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Abstract

This work investigates the accuracy of a method based on flow velocity for extracting
the angle of attack (AoA) from CFD simulations. The post-processing approach uses the
velocity, pressure and density fields extracted along iso-distance contours surrounding the
airfoil to estimate the circulation and the AoA. The lift coefficient is then predicted using
the Kutta—Joukowski law.

Two-dimensional wall-resolved incompressible and weakly compressible simulations of
a NACAO0012 airfoil are first used to assess the circulation conservation and the accuracy
of both the extracted AoA and the lift estimation along several extraction contours. The
influence of weak compressibility effects is investigated up to Mach 0.5. Wall-resolved and
wall-modeled RANS simulations are then compared to evaluate whether wall functions can
accurately reproduce the near-wall flow behaviour while reducing the computational cost.
Finally, the method is applied to three-dimensional configurations in which counter-rotating
Lamb-Oseen vortices are imposed at the inlet to reproduce blade-vortex interaction.

The results show that the circulation is not perfectly conserved between contours,
even in incompressible configurations, due to a small amount of vorticity associated with
numerical effects enclosed between the contours. Under weak compressibility conditions,
the classical incompressible Kutta—Joukowski formulation remains a good approximation,
although compressibility effects become more visible as the Mach number increases. The
wall-modeled simulations remain consistent with the wall-resolved reference cases, which
justifies their use in the subsequent three-dimensional simulations.

In the three-dimensional simulations, the spanwise lift coefficient distribution is ac-
curately estimated for the €95, contour. Strong spanwise variations in the estimated
quantities are observed near the vortex cores, showing that the estimation is sensitive to
localized vortical structures.
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Notation

a Circle radius in the Joukowski transformation, m
ao Lift-curve slope, rad =1
b Wing span, m
¢ Chord length, m
Cy Drag coefficient
C; Lift coefficient
Clwing Lift coefficient obtained from the wing surface
C), Pressure coefficient
E Total energy per unit mass, Jkg™!
Fi1 Blending function of the k—w SST turbulence model
k Turbulent kinetic energy, m?s—2
keg Effective thermal conductivity, Wm™1 K1
[ Lift per unit span, Nm™!
M Mach number
p Static pressure, Pa
r Radial distance from the vortex core, m
r. Vortex core radius, m
Re Reynolds number
Re. Chord Reynolds number
Rer Vortex Reynolds number
s Curvilinear coordinate along the extraction contour, m
t Airfoil thickness ratio
T Static temperature, K

u Local velocity component, ms™!
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u Velocity vector, ms™*

|lu|| Velocity magnitude, ms™*

u. Effective velocity, ms™*

u, Effective velocity vector, ms™!

ur Velocity induced by the bound circulation, ms™*

u; Tangential velocity, ms™!

u, Normal velocity, ms™!

u, Friction velocity, ms™!

u™ Dimensionless velocity in wall units

U Freestream velocity, ms™!

V| Velocity component parallel to the chord, ms!

V| Velocity component normal to the chord, ms™!

Vy Tangential velocity of the Lamb—Oseen vortex, ms™!

yT Dimensionless wall distance
z Spanwise coordinate, m
a Angle of attack, rad or deg

arer Reference angle of attack, rad or deg

v Vortex-sheet strength or circulation per unit length, ms=!

I’ Circulation, m?s™!

I'; Circulation computed from the velocity integral, m?s=*

'y Density-weighted circulation, m?s~!

I'.et Reference circulation obtained from the Fluent lift, m?s~!
As Curvilinear spacing between two contour points, m

Au, Tangential velocity jump, ms™!
6 Angular coordinate, rad

K von Karman constant

1 Dynamic viscosity, Pas

i Turbulent viscosity, Pas

v Kinematic viscosity, m?s~!

v



Poo

£o

Teff

Density, kgm™3
Freestream density, kgm ™

Stagnation density, kgm™3

Effective stress tensor, Pa

Streamwise vorticity, s—*

Spanwise vorticity, s~

Iso-distance contour located at 0.25¢ from the airfoil
Iso-distance contour located at 0.50c¢ from the airfoil

Iso-distance contour located at 0.85¢ from the airfoil

Iso-distance contour located at 1.20c¢ from the airfoil
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Chapter 1

Introduction

1.1 Context

The aerodynamic performance of rotor blades is closely linked to the local flow conditions
experienced by the blade sections. In particular, the angle of attack (AoA) and the effective
velocity are key quantities governing aerodynamic loads and rotor performance. They also
constitute primary variables in many aerodynamic models such as lifting line and actuator
based approaches.

However, in three-dimensional flow configurations, the AoA is not uniquely defined.
Indeed, the AoA derives from a definition that is strictly valid only in two-dimensional
configurations.

In recent years, several approaches have been developed to estimate the local AoA directly
from blade-resolved CFD simulations. Existing approaches for AoA extraction can generally
be divided into three categories: methods based on axial induction, methods based on
surface pressure distributions, and methods based on flow velocity measurements around
the blade sections [I], 2]. The approach used in the present work belongs to the latter
category. More specifically, the method relies on velocity fields sampled along contours
surrounding the airfoil sections in order to estimate the circulation, the effective velocity,
and the AoA.

The present work is a continuation of the study by Caprace et al. [3] and aims at further
assessing the accuracy of the methodology under three-dimensional configurations involving
tip vortex interaction. [4l 5l 6]

1.2 Tip vortex phenomenon

This section is adapted from the LMECA2323 [0 course notes and is included here as a
brief theoretical reminder.

Along the spanwise direction of a rotor blade, the circulation around the aerodynamic
profile, I'(y), varies as a function of the radial position y.
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%(yz)

dr
ws(x) @(?Jl)

Figure 1.1: Schematic representation of the spanwise circulation distribution I'(y) and the
associated trailing vortex sheet generated by a finite wing (from [§]).

For a finite blade, the circulation distribution must vanish at both the root and the tip.
Consider now a region where the circulation decreases along the spanwise direction, such

that I'(y + dy) < I'(y).

The circulation difference between two adjacent spanwise locations, dI' = I'(y + dy) — I'(y),
cannot disappear abruptly. According to Helmholtz’s vortex theorems, vortex tubes
must remain continuous and cannot terminate within the fluid domain[9]. Therefore, any
spanwise variation of bound circulation must be balanced by the shedding of vorticity into
the wake.

This process generates a trailing vortex sheet downstream of the blade. The circulation
per unit span of the shed vortex sheet is given by v(y) = —%. [10] This relation shows
that the intensity of the shed vorticity is directly controlled by the spanwise circulation
gradient.

Near the blade tip, the circulation rapidly decreases toward zero, leading to large values of
dl'/dy. As a result, the trailing vortex sheet becomes increasingly concentrated in this
region, which leads to the roll-up and formation of a tip vortex.

Bound circulation

Freestream

D

Lift line

Tip vortex

Rotor -
Shaft Rl

Vortex control point 4/‘/.

(a) Volume rendering of the vorticity magni- (b) Schematic representation of the bound cir-
tude in the wake of the Knight and Hefner  culation and the associated tip vortex gener-
rotor (from [6]). ated by a rotor blade (from [11]).

In rotor configurations, the vortices generated by one blade can interact with the following
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blades and alter their aerodynamic loading.

1.3 Objectives and structure of the manuscript

The main objective of this work is to apply the methodology developed by Caprace et
al. [3] to three-dimensional flow involving tip vortex interactions representative of rotor
applications. The work aims to assess the accuracy of the AoA extraction and lift coefficient
predictions in such complex flow configurations.

The study first investigates the applicability of the Kutta—Joukowski theorem under weak
compressibility effects, since the lift coefficient estimation relies on the Kutta—Joukowski
theorem. The methodology is then evaluated on two-dimensional wall-resolved and wall-
modeled RANS simulations in order to analyze the influence of near-wall modeling on
the accuracy of the method. Finally, the approach is extended to three-dimensional
wall-modeled RANS simulations involving imposed vortex interactions representative of
rotor wake environments.

Chapter 2: Validity of the Kutta—Joukowski theorem under weak compressibil-
ity effects

This chapter investigates the validity of the Kutta—Joukowski theorem in weakly compress-
ible flow conditions. The conservation of circulation and the resulting lift predictions are
analyzed for several Mach numbers using blade-resolved CFD simulations.

Chapter 3: AoA and effective velocity extraction from blade-resolved 2D RANS
simulations

This chapter presents the methodology used to extract the AoA and the effective velocity
from two-dimensional wall-resolved RANS simulations. The influence of contour location
and of the assumptions underlying the methodology on the accuracy of the predicted
quantities is analyzed.

Chapter 4: Wall-modeled versus wall-resolved RANS simulations

This chapter compares wall-modeled and wall-resolved RANS simulations in order to
evaluate the influence of near-wall modeling on circulation conservation, aerodynamic
coeflicients, and AoA extraction.

Chapter 5: AoA extraction from 3D wall-modeled RANS simulations

This chapter extends the methodology to three-dimensional wall-modeled RANS simula-
tions involving imposed vortex interactions. The influence of the perturbations induced by
the vortices on the extracted AoA and predicted lift coefficient is investigated.



Chapter 2

Validity of the Kutta—Joukowski
theorem under weak compressibility
effects

2.1 Introduction

The objective of this chapter is to assess the validity of the lift prediction based on the
circulation using the Kutta—Joukowski relation in weakly compressible flow conditions.
Two formulations are considered. The first one is based on the classical definition of
circulation:

whereas the second one uses a density-weighted circulation in order to account for local
density variations along the integration contour:

lo = poUsxDy  [N/ml. (2.2)

The classical circulation is defined as:

= % u - tds :j{ wds ~ > WA& [m?/s] (2.3)
Je c

=1

where C' is the integration contour, t is the local unit tangent vector, u; is the tangential
velocity component, and As; is the distance between two consecutive contour points. The
density-weighted circulation is defined as:

1 1 piu + pi i
[y = (pu) tds = —j{ puyds = — pith, +g+1ut’ L As; [m?/s] (2.4)
Poo Poo =1

Both quantities are evaluated numerically using trapezoidal integration along iso-distance
contours surrounding the airfoil.

To evaluate the accuracy of the lift predictions obtained from Egs. ) and (| ., the
flow around a NACAO0012 airfoil is investigated for Mach numbers rangmg from M = 0.3
to M = 0.5 and for several AoA. An incompressible reference case at Uy, = 88.2 m/s is

4
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also considered. The CFD simulations are performed using Ansys Fluent. The velocity
and density fields are extracted along several iso-distance contours from the airfoil surface,
and the corresponding lift coefficients are computed as:

l
C =

=T 5
§p00UooC

(2.5)

The lift coefficients obtained from the Eq and Eq are then compared with the lift
coefficients directly computed by Ansys Fluent.

This comparison allows the accuracy of the Kutta-Joukowski law to be assessed in weakly
compressible flow configurations.

2.2 Numerical set-up

This section describes the numerical set-up used in the simulations, including the flow solver
and the governing equations, the computational domain and the boundary conditions.

2.2.1 Flow solver and governing equations

The compressible Reynolds-averaged Navier—Stokes (RANS) equations are solved using
ANSYS Fluent 2025 R2 Student Version. The governing equations are written in conser-
vative form, following the formulation used in the ANSYS Fluent Theory Guide [12]. For
steady compressible flow, they read:

o Continuity equation:
V- (pu) =0.

e Momentum equation:
V:(puu) = -Vp+ V- Teg.

e Energy equation:

V- [(pE+pu] =V - (ketVT) + V - (T - 1) + Sh.

In these equations, p is the density, u is the velocity vector, p is the static pressure, £ is the
total energy per unit mass, 7' is the temperature, kg is the effective thermal conductivity,
and S}, is a volumetric heat source term. The effective stress tensor T.¢ is defined by the
turbulence closure described below.

Turbulence closure

Turbulence is modelled using the k-w SST model [I3] [14]. This model belongs to the class
of eddy-viscosity models and is commonly used for turbulent flows around aerodynamic
profiles. In the k—w SST model, the Reynolds stress tensor is closed using the Boussinesq
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approximation, which relates the Reynolds stresses to the mean strain rate tensor through

a turbulent viscosity p;:

2 phd, (2.6)

—puitly = 2{Si; — 3

U ou;
where Sj; = 1 (gg; + 81;1') .

