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Abstract

This thesis compares the ability of three option pricing approaches, the Black-Scholes
model, the Heston stochastic volatility model and a neural network, to approximate the
implied volatility surface of S&P 500 European call options over the period 2007-2026.
The models are evaluated in implied volatility space on several million observations, across
market regimes and moneyness segments, with performance rankings validated by a stat-
istical test, the Model Confidence Set. The results establish the dominance of Heston: the
model records the lowest errors in both calm and stress regimes. The comparison between
Black-Scholes and the neural network reveals no overall winner but a clear division across
moneyness: the parametric model prevails near-the-money, while the network dominates
at the extremes, most clearly under stress, where the misspecification bias of a constant
volatility is most pronounced.

Keywords: Option Pricing, Black-Scholes, Heston, Stochastic Volatility, Neural Net-
work, Implied Volatility, Volatility Smirk, Model Confidence Set, Market Regimes, S&P 500.
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Chapter 1

Introduction

Financial markets are complex systems. Modelling them to isolate analysable mechanisms
requires abstracting away from certain dimensions of reality. As Friedman (1953) argued,
one must accept a loss of realism to gain understanding and to establish a tractable
theoretical framework. In asset pricing, this approach has led to the development of
financial models that are now widely used in practice.

Among financial instruments, derivatives play a central role in modern markets. Their
value is derived from an underlying asset, such as a stock or a commodity. In June
2025, the market for these assets had a gross market value of $21.8 trillion (Bank for
International Settlements, 2025).

This study will focus on options. It is a derivative contract that grants the holder the
right, but not the obligation, to buy or sell an underlying asset at a fixed price, known
as the strike price, within a specified period of time. Specifically, a call option grants the
right to buy, a put option grants the right to sell, and the amount paid to get an option
is the premium. This type of contract is used as a tool for hedging risk and for taking
speculative positions (Hull, 2022).

Options provide a rigorous testing framework for researchers. Unlike an underlying
asset, whose price results directly from the interaction of supply and demand, the price of
an option depends on a functional relationship between several variables (Lindo, 2018).
The difference between the market price of an option and the price derived from a model,
i.e., the pricing error, gives a direct indication of the model’s misspecification, reflecting
the model inability to fully capture the pricing structure of the market (Bakshi et al.,
1997). Hence, the aim is to have an accurate approximation consistent with the no-
arbitrage argument (Hull, 2022).

For a single underlying asset, there exists a wide range of contracts differing in strike
price and expiry date, each trading at its own market price. Models serve as a common
currency for estimating and comparing these option prices (Lindo, 2018). Moreover, if
they fail to satisfy put-call parity, arbitrage opportunities arise (Hull, 2022). The price of
an option depends on unobservable variables such as future volatility; models are hence
needed to approximate option prices. However, the relationship between option prices
and market parameters used by models is nonlinear, which increases the difficulty of the
approximation. The reason for this nonlinearity is the asymmetric payoff structure of an
option, characterised by potential high gains with loss limited to the premium paid (Hull,
2022; Lindo, 2018).
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CHAPTER 1. INTRODUCTION 2

By purchasing an option, one can take a position on the price movements of an under-
lying asset without having to hold it directly, allowing to capitalise on market fluctuations
to generate profit. In the case of commodities, options also eliminate physical constraints,
since a position can be closed out without ever requiring delivery of the underlying asset.
This enables faster execution and supports larger trading volumes than those observed in
the spot market (Lindo, 2018).

The underestimation of risks in the valuation of complex derivatives played a central
role in the subprime crises, whose effects spread far beyond the United States (Ilalan,
2015; Wen et al., 2012). This episode highlights how devastating the consequence of an
inadequate pricing model can be for national stability and raises a fundamental question:
Are valuation models robust during periods of market stress?

Traditional pricing models rest on behavioural and statistical assumptions. von Neu-
mann and Morgenstern (1944) formalised agent rationality: individuals maximise ex-
pected utility by making the best possible decision. Merton (1973) assumes that stat-
istical market properties such as volatility and correlation remain stable. Fama (1970)
efficient market hypothesis holds that prices reflect all available information instantan-
eously. These assumptions do not hold unconditionally: economic data is inherently
non-stationary (Hendry, 2009), and agents’ rationality can be questioned even outside
periods of stress. Market shocks simply make the resulting breakdown of traditional
pricing models most visible.

In response to the limitation of traditional models, data-driven approaches have emerged.
Engsted (2009) explains that the quality of a model lies not in its theoretical elegance, but
in its ability to capture the properties of observed data, a criterion that forms the core
logic of these new approaches. Rather than adhering to an explicit theoretical structure,
these methods empirically identify the relationships relevant to asset pricing from the
data (Kelly & Xiu, 2023). In practice, machine learning methods consistently outperform
traditional linear models in terms of out-of-sample R2; the former generalise well to new
data (Gu et al., 2020). Moreover, Gu et al. (2020) show that investment strategies based
on data-driven models achieve an out-of-sample Sharpe ratio of 0.77, compared with 0.51
for a passive strategy.

Neural networks have attracted particular attention from researchers and practitioners.
Their ability to approximate complex and nonlinear functions, without being restricted
to a predefined functional structure, makes them natural candidates for option pricing
(Hutchinson et al., 1994). Compared to other machine learning models, the nonparametric
model consistently ranks among the best performing for option pricing (Amilon, 2003;
Ghaziri et al., 2000; Mitra, 2012). However, their superiority remains nuanced. Malliaris
and Salchenberger (1993) prove that neural networks do not always outperform parametric
models. Although models have evolved considerably since then, İltüzer (2022) shows that
this remains the case. The question of robustness remains open, particularly during
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periods of market stress.
This study, entitled ‘Comparative analysis of option pricing models: deep neural net-

work versus traditional approaches’, addresses the following research question: Which of
the Black-Scholes, Heston and neural network models provides the most accurate estim-
ates of European call options prices on the S&P 500 index, and how does their relative
performance vary across market regimes and moneyness segments?

The main contribution to the literature lies primarily in the scale and scope of its
empirical environment. It covers 19 years of S&P 500 options data, comprising millions of
observations spanning multiple market regimes, whereas most comparisons in the literat-
ure between parametric and nonparametric models rely on shorter sample periods, fewer
observations, or a single market environment. This broad setting allows the models’ abil-
ity to recover current fair prices to be assessed under a wide range of market conditions
and makes it possible to identify whether specific market contexts favour one model over
the others.

Chapter 2 reviews the literature on parametric and nonparametric option pricing mod-
els, highlighting their key findings and limitations.

Chapter 3 establishes the theoretical framework, covering supervised learning and neural
networks as well as the pricing models used in this study.

Chapter 4 presents the data and the empirical procedure.

Chapter 5 reports the results across market regimes and moneyness segments and as-
sesses their statistical significance.

Chapter 6 interprets these results, assesses the study’s hypotheses, and discusses its
limitations and directions for future research.

Chapter 7 summarises the key findings.



Chapter 2

Literature Review

2.1 Parametric models

Numerous models have been developed to address the complex challenge of estimating the
fair value of financial assets. The most widely known is the Black-Scholes model (Black
& Scholes, 1973). Originally, the formula provided a theoretical estimate of the price of
a European option; it was subsequently generalised by Merton (1973), who established a
no-arbitrage theoretical framework, incorporated dividends, and extended the analysis to
American-style options.

Several studies have analysed the model’s performance. Black (1975) supports the use
of the option value derived from the formula as a solid benchmark for gauging the degree
of an option’s overpricing. He establishes that the values produced for deep OTM and
deep ITM options diverge from market prices. MacBeth and Merville (1979) reach the
same conclusion. These pricing errors at the extremes of moneyness correspond precisely
to cases in which the model suffers from a specification bias; its functional structure differs
from the true data-generating function of option prices.

One key assumption is primarily responsible for this: the constant volatility. An
empirical phenomenon known as the volatility smile shows that the market’s estimate of
expected volatility i.e., the implied volatility, varies with moneyness (Rubinstein, 1994).
On equity indices, this smile takes an asymmetric form known as the smirk, with higher
implied volatilities on the OTM put side (Rubinstein, 1994). The aforementioned of
Black-Scholes is mainly attributable to the model’s inability to capture this mechanism.
Black and Scholes (1972) had already shown that a model using an accurate estimate of
volatility over the derivative period reduces pricing errors, suggesting that the model’s
errors stem primarily from volatility misestimation.

Several extensions have been proposed. Merton (1976) incorporates a component of
discontinuous jumps following a Poisson process to capture sudden market movements.
Scott (1987) attempted to relax the constant-volatility assumption by allowing volatility to
follow a stochastic process but obtained a solution that still required numerical methods.
Stein and Stein (1991) extend this approach using Fourier transform methods, yielding a
semi-closed-form solution that omits the negative correlation between implied volatility
and the spot price.

Heston (1993) follows a similar approach and also derives a semi-closed-form solution,
so that computationally intensive numerical methods such as Monte Carlo simulation or

4
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finite-difference schemes are no longer strictly necessary, although numerical integration
remains required. Unlike Stein and Stein (1991), however, the model explicitly incor-
porates a correlation between shocks to volatility and to the spot price, allowing it to
successfully capture the volatility smile. Bakshi et al. (1997) consider the incorporation
of stochastic volatility as essential to improving the Black-Scholes model, reporting pricing
error reduction of 25% to 60%. Sidhu and Saxena (2026) reach the same conclusion. He-
ston (1993) himself notes that the Black-Scholes model produces prices closely similar to
those of stochastic volatility models for ATM options, which are the most actively traded
contracts in the market. This observation partially explains how the Black-Scholes model
was able to hide its limitations for a long time and became so widely adopted in practice.

Heston’s volatility process is governed by parameters calibrated to observed option
prices. These parameters are frequently recalibrated to reflect the most recent market
conditions. However, given their important fluctuation, this lack of stability leads to
a loss of economic interpretability of the parameters (Le Floc’h, 2025). According to
Gatheral (2006), the main objective of stochastic volatility models is not to perfectly
represent reality, but rather to reproduce market prices effectively while avoiding arbitrage
opportunities; as market conditions evolve continuously, the parameters must too. In
addition, Sidhu and Saxena (2026) show that the accuracy of the estimated parameters
also depends on the choice of the optimiser.

While Heston constitutes an improvement over Black-Scholes, it remains misspecified
as it still exhibits systematic pricing errors despite its richer dynamic (Bakshi et al., 1997).
Fiorentini et al. (2002) locate this residual bias along moneyness on the Spanish index
market: Heston tends to overprice OTM calls and underprice ITM calls. They also find
that, unlike Black-Scholes, Heston’s pricing errors are unrelated to the level of market
volatility. Benzoni (2002) reports a comparable moneyness-dependent error pattern on
S&P 500 options. Bates (2003) argues that the choice of the optimal parametric model
depends heavily on the prevailing market context; no single parametric model can capture
all the specific features of real market conditions.

2.2 Nonparametric models

Given the structural limitations of parametric models described above, nonparametric
approaches have emerged as an alternative. In this study, we focus on one nonparametric
model: neural networks.

Grounded in data and the universal approximation theorem demonstrated by Cybenko
(1989) and Hornik et al. (1989), neural networks are not restricted to a predefined ax-
iomatic framework. Numerous studies have reported the general superiority of neural
networks over Black-Scholes in empirical finance. Gu et al. (2020) compare several non-
parametric models for stock return forecasting and identify neural networks among the
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best-performing approaches. Gross et al. (2025) show that neural network forecasts are
statistically superior to those of the parametric benchmark. This superiority is also ob-
served in the specific task of option pricing approximation, as discussed by Ghaziri et al.
(2000) and Saito and Jun (2000) on SPX call options. Amilon (2003) reaches the same
conclusion for the Sweden market, Mitra (2012) too for the Indian one.

Beyond merely confirming previous findings, Garcia and Gençay (2000) show that
a homogeneity hint can be incorporated into the neural network model, such that the
spot price S and the strike price K are no longer considered as independent variables,
but rather as the moneyness ratio S/K. This embedded financial knowledge reduces the
model’s function space and significantly lowers the out-of-sample error.

