 
    adjusted_similarity = adjusted_similarity, 
    variables_used = names(demo_data), 
    total_variables = total_variables 
  )) 
} 
 
demo_result <- calculate_demographic_similarity(data) 
 
# Use adjusted similarity for the primary analysis 
demographic_similarity <- demo_result$adjusted_similarity 
 
# Optional: keep raw similarity and completeness separately 
raw_demographic_similarity <- demo_result$raw_similarity 
completeness_weight <- demo_result$completeness 
 
rob_weights <- calculate_rob_weights(data$ROB[2:nrow(data)]) 
design_weights <- calculate_design_weights(data$Design[2:nrow(data)]) 
 
 
# ===========================================================================
== 
# PART D: COMBINING THE WEIGHTS 
# ===========================================================================
== 
 
# Define importance weights for the additive method 
w_demo <- 0.40 
w_rob <- 0.35 
w_design <- 0.25 
 
# METHOD 1: Weighted Average 
combined_additive <- w_demo * demographic_similarity +  
  w_rob * rob_weights +  
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  w_design * design_weights 
 
# METHOD 2: Multiplicative 
combined_multiplicative <- demographic_similarity * rob_weights * design_weig
hts 
 
# METHOD 3: Quality-Adjusted Similarity 
quality_adjusted <- demographic_similarity * sqrt(rob_weights * design_weight
s) 
 
# ===========================================================================
== 
# CREATE RESULTS TABLE WITH ALL 20 STUDIES 
# Row 1 = Current study (weights = NA) 
# Rows 2-20 = Historical studies (weights calculated) 
# ===========================================================================
== 
 
results <- data.frame( 
  Study = data$Studies, 
  Raw_Demographic_Similarity = c(NA, round(raw_demographic_similarity, 3)), 
  Completeness_Weight = c(NA, round(completeness_weight, 3)), 
  Adjusted_Demographic_Similarity = c(NA, round(demographic_similarity, 3)), 
  ROB_Weight = c(NA, round(rob_weights, 3)), 
  Design_Weight = c(NA, round(design_weights, 3)), 
  Combined_Additive = c(NA, round(combined_additive, 3)), 
  Combined_Multiplicative = c(NA, round(combined_multiplicative, 3)), 
  Quality_Adjusted = c(NA, round(quality_adjusted, 3)), 
  ROB = data$ROB, 
  Design = data$Design 
) 
 
# ===========================================================================
== 
# PART E: NORMALIZE WEIGHTS FOR HISTORICAL STUDIES 
# ===========================================================================
== 
 
# Get weights for historical studies only (rows 2:20) 
historical_weights <- results$Quality_Adjusted[2:nrow(results)] 
 
# Normalize so they sum to 1 
normalized_weights <- historical_weights / sum(historical_weights) 
 
# Add to results (NA for current study, normalized for historical) 
results$Normalized_Weight <- c(NA, round(normalized_weights, 4)) 
 
 
# ===========================================================================
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== 
# PART F: RANK HISTORICAL STUDIES 
# ===========================================================================
== 
 
cat("\n\n=== HISTORICAL STUDIES RANKED BY WEIGHT ===\n\n") 
 
# Sort historical studies by quality-adjusted weight (descending) 
historical_results <- results[2:nrow(results), ] 
historical_results <- historical_results[order(-historical_results$Quality_Ad
justed), ] 
historical_results$Rank <- 1:nrow(historical_results) 
 
# Print ranked results 
print(historical_results[, c("Rank", "Study", "Quality_Adjusted",  
                             "Normalized_Weight", "ROB", "Design")]) 
 
# ===========================================================================
== 
# PART G: SAVE RESULTS 
# ===========================================================================
== 
 
results$Study_type<-  data$Study_type 
results$N_pain<- data$N_pain 
results$Response_pain <- data$Response_pain 
 
results$N_d_dimer <-data$N_d_dimer 
results$Mean_decrease <-data$Mean_decrease 
results$SD_decrease<-data$SD_decrease 
 
 
# Save complete results to CSV 
write.csv(results, "C:/Users/marin/Downloads/Datasets/calculated_weights.csv"
, row.names = FALSE) 

12.4 RWD analysis (Binary endpoint) 
# ===========================================================================
== 
# BAYESIAN BORROWING ANALYSIS - QUALITY-ADJUSTED THEORY-CONSISTENT IMPLEMENTA
TION 
# ===========================================================================
== 
# 
# METHODS REPORTED: 
#   1. rMAP  – Robust MAP prior 
#   2. SAM   – Self-Adapting Mixture Prior 
#   3. Elastic Prior 
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#   4. NNHM  – Normal-Normal Hierarchical Model 
# 
# INTERNAL METHOD: 
#   - MAP prior is fitted internally because it is required to construct: 
#       (a) rMAP 
#       (b) SAM for multiple historical studies 
#       (c) Elastic prior 
# 
# QUALITY ADJUSTMENT: 
#   q_j = Similarity_j × sqrt(ROB_j × Design_j) 
# 
# HOW QUALITY WEIGHTS ENTER: 
#   MAP / rMAP / Elastic / SAM-informative-prior: 
#       via quality-adjusted effective counts: 
#         n_j,eff = round(n_j * q_j) 
#         x_j,eff = round(x_j * q_j) 
# 
#   NNHM: 
#       via similarity-weighted second level: 
#         theta_j | mu, sigma^2 ~ N(mu, sigma^2 / q_j) 
# 
# ADDITIONAL ESS: 
#   For every borrowing method, the reported ESS is the posterior variance-ba
sed 
#   additional ESS on the probability scale: 
# 
#     ESS_add = max(0, n_c * (Var_no_borrow / Var_method - 1)) 
# 
# 
# ===========================================================================
== 
 
library(RBesT) 
library(SAMprior) 
library(tidyverse) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# 1. LOAD DATA 
# ===========================================================================
== 
 
data <- read.csv( 
  "C:/Users/marin/Downloads/Datasets/calculated_weights.csv", 
  stringsAsFactors = FALSE 
) 
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current <- data %>% 
  filter(Study_type == "current") 
 
historical <- data %>% 
  filter(Study_type == "historical") %>% 
  filter( 
    !is.na(N_pain), 
    !is.na(Response_pain), 
    !is.na(Quality_Adjusted) 
  ) 
 
stopifnot(nrow(current) == 1) 
 
current <- current %>% 
  mutate(prop = Response_pain / N_pain) 
 
historical <- historical %>% 
  mutate( 
    prop = Response_pain / N_pain, 
    q_j  = pmin(pmax(Quality_Adjusted, 1e-6), 1) 
  ) 
 
x_c <- current$Response_pain 
n_c <- current$N_pain 
p_c <- current$prop 
 
cat(sprintf( 
  "Current study: %s | N=%d | Resp=%d | Rate=%.1f%%\n", 
  current$Study, n_c, x_c, 100 * p_c 
)) 
cat(sprintf( 
  "Historical studies: %d | raw N=%d | raw Resp=%d\n\n", 
  nrow(historical), 
  sum(historical$N_pain), 
  sum(historical$Response_pain) 
)) 
 
# ===========================================================================
== 
# 2. SHARED HELPERS 
# ===========================================================================
== 
 
adjust_prop <- function(prop, n) { 
  out <- prop 
  out[prop <= 0] <- 0.5 / (n[prop <= 0] + 1) 
  out[prop >= 1] <- (n[prop >= 1] + 0.5) / (n[prop >= 1] + 1) 
  out 
} 
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logit <- function(p) log(p / (1 - p)) 
inv_logit <- function(x) 1 / (1 + exp(-x)) 
 
make_w_key     <- function(w) sprintf("w_%0.2f", w) 
make_delta_key <- function(d) sprintf("Delta_%0.4f", d) 
make_sigma_key <- function(x) sprintf("sigma_sigma_%0.3f", x) 
make_el_key    <- function(a, b) sprintf("a_%0.2f_b_%0.2f", a, b) 
 
to_percent <- function(x) 100 * x 
 
# ---------------------------------------------------------------------------
-- 
# Sample from beta mixture 
# ---------------------------------------------------------------------------
-- 
rbeta_mix <- function(mix_obj, nsim = 100000) { 
  mat <- as.matrix(t(mix_obj)) 
  if (is.null(dim(mat))) { 
    mat <- matrix(mat, nrow = 1) 
  } 
   
  w <- mat[, 1] 
  a <- mat[, 2] 
  b <- mat[, 3] 
   
  comp <- sample(seq_along(w), size = nsim, replace = TRUE, prob = w) 
  rbeta(nsim, shape1 = a[comp], shape2 = b[comp]) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Posterior variance-based additional ESS 
# ---------------------------------------------------------------------------
-- 
compute_additional_ess_variance <- function(var_method, var_no_borrow, n_curr
ent) { 
  if (is.na(var_method) || is.na(var_no_borrow) || var_method <= 0 || var_no_
borrow <= 0) { 
    return(NA_real_) 
  } 
  max(0, n_current * (var_no_borrow / var_method - 1)) 
} 
 