The turbulent fluctuations are therefore not explicitly resolved. Their mean effect is
represented through the turbulent viscosity p;, which contributes to the effective stress
tensor:

2 2
— —(V-u)l| — -pkl 2.7
(Vo wI| - 2 (27)
where p is the dynamic viscosity and p; is the turbulent viscosity.

Tef = (1 + fi) {Vu + (Vu)”?

In the k—w SST model, yu; is computed locally from the transported turbulence quantities
k and w. It scales as pu; ~ pf.

For the compressible simulations, the compressibility correction available in the k—w SST
model is activated in order to account for dilatational effects in the turbulence model. This
correction mainly affects the transport equation for the turbulent kinetic energy k through
the introduction of a dilatation term.The transport equation for the specific dissipation
rate w remains unchanged [12].

Numerical discretization and solver settings

The governing equations are discretized using a finite volume method, where the computa-
tional domain is divided into control volumes and the equations are integrated over each
cell. Fluxes across cell faces are evaluated to transform the governing equations into a
system of algebraic equations, which is solved iteratively. A pressure-based coupled solver
is used. This approach solves the momentum and pressure based continuity equations
simultaneously, which generally improve convergence compared to segregated methods.
Although originally developed for incompressible flows, pressure-based solvers are now
capable of accurately handling compressible regimes and are preferred for their robustness
and convergence properties [15].

For the compressible cases, compressibility effects are taken into account in both the solver
and the turbulence model. For the incompressible case, the density is assumed constant,
and compressibility effects are therefore neglected [12]. In this case, the incompressible
RANS equations are solved.

At each iteration, the coupled pressure—velocity system and the remaining transport
equations are solved iteratively until convergence is reached.

The equations are discretized on a co-located finite volume grid, where all variables
are stored at the cell centers. Second-order upwind schemes are used for the discretization
of momentum, energy, turbulence quantities, and density, while pressure is also discretized
using a second-order scheme. Gradients are evaluated using a least-squares cell based
method.

All simulations are performed under steady-state conditions. The simulations are considered
converged when all scaled residuals fall below 1075,
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2.2.2 Computational domain and mesh

The airfoil considered in this work is a NACAQ0012 profile with a blunt trailing edge. The
airfoil coordinates were generated from the analytical NACA0012 thickness distribution,
modified to account for the blunt trailing edge [7]:

y(x) = 5t(0.2969y/z — 0.1260x — 0.351627 + 0.28432° — 0.10152%) (2.8)

where t = 0.12 corresponds to the airfoil thickness ratio.

0.04
0.15 1
0.021
L L
AN N
I 0.004 I 0.004
* *
> >
—0.02
—0.15
—0.04
T T T T T T T T
0.00  0.25 0.50 0.75 1.00 0.92 0.96 1.00
x* =x/c x* =x/c

Figure 2.1: NACA 0012 airfoil geometry with a detailed view of the trailing edge region.

The computational domain consists of an inlet boundary, an outlet boundary, and the
airfoil surface. To ensure that the flow arrives with the prescribed AoA, the inlet is
located 7 chord lengths upstream of the airfoil, while the outlet is placed 9 chord lengths
downstream. The domain shape is inspired from the work of Shelil et al. [I4] and Rezaei
et al. [16]

Inlet [ . ——=====
S5 1 outlet

Figure 2.2: Computational domain and mesh structure around the airfoil. For visualization
purposes, a coarsened version of the mesh is displayed .
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When meshing the geometry in Fluent, the blunt trailing edge led to the generation of
triangular elements in the near trailing edge region. To avoid this issue, the domain was
partitioned by introducing additional lines connecting the airfoil to the outer boundary.
These additional lines, visible as black lines in Fig. [2.2] are defined as interior boundaries
in Fluent, meaning that they act like internal mesh edges [17]. The partitioning enabled
better control of the mesh refinement near the airfoil but leads to a noticeable discontinuity
in cell size across the mesh. This effect arises from the meshing strategy in ANSYS
Meshing, where the surface discretization is imposed by specifying a fixed number of
divisions along each geometric edge leading to local clustering of the cell near the trailing

edge.

Extraction contours for post-processing

The velocity, density and pressure fields are retrieved on different iso-distance contours.
Since Fluent is based on a finite volume formulation, the flow quantities are retrieved at
cell centers.
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Figure 2.3: Mesh in the near-airfoil region together with the iso-distance contours used for
the circulation and AoA extraction.

Here, ds denotes the curvilinear distance between two consecutive sampling points along the
different contours. As the sampling points are associated with cell centers, jumps appear
in the ds distribution due to the partitioning of the domain. The mesh was refined in the
vicinity of the airfoil so that the curvilinear spacing ds along the closest contour remains as
smooth as possible. This is particularly important as the near airfoil region is characterized
by strong gradients, where abrupt variations in cell size may introduce unphysical vorticity.
Consequently, the ds distribution for the contour at 0.25c¢ is significantly smoother than
for contours located farther away, such as at 1.20c.
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Figure 2.4: Evolution of the curvilinear spacing ds along the different iso-distance extraction
contours.

Mesh characteristics and quality

The mesh main characteristics are summarized in Table 2.1

Number of nodes | 230280
Number of cells | 229775
Growth factor 1.0227

Table 2.1: Mesh specifications.

The maximum aspect ratio reaches 5.68 x 103, located near the leading edge. As the

simulations are wall resolved, the first cell height must be sufficiently small to properly
capture the boundary layer.

Figure shows that the distribution of y* along the airfoil remains below 1 for both
incompressible and compressible cases, ensuring sufficient near-wall refinement.

0.0 05 10 15 20 00 05 10 15 20
x/c[-] x/c [-]
(a) Incompressible case (Uy, = 88.2m/s) (b) Compressible case (M = 0.3)
0.8
06
Y04
>
0.2
0.0 :
0.0 05 10 15 2.0 0.0 05 1.0 15 2.0
x/c[-] x/c [-]
(c) Compressible case (M = 0.4) (d) Compressible case (M = 0.5)

Figure 2.5: y* distribution along the airfoil surface for incompressible and compressible
cases at different Mach numbers and AoA.
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2.2.3 Fluid properties and boundary conditions

Air is used as the working fluid in the present study. For all simulations, the operating
pressure is fixed at 101325 Pa. Although the viscosity of air varies with temperature
according to Sutherland’s law, the temperature variations remain limited within the Mach
number range considered in this work. The dynamic viscosity is therefore assumed constant
and set to:

p=1.7894 x 107° kg/(ms).

The turbulence intensity and turbulent viscosity ratio prescribed at the inlet are used to
define the incoming turbulence level. The turbulence intensity is fixed to 0.05%, while the
turbulent viscosity ratio is set to 5, as recommended for external flows simulations [13] [1§].

Two flow regimes are investigated: incompressible and compressible flows. The correspond-
ing freestream conditions are summarized in Table 2.2] For the compressible cases, the
freestream velocity is obtained from the prescribed Mach number using the speed of sound
at the imposed static temperature.

Flow regime M, U, (m/s) Re,

Incompressible  — 88.2 6.04 x 10°
Compressible 0.3 102.1 6.99 x 108
Compressible 0.4 136.1 9.32 x 108
Compressible 0.5 170.1 1.16 x 107

Table 2.2: Freestream conditions used for the incompressible and compressible simulations.

For all the cases considered, the chord Reynolds number is larger than 6 x 10°. The
boundary layer is therefore expected to be predominantly turbulent over most of the airfoil
surface. This assumption is consistent with the use of the fully turbulent £ —w SST model
in the present simulations [19]. The following subsections detail the specific boundary
conditions used for the incompressible and compressible cases, respectively.

Incompressible cases

For the incompressible simulations, the density is assumed constant and set to
p = 1.225kg/m?.

The Reynolds number is controlled through the freestream velocity. The boundary
conditions imposed for the incompressible simulations are summarized in Table [17].

10
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Boundary Imposed quantities

Inlet o Freestream velocity magnitude U,
nle
o Flow direction corresponding to the prescribed AoA

Outlet Reference static pressure

Airfoil surface « No-slip wall condition

Table 2.3: Boundary conditions imposed for the incompressible simulations.

Compressible cases

For the compressible simulations, the density is computed using the ideal gas law. The
freestream static temperature imposed at the inlet is fixed to 288.15 K. The boundary
conditions imposed for the compressible simulations are summarized in Table [12]

Boundary Imposed quantities

e Freestream Mach number

Inlet o Freestream static pressure

e Freestream static temperature

o Flow direction corresponding to the prescribed AoA
Outlet Static pressure

e No-sli 11 iti
Airfoil surface o-slip wall condition

o Adiabatic wall condition

Table 2.4: Boundary conditions imposed for the compressible simulations.

2.3 Results

This section presents the results related to the prediction of the lift coefficient. First, the
boundary layer behaviour and the tangential velocity distribution around the airfoil are
analysed. The sensitivity of the circulation prediction to the integration contour is then
evaluated. Finally, the lift coefficients obtained from the two formulations introduced in
Egs. and are compared with the values extracted directly from Fluent.

2.3.1 Boundary layer and tangential velocity analysis

First, the boundary layer velocity profile will be discussed and compared with the classical
law of the wall. The velocity field is sampled along three normals to the airfoil located at
z/c=0.05, 0.29 and 0.62, as shown in Fig. [2.6]

11
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JAnsys
2.0e+00 #ﬁz
1.6e+00

0.05¢ l0-290 ]O.62c
1.2e+00 * =
>
8.0e-01
4.0e-01
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Figure 2.6: Dimensionless velocity magnitude ||ul|/Uy field for U, = 88.2m/s at a = 10°,
showing the sampling normals.

The investigated case is the incompressible one with U, = 88.2 m/s and o = 10°. Due to
the non-orthogonality of the computational mesh relative to the airfoil surface, the velocity
profiles are extracted along sampling normals that do not coincide with the cell centers.
Consequently, the flow field quantities are interpolated by Fluent from the cell-centered
solution onto the sampling normals, which introduces an interpolation error. The resulting
profiles are then expressed in terms of the non-dimensional variables v and y™.

The local Reynolds number Re, increases along the airfoil chord, as summarized in
Table 2.7

Sampling location Re,
0.05¢ 3.0 x 10°
0.29¢ 1.75 x 109
0.62c 3.73 x 10°

Table 2.5: Local Reynolds number Re, at the sampling locations.

This increase in Re, directly affects the structure of the velocity profiles, as shown in
Fig. 2.7 The theoretical law of the wall displayed in the figure is plotted using x = 0.385
and C' = 4.1.

12
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Figure 2.7: Dimensionless velocity profiles u™(y™) along the sampling normals compared
with the theoretical law of the wall (black dashed line).

At z/c = 0.05 (Re, ~ 3.0 x 10°), the profile already exhibits the characteristic structure of
a turbulent boundary layer, consistently with the fully turbulent k—w SST model. However,
the logarithmic region is still limited, indicating that the boundary layer is not yet fully
developed at this upstream location.

Further downstream, at z/c = 0.29 (Re, ~ 1.75 x 10°), the velocity profile follows the
logarithmic law over a wider range of y*. This indicates that a logarithmic region is
progressively established, consistently with the development of a turbulent boundary layer
in which turbulent stresses become increasingly dominant over viscous stresses [20].

At x/c = 0.62 (Re, ~ 3.73 x 10°), the logarithmic region extends over an even wider range
of y™ and remains close to the theoretical law of the wall. As expected, the outer part of
the profile departs from the logarithmic law.

Effect of AoA on Velocity Distribution

In this section, the influence of the AoA on the flow field and on the tangential velocity
distribution along the integration contour is analysed.

At zero AoA, the flow field is symmetric with respect to the airfoil. This symmetry is also
observed in the tangential velocity distribution along the extrados and intrados, resulting
in zero circulation and therefore zero lift.

For non-zero AoA, the flow becomes asymmetric. The flow accelerates over the extrados
and decelerates over the intrados, leading to higher tangential velocities on the upper
surface and lower tangential velocities on the lower surface.

13
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This asymmetry generates a non-zero circulation, resulting in a positive lift. Here, s
denotes the curvilinear coordinate along the iso-distance contour. The coordinate starts at
the trailing edge, progresses towards the leading edge along the intrados, and then returns

to the trailing edge along the extrados.

f 1.0 t
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> 00 )
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3 S —0.5
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-1.0
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S/L contour [-]

(a) Tangential velocity distribution along the
iso-distance contours at a = 0°

S/L contour [-]

(b) Tangential velocity distribution along the
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(c) Dimensionless velocity magnitude field

|lul|/Us at a = 0°

(d) Dimensionless velocity magnitude field
|lul|/Us at a = 10°

Figure 2.8: Comparison of tangential velocity profiles and dimensionless velocity magnitude
field at different AoA.