However, this superiority is not universal. Malliaris and Salchenberger (1993), using
options on the S&P 100, obtain results in which neither model consistently dominates the
other: Black-Scholes outperforms in ITM, while the network outperforms in OTM, with
larger errors observed in this latter segment for both models. İltüzer (2022) similarly
notes an absence of total systematic dominance on the Turkish market: for calls, the
nonparametric model is superior during stable periods, and the trend reverses during
periods of stress. She also notes that the models find calls on the ITM segment more
difficult to price, in contrast to the two previous researchers. Lajbcygier (2004) reaches
the same general conclusion on the Australian market. Evidence against Heston is scarcer:
using options written on Apple stock, Milyushkov (2025) finds that neural networks fit
the option pricing function better than Heston. But his study relies on a single trading
day, and the Heston parameters were taken from empirical literature, leaving open the
possibility that a calibrated Heston, as used in practice, would narrow this gap.

Hutchinson et al. (1994) provide a way to organise these mixed results: whenever
the parametric model suffers from a specification bias, neural networks outperform the
Black-Scholes model; in the opposite case, the traditional model prevails.

The market regime adds a further dimension to this comparison. A crisis represents a
regime shift characterised by price jumps, higher volatility, and the emergence of atypical
market dynamics. In this context, option prices become more sensitive to open interest,
reflecting an increased market activity and changes in investor behaviour, while the rel-
ative importance of traditional determinants such as moneyness, implied volatility, and
time-to-maturity is altered, though the first one remains the most dominant determinant
(Gradojevic & Kukolj, 2022).

These periods of market turbulence lead to extreme behaviour, worsening the misspe-
cification of the Black-Scholes model (Bakshi et al., 1997). Its pricing accuracy neverthe-
less becomes comparable to that of nonparametric models (Gradojevic & Kukolj, 2022).
This convergence does not reflect an improvement of the parametric model, Gradojevic
and Kukolj (2022) report that market volatility degrades the accuracy of all competing
models, and the gap closes because regime shifts limit the generalisation ability of non-
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parametric models. The patterns learned from historical data no longer apply in such
contexts, which substantially impairs the performance of machine learning approaches
(Liu & Huang, 2016). Gradojevic et al. (2009) provide an instructive example: their mod-
ular neural network1, trained on the bull market of early 1987 and tested on the fourth
quarter, which includes the October 1987 crash, was outperformed by Black-Scholes in
some configurations, a direct consequence of the mismatch between training and testing
regimes. This is consistent with Liu and Huang (2016), who argue that a network trained
on a bull market period may perform poorly on a crisis regime. Indeed, the fixed structure
of the Black-Scholes model makes it less sensitive to regime shifts: it remains biased, but
relatively stable in its error (Gradojevic & Kukolj, 2022).

The Heston model also exhibits significant limitations during periods of market stress,
despite its stochastic volatility. Jiao et al. (2018) note that the model’s volatility process
is unable to generate levels as high as those observed in this context. This is confirmed by
Rømer (2022), who finds that Heston’s fit to the IV surface of SPX options deteriorates
sharply around the subprime crisis.

Beyond crisis periods, neural networks also face structural limitations. The use of
nonparametric pricing methods requires large amounts of data to achieve an efficient
network, limiting their use to derivatives with historical data. Hutchinson et al. (1994)
nevertheless note that it is possible to replicate any newly created one using a combination
of existing ones.

Furthermore, Ruf and Wang (2020) argue that the choice of network architecture and
model parameters is essential to achieving optimal performance. In this regard, Garcia
and Gençay (2000), and Hutchinson et al. (1994) themselves, highlight the absence of
statistically-based architecture selection criteria in the 1994 study: an overly complex
architecture leads to overfitting; the model memorises the relationships in the training
data without generalising to new data. Conversely, an architecture that is too simple
leads to underfitting; the model fails to sufficiently capture the underlying relationships in
the training data (Goodfellow et al., 2016). Selecting an architecture that minimises out-
of-sample generalisation error is hence necessary to mitigate the risks of both overfitting
and underfitting, and to ensure a fair comparison between parametric and nonparametric
models, a methodological rigour that remains absent from many studies (Garcia & Gençay,
2000; Hutchinson et al., 1994).

In addition to these technical challenges, Gradojevic and Kukolj (2022) and Rudin
(2019) invoke the term ‘black box’ to illustrate the interpretability limit inherent to non-
parametric models. The internal mechanisms driving the model’s output are difficult to
interpret and to relate to meaningful economic intuition, in contrast to parametric models,
whose parameters carry a generally clear economic interpretation (Rudin, 2019).

1A neural network divided into independent sub-networks, called modules, each assigned to a specific
task.
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Neural networks are thus not perfect. Hutchinson et al. (1994) noted that nonpara-
metric models constitute an alternative to parametric approaches, rather than a definitive
solution. The literature suggests that their superiority depends on the market regime and
the moneyness segment under consideration. It is against this context that the following
hypotheses are examined in the subsequent chapters:

Hypothesis 1: During normal market conditions, neural networks demonstrate super-
ior pricing performance relative to the Black-Scholes and Heston models across all
moneyness segments.

Hypothesis 2: During periods of market stress, the relative performance of the three
models converges. Neural network performance deteriorates, while parametric model
performance becomes comparable to that of neural networks.

Hypothesis 3: The relative superiority of neural networks over parametric models is
more pronounced for OTM and ITM options than for ATM options.



Chapter 3

Theoretical Framework

3.1 Machine Learning

Machine learning refers to methods capable of detecting various structures, often complex
or difficult to perceive, within large amounts of data to achieve tasks such as prediction,
classification, or decision support (Bishop, 2006). While other approaches exist, this study
focuses solely on one: supervised learning.

3.1.1 Supervised learning

In supervised learning, the objective is to learn a prediction function f : Rp → R, where
p denotes the number of features, that maps an input x to an output y given a training
set D = (X,Y) = {(xi, yi)}Ni=1, where N represents the number of observations (Hastie
et al., 2009). Inputs are called ‘features’ or ‘predictors’ and outputs are called ‘responses’
or ‘targets’. Supervised learning models fall into two classes: classification, where outputs
are categorical, and regression, where outputs are quantitative. This study addresses the
second case (Hastie et al., 2009). In practice, the N observations are organised into a
design matrix X ∈ RN×p, where each row corresponds to an input vector xi ∈ Rp and
each column to a feature; and into a column vector Y ∈ RN containing the associated
output values yi.

Considering the following statistical model:

Y = f(X) + ε (3.1)

where ε is a random error term such that E(ε) = 0 and ε ⊥ X. The function f is
unknown; the objective is to estimate it from the observed data. To this end, a loss
function is defined to quantify the model’s prediction errors. The most commonly used is
the squared error loss (Hastie et al., 2009):

L(yi, f(xi)) = (yi − f(xi))
2, ∀i = 1, . . . , N (3.2)

The objective is to find a function f that minimises the squared error between the
actual output Y and the prediction f(X), thereby reducing the model’s prediction error.
This process is referred to as empirical risk minimisation (Hastie et al., 2009). The

9
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expectation of the loss function, which can be interpreted as the risk, is given by:

E(L(Y, f(X))) = E
(
(Y − f(X))2

)
(3.3)

The solution that minimises the expected loss is thus:

f ∗(x) = E(Y | X = x) (3.4)

In other words, the best prediction under the squared error loss is the conditional
expectation of Y given X. To move from theory to practice, since f ∗(x) is unknown, an
estimator f̂(x) must be constructed (Hastie et al., 2009) such that:

f̂(x) → f ∗(x) as N → ∞ (3.5)

To obtain the function to be minimised, the expected loss is replaced by its empirical
equivalent, giving the mean squared error (MSE):

1

N

N∑
i=1

(yi − f̂(xi))
2 (3.6)

Minimising the residual sum of squares (RSS) across all possible functions f :

RSS(f) =
N∑
i=1

(yi − f(xi))
2 (3.7)

any function interpolating the training data gives RSS(f) = 0, so the minimisation
problem admits infinitely many solutions. To identify a unique one, the space of admissible
functions is restricted to a parametric class f(xi;θ), where θ ∈ Rq is a finite-dimensional
parameter vector.

The empirical loss can then be expressed as a function of the parameter θ:

L(θ) =
1

N

N∑
i=1

(yi − f(xi;θ))
2 (3.8)

The objective is to find the optimal parameter vector θ̂ that minimises the RSS:

θ̂ = argmin
θ
L(θ) (3.9)

Once this optimal parameter vector has been identified, the function estimator is given
by:

f̂(x) = f(x; θ̂) (3.10)
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In this study, the parametric family is defined by the architecture of feedforward neural
networks:

FNN = {f(x;θ) | θ ∈ Rq} (3.11)

3.1.2 Neural Network

This model was originally developed with the aim of replicating the neural connections
of the human brain, from which both their name and structural form are derived.

A feedforward neural network is a nonlinear extension of classical linear regression
models, consisting of several parametric transformations that link an input layer to an
output layer through one or more hidden layers (see Figure 3.1). Model training relies on
iteratively adjusting parameters to improve predictive accuracy (Bishop, 2006).
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Figure 3.1: Feedforward neural network architecture.

The input layer is the vector xi ∈ Rp, where each neuron represents one input xij, with
i denoting the observation and j = 1, . . . , p the dimension. A total of H hidden layers
are connected, each consisting of K neurons z(h)k , where the superscript (h) indicates the
corresponding layer. In practice, Kh may vary from one layer to another, although this
study uses a common size K across layers. When the network has only one hidden layer
(H = 1), it is referred to as a shallow neural network; when it has several (H > 1), it is
referred to as a deep neural network (Goodfellow et al., 2016).

Each hidden neuron z
(h)
k receives all outputs from the previous layer. These are first

processed through a linear combination, producing the input unit activation:

a
(h)
k =

p∑
j=1

w
(h)
jk xj + b

(h)
k (3.12)

where w(h)
jk denotes the weights and b

(h)
k the biases, for k = 1, . . . , K and h = 1, . . . , H.

The result is then passed through a nonlinear activation function g(·), here chosen as the
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ReLU function (Glorot et al., 2011):

g(α) = max(0, α) (3.13)

where max(·) returns the greater of its two arguments, in order to get the output unit
activation:

z
(h)
k = g(a

(h)
k ) (3.14)

The procedure is repeated until the final layer of the model is reached. Since this
study addresses a regression problem, the final activation function is the identity function
Id(x) = x, leading to an unbounded real-valued output suitable for regression:

ŷ = Id(a
(H+1)
k ) (3.15)

Therefore, for each neuron unit in the network, the computation is as follows:

z
(h)
k = g

(
Kh−1∑
j=1

w
(h)
jk z

(h−1)
j + b

(h)
k

)
(3.16)

This phase is referred to as forward propagation: the information from the inputs xi

is propagated through hidden layers to produce a prediction ŷ (Goodfellow et al., 2016).
Consider a set of model parameters θ = {W(h),b(h)} for each layer h; the resulting

prediction function takes the form:

ŷ(x(0)) = f(x(0);θ) = f (H+1) ◦ f (H) ◦ · · · ◦ f (1)(x(0)) (3.17)

Network training consists of minimising the loss function L(θ) (3.8) by adjusting
model parameters. To this end, the gradient of L(θ) with respect to the weights and
biases, denoted ∇L(θ), is computed using the backpropagation algorithm. This algorithm
propagates the error from the output layer back through the preceding layers, and the
resulting gradient indicates the direction in which the parameters should be adjusted to
reduce the error (Bishop, 2006).

The difference between the model’s prediction and the actual value is first evaluated
at the output layer H + 1, giving the error signal δ(H+1)

k . This is defined as the partial
derivative of the loss function with respect to the pre-activation of each output unit:

∂L

∂a
(H+1)
k

= δ
(H+1)
k (3.18)

Since this study addresses a regression problem, the activation function of the output
layer is the identity function Id(·), so that ŷk = a

(H+1)
k . Under the squared error loss (3.2),
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we obtain:
δ
(H+1)
k = ŷk − yk (3.19)

This information is then backpropagated through the network to compute the error
signal δ(h)k of the units in the preceding layers:

δ
(h)
k = g′(a

(h)
k )
∑
j

w
(h+1)
jk δ

(h+1)
j (3.20)

Thus, by applying the chain rule, the gradients of the parameters constituting each
layer h are computed as follows:

∂L

∂w
(h)
ik

=
∂L

∂a
(h)
k

· ∂a
(h)
k

∂w
(h)
ik

= δ
(h)
k z

(h−1)
i (3.21)

∂L

∂b
(h)
k

=
∂L

∂a
(h)
k

· ∂a
(h)
k

∂b
(h)
k

= δ
(h)
k (3.22)

The parameters are then updated using stochastic gradient descent. This approach
approximates the gradient of the loss function from a mini-batch drawn from D, rather
than the entire dataset. The parameters are iteratively adjusted in the direction oppos-
ite to the gradient. While several gradient descent methods exist, the Adam optimizer
(Kingma & Ba, 2015) is one of the most widely used in deep learning. It adapts the learn-
ing rate for each parameter individually using estimates of the first and second moments
of the gradient. The update rule is:

θnew = θold − η
m̂t√
v̂t + ϵ

(3.23)

where η is the learning rate, m̂t and v̂t are the bias-corrected estimates of the first and
second moment of the gradient respectively, and ϵ > 0 is a numerical stability term.