# ===========================================================================
== 
# 3. QUALITY-ADJUSTED HISTORICAL DATA FOR MAP / rMAP / SAM / ELASTIC 
# ===========================================================================
== 
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historical_eff <- historical %>% 
  mutate( 
    n_effective = pmax(round(N_pain * q_j), 1L), 
    r_effective = round(Response_pain * q_j), 
    r_effective = pmin(r_effective, n_effective), 
    study_id = factor(seq_len(n())) 
  ) 
 
cat(sprintf( 
  "Quality-adjusted historical total N = %d\n\n", 
  sum(historical_eff$n_effective) 
)) 
 
# ===========================================================================
== 
# 4. INTERNAL MAP PRIOR 
# ===========================================================================
== 
 
cat("Fitting quality-adjusted MAP prior...\n") 
 
map_fit <- gMAP( 
  cbind(r_effective, n_effective - r_effective) ~ 1 | study_id, 
  data       = historical_eff, 
  family     = binomial, 
  tau.dist   = "HalfNormal", 
  tau.prior  = 1, 
  beta.prior = 2 
) 
 
map_beta <- automixfit(map_fit) 
posterior_map <- postmix(map_beta, r = x_c, n = n_c) 
 
map_results <- list( 
  tau_median     = median(map_fit$tau), 
  prior_mean     = unname(summary(map_beta)["mean"]), 
  prior_sd       = unname(summary(map_beta)["sd"]), 
  posterior_mean = unname(summary(posterior_map)["mean"]), 
  posterior_sd   = unname(summary(posterior_map)["sd"]), 
  ci_lower       = qmix(posterior_map, 0.025), 
  ci_upper       = qmix(posterior_map, 0.975) 
) 
 
# ===========================================================================
== 
# 5. NO BORROWING REFERENCE POSTERIOR 
# ===========================================================================
== 
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vague_prior <- mixbeta(c(1, 1, 1))   # Beta(1,1) 
posterior_vague <- postmix(vague_prior, r = x_c, n = n_c) 
 
n_mc_ess <- 100000 
 
no_borrow_samples <- rbeta_mix(posterior_vague, nsim = n_mc_ess) 
no_borrow_samples <- pmin(pmax(no_borrow_samples, 1e-8), 1 - 1e-8) 
posterior_var_no_borrow <- var(no_borrow_samples) 
 
no_borrow_results <- list( 
  mean     = unname(summary(posterior_vague)["mean"]), 
  sd       = unname(summary(posterior_vague)["sd"]), 
  ci_lower = qmix(posterior_vague, 0.025), 
  ci_upper = qmix(posterior_vague, 0.975), 
  ESS      = 0, 
  var_post = posterior_var_no_borrow 
) 
 
# ===========================================================================
== 
# 6. rMAP PRIOR 
# ===========================================================================
== 
 
w_values <- seq(0.02, 1.00, by = 0.02) 
 
rmap_results <- list( 
  no_borrowing = no_borrow_results 
) 
 
cat("Running rMAP scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(w_values), style = 3) 
 
for (i in seq_along(w_values)) { 
  w_r <- w_values[i] 
   
  rmap_prior <- mixcombine( 
    informative = map_beta, 
    vague = vague_prior, 
    weight = c(w_r, 1 - w_r) 
  ) 
   
  post_rmap <- postmix(rmap_prior, r = x_c, n = n_c) 
   
  post_samples <- rbeta_mix(post_rmap, nsim = n_mc_ess) 
  post_samples <- pmin(pmax(post_samples, 1e-8), 1 - 1e-8) 
  post_var <- var(post_samples) 
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  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c 
  ) 
   
  key <- make_w_key(w_r) 
   
  rmap_results[[key]] <- list( 
    w_robust = w_r, 
    mean     = unname(summary(post_rmap)["mean"]), 
    sd       = unname(summary(post_rmap)["sd"]), 
    ci_lower = qmix(post_rmap, 0.025), 
    ci_upper = qmix(post_rmap, 0.975), 
    var_post = post_var, 
    ESS      = ESS_add 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
# ===========================================================================
== 
# 7. SAM PRIOR (MULTIPLE HISTORICAL STUDIES SUMMARIZED BY MAP) 
# ===========================================================================
== 
 
sam_vague_prior <- mixbeta(c(1, 1, 1))   # Beta(1,1) 
theta_hat_h <- unname(summary(map_beta)["mean"]) 
 
cat(sprintf( 
  "SAM informative prior summarized by MAP: theta_hat_h = %.4f (%.1f%%)\n", 
  theta_hat_h, 100 * theta_hat_h 
)) 
 
y_current <- c(rep(1, x_c), rep(0, n_c - x_c)) 
 
# ---------------------------------------------------------------------------
-- 
# Posterior informative weight w* 
# ---------------------------------------------------------------------------
-- 
get_w_posterior_from_postmix <- function(sam_post, informative_prior) { 
  post_mat <- as.matrix(sam_post) 
  inf_mat  <- as.matrix(informative_prior) 
   
  if (is.null(dim(post_mat))) post_mat <- matrix(post_mat, nrow = 1) 
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  if (is.null(dim(inf_mat)))  inf_mat  <- matrix(inf_mat, nrow = 1) 
   
  n_inf <- nrow(inf_mat) 
   
  if (nrow(post_mat) < n_inf) { 
    stop("Posterior mixture has fewer components than informative prior.") 
  } 
   
  sum(post_mat[seq_len(n_inf), 1]) 
} 
 
 
# ---------------------------------------------------------------------------
-- 
# Main SAM function 
# ---------------------------------------------------------------------------
-- 
compute_SAM_binary_map_samprior <- function( 
    x_c, 
    n_c, 
    y_current, 
    informative_prior, 
    vague_prior = mixbeta(c(1, 1, 1)), 
    Delta, 
    var_no_borrow, 
    n_mc = 100000 
) { 
   
  theta_hat_h <- unname(summary(informative_prior)["mean"]) 
   
  w_sam <- SAM_weight( 
    if.prior = informative_prior, 
    nf.prior = vague_prior, 
    delta    = Delta, 
    data     = y_current 
  ) 
   
  w_sam <- min(max(w_sam, 1e-8), 1 - 1e-8) 
   
  sam_prior <- SAM_prior( 
    if.prior = informative_prior, 
    nf.prior = vague_prior, 
    weight   = w_sam 
  ) 
   
  sam_post <- postmix(sam_prior, r = x_c, n = n_c) 
   
  w_post <- get_w_posterior_from_postmix( 
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    sam_post = sam_post, 
    informative_prior = informative_prior 
  ) 
   
  post_samples <- rbeta_mix(sam_post, nsim = n_mc) 
  post_samples <- pmin(pmax(post_samples, 1e-8), 1 - 1e-8) 
  post_var <- var(post_samples) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var, 
    var_no_borrow = var_no_borrow, 
    n_current = n_c 
  ) 
   
  list( 
    Delta       = Delta, 
    theta_hat_h = theta_hat_h, 
    w_prior     = w_sam, 
    w_posterior = w_post, 
    mean        = unname(summary(sam_post)["mean"]), 
    sd          = unname(summary(sam_post)["sd"]), 
    ci_lower    = qmix(sam_post, 0.025), 
    ci_upper    = qmix(sam_post, 0.975), 
    var_post    = post_var, 
    ESS         = ESS_add, 
    sam_prior   = sam_prior, 
    sam_post    = sam_post 
  ) 
} 
Delta_values <- seq(0.01, 0.50, length.out = 50) 
 
sam_results <- list( 
  informative_prior = list( 
    theta_hat_h    = theta_hat_h, 
    map_prior_mean = unname(summary(map_beta)["mean"]), 
    map_prior_sd   = unname(summary(map_beta)["sd"]) 
  ) 
) 
 
cat("Running SAM scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(Delta_values), style = 3) 
 
for (i in seq_along(Delta_values)) { 
  Delta <- Delta_values[i] 
  key <- make_delta_key(Delta) 
   
  sam_results[[key]] <- compute_SAM_binary_map_samprior( 
    x_c               = x_c, 
    n_c               = n_c, 
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    y_current         = y_current, 
    informative_prior = map_beta, 
    vague_prior       = sam_vague_prior, 
    Delta             = Delta, 
    var_no_borrow     = posterior_var_no_borrow, 
    n_mc              = n_mc_ess 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
sam_results_df <- purrr::map_dfr( 
  Delta_values, 
  function(Delta) { 
    key <- make_delta_key(Delta) 
    res <- sam_results[[key]] 
     
    tibble::tibble( 
      Delta          = res$Delta, 
      theta_hat_h    = res$theta_hat_h, 
      w_prior        = res$w_prior, 
      w_posterior    = res$w_posterior, 
      posterior_mean = res$mean, 
      posterior_sd   = res$sd, 
      ci_lower       = res$ci_lower, 
      ci_upper       = res$ci_upper, 
      ESS            = res$ESS 
    ) 
  } 
) 
 
print(sam_results_df) 
 