2.3.2 Sensitivity of the computed circulation to the integration
contour

The influence of the integration contour on the computed circulation is investigated in this
section. The objective is to assess whether circulation remains conserved when different
contours are used around the airfoil.

According to potential flow theory, the circulation should remain independent of the
integration contour, provided that the flow is irrotational in the region enclosed between
the contours. This property follows directly from Stoke’s theorem [21]:

o :// w-ndS (2.9)
Scy-0y
where S¢,_¢, denotes the surface enclosed between the two contours.
Therefore, if w = 0 in this region, the circulation theoretically remains conserved:
Lo, =T, (2.10)

14
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Since air viscosity is relatively low, viscous effects remain mainly confined to the boundary
layer and wake regions, while the outer flow remains nearly irrotational. However, small
variations in the computed circulation are observed depending on the contour considered.

The circulation is computed using Egs. and . Since the lift coefficient is obtained
from Eqgs. and , any variation in the computed circulation directly affects the
predicted lift coefficient. To quantify the sensitivity to contour location, both the relative
variation:
U= Toer
Fref

] (2.11)

and the absolute variation:
L =Ty [m?/s] (2.12)

are analysed for four AoA (0°, 2°, 5°, and 10°), for both incompressible and compressible
cases. The reference circulation is defined as:

lFluent 2
Ier = ——— 2.13
=T ) (2.13)

which follows directly from the Kutta—Joukowski relation using the lift predicted by Fluent.

At zero AoA, the relative variation is not meaningful because the reference circulation
is close to zero. For clarity, these values are not shown in the relative variation plots.
Instead, they are shown in the absolute variation plots, where they remain small.

The relative variation remains nearly independent of the AoA, whereas the absolute
variation I' — I';.; increases with the AoA. This behaviour is consistent with the increase
of I'yey as the AoA increases, which tends to preserve a nearly constant relative variation
across different AoA at a fixed freestream velocity.
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Figure 2.9: Relative and absolute circulation variations obtained from the I'; and I'y
formulations as a function of the AoA for different Mach numbers.
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For the incompressible case, a relative variation of approximately 2% is observed between
the closest contour (€2g.25.) and the farthest one (€24 20.), almost independently of the AoA.
The closest contour provides the lowest relative and absolute variations from the reference
circulation.

For the compressible cases, the relative variation between contours remains below 1%
for the first formulation, indicating a weaker sensitivity to contour location than in the
incompressible case. More specifically, the I'; formulation remains weakly sensitive to
contour location, whereas the I'y formulation exhibits a stronger dependence, which
becomes more pronounced as the Mach number increases.

The stronger contour sensitivity of I's can be explained by the inclusion of the local density
in the integral. In compressible flow, the acceleration of the fluid over the extrados is
linked with a local decrease in density, according to the isentropic relation [22]:

1
L (1 + _1M2> - (2.14)
Po 2

On the extrados, density variations are small but non-negligible. Since the second for-
mulation explicitly depends on the local density, its integrand becomes sensitive to the
contour location. The contour €295, may intersect regions with significant density gradi-
ents, whereas the contour €2 99, may lie outside these regions. This explains the stronger
sensitivity of the I'y formulation to contour location.

Ansys Ansys
1.1 ===t 0.6 STUOERT
1.0 0.5
1.0 0.4 ﬁ
0.9 ) 0.2
0.9 0.1
0.8 0.0

Figure 2.10: Density ratio field p/p., for  Figure 2.11: Mach number field for the flow
the flow at M = 0.4 and a = 5°. at M = 0.4 and o = 5°.

According to Stoke’s theorem, the observed circulation difference between two contours
should correspond to the integral of vorticity over the region enclosed between them.

One possible explanation for the observed circulation variations is the presence of mesh
induced spurious vorticity near the partitioning lines, where abrupt changes in cell size occur.
Since vorticity is computed from velocity gradients, these local mesh size discontinuities
affect the reconstructed vorticity field [23]. This hypothesis can be assessed by examining
the distribution of the dimensionless vorticity w.c/Uy, as shown in Fig.

The presence of unphysical vorticity is clearly visible in these figures. These regions
therefore contribute to the observed circulation variations between contours.
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Figure 2.12: Dimensionless spanwise vorticity field w,c/Uy, for the incompressible case at
a=0°.

A similar behaviour is also observed for the case at M = 0.5 and o = 5°.

Ansys Ansys
1.0e-03 s R2 1.0e- 2025 B2

STUDENT STUDENT

6.0e-04 \
| 2.0e-04 ; . é
L —

-2.0e-04
/-

-6.0e-04

-1.0e-03

Figure 2.13: Dimensionless spanwise vorticity field w,c/U,, for the compressible case at
M = 0.5 and a = 5°.

For a fixed AoA, both the relative and absolute variations associated with the first
formulation decrease as the Mach number increases, despite the corresponding increase in
lift and circulation magnitude. This suggests that the contour sensitivity is not governed
only by the amplitude of the circulation. Instead, the lower contour sensitivity observed at
higher Mach numbers appears to be associated with a smaller amount of spurious vorticity
enclosed between the integration contours.

2.3.3 Comparison with Fluent lift coefficient

In this section, the lift coefficients predicted by the two formulations are compared with
the reference values obtained from Ansys Fluent in order to assess the accuracy of the
Kutta—Joukowski estimation. The formulation based on the classical circulation I'; is
denoted C}; and is defined as:

I
Ch=+——+ 2.15
11 %poo Ugoc ( )
The formulation based on the density-weighted circulation I'; is denoted Cjs and is defined

as:

l
Cpop=+—"" (2.16)
3PU%c
The predicted lift coefficients are computed from the flow quantities extracted along the
reference contour )y »5.. This contour is selected because it is the closest to the airfoil and,
as shown in the previous section, it provides the smallest deviation from the reference
circulation for the first formulation, I';.
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Figure 2.14: Lift coefficient polars obtained from Fluent and from the Kutta—Joukowski
formulations (2.1)) and (2.2)) for the incompressible and compressible cases.

The lift polars obtained from the different approaches are shown in Fig.[2.14] The Cj; curve
closely follows the Fluent reference results over the full range of Mach numbers considered.
In contrast, the (s formulation progressively deviates from the reference solution as the
Mach number increases and compressibility effects become more pronounced.

As discussed in the previous section, this deviation is related to the inclusion of the
local density in the circulation integral, which makes the formulation more sensitive to
compressibility effects. Consequently, the circulation magnitude predicted by I's is reduced,
leading to a systematic underestimation of the lift coefficient.

2.4 Conclusion

The results show that the evaluated circulation is not perfectly conserved across the
different integration contours. Although these discrepancies remain limited in magnitude,
they are unphysical and may be induced by cell-size jumps present in the mesh. This
highlights the importance of mesh quality for lift estimations based on the circulation.

The comparison with Fluent results shows that the first formulation (Cj;) provides accurate

19



2. Validity of the Kutta—Joukowski theorem under weak compressibility effects

predictions of the lift coefficient for both incompressible and weakly compressible flows.
This confirms the robustness of the classical Kutta—Joukowski formulation under weak
compressibility effects.

In contrast, the second formulation (Cjy), which explicitly includes the local density in the
contour integral, systematically underestimates the lift coefficient due to the compressibility
effects.

Overall, this chapter demonstrates that the classical Kutta—Joukowski formulation remains
valid and reliable in weakly compressible flow regimes. Therefore, the lift coefficient can
be accurately predicted from the circulation using the classical Kutta—Joukowski relation.
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Chapter 3

Extraction of the AoA and effective
velocity from blade-resolved 2D CFD

simulations

3.1 Introduction

This chapter presents the post-processing algorithm developed by Caprace et al. [3]. The
objective of this approach is to estimate the effective velocity and the AoA from flow
field quantities extracted along iso-distance contours surrounding the airfoil in steady
two-dimensional CFD simulations.

The performance of the algorithm is then investigated through the relative errors associated
with both the predicted AoA and the effective velocity magnitude ||u.||, for different flow
conditions and contour locations.

3.2 Post-processing approach

This section presents the methodology implemented in the post-processing code. The
underlying idea is to decompose the extracted velocity field into the incoming undisturbed
flow and the perturbation induced by the bound circulation around the airfoil. By removing
the latter contribution, a representative inflow velocity can be reconstructed, allowing the
estimation of the AoA.

The different steps of the algorithm are described below:

o Data extraction: The velocity, pressure, and density fields are extracted along
several contours surrounding the airfoil. Since Ansys Fluent is a finite-volume solver,
the flow quantities are retrieved at the cell centers in order to avoid interpolation
errors [12].

o Circulation computation: Since the flow quantities are extracted along the
contours, the circulation along each contour is computed using the line integral of
the tangential velocity.
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3. Extraction of the AoA and effective velocity from blade-resolved 2D CFD simulations

While the total circulation is directly obtained from the contour integration, its
spatial distribution remains unknown and must therefore be modeled. The airfoil
contour is discretized into vortex panels using the actual airfoil geometry. The total
circulation is then distributed over these panels according to a flat plate vortex sheet
distribution. This distribution is used as an approximate representation of the bound
circulation distribution along the airfoil.

Two circulation distributions are considered:

— Uniform circulation distribution: constant vortex sheet strength distributed
uniformly along the chord:

Aa) =~ (3.1)

— Flat plate circulation distribution: chordwise varying vortex sheet strength
based on the flat plate distribution:

) = 2o (3.2

This second distribution uses the flat plate theory only to prescribe the chordwise
scaling of the bound circulation. This scaling can be derived from two equivalent
theoretical approaches: thin airfoil theory and potential flow theory based on a
Joukowski transformation. Both approaches rely on an inviscid flat plate representa-
tion of the airfoil and lead to the same chordwise dependence of ~(x).

The amplitude is then fixed by the normalization factor 2I'/(mc), so that the integral
of the distribution over the chord recovers the circulation I" extracted from the
iso-distance contour. The derivation used to obtain the normalization factor is
provided in Appendix [A]

Thin airfoil theory

This theory assumes an inviscid, incompressible and irrotational flow around a thin
airfoil at small angle of attack [7]. The airfoil thickness is neglected and the bound
circulation is represented by a vortex sheet distributed along the camber line. For a
symmetric airfoil such as the NACA0012, the camber line reduces to a flat plate.

The coordinate x represents a point located on the flat plate where the non-
penetration boundary condition is enforced. The variable & denotes the position of
an infinitesimal vortex element distributed along the plate. The following integral
equation therefore evaluates the cumulative velocity induced at the point x by all
vortex elements distributed over the flat plate.

1 e y(¢)

%ox—f

dé = Vo (3.3)

where V, is the freestream velocity and « is the angle of attack.
Introducing the change of variable:

€= g(l +cosf) and z= g(l + cosbp) (3.4)
Eq. becomes:
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3. Extraction of the AoA and effective velocity from blade-resolved 2D CFD simulations

1 /™ ~(#)sind B
27 /0 cos By — cos 0 = Voo (3.5)

The analytical solution of this equation is:

1 —cosf
0) =2aVe——— 3.6
3(0) = 20751 (36)
Using the inverse transformation of Eq. ([3.4))
2
cosf = — — 1 (3.7)
c

2
sinf = v/T — cos? —\/1— —1) =9 x<1—:’3> (3.8)
c c
Thus, the flat plate vortex sheet strength distribution is:

1—xz/c

\/7 x/c

This distribution is singular at the leading edge and progressively decreases to zero
toward the trailing edge, highlighting the strongly non uniform nature of the bound
circulation distribution over a flat plate. The same result can also be obtained from
potential flow theory using a conformal transformation.

Potential flow theory

The flat plate circulation distribution can also be derived from potential flow the-
ory [2I]. The coordinate Z € [0, ¢] is measured from the leading edge to the trailing
edge of the flat plate. The resulting vortex sheet strength expression is:

v(x) = 2aV,

(3.9)

—_
|
|8

y=u"—u" =2Usx,| —Esina (3.10)
Assuming small AoA, sin «a >~ «, which gives:
1—2/c
7) ~ 2U4 3.11
(E) = W, =7 (3.11)

Therefore, under the small AoA assumption, the circulation distribution obtained
from potential flow theory in Eq. is identical to the result derived from thin
airfoil theory in Eq. [3.9

The full derivation of Egs. and is provided in Appendix [A]

e Induced velocity correction: The velocity induced by the bound circulation,
denoted by ur, is estimated along the contour using a Biot—Savart formulation.
[24, 3]. The objective is to reconstruct the velocity induced by the bound circulation
of the airfoil at each point of the iso-distance contours and subtract it from the
extracted velocity field in order to reconstruct the effective velocity vector.
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For a two-dimensional incompressible flow, the velocity induced by a vorticity
distribution w(x’) is given by the Biot—Savart law:

1 f(x—x)x (wx')e,) .,
v(x) = —— dx 3.12

(x) 27 / |x — x/|? ( )
In the present approach, the vorticity is assumed to be concentrated on the airfoil
surface. This corresponds to modeling the bound circulation as a vortex sheet of
strength ~(s) distributed along the airfoil contour.

Mathematically, this assumption can be expressed using a Dirac distribution localised
on the airfoil surface w(x’) = v(s) §(x’ — x/(s))

Substituting this expression into the Biot—Savart formulation yields the velocity
induced by the vortex sheet:

up(x) = - / - As)es x (x —x(s)) 4 (3.13)

" or x — x/(s)]2

The airfoil is discretized into N panels. In the constant panel approximation, the
vortex sheet strength is assumed constant over each panel:

v(s) & 7, for s € panel j. (3.14)

The total induced velocity is therefore approximated as the sum of the contributions
of all panels:

Np /
_ ﬁ/ € X (X=X 3.15
ur(x) jZIQﬂ' panel j  |X — X/|? ° (3.15)

The integral is therefore reduced to the analytical evaluation of the induced velocity
generated by a single straight vortex panel.

Consider panel j, of length L;, defined by its endpoints sy, and s;,;. A local
orthonormal basis attached to the panel is introduced:

— t;: unit tangent vector along the panel,

— n;: unit normal vector.

The observation point x is expressed in this local frame as (z,y), where:

— x is the tangential coordinate,

— y is the signed normal distance to the panel.

The source point on panel j is parameterized by the local tangential coordinate 2/,
such that 2’ € [-L;/2, L;/2]. The two endpoints of the panel correspond to the

. L. L
local coordinates z( = —3 and 2} = 3.

The vector connecting the source point to the observation point can then be written
as: x —x = (x — ') t; + yn,.

Using the identities e, x t; = n; e, x n; = —t;. One obtains e, x (x — x') =
(z —a")n; —yt;.

24
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Substituting this expression into the Biot—Savart integral gives:

() :%/LJ’/Q (@ —2)n; —yt; 3.16
ur’ (x) 2 Jor;2 (x—a!)? + y? v (3.16)

The induced velocity can be decomposed into tangential and normal components:

a = 0 t; +ul) n, (3.17)

. . /
B I S R A ) B ) L ek S ) (3.18)

uv’ =
21 J-r;2 (x — a')? + y? " 21 J-r;2 (& — 2')? + y?

The tangential integral is obtained using the identity:

d x—a Yy
@ [arctan( Y >‘| = —m (319)
Integrating analytically yields:
. . _ / _ /
ui = 1 [arctan(x $1> — arctan <x xo)] (3.20)
27 Y )

which yields

. . —L;/2 Lj/2
ugj) = ;—j [arctan<w> - arctan(wﬂ . (3.21)

n ) Y

Introducing the endpoint angles

— 7! A
bo; = arctan(x %) , b, = arctan(x x1> , (3.22)
Yy Yy

the tangential component can be written compactly as

Ugj) = ﬁ (917]‘ — 007]'). (323)

Geometrically, 6y ; and 0, ; represent the angles under which the two endpoints of
panel j are seen from the observation point.

For the normal component, using;:

d 2(x — 2')

2 2
@ [hl((.l’ — ZL‘,) + Yy )} == —m, (324)
One obtains: ( )2 )
G _ Jiqy (%) +Y 3.25
Un 47rn<(x—x’1)2+y2 ' (3:25)

Introducing the distances from the observation point to the two endpoints of panel 7,
roj =x—=so5l, i =Ix—syl, (3.26)
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where sp ; and s; ; denote the position vectors of the first and second endpoints of
panel j in the global Cartesian frame.
One obtains the compact expression:

2 2
G) = Vi (Fod) = 2Ly, (Tos 3.27
B (ri]) o 2 i) (3:27)

Here, 79 ; and 7 ; correspond to the distances between the observation point and
the two endpoints of panel j. The induced velocity of one panel in its local frame is

G Y b0~ bog
uF{IOC =5 lln <r2,j> . (3.28)
2 W

Summing over all panels gives the total induced velocity:

Ny o 015 — go,j
ur(x) =) ﬁR(%‘) Ly, (Tos (3.29)
j=1 2 1

where R(«;) denotes the rotation matrix transforming the velocity components from
the local panel frame (t;,n;) to the global Cartesian frame.

The effective inflow velocity is then reconstructed by subtracting the induced contri-
bution from the measured velocity field:

1 al Al
u =7 /Q (u—ur)dl ~ ; (w; — ury) =2 (3.30)

o Determination of the AoA: Finally, the AoA is defined as the signed angle
between the airfoil chord direction ¢ and the reconstructed effective velocity vector
U,:

a=Z(c,u,). (3.31)

3.2.1 Circulation distribution

The objective of this section is to assess whether the circulation distribution along the
airfoil can be approximated either by the flat plate distribution derived from potential
flow theory or by a uniform distribution. In potential flow theory, the circulation per unit
length is directly related to the tangential velocity jump across a vortex sheet:

y(x) = ug(z,0") — uy(z,07), (3.32)

where u;(x,07) and u;(z,07) denote the tangential velocity evaluated just above and below
the plate [21].

This relation strictly holds for an idealized flat plate represented as a vortex sheet. For an
airfoil of finite thickness in viscous flow, the velocity jump must be reconstructed from the
flow field surrounding the airfoil.
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3. Extraction of the AoA and effective velocity from blade-resolved 2D CFD simulations

To evaluate the validity of these assumptions, the tangential velocity is extracted along
an iso-distance contour located at a distance of 2 x 10~2¢ from the airfoil surface. The
velocity difference between the extrados and intrados is then reconstructed as a function
of the chordwise coordinate and compared with the flat plate distribution [A.4]

To reduce the direct dependence on the AoA, the reconstructed velocity jump is normalized
by the corresponding value of I'/c for the incompressible cases at 5° and 10° angle of
attack. The resulting dimensionless quantities are:

Auft 2 [1—2x/c . Ay
= —\|— and Auf = —. (3.33)
['/e T\ x/c /e
10 =
— 10°
8 ---- Flat plate
— —-— Uniform
= 6
9
—
=
S
3

0.0 0.2 0.4 0.6 0.8 1.0
x/c [-]

Figure 3.1: Dimensionless tangential velocity jump along the chordwise direction for
different AoA, compared with the theoretical flat-plate distribution.

Near the trailing edge, the reconstructed velocity jump becomes locally negative. This
behaviour is due to the presence of a small recirculation region on the extrados, while
the flow remains attached on the intrados, leading to a negative local tangential velocity
difference.

A Ansys
nsys 1. =
1.5 — )
1.2
1.2 -
s . 0.9 =
o— 0.6
0.6 .
0.3
0.3
0.0
0.0

Figure 3.3: Dimensionless velocity mag-
nitude field [Ju||/Us in the near trailing-
edge region for the incompressible case at
a = 10°

Figure 3.2: Dimensionless velocity magni-
tude field ||ul|/Us in the near trailing-edge
region for the incompressible case at a = 5°

Overall, the reconstructed distribution exhibits the same qualitative behaviour as the
flat plate solution. In particular, a strong increase in the velocity jump is observed near
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3. Extraction of the AoA and effective velocity from blade-resolved 2D CFD simulations

the leading edge, consistent with the leading edge singularity predicted by potential flow
theory. However, the CFD results remain finite because the leading edge radius of the
airfoil is finite.

In contrast, the uniform circulation distribution assumption does not reproduce the strong
spatial variations observed near the leading edge and therefore provides only a simplified
approximation of the circulation distribution along the airfoil.

3.3 Results

This section presents the prediction accuracy of the AoA and of the effective velocity
magnitude.

Two main aspects are investigated. First, the sensitivity of the effective velocity estimation
to the assumed circulation distribution and to the contour location is analyzed. As men-
tioned previously, two circulation models are considered: a uniform circulation distribution
and the flat plate circulation distribution. Second, the accuracy of the AoA prediction is
assessed under the same conditions.

The reference inflow velocity is known in both magnitude and direction since it is imposed
at the inlet. The AoA is therefore defined as the angle between the inflow velocity and
the airfoil chord. In the present cases, the reference AoA is known by definition. The
prescribed values of ay.r are 2°, 5°, and 10°, respectively.

The analysis is performed for both incompressible and compressible cases in order to
evaluate the impact of compressibility effects on the post-processing code.

3.3.1 Prediction accuracy of the effective velocity

The relative error on the effective inflow velocity magnitude ||u.|| is evaluated for different
flow conditions, circulation models, and contour locations.
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Figure 3.4: Relative error in the extracted effective velocity magnitude ||u.|| as a function
of ayer for different Mach numbers, circulation models, and contour locations.

The prediction of the effective velocity shows limited sensitivity to the assumed circulation
distribution. Both the uniform and flat plate circulation models provide comparable results
over the investigated flow conditions.

In contrast, the prediction accuracy strongly depends on the contour location, with the
relative error progressively decreasing as the contour moves away from the airfoil. This
behavior can be explained by the evolution of the induced velocity field with increasing
distance from the airfoil. Close to the airfoil, the induced velocity strongly depends
on the local circulation distribution, making the correction highly sensitive to modelling
assumptions. Further away from the airfoil, the induced velocity field becomes progressively
smoother and increasingly governed by the total circulation rather than by its detailed
spatial distribution. As a result, the prediction becomes less sensitive to modelling
discrepancies and the overall accuracy improves.

Similarly, the effective velocity predicted using the two assumed circulation distribution
becomes closer as the contour distance increases because the corresponding induced velocity
field becomes more similar.

Although both circulation models lead to similar results, the uniform distribution generally
provides slightly lower errors.

The results further indicate that the prediction accuracy cannot be explained solely by
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the quality of the circulation estimation. Although the circulation evaluated on the closest
contours is often more accurate, as observed in Figure [2.9] the corresponding effective
velocity predictions exhibit larger errors. This confirms that the accuracy of the induced
velocity reconstruction depends not only on the circulation accuracy, but also on the
assumed spatial circulation distribution.

Since the relative error remains positive, the predicted ||u.|| is generally larger than the
reference value. This indicates that the induced velocity correction is underestimated.
Consequently, the correction does not fully remove the local induction effects, leading to
an overprediction of the effective velocity.

Compressibility effects remain moderate in the present study. Across the investigated Mach
number range, the method maintains a relatively consistent level of accuracy, indicating
that the incompressible induced velocity correction remains reasonably valid for weakly
compressible flows.

However, for a fixed angle of attack, the relative error tends to increase with Mach number,
particularly at higher incidence. This trend becomes noticeable at o = 10°, where the
incompressible case exhibits a reduction in error while compressible cases show an increase.
For the M = 0.4 case at 10°, a weak shock appears on the extrados, as illustrated in
Figure[3.6] The presence of this weak shock introduces a local flow discontinuity. Therefore,
the incompressible Biot—Savart correction and the idealized circulation distributions used
to reconstruct u, become less representative of the actual flow physics.

e N
STUDENT )‘uﬂ"
Figure 3.5: Density ratio field p/poo. Figure 3.6: Mach number field

Figure 3.7: Density ratio and Mach number fields for the M = 0.4, a = 10° case showing
a weak shock on the suction side of the airfoil.

To further investigate this behavior, the dimensionless tangential velocity jump distribution
Au;/(T'/c) is analyzed for this flow condition.
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Figure 3.8: Dimensionless tangential velocity jump along the chordwise direction for the
M = 0.4 and a = 10° case, compared with the theoretical flat-plate distribution.

The tangential velocity jump increases near the leading edge and reaches a local maximum
in the vicinity of the shock location before decreasing downstream. This behavior indicates
that the shock locally modifies the circulation distribution along the airfoil, leading to
deviations from the flat plate circulation distribution.

Although the weak shock observed in the present cases does not strongly degrade the
prediction accuracy, stronger compressibility effects could significantly affect the method. If
a shock wave intersects the integration contour, the resulting flow discontinuity may affect
both the circulation evaluation and the accuracy of the induced velocity reconstruction.
Under such conditions, the assumptions underlying the present formulation may no longer
remain valid, potentially leading to larger errors in the predicted effective velocity and

AoA.

3.3.2 Prediction accuracy of the AoA

The relative error on the predicted AoA is presented for different Mach numbers, circulation
models, and contour locations in Figure [3.9]
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Figure 3.9: Relative error on the extracted AoA estimation as a function of a,.s for
different Mach numbers, circulation models, and contour locations.

Overall, the flat plate circulation model generally provides more accurate AoA predictions
than the uniform circulation assumption. This behavior is particularly visible for contours
located close to the airfoil, where the uniform distribution produces larger deviations. The
discrepancy between the two circulation models progressively decreases as the contour
distance increases.

The improved performance of the flat plate circulation model can be explained by its better
reproduction of the non uniform circulation distribution. Since the AoA is reconstructed
from the direction of the corrected velocity vector, the prediction is highly sensitive to the
induced velocity field produced by the assumed circulation distribution.

For the flat plate circulation model, the prediction remains relatively consistent across
contour locations, indicating that the circulation variations along the chord are adequately
captured.

In contrast, the uniform circulation assumption exhibits a stronger dependence on contour
position, particularly for €2 o5., where the relative error becomes significantly larger. Since
this assumption cannot reproduce the strong circulation gradients near the leading edge,
it leads to poorer prediction accuracy for contours located close to the airfoil.

The AoA prediction is consistent with the effective inflow velocity estimation. The €2 o5,
contour systematically overpredicts the effective inflow velocity magnitude and similarly
produces larger reconstructed angles than the other contour locations.

However, despite these larger deviations for the effective velocity, €29.95. provides the
smallest relative error on the AoA.
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This indicates that, although the velocity magnitude correction remains less accurate close
to the airfoil, the reconstructed velocity direction is better captured, leading to a more
accurate AoA estimation.

Compressibility effects also influence the prediction accuracy. For compressible conditions
and for a fixed AoA, the relative error generally increases with Mach number.

For example, at o = 10°, the relative error increases from approximately 2% at M = 0.3
to more than 2.5% at M = 0.4 for several contour locations. As the Mach number
increases, the incompressible induced velocity reconstruction used to estimate u. becomes
less representative of the actual flow physics. Consequently, the induced velocity correction
becomes less accurate, leading to larger errors in the predicted AoA.

The larger relative errors observed for the AoA prediction compared with ||u.| can be
explained by the nonlinear dependence of the angle on the velocity components. While
the effective inflow velocity magnitude depends on the norm of the corrected velocity
vector, the AoA is reconstructed from its direction through an arctangent relationship.
Small errors in the velocity components may therefore produce amplified variations in the
estimated angle.

3.4 Conclusion

In conclusion, the analysis showed that the circulation distribution plays an important
role in the induced velocity reconstruction. The flat plate circulation model provides
a more realistic representation of the circulation distribution than the uniform model
and generally leads to more accurate AoA predictions. The contour location also affects
the prediction accuracy. Contours located farther from the airfoil provide more robust
estimations of effective velocity, as the induced velocity field becomes less sensitive to local
circulation variations and modelling assumptions. Concerning the AoA prediction, the
Q0.25. contour generally provides the smaller relative error.

The effective velocity prediction remains only weakly dependent on the assumed circula-
tion distribution, whereas the AoA estimation is more sensitive to the induced velocity
reconstruction. The flat-plate circulation model consistently improves the AoA predic-
tion, especially for contours located close to the airfoil. Finally, compressibility effects
remain limited within the investigated Mach number range, although prediction errors
tend to increase slightly at higher Mach numbers and AoA due to deviations from the
incompressible assumptions underlying the correction model.
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Chapter 4

Wall-modeled versus wall-resolved
RANS simulations

4.1 Introduction

In order to perform three-dimensional simulations at a reasonable computational cost,
wall functions are required. These functions model the near-wall behaviour of the flow
instead of resolving the viscous sublayer explicitly, allowing larger values of y*. The
reduced near-wall mesh refinement requirements therefore decrease the total cell count
and, consequently, the computational cost. [25]

This chapter investigates the differences between wall-modeled and wall-resolved RANS
simulations in order to assess whether the wall-function approach significantly affects the
quantities of interest.

4.2 Mesh

In the previous chapters, the airfoil considered was a blunt NACA0012 profile. Since the
mesh exhibited abrupt jumps in cell size, an improved mesh topology was developed. The
airfoil used for the improved mesh corresponds to a rounded NACA0012 profile obtained
through a Joukowski transformation [26]. The mesh is then generated using the Ansys
Fluent meshing tool. This geometry modification allows the generation of a mesh without
cell size discontinuities.

The airfoil geometries near the leading and trailing edges are shown below in order to
highlight the differences between the blunt and rounded configurations.
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Figure 4.2: Improved mesh in the near-airfoil region together with the iso-distance contours
used for the circulation and AoA extraction.

The improved mesh characteristics are summarized in Table [4.1]

Number of nodes 69200
Number of cells 68800
Growth factor 1.037
Maximum cell aspect ratio | 174.23

Table 4.1: Improved mesh specifications.

This mesh ensures a smooth evolution of the contour spacing As along the iso-distance
contours used in the post-processing procedure. The evolution of the contour spacing As
along the iso-distance contours is shown in Figure [4.3]
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Figure 4.3: Evolution of the curvilinear spacing ds along the different iso-distance extraction
contours for the improved mesh.

4.3 Near-wall modeling

The wall-modeled simulations presented in this chapter rely on the automatic near-wall
treatment of the k—w SST turbulence model [12]. This treatment automatically adapts to
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4. Wall-modeled versus wall-resolved RANS simulations

the local mesh resolution. For sufficiently fine meshes, the model behaves as a wall-resolved
formulation, whereas for coarser meshes it switches to a wall-function formulation.

In the wall-function regime, the viscous sublayer is not explicitly resolved. Instead,
the wall shear stress is reconstructed using the semi-empirical law of the wall. Wall
functions therefore require the center of the first cell adjacent to the wall to be located
in, or sufficiently close to, the logarithmic region of the boundary layer. This typically
corresponds to y* values between 30 and 300. In the present study, the mesh is generated
such that y™ ~ 100, placing the first cell within the recommended wall-function range.
[27]

The near-wall velocity profile is modeled using the logarithmic law of the wall:
1
t=_—In(y")+C 4.1
' = —n(y") + (4.1)

where ut = %yt = B, the von Kdrmdn constant k£ = 0.41, and €' = 5.35.

In compressible flows, density variations are directly included in the definition of y™,
leading to y* = 2«“¥ In addition to the logarithmic velocity profile, a thermal wall
function is employed to model heat transfer near the wall.

Wall functions rely on the assumption of an equilibrium turbulent boundary layer and
may therefore lose accuracy in regions characterized by strong pressure gradients, flow
separation or recirculation.

4.4 Comparison between wall-modeled and wall-resolved
RANS simulations

In order to assess whether the wall-function approach remains consistent with the wall-
resolved reference, several quantities are compared:

o The u™(y™") profiles, in order to evaluate whether the wall functions accurately
reproduce the boundary layer behavior observed in the wall-resolved simulations.

o The lift and drag coefficients predicted by Ansys Fluent

o The circulation, in order to determine whether the observed circulation variations
persist without the cell-size discontinuities

o The results of the AoA extraction algorithm, in order to evaluate whether the
wall-function approach affects the extracted quantities.

To ensure that the observed differences are not solely caused by changes in the mesh
topology, the results obtained with the improved mesh are compared with both the
initial coarsened mesh and the wall-resolved reference mesh. The initial coarsened mesh
corresponds to the wall-resolved mesh after coarsening in order to match the refinement
level of the improved mesh.
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4.4.1 wut(y") profiles

In order to assess the behavior of the wall functions, the u™(y™) profiles are reconstructed
along the same three normals as those used in Fig. [2.6]

The incompressible case at Uy, = 88.2 m/s and a = 10° is first investigated. The
compressible case at M = 0.3 and o = 10° is also considered, and the corresponding
ut(y™) profiles are provided in Appendix , since similar conclusions are obtained.

Overall, the wall-function approach provides satisfactory agreement with the wall-resolved
results. The wall-modeled profiles reproduce the general behavior of the wall-resolved
reference for both mesh configurations.

The slight overestimation of the u™ profiles observed in the wall-modeled simulations may
be related to the constants used in the Ansys Fluent law of the wall. The values employed in
the wall-functions (k &~ 0.41 and C' ~ 5.5 [12]) differ slightly from the logarithmic behavior
observed in the wall-resolved simulations, where x = 0.385 and C' = 4.1 (represented by
the black dashed line in Fig provide excellent agreement with the wall-resolved profile.

351 .;*
301 Linear Buffer Logarithmic oy
sublayer layer profile 9
25- T
=15 204 7 + 1 +
[ ut =C+ylog(y ™)
+ Sampling location
S 154 ———— X/c=0.05
— X [C = (.29
10 e X[C = 0.62
Mesh configuration
5] ———— WR - Initial mesh
= = === WM - Improved mesh
ol - +=+=¢:== WM - Inital mesh coarsened
10° 101 102 10° 104
+ _ Yur
Yy =%

Figure 4.4: Comparison of the dimensionless velocity profiles u*(y*) measured along the
sampling normals with the theoretical law of the wall profile (black dashed line) for the
wall-resolved and wall-modeled configurations.

4.4.2 Aerodynamic coefficients and pressure distribution

In this section, the aerodynamic coefficients and pressure distributions obtained with
Ansys Fluent are compared for the different mesh configurations.

Compared with the wall-resolved results, the lift coefficient obtained with the improved
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mesh is slightly lower. This trend is observed in both the incompressible and compressible
cases, as shown in Fig. and Fig.

—e— WR - Initial mesh
1.00 WM - Initial mesh coarsened
<&+ WM - Improved mesh

—e— WR - Initial mesh
1.00 WM - Initial mesh coarsened
--&- WM - Improved mesh

0.75

0.50

G I-1]

0.25

0.00

10.0 10.0

Figure 4.5: Comparison of the lift coefficient ~ Figure 4.6: Comparison of the lift coefficient
predictions obtained with the different mesh  predictions obtained with the different mesh
configurations for the incompressible cases.  configurations for the compressible cases.

The drag coefficient is also investigated since this quantity is generally more sensitive
to the near-wall treatment than the lift coefficient. Indeed, the lift coefficient mainly
depends on the global pressure distribution around the airfoil, whereas the drag coefficient
is strongly influenced by the wall shear stress, the boundary layer, and the local flow
separation. Since these quantities are modeled through the wall-function approach, larger
discrepancies are expected for the drag coefficient [27].

—e— WR - Initial mesh 0.021 o WR_Inital mesh
WM - Initial mesh coarsened WM - Initial mesh coarsened
0.01507 ~* WM-Improved mesh --&-- WM - Improved mesh
0.018
T0.0125 To.015
S S
A
0.0100 / 0.012
o V‘V',;‘J’""’
0.0075 )
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

Figure 4.7: Comparison of the drag coeffi- Figure 4.8: Comparison of the drag coeffi-
cient obtained with the different mesh con-  cient obtained with the different mesh con-
figurations for the incompressible cases. figurations for the compressible cases.

Overall, larger discrepancies are observed for the drag coefficient than for the lift coefficient.
However, the general trends remain well captured by the wall-modeled simulations for
both mesh configurations and flow conditions.

The pressure coefficient is displayed as a function of the normalized curvilinear coordinate
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s/c. The coordinate starts at the trailing edge on the intrados, progresses toward the
leading edge, and then continues along the extrados back to the trailing edge.

1 Intrados 4{_,(\ Extrados
-1
& -2
-3
=41 poA Mesh
— 0° ‘I: —— WR - Initial mesh
_5 - 5° ; ————— WM - Initial mesh
— 10° R e WM - Improved mesh
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

s/c

Figure 4.9: Distribution of the pressure coefficient along the dimensionless curvilinear
coordinate s/c for the incompressible cases at angles of attack of 0°, 5°, and 10°.

Overall, the pressure distributions remain in good agreement across the different mesh
configurations. The largest discrepancies are mainly observed near the leading edge, where
the geometric differences locally modify the pressure gradients.

As mentioned previously, the airfoil geometries are not identical for the different mesh
configurations. Consequently, part of the discrepancies observed in both the aerodynamic
coefficients and the pressure distributions can be attributed to the geometric differences
between the blunt and rounded airfoil geometries.

4.4.3 Circulation variations

In this section, the circulation variations along the iso-distance contours are analyzed.
The unphysical circulation variations remain present for both the incompressible and
compressible cases with the improved mesh. As discussed previously, these fluctuations were
initially attributed to spurious vorticity generated by the abrupt cell-size discontinuities
present in the initial mesh.

However, similar circulation variations are still observed with the improved mesh topology.
Although this configuration does not contain cell-size discontinuities, the circulation is not
fully conserved across the different extraction contours. This indicates that the observed
behaviour cannot be attributed solely to mesh induced spurious vorticity enclosed between
the extraction contours.
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Figure 4.10: Relative circulation difference with respect to the reference wall-resolved
solution for the different mesh configurations and flow conditions.

To further investigate this behaviour, the dimensionless vorticity field is analyzed. Small
regions of residual vorticity remain visible outside the boundary layer, even with the
improved mesh topology. Moreover, the amplitude of the circulation variations is larger
than in the wall-resolved reference case, and the improved mesh exhibits slightly larger
fluctuations than the initial coarsened mesh.

Ansys
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Figure 4.11: Dimensionless vorticity field

w,c/Uy obtained with the initial coarsened
mesh in the incompressible case (U, =

88.2 m/s, o = 10°).
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Figure 4.12: Dimensionless vorticity field
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These observations suggest that the circulation fluctuations are not exclusively caused by
the mesh induced vorticity associated with cell-size discontinuities. Part of the residual
vorticity may also originate from the turbulence modelling assumptions used in the RANS
formulation. As described in Section the £ — w SST model closes the Reynolds
stresses using the Boussinesq approximation and introduces a turbulent viscosity p; in the

effective stress tensor, Eq. (2.7).

This additional turbulent viscosity may therefore contribute to artificial dissipation. In
regions with strong velocity gradients, such as the boundary layer and the wake, the model
may locally increase the eddy viscosity, which can enhance the diffusion of boundary
layer or wake vorticity. This mechanism may therefore contribute to the residual vorticity
observed in regions that would ideally remain nearly irrotational [2§]. Although these
contributions remain small, they can still affect the circulation when integrated along the
extraction contours.

Consequently, the observed circulation variations are likely the result of a combined
effect of mesh induced errors and turbulence modelling effects associated with the RANS
simulations, rather than a purely mesh induced phenomenon. However, this interpretation
remains a hypothesis, since the present results do not allow the origin of the observed
discrepancies to be identified.

4.4.4 Comparison of the AoA extraction results

In this section, the results of the extraction algorithm obtained for both mesh configurations
are compared with the wall-resolved reference solutions. To avoid overloading the discussion
with additional figures, only the incompressible case is discussed here. The corresponding
results for the compressible case are provided in Appendix [A] Similar conclusions are
obtained for both flow regimes.

For the initial coarsened mesh, the wall-function approach provides overall good agreement
with the wall-resolved reference results. Under the uniform circulation assumption, both
the relative error on the extracted AoA and on the effective velocity magnitude ||u.|]|
remain close to the wall-resolved results. With the flat plate circulation assumption, the
effective velocity magnitude remains accurately predicted, while the relative error on the
AoA is slightly reduced.

For the improved mesh, the agreement with the wall-resolved reference also remains
satisfactory. Under the uniform circulation assumption, the general trends remain similar,
but the first contour exhibits lower relative errors for both the effective velocity magnitude
and the extracted AoA.

This may be due to a reduction of mesh induced spurious vorticity in the vicinity of
the airfoil, since the improved mesh does not contain abrupt cell-size jumps. In the
wall-resolved mesh, this mesh induced spurious vorticity was mainly located within the
region enclosed by the closest contour. Reducing this contribution may therefore improve
the prediction obtained from this contour.

With the flat plate assumption, the relative error on ||u.|| follows trends similar to those
observed in the wall-resolved case, while providing improved predictions for the first
contour. Lower relative errors are also obtained for the extracted AoA compared to the
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wall-resolved case.

Overall, the wall-function approach provides satisfactory results for both mesh configura-
tions, and the extraction algorithm remains consistent with the wall-resolved reference

quantities.
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Figure 4.13: Comparison with the wall-resolved reference for the incompressible case using
the flat-plate assumption: relative error in the effective velocity magnitude ||u.|| (top) and
relative AoA error (bottom) for both mesh configurations.
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Figure 4.14: Comparison with the wall-resolved reference for the incompressible case using
the uniform circulation assumption: relative error in the effective velocity magnitude ||u.||
(top) and relative AoA error (bottom) for both mesh configurations.

4.5 Conclusion

Overall, the wall-function approach combined with the improved mesh topology provides
satisfactory agreement with the wall-resolved reference simulations.

The wall-modeled simulations correctly reproduce the main aerodynamic trends observed
in the wall-resolved simulations. The u™(y™) profiles remain in reasonably good agreement
with the wall-resolved reference profiles, and the aerodynamic coefficients and pressure
distributions are accurately captured despite small discrepancies associated with the
near-wall modeling and the geometric differences between the blunt and rounded airfoil

geometries.

Although the drag coefficient exhibits larger deviations than the lift coefficient, the overall
aerodynamic behavior remains consistently reproduced. The circulation analysis also shows
that the unphysical circulation fluctuations persist despite the absence of the cell-size
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discontinuities in the improved mesh. This suggests that the observed variations are not
solely caused by the mesh topology and may also be influenced by turbulence modelling
effects associated with the RANS formulation.

Finally, the AoA extraction algorithm remains robust when applied to the wall-modeled
simulations. Both the effective velocity magnitude and the extracted AoA remain in
satisfactory agreement with the wall-resolved reference results and even exhibit improved
predictions compared to the wall-resolved case when using the €)y95. contour.

Consequently, despite the small discrepancies observed throughout the analysis, the wall-
function approach combined with the improved mesh topology is considered sufficiently
accurate for the subsequent three-dimensional simulations.
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Chapter 5

AoA extraction from 3D
wall-modeled RANS simulations

5.1 Introduction

The post-processing methodology presented in Chapter 3 can also be applied to three-
dimensional CFD simulations. Velocity, density and pressure fields are extracted along
iso-distance contours surrounding the airfoil in the spanwise direction. Each spanwise
section is then treated as a two-dimensional plane, and the methodology is applied
independently to each extracted plane [3].

The initial objective of this work was to generate a three-dimensional mesh of the S-76
rotor blade, including the blade tip responsible for the generation of tip vortices [6].
Several meshing strategies and Python-based geometrical generation approaches were
investigated [29]. However, generating a structured mesh around the blade tip could not
be achieved satisfactorily in the present work.

An alternative approach was therefore adopted in order to still investigate blade—vortex
interaction phenomena. Instead of explicitly meshing the rotor tip, counter-rotating
vortices were imposed at the inlet of the computational domain. These imposed vortices
are intended to reproduce the flow perturbations associated with blade—vortex interactions.

The computational domain considered in this study consists of a spanwise extruded
NACAOQ0012 wing. As discussed in Chapter 4, the near-wall region is modeled using wall
functions.

5.2 Numerical set-up

This section describes the three-dimensional computational domain, the boundary condi-
tions, and the adaptive mesh refinement strategy used for the simulations.
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5. AoA extraction from 3D wall-modeled RANS simulations

5.2.1 Mesh and computational domain

The improved two-dimensional mesh presented previously was extruded along the spanwise
direction over a span of two chord lengths to generate the three-dimensional mesh shown
in Figure [5.3|
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Figure 5.1: Three-dimensional structured mesh and iso-distance contours used for the
circulation and AoA extraction.

The mesh contains 80 spanwise divisions, and the specifications of each spanwise segment
are provided in Table 4.1 The computational mesh consists of 2.12 x 10" nodes and
5.22 x 10° hexahedral cells.

5.2.2 Boundary conditions

Symmetry boundary conditions are imposed on the lateral boundaries of the computational
domain. These conditions enforce zero normal velocity and zero normal gradients of all
variables at the symmetry planes. As a result, no flux crosses the lateral boundaries
and the shear stress vanishes, making the condition equivalent to a slip-wall boundary
condition [I7].

In order to reproduce a blade—vortex interaction configuration, two counter-rotating
vortices are imposed at the inlet boundary. As discussed with Pr. Winckelmans, the
contribution of the image vortices must also be included in order to ensure consistency
with the imposed symmetry planes. The imposed velocity field therefore includes both the
two physical vortices located inside the computational domain and the contribution of
their images across the symmetry planes.
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Figure 5.2: Schematic representation of the three-dimensional configuration and inlet
boundary conditions viewed from above.
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Figure 5.3: Spanwise locations and rotation directions of the counter-rotating vortices
imposed at the inlet boundary.

The two physical vortices are imposed at the inlet plane with spanwise positions z/c = 0.5
and z/c = 1.5, where ¢ denotes the wing chord. The image vortices are located at
z/ec = =05, z/Jc = —1.5 and z/c = 2.5, z/c = 3.5, symmetrically with respect to the
planes z/¢ = 0 and z/c = 2, respectively.

Two vortex—wing interaction are investigated. In the first configuration, the imposed

vortices convect below the wing without directly interacting with its surface. In the second
configuration, the vortices directly interact with the wing.

In the first configuration, the vortex centers are imposed at y/r. = —2 at the inlet, where
r. denotes the vortex core radius defined below. In the second configuration, the vortex
centers are initially imposed at y/r. = 0.

The two configurations therefore differ only by the initial vertical position of the imposed
vortices at the inlet.

The vortex characteristics are determined from the NASA S-76 HVAB experimental
database[30].
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5. AoA extraction from 3D wall-modeled RANS simulations

Table 5.1: Experimental tip vortex and flow characteristics extracted from the NASA S-76
HVAB database.

Cexp Uoo,exp Vexp Tcexp Fexp

(m) (m/s) (m?/s) (mm) (m?/s)
0.127 202.85 1473 x10° 1263  4.15

Since the chord length differs between the experimental configuration and the present
simulations, the vortex properties must be rescaled. The scaling procedure is based on
preserving both the chord Reynolds number and the circulation Reynolds number, as well
as their ratio Rer/Re..

In the present simulations, the freestream velocity is set to 102m/s and the chord length to
1m. The circulation is therefore modified in order to preserve the same Reynolds number
ratio, leading to:

Uoo sim Csim
Ty = Doy o228 S 161 12 s, (5.1)

exp
U. 00,exp Cexp

The kinematic viscosity is then adjusted to preserve the same circulation Reynolds number,
resulting in vg, = 5.729 x 107° m?/s.

The resulting Reynolds numbers are therefore:
Reegim = Recexp = 1.75 X 10°,  Repgm = Rer ey = 2.82 x 10°. (5.2)

The vortex core radius is similarly rescaled. The dimensionless ratio r./c is preserved
during the scaling process, yielding:

Tc,sim = quxpcsﬂ - 9945 min (53)
exp

The resulting dimensionless spanwise ratio is:

Te

The imposed inlet velocity field is defined as the superposition of the freestream velocity
Us, the velocity induced by the two physical vortices, and the velocity induced by their
image vortices. The vortices are modeled using a Lamb—Oseen velocity distribution [31]:

Vo(r) = 2;, <1 — exp [—a (;;)2]) (5.4)

The radial distance to vortex i is defined as r; = \/ (y— )2+ (2 — )2

5.2.3 Adaptive mesh refinement

As the imposed vortices convect from the inlet toward the wing over a streamwise distance
of 7¢, insufficient mesh resolution may lead to significant numerical diffusion and could
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progressively alter the vortex structures. Under such conditions, the vortices become more
diffuse before interacting with the wing. This affects the resulting blade—vortex interaction.

To limit this effect, adaptive mesh refinement (AMR) is employed. The refinement strategy
is based on a geometric criterion centered on the vortex cores. Cells located inside
the vortex regions are locally refined through cell subdivision, allowing sharper velocity
gradients to be maintained during vortex convection. The effect of AMR can therefore be
assessed by comparing the dimensionless streamwise vorticity field w,c/Us, at the inlet
and near the wing, both with and without adaptive mesh refinement.

Figure 5.4: Dimensionless streamwise vor-
ticity field, w,c/Us, imposed at the inlet
plane located at x/c = —T7.
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Figure 5.5: Dimensionless streamwise vor-  Figure 5.6: Dimensionless streamwise vor-
ticity field, w,c/Us, in the plane located at  ticity field, w,c/Us, in the plane located at
z/c = —0.5 without AMR. z/c = —0.5 with AMR.

First, the vortices initially imposed at y/c = 0 at the inlet are no longer centered at the
same vertical position in the plane located at z/c = —0.5. This displacement results
from the mutual induced velocity of the two counter-rotating vortices, which produces a
downward convection of the vortex pair.

The comparison between Fig. [5.5] and Fig. [5.6] highlights the strong influence of mesh re-
finement on vortex preservation. Without AMR, the vortices undergo significant numerical
diffusion during their downstream convection.

In contrast, the use of AMR considerably improves vortex preservation during convection
toward the wing. The reduction of numerical diffusion therefore allows the vortex-wing
interaction to be captured more accurately.

The use of adaptive mesh refinement is therefore essential to preserve the imposed vortex
structures during convection and maintain physically coherent vortex—wing interactions.
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5.3 Results

This section presents the results obtained for the two investigated vortex—wing interaction
configurations. In the first configuration, the imposed vortices convect below the wing,
whereas in the second configuration they directly interact with the wing surface.

For each case, the vortex-wing interaction is first analyzed, followed by the lift coefficient
predicted for each spanwise section. Finally, the quantity o — Cj/aq is investigated. Since
the present configurations are three-dimensional, the AoA and the effective velocity cannot
be defined as unambiguously as in a two-dimensional reference case. Therefore, the AoA
distributions shown in Figs. and should be interpreted as spanwise distributions
of the reconstructed AoA. For each spanwise section, this reconstructed AoA is defined as
the angle between the local airfoil chord and the reconstructed effective velocity.

5.3.1 Case 1: Vortices convecting below the wing
Flow topology and vortex-wing interaction

In this configuration, the imposed counter-rotating vortex pair primarily convects below
the wing. Nevertheless, the induced velocity field generated by the vortices still modifies
the local flow topology, particularly on the pressure side of the wing. This behavior is first
illustrated by the surface streamlines shown in Fig. 5.7

v Frriryy T
(a) Suction side (b) Pressure side

Figure 5.7: Surface streamlines on both sides of the wing.

The suction side remains only weakly affected by the imposed vortical structures, whereas
the pressure side exhibits a pronounced spanwise deviation of the streamlines toward the
center of the domain. To better visualize the three-dimensional flow topology, streamlines
in the vicinity of the wing are displayed in Fig. and [5.9
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Figure 5.8: Three-dimensional streamlines for case 1, viewed from downstream.

The streamlines shown in Fig. originate from the inlet in the region —0.1 < y/c < 0.1,
in order to visualize the flow structures convected toward the wing.

The downstream view shows that, although the vortex pair mainly convects below the
wing, its induced velocity field still interacts with the pressure side. In the region located
between the two counter-rotating vortices, the induced velocity is directed downward,
which produces a clear deflection of the streamlines below the wing. On the lateral sides
of the vortex pair, the positive induced vertical velocity is observed, with streamlines
being redirected upward and passing around the suction side of the wing. The upward
and downward velocity regions are also visible from the top view, as shown in Fig.

Ansys

2023R1

Figure 5.9: Three-dimensional streamlines for case 1, viewed from upstream and above.

The vortex—wing interaction can be further analyzed through the dimensionless streamwise
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5. AoA extraction from 3D wall-modeled RANS simulations

vorticity field extracted in successive yz planes downstream of the airfoil, as shown in
Fig.[5.10l These planes illustrate the progressive evolution of the imposed counter-rotating
vortices along the streamwise direction.
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Figure 5.10: Dimensionless streamwise vorticity, w,c/Us, contours in successive yz planes
downstream of the airfoil for streamwise locations ranging from z/c = 0.05 to z/c = 2.00.
The figures illustrate the downstream evolution of the imposed counter-rotating vortex
structures.

Close to the leading edge (z/c = 0.05), the imposed vortices remain relatively compact
and only weakly affected by the wing. Further downstream, the interaction with the wake
progressively alters the vortex topology. The wake vorticity interacts with the imposed
vortices, leading to a gradual displacement of the vortex cores.

As the flow evolves downstream, the initially compact vortical structures progressively
wrap around the wake vorticity generated by the wing. This behavior highlights the
coupled interaction between the imposed vortices and the wing wake. The vortex induced
velocity field modifies the local effective incidence along the span, while the wing wake
simultaneously perturbs the imposed vortical structures.

Impact on lift coefficient estimation

The lift coefficient of each section was estimated from the circulation using the Eq.
As expected, due to the downward velocity induced by the vortices in the central part of
the wing, the lift coefficient decreases locally.

Figure [5.11] presents the spanwise evolution of the lift coefficient obtained from the different
contours. Among all contours, only the £20.25¢ contour provides a reasonably accurate
prediction of the reference lift coefficient obtained from the Ansys Fluent solution. As the
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contour distance from the airfoil increases, the predicted lift progressively deviates from
the reference solution and exhibits increasingly pronounced oscillations.

—e— (; Wing
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Figure 5.11: Spanwise evolution of the lift coefficient extracted from the different iso-
distance contours. The vertical dashed lines indicate the spanwise locations of the imposed
vortices.

First, the accuracy of the lift coefficient estimation decreases as the extraction contour
is moved farther away from the airfoil. The vorticity fields shown in Fig. [5.13] indicate
that the different contours do not enclose exactly the same amount of spanwise vorticity
w,. This modifies the extracted circulation and therefore introduces an offset in the lift
coefficient predicted from the Kutta—Joukowski relation.
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Figure 5.12: (a) Dimensionless stream- ' . ' .
wise vorticity wyc/Us in the z/c = 0.50 Figure 5.13: (b) Dimensionless spanwise voritc-
yx plane ity w,c/Us in the z/c = 0.50 yz plane

Figure 5.14: Dimensionless spanwise and streamwise vorticity field in the yx plane. The
black line indicates the extraction contours.

Secondly, the oscillatory behavior observed in the lift distribution for the different contours
is directly related to the downstream displacement of the vortices induced by the wing—
vortex interaction. As shown previously, the vortex cores are progressively displaced toward
the center of the domain while interacting with the wing wake. This displacement modifies
the spatial distribution of the vertical velocity component intercepted by the extraction
contours. Depending on the spanwise location, the leading and trailing edges of a given
contour may intersect regions characterized by different induced vertical velocities. These
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local imbalances modify the circulation integrated along the contour, thereby producing
local increases or decreases in the predicted lift coefficient.

To illustrate this mechanism, the dimensionless vertical velocity field extracted in the yz
planes located at x/c = —1.20 and x/c = 2.20 is shown in Fig. [5.15]

1.0 0.20 1.0 0.20
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z/c z/c
(a) v/c=—1.20 (b) z/c=2.20

Figure 5.15: Dimensionless vertical velocity field v/U,, in the yz plane upstream and
downstream of the airfoil. White dashed lines indicate the spanwise locations of extrema
in the predicted lift coefficient: z/c = 0.375, 0.5, and 0.7.

For instance, at z/c ~ 0.375, the extraction contour intersects near the leading edge a
region characterized by a strong positive vertical velocity induced by the vortex. Further
downstream, the positive vertical velocity intercepted near the trailing edge becomes
weaker. As a consequence, the circulation contribution associated with the leading edge
region dominates, resulting in a local increase of the circulation and therefore of the
predicted lift coefficient.

Conversely, at z/c¢ &~ 0.50, the contour passes through the vortex core near the leading
edge, where the induced vertical velocity is close to zero, while the trailing edge still
intersects a region characterized by positive vertical velocity. This opposite imbalance
reduces the circulation extracted along the contour and therefore produces a local decrease
in the predicted lift coefficient.

The accuracy of the £20.25¢ contour can be further evaluated by considering the difference
between the reference Ansys Fluent lift coefficient and the prediction obtained from the
contour extraction.

95



5. AoA extraction from 3D wall-modeled RANS simulations

25¢

5 0.0751

Ci,wing — Ci, 00
© ©
o o
N (6,1
[9,] o

0.000 | : .
0.0 0.5 1.0 1.5 2.0
z/c

Figure 5.16: Spanwise evolution of the difference between the lift coefficient from Ansys
Fluent and the lift coefficient extracted from the €055, contour.

The lift coefficient obtained from the wing remains consistently larger than the one
extracted from the contour. Local variations of the difference are observed near the vortex
core locations, where the induced velocity gradients are strongest. The large increase
observed near the lateral sides of the span is caused by the progressive decrease of the
lift coefficient extracted from the contour as the vortex induced vertical velocity weakens
away from the vortex cores, while the wing lift coefficient remains relatively stable.

Impact on AoA extraction

The accuracy of the AoA extraction is evaluated by considering the difference between the
extracted AoA and the angle reconstructed from the wing lift coefficient obtained from
Ansys Fluent using thin-airfoil theory:

O win,
 — —bwie (5.5)

Qo

where ag denotes the lift-curve slope determined from Fig. [4.6] In the present case,
ap = 6.13 rad . The corresponding spanwise distribution is shown in Fig. [5.17

0.057
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a — Cj,wing/ao [rad]
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Figure 5.17: Spanwise evolution of the difference between the extracted AoA and C)/ay.

Pronounced local variations of the extracted AoA are observed near the imposed vortex
locations, where the vortices strongly modify the local velocity field around the airfoil. The
results also show a strong dependence on the contour location. The contours closest to the
airfoil exhibit the largest local variations, whereas the farther contours produce smoother
spanwise distributions. However, this does not necessarily imply a more physically accurate
AoA estimation. Indeed, the closest contour, €2 .25., remains strongly sensitive to the local
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induced velocity field and therefore captures more pronounced spanwise AoA variations
generated by the vortices.

Overall, this suggests that the closest contour provides the most relevant representation of
the local vortex—wing interaction, since it yields a more accurate lift prediction while also
capturing the spanwise AoA variations induced by the vortices.

5.3.2 Case 2: Vortices impacting the wing
Flow topology and vortex—wing interaction

The interaction between the imposed counter-rotating vortices and the wing is first
investigated through surface streamlines and dimensionless streamwise vorticity fields
extracted in several yz planes along the streamwise direction.

Figure [5.18 presents the streamlines on both the pressure and suction sides of the airfoil.
As the vortices approach the leading edge, each vortex is split into two parts which evolve
separately on both sides of the wing. During the interaction, the vortex trajectories
are significantly deviated by the presence of the wing. On the pressure side, the flow is
deflected toward the interior whereas on the suction side the flow is deviated outward.

(a) Suction side (b) Pressure side

Figure 5.18: Surface streamlines on both sides of the wing.

The three-dimensional evolution of the streamlines is further illustrated in Fig. and
Fig. [5.20] which respectively show the flow upstream and downstream of the wing. As in
the first case, the streamlines reveal the upward and downward velocity regions induced
by the counter-rotating vortex pair.
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Figure 5.20: Three-dimensional streamlines downstream of the wing

These observations are further confirmed by the dimensionless streamwise vorticity fields
extracted in successive yz planes along the streamwise direction, as shown in Fig.
Near the leading edge, the vortex cores remain relatively compact and preserve their initial
counter-rotating structure.

As the vortex pair is convected downward before reaching the wing, the vortices do not
interact with the airfoil at y = 0, but at a slightly lower vertical position. The streamwise
vorticity field in Fig. [5.23] shows that a larger portion of the vortical structures passes
along the pressure side, explaining both the stronger vorticity and the more pronounced
flow deflection observed in this region.

Further downstream, the vortices are displaced toward the interior region on the pressure
side and toward the exterior on the suction side, consistently with the previously observed
streamlines.

As the flow evolves downstream of the trailing edge, the vorticity originating from the
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pressure side, the suction side, and the wake progressively interacts. The wake and the
pressure side vorticity appear dominant, whereas the suction side vorticity remains weaker.
These vortical structures progressively wrap around each other, leading to a coupled
vortical structure in which the weaker suction side vorticity is entrained.
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Figure 5.21: Dimensionless streamwise vorticity contours w,c/U,, in successive yz planes
for streamwise locations ranging from z/c = 0.05 to z/c = 2.00.
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Impact on lift coefficient estimation

The spanwise evolution of the lift coefficient is shown in Fig. [5.22] The wing lift coefficient
exhibits a clear reduction in the central part of the wing, between the two imposed vortices.
This behaviour is consistent with the downward velocity induced by the counter-rotating
vortices in this region, which locally reduces the lift coefficient.

0.1 - —— Gwing
i —— Q025 i
1 C;Q0.50¢ y
0.0 €,/ Q0.85¢

N

C;Q1.20c

0.25 0.75 1.25 1.75
z/c

Figure 5.22: Spanwise evolution of the lift coefficient extracted from the different contours.
The vertical dashed lines indicate the spanwise locations of the imposed vortices.

The contour-based predictions reproduce the same qualitative trend, although their
accuracy strongly depends on the distance between the integration contour and the airfoil.

The closest contour, €2y.95., provides the best agreement with the wing lift coefficient, while
the prediction progressively deteriorates as the contour distance from the airfoil increases.

As in the first case, the different extraction contours enclose different amounts of spanwise
vorticity w,, as shown in Fig. [5.24] As the contour size increases, additional vorticity is
included within the circulation integral, which modifies the computed circulation according
to Stoke’s theorem and therefore alters the lift coefficient predicted from the Kutta—
Joukowski relation. Consequently, the farther contours exhibit larger deviations from the
wing lift coefficient.
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Figure 5.23: (a) Dimensionless streamwise Figure 5.24: (b) Dimensionless spanwise vor-
voritcity wyc/Us in the z/c = 0.50 plane  ticity w.c/Uy in the z/c = 0.50 plane

As in the first case, oscillations are also observed in the contour-based lift predictions.
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These oscillations are directly related to the velocity field that the extraction contours
intercept.

For instance, near z/c = 0.375, the leading edge of the contour intersects a region of strong
positive vertical velocity, whereas the induced velocity intercepted near the trailing edge is
weaker. This locally increases the extracted circulation and therefore the predicted lift
coefficient.

Further along the span, the contour leading edge intersects regions characterized by
negative vertical velocity, which reduces the extracted circulation and produces local
minima in the predicted lift coefficient distribution.
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Figure 5.27: Dimensionless vertical velocity field v/U,, in the yz plane upstream and
downstream of the airfoil. White dashed lines indicate the spanwise locations of extrema
in the predicted lift coefficient: z/c = 0.375, 0.5, and 0.7.

The difference between the lift coefficient extracted from the closest contour and the
reference lift coefficient directly obtained from Ansys Fluent can now be analyzed. Strong
local deviations are observed near z/c ~ 0.5 and z/c ~ 1.5, corresponding to the vortex
core locations. The difference increases in regions characterized by positive induced
vertical velocity and decreases where the induced vertical velocity becomes negative. This
behavior is similar to that observed in the first configuration, although the deviations are
significantly amplified here due to the stronger vortex—wing interaction.
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Figure 5.28: Difference between the lift coefficient from Ansys Fluent and the lift coefficient
extracted from the 20.25¢ contour
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Impact on the AoA extraction

Figure shows the spanwise evolution of the quantity o — C}/ay for the different contour
locations. As in the first case, strong local variations are observed near the vortex cores,
highlighting the strong influence of the imposed vortices on the AoA extraction.

The closest contour, 2g5., exhibits the largest local fluctuations, indicating a strong
sensitivity to the intense velocity gradients generated by the vortices. Since this contour
is located close to the airfoil surface, it directly samples the highly non-uniform induced
velocity field surrounding the vortex cores. As a result, the extracted AoA strongly reflects
the local flow perturbations induced by the imposed vortices.

In contrast, the farther contours exhibit smoother spanwise distributions and smaller
values of & — Cj/ag. This behaviour suggests that these contours are less sensitive to the
strong local velocity gradients generated by the vortices.

As in the first case, the closest contour appears to provide a more representative estimate
of the AoA of the local flow experienced by the wing, whereas the farther contours produce
smoother distributions that are less representative of the local flow field.
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Figure 5.29: Spanwise evolution of the difference between the extracted AoA and the
lift-based estimate C;/aq.

5.4 Conclusion

The AoA extraction methodology was applied to three-dimensional wall-modeled RANS
simulations in the presence of imposed counter-rotating vortices representative of blade—
vortex interaction phenomena. The use of adaptive mesh refinement proved essential to
preserve the imposed vortex structures during their convection toward the wing.

The results showed that the vortex induced velocity field strongly modifies the local flow
topology, the spanwise lift distribution, and the extracted AoA. In both investigated con-
figurations, the methodology provided reasonably accurate estimates of the lift coefficient
and AoA for each spanwise section.

However, the accuracy of the estimation strongly depends on the contour location. The
closest contour, €2g.95., generally provided the best agreement with the reference wing
quantities as it directly samples the highly non-uniform velocity field induced by the
vortices.
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Chapter 6

Conclusion and Perspectives

The first part of this work demonstrated that the classical Kutta—Joukowski formulation
provides accurate lift predictions within the weakly compressible regime considered in this
study. Although the circulation should theoretically remain conserved across the different
integration contours, small unphysical variations were observed. These variations may be
associated with both spurious vorticity induced by the mesh and turbulence modelling
effects.

The second part of the work focused on the extraction of the AoA from two-dimensional wall-
resolved simulations. The flat plate assumption provided a more realistic representation of
the circulation distribution than the uniform model and generally led to more accurate
AoA predictions. The contour location was also shown to influence the estimation accuracy.
While contours located farther from the airfoil provided more accurate effective velocity
estimations, the closest contour, 2 .95., generally provided better AoA predictions.

The third part of the study investigated the use of wall functions combined with an
improved mesh topology. The wall-function approach successfully reproduced the main
aerodynamic quantities obtained with the wall-resolved simulations while significantly
reducing the computational cost.

Finally, the methodology was applied to three-dimensional wall-modelled simulations
involving imposed counter-rotating vortices representative of blade—vortex interaction
phenomena. Adaptive mesh refinement proved essential to limit the numerical diffusion
of the vortices during their convection toward the wing. The results showed that the
velocity field induced by the vortices strongly modified the spanwise lift distribution and
the extracted AoA.

The contour location again played a major role in the estimation accuracy. The g.95.
contour generally provided the best agreement with the reference lift distribution. In
contrast, contours located farther from the airfoil exhibited larger deviations, due to the
larger amount of spanwise vorticity enclosed within the integration domain.

6.1 Perspectives

A natural continuation of this work would be to extend the methodology to unsteady
aerodynamic configurations. Dynamic stall cases would constitute a relevant application,
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as they involve temporal variations of circulation, and flow separation.

A functional two-dimensional dynamic-stall setup was already developed in Ansys Fluent in
parallel of this work. Future investigations could therefore focus on applying the extraction
methodology to transient and separated flows in order to assess its robustness under
unsteady aerodynamic conditions. These developments would allow the method to be
evaluated in more realistic configurations, where transient vortex dynamics play a central
role.
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Use of Al

I used ChatGPT for grammatical corrections and reformulation of some sentences. I also
used Al assistance for coding, such as graph generation.
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Appendix A

Circulation redistribution

To redistribute the total circulation I' according to the flat plate distribution, only the

shape of the theoretical distribution is retained. The vortex sheet strength can be expressed

as:

1—x/c
x/c

v(r) = A

(A1)

where A is a constant such that the integral of (z) over the chord recovers the total
circulation. Substituting Eq. (A.1]) into the circulation integral gives:

c |l—xa/c
F:AA, e e (A.2)

Introducing the change of variable X = z/¢, with dz = ¢dX, one obtains:

= / dx—Ac/ yll;dX (A.3)

Since [y \/% dX = Z, the normalization constant is A =
The normalized flat plate circulation distribution therefore becomes

2I' |1 —z/c
me\ xfc

A (x) = (A.4)

This expression preserves the chordwise shape of the flat plate distribution while ensuring
that its integral over the chord is equal to the circulation I' extracted from the iso-distance
contour.

Flat plate circulation distribution using potential flow
theory

The thin flat plate can be obtained from a circle of radius a in the complex Z-plane using
the Joukowski transformation z = Z + % [21] For a point on the circle Z = ae, the
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corresponding point on the plate is:

2
2(0) = ae + % =a (ew + e_w) = 2acosf (A.5)
Thus, the circle is mapped onto a flat plate ranging from z;, = —2a to 2y = 2a. The chord

is therefore ¢ = 4a. The complex potential for a uniform flow at an angle of attack a, with
circulation I, is:

—i &2 e I Z
F(Z) = Uy (Ze +Ze ) + o log (a) (A.6)

Evaluating this expression on the circle Z = ae?, the complex velocity in the physical
z-plane is obtained from

dF/dZ  Us <€_i°‘ - %z em) + 3
_ 2 AT
() dz/dZ 1-% (A7)

At the trailing edge, Z = a, the denominator vanishes. To impose a finite velocity there,
the numerator must also vanish. This is the Kutta condition:

r

2mia

Us (€7 = ) + =0 (A.8)

Using e — ' = —2jsin o, one obtains : I' = —4nU .asin a.
The complex potential and the associated complex velocity can therefore be rewritten as:

, 2 Z
F(Z)=Us (Zew‘ + %ew‘ + 7 2asin alog ()) , (A.9)
a
U (e—m — g—Zem +i2sin« %) sin(f — ) + sin«
1o sin 0

We again verify that v = 0 and hence the flow is parallel to the plate. The velocity at the
trailing edge therefore remains finite :

ur = Uy cos a. (A.11)
For small angles of attack, this velocity remains very close to U,,. Using the trigonometric
identity tan (%) = 1;170;‘4 and since v = 0, the velocity remains tangent to the plate and

the tangential velocity component reduces to:

1 —cosf
u=Us <cosa + a) . (A.12)

sin 6

Here, the coordinate x is measured from the mid-chord of the plate, such that =z €
[—c/2,¢/2]. Using
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Using cosf = ;- = %x, any position z along the plate can be related to the angular

coordinate 6.

The upper side of the plate corresponds to 0 < 0 < 7, and therefore
2
sinf = /1 — (2%) > 0 . The velocity distribution along the upper side therefore becomes:

_ 2 — 2z
ut =Uy [ cosa+ ——=—=sina | = Uy [cosa + | —= sina (A.13)
222 1+ 2
1= (%) c
The lower side of the plate corresponds to 7 < 6 < 27, and therefore

sinf = —/1 — (2%)2 < 0. The velocity below the plate is therefore :

1— 2z
u” = Uy (cosa “\1x 5 Sin a) . (A.14)

C

The vortex sheet strength is then obtained from the tangential velocity jump:

1_2x

y=u"—u" =20, 1+£sina. (A.15)

Here, x is measured from the mid-chord. To compare this result with the thin airfoil
notation, a leading-edge coordinate & € [0, ¢] is introduced.

SRS

= ;(1 + cos0) (A.16)

with 0 < 0 < 7 and so, 0 < % < 1. One obtains:

1 =z T 1 =z
=(3+7) md 1-T=(3-7) (A.17)

o | X

The tangential velocity above and below the plate can therefore be written as:

1—2
ut = Uy (cosa = —C sin a) (A.18)
_ 1-2
u =Ux (cosa — \ —5 < sin a) (A.19)
The vortex sheet strength finally becomes:
1-2 1-— 0
vy=ut —u" =2Uy —<sina = 2UOO& sin « (A.20)
- sin 6

Considering small AoA, sina ~ « and therefore:

(&) ~ 20y | - ;Z/C (A.21)
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A.

This result is identical to the distribution obtained from thin airfoil theory, demonstrating
the equivalence between both approaches for a flat plate at small angle of attack.
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Figure A.1: Comparison with the wall-resolved reference for the compressible case using
the flat-plate assumption: relative error in the effective velocity magnitude ||u.|| (top) and
relative AoA error (bottom) for both mesh configurations.
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Figure A.2: Comparison with the wall-resolved reference for the compressible case using
the uniform circulation assumption: relative error in the effective velocity magnitude ||u.||
(top) and relative AoA error (bottom) for both mesh configurations.
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Figure A.3: Comparison of the dimensionless velocity profiles u™ (y™) measured along the
sampling normals with the theoretical law-of-the-wall profile (black dashed line) for the
wall-resolved and wall-modeled configurations in the compressible case.
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