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Abstract

This master’s thesis applies Extreme Value Theory (EVT) to risk management in financial

markets, comparing traditional Value-at-Risk (VaR) models with EVT-based models.

Using major stock indices such as BEL20, CAC40, S&P500, and MSCI World, the analysis

examines the models’ ability to predict extreme losses. Findings indicate that EVT models

are more robust in identifying extreme events and estimating maximum losses. The results

support the use of diverse financial data and multiple quantitative approaches for more

accurate risk predictions. This study highlights the practical implications of EVT in

enhancing financial risk management.
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1. Introduction

Risk is a concept that affects all of us, in one way or another, in our daily lives, and can

take an infinite number of forms. In the meantime, extreme risk, is a form of risk whose

frequency is small but whose consequences can be enormous. Wars, climatic catastrophes,

political tensions, etc. are all extreme risks that are almost impossible to predict and have

strong effects on our economy. Financial markets, which are reflecting the state of our

society severely react to those extreme events. In this master’s thesis, we will reflect

on the prediction of these uncommon risks, trying to quantify their potential negatives

impacts by presenting the tools at our disposal to deal with these risks.

One question we might ask ourselves is whether traditional methods of estimating risk

perform as well on the financial markets as the so-called “extreme prediction models? As

we have seen in history, financial markets are very sensitive to extreme situations. This

has motivated the research in this thesis to find out whether extreme prediction models

do better than conventional methods. What are the limits of these models when applied

to real data? How can we simply apply these models and understand the results obtained

to apply them to financial management?

In the first part of this master’s thesis, we will present the theory needed to under-

stand the application of these models to real-life situations. We’ll start by presenting

risk in general, so that we have a common grounding in the subject before diving more

specifically into financial risk. Next, we will define the notion of risk measures, which

are essential to understand risk in finance and their associated properties. We will also

introduce the extreme values occurring in the tails of distributions as this concept will

help understand that these distributions zones will play in the various models studied. To

end the first section, the theory of Value-at-Risk (VaR) will be covered with its associated

Expected Shortfall (ES).

The second part will present the main theme of this master’s thesis, namely the Ex-

treme Value Theory (EVT), which was first introduced by Emil Gumbel in 1938. This

theory aimed to explain extreme events observed during a certain defined period and to

predict future extreme events supposed to occur in a certain sample size (Gumbel, 1958).

We will also present the distributions associated with the EVT, the Generalized Extreme

Value distribution (GEV) and the Generalized Pareto Distribution (GPD). The two mod-

els that are applied thanks to these distributions will be covered. On one hand, the

GEV-based model, known as the Block-Maxima Model (BMM), involves extracting the

1



1. Introduction 2

maximum values from sub-periods of similar time, which are pre-defined. This extraction

process is used to estimate the GEV distribution. On the other hand, the second model,

called the Peak-Over Threshold (POT), relies on the GPD. In the POT model, extreme

events are identified as data points exceeding a certain predefined threshold. In both

models, VaR is estimated based on historical data to provide the best possible forecasts.

In this third and final part, we are going to apply these models to our four selected

indices (BEL20, CAC40, S&P500 and MSCI World) to extract the desired results for the

best possible analysis. This analysis will be based firstly on the historical VaR method

using the normal distribution. Subsequently, we will explore the Exponential Weighted

Moving Average Method (EWMA) model and the two EVT models: BMM and POT.

Following this analysis, the results obtained show that the models based on Extreme

Value Theory perform better overall than the traditional models. The objective for these

models was to come as close as possible to the percentage of excess theoretical VaR in

relation to the VaR confidence level. For both levels, the Peak Over Threshold model

performed best, being close to 1.2% and 5% for the 99% and 95% VaR respectively, which

is desirable. Behind this, we had the Block-Maxima model with very different results

compared with POT, for an estimate with a 99% confidence level gives results of around

2%, which is twice more than the theory. Next to this, the classical methods gave sur-

prising good results with the normally distributed VaR close to 5% for the 95% VaR but

fails for the 99% confidence level with results close to 2.5%. As for the last method, the

Exponential Weighted Moving Average, it was not at all convincing, with results twice or

even four times higher than the theoretical results, which completely excludes it from this

ranking. These results show that at the 95% confidence level, normally distributed VaR

estimation performs as well as the POT model, but at the 99% confidence level, EVT

models appear to be useful.

This project aims to contribute to a comprehensive comparison of traditional and

EVT-based models and to highlight the practical implications of models predicting ex-

treme events. It also aims to allow people to project themselves by integrating these

models with the financial data that everyone may encounter in their everyday life and to

develop their understanding of the subject.



2. Fundamentals of Financial Risks

This chapter explores the broad and complex topic of portfolio selection, incorporating

the nuanced issue of extreme risks. Over recent years, this subject has captivated a lot of

arrays of professionals from the financial sector as well as mathematicians. It presents a

delicate yet fascinating challenge that has stimulated extensive debate and research. As we

explore this theme, we aim to engage with various perspectives and analyses to understand

better the complexities involved in portfolio selection under conditions of extreme financial

risks. This introduction aims to not only enrich our theoretical knowledge but also to

enhance practical approaches to managing financial portfolios in unpredictable markets.

2.1 Introduction to risk

In the realm of finance, the concept of risk is intrinsically linked to the uncertainty sur-

rounding the future outcomes of decisions made by individuals and organisations. This

uncertainty primarily concerns the potential for outcomes that result in financial losses.

Actors within the financial sector are particularly focused on strategies to minimise this

risk as much as possible. Their aim is to limit exposure to situations where decisions

could lead to significant financial detriment.

According to McNeil et al. (2005), risk can be defined from two perspectives. One

definition view risk as ”any event or action that may adversely affect an organisation’s

ability to achieve its objectives and execute its strategies.” This encapsulates a broad

spectrum of risks that can derail an organisation from its planned path. Alternatively,

risk is described as ”the quantifiable likelihood of loss or less-than-expected returns.”

This definition emphasises the measurable aspect of risk, allowing organisations to quan-

tify their risk exposure in financial terms.

However, these authors also note a critical limitation in these definitions: they do not

comprehensively address all potential contexts. This suggests that while the provided

definitions are robust in many scenarios, they may fall short in capturing the nuances of

risk in every financial situation. Such an acknowledgment points to the complexity and

multifaceted nature of risk in financial environments.

3



2. Fundamentals of Financial Risks 4

2.2 Classification of Financial Risks

Understanding various types of financial risks is crucial before delving into the method-

ologies used for measuring these risks. Financial risks, as described in Measuring Market

Risk Dowd (2005), refer to the potential for financial loss—or gain—stemming from un-

expected changes in underlying risk factors. In the financial sector, institutions encounter

several primary types of risk throughout their operational lifespan:

• Market risk: as defined by Kevin Dowd in Measuring Market Risk, is the poten-

tial for loss (or gain) that arises from unexpected changes in the prices of securities

or market rates, such as interest rates or exchange rates. This type of risk is an

inherent aspect of participating in financial markets. Due to its inevitability, mar-

ket participants invest considerable efforts to predict and mitigate its impacts as

accurately as possible.