# ===========================================================================
== 
# 8. ELASTIC PRIOR 
# ===========================================================================
== 
 
map_prior_samples_prob <- rmix(map_beta, 100000) 
map_prior_samples_prob <- pmin(pmax(map_prior_samples_prob, 1e-8), 1 - 1e-8) 
map_prior_samples_logit <- logit(map_prior_samples_prob) 
 
mu_h_hat <- mean(map_prior_samples_logit) 
sigma_h_sq_hat <- var(map_prior_samples_logit) 
sigma_h_hat <- sqrt(sigma_h_sq_hat) 
 
p_c_adj <- adjust_prop(p_c, n_c) 
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theta_c_hat <- logit(p_c_adj) 
var_theta_c_hat <- 1 / (n_c * p_c_adj * (1 - p_c_adj)) 
 
calculate_discount_elastic <- function(theta_c_hat, var_theta_c_hat, 
                                       mu_h_hat, sigma_h_sq_hat, 
                                       a = 0, b = 2) { 
  T_stat <- (theta_c_hat - mu_h_hat)^2 / (var_theta_c_hat + sigma_h_sq_hat) 
  T_stat <- max(T_stat, 1e-10) 
  g_T <- 1 / (1 + exp(a + b * log(T_stat))) 
  list(T = T_stat, g_T = g_T) 
} 
 
compute_elastic_posterior <- function(theta_c_hat, var_theta_c_hat, 
                                      mu_h_hat, sigma_h_sq_hat, 
                                      g_T, var_no_borrow, 
                                      n_current, n_mc = 100000) { 
  g_T_safe <- max(g_T, 1e-8) 
  sigma_E_sq <- sigma_h_sq_hat / g_T_safe 
   
  prec_post <- 1 / sigma_E_sq + 1 / var_theta_c_hat 
  var_post_logit <- 1 / prec_post 
  mean_post_logit <- var_post_logit * ( 
    mu_h_hat / sigma_E_sq + theta_c_hat / var_theta_c_hat 
  ) 
   
  samps_logit <- rnorm(n_mc, mean_post_logit, sqrt(var_post_logit)) 
  samps_prob <- inv_logit(samps_logit) 
  post_var_prob <- var(samps_prob) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var_prob, 
    var_no_borrow = var_no_borrow, 
    n_current = n_current 
  ) 
   
  list( 
    mean = mean(samps_prob), 
    sd = sd(samps_prob), 
    ci_lower = unname(quantile(samps_prob, 0.025)), 
    ci_upper = unname(quantile(samps_prob, 0.975)), 
    mu_post_logit = mean_post_logit, 
    sigma_post_logit = sqrt(var_post_logit), 
    sigma_E = sqrt(sigma_E_sq), 
    g_T = g_T_safe, 
    var_post = post_var_prob, 
    ESS = ESS_add 
  ) 
} 
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a_values <- seq(-2, 3, length.out = 10) 
b_values <- seq(0.5, 4, length.out = 5) 
elastic_grid <- expand.grid(a = a_values, b = b_values) %>% 
  arrange(a, b) 
 
elastic_results <- list( 
  mu_h_hat = mu_h_hat, 
  sigma_h_hat = sigma_h_hat, 
  sigma_h_sq_hat = sigma_h_sq_hat 
) 
 
cat("Running Elastic scenarios...\n") 
pb <- txtProgressBar(min = 0, max = nrow(elastic_grid), style = 3) 
 
for (i in seq_len(nrow(elastic_grid))) { 
  a_i <- elastic_grid$a[i] 
  b_i <- elastic_grid$b[i] 
   
  disc <- calculate_discount_elastic( 
    theta_c_hat = theta_c_hat, 
    var_theta_c_hat = var_theta_c_hat, 
    mu_h_hat = mu_h_hat, 
    sigma_h_sq_hat = sigma_h_sq_hat, 
    a = a_i, 
    b = b_i 
  ) 
   
  epost <- compute_elastic_posterior( 
    theta_c_hat = theta_c_hat, 
    var_theta_c_hat = var_theta_c_hat, 
    mu_h_hat = mu_h_hat, 
    sigma_h_sq_hat = sigma_h_sq_hat, 
    g_T = disc$g_T, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c, 
    n_mc = n_mc_ess 
  ) 
   
  key <- make_el_key(a_i, b_i) 
  elastic_results[[key]] <- c( 
    list(a = a_i, b = b_i, T_stat = disc$T), 
    epost 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
# ===========================================================================
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== 
# 9. NNHM 
# ===========================================================================
== 
# QUALITY-ADJUSTED NNHM: 
#   Level 1: 
#       y_j | theta_j ~ N(theta_j, sigma_j^2) 
# 
#   Level 2: 
#       theta_j | mu, sigma^2 ~ N(mu, sigma^2 / q_j) 
# 
# where q_j in (0,1] is the study-specific similarity weight. 
# The current study uses q_j = 1. 
# ===========================================================================
== 
 
NNHM_posterior <- function(y_j, sigma_j, similarity_weights = NULL, 
                           mu_0 = 0, sigma_mu = 10, sigma_sigma = 1, 
                           n_iter = 10000, n_burnin = 2000, 
                           current_idx = 1) { 
   
  J <- length(y_j) 
   
  if (is.null(similarity_weights)) { 
    similarity_weights <- rep(1, J) 
  } 
   
  similarity_weights <- pmax(similarity_weights, 1e-6) 
  similarity_weights[current_idx] <- 1 
   
  theta_j <- y_j 
  mu <- mean(y_j) 
  sigma <- max(sd(y_j), 0.1) 
   
  mu_samps <- numeric(n_iter) 
  sigma_samps <- numeric(n_iter) 
  theta_samps <- matrix(NA_real_, nrow = n_iter, ncol = J) 
   
  for (iter in seq_len(n_iter)) { 
    for (j in seq_len(J)) { 
      sigma2_j <- sigma_j[j]^2 
      sigma2_between_j <- sigma^2 / similarity_weights[j] 
       
      prec_j <- 1 / sigma2_j + 1 / sigma2_between_j 
      var_j <- 1 / prec_j 
      mean_j <- var_j * (y_j[j] / sigma2_j + mu / sigma2_between_j) 
       
      theta_j[j] <- rnorm(1, mean_j, sqrt(var_j)) 
    } 
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    prec_mu <- sum(similarity_weights / sigma^2) + 1 / sigma_mu^2 
    var_mu <- 1 / prec_mu 
    mean_mu <- var_mu * ( 
      sum(similarity_weights * theta_j) / sigma^2 + mu_0 / sigma_mu^2 
    ) 
     
    mu <- rnorm(1, mean_mu, sqrt(var_mu)) 
     
    sigma_prop <- exp(log(sigma) + rnorm(1, 0, 0.25)) 
     
    logpost_sigma <- function(sigma_val) { 
      if (sigma_val <= 0) return(-Inf) 
       
      loglik_theta <- sum( 
        dnorm( 
          theta_j, 
          mean = mu, 
          sd = sqrt(sigma_val^2 / similarity_weights), 
          log = TRUE 
        ) 
      ) 
       
      logprior_sigma <- dnorm(sigma_val, mean = 0, sd = sigma_sigma, log = TR
UE) 
       
      loglik_theta + logprior_sigma + log(sigma_val) 
    } 
     
    if (log(runif(1)) < (logpost_sigma(sigma_prop) - logpost_sigma(sigma))) { 
      sigma <- sigma_prop 
    } 
     
    mu_samps[iter] <- mu 
    sigma_samps[iter] <- sigma 
    theta_samps[iter, ] <- theta_j 
  } 
   
  keep <- (n_burnin + 1):n_iter 
   
  list( 
    theta_c_samples = theta_samps[keep, current_idx], 
    mu_mean = mean(mu_samps[keep]), 
    sigma_mean = mean(sigma_samps[keep]) 
  ) 
} 
 
all_props <- c(current$prop, historical$prop) 
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all_N <- c(n_c, historical$N_pain) 
all_q <- c(1, historical$q_j) 
 
all_props_adj <- adjust_prop(all_props, all_N) 
y_j_nnhm <- logit(all_props_adj) 
sigma_j_nnhm <- sqrt(1 / (all_N * all_props_adj * (1 - all_props_adj))) 
 
sigma_sigma_values <- seq(0.1, 5.0, length.out = 50) 
nnhm_results <- list() 
 
cat("Running NNHM scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(sigma_sigma_values), style = 3) 
 
for (i in seq_along(sigma_sigma_values)) { 
  sigma_sigma_i <- sigma_sigma_values[i] 
   
  fit <- NNHM_posterior( 
    y_j = y_j_nnhm, 
    sigma_j = sigma_j_nnhm, 
    similarity_weights = all_q, 
    mu_0 = 0, 
    sigma_mu = 10, 
    sigma_sigma = sigma_sigma_i, 
    n_iter = 8000, 
    n_burnin = 1500, 
    current_idx = 1 
  ) 
   
  samps_prob <- inv_logit(fit$theta_c_samples) 
  post_var_prob <- var(samps_prob) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var_prob, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c 
  ) 
   
  key <- make_sigma_key(sigma_sigma_i) 
   
  nnhm_results[[key]] <- list( 
    sigma_sigma = sigma_sigma_i, 
    mu_posterior = fit$mu_mean, 
    sigma_posterior = fit$sigma_mean, 
    mean = mean(samps_prob), 
    ci_lower = unname(quantile(samps_prob, 0.025)), 
    ci_upper = unname(quantile(samps_prob, 0.975)), 
    var_post = post_var_prob, 
    ESS = ESS_add 
  ) 
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  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
# ===========================================================================
== 
# 10. SUMMARY TABLE 
# ===========================================================================
== 
 
closest_key <- function(values, target, key_fun) { 
  key_fun(values[which.min(abs(values - target))]) 
} 
 
sam_key_010 <- closest_key(Delta_values, 0.10, make_delta_key) 
sam_key_025 <- closest_key(Delta_values, 0.25, make_delta_key) 
nnhm_key_05 <- closest_key(sigma_sigma_values, 0.5, make_sigma_key) 
nnhm_key_10 <- closest_key(sigma_sigma_values, 1.0, make_sigma_key) 
 
find_elastic_key <- function(target_a, target_b, grid) { 
  idx <- which.min(abs(grid$a - target_a) + abs(grid$b - target_b)) 
  make_el_key(grid$a[idx], grid$b[idx]) 
} 
 
ek_hi <- find_elastic_key(-1, 1, elastic_grid) 
ek_lo <- find_elastic_key(2, 3, elastic_grid) 
 
summary_table <- tibble( 
  Method = c( 
    "No Borrowing", 
    "rMAP (w=0.50)", 
    "rMAP (w=0.80)", 
    "SAM (Delta~0.10)", 
    "SAM (Delta~0.25)", 
    "Elastic (a=-1, b=1) ", 
    "Elastic (a=2, b=3)", 
    "NNHM (sigma_sigma~0.5)", 
    "NNHM (sigma_sigma~1.0)" 
  ), 
  Posterior_Mean = c( 
    rmap_results$no_borrowing$mean, 
    rmap_results[[make_w_key(0.50)]]$mean, 
    rmap_results[[make_w_key(0.80)]]$mean, 
    sam_results[[sam_key_010]]$mean, 
    sam_results[[sam_key_025]]$mean, 
    elastic_results[[ek_hi]]$mean, 
    elastic_results[[ek_lo]]$mean, 
    nnhm_results[[nnhm_key_05]]$mean, 
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    nnhm_results[[nnhm_key_10]]$mean 
  ), 
  CI_Lower = c( 
    rmap_results$no_borrowing$ci_lower, 
    rmap_results[[make_w_key(0.50)]]$ci_lower, 
    rmap_results[[make_w_key(0.80)]]$ci_lower, 
    sam_results[[sam_key_010]]$ci_lower, 
    sam_results[[sam_key_025]]$ci_lower, 
    elastic_results[[ek_hi]]$ci_lower, 
    elastic_results[[ek_lo]]$ci_lower, 
    nnhm_results[[nnhm_key_05]]$ci_lower, 
    nnhm_results[[nnhm_key_10]]$ci_lower 
  ), 
  CI_Upper = c( 
    rmap_results$no_borrowing$ci_upper, 
    rmap_results[[make_w_key(0.50)]]$ci_upper, 
    rmap_results[[make_w_key(0.80)]]$ci_upper, 
    sam_results[[sam_key_010]]$ci_upper, 
    sam_results[[sam_key_025]]$ci_upper, 
    elastic_results[[ek_hi]]$ci_upper, 
    elastic_results[[ek_lo]]$ci_upper, 
    nnhm_results[[nnhm_key_05]]$ci_upper, 
    nnhm_results[[nnhm_key_10]]$ci_upper 
  ), 
  ESS = c( 
    0, 
    rmap_results[[make_w_key(0.50)]]$ESS, 
    rmap_results[[make_w_key(0.80)]]$ESS, 
    sam_results[[sam_key_010]]$ESS, 
    sam_results[[sam_key_025]]$ESS, 
    elastic_results[[ek_hi]]$ESS, 
    elastic_results[[ek_lo]]$ESS, 
    nnhm_results[[nnhm_key_05]]$ESS, 
    nnhm_results[[nnhm_key_10]]$ESS 
  ) 
) %>% 
  mutate( 
    Posterior_Mean = round(to_percent(Posterior_Mean), 2), 
    CI_Lower       = round(to_percent(CI_Lower), 2), 
    CI_Upper       = round(to_percent(CI_Upper), 2), 
    ESS            = round(ESS, 3), 
    CI_Width       = round(CI_Upper - CI_Lower, 2) 
  ) 
 
print(summary_table) 
 
# ===========================================================================
== 
# 11. SENSITIVITY TABLES 
# ===========================================================================
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== 
 
sensitivity_rmap <- tibble( 
  Method = "rMAP", 
  Parameter = paste0("w=", sprintf("%0.2f", w_values)), 
  Parameter_Value = w_values, 
  Mean = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$mean), 
  CI_Lower = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ci_lo
wer), 
  CI_Upper = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ci_up
per), 
  ESS = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ESS) 
) %>% 
  mutate( 
    Mean = round(to_percent(Mean), 2), 
    CI_Lower = round(to_percent(CI_Lower), 2), 
    CI_Upper = round(to_percent(CI_Upper), 2), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 2) 
  ) 
 
sensitivity_sam <- tibble( 
  Method = "SAM", 
  Parameter = paste0("Delta=", sprintf("%0.3f", Delta_values)), 
  Parameter_Value = Delta_values, 
  Mean = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]$me
an), 
  CI_Lower = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]
]$ci_lower), 
  CI_Upper = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]
]$ci_upper), 
  w_prior = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]
$w_prior), 
  w_posterior = sapply(Delta_values, function(d) sam_results[[make_delta_key(
d)]]$w_posterior), 
  ESS = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]$ESS
) 
) %>% 
  mutate( 
    Mean = round(to_percent(Mean), 2), 
    CI_Lower = round(to_percent(CI_Lower), 2), 
    CI_Upper = round(to_percent(CI_Upper), 2), 
    w_prior = round(w_prior, 4), 
    w_posterior = round(w_posterior, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 2) 
  ) 
 
elastic_keys <- mapply(make_el_key, elastic_grid$a, elastic_grid$b) 
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sensitivity_elastic <- tibble( 
  Method = "Elastic", 
  Parameter = sprintf("a=%.2f,b=%.2f", elastic_grid$a, elastic_grid$b), 
  Parameter_Value = seq_len(nrow(elastic_grid)), 
  a = elastic_grid$a, 
  b = elastic_grid$b, 
  Mean = sapply(elastic_keys, function(k) elastic_results[[k]]$mean), 
  CI_Lower = sapply(elastic_keys, function(k) elastic_results[[k]]$ci_lower), 
  CI_Upper = sapply(elastic_keys, function(k) elastic_results[[k]]$ci_upper), 
  g_T = sapply(elastic_keys, function(k) elastic_results[[k]]$g_T), 
  ESS = sapply(elastic_keys, function(k) elastic_results[[k]]$ESS) 
) %>% 
  mutate( 
    Mean = round(to_percent(Mean), 2), 
    CI_Lower = round(to_percent(CI_Lower), 2), 
    CI_Upper = round(to_percent(CI_Upper), 2), 
    g_T = round(g_T, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 2) 
  ) 
 
sensitivity_nnhm <- tibble( 
  Method = "NNHM", 
  Parameter = paste0("sigma_sigma=", sprintf("%0.2f", sigma_sigma_values)), 
  Parameter_Value = sigma_sigma_values, 
  Mean = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_key(
x)]]$mean), 
  CI_Lower = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_
key(x)]]$ci_lower), 
  CI_Upper = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_
key(x)]]$ci_upper), 
  sigma_posterior = sapply(sigma_sigma_values, function(x) nnhm_results[[make
_sigma_key(x)]]$sigma_posterior), 
  ESS = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_key(x
)]]$ESS) 
) %>% 
  mutate( 
    Mean = round(to_percent(Mean), 2), 
    CI_Lower = round(to_percent(CI_Lower), 2), 
    CI_Upper = round(to_percent(CI_Upper), 2), 
    sigma_posterior = round(sigma_posterior, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 2) 
  ) 
 
sensitivity_full <- bind_rows( 
  sensitivity_rmap %>% select(Method, Parameter, Parameter_Value, Mean, CI_Lo
wer, CI_Upper, ESS, CI_Width), 
  sensitivity_sam %>% select(Method, Parameter, Parameter_Value, Mean, CI_Low
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er, CI_Upper, ESS, CI_Width), 
  sensitivity_elastic %>% select(Method, Parameter, Parameter_Value, Mean, CI
_Lower, CI_Upper, ESS, CI_Width), 
  sensitivity_nnhm %>% select(Method, Parameter, Parameter_Value, Mean, CI_Lo
wer, CI_Upper, ESS, CI_Width) 
) 
 
 
 
# ===========================================================================
== 
# 12. SAVE 
# ===========================================================================
== 
 
save_path <- "C:/Users/marin/Downloads/RWD results2/" 
if (!dir.exists(save_path)) dir.create(save_path, recursive = TRUE) 
 
all_results <- list( 
  current_study = current, 
  historical_studies = historical, 
  historical_effective = historical_eff, 
  map = map_results, 
  no_borrowing = no_borrow_results, 
  rmap = rmap_results, 
  sam = sam_results, 
  elastic = elastic_results, 
  nnhm = nnhm_results, 
  summary_table = summary_table, 
  sensitivity_rmap = sensitivity_rmap, 
  sensitivity_sam = sensitivity_sam, 
  sensitivity_elastic = sensitivity_elastic, 
  sensitivity_nnhm = sensitivity_nnhm, 
  sensitivity_full = sensitivity_full, 
  parameters = list( 
    w_values = w_values, 
    Delta_values = Delta_values, 
    elastic_grid = elastic_grid, 
    sigma_sigma_values = sigma_sigma_values 
  ) 
) 
 
write.csv( 
  summary_table, 
  file.path(save_path, "bayesian_borrowing_summary.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
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  sensitivity_full, 
  file.path(save_path, "sensitivity_analysis_200scenarios.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_rmap, 
  file.path(save_path, "sensitivity_rmap_50.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_sam, 
  file.path(save_path, "sensitivity_sam_50.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_elastic, 
  file.path(save_path, "sensitivity_elastic_50.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_nnhm, 
  file.path(save_path, "sensitivity_nnhm_50.csv"), 
  row.names = FALSE 
) 
 
save( 
  all_results, 
  file = file.path(save_path, "bayesian_borrowing_complete_200scenarios.RData
") 
) 
 
cat("\nAll files saved to", save_path, "\n") 

12.5 RWD analysis (Continuous endpoint) 
# ===========================================================================
== 
# BAYESIAN BORROWING ANALYSIS - CONTINUOUS ENDPOINT 
# QUALITY-ADJUSTED THEORY-CONSISTENT IMPLEMENTATION 
# ===========================================================================
== 
# 
# ENDPOINT: 
#   Mean_decrease = mean decrease of D-dimer from baseline 
#   SD_decrease   = SD of decrease from baseline 
#   N_d_dimer     = number with pre/post D-dimer values 
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# 
# METHODS REPORTED: 
#   1. rMAP  – Robust MAP prior 
#   2. SAM   – Self-Adapting Mixture Prior 
#   3. Elastic Prior 
#   4. NNHM  – Normal-Normal Hierarchical Model 
# 
# INTERNAL METHOD: 
#   - MAP prior is fitted internally because it is required to construct: 
#       (a) rMAP 
#       (b) SAM for multiple historical studies 
#       (c) Elastic prior 
# 
# QUALITY ADJUSTMENT: 
#   q_j = Similarity_j × sqrt(ROB_j × Design_j) 
# 
# HOW QUALITY WEIGHTS ENTER: 
#   MAP / rMAP / Elastic / SAM-informative-prior: 
#       via quality-adjusted effective sample size: 
#         n_j,eff = round(n_j * q_j) 
#       with within-study SE: 
#         se_j,eff = SD_j / sqrt(n_j,eff) 
# 
#   NNHM: 
#       via similarity-weighted second level: 
#         theta_j | mu, sigma^2 ~ N(mu, sigma^2 / q_j) 
# 
# ADDITIONAL ESS: 
#   For every borrowing method, the reported ESS is the posterior variance-ba
sed 
#   additional ESS on the mean scale: 
# 
#     ESS_add = max(0, n_c * (Var_no_borrow / Var_method - 1)) 
# ===========================================================================
== 
 
library(RBesT) 
library(tidyverse) 
 
set.seed(2024) 
 
# ===========================================================================
== 
# 1. LOAD DATA 
# ===========================================================================
== 
 
data <- read.csv( 
  "C:/Users/marin/Downloads/Datasets/calculated_weights.csv", 
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  stringsAsFactors = FALSE 
) 
 
current <- data %>% 
  filter(Study_type == "current") %>% 
  filter( 
    !is.na(Mean_decrease), 
    !is.na(SD_decrease), 
    !is.na(N_d_dimer) 
  ) 
 
historical <- data %>% 
  filter(Study_type == "historical") %>% 
  filter( 
    !is.na(Mean_decrease), 
    !is.na(SD_decrease), 
    !is.na(N_d_dimer) 
  ) 
 
stopifnot(nrow(current) == 1) 
 
current <- current %>% 
  mutate( 
    q_j = 1 
  ) 
 
historical <- historical %>% 
  mutate( 
    q_j = pmin(pmax(Quality_Adjusted, 1e-6), 1) 
  ) 
 
mean_c <- current$Mean_decrease 
sd_c   <- current$SD_decrease 
n_c    <- current$N_d_dimer 
se_c   <- sd_c / sqrt(n_c) 
 
cat(sprintf( 
  "Current study: %s | N=%d | Mean decrease=%.4f | SD=%.4f | SE=%.4f\n", 
  current$Study, n_c, mean_c, sd_c, se_c 
)) 
cat(sprintf( 
  "Historical studies: %d | raw total N=%d\n\n", 
  nrow(historical), 
  sum(historical$N_d_dimer) 
)) 
 
# ===========================================================================
== 
# 2. SHARED HELPERS 
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# ===========================================================================
== 
 
make_w_key     <- function(w) sprintf("w_%0.2f", w) 
make_delta_key <- function(d) sprintf("Delta_%0.4f", d) 
make_sigma_key <- function(x) sprintf("sigma_sigma_%0.3f", x) 
make_el_key    <- function(a, b) sprintf("a_%0.2f_b_%0.2f", a, b) 
 
# ---------------------------------------------------------------------------
-- 
# Sample from normal mixture 
# ---------------------------------------------------------------------------
-- 
rnorm_mix <- function(mix_obj, nsim = 100000) { 
  mat <- as.matrix(t(mix_obj)) 
  if (is.null(dim(mat))) { 
    mat <- matrix(mat, nrow = 1) 
  } 
   
  w  <- mat[, 1] 
  mu <- mat[, 2] 
  sd <- mat[, 3] 
   
  comp <- sample(seq_along(w), size = nsim, replace = TRUE, prob = w) 
  rnorm(nsim, mean = mu[comp], sd = sd[comp]) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Posterior variance-based additional ESS 
# ---------------------------------------------------------------------------
-- 
compute_additional_ess_variance <- function(var_method, var_no_borrow, n_curr
ent) { 
  if (is.na(var_method) || is.na(var_no_borrow) || var_method <= 0 || var_no_
borrow <= 0) { 
    return(NA_real_) 
  } 
  max(0, n_current * (var_no_borrow / var_method - 1)) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Posterior informative weight w* 
# ---------------------------------------------------------------------------
-- 
get_w_posterior_from_postmix <- function(post_mix, informative_prior) { 
  post_mat <- as.matrix(post_mix) 
  inf_mat  <- as.matrix(informative_prior) 
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  if (is.null(dim(post_mat))) post_mat <- matrix(post_mat, nrow = 1) 
  if (is.null(dim(inf_mat)))  inf_mat  <- matrix(inf_mat, nrow = 1) 
   
  n_inf <- nrow(inf_mat) 
   
  if (nrow(post_mat) < n_inf) { 
    stop("Posterior mixture has fewer components than informative prior.") 
  } 
   
  sum(post_mat[seq_len(n_inf), 1]) 
} 
 
# ===========================================================================
== 
# 3. QUALITY-ADJUSTED HISTORICAL DATA FOR MAP / rMAP / SAM / ELASTIC 
# ===========================================================================
== 
 
historical_eff <- historical %>% 
  mutate( 
    n_effective  = pmax(round(N_d_dimer * q_j), 1L), 
    se_effective = SD_decrease / sqrt(n_effective), 
    study_id     = factor(seq_len(n())) 
  ) 
 
cat(sprintf( 
  "Quality-adjusted historical total N = %d\n\n", 
  sum(historical_eff$n_effective) 
)) 
 
# ===========================================================================
== 
# 4. INTERNAL MAP PRIOR 
# ===========================================================================
== 
 
cat("Fitting quality-adjusted MAP prior...\n") 
 
map_fit <- gMAP( 
  cbind(Mean_decrease, se_effective) ~ 1 | study_id, 
  data       = historical_eff, 
  family     = gaussian, 
  tau.dist   = "HalfNormal", 
  tau.prior  = 1, 
  beta.prior = 2 
) 
map_norm <- automixfit(map_fit) 
posterior_map <- postmix(map_norm, m = mean_c, se = se_c) 
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map_results <- list( 
  tau_median     = median(map_fit$tau), 
  prior_mean     = unname(summary(map_norm)["mean"]), 
  prior_sd       = unname(summary(map_norm)["sd"]), 
  posterior_mean = unname(summary(posterior_map)["mean"]), 
  posterior_sd   = unname(summary(posterior_map)["sd"]), 
  ci_lower       = qmix(posterior_map, 0.025), 
  ci_upper       = qmix(posterior_map, 0.975) 
) 
 
# ===========================================================================
== 
# 5. NO BORROWING REFERENCE POSTERIOR 
# ===========================================================================
== 
 
vague_prior <- mixnorm(c(1, 0, 100))   # N(0, 100^2) 
posterior_vague <- postmix(vague_prior, m = mean_c, se = se_c) 
 
n_mc_ess <- 100000 
 
no_borrow_samples <- rnorm_mix(posterior_vague, nsim = n_mc_ess) 
posterior_var_no_borrow <- var(no_borrow_samples) 
 
no_borrow_results <- list( 
  mean     = unname(summary(posterior_vague)["mean"]), 
  sd       = unname(summary(posterior_vague)["sd"]), 
  ci_lower = qmix(posterior_vague, 0.025), 
  ci_upper = qmix(posterior_vague, 0.975), 
  ESS      = 0, 
  var_post = posterior_var_no_borrow 
) 
 
# ===========================================================================
== 
# 6. rMAP PRIOR 
# ===========================================================================
== 
 
w_values <- seq(0.02, 1.00, by = 0.02) 
 
rmap_results <- list( 
  no_borrowing = no_borrow_results 
) 
 
cat("Running rMAP scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(w_values), style = 3) 
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for (i in seq_along(w_values)) { 
  w_r <- w_values[i] 
   
  rmap_prior <- mixcombine( 
    informative = map_norm, 
    vague = vague_prior, 
    weight = c(w_r, 1 - w_r) 
  ) 
   
  post_rmap <- postmix(rmap_prior, m = mean_c, se = se_c) 
   
  post_samples <- rnorm_mix(post_rmap, nsim = n_mc_ess) 
  post_var <- var(post_samples) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c 
  ) 
   
  key <- make_w_key(w_r) 
   
  rmap_results[[key]] <- list( 
    w_robust = w_r, 
    mean     = unname(summary(post_rmap)["mean"]), 
    sd       = unname(summary(post_rmap)["sd"]), 
    ci_lower = qmix(post_rmap, 0.025), 
    ci_upper = qmix(post_rmap, 0.975), 
    var_post = post_var, 
    ESS      = ESS_add 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
# ===========================================================================
== 
# 7. SAM PRIOR (MULTIPLE HISTORICAL STUDIES SUMMARIZED BY MAP) 
# CONTINUOUS ENDPOINT VERSION 
# ===========================================================================
== 
 
sam_vague_prior <- vague_prior 
theta_hat_h <- unname(summary(map_norm)["mean"]) 
 
cat(sprintf( 
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  "SAM informative prior summarized by MAP: theta_hat_h = %.4f\n", 
  theta_hat_h 
)) 
 
# ---------------------------------------------------------------------------
-- 
# Normal-likelihood ratio for continuous endpoint 
# ---------------------------------------------------------------------------
-- 
compute_R_continuous <- function(mean_c, se_c, theta_hat_h, Delta) { 
  logL <- function(theta) dnorm(mean_c, mean = theta, sd = se_c, log = TRUE) 
   
  logL_agree    <- logL(theta_hat_h) 
  logL_disagree <- max(logL(theta_hat_h + Delta), logL(theta_hat_h - Delta)) 
   
  exp(logL_agree - logL_disagree) 
} 
 
# ---------------------------------------------------------------------------
-- 
# Main SAM function 
# ---------------------------------------------------------------------------
-- 
compute_SAM_continuous_map <- function( 
    mean_c, 
    se_c, 
    n_c, 
    informative_prior, 
    vague_prior = mixnorm(c(1, 0, 100)), 
    Delta, 
    var_no_borrow, 
    n_mc = 100000 
) { 
   
  theta_hat_h <- unname(summary(informative_prior)["mean"]) 
   
  R_val <- compute_R_continuous( 
    mean_c = mean_c, 
    se_c = se_c, 
    theta_hat_h = theta_hat_h, 
    Delta = Delta 
  ) 
   
  w_sam <- R_val / (1 + R_val) 
  w_sam <- min(max(w_sam, 1e-8), 1 - 1e-8) 
   
  sam_prior <- mixcombine( 
    informative = informative_prior, 
    vague = vague_prior, 
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    weight = c(w_sam, 1 - w_sam) 
  ) 
   
  sam_post <- postmix(sam_prior, m = mean_c, se = se_c) 
   
  w_post <- get_w_posterior_from_postmix( 
    post_mix = sam_post, 
    informative_prior = informative_prior 
  ) 
   
  post_samples <- rnorm_mix(sam_post, nsim = n_mc) 
  post_var <- var(post_samples) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var, 
    var_no_borrow = var_no_borrow, 
    n_current = n_c 
  ) 
   
  list( 
    Delta       = Delta, 
    theta_hat_h = theta_hat_h, 
    w_prior     = w_sam, 
    w_posterior = w_post, 
    mean        = unname(summary(sam_post)["mean"]), 
    sd          = unname(summary(sam_post)["sd"]), 
    ci_lower    = qmix(sam_post, 0.025), 
    ci_upper    = qmix(sam_post, 0.975), 
    var_post    = post_var, 
    ESS         = ESS_add, 
    sam_prior   = sam_prior, 
    sam_post    = sam_post 
  ) 
} 
 
Delta_values <- seq(0.1, 3, length.out = 50) 
 
sam_results <- list( 
  informative_prior = list( 
    theta_hat_h    = theta_hat_h, 
    map_prior_mean = unname(summary(map_norm)["mean"]), 
    map_prior_sd   = unname(summary(map_norm)["sd"]) 
  ) 
) 
 
cat("Running SAM scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(Delta_values), style = 3) 
 
for (i in seq_along(Delta_values)) { 
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  Delta <- Delta_values[i] 
  key <- make_delta_key(Delta) 
   
  sam_results[[key]] <- compute_SAM_continuous_map( 
    mean_c            = mean_c, 
    se_c              = se_c, 
    n_c               = n_c, 
    informative_prior = map_norm, 
    vague_prior       = sam_vague_prior, 
    Delta             = Delta, 
    var_no_borrow     = posterior_var_no_borrow, 
    n_mc              = n_mc_ess 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
sam_results_df <- purrr::map_dfr( 
  Delta_values, 
  function(Delta) { 
    key <- make_delta_key(Delta) 
    res <- sam_results[[key]] 
     
    tibble::tibble( 
      Delta          = res$Delta, 
      theta_hat_h    = res$theta_hat_h, 
      w_prior        = res$w_prior, 
      w_posterior    = res$w_posterior, 
      posterior_mean = res$mean, 
      posterior_sd   = res$sd, 
      ci_lower       = res$ci_lower, 
      ci_upper       = res$ci_upper, 
      ESS            = res$ESS 
    ) 
  } 
) 
 
print(sam_results_df) 
 
# ===========================================================================
== 
# 8. ELASTIC PRIOR 
# ===========================================================================
== 
 
map_prior_samples <- rmix(map_norm, 100000) 
 
mu_h_hat <- mean(map_prior_samples) 
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sigma_h_sq_hat <- var(map_prior_samples) 
sigma_h_hat <- sqrt(sigma_h_sq_hat) 
 
theta_c_hat <- mean_c 
var_theta_c_hat <- se_c^2 
 
calculate_discount_elastic <- function(theta_c_hat, var_theta_c_hat, 
                                       mu_h_hat, sigma_h_sq_hat, 
                                       a = 0, b = 2) { 
  T_stat <- (theta_c_hat - mu_h_hat)^2 / (var_theta_c_hat + sigma_h_sq_hat) 
  T_stat <- max(T_stat, 1e-10) 
   
  g_T <- 1 / (1 + exp(a + b * log(T_stat))) 
   
  list(T = T_stat, g_T = g_T) 
} 
 
compute_elastic_posterior <- function(theta_c_hat, var_theta_c_hat, 
                                      mu_h_hat, sigma_h_sq_hat, 
                                      g_T, var_no_borrow, 
                                      n_current) { 
   
  g_T_safe <- max(g_T, 1e-8) 
   
  sigma_E_sq <- sigma_h_sq_hat / g_T_safe 
  sigma_E <- sqrt(sigma_E_sq) 
   
  prec_post <- 1 / sigma_E_sq + 1 / var_theta_c_hat 
  var_post <- 1 / prec_post 
  sd_post <- sqrt(var_post) 
   
  mean_post <- var_post * ( 
    mu_h_hat / sigma_E_sq + theta_c_hat / var_theta_c_hat 
  ) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = var_post, 
    var_no_borrow = var_no_borrow, 
    n_current = n_current 
  ) 
   
  list( 
    mean = mean_post, 
    sd = sd_post, 
    ci_lower = qnorm(0.025, mean_post, sd_post), 
    ci_upper = qnorm(0.975, mean_post, sd_post), 
    mu_post = mean_post, 
    sigma_post = sd_post, 
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    sigma_E = sigma_E, 
    g_T = g_T_safe, 
    var_post = var_post, 
    ESS = ESS_add 
  ) 
} 
 
a_values <- seq(-2, 3, length.out = 10) 
b_values <- seq(0.5, 4, length.out = 5) 
 
elastic_grid <- expand.grid(a = a_values, b = b_values) %>% 
  arrange(a, b) 
 
elastic_results <- list( 
  mu_h_hat = mu_h_hat, 
  sigma_h_hat = sigma_h_hat, 
  sigma_h_sq_hat = sigma_h_sq_hat 
) 
 
cat("Running Elastic scenarios...\n") 
pb <- txtProgressBar(min = 0, max = nrow(elastic_grid), style = 3) 
 
for (i in seq_len(nrow(elastic_grid))) { 
  a_i <- elastic_grid$a[i] 
  b_i <- elastic_grid$b[i] 
   
  disc <- calculate_discount_elastic( 
    theta_c_hat = theta_c_hat, 
    var_theta_c_hat = var_theta_c_hat, 
    mu_h_hat = mu_h_hat, 
    sigma_h_sq_hat = sigma_h_sq_hat, 
    a = a_i, 
    b = b_i 
  ) 
   
  epost <- compute_elastic_posterior( 
    theta_c_hat = theta_c_hat, 
    var_theta_c_hat = var_theta_c_hat, 
    mu_h_hat = mu_h_hat, 
    sigma_h_sq_hat = sigma_h_sq_hat, 
    g_T = disc$g_T, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c 
  ) 
   
  key <- make_el_key(a_i, b_i) 
   
  elastic_results[[key]] <- c( 
    list(a = a_i, b = b_i, T_stat = disc$T), 
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    epost 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
# ===========================================================================
== 
# 9. NNHM 
# ===========================================================================
== 
# QUALITY-ADJUSTED NNHM: 
#   Level 1: 
#       y_j | theta_j ~ N(theta_j, sigma_j^2) 
# 
#   Level 2 for historical studies only: 
#       theta_j | mu, sigma^2 ~ N(mu, sigma^2 / q_j) 
# 
# ===========================================================================
== 
 
 
NNHM_posterior <- function(y_j, sigma_j, similarity_weights = NULL, 
                           mu_0 = 0, sigma_mu = 10, sigma_sigma = 1, 
                           n_iter = 10000, n_burnin = 2000, 
                           current_idx = 1) { 
   
  J <- length(y_j) 
   
  if (is.null(similarity_weights)) { 
    similarity_weights <- rep(1, J) 
  } 
   
  similarity_weights <- pmax(similarity_weights, 1e-6) 
  similarity_weights[current_idx] <- 1 
   
  theta_j <- y_j 
  mu <- mean(y_j) 
  sigma <- max(sd(y_j), 0.1) 
   
  mu_samps <- numeric(n_iter) 
  sigma_samps <- numeric(n_iter) 
  theta_samps <- matrix(NA_real_, nrow = n_iter, ncol = J) 
   
  for (iter in seq_len(n_iter)) { 
    for (j in seq_len(J)) { 
      sigma2_j <- sigma_j[j]^2 
      sigma2_between_j <- sigma^2 / similarity_weights[j] 
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      prec_j <- 1 / sigma2_j + 1 / sigma2_between_j 
      var_j <- 1 / prec_j 
      mean_j <- var_j * (y_j[j] / sigma2_j + mu / sigma2_between_j) 
       
      theta_j[j] <- rnorm(1, mean_j, sqrt(var_j)) 
    } 
     
    prec_mu <- sum(similarity_weights / sigma^2) + 1 / sigma_mu^2 
    var_mu <- 1 / prec_mu 
    mean_mu <- var_mu * ( 
      sum(similarity_weights * theta_j) / sigma^2 + mu_0 / sigma_mu^2 
    ) 
     
    mu <- rnorm(1, mean_mu, sqrt(var_mu)) 
     
    sigma_prop <- exp(log(sigma) + rnorm(1, 0, 0.25)) 
     
    logpost_sigma <- function(sigma_val) { 
      if (sigma_val <= 0) return(-Inf) 
       
      loglik_theta <- sum( 
        dnorm( 
          theta_j, 
          mean = mu, 
          sd = sqrt(sigma_val^2 / similarity_weights), 
          log = TRUE 
        ) 
      ) 
       
      logprior_sigma <- dnorm(sigma_val, mean = 0, sd = sigma_sigma, log = TR
UE) 
       
      loglik_theta + logprior_sigma + log(sigma_val) 
    } 
     
    if (log(runif(1)) < (logpost_sigma(sigma_prop) - logpost_sigma(sigma))) { 
      sigma <- sigma_prop 
    } 
     
    mu_samps[iter] <- mu 
    sigma_samps[iter] <- sigma 
    theta_samps[iter, ] <- theta_j 
  } 
   
  keep <- (n_burnin + 1):n_iter 
   
  list( 
    theta_c_samples = theta_samps[keep, current_idx], 
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    mu_mean = mean(mu_samps[keep]), 
    sigma_mean = mean(sigma_samps[keep]) 
  ) 
} 
 
all_means <- c(mean_c, historical$Mean_decrease) 
all_se    <- c(se_c, historical$SD_decrease / sqrt(historical$N_d_dimer)) 
all_q     <- c(1, historical$q_j) 
 
sigma_sigma_values <- seq(0.1, 3.0, length.out = 50) 
nnhm_results <- list() 
 
cat("Running NNHM scenarios...\n") 
pb <- txtProgressBar(min = 0, max = length(sigma_sigma_values), style = 3) 
 
for (i in seq_along(sigma_sigma_values)) { 
  sigma_sigma_i <- sigma_sigma_values[i] 
   
  fit <- NNHM_posterior( 
    y_j = all_means, 
    sigma_j = all_se, 
    similarity_weights = all_q, 
    mu_0 = 0, 
    sigma_mu = 10, 
    sigma_sigma = sigma_sigma_i, 
    n_iter = 8000, 
    n_burnin = 1500, 
    current_idx = 1 
  ) 
   
  samps <- fit$theta_c_samples 
  post_var <- var(samps) 
   
  ESS_add <- compute_additional_ess_variance( 
    var_method = post_var, 
    var_no_borrow = posterior_var_no_borrow, 
    n_current = n_c 
  ) 
   
  key <- make_sigma_key(sigma_sigma_i) 
   
  nnhm_results[[key]] <- list( 
    sigma_sigma = sigma_sigma_i, 
    mu_posterior = fit$mu_mean, 
    sigma_posterior = fit$sigma_mean, 
    mean = mean(samps), 
    ci_lower = unname(quantile(samps, 0.025)), 
    ci_upper = unname(quantile(samps, 0.975)), 
    var_post = post_var, 
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    ESS = ESS_add 
  ) 
   
  setTxtProgressBar(pb, i) 
} 
close(pb) 
 
 
 
# ===========================================================================
== 
# 10. SUMMARY TABLE 
# ===========================================================================
== 
 
closest_key <- function(values, target, key_fun) { 
  key_fun(values[which.min(abs(values - target))]) 
} 
 
sam_key_05 <- closest_key(Delta_values, 0.50, make_delta_key) 
sam_key_10 <- closest_key(Delta_values, 1.00, make_delta_key) 
 
nnhm_key_05 <- closest_key(sigma_sigma_values, 0.5, make_sigma_key) 
nnhm_key_10 <- closest_key(sigma_sigma_values, 1.0, make_sigma_key) 
 
find_elastic_key <- function(target_a, target_b, grid) { 
  idx <- which.min(abs(grid$a - target_a) + abs(grid$b - target_b)) 
  make_el_key(grid$a[idx], grid$b[idx]) 
} 
 
ek_hi <- find_elastic_key(-1, 1, elastic_grid) 
ek_lo <- find_elastic_key(2, 3, elastic_grid) 
 
summary_table <- tibble( 
  Method = c( 
    "No Borrowing", 
    "rMAP (w=0.50)", 
    "rMAP (w=0.80)", 
    "SAM (Delta=0.50)", 
    "SAM (Delta=1.00)", 
    "Elastic (a=-1, b=1)", 
    "Elastic (a=2, b=3)", 
    "NNHM (sigma_sigma~0.5)", 
    "NNHM (sigma_sigma~1.0)" 
  ), 
  Posterior_Mean = c( 
    rmap_results$no_borrowing$mean, 
    rmap_results[[make_w_key(0.50)]]$mean, 
    rmap_results[[make_w_key(0.80)]]$mean, 
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    sam_results[[sam_key_05]]$mean, 
    sam_results[[sam_key_10]]$mean, 
    elastic_results[[ek_hi]]$mean, 
    elastic_results[[ek_lo]]$mean, 
    nnhm_results[[nnhm_key_05]]$mean, 
    nnhm_results[[nnhm_key_10]]$mean 
  ), 
  CI_Lower = c( 
    rmap_results$no_borrowing$ci_lower, 
    rmap_results[[make_w_key(0.50)]]$ci_lower, 
    rmap_results[[make_w_key(0.80)]]$ci_lower, 
    sam_results[[sam_key_05]]$ci_lower, 
    sam_results[[sam_key_10]]$ci_lower, 
    elastic_results[[ek_hi]]$ci_lower, 
    elastic_results[[ek_lo]]$ci_lower, 
    nnhm_results[[nnhm_key_05]]$ci_lower, 
    nnhm_results[[nnhm_key_10]]$ci_lower 
  ), 
  CI_Upper = c( 
    rmap_results$no_borrowing$ci_upper, 
    rmap_results[[make_w_key(0.50)]]$ci_upper, 
    rmap_results[[make_w_key(0.80)]]$ci_upper, 
    sam_results[[sam_key_05]]$ci_upper, 
    sam_results[[sam_key_10]]$ci_upper, 
    elastic_results[[ek_hi]]$ci_upper, 
    elastic_results[[ek_lo]]$ci_upper, 
    nnhm_results[[nnhm_key_05]]$ci_upper, 
    nnhm_results[[nnhm_key_10]]$ci_upper 
  ), 
  ESS = c( 
    0, 
    rmap_results[[make_w_key(0.50)]]$ESS, 
    rmap_results[[make_w_key(0.80)]]$ESS, 
    sam_results[[sam_key_05]]$ESS, 
    sam_results[[sam_key_10]]$ESS, 
    elastic_results[[ek_hi]]$ESS, 
    elastic_results[[ek_lo]]$ESS, 
    nnhm_results[[nnhm_key_05]]$ESS, 
    nnhm_results[[nnhm_key_10]]$ESS 
  ) 
) %>% 
  mutate( 
    Posterior_Mean = round(Posterior_Mean, 4), 
    CI_Lower       = round(CI_Lower, 4), 
    CI_Upper       = round(CI_Upper, 4), 
    ESS            = round(ESS, 3), 
    CI_Width       = round(CI_Upper - CI_Lower, 4) 
  ) 
 
print(summary_table) 
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# ===========================================================================
== 
# 11. SENSITIVITY TABLES 
# ===========================================================================
== 
 
sensitivity_rmap <- tibble( 
  Method = "rMAP", 
  Parameter = paste0("w=", sprintf("%0.2f", w_values)), 
  Parameter_Value = w_values, 
  Mean = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$mean), 
  CI_Lower = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ci_lo
wer), 
  CI_Upper = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ci_up
per), 
  ESS = sapply(w_values, function(w) rmap_results[[make_w_key(w)]]$ESS) 
) %>% 
  mutate( 
    Mean = round(Mean, 4), 
    CI_Lower = round(CI_Lower, 4), 
    CI_Upper = round(CI_Upper, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 4) 
  ) 
 
sensitivity_sam <- tibble( 
  Method = "SAM", 
  Parameter = paste0("Delta=", sprintf("%0.3f", Delta_values)), 
  Parameter_Value = Delta_values, 
  Mean = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]$me
an), 
  CI_Lower = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]
]$ci_lower), 
  CI_Upper = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]
]$ci_upper), 
  w_prior = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]
$w_prior), 
  w_posterior = sapply(Delta_values, function(d) sam_results[[make_delta_key(
d)]]$w_posterior), 
  ESS = sapply(Delta_values, function(d) sam_results[[make_delta_key(d)]]$ESS
) 
) %>% 
  mutate( 
    Mean = round(Mean, 4), 
    CI_Lower = round(CI_Lower, 4), 
    CI_Upper = round(CI_Upper, 4), 
    w_prior = round(w_prior, 4), 
    w_posterior = round(w_posterior, 4), 
    ESS = round(ESS, 3), 
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    CI_Width = round(CI_Upper - CI_Lower, 4) 
  ) 
 
elastic_keys <- mapply(make_el_key, elastic_grid$a, elastic_grid$b) 
 
sensitivity_elastic <- tibble( 
  Method = "Elastic", 
  Parameter = sprintf("a=%.2f,b=%.2f", elastic_grid$a, elastic_grid$b), 
  Parameter_Value = seq_len(nrow(elastic_grid)), 
  a = elastic_grid$a, 
  b = elastic_grid$b, 
  Mean = sapply(elastic_keys, function(k) elastic_results[[k]]$mean), 
  CI_Lower = sapply(elastic_keys, function(k) elastic_results[[k]]$ci_lower), 
  CI_Upper = sapply(elastic_keys, function(k) elastic_results[[k]]$ci_upper), 
  g_T = sapply(elastic_keys, function(k) elastic_results[[k]]$g_T), 
  ESS = sapply(elastic_keys, function(k) elastic_results[[k]]$ESS) 
) %>% 
  mutate( 
    Mean = round(Mean, 4), 
    CI_Lower = round(CI_Lower, 4), 
    CI_Upper = round(CI_Upper, 4), 
    g_T = round(g_T, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 4) 
  ) 
 
sensitivity_nnhm <- tibble( 
  Method = "NNHM", 
  Parameter = paste0("sigma_sigma=", sprintf("%0.2f", sigma_sigma_values)), 
  Parameter_Value = sigma_sigma_values, 
  Mean = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_key(
x)]]$mean), 
  CI_Lower = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_
key(x)]]$ci_lower), 
  CI_Upper = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_
key(x)]]$ci_upper), 
  sigma_posterior = sapply(sigma_sigma_values, function(x) nnhm_results[[make
_sigma_key(x)]]$sigma_posterior), 
  ESS = sapply(sigma_sigma_values, function(x) nnhm_results[[make_sigma_key(x
)]]$ESS) 
) %>% 
  mutate( 
    Mean = round(Mean, 4), 
    CI_Lower = round(CI_Lower, 4), 
    CI_Upper = round(CI_Upper, 4), 
    sigma_posterior = round(sigma_posterior, 4), 
    ESS = round(ESS, 3), 
    CI_Width = round(CI_Upper - CI_Lower, 4) 
  ) 
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sensitivity_full <- bind_rows( 
  sensitivity_rmap %>% select(Method, Parameter, Parameter_Value, Mean, CI_Lo
wer, CI_Upper, ESS, CI_Width), 
  sensitivity_sam %>% select(Method, Parameter, Parameter_Value, Mean, CI_Low
er, CI_Upper, ESS, CI_Width), 
  sensitivity_elastic %>% select(Method, Parameter, Parameter_Value, Mean, CI
_Lower, CI_Upper, ESS, CI_Width), 
  sensitivity_nnhm %>% select(Method, Parameter, Parameter_Value, Mean, CI_Lo
wer, CI_Upper, ESS, CI_Width) 
) 
 
# ===========================================================================
== 
# 12. SAVE 
# ===========================================================================
== 
 
save_path <- "C:/Users/marin/Downloads/D-dimer results/" 
if (!dir.exists(save_path)) dir.create(save_path, recursive = TRUE) 
 
all_results <- list( 
  current_study = current, 
  historical_studies = historical, 
  historical_effective = historical_eff, 
  map = map_results, 
  no_borrowing = no_borrow_results, 
  rmap = rmap_results, 
  sam = sam_results, 
  elastic = elastic_results, 
  nnhm = nnhm_results, 
  summary_table = summary_table, 
  sensitivity_rmap = sensitivity_rmap, 
  sensitivity_sam = sensitivity_sam, 
  sensitivity_elastic = sensitivity_elastic, 
  sensitivity_nnhm = sensitivity_nnhm, 
  sensitivity_full = sensitivity_full, 
  parameters = list( 
    w_values = w_values, 
    Delta_values = Delta_values, 
    elastic_grid = elastic_grid, 
    sigma_sigma_values = sigma_sigma_values 
  ) 
) 
 
write.csv( 
  summary_table, 
  file.path(save_path, "bayesian_borrowing_summary_continuous.csv"), 
  row.names = FALSE 
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) 
 
write.csv( 
  sensitivity_full, 
  file.path(save_path, "sensitivity_analysis_200scenarios_continuous.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_rmap, 
  file.path(save_path, "sensitivity_rmap_50_continuous.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_sam, 
  file.path(save_path, "sensitivity_sam_50_continuous.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_elastic, 
  file.path(save_path, "sensitivity_elastic_50_continuous.csv"), 
  row.names = FALSE 
) 
 
write.csv( 
  sensitivity_nnhm, 
  file.path(save_path, "sensitivity_nnhm_50_continuous.csv"), 
  row.names = FALSE 
) 
 
save( 
  all_results, 
  file = file.path(save_path, "bayesian_borrowing_complete_200scenarios_conti
nuous.RData") 
) 
 
cat("\nAll files saved to", save_path, "\n") 

 

 

 