Cybenko (1989) and Hornik et al. (1989) show that a shallow neural network with
enough neurons can approximate any continuous function defined on a compact domain
to arbitrary precision. However, for complex functions, a shallow network may require
an excessive number of neurons. Rolnick and Tegmark (2018) demonstrate that a deep
network is considerably more efficient in such cases. This property is directly relevant
to option pricing. The pricing function V (S,K, T, σ, r) is unknown in its general form,
and traditional models offer approximations under restrictive assumptions that are often
violated in practice. By setting x = (S,K, T, σ, r) and y = V , the network learns the
estimator f̂(x; θ̂) = argminL(θ) directly from the observed data, without imposing any
predefined functional structure.

Model complexity introduces a fundamental trade-off between bias and variance, which
governs the model’s generalisation ability. This is discussed in detail in Appendix C.
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3.2 Option Pricing

The fundamental idea of derivatives pricing theory is to construct a portfolio whose payoff
replicates that of the derivative under consideration. In the absence of arbitrage, the cost
of the replicating portfolio equals the no-arbitrage price of the derivative. This reasoning
is developed in detail in the sections that follow.

3.2.1 Derivatives Payoff

An option is a derivative contract that grants its holder the right, but not the obligation,
to buy or sell an underlying asset at a fixed price, the strike price K, up to maturity T .
A call option grants the right to buy; a put option grants the right to sell. This study
focuses solely on European-style options, which can only be exercised at T (Hull, 2022).

At maturity T , the payoff function ψT of a call option is:

ψT = max(ST −K, 0) (3.24)

where ST denotes the price of the underlying asset at maturity. The option is only
exercised when it is in the money, i.e., when ST > K. Otherwise, the option will not be
exercised, as doing so would result in a loss for its holder (Hull, 2022). By contrast, the
payoff of a put option is:

ψT = max(K − ST , 0) (3.25)

and the option will be exercised only if ST < K. A call is considered in-the-money (ITM)
when ST > K and out-of-the-money (OTM) when ST < K; a put is ITM when ST < K

and OTM when ST > K. Both are considered at-the-money (ATM) when ST = K (Hull,
2022).

3.2.2 Arbitrage-Free Pricing and Risk Neutral Valuation

Arbitrage refers to the possibility of simultaneously transacting across two or more mar-
kets to generate a riskless profit. A market in which no such opportunity exists is said
to be arbitrage-free; defining the fair value of a derivative requires consistency with this
condition. When it holds, the law of one price (LOP) states that two products with
identical payoffs must have identical prices. It follows that the fair price of an option can
be obtained by computing the cost of a strategy that replicates its payoff (Vrins, 2025).
Under the no-arbitrage condition, there exists a probability measure P∗, equivalent to the
real-world measure P, referred to as the risk-neutral measure. In this framework, investors
are assumed to be risk-neutral, i.e., they require no additional return for bearing addi-
tional risk. Consequently, every asset earns the risk-free rate r, which also serves as the
discount rate for any payoff (Hull, 2022). The price of an option at time t can therefore
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be rewritten as the discounted expectation of its future payoff:

Vt = e−r(T−t) · EP∗
[ψT | Ft] (3.26)

This no-arbitrage price is consistent with the Fundamental Theorem of Asset Pricing
(Vrins, 2025): a model is arbitrage-free if and only if it admits a risk-neutral measure P∗.

3.2.3 Traditional Models

Black-Scholes-Merton Model

Introduced in 1973 by the three researchers after whom it is named, the Black-Scholes-
Merton model’s key assumptions are as follows (Black & Scholes, 1973):

1. The risk-free rate r and volatility σ are constant.

2. There are no transaction costs.

3. The stock pays no dividends.

4. Fractional share purchases are permitted.

5. The stock price is lognormally distributed.

The stock price St is assumed to follow a geometric Brownian motion (GBM):

dSt = µSt dt+ σSt dWt (3.27)

where µSt dt represents the drift component and σSt dWt the diffusion component, with
Wt denoting a Brownian motion. Black and Scholes (1973) derive an analytical solution
for the price of a European call:

Ct = StN (d1)−Ke−r(T−t)N (d2) (3.28)

where

d1 =
ln(St/K) +

(
r + σ2

2

)
(T − t)

σ
√
T − t

, d2 = d1 − σ
√
T − t (3.29)

Heston Model

The Black-Scholes model assumes a constant volatility σ, yet the volatility smile shows
that, in practice, implied volatility varies with strike price K and maturity T : σ(K,T ).
Heston (1993) proposes a stochastic volatility model to relax this assumption, while build-
ing on the same arbitrage-free and risk-neutral foundations as Black-Scholes. Its key
assumptions are as follows (Heston, 1993):
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1. The risk-free rate r is constant.

2. The instantaneous variance vt follows a stochastic process.

3. There exists an arbitrary correlation ρ between shocks to St and shocks to vt: ρ dt =
dW1,t dW2,t.

The asset price St follows a geometric Brownian motion analogous to (3.27):

dSt = µSt dt+
√
vt St dW1,t (3.30)

where the constant volatility σ is replaced by the stochastic term
√
vt, and W1,t denotes a

Brownian motion. In addition, the instantaneous variance vt follows a Cox-Ingersoll-Ross
(CIR) stochastic process:

dvt = κ[v̄ − vt] dt+ ξ
√
vt dW2,t (3.31)

where κ[v̄ − vt] dt is the drift component, incorporating a mean-reversion term, and
ξ
√
vt dW2,t is the diffusion component, with W2,t denoting a second Brownian motion.

Applying the risk-neutral valuation framework, the price of a European call option is
expressed as:

Ct = StQ1 −Ke−r(T−t)Q2 (3.32)

Qm =
1

2
+

1

π

∫ +∞

0

ℜ
(
e−iω ln(K)ϕm(ω)

iω

)
dω, m ∈ {1, 2} (3.33)

where i =
√
−1 denotes the imaginary unit and ϕm(ω) is the characteristic function of

the log-price under the risk-neutral measure, whose analytical form is derived by Heston
(1993).

Taken together, these models can be viewed as competing approximations of the option
price surface. The dependence of implied volatility on the strike price and the maturity
gives rise to the IV surface, which maps each pair (K,T ) to its market-implied volatility.
Since option prices and implied volatilities are linked one-to-one through the Black-Scholes
formula (3.28), approximating the option price surface amounts to approximating the IV
surface (Gatheral, 2006). This is the perspective adopted in this study: each model,
whether parametric or nonparametric, is assessed on its ability to reproduce the empirical
surface of SPX options.

Pricing Bounds

The no-arbitrage condition inherent in parametric models ensures that any call option
price generated by these models satisfies the following bounds (Yang et al., 2017):

max
(
St −Ke−r(T−t), 0

)
≤ C ≤ St (3.34)
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The lower bound ensures that the option is at least equal to its intrinsic value; oth-
erwise, one could buy the option, exercise it immediately and realise a risk-free profit.
The upper bound limits the call price to a value that does not exceed the price of the
underlying asset. Conversely, as the neural network is not constrained by a predefined
functional structure, the prices it generates are not subject to any such restrictions.



Chapter 4

Methodology

4.1 Data

This analysis focuses on European options on the S&P 500 listed on the Chicago Board
Options Exchange (CBOE). This index includes the largest publicly traded U.S. compan-
ies by market capitalisation and is updated throughout the year, with companies that no
longer meet the required criteria being replaced by new ones. It is one of the most widely
studied underlying assets in the option pricing literature, notably due to its liquidity and
the depth of its options market. Data were obtained from IVolatility, a company spe-
cialising in the provision of data and analytics on the derivative market, except for the
interest rate which was sourced from Bloomberg.
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Figure 4.1: S&P 500 closing price from January 2007 to April 2026.

The period covers 3rd January 2007 to 24th April 2026 (see Figure 4.1). The initial
dataset contained 47,054,172 observations, consisting of call and put options priced at the
daily mid bid-ask spread. For each option, the dataset includes the underlying asset price
S, the strike price K, the time to maturity T − t and the volatility σivo provided by the
data platform. The volatility parameter σ used in the models is estimated directly from
option prices using a method detailed below. The ratio of the underlying asset price to
the strike price was also added; this is detailed in Section 4.4. Finally, the 3-month U.S.
T-Bill is used as a proxy for the risk-free rate r, and dividends are assumed to be zero.

18
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4.2 Data cleaning

Following Bakshi et al. (1997), several filters were applied to exclude observations that
may bias the analysis. First, to simplify both the computational and analytical processes,
the analysis is restricted to call options. Then, options expiring in less than 11 days
were removed to avoid liquidity biases. Also, options priced below $0.50 were excluded to
eliminate non-informative prices. Additionally, only options satisfying the no-arbitrage
condition are retained. Finally, options with the data provider’s volatility σivo greater
than 0.8 are excluded too, as they may give rise to numerical instabilities in the calib-
ration of the Heston model. After applying these filters, the dataset contains 14,292,393
observations, representing 30.4% of the initial sample.

4.3 Splitting set

The standard split for machine learning models is 60% of the dataset for training, 20%
for validation and 20% for testing. In our case, given that the volume of options grows
substantially over the sample period, such a split would not allow the most recent stress
periods to be fully included in the test set. A chronological split was therefore adopted.

The period from 2007 to 2016 is used to train the nonparametric model, allowing it
to be exposed to stressed market conditions from the training stage onward, with the
subprime crisis, consistent with the evidence of Liu and Huang (2016). The validation
period, from 2017 to 2019, is then used to select the optimal architecture and determine
the optimal number of iterations, that is epochs, via early stopping. Finally, the test set
covers 2020 to 2026, including three episodes of market stress: the COVID crisis in 2020,
the 2022 monetary tightening episode, and the tariff-driven turbulence of April 2025.

To identify periods of market stress, a threshold is defined based on the Volatility
Index (VIX). Developed by the CBOE, it measures the expected short-term volatility of
SPX options and is widely seen as a gauge of market fear. This index was obtained from
the Federal Reserve Economic Data platform. The threshold is set at the 75th percentile
of the VIX distribution, corresponding to a level of 22.78. Any day on which the VIX
exceeds this value is classified as a stress day (see Figure 4.2). Consecutive stress days
are then grouped into episodes; where multiple episodes occur within the same calendar
year, they are merged into a single regime spanning from the first to the last stress day of
that year (see Table 4.1), since brief calm periods within a broader crisis do not represent
a genuine return to normal conditions. This choice is arbitrary; Section 5.4.2 therefore
tests the robustness of the main conclusions to alternative thresholds.
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Figure 4.2: VIX daily closing values from January 2007 to April 2026.

Table 4.1: Market regimes defined by the VIX threshold

Period Start End Trading days Observations

Pre-COVID 2020-01-02 2020-02-21 35 89427
Stress COVID 2020-02-24 2020-11-13 186 936305
Post-COVID 2020-11-16 2022-01-14 294 1709261
Stress 2022 2022-01-18 2022-11-10 207 1083631
Normal 2 2022-11-11 2025-04-02 598 1606747
Stress 2025 2025-04-03 2025-05-01 20 105014
Normal 31 2025-05-02 2026-04-24 239 991994

Note: Stress 2022 corresponds to the monetary tightening episode; Stress 2025 to
the April 2025 tariff shock. Appendix E shows that this choice does not affect the
results.

Throughout this study, the terms ‘in-sample’ and ‘out-of-sample’ denote the 2007-
2016 and 2020-2026 windows respectively. This terminology refers to the training data of
the neural network. Following Bakshi et al. (1997), parametric models are recalibrated
daily over the entire study period; when applied to Black-Scholes and Heston, these terms
therefore serve solely as time windows rather than as indicators of generalisation ability.
Indeed, the computational cost of recalibrating multiple parameters for a parametric
model is negligible, whereas retraining a neural network daily is far more expensive and
potentially unstable, so that networks are usually trained once and deployed (Gu et al.,
2020; Liu & Huang, 2016). Consequently, any performance gap between the parametric
models and the network reflects both differences in functional flexibility and differences
in the recency of the information. Section 5.4.1 analyses these two effects by re-pricing
options at date t using Heston parameters calibrated at t− 1.

1A short 14-day episode within the Normal 3 period exceeds the VIX threshold. However, it is not
treated as a distinct regime given its low magnitude. Appendix E shows that this choice does not affect
the results.
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4.4 Homogeneity hint

As mentioned previously, we incorporate the homogeneity hint proposed by Garcia and
Gençay (2000) by considering the underlying asset price S and the strike price K as a
single variable: S/K. The relationship between the two features is proportional to the
option price: if S and K are both multiplied by any scalar λ, the option price is multiplied
by λ as well. Black-Scholes and Heston satisfy this economic property by construction.
To ensure a fair comparison between the parametric models and the neural network, the
latter is explicitly provided with this information through the new feature.

4.5 Moneyness segmentation

Also, options are classified into five segments based on the ratio S/K (Bakshi et al., 1997)
(see Table 4.2):

Table 4.2: Moneyness segmentation

Segment Bounds

Deep ITM S/K ≥ 1.111
ITM 1.031 ≤ S/K < 1.111
ATM 0.971 ≤ S/K ≤ 1.031
OTM 0.909 < S/K < 0.971
Deep OTM S/K ≤ 0.909

4.6 Parametric models

Both models are calibrated daily over the entire study period, representing 4,850 trading
days.

4.6.1 Black-Scholes

To obtain option prices under the Black-Scholes model, a single volatility σs is estimated
for all options observed at date s, calibrated over a rolling window [s − 20, s]. For each
date s, through minimisation of the sum of squared errors between Ci,t the market prices,
and CBS

i,t (Bakshi et al., 1997), we obtain:

σ̂s = argmin
σ

s∑
t=s−20

Nt∑
i=1

(
Ci,t − CBS

i,t (St, Ki, τi, rt, σ)
)2 (4.1)

where τi = Ti − t, Nt is the number of options observed at date t, and i indexes the
observations.



CHAPTER 4. METHODOLOGY 22

This minimisation is computationally straightforward, as it involves performing a
scalar search within a bounded range [0.01, 2]; only a single parameter needs to be op-
timised. This bound was established to ensure economic consistency and stability of the
Black-Scholes formula. The estimated volatility σ̂s is then used to compute option prices
under the Black-Scholes formula (3.28), CBS

i,t , for all options observed at date s. These
generated prices constitute the output of the model.

4.6.2 Heston

The Heston model is more complex than the preceding one. Here, the calibration involves
a multidimensional minimisation of five bounded parameters (see Table 4.3): v0, κ, v̄, ξ, ρ.
For each date t, the sum of squared errors is minimised (Bakshi et al., 1997):

(v̂0, κ̂, ˆ̄v, ξ̂, ρ̂)t = arg min
v0,κ,v̄,ξ,ρ

Nt∑
i=1

(
Ci − CH

i (St, Ki, τi, rt, v0, κ, v̄, ξ, ρ)
)2 (4.2)

where CH
i is the call option price generated by Heston.

Table 4.3: Heston calibration bounds

Parameter Description Bounds

v0 Initial variance [10−6, 1.0]
κ Mean reversion speed [10−4, 20]
v̄ Long-term variance [10−6, 1.0]
ξ Volatility of volatility [10−4, 4.0]
ρ Correlation [−0.999,−0.05]

Preliminary calibrations conducted with the correlation parameter ρ ∈ [−0.999, 0.999]

systematically converged to values very close to the lower bound. Therefore, ρ is restricted
to negative values to reflect the leverage effect documented by Black (1976). A decline in
the underlying asset price St is often associated with an increase in volatility vt, implying
a negative correlation between shocks to the price dW1 and shocks to the variance process
dW2. As shown by Heston (1993), this generates a negatively skewed distribution of asset
returns which is consistent with the volatility smile observed empirically on the SPX
(Rubinstein, 1994).

Since the minimisation (4.2) is a non-convex problem with multiple parameters, nu-
merous local minima exist, creating a risk that the solution may not be globally optimal.
To address this, a hybrid optimisation approach is adopted. First, the Differential Evol-
ution algorithm explores the parameter space in search of a promising region near the
global minimum. The L-BFGS-B algorithm then locally refines the obtained solution to
converge to a precise minimum (Byrd et al., 1995; Storn & Price, 1997). Faster methods
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exist for calibrating the Heston model, notably the one proposed by Cui et al. (2016),
which relies on the analytical gradient of the objective function. The computational cost
of this approach is low, but its implementation is significantly more complex. Thus, the
hybrid procedure used yields a set of optimal parameters for each date t, which are sub-
sequently used to compute option prices via the Heston pricing formula (3.32) through
numerical integration.

4.7 Neural network

4.7.1 Architecture

We performed a method known as grid search to find the optimal architecture. It consists
of training the network across multiple combinations of hyperparameters (see Table 4.4)
and selecting the architecture that minimises the MSE on the validation set. Each archi-
tecture is trained using a regularisation2 method to ensure a fair comparison of perform-
ance: early stopping.

Table 4.4: Grid search hyperparameters

Hyperparameter Tested values Selected value

Hidden layers H {2, 3, 4, 5} 4
Neurons per layer K {32, 64, 128, 256} 128

Learning rate η {0.001, 0.0001} 0.001

Note: Total of 32 architectures tested in the grid search.

The selected architecture is a deep neural network with four hidden layers of 128
neurons each, trained with a learning rate of 0.001 (see Table 4.4).

4.7.2 Training phase

The inputs and target provided to the network (see Table 4.5) are normalised using Z-
score standardisation based on the statistical properties of the training set, computed for
each feature:

zij =
xij − µj,train

σj,train
(4.3)

This step prepares the features for optimisation by placing them all on the same scale,
enabling faster and more stable convergence of gradient descent. Additionally, the weights
are initialised according to the distribution proposed by Glorot and Bengio (2010), which
assumes inputs centred around zero with constant variance.

2Regularisation refers to methods used to reduce overfitting.
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Table 4.5: Neural network inputs and target

Variable Description

Inputs
St/Ki Moneyness ratio
τi Time-to-maturity
rt Risk-free rate
σ̂s Black-Scholes volatility

Target
Ci/Ki Scaled call price

In accordance with the homogeneity hint of Garcia and Gençay (2000), the option
price C and the underlying asset price S enter the model as ratios, divided by the strike
price K before normalisation. Consequently, the absolute price level of the SPX has no
bearing on the learning process of the neural network.

Ci

Ki

= f

(
St

Ki

, τi, rt, σ̂s

)
(4.4)

The network is then trained by minimising the MSE (3.6) using the Adam optimiser
(Kingma & Ba, 2015), with a mini-batch size of 4096, chosen to reduce computation time
without significantly affecting model performance, given the large volume of observations.

As stated above, the regularisation method used is early stopping: training is inter-
rupted when the validation loss J , i.e., the MSE computed on the validation set, ceases
to improve, allowing the optimal number of epochs t∗ to be determined. A patience p of
10 is set, meaning training stops after 10 consecutive epochs without improvement on the
validation set, covering the period 2017-2019. The weights θ∗ corresponding to the lowest
validation loss are then restored. This method was chosen for its widespread use in deep
learning and its very low computational cost (Goodfellow et al., 2016).

Let t denote the current epoch, we retain:

t∗ = argmin
t
J(t,Xvalid,Yvalid) (4.5)

Thus, the optimal weights are given by:

θ∗ = θt∗ (4.6)

4.7.3 Test phase

Once the training is done, the optimal weights θ∗ are fixed and applied to the test set to
generate option price approximations at date t; the test data is not involved in any of the
preceding phases. Performance metrics are then computed to compare the models and
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assess the study’s hypotheses.
As discussed in Section 3.2.3, the neural network does not guarantee compliance with

the no-arbitrage bounds (3.34); violations may occur.

4.8 Calibration design

This volatility input of Black-Scholes is estimated over a rolling window of one month.
This follows the principle adopted by Hutchinson et al. (1994), whose Black-Scholes bench-
mark receives a volatility estimated over a recent historical window. The three models
consequently differ in their degree of adaptation: Heston refits five parameters on the
day’s cross-section, Black-Scholes estimates a single parameter over the preceding month,
and the neural network keeps its weights fixed while receiving current inputs. The com-
parison thus contrasts approximation ability under each model’s own calibration scheme;
Heston’s advantage is discussed in Section 5.4.1.

4.9 Implied volatility perimeter

We use the IV to evaluate the relative performance of the models as it allows us to
isolate the main source of mispricing (Black & Scholes, 1972). For each model and for the
market, IV are obtained by numerically inverting the Black-Scholes formula (3.28) against
the prices generated by the concerned one; the IV of Black-Scholes is by construction the
calibrated parameter σ̂s itself (4.1), so the model requires no inversion. It is possible
that the inversion fails to converge, particularly where the price is close to the intrinsic
value or is an outlier. Thus, the analysis is restricted to observations in the perimeter for
which the market, the Heston model and the neural network jointly converge: 9,813,894
observations, i.e., 68.7% of the filtered sample. This subset excludes cases where the
neural network violates the no-arbitrage bounds (3.34).

4.10 Performance metrics

To evaluate and compare the quality of the models, three metrics were selected: the root
mean square error (RMSE), the mean error (ME), and the coefficient of determination
(R2).

Let yi denote the market IV, ŷi the IV generated by the model, and i = 1, . . . , N the
number of observations.
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4.10.1 Root mean square error

RMSE measures the square root of the average of the squares of the differences between
the market IV and the IV generated by the model:

RMSE =

√√√√ 1

N

N∑
i=1

(yi − ŷi)2 (4.7)

This is one of the dominant metrics in the option pricing literature. It provides an
interpretable measure of error magnitude, with the squaring operation placing greater
emphasis on large deviations.

4.10.2 Mean error

ME calculates the average of the individual errors:

ME =
1

N

N∑
i=1

(ŷi − yi) (4.8)

This is a simple average with no absolute value. It complements the RMSE by provid-
ing an indication of the direction of the model’s error: a positive ME indicates that
the model overestimates the market IV, a negative ME indicates that the model un-
derestimates the market IV. Mitra (2012) uses it to describe the systematic bias of the
Black-Scholes model.

4.10.3 The coefficient of determination

R2 measures the proportion of the variance in market IV that the model is able to explain:

R2 =
TSS −RSS

TSS
= 1−

∑N
i=1(yi − ŷi)

2∑N
i=1(yi − ȳ)2

(4.9)

where TSS is the total sum of squares and RSS is the residual sum of squares, and ȳ

denotes the average market IV. R2 can be negative if the model performs worse than ȳ.
Each metric covers an aspect not addressed by the others. RMSE captures the mag-

nitude of errors. ME complements it by indicating the direction of the errors, therefore
allowing systematic biases to be identified. R2 adds to this by describing the model’s
overall ability to capture the structure of the IV. This combination of metrics enables the
hypotheses formulated in this study to be assessed.
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4.11 Model Confidence Set

A test is conducted to assess the stastistical validity of the results. To this end, the Model
Confidence Set (MCS) developed by Hansen et al. (2011) is employed.

It identifies the set of models that cannot be statistically distinguished from the best-
performing model or models, denoted M̂∗

1−α. The approach is based on sequential elimina-
tion: at each iteration, the null hypothesis of equal performance is tested on the remaining
models; if it is rejected, the worst-performing model is eliminated. The procedure stops
when no statistically superior model can be identified within the remaining group. Each
model receives an MCS p-value and a model is eliminated if its p-value falls below the
threshold α = 0.05, indicating statistical inferiority relative to the remaining models in
M̂∗

1−α.
The procedure is applied to daily loss series, defined for each model as the cross-

sectional RMSE of IV errors per trading day. Inference relies on the stationary bootstrap
of Politis and Romano (1994) with an average block length of 21 days, consistent with the
Black-Scholes calibration window, and 5,000 bootstrap replications. The test is conducted
on the out-of-sample period only, and implemented with the Python arch library.

As the procedure is performed multiple times, across pooled regimes as well as in-
dividual periods and moneyness segments, it increases the likelihood of false positives.
Indeed, while the error rate is controlled within each procedure, a property established by
Hansen et al. (2011), this control does not extend across configurations. Consequently,
isolated deviations from a dominant pattern (see Section 5.3 and Appendix B) should be
interpreted with caution.

Also, configurations with fewer than 30 trading days are excluded from testing. There-
fore, no period-level test is conducted on the market stress of 2025, whose 20 trading days
are insufficient for reliable block-bootstrap inference with a block size consistent with the
rest of the analysis, its observations are nevertheless included when the stress periods are
tested as a whole.
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Empirical Results and Analysis

5.1 Global results

Table 5.1: Performance metrics in-sample (2007–2016) and out-of-sample (2020–2026)

In-sample Out-of-sample

Model RMSE ME R2 RMSE ME R2

NN 0.0319 0.0018 0.8285 0.0529 0.0005 0.7448
BS 0.0549 -0.0100 0.4907 0.0800 -0.0286 0.4149
H 0.0241 -0.0001 0.9018 0.0220 0.0007 0.9556
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Figure 5.1: Out-of-sample RMSE (left) and ME (right) of implied volatility. Moneyness
is expressed in percent: negative values correspond to OTM calls, positive values to ITM
calls. Positive ME indicates an overestimation of market IV, negative values indicates
underestimation.

Heston stands out as the best performing model over the entire period studied1 (see
Table 5.1). The neural network ranks second overall, followed by Black-Scholes.

During the testing period (Figure 5.1), Heston’s RMSE remains the lowest at every
level of moneyness, reaching its minimum near-the-money, while its bias stays close to
zero, with a slight overestimation on OTM options and underestimation on ITM options.
The Black-Scholes error is strongly asymmetric, moderate on OTM options but rising
sharply on the ITM side, where it far exceeds the other two models. Its bias follows the
same directional pattern as Heston at a much larger magnitude, declining monotonically

1Recall that the in-sample/out-of-sample terminology refers to the neural network’s training data; for
the parametric models, the two windows are simple time periods (see Section 4.3).

28
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from a clear overestimation to a pronounced underestimation. The neural network occu-
pies an intermediate position, with a flatter error profile across moneyness and the same
directional bias at a magnitude between the two.

5.2 Results by market regime

5.2.1 Calm periods
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Figure 5.2: RMSE (left) and ME (right) of implied volatility in calm conditions. Conven-
tions as in Figure 5.1.

Taken together, the four calm periods reproduce the global pattern of Section 5.1 (Fig-
ure 5.2): the ranking and the direction of the biases are unchanged. Two additional
features emerge. Heston consistently reaches its highest R2 on ATM options (Tables A.4–
A.7 in Appendix A). The duel between the two other models is organised by moneyness:
Black-Scholes prevails only around the money, deteriorating sharply towards deep ITM,
while the neural network dominates over the rest of the range.

At the period level (Figure A.1 in Appendix A, where detailed metrics are also repor-
ted), a few configurations deviate from this picture. In Normal 2, Heston is outperformed
by Black-Scholes on deep OTM options, an extreme segment where the performance gaps
between the three models narrow. The shape of the Black-Scholes bias also changes
there, overestimating at the extremes of moneyness and underestimating near-the-money.
In the post-Covid period, the hierarchy between the two weakest models reverses: the
neural network performs better across all moneyness segments, most visibly on deep ITM
options with an error magnitude of 0.066 against 0.157 for Black-Scholes. In Normal 3,
the network overestimates IV across all segments, while Heston’s bias, though following
its usual direction, reaches a magnitude comparable to that of Black-Scholes on the OTM
segments. Finally, on deep ITM options in Normal 2 and deep OTM options in the pre-
Covid period, the R2 values are uninformative, as the cross-sectional variance of market
IV within these segments is close to zero.
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5.2.2 Stress periods
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Figure 5.3: RMSE (left) and ME (right) of implied volatility in stressed conditions. Con-
ventions as in Figure 5.1.

The three episodes of stress gathered together preserve the pattern of Section 5.1 while
widening its gaps (Figure 5.3). Two differences from calm conditions stand out. Heston’s
explanatory power, still at its highest on ATM options, now remains positive on every
segment. Concerning the two other models, the same structure as in calm conditions:
Black-Scholes prevails near-the-money, the neural network everywhere else.

At the period level (Figure A.2, Appendix A), the Covid crisis and the 2022 stress
display the same configuration as the aggregate results, with the network’s advantage over
Black-Scholes most pronounced on deep ITM options. The 2025 episode deviates from it
on two points: the neural network outperforms Black-Scholes on all five segments, and the
Black-Scholes bias loses the monotonic shape identified in Section 5.1, underestimating
IV over the whole moneyness range, most markedly near-the-money and fading towards
deep OTM. The results should nevertheless be treated with caution, given that the 2025
episode consists of only 20 trading days.

5.3 Statistical tests

Heston is retained in all ten configurations and is the sole survivor in nine of them (see
Table 5.2). In the remaining one, deep OTM options in calm periods, Black-Scholes is
retained alongside it. Since Heston dominates throughout, the test including the three
models says little about the remaining two, additional tests are therefore conducted on
Black-Scholes and the neural network alone.

Black-Scholes is statistically superior on the ITM and ATM segments in calm periods
and on the ATM segment in stress periods, while it is the network at the extremes, on
deep ITM options in both regimes and on deep OTM options in stress periods. In the
remaining cases, both models are retained, meaning that the data cannot separate them
at the 5% level.
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Table 5.2: MCS results pooled by market regime (α = 5%). A checkmark indicates that
the model is retained in the superior set M̂∗

1−α.

Three models BS vs. NN

Segment BS H NN BS NN

Calm periods
Deep ITM ✓ ✓
ITM ✓ ✓
ATM ✓ ✓
OTM ✓ ✓ ✓
Deep OTM ✓ ✓ ✓ ✓

Stress periods
Deep ITM ✓ ✓
ITM ✓ ✓ ✓
ATM ✓ ✓
OTM ✓ ✓ ✓
Deep OTM ✓ ✓

At the period level, the three-model test confirms the dominance of Heston in nearly
every configuration. The differences are limited to Normal 2, where Heston is excluded on
deep OTM options, and Normal 3, where the test fails to separate it from Black-Scholes on
three segments (Appendix B). In the duel, Black-Scholes dominates the network on most
calm-period segments. The post-COVID period stands out, as the network dominates on
every segment.

5.4 Robustness Analysis

5.4.1 Day-before test

Bakshi et al. (1997) explain that models with a larger number of structural paramet-
ers naturally achieve a better in-sample fit, making an out-of-sample test necessary to
distinguish genuine structural performance from mere parameter flexibility.

Therefore, similarly to Bakshi et al. (1997) and Benzoni (2002), this test aims to
observe the extent to which the model’s performance degrades when using a parameter
set calibrated at t − 1 to price options at date t, a means of assessing the weight of the
information freshness provided by daily calibration and of testing the robustness of the
Heston model.

Using five parameter sets calibrated one day earlier to price options, Heston obtains
a poorer fit to the IV surface (see Table D.1). Benzoni (2002) documents a comparable
degradation. Nevertheless, although it is the only model that holds no information at
date t, Hestont−1 retains its advantage over Black-Scholes and the neural network. This
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test does not allow recalibration and the model’s stochastic structure to be isolated from
one another, but by shifting the calibration by one day, it suggests that, at this scale,
structure weighs more heavily than freshness.

A word of caution is warranted here. The relative performance of the models is assessed
in the presence of Heston, which largely outperforms the other two models, as evidenced
by this test as well as the statistical tests. Thus, the performance of Black-Scholes and
the neural network may appear weak by comparison, when it could be judged sufficient
if Heston were not included in the analysis.

5.4.2 VIX threshold sensitivity

To test the robustness of the 75th percentile, the results were recalculated using two
other percentiles: the 70th and the 80th. The periods retain comparable durations when
the VIX threshold varies, with the boundaries shifting only moderately. Moreover, the
hierarchy among the models is preserved: the pattern described in the global results
(Section 5.1) holds under both alternative thresholds. Therefore, the choice of the 75th
percentile does not substantially influence the relative performance of the models (see
Appendix E for more details).
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Discussion

6.1 Global patterns

6.1.1 Black-Scholes

Black-Scholes’ assumption of constant volatility is its main structural limitation: it pre-
vents the model from reproducing the volatility smile observed in the markets. This
limitation is more pronounced at the extremes of moneyness given that it is where the
smile is maximal.

Indeed, whatever the regime considered, the model struggles in this context, essentially
in deep ITM where it generally underestimates IV. Rubinstein (1994) shows that deep
OTM puts on the SPX, which are equivalent to deep ITM calls by put-call parity, carry
structurally higher IV than those predicted by Black-Scholes, as investors value them as
hedging instruments against extreme downside risk. Conversely, as deep OTM call options
do not face comparable demand pressure, their IV deviates less from Black-Scholes’ con-
stant volatility. Nevertheless, results show that the model typically overestimates IV on
this segment, consistent with the findings of Black (1975), MacBeth and Merville (1979)
and Malliaris and Salchenberger (1993). Concerning near-the-money options, the error of
the model generally decreases, explained by the volatility smile being at its lowest level.

Therefore, the results show that the parametric model exhibits a systematic pricing
pattern reflecting its inability to reproduce the smirk inherent to the IV of SPX options.

6.1.2 Heston

By modelling volatility as a stochastic process, Heston effectively captures the volatility
smile that Black-Scholes cannot reproduce (Bakshi et al., 1997). Yet the same authors
also report that Heston remains misspecified and continues to exhibit systematic pricing
errors. Our results are consistent with this observation: a slight overestimation of IV for
OTM options and a slight underestimation for ITM options, also in accordance with the
evidence reported by Fiorentini et al. (2002) and Benzoni (2002), who both demonstrate
that the model’s error is, to some extent, dependent on moneyness. Heston’s mean error
stays, however, close to zero across nearly all periods and segments, suggesting a relatively
limited residual bias. In addition, the pooled MCS retains Heston as the sole survivor
in nine of the ten (Table 5.2). The period-level results are similar, the only exclusion is
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discussed in Section 6.4.
Parameter instability related to the daily calibration (Le Floc’h, 2025) does not pre-

vent the model from efficiently capturing the IV surface. Gatheral (2006) explains that
the main objective of a model and its parameters is not to perfectly represent reality
but to reproduce market prices; as market conditions evolve continuously, so must the
parameters.

The absence of the limit concerning the extreme path of volatility, as extreme as
those observed during crises (Jiao et al., 2018), may be, indeed, explained by the daily
recalibration of the initial variance parameter v0 to the observed surface, which eliminates
the need for the process to generate these high levels itself.

6.1.3 Neural network

Unlike the two parametric models, the neural network does not have a mathematical
structure built to fit the IV surface of a financial asset so that no systematic error pattern
should logically be identified. Although the model tends to make errors in the same
direction within a given period, the direction varies from one episode to another.

The model generally makes smaller errors on the IV of deep OTM than on that of deep
ITM options. This result should, however, be interpreted with caution, as it may reflect a
selection effect rather than a true difference in performance. During numerical inversion,
the network produces a negative or zero price for 22.5% of OTM observations (deep OTM
included), against 1.3% for Heston. Liu and Huang (2016) explain that in the absence of
imposed constraints, the nonparametric model is prone to generating negative prices in
the OTM region. These prices subsequently cause the IV conversion to fail, so that the
network’s relative performance on this segment is measured only on the remaining 77.5%
of observations, biasing comparisons in its favour.

A further concern is its inability to adapt to market regime shifts. Trained on 2007-
2016 data, its weights remain fixed due to the computational cost of frequent retraining.
Liu and Huang (2016) demonstrate that a network trained under one regime struggles to
generalise to an unseen one. In our results, this risk appears to be softened by two factors.
First, the presence of the subprime crisis within the training window may explain why
the model does not collapse when confronted with the stress episodes of the test period.
Second, the appreciation of the SPX index over the out-of-sample period does not pose a
challenge due to the homogeneity hint of Garcia and Gençay (2000), as the absolute level
of the index carries no information for the model.
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6.2 Calm regimes

Across the four calm periods, Heston dominates both alternatives on every moneyness
segment. Calm periods are precisely the environment where a constant-volatility model
should be least penalised, as the surface is comparatively flat and evolves slowly. The
persistence of a substantial gap between the two parametric models therefore indicates
that the residual smirk, even at its lowest level, remains beyond the reach of a single
volatility parameter, while five daily recalibrated parameters absorb it effectively.

The comparison between Black-Scholes and the network follows a different logic, or-
ganised by moneyness rather than by an overall ranking. Near-the-money, the parametric
model prevails. Heston (1993) points out that this is precisely the segment where Black-
Scholes is equivalent to a stochastic volatility model, so that the flexibility of the network
offers nothing to exploit in this region, while still carrying its cost in estimation variance,
in line with the bias-variance trade-off presented in Appendix C. The network still main-
tains low error there, likely because this is the most heavily represented segment: it has
enough data to train effectively on it, consistent with the data representation argument
of Malliaris and Salchenberger (1993) and Lajbcygier (2004). At the extremes, the rela-
tion reverses on deep ITM options, where the rigidity of a single volatility parameter is
most penalising and the network is the sole model retained by the MCS. On the OTM
segments, however, the data cannot discriminate between the two. These aggregate res-
ults nevertheless mask a strong heterogeneity across periods. In Normal 2 and Normal
3, Black-Scholes statistically dominates the network on every segment, and the network’s
advantage on deep ITM options rests on the post-COVID period alone (Appendix B).
Hence, in genuinely quiet conditions, the flexibility of the network loses on every front,
not only near-the-money.

The stability of market conditions also neutralises the main weakness of the Black-
Scholes. When the surface moves slowly, the volatility carried by the rolling window
remains representative of current conditions, so that the lag of its estimation is essentially
inactive. The corresponding cost of this lag under rapidly changing conditions is examined
in the next section.

6.3 Stress regimes

Stress episodes widen the gaps without altering the hierarchy. Heston remains the sole
model retained by the MCS on nearly every segment, while the errors of its two com-
petitors grow markedly. The mechanism behind this divergence lies in the calibration
schemes. Through the daily recalibration of its initial variance v0, Heston absorbs each
day’s level of volatility and only needs its remaining parameters to shape the surface
around it. Black-Scholes, by contrast, carries a volatility averaged over the preceding
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month. When the market shifts abruptly, this estimate lags behind current conditions,
and the model’s error then combines its structural inability to reproduce the smirk with
a delayed volatility level. The 2025 episode isolates this second component. Over its
20 trading days of continuously rising volatility, Black-Scholes underestimates market IV
even at-the-money, where its structural bias is close to zero in every other period; the
deficit observed there seems attributable to the lag of the rolling window rather than to
the constant-volatility assumption.

Under stress, the neural network inherits part of this lag as the Black-Scholes volatility
is one of its input, which explains why its bias follows the same direction to that of the
parametric model. Its errors nevertheless remain substantially smaller, indicating that
the network partially compensates with its other inputs. Its position in the duel improves
accordingly. The division observed in calm conditions sharpens, and the network becomes
the sole model retained on the deep segments of both wings, where the surface deforms
most under stress. This result contrasts with Gradojevic and Kukolj (2022), who find that,
during stressed conditions, Black-Scholes cbecomes comparable to that of nonparametric
models, including the network.

Heston’s dominance under stress could reflect an informational advantage, as it is
the only model calibrated on the day’s surface. But the day-before test weakens this
interpretation. As shown by the day-before (see Section 5.4.1), calibrating the model on
the previous day’s surface leaves its superiority over both competitors essentially intact,
indicating that the advantage does not reduce to the freshness of its parameters, and
reflects the adequacy of the stochastic volatility structure itself.

6.4 Special Cases

Three configurations depart from the general pattern established above, each in a limited
and interpretable way.

The first concerns deep OTM options during the last two calm periods, where Heston’s
advantage narrows. In Normal 2, the MCS finds it significantly outperformed by Black-
Scholes, the only configuration of the study where this occurs, and in Normal 3 the test
does not manage to separate the two models. This localised weakening is consistent
with the demand-pressure argument discussed in Section 6.1.1. The magnitude of the
reversal is nevertheless minor. The RMSE gap between the two models is about 0.001, a
difference that the length of the period renders statistically detectable without carrying
much economic significance. When the calm periods are considered together, the test no
longer separates the two parametric model (Table 5.2).

The second involves the post-COVID period, the only calm period in which the net-
work statistically outperforms Black-Scholes, and it does so over all moneyness segments
(Appendix B). Gradojevic and Kukolj (2022) note that the recovery phase following the
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COVID crash degraded model accuracy more than the crash itself. This suggests the
period behaves as a perturbed regime rather than a return to calm, despite falling below
the VIX threshold. In this situation, the mechanism of Section 6.3 applies. The errors of
Black-Scholes rise while those of the network remain stable, giving the latter its edge on
every segment.

The third arises in the 2025 stress episode, during which Black-Scholes loses the mono-
tonic error pattern it displays everywhere else and underestimates IV across the whole
moneyness range. The mechanism is again that of Section 6.3, in an acute form, as most
of the calibration window still consists of calm days over this short episode. The network,
although it receives the same lagging input, partially compensates with its other inputs,
and Heston shows no such bias, as its parameters are calibrated on the day itself. Given
the low number of observations, this episode should nevertheless be read with caution.

6.5 Hypotheses

Hypothesis 1, which proposed, in line with the applied literature, a superior pricing per-
formance of the nonparametric model under normal market conditions, is refuted. The
network is outperformed not only by Heston, in every context, but also by Black-Scholes
near-the-money, where the MCS retains only the parametric model. Its only clear ad-
vantage in calm periods is confined to deep ITM options, and rests on the post-COVID
period alone.

Hypothesis 2 proposed a convergence of the three models’ performance under stress.
It is partially verified. Black-Scholes and the neural network do exhibit performance
gaps that narrow across several segments, the MCS failing to separate the two models
on the ITM and OTM configurations of the pooled stress regime. This convergence does
not, however, operate through the anticipated mechanism: rather than a deterioration of
the network, it is driven by a sharp increase in Black-Scholes error, while the network’s
performance remains comparatively stable. Moreover, the hypothesis is refuted once
Heston enters the comparison, as the model diverges further from its two competitors
under stress than in calm periods.

Hypothesis 3 proposed a superiority of the network over the parametric models at the
extremes of moneyness, more pronounced than near-the-money. Against Black-Scholes,
the pooled results support this assumption. The hypothesis nevertheless fails in calm
periods on the OTM side, where the test cannot separate the two models, and is refuted
altogether once Heston is considered, given that the network never outperforms it on any
segment.

Overall, neither Black-Scholes nor the neural network systematically dominates the
other, a conclusion in line with Malliaris and Salchenberger (1993) and İltüzer (2022).
The dominant fact of the study lies elsewhere. The stochastic volatility model prevails
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across regimes and moneyness, in calm conditions where its structural advantage should
be smallest, and under stress despite the limits of its volatility process documented in the
literature.

6.6 Limitations and directions for future research

First, the perimeter retained for the IV analysis introduces a selection bias. As discussed
in Sections 4.9 and 6.1.3, the observations where the network fails to produce an invertible
price are mechanically excluded from the comparison, biasing its measured performance
on the OTM segments upwards.

Second, part of the results reflects the calibration design rather than the models alone.
The three models deliberately differ in their degree of adaptation to the pricing date, as
this is the object of the comparison. The length of the Black-Scholes calibration window,
however, is a design choice. The 21-day estimate lags behind market conditions when
volatility shifts abruptly, inflating the stress-period errors of Black-Scholes and, through
its inputs, of the network. A single volatility fitted on the day’s cross-section would remove
this lag entirely and show how much of the Black-Scholes error is structural, which this
study does not explore. Similarly, the network is trained once, its weights remaining fixed
over the evaluation period due to the computational cost of frequent retraining.

In addition, the Heston results are, in turn, conditional on the quality of its calibration.
As the accuracy of the estimated parameters depends on the choice of the optimiser (Sidhu
& Saxena, 2026), the hybrid procedure adopted here places the model close to its best
attainable fit, and a weaker optimisation scheme could narrow its advantage. The evidence
of Milyushkov (2025), where a Heston model with fixed parameters from the empirical
literature is outperformed by neural networks, illustrates this dependence even though
the underlying assets differ.

Finally, the classification of market regimes relies on a VIX threshold computed ex post
over the 2007-2026 sample, so that the regime labels incorporate information unavailable
in real time. This choice belongs to a descriptive perspective, in which the objective is to
evaluate model performance within past regimes. The classification also rests on a fixed
threshold rather than on a formal regime-switching model, even though the robustness
test in Section 5.4.2 indicates that the model hierarchy is insensitive to its exact position.

These limitations open several directions for future research. Black-Scholes could be
calibrated on the day’s cross-section, the network could receive this refreshed volatility
as an input, and its weights could be retrained periodically, to measure how much of
the documented gaps stems from the calibration design. The comparison could also be
extended to put options and other underlyings. Beyond these extensions, two questions
follow naturally from the present results: whether the hierarchy established in approxima-
tion carries over to forecasting, by evaluating the models in a genuinely predictive setting
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across the same regimes; and whether providing the network with a stochastic volatility
input would allow it to match, or surpass, Heston.



Chapter 7

Conclusion

This thesis compared the ability of three option pricing models, Black-Scholes, Heston and
a neural network, to approximate the implied volatility surface of S&P 500 European call
options. The comparison covers the period 2007-2026 and several million observations,
across seven market regimes and five moneyness segments, with the performance rankings
validated by the Model Confidence Set.

The central finding is the dominance of Heston. The model records the lowest errors
in every regime and on nearly every segment. The analysis show that this advantage
does not come from the freshness of its daily calibration alone. The stochastic volatility
structure itself carries most of it.

The three hypotheses receive nuanced answers. Hypothesis 1 is refuted. The network
does not dominate in normal conditions. It is outperformed by Heston everywhere and
by Black-Scholes near-the-money, and against the latter, it loses on every segment in
genuinely quiet periods. Hypothesis 2 is partially verified. Black-Scholes and the network
do converge under stress, but through a rise of the Black-Scholes error rather than a
deterioration of the network, and Heston moves further ahead instead of converging.
Hypothesis 3 is partially verified as well. The network beats Black-Scholes at the extremes
of moneyness, most clearly under stress, but it never outperforms Heston on any segment.

The main lesson is that nonparametric flexibility only pays where the parametric bias
is large. Near-the-money, where a constant volatility is almost sufficient, Black-Scholes
wins the duel. At the extremes and under stress, where this assumption fails most, the
network takes over. Above both, a stochastic volatility model recalibrated daily captures
the surface at low cost and remains the reference.
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Detailed Results
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Figure A.1: RMSE and ME of implied volatility by moneyness segment across calm
periods.
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Figure A.2: RMSE and ME of implied volatility by moneyness segment across stressed
periods.
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Table A.1: Performance metrics by moneyness segment – Stress COVID

Segment Model RMSE ME R2

Deep ITM
BS 0.1672 -0.1425 -2.1971
H 0.0439 -0.0025 0.7800
NN 0.0846 -0.0446 0.1807

ITM
BS 0.1019 -0.0583 -0.3093
H 0.0231 -0.0128 0.9327
NN 0.0875 -0.0069 0.0334

ATM
BS 0.0961 -0.0112 -0.0087
H 0.0205 0.0058 0.9542
NN 0.1022 0.0084 -0.1395

OTM
BS 0.1022 0.0212 -0.0492
H 0.0242 0.0132 0.9412
NN 0.1063 0.0150 -0.1344

Deep OTM
BS 0.1011 0.0419 -0.5166
H 0.0315 0.0059 0.8530
NN 0.0897 0.0188 -0.1938

Table A.2: Performance metrics by moneyness segment – Stress 2022

Segment Model RMSE ME R2

Deep ITM
BS 0.1090 -0.0825 -1.2976
H 0.0284 0.0029 0.8442
NN 0.0581 -0.0007 0.3485

ITM
BS 0.0553 -0.0421 -1.1255
H 0.0148 -0.0035 0.8485
NN 0.0541 0.0160 -1.0317

ATM
BS 0.0371 -0.0143 -0.0823
H 0.0083 -0.0009 0.9459
NN 0.0474 0.0121 -0.7659

OTM
BS 0.0341 0.0157 -0.1432
H 0.0102 0.0035 0.8984
NN 0.0427 0.0117 -0.8003

Deep OTM
BS 0.0443 0.0388 -3.1947
H 0.0158 0.0048 0.4636
NN 0.0405 0.0201 -2.5073
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Table A.3: Performance metrics by moneyness segment – Stress 2025

Segment Model RMSE ME R2

Deep ITM
BS 0.0946 -0.0604 -1.0599
H 0.0328 -0.0173 0.7523
NN 0.0773 -0.0136 -0.3754

ITM
BS 0.1125 -0.0865 -2.0463
H 0.0239 -0.0143 0.8623
NN 0.0873 -0.0374 -0.8315

ATM
BS 0.1118 -0.0832 -1.8768
H 0.0155 -0.0032 0.9451
NN 0.0909 -0.0569 -0.9022

OTM
BS 0.0752 -0.0454 -1.1916
H 0.0166 0.0116 0.8927
NN 0.0692 -0.0399 -0.8588

Deep OTM
BS 0.0344 -0.0005 -0.8624
H 0.0176 0.0141 0.5146
NN 0.0317 -0.0024 -0.5816

Table A.4: Performance metrics by moneyness segment – Pre COVID

Segment Model RMSE ME R2

Deep ITM
BS 0.0392 -0.0313 -1.7376
H 0.0204 0.0051 0.2567
NN 0.0434 0.0319 -2.3535

ITM
BS 0.0306 -0.0274 -3.9900
H 0.0116 -0.0105 0.2796
NN 0.0286 -0.0085 -3.3645

ATM
BS 0.0217 0.0044 -0.0457
H 0.0088 0.0016 0.8264
NN 0.0323 0.0151 -1.3202

OTM
BS 0.0272 0.0253 -6.1960
H 0.0109 0.0075 -0.1599
NN 0.0283 0.0235 -6.7833

Deep OTM
BS 0.0241 0.0239 -51.4652
H 0.0135 0.0008 -15.3372
NN 0.0397 0.0345 -140.8681
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Table A.5: Performance metrics by moneyness segment – Post COVID

Segment Model RMSE ME R2

Deep ITM
BS 0.1566 -0.1365 -2.9217
H 0.0402 -0.0018 0.7415
NN 0.0655 -0.0451 0.3137

ITM
BS 0.0456 -0.0338 -0.7448
H 0.0151 -0.0087 0.8088
NN 0.0311 -0.0052 0.1886

ATM
BS 0.0423 0.0281 -0.3579
H 0.0146 0.0078 0.8393
NN 0.0382 0.0245 -0.1064

OTM
BS 0.0584 0.0545 -4.2092
H 0.0132 0.0059 0.7354
NN 0.0360 0.0286 -0.9747

Deep OTM
BS 0.0519 0.0504 -8.0187
H 0.0140 -0.0002 0.3446
NN 0.0217 0.0138 -0.5806

Table A.6: Performance metrics by moneyness segment – Normal 2

Segment Model RMSE ME R2

Deep ITM
BS 0.0349 0.0205 -1.5830
H 0.0212 -0.0047 0.0445
NN 0.0787 0.0691 -12.1074

ITM
BS 0.0310 -0.0126 0.3494
H 0.0190 -0.0041 0.7556
NN 0.0456 0.0208 -0.4062

ATM
BS 0.0283 -0.0153 0.3674
H 0.0116 0.0006 0.8934
NN 0.0319 0.0074 0.1936

OTM
BS 0.0165 -0.0044 0.6835
H 0.0117 0.0062 0.8417
NN 0.0208 -0.0008 0.4955

Deep OTM
BS 0.0168 0.0087 0.5836
H 0.0178 0.0130 0.5346
NN 0.0221 0.0108 0.2793



APPENDIX A. DETAILED RESULTS 45

Table A.7: Performance metrics by moneyness segment – Normal 3

Segment Model RMSE ME R2

Deep ITM
BS 0.0440 -0.0151 -0.0926
H 0.0214 -0.0060 0.7412
NN 0.0489 0.0178 -0.3512

ITM
BS 0.0318 -0.0165 0.1607
H 0.0162 -0.0102 0.7819
NN 0.0366 0.0023 -0.1167

ATM
BS 0.0250 -0.0100 0.2810
H 0.0098 0.0027 0.8894
NN 0.0321 0.0018 -0.1837

OTM
BS 0.0163 0.0067 0.2685
H 0.0149 0.0106 0.3946
NN 0.0261 0.0181 -0.8610

Deep OTM
BS 0.0206 0.0148 -2.4280
H 0.0198 0.0147 -2.1929
NN 0.0319 0.0276 -7.2819



Appendix B

MCS Results

Table B.1: Model Confidence Set results by period and moneyness segment (α = 5%)

Three-model comparison BS vs. NN duel

Period Segment NN BS H NN BS

Pre COVID

Deep ITM ✓ ✓
ITM ✓ ✓ ✓
ATM ✓ ✓
OTM ✓ ✓ ✓
Deep OTM ✓ ✓

Stress COVID

Deep ITM ✓ ✓
ITM ✓ ✓ ✓
ATM ✓ ✓
OTM ✓ ✓ ✓
Deep OTM ✓ ✓

Post COVID

Deep ITM ✓ ✓
ITM ✓ ✓
ATM ✓ ✓
OTM ✓ ✓
Deep OTM ✓ ✓

Stress 2022

Deep ITM ✓ ✓ ✓
ITM ✓ ✓ ✓
ATM ✓ ✓ ✓
OTM ✓ ✓
Deep OTM ✓ ✓ ✓

Normal 2

Deep ITM ✓ ✓
ITM ✓ ✓
ATM ✓ ✓
OTM ✓ ✓
Deep OTM ✓ ✓

Normal 3

Deep ITM ✓ ✓
ITM ✓ ✓ ✓
ATM ✓ ✓
OTM ✓ ✓ ✓
Deep OTM ✓ ✓ ✓
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B.1 Three models

Table B.2: MCS p-values by period (three models)

NN BS H

Pre COVID 0.0000 0.0000 1.0000
Stress COVID 0.0018 0.0000 1.0000
Post COVID 0.0000 0.0000 1.0000
Stress 2022 0.0010 0.0010 1.0000
Normal 2 0.0000 0.0000 1.0000
Normal 3 0.0000 0.0192 1.0000

Table B.3: MCS p-values by moneyness (three models)

BS NN H

Deep ITM 0.0000 0.0000 1.0000
ITM 0.0000 0.0000 1.0000
ATM 0.0000 0.0000 1.0000
OTM 0.0000 0.0000 1.0000
Deep OTM 0.0008 0.0008 1.0000

Table B.4: MCS p-values by segment – Pre COVID (three models)

NN BS H

Deep ITM 0.0000 0.0000 1.0000
ITM 0.0000 0.0000 1.0000
ATM 0.0000 0.0000 1.0000
OTM 0.0000 0.0000 1.0000
Deep OTM 0.0000 0.0000 1.0000

Table B.5: MCS p-values by segment – Stress COVID (three models)

NN BS H

Deep ITM 0.0090 0.0000 1.0000
ITM 0.0130 0.0130 1.0000
ATM 0.0000 0.0130 1.0000
OTM 0.0000 0.0000 1.0000
Deep OTM 0.0000 0.0000 1.0000



APPENDIX B. MCS RESULTS 48

Table B.6: MCS p-values by segment – Post COVID (three models)

NN BS H

Deep ITM 0.0000 0.0000 1.0000
ITM 0.0000 0.0000 1.0000
ATM 0.0000 0.0000 1.0000
OTM 0.0000 0.0000 1.0000
Deep OTM 0.0000 0.0000 1.0000

Table B.7: MCS p-values by segment – Stress 2022 (three models)

NN BS H

Deep ITM 0.0132 0.0132 1.0000
ITM 0.0018 0.0018 1.0000
ATM 0.0000 0.0000 1.0000
OTM 0.0000 0.0000 1.0000
Deep OTM 0.0000 0.0000 1.0000

Table B.8: MCS p-values by segment – Normal 2 (three models)

NN BS H

Deep ITM 0.0000 0.0000 1.0000
ITM 0.0000 0.0000 1.0000
ATM 0.0000 0.0000 1.0000
OTM 0.0000 0.0014 1.0000
Deep OTM 0.0000 1.0000 0.0050

Table B.9: MCS p-values by segment – Normal 3 (three models)

NN BS H

Deep ITM 0.0000 0.0026 1.0000
ITM 0.0000 0.0560 1.0000
ATM 0.0000 0.0026 1.0000
OTM 0.0000 1.0000 0.7350
Deep OTM 0.0000 1.0000 0.1116
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B.2 Two models: Neural Network and Black-Scholes

Table B.10: MCS p-values by period (NN vs BS)

NN BS

Pre COVID 0.0000 1.0000
Stress COVID 1.0000 0.0000
Post COVID 1.0000 0.0000
Stress 2022 1.0000 0.2746
Normal 2 0.0000 1.0000
Normal 3 0.0000 1.0000

Table B.11: MCS p-values by moneyness (NN vs BS)

BS NN

Deep ITM 0.0000 1.0000
ITM 1.0000 0.4942
ATM 1.0000 0.0000
OTM 1.0000 0.5570
Deep OTM 0.5296 1.0000

Table B.12: MCS p-values by segment – Pre COVID (NN vs BS)

NN BS

Deep ITM 0.0076 1.0000
ITM 1.0000 0.1288
ATM 0.0000 1.0000
OTM 0.0628 1.0000
Deep OTM 0.0000 1.0000

Table B.13: MCS p-values by segment – Stress COVID (NN vs BS)

NN BS

Deep ITM 1.0000 0.0000
ITM 1.0000 0.0554
ATM 0.0028 1.0000
OTM 0.8978 1.0000
Deep OTM 1.0000 0.0000
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Table B.14: MCS p-values by segment – Post COVID (NN vs BS)

NN BS

Deep ITM 1.0000 0.0000
ITM 1.0000 0.0000
ATM 1.0000 0.0000
OTM 1.0000 0.0000
Deep OTM 1.0000 0.0000

Table B.15: MCS p-values by segment – Stress 2022 (NN vs BS)

NN BS

Deep ITM 1.0000 0.1232
ITM 1.0000 0.6314
ATM 0.1416 1.0000
OTM 0.0004 1.0000
Deep OTM 1.0000 0.2600

Table B.16: MCS p-values by segment – Normal 2 (NN vs BS)

NN BS

Deep ITM 0.0000 1.0000
ITM 0.0000 1.0000
ATM 0.0002 1.0000
OTM 0.0000 1.0000
Deep OTM 0.0000 1.0000

Table B.17: MCS p-values by segment – Normal 3 (NN vs BS)

NN BS

Deep ITM 0.0002 1.0000
ITM 0.0002 1.0000
ATM 0.0000 1.0000
OTM 0.0000 1.0000
Deep OTM 0.0000 1.0000



Appendix C

Bias-variance decomposition

This appendix formalises the bias-variance trade-off governing the choice of the function
class introduced in Section 3.1.1.

Nonparametric model complexity introduces a fundamental trade-off. Minimising in-
sample error does not guarantee low out-of-sample error: an overly complex model mem-
orises the training data without capturing the true underlying relationship, while an overly
simple model fails to approximate it sufficiently. This trade-off is managed by controlling
the model’s capacity, that is, the richness of the function class it can represent (Goodfellow
et al., 2016).

The estimator θ̂ is characterised by a bias B(θ̂) and a variance V (θ̂). An increase
in model capacity tends to reduce bias while increasing variance, and vice versa. These
two terms constitute the components of the mean squared error (MSE), known as the
bias-variance decomposition (Hastie et al., 2009):

MSE = E
[
(θ̂ − θ)2

]
= B(θ̂)2 + V (θ̂) (C.1)

where V (θ̂) = E
[
(θ̂ − E(θ̂))2

]
and B(θ̂) = E(θ̂)− θ.

A trade-off is therefore necessary to strike the right balance between bias and variance,
to control the model’s generalisation ability. Note that the MSE here refers to the estim-
ation error of θ̂, distinct from the training loss of the neural network (see Section 4.7.2).
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Day-before test

Table D.1: Day-before test results

In-sample Out-of-sample

Model RMSE ME R2 RMSE ME R2

NN 0.0317 0.0017 0.8260 0.0529 0.0003 0.7449
BS 0.0535 -0.0099 0.5050 0.0801 -0.0289 0.4138
H 0.0227 0.0001 0.9111 0.0219 0.0008 0.9563
Ht−1 0.0271 -0.0002 0.8728 0.0276 0.0009 0.9305

Note: The metrics differ from those in Table 5.1 because the test is based on
the common perimeter of the four models (9,755,486 observations, i.e., 99.4%
of the full perimeter).
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Appendix E

VIX threshold sensitivity

This appendix assesses the robustness of the market regime classification to the choice
of the VIX threshold. The 75th percentile is the main specification used throughout
this study; the 70th and 80th percentiles are the alternative thresholds used to test the
robustness of the conclusions. Table E.1 reports the regime boundaries obtained under
each threshold, and the subsequent tables report the corresponding performance metrics.

Across the three thresholds, the performance metrics vary only marginally, typically
at the third decimal place, and the ranking of the models is unchanged in nearly every
period and segment. The configurations deviating from the general pattern in the main
analysis, notably deep OTM options in Normal 2, persist under all three thresholds. The
only visible sensitivity concerns Stress 2025, whose duration ranges from 17 to 49 trading
days depending on the threshold, so that its metric levels shift while the ranking remains
the same.
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Table E.1: Market regimes defined by the alternative VIX thresholds

Period Start End Trading days Observations

Q70

Pre COVID 2020-01-02 2020-02-21 35 89427
Stress COVID 2020-02-24 2021-02-04 241 1220449
Post COVID 2021-02-05 2022-01-14 239 1425117
Stress 2022 2022-01-18 2022-11-21 214 1108752
Normal 2 2022-11-22 2025-02-28 568 1485781
Stress 2025 2025-03-03 2025-05-09 49 229215
Normal 3 2025-05-12 2026-04-24 233 963638

Q75

Pre COVID 2020-01-02 2020-02-21 35 89427
Stress COVID 2020-02-24 2020-11-13 186 936305
Post COVID 2020-11-16 2022-01-14 294 1709261
Stress 2022 2022-01-18 2022-11-10 207 1083631
Normal 2 2022-11-11 2025-04-02 598 1606747
Stress 2025 2025-04-03 2025-05-01 20 105014
Normal 3 2025-05-02 2026-04-24 239 991994

Q80

Pre COVID 2020-01-02 2020-02-21 35 89427
Stress COVID 2020-02-24 2020-11-10 183 920386
Post COVID 2020-11-11 2022-02-16 319 1868825
Stress 2022 2022-02-17 2022-11-04 181 925152
Normal 2 2022-11-07 2025-04-02 602 1621581
Stress 2025 2025-04-03 2025-04-28 17 89948
Normal 3 2025-04-29 2026-04-24 242 1007060
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Table E.2: VIX threshold sensitivity – Pre COVID

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.0392 -1.7376 0.0392 -1.7376 0.0392 -1.7376
H 0.0204 0.2567 0.0204 0.2567 0.0204 0.2567
NN 0.0434 -2.3535 0.0434 -2.3535 0.0434 -2.3535

ITM
BS 0.0306 -3.9900 0.0306 -3.9900 0.0306 -3.9900
H 0.0116 0.2796 0.0116 0.2796 0.0116 0.2796
NN 0.0286 -3.3645 0.0286 -3.3645 0.0286 -3.3645

ATM
BS 0.0217 -0.0457 0.0217 -0.0457 0.0217 -0.0457
H 0.0088 0.8264 0.0088 0.8264 0.0088 0.8264
NN 0.0323 -1.3202 0.0323 -1.3202 0.0323 -1.3202

OTM
BS 0.0272 -6.1960 0.0272 -6.1960 0.0272 -6.1960
H 0.0109 -0.1599 0.0109 -0.1599 0.0109 -0.1599
NN 0.0283 -6.7833 0.0283 -6.7833 0.0283 -6.7833

Deep OTM
BS 0.0241 -51.4652 0.0241 -51.4652 0.0241 -51.4652
H 0.0135 -15.3372 0.0135 -15.3372 0.0135 -15.3372
NN 0.0397 -140.8681 0.0397 -140.8681 0.0397 -140.8681

Table E.3: VIX threshold sensitivity – Stress COVID

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.1646 -2.1154 0.1672 -2.1971 0.1674 -2.2051
H 0.0432 0.7859 0.0439 0.7800 0.0438 0.7802
NN 0.0807 0.2505 0.0846 0.1807 0.0849 0.1750

ITM
BS 0.0908 -0.1523 0.1019 -0.3093 0.1027 -0.3192
H 0.0213 0.9365 0.0231 0.9327 0.0231 0.9331
NN 0.0773 0.1656 0.0875 0.0334 0.0882 0.0268

ATM
BS 0.0848 0.1272 0.0961 -0.0087 0.0968 -0.0145
H 0.0196 0.9534 0.0205 0.9542 0.0206 0.9542
NN 0.0901 0.0159 0.1022 -0.1395 0.1027 -0.1440

OTM
BS 0.0937 0.0140 0.1022 -0.0492 0.1026 -0.0483
H 0.0226 0.9425 0.0242 0.9412 0.0243 0.9410
NN 0.0944 -0.0008 0.1063 -0.1344 0.1069 -0.1386

Deep OTM
BS 0.0975 -0.4380 0.1011 -0.5166 0.1013 -0.5174
H 0.0304 0.8601 0.0315 0.8530 0.0316 0.8526
NN 0.0853 -0.1024 0.0897 -0.1938 0.0900 -0.1972
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Table E.4: VIX threshold sensitivity – Post COVID

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.1566 -2.9789 0.1566 -2.9217 0.1565 -2.9529
H 0.0401 0.7398 0.0402 0.7415 0.0398 0.7437
NN 0.0652 0.3110 0.0655 0.3137 0.0657 0.3025

ITM
BS 0.0454 -0.8944 0.0456 -0.7448 0.0479 -0.7742
H 0.0151 0.7911 0.0151 0.8088 0.0153 0.8189
NN 0.0305 0.1439 0.0311 0.1886 0.0327 0.1716

ATM
BS 0.0429 -0.5064 0.0423 -0.3579 0.0421 -0.1945
H 0.0140 0.8383 0.0146 0.8393 0.0143 0.8623
NN 0.0376 -0.1580 0.0382 -0.1064 0.0383 0.0100

OTM
BS 0.0584 -5.0754 0.0584 -4.2092 0.0571 -3.3296
H 0.0124 0.7260 0.0132 0.7354 0.0129 0.7794
NN 0.0360 -1.3144 0.0360 -0.9747 0.0357 -0.6908

Deep OTM
BS 0.0511 -10.3730 0.0519 -8.0187 0.0511 -6.6708
H 0.0130 0.2649 0.0140 0.3446 0.0134 0.4716
NN 0.0212 -0.9643 0.0217 -0.5806 0.0240 -0.6994

Table E.5: VIX threshold sensitivity – Stress 2022

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.1087 -1.2426 0.1090 -1.2976 0.0976 -0.9820
H 0.0283 0.8475 0.0284 0.8442 0.0276 0.8419
NN 0.0584 0.3530 0.0581 0.3485 0.0552 0.3650

ITM
BS 0.0545 -0.9217 0.0553 -1.1255 0.0532 -0.9531
H 0.0152 0.8501 0.0148 0.8485 0.0142 0.8601
NN 0.0553 -0.9760 0.0541 -1.0317 0.0539 -1.0055

ATM
BS 0.0365 -0.0425 0.0371 -0.0823 0.0373 -0.0641
H 0.0085 0.9431 0.0083 0.9459 0.0080 0.9507
NN 0.0472 -0.7445 0.0474 -0.7659 0.0489 -0.8325

OTM
BS 0.0338 -0.1419 0.0341 -0.1432 0.0335 -0.1230
H 0.0102 0.8971 0.0102 0.8984 0.0103 0.8945
NN 0.0424 -0.7938 0.0427 -0.8003 0.0446 -0.9836

Deep OTM
BS 0.0441 -3.2062 0.0443 -3.1947 0.0440 -3.3496
H 0.0158 0.4594 0.0158 0.4636 0.0166 0.3793
NN 0.0403 -2.5043 0.0405 -2.5073 0.0420 -2.9639
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Table E.6: VIX threshold sensitivity – Normal 2

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.0330 -1.4317 0.0349 -1.5830 0.0355 -1.4228
H 0.0216 -0.0441 0.0212 0.0445 0.0212 0.1381
NN 0.0755 -11.7224 0.0787 -12.1074 0.0817 -11.8429

ITM
BS 0.0304 0.3783 0.0310 0.3494 0.0308 0.3874
H 0.0186 0.7670 0.0190 0.7556 0.0190 0.7658
NN 0.0438 -0.2910 0.0456 -0.4062 0.0465 -0.3946

ATM
BS 0.0262 0.3910 0.0283 0.3674 0.0282 0.3909
H 0.0111 0.8900 0.0116 0.8934 0.0116 0.8974
NN 0.0305 0.1730 0.0319 0.1936 0.0319 0.2220

OTM
BS 0.0151 0.7219 0.0165 0.6835 0.0165 0.7080
H 0.0114 0.8415 0.0117 0.8417 0.0116 0.8543
NN 0.0201 0.5033 0.0208 0.4955 0.0210 0.5255

Deep OTM
BS 0.0161 0.6229 0.0168 0.5836 0.0170 0.6201
H 0.0178 0.5420 0.0178 0.5346 0.0176 0.5930
NN 0.0216 0.3248 0.0221 0.2793 0.0223 0.3493

Table E.7: VIX threshold sensitivity – Stress 2025

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.0877 -0.7361 0.0946 -1.0599 0.0974 -1.1257
H 0.0312 0.7803 0.0328 0.7523 0.0311 0.7830
NN 0.0778 -0.3671 0.0773 -0.3754 0.0779 -0.3583

ITM
BS 0.0842 -0.5671 0.1125 -2.0463 0.1231 -2.3906
H 0.0218 0.8944 0.0239 0.8623 0.0242 0.8692
NN 0.0701 -0.0860 0.0873 -0.8315 0.0946 -1.0026

ATM
BS 0.0801 -0.8558 0.1118 -1.8768 0.1209 -2.2256
H 0.0167 0.9190 0.0155 0.9451 0.0160 0.9436
NN 0.0677 -0.3231 0.0909 -0.9022 0.0984 -1.1341

OTM
BS 0.0537 -0.1990 0.0752 -1.1916 0.0795 -1.4408
H 0.0156 0.8994 0.0166 0.8927 0.0156 0.9063
NN 0.0500 -0.0402 0.0692 -0.8588 0.0731 -1.0673

Deep OTM
BS 0.0312 -0.1924 0.0344 -0.8624 0.0329 -0.6929
H 0.0175 0.6272 0.0176 0.5146 0.0159 0.6017
NN 0.0306 -0.1432 0.0317 -0.5816 0.0312 -0.5274
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Table E.8: VIX threshold sensitivity – Normal 3

Q70 Q75 Q80

Segment Model RMSE R2 RMSE R2 RMSE R2

Deep ITM
BS 0.0444 -0.0704 0.0440 -0.0926 0.0436 -0.0870
H 0.0214 0.7525 0.0214 0.7412 0.0229 0.7000
NN 0.0439 -0.0481 0.0489 -0.3512 0.0496 -0.4062

ITM
BS 0.0320 0.1131 0.0318 0.1607 0.0320 0.1980
H 0.0161 0.7758 0.0162 0.7819 0.0164 0.7902
NN 0.0357 -0.1037 0.0366 -0.1167 0.0368 -0.0571

ATM
BS 0.0252 0.2490 0.0250 0.2810 0.0250 0.3039
H 0.0098 0.8861 0.0098 0.8894 0.0098 0.8923
NN 0.0321 -0.2247 0.0321 -0.1837 0.0320 -0.1389

OTM
BS 0.0158 0.2910 0.0163 0.2685 0.0165 0.2779
H 0.0149 0.3704 0.0149 0.3946 0.0150 0.4029
NN 0.0260 -0.9175 0.0261 -0.8610 0.0260 -0.8012

Deep OTM
BS 0.0183 -1.9090 0.0206 -2.4280 0.0216 -2.5793
H 0.0201 -2.4964 0.0198 -2.1929 0.0201 -2.0959
NN 0.0317 -7.6840 0.0319 -7.2819 0.0320 -6.8921
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