• Credit risk: can be succinctly defined as the possibility that a counterparty will

fail to meet its obligations as per the agreed terms, (Brown & Moles, 2014). A

prominent example of the severe impact of credit risk is the subprime mortgage

crisis in the United States. During this crisis, many borrowers found themselves

unable to repay their loans, leading to widespread defaults. This situation escalated

as the inability of borrowers to meet loan obligations resulted in significant losses

for financial institutions and ultimately triggered a market crash. The subprime

crisis exemplifies how high credit risk can lead to profound economic disruptions,

underscoring the importance of robust credit risk management practices.

• Operational risk: is defined by the Basel Committee on Banking Supervision as

”the risk of loss resulting from inadequate or failed internal processes, people, and

systems, or from external events.”(BIS, 2021) This encompasses a broad range of

potential issues that can occur within an organisation, including but not limited to

human error, system failures, fraud, and disruptions caused by external events such

as natural disasters or cyber-attacks.

• Liquidity risk: Liquidity risk involves the difficulty of converting assets into cash

quickly without significant loss in value. It encompasses three key dimensions, as

outlined in the Financial Stability Review (Alentorn & Markose, 2008):

1. Instrument Liquidity: The ease with which financial instruments can be ex-

changed for cash while preserving their value.

2. Market Liquidity: The market’s capacity to absorb large volumes of trades

without significantly affecting asset prices.
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3. Monetary Liquidity: The amount of readily available liquid assets in the econ-

omy, typically measured against nominal GDP.

This type of risk can critically affect an entity’s ability to meet its financial obligations,

particularly in scenarios where liquidating assets at fair market values is challenging.

Effective liquidity management is therefore essential to maintain financial stability and

ensure continuous operations under various market conditions.

2.3 Quantitive Risk Measures

Now that we have defined risk, we will define risk measures and their mathematical foun-

dations. We will review the properties that allow a risk measure to be considered coherent,

including translation invariance, subadditivity, positive homogeneity, and monotonicity.

For robust and reliable financial risk management, these properties must be respected.

In addition, we will present tail risk, which models the severity of portfolio losses over

specific periods. Understanding these concepts is crucial for effective risk management

and prepares us to discuss more extreme risk scenarios.

2.4 Defining Risk Measures

We explore the definition of a risk measure and its underlying mathematical principles.

Initially, let us assume that while the set of all possible states of the world at the end of

a given period is known, the probabilities of events occurring within this set may not be

known or universally agreed upon. To draw a parallel with market risk, imagine that the

state of the world is represented by a list of prices for all securities and exchange rates.

We also assume that the full range of potential outcomes for this list is known.

In the study of financial risk measures, we start by defining key mathematical elements

as follows:

• Ω: A set that can be infinite, representing different states of nature, particularly

when dealing with a continuous random variable that can assume any value within

a specific range.

• X: A random variable describing the final net worth of a financial position taking

values in the set Ω.

• G: A set of all risk measures, expressed as real-valued functions on Ω.
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Definition of a Risk Measure: Formally, a risk measure is a mapping from the set G

into the real numbers R. In financial terms, the value ρ(X) assigned by the measure ρ

to a risk X represents the minimum additional cash that an agent must add to their risk

position X to make it viable for proceeding with their investment plan. When ρ(X) is

negative, it indicates a possible withdrawal of cash from the position.

2.5 Fundamentals Properties

A risk measure must satisfy certain properties to be considered ”coherent.” These prop-

erties ensure that the risk measure is robust and reliable for financial risk management.

The axioms, as presented in the paper (Artzner et al., 1999), align closely with the axioms

of the acceptance set. Here, we detail these axioms with their mathematical definitions

and practical implications:

• Translation Invariance:

Definition: For any portfolio X in G and any real number α, the equation

ρ(X + α) = ρ(X)− α holds.

Implication: Adding cash to a portfolio reduces its risk by the same amount,

reflecting the risk-free nature of cash. This property ensures that the risk

measure accurately adjusts for cash infusions or withdrawals.

• Subadditivity:

Definition: For any two portfolios X1 and X2 in G, the inequality ρ(X1 +

X2) ≤ ρ(X1) + ρ(X2) is satisfied.

Implication: The risk of a combined portfolio should not exceed the sum of

the risks of the individual portfolios. This property encourages diversification,

as combining portfolios does not increase overall risk.

• Positive Homogeneity:

Definition: For any portfolio X in G and any positive scalar λ, ρ(λX) =

λρ(X).

Implication: If an investment’s position is scaled up, the risk measure scales

proportionally. This ensures that risk measures are consistent across different

sizes of the same investment.
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• Monotonicity:

Definition: For any two portfolios X and Y in G where X ≤ Y , the inequality

ρ(Y ) ≥ ρ(X) holds.

Implication: If one portfolio consistently incurs greater or equal losses com-

pared to another, its risk measure should also be greater. This axiom assures

that the risk measure respects the relative performance of portfolios.

These axioms are fundamental to ensuring that any risk measure is coherent and can

be effectively applied in risk management scenarios observed in the financial markets. By

understanding these principles, we lay the groundwork for discussing more specific and

extreme cases of risk in portfolio management.

2.6 Tail Risk

When addressing risk measurement, it’s essential to define a statistic that assesses the

severity of holding a portfolio over a specified period based on the loss distribution FL(l)

(McNeil et al., 2005). Portfolio returns can extend significantly into the tails, which

necessitates that any effective risk measure should account for tail-risk and the potential

skewness of the distribution.

2.7 Conclusion

This section has outlined the fundamental properties that a risk measure must satisfy to

be considered coherent, namely translation invariance, subadditivity, positive homogene-

ity, and monotonicity. These properties ensure that the risk measure is robust and reliable

for financial risk management, providing a solid theoretical foundation for assessing and

managing financial risks.

Understanding these principles is crucial because they form the basis for more ad-

vanced risk measures. For example, VaR, a widely used risk measure, is not coherent

because it fails to satisfy subadditivity, which is a widely risk to underestimating risk

when diversifying portfolios. This limitation has led to the adoption of Expected Short-

fall, which is coherent and provides a more accurate reflection of extreme risks.

The insights gained from this section are essential for the subsequent analysis and

application of coherent risk measures in portfolio management, ensuring more reliable

and effective risk assessment in financial markets.



3. Risk Indicators in Finance

Quantifying potential losses is crucial for making informed investment decisions and en-

suring regulatory compliance. Two primary measures dominate this field: VaR and ES.

Both tools serve to estimate potential financial losses under normal and extreme market

conditions, yet they differ significantly in their approach and implications. This section

goes further into the definitions, methodologies, advantages, and limitations of VaR and

ES, illustrating their roles in contemporary risk management practices. By examining

these measures, we aim to understand their practical applications and their importance

in managing financial portfolios effectively.

3.1 Value at Risk

We are now going to tackle one of the best-known forms of risk measurement, VaR. This

measure is crucial in the management of financial crises and will therefore interest us in

the measurement of extreme events. VaR has been widely adopted to assess the risk of

potential losses in portfolios. For example, the Basel Committee on Banking Supervision

uses VaR as a basis for its regulations on banks’ capital requirements, specifically within

the frameworks of Basel II and Basel III. These agreements require banks to maintain a

minimum capital based on a VaR estimate to cover potential losses due to market fluc-

tuations (Basel Committee on Banking Supervision, 2004, 2011). The VaR measurement

aims to estimate the maximum potential loss of a portfolio over a specified period, given

a certain confidence level. However, in this context, we are analysing the distribution of

returns rather than losses.

The probability density of returns allows us to visualise the frequency of different

return levels observed. With the density plot of returns, we can identify the VaR threshold

as the quantile below which a certain proportion of returns falls. For example, if we

consider a VaR at a 95% confidence level, it means that 95% of the returns will be above

this threshold, and only 5% of the returns will be below this value. This approach enables

us to understand the distribution of returns and assess the risk of negative returns within

the portfolio. (Holton, 2003)

8
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Figure 3.1: Density Plot with VaR at 95% Confidence Level

If we look mathematically to the VaR, the probability formula associated with it is

given by:

P (L ≤ VaRα) = α, (3.1)

where:

• L represents the portfolio loss.

• VaRα is the Value-at-Risk at the confidence level α.

• α is the confidence level (e.g., 95% or 99%).

In other words, the VaR at the confidence level α is the loss threshold such that the

probability of the loss L being less than or equal to this threshold is α.

VaR is a straightforward extension of maximum loss, which takes these criticisms into

account. The idea is simply to replace “maximum loss” by “maximum loss which is not

exceeded with a given high probability”, the so-called confidence level (McNeil et al.,

2005).

As we saw in the last section with the coherence points for a risk measure, we can apply

them to the VaR. VaR is a coherent risk measure if it satisfies all the following conditions:

Translation Invariance, Homogeneity, Monotonicity, and Subadditivity (Artzner et al.,

1999).

VaR satisfies the first three conditions: Translation Invariance, Homogeneity, Mono-

tonicity. However, VaR fails the subadditivity criterion. This means that the risk of

a combined portfolio can be greater than the sum of the risks of individual portfolios,

which is particularly problematic for diversified portfolios. VaR also ”completely ignores

the severity of losses in the far tail of the loss distribution” (Emmer et al., 2015), making

it less reliable for comprehensive risk management.
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The VaR can be calculated in various ways, and the following are some common

methods:

1. Historical Simulation: Uses historical market data to simulate potential losses.

2. Variance-Covariance Approach: Assumes normal distribution of returns and

uses the mean and standard deviation of portfolio returns.

3. Monte Carlo Simulation: Uses random sampling to generate a wide range of

possible outcomes based on the statistical properties of the portfolio.

For our analysis, we will use the variance-covariance method. Comparing other mod-

els will enable us to see if there is any difference with a method that assumes a normal

distribution for returns. We might think, then, that this method will return poor re-

sults because it assumes no extreme distribution in the distribution tails, which a priori

will not happen with our data. Parametric methods, such as variance-covariance, can

underestimate these risks due to their distribution assumptions.

3.2 Expected Shortfall (ES)

ES, also known as Conditional Value-at-Risk (CVaR), is a risk measure that addresses

some of the limitations of VaR. The ES benefits from the fact that it respects all the

axioms of coherence. It can therefore be used to estimate the total average loss in the

worst-case scenario where the VaR threshold is exceeded (BCBS, 2019b)

To have an accurate estimation of the ES, the distribution of the tail must be precise

and reflect the reality of the situation. As the threshold of the VaR is defined, the ES can

be the expected loss beyond that threshold. We can define the ES as:

ESα(L) = E(L | L ≥ V aRα(L)) (3.2)

where L is the amount of money and α is the confidence level.

ES is given by the integral and for a loss L and a CDF FL, the expected shortfall at

confidence level α is defined as:

ESα(L) =
1

1− α

∫ 1

α

V aRγ(L) dγ (3.3)

This plot shows the link between VaR and ES:
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Figure 3.2: Density Plot with VaR and Expected Shortfall (ES) at 95% Confidence Level

3.3 Conclusion

In this section, we have focused on two fundamental risk measures: VaR and ES. These

measures are essential for quantifying potential financial losses and play a crucial role in

risk management.

VaR estimates the maximum potential loss over a specified period at a given confidence

level. It is widely used for its simplicity and intuitive appeal; it has notable limitations.

VaR fails the subadditivity criterion, meaning it can underestimate the risk of diversified

portfolios. It also ignores the severity of losses beyond the VaR threshold, making it less

reliable for comprehensive risk management.

ES, also known as CVaR, addresses these limitations by considering the average loss

in the worst-case scenarios beyond the VaR threshold. ES is a coherent risk measure,

satisfying all necessary properties such as subadditivity, which ensures it provides a more

accurate and reliable assessment of risk.

Linking these measures with EVT, which we will see in the next chapter, will provide a

robust framework for modeling and managing extreme risks, ensuring a better prediction

of extreme events with our financial data.



4. Extreme Value Theory (EVT)

4.1 Classic EVT and different methods

The aim of this section is to explain the fundamental theory of EVT. We will review the

asymptotic model of Block Maxima, the theory of how to estimate the distribution of

maxima, and their return levels. We will then review the Peak Over Threshold model

with an explanation of the theory. This chapter is based on the work of Stuart Coles in

”An Introduction to Statistical Modeling of Extreme Values”, Chapter 3.

The basic model of extreme value theory developed in this chapter focuses on the

statistical behavior of extreme values.

The EVT model involves analysing the maximum values of a sequence of indepen-

dent and identically distributed (i.i.d.) random variables. Specifically, for a sequence

X1, X2, . . . , Xn, the maximum value Mn is defined as:

Mn = max{X1, . . . , Xn} (4.1)

From equation 4.1, the distribution of Mn can be derived exactly for all values of n

(Coles, 2001):

Pr{Mn ≤ z} = Pr{X1 ≤ z, . . . , Xn ≤ z}

= Pr{X1 ≤ z} × · · · × Pr{Xn ≤ z}

= F (z)n.

(4.2)

The block maxima approach divides the dataset into blocks of equal size and takes

the maximum value within each block. According to the Fisher-Tippett-Gnedenko theo-

rem, the distribution of these maxima converges to a Generalized Extreme Value (GEV)

distribution as the block size increases, which can take the form of Gumbel, Fréchet, or

Weibull distributions (Coles, 2001).

In most cases, the distribution F is not known, and this equation is only valid if the

distribution F is known. We accept that the distribution of F is unknown and instead

arrive at a form that can be estimated based solely on the extreme data. This approach is

analogous to approximating the distribution of sample means by the normal distribution

(Coles, 2001), which is an extreme analogue of the central limit theorem (Embrechts et

al., 1997; de Haan & Ferreira, 2006).

By using two constants an > 0 and bn, the form of the maxima can be linearly

12
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reformulated. These constants are sequences that normalise the distribution of maxima,

ensuring that the scaled maxima converge to a non-degenerate distribution. Specifically,

the constants an and bn are chosen such that:

M∗
n =

Mn − bn
an

, an > 0 (4.3)

where M∗
n is the normalized maxima. The sequences {an} and {bn} depend on the

underlying distribution F and are determined through the Fisher-Tippett-Gnedenko the-

orem, which guarantees that the normalised maxima converge in distribution to a Gen-

eralized Extreme Value (GEV) distribution (Coles, 2001).

Theorem. If there exist sequences of constants {an > 0} and {bn} such that:

Pr

{
Mn − bn

an
≤ z

}
→ G(z), as n → ∞ (4.4)

where G is a non-degenerate distribution function, then G belongs to one of the following

families:

I. Gumbel Distribution

G(z) = exp{− exp[−(az − b)]}, −∞ < z < ∞ (4.5)

II. Fréchet Distribution

G(z) =

0, z ≤ b

exp{−(az − b)−α}, z > b
(4.6)

III. Weibull Distribution

G(z) =

exp{−[(az − b)α]}, z < b

1, z ≥ b
(4.7)

This approach to extreme value theory aims to use asymptotic models to estimate the

M∗
n distribution functions and to determine which of the three families of distribution

functions is the closest. The Gumbel, Fréchet, or Weibull distributions are essential

for modeling the behavior of the tail. Having these three families of distributions at

one’s disposal makes it possible, in many situations, to choose the one that is most

appropriate to the situation. In the early days of EVT, it was common to adopt one of

these three families and estimate the parameters of that distribution. This technique has

its weaknesses, because you must choose the right one at the outset and then assume

that this choice is the best. This is why the GEV distribution combined these three

distributions (Coles, 2001; Embrechts et al., 1997; de Haan & Ferreira, 2006).
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4.2 Generalized Extreme Value Distribution (GEV)

The GEV distribution is a unified model that encompasses the Gumbel, Fréchet, and

Weibull distributions. By combining these three distributions into a single framework, the

GEV distribution allows for more flexibility and avoids the need to make a preliminary

choice of the specific distribution family. This makes it more robust and widely applicable

in different scenarios (Coles, 2001).

In particular, GEV makes it possible to identify three distinct types of limits for esti-

mating the behaviour of the tails of distributions represented by the values Xi of function

F . As we saw earlier, these are illustrated by the families of distributions (Gumbel,

Frechet, and Weibull).

This distribution is formulated as follows:

G(z) = exp

{
−
[
1 + ξ

(
z − µ

σ

)]−1/ξ
}

(4.8)

with the parameters:

• µ is the location parameter,

• σ is the scale parameter,

• ξ is the shape parameter.

This equation, which unifies the three families, is defined on the set:

z : 1 + ξ(z - µ)/σ 0

where the parameters satisfy: −∞ < µ < ∞, σ > 0, and −∞ < ξ < ∞.

The value of ξ determines which type of distribution the GEV corresponds to:

• When ξ = 0, the GEV distribution reduces to the Gumbel distribution more cen-

tered.

• When ξ > 0, the GEV distribution corresponds to the Fréchet distribution and

assume a fat tail on the right side of the distribution (positive values).

• When ξ < 0, the GEV distribution corresponds to the Weibull distribution and

assume a fat tail on the left side of the distribution (negative values).
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Figure 4.1: Distribution Functions of Gumbel, Fréchet, and Weibull Families

On the Figure 4.1, we can clearly see the different shape of the families distribution

regarding the ξvalue.

This formulation provides a flexible model that can represent different types of tail

behaviors in a unified manner. The GEV distribution provides a unified framework for

modelling extreme values, simplifying the modelling and estimation processes in various

fields such as hydrology, finance, and engineering. The parameters µ, σ, and ξ allow the

distribution to be tailored to the empirical data, making the approach both flexible and

robust for different practical applications.

4.3 Block Maxima Model (BMM)

The first model we will present is the BMM, which is useful for estimating extreme values

from a set of independent and identically distributed (i.i.d.) observations. To run this

model, the first step is to choose equally sized blocks by splitting the data and then fit-

ting the (GEV) distribution to the maxima of these blocks. The number of blocks chosen

depends on the size and nature of the data. For financial data, it is common to align the

block size with the period of interest (e.g., monthly, quarterly, yearly). For other types of

data, different block sizes may be more appropriate (Coles, 2001).

Assuming that our observations are independent, a series of independent stochastic

variables X1, X2, . . . are monitored. With the block maxima model, these variables are

grouped into blocks of a chosen size n, from which the maxima will be extracted as

Mn,1, . . . ,Mn,m and then fitted to the GEV distribution (de Haan & Ferreira, 2006).

Selecting the appropriate block size is a significant challenge in this model. As the number

of blocks increases, the number of data points available for analysis decreases. Minimizing

the number of blocks can complicate the estimation of the maxima distribution, making

the process less practical.(Embrechts et al., 1997). In the analysis we shall see the impact

of those block size variations.
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4.4 Maximum likelihood

This part goes through the estimation of the maximum likelihood. ξ will play a role in

the estimation of the maximum likelihood.

• For ξ > −0.5: Regular estimation and asymptotic properties hold. This range

ensures that the GEV distribution remains within the realm where maximum like-

lihood estimation (MLE) yields reliable and consistent results.

• For −1 < ξ < −0.5: No asymptotic properties. In this range, while estimation can

still be performed, the lack of asymptotic properties means that the estimates might

not converge to the true parameter values as the sample size increases.

• For ξ < −1: No estimation is possible. This bound ensures that the GEV distribu-

tion remains valid. When ξ is less than -1, the distribution can produce non-physical

results (e.g., negative probabilities), making the estimation process infeasible.

Let’s assume that Z1, . . . , Zm are independent and follow the GEV distribution. In

the case where ξ ̸= 0, the log-likelihood can be defined as:

ℓ(µ, σ, ξ) = −m log σ −
(
1 +

1

ξ

) m∑
i=1

log

[
1 + ξ

(
Zi − µ

σ

)]
−

m∑
i=1

[
1 + ξ

(
Zi − µ

σ

)]−1/ξ

(4.9)

subject to the constraint:

1 + ξ

(
Zi − µ

σ

)
> 0 i = 1, ...,m. (4.10)

These constraints ensure that the GEV distribution parameters are correctly estimated

within a feasible range. The constraints on ξ are critical to maintaining the theoretical

properties of the GEV distribution, including its asymptotic behavior and the validity of

the maximum likelihood estimates.

If the parameters violate the condition, it corresponds to at least one data point falling

beyond the endpoint of the distribution. In such cases, the likelihood would be equal to

0, and the log-likelihood would tend to negative infinity.

When ξ = 0, the log-likelihood equation is:

ℓ(µ, σ, 0) = −m log σ −
m∑
i=1

Zi − µ

σ
−

m∑
i=1

exp

(
−Zi − µ

σ

)
(4.11)

This equation is derived using the Gumbel limit for the GEV distribution. By opti-

mizing this equation while respecting the three parameters of the GEV distribution, we
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obtain the maximum likelihood. Care must be taken not to violate the parameter condi-

tions, as this could lead to invalid results. When ξ is near zero, it is preferable to use the

second equation instead of the first one.

For the case where ξ ̸= 0, the return level zp is given by:

zp = µ+
σ

ξ

(
(− log(1− p))−ξ − 1

)
(4.12)

Where:

• µ̂, σ̂, ξ̂ are the maximum likelihood estimates of the GEV parameters.

• yp = − log(1− p).

We are going to look at the use of these parameters obtained with ML estimations, as

they’ll be useful for estimating VaR under the BMM.

4.5 VaR with BMM

Thanks to the parameters obtained in the previous section: (µ), (σ) and (ξ). The maxi-

mum of the log-likelihood of the GEV density gives us the following formula for VaR:

VaR = µ̂− σ̂

ξ̂

[
1− (− log(q))−ξ̂

]
, ξ̂ ̸= 0 (4.13)

For ξ̂ = 0:

VaR = µ̂− σ̂ log

[
log

(
1

q

)]
, ξ̂ = 0 (4.14)

where:

• µ̂ is the location parameter,

• σ̂ is the scale parameter,

• ξ̂ is the shape parameter,

• q is the confidence level.
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4.6 Peak over Treshold model (POT)

Let’s move on to the second model presented in this master’s thesis. We will go through

the theory by highlighting the key points and equations. The section below is based on

the work of (Coles, 2001), known for its thorough and precise analysis.

The Peak Over Threshold (POT) model operates differently from the block maxima

approach. POT defines a threshold u and considers all values exceeding this threshold as

extreme. The distribution representing the excess above a certain threshold is defined as

follows:

Fu(y) = P (X − u ≤ y | X > u) (4.15)

for, 0 ≤ y < x0 − u où x0 ≤ ∞, represented the right endpoint of F . This distribution

represents the probability of a loss exceeding the threshold u by an amount y. (McNeil,

1999)

The probability function derived from this model is as follows, and will form the basis

for the rest of this section:

Pr{X > u+ y | X > u} =
1− F (u+ y)

1− F (u)
, y > 0. (4.16)

According to this conditional probability, composed of independent and identically dis-

tributed variables X1, X2, . . ., the extreme events of the different variables are those that

exceed the threshold u.

In an ideal scenario, if the distribution F were known, then the distribution of thresh-

olds would also be known. However, like the previous model, this distribution is typically

unknown. Therefore, we use the GPD to approximate the distribution when the distri-

bution F is not known.

To approximate the distribution of the excess term, we use the GPD, which is defined

as follows:

G(y) = 1−
(
1 +

ξy

σ

)−1/ξ

, y > 0, σ > 0, ξ ∈ R. (4.17)

The equation above defines a new family called the Generalized Pareto family. In

comparison, if BMM help to approximate the G distribution, then in this new family

POT also has an estimate of this same G distribution. GPD parameters are determined

solely by GEV parameters associated with BMM.

4.6.1 Selection of the best threshold

The Mean Residual Life (MRL) plot, introduced by (Davison & Smith, 1990), is a tool for

determining the threshold u using the expectation of the GPD excesses. The expectation
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of the excesses over the threshold u is given by:

e(u) = E(x− u | x > u) = σu +
ξu

1− ξ
, (4.18)

where ξ is the shape parameter, and σu is the scale parameter corresponding to the

threshold u. The condition ξ < 1 ensures the existence of the expectation. This equation

shows that the expectation of excesses is linear in u, with a gradient of ξ
1−ξ

and an intercept

of σu

1−ξ
.

For a set of samples (X1, X2, . . . , Xn), the empirical estimate of the mean of excesses

is calculated as:

en(u) =
1

Nu

Nu∑
i=1

(Xi − u), Xi > u, (4.19)

where Nu denotes the number of exceedances over u. The data set {u, en(u)} forms

the MRL plot. Generally, the value of u above which the plot becomes approximately a

straight line is selected as the optimal threshold.

4.7 Maximum likelihood

The goal of this section is the same as for the first model: parameter estimation using the

maximum likelihood technique. This involves estimating the parameters and replacing the

actual parameters with their estimates. For the parameters σ, and ξ, this means applying

the MLE. Additionally, an estimation of the number of values exceeding the threshold u

is needed through the parameter C.

The number of values exceeding the threshold u follows a binomial distribution Bin(n,C),

where Ĉ is the maximum likelihood estimation of the parameter C. A standard property

of the binomial distribution states that:

Ĉ =
Nu

n
, (4.20)

where Nu is the number of exceedances and n is the total number of observations.

Therefore, the variance-covariance for all the estimated parameters can be computed.

The application of the maximum likelihood method in our analysis allows us to obtain

accurate and robust estimates of the parameters of the extreme value model, calculate

reliable return levels, and manage dependencies in the data. These aspects are crucial for

effective modeling of extreme events and for making informed risk management decisions.

4.7.1 Estimation

Given a defined threshold, the parameters of the GPD can be estimated using the MLE

method. Suppose that the values y1, . . . , yn are the yn values that exceed the threshold
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u. For ξ ̸= 0, the log-likelihood equation is

ℓ(σ, ξ) = −n log σ −
(
1 +

1

ξ

) n∑
i=1

log

(
1 +

ξyi
σ

)
,

provided that
(
1 + ξyi

σ

)
> 0 for i = 1, . . . , n; otherwise, ℓ(σ, ξ) = −∞.

Numerical techniques are used to maximize the log-likelihood while avoiding instability

when ξ is close to 0 and staying within the parameter-defined intervals. We will use

this technique to calculate the parameters of our GPD during our analysis, making this

technique highly useful for our purposes.

4.8 VaR with POT

Knowing how to estimate the best parameters for our distribution, we can now, with the

parameters, estimate the VaR and the equation with the POT model derives a probability

(α >F (u)), (McNeil, 1999)

VaRα = u− σ̂

ξ̂

((
n

Nu

(1− q)

)−ξ̂

− 1

)
(4.21)

where:

• VaRα is the VaR at confidence level α.

• σ is the scale parameter of the GDP

• ξ is the shape parameter of the GDP with

• Nu is the number of observations over the threshold u

• n is the number of observations
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4.9 Conclusion

This section on EVT is crucial for understanding and analyzing rare events across various

fields, especially in finance and environmental studies. It lays the theoretical foundation

by explaining BMM and POT models, essential for applying EVT. Understanding the

Gumbel, Fréchet, and Weibull distributions, and their unification under the GEV distri-

bution, is fundamental for modeling extreme events. The methodology of dividing data

into blocks and applying the GEV distribution is critical for estimating extreme values.

Additionally, the POT model provides an alternative approach useful when data is plenti-

ful but extreme events are rare. The use of MLE for determining GEV parameters offers

a rigorous method for estimating extreme risks.

This knowledge is vital for practical applications in extreme risk analysis in finance

but also climate science, and other fields where extreme events have significant impacts.

These models are crucial for risk management and decision-making and the flexibility of

the GEV distribution allows adaptation to various situations and data types without rigid

preliminary choices. The POT methodology enables a more refined analysis of extreme

events, focusing on threshold exceedances, often more relevant in real-world applications.

This section also paves the way for advanced analyses, such as MLE, essential for refining

risk estimates parameters and providing accurate predictions.



5. Empirical Analysis

The objective of this second major part of this master’s thesis is to apply the theory seen

above to real values, to extract the results and to produce a quantitative analysis, which

will subsequently enable us to draw conclusions about the various models applied. We

will undertake an empirical analysis based on EVT, presented in Chapter 4. The goal is to

understand the tail distribution within the data, which helps to determine the prediction

levels of the different models. Firstly, we’ll consider two historical methods: the VaR

normally distributed and the exponential Weighted Moving Average (EWMA) method.

Secondly, the BMM, a division of the data into equal temporal blocks to extract the

maximum values to estimate the parameters of the GEV. From that distribution, we will

perform a VaR estimation. Then the POT model is designed to identify extreme values

by setting a specific threshold. Any values exceeding this threshold are categorised as

“extreme”. These ”extreme” values will then be used to represent the GPD and estimate

the VaR.

Based on these analyses, we will draw conclusions on the effectiveness and accuracy of

different models in predicting the risk performance of financial indices. These conclusions

are crucial in financial risk management, providing players in this sector with the necessary

tools to better understand, analyze risks more effectively and attempt to predict them as

accurately as possible.

5.1 Methodology

The data used to compile the various models in this analysis consist of observations from

the largest national and global financial indices. In fact, the choice of this data was based

on the geography of these indices. Our aim was to compare these well-known and high-

performing indices with what we define as ‘local’ indices on our scale. These indices are

portfolios of shares, which take, according to which country they are attached, a certain

number of shares of national companies with the largest capitalisation.

This analysis and comparison of models will therefore focus on the prices of the Belgian

BEL20 index (20 largest Belgian capitalisations), the CAC40 (40 largest French capitali-

sations), the S&P500 (500 largest American capitalisations) and finally the MSCI World

index, the largest capitalisations worldwide. All these indices are based on daily obser-

vation of their price movements. These indices have been extracted from the Bloomberg

platform.

These raw daily data have therefore been processed to extract the information we

22
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need for our future analyses. Logarithm returns, that have been used here, are useful for

comparing indices on the same basis. In fact, indices can be larger or smaller than others

and therefore prices can also follow this logic. For this reason, we have transformed the

data into log-returns to understand equivalent things. Another reason for this, is that

the logarithm returns can be summed over several periods to give the average return over

the entire period studied. They will also enable us to give more stable and interpretable

metrics. Let’s assume that pt is the price at time t and pt−1 is the price at time t− 1.

Then the log return would be:

rt = log

(
pt
pt−1

)
(5.1)

To carry out our analysis of the performance of our prediction models, we had to

divide our data into samples: in-sample and out-of-sample. Additionally, we had to play

with sliding windows over time. The ’in-sample’ data is used to set the model parameters

to make the most accurate predictions possible. Out-of-sample data is used to test these

parameters on new data and evaluate the model’s performance. The principle of sliding

windows is simple. We estimate parameters using the ’in-sample’ data and test them on

the next ’out-of-sample’ period, which is the following month or quarter, then we repeat

the process with a time shift. The use of out-of-sample data allows us to cover a very

wide range of data while making predictions based on actualised data. For our analysis,

we decided to work with estimation periods of 2 years for monthly out-of-sample periods

and periods of 4 years for quarterly out-of-sample periods, to reduce the difference in the

number of data items in the in-sample. The table below shows the number of periods and

the total daily data estimated for the monthly and quarterly.

Out-of-sample Start Date End Date Periods Observations

Monthly 2001/02/04 2024/05/07 275 6050
Quarterly 2003/01/21 2024/04/22 86 5525

Table 5.1: Out-of-sample Monthly and Quarterly Data: Start and End Dates, Number of
Periods, and Observations

Let’s move on to the analysis method we’ll be applying to test the various models

covered in this thesis. First, we’ll analyse the raw data to extract the information we’re

interested in, to learn more about the behavior of our data. These primary analyses

are based on the first methods of statistical analysis. This will cover mean of returns,

variance, skewness, kurtosis, Jarque-Bera and Dickey Fuller tests. As we want to work

in an extreme environment, we need to ensure that our data behaves in an extreme way

over time, and these different metrics and tests will help us to define this.

Secondly, we’re going to compare extreme models with ’classic’ models, so we’ll see

if the former perform better. The two classic models based on historical data assume a
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normal distribution of returns, with a difference for the EWMA, which adds a coefficient

of weight to the most recent returns, and this coefficient decreases as the return gets older.

This makes it possible to give more importance to the most recent returns and adapt more

quickly(MathWorks, n.d.). These two methods will be applied to out-of-sample periods

in Monthly and Quarterly periode on the four indices.

Finally, we’ll apply the BMM and POT models to our four indices to see how they

perform and compare them with historical models.

5.2 Results

Now that we have the information explained on the data and the methodology, let’s

analyse our indices. The first Figure 5.1, shows the price of all the indices with their daily

log returns below.

Figure 5.1: Prices and log daily returns for BEL 20, CAC40, S&P500, and MSCI World
Indices

Over the long term for the CAC40, S&P500 and the MSCI World, we can see a strong

upward trend for all these price charts despite the various crises that have occurred. By

contrast, the BEL20 is performing less well, with a major correction around 2008 because

of the crisis, followed by a weaker uptrend. In terms of volatility, it increased during

periods of global economic crisis. On the one hand, the two smallest indices, BEL20 and

CAC40, are highly sensitive due to their lesser diversification and on the other hand, we

can see that the MSCI World is less volatile due to its high degree of diversification. As

we can see from the return graphs, after a period of small fluctuations often comes a

period of large fluctuations. In view of the recurring crises, it is vital to have the tools

to analyse these periods of high volatility and recession.

To understand the phenomenon we are interested in, let’s look at the histograms of the

distributions of the daily returns of the BEL20 and MSCI World index compared with the
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(a) (b)

Figure 5.2: Histograms of Daily Returns for (a) BEL20 and (b) MSCI World Indices
Compared with Normal Distribution

normal distribution in figure 5.2 (Same for CAC40 and S&P500 in figure A.1). We can

see that the left tails in all indices are thicker and go further on the left side. We can also

see that the distributions of returns deviate more quickly from the normal distribution

on the left of the graphs than on the right, indicating strongly negative return values

during certain periods. Due to the thicker shape of the BEL20 and CAC40 left return

distribution, we can conclude to a stronger volatility for those two indices.

From the Table 5.2 below, we extracted the most important metrics in terms of pre-

analysis and discuss about the results.

Table 5.2: Statistical Metrics for BEL 20, CAC 40, S&P 500, and MSCI World Indices

Metrics BEL 20 CAC 40 S&P 500 MSCI World

Mean 0.00744 0.02601 0.05374 0.040967
Standard deviation 0.19307 0.21819 0.1914 0.16034
Skewness -0.3773 -0.2112 -0.3758 -0.5736
Kurtosis 9.7520 6.6756 10.6201 10.668
Minimum -0.1532 -0.1309 -0.1276 -0.1044
Maximum 0.0933 0.1059 0.1095 0.0909
Jarque-Bera test 26203∗∗∗ 12255∗∗∗ 31045∗∗∗ 31535∗∗∗

ADF values -19.749∗∗ -19.445∗∗ -19.016∗∗ -18.784∗∗

Observations 6568 6568 6568 6568

• Mean: When we compare mean returns, we see that the BEL20 and the CAC40

have lower mean returns than the S&P500 MSCI World, which means that the

expected performance of the European indices over this period are lower.

• Skewness: The four indices have negative skewness values, which refers to an
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asymmetric distribution of returns, more pronounced in the negative.

• Kurtosis: This value is of particular interest to us because it confirms, when it

is above 3, that the data contains a phenomenon called ”fat-tail”, which reflects

extreme events in the negative tail.

• Jarque-Bera Test: This test is useful for confirming whether the distributions are

normally distributed, in our case with the JB Test all significant (***). P-value

is under 1%, which means that the null hypothesis can be rejected because there

is less than a 1% chance that the data is normally distributed. This confirms an

asymmetric distribution. This test is particularly effective when the samples are

large, which is our case.

• ADF Values: Using this test to identify unit roots, we can reject the null hypothesis

and conclude that the return series are non-stationary.

With the Q-Q plots in figure 5.3 and A.2 , useful for comparing the distribution of a series

of data with the normal distribution, we can see that for all the indices, analysis of the

JB Test and skewness confirm that there is a ”fat-tail” phenomenon in the distributions.

In fact, we can see that the distribution of our data deviates more from the normal

distribution in the distribution of negative returns.

(a) (b)

Figure 5.3: Quantile-Quantile Plots for BEL 20 and CAC40 Indices

Thanks to the analyses in this section, we can conclude that we’re going to face data

with extreme behavior in some cases. We’ll be able to apply our analysis in the next sec-

tion and see how effective these models are. Now let’s apply our historical and extreme

models and compare them.
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5.2.1 Historical Methods

For our first models, we are tackling the most basic ones, which will give us a solid foun-

dation for comparison. These models are based on the normal distribution and on the

past, while applying an evolutionary coefficient to each return in terms of the weight it

carries in estimating the future, so that we cannot assume any extreme behavior or make

any assumptions other than these.

The historical method is based on the normal distribution and assumes that returns follow

this distribution. It uses the standard deviation and the mean of the in-sample returns

to estimate the VaR for each out-of-sample, leading to a full estimation. This method

provides a simple approach to estimation but as mentioned earlier, assumes that returns

follow a normal distribution and we have seen that this is not the case.

As for the EWMA method, unlike the previous model which assumed that each return

weighed the same in the estimate, this time the weight of each return decreases exponen-

tially with the passage of time. This calculation method allows the model to react more

quickly than the first.

For the analysis of these models, we have estimated these VaR over the full period

of the out-of-sample monthly as well as quarterly, in order to be able to compare similar

periods with the other models. The Figure A.5, shows, on the left, the daily returns of

the BEL20 compared to the VaR estimation curves of the two historical methods and on

the right for quarterly periods for the MSCI World index. (For other charts, see appendix)

(a) (b)

Figure 5.4: VaR Estimates Using Normal Distribution Method and EWMA Method for
(a) monthly periods for BEL20 and (b) quarterly periods for MSCI World
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In our case, we speak of VaR exceedance when the actual return over a period, in

this case a day, exceeds the VaR estimate for that period. It is thanks to this number of

exceedances that we are going to estimate the efficiency of our estimation models.

This method is called backtesting and is used to determine the efficiency of a model.

In our case, estimating the efficiency of VaR is done as follows: we calculate the number

of overshoots over the period and divide it by the number of times in that period. This

will give us the overshoot percentage which can be compared, in the case of VaR to

the confidence level. In fact, for a VaR with a confidence level of 95%, the theoretical

percentage of overruns expected is equivalent to 5% (1% for 99% VaR). In the case of a

95% confidence level, several exceedances below this 5% will indicate an overestimate of

the loss, while a higher figure will indicate an underestimate of the loss. The aim of our

models is to get as close as possible to this theoretical percentage.

The tables 5.3 and 5.4 below show the excess rate for the two historical VaR models

over monthly and quarterly estimation periods.

Monthly
Normal Distribution VaR EWMA VaR

Exceedances (95%) Exceedence (99%) Exceedances (95%) Exceedances (99%)

BEL20 322/6050 5.32% 154/6050 2.55% 505/6050 8.35% 293/6050 4.84%
CAC40 324/6050 5.36% 143/6050 2.36% 485/6050 8.02% 250/6050 4.13%
S&P500 320/6050 5.29% 153/6050 2.53% 470/6050 7.77% 276/6050 4.56%

MSCI World 318/6050 5.26% 168/6050 2.78% 487/6050 8.05% 279/6050 4.61%

Table 5.3: Monthly VaR Exceedances Using Normal Distribution and EWMA Methods
for BEL20, CAC40, S&P500, and MSCI World Indices at 95% and 99% Confidence Levels

Quarterly
Normal Distribution VaR EWMA VaR

Exceedances (95%) Exceedances (99%) Exceedances (95%) Exceedances (99%)

BEL20 255/5525 4.62% 121/5525 2.19% 466/5525 8.43% 266/5525 4.81%
CAC40 247/5525 4.47% 109/5525 1.97% 415/5525 7.51% 235/5525 4.25%
S&P500 267/5525 4.83% 139/5525 2.52% 459/5525 8.31% 268/5525 4.85%

MSCI World 259/5525 4.69% 140/5525 2.53% 473/5525 8.56% 262/5525 4.74%

Table 5.4: Quarterly VaR Exceedances Using Normal Distribution and EWMA Methods
for BEL20, CAC40, S&P500, and MSCI World Indices at 95% and 99% Confidence Levels

From the two tables, we see that the normally distributed VaR outperforms the EWMA

VaR for all 4 indices. Indeed, the EWMA VaR has all his exceedances almost twice as

large as the normally distributed VaR, and this for the 95% and 99% VaR. We can say

that the EWMA model has a strong tendency to underestimate the risk and is not reliable

when estimating the potential risk incurred. The model based on the normal distribution

performs better on the quarterly estimates, being slightly closer to the theoretical per-

centage than for the monthly estimates. We can see that: on all figures seen before, that
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the EWMA retains extreme events to a greater extent over the estimated period because

it places more importance on the most recent returns. That leads to a big number of

exceedances.

To take this a step further into our extreme analysis, we now turn to the BMM, it

focuses on temporal block maxima, enabling us to better model extreme risks in financial

markets.
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5.2.2 Block Maxima Model (BMM)

To understand the basic principle of the BMM, let’s take a look at Figure 5.6 an ”In-

Sample” of the daily returns of the BEL20 index (extract from one in-sample period as

example for monthly and quarterly). The sample on each chart is divided into equal parts:

monthly on the left and quarterly on the right. In each of these ”blocks”, the maximum

value is selected, creating a new sequence of maximum values. In our case, we analyze

two years of ”In-Sample” data for the monthly periods, divided into months and quarters,

to see how this impacts the results obtained. These maxima are highlighted in red on the

graphs.

(a) (b)

Figure 5.5: Block Maxima Model - In-Sample Analysis (a) monthly and (b) quarterly for
BEL20 Index

From this sequence of maxima, the parameters required to estimate the GEV distri-

bution are calculated using the MLE method described in section 4.4. After estimating

these parameters for all periods, we estimate the VaR based on these parameters and

using the specific VaR function for the BMM, see section 4.5. We calculate the number of

excesses on the corresponding out-of-sample periods to know the reliability of the model.

All these results are shown in the table below for all monthly and quarterly indices.

Out-of-Sample
Monthly - VaR Exceedances Quarterly - VaR Exceedances

95% 99% 95% 99%

BEL20 - 550/6050 (9.09%) - 140/6050 (2.31%) - - 985/5525 (17.83%) - 159/5525 (2.88%) -
CAC40 486/6050 (8.03%) 122/6050 (2.02%) 808/5525 (14.62%) 151/5525 (2.73%)
S&P500 484/6050 (8%) 132/6050 (2.18%) 858/5525 (15.52%) 175/5525 (3.17%)

MSCI World 521/6050 (8.61%) 149/6050 (2.46%) 885/5525 (16.02%) 191/5525 (3.46%)

Table 5.5: Summary of VaR Exceedances Using Block Maxima Model for BEL20, CAC40,
S&P500, and MSCI World Indices at 95% and 99% Confidence Levels
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In this table 5.5 of VaR estimates for all the indices, we see that the BMM for estima-

tion over monthly periods performs better than the two previous methods in the case of

VaR at 99%. However, for estimation over a three-month period we see a direct drop in

efficiency compared with monthly periods. In this exercise, estimation using the normal

distribution works better than the block maxima. As for the VaR at a confidence level

of 95%, we see that the results are to be excluded, in fact having to deal with a model

based on extreme events estimating VaR at such a large confidence level is not optimal

and therefore a comparison with these results is not possible.

To visualise the excesses, the 95% and 99% VaR curves have been plotted in the

figures for all the indices (See appendix). These plots in figure 5.6 confirm that the BMM

is effective for predicting over one-month-periods. We can see that the 99% VaR curve

adapts well to market movements.

(a) (b)

Figure 5.6: Block Maxima Model VaR Estimations for BEL20 at 95% and 99% Confidence
Levels, (a) Monthly and (b) Quarterly

In conclusion, we are dealing with a model that performs better than the historical

models over monthly periods and with small confidence levels. However, the model is

worse when we try to estimate over longer periods and with larger confidence levels. As

the BMM takes the maximum per block, it omits the extreme potentials in second and

third place in the blocks, which limits its estimates and therefore leads to potential errors.

We will now look at our second EVT model, the POT model who may not deal with this

issue.
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5.2.3 Peak Over Threshold Model (POT)

Based on the logic of the BMM model, in the POT model, extreme values are selected in

relation to a predefined threshold which defines values as extreme if they exceed it. As

illustrated in the figure 5.7 showing the daily performance of the BEL20 index and the

MSCI World index, values exceeding this threshold are highlighted in red and, for this

example, the threshold is defined if extreme values represent 10% of the total sample. For

(Coles, 2001) , a threshold that captures 10% of the data in the sample is a good threshold

and we will base ourselves on this assumption. This 10% represents the proportion of data

considered as extreme values. Based on these extreme values, like the BMM, the POT

model uses these values to estimate GDP and the parameters of this distribution are

obtained using the MLE method described in the section 4.7.

(a) (b)

Figure 5.7: Maxima Over Threshold - In Sample monthly periods for (a) BEL20 and (b)
MSCI World Indices

To confirm this assumption of the 10% proportion, the average residuals plot is a

good graphical tool for defining the best possible threshold to best model the extreme

values above this threshold. This graph plots the average value of the surpluses above

the various possible thresholds against these thresholds, i.e. it shows the averages of

these observations as a function of this threshold. When a linear region appears, an ideal

threshold is often present in this zone because it suggests that beyond this threshold the

values will follow an exponential distribution and this is desirable for modelling a GPD. In

the example below we have plotted mean residuals life plot to visualise the phenomenon.

We see that the desirable thresholds are defined around the 50-excess data for the two

data sets, given that we are working with samples of 520. This confirms that the ideal

threshold is around the 10%. (See figure 5.9)
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(a) (b)

Figure 5.8: Mean Residual Life Plot for (a) BEL20 and (b) MSCI World Indices

Now that we have an optimal solution for finding our thresholds, we will estimate

the GPD for each in-sample to estimate the VaR thanks to this distribution on the

corresponding out-of-sample. To have optimal results we will create a confidence interval

[-0.1%, +0.1%] around the threshold and see how the estimates react. In the tables 5.6

and 5.7 below, we have VaR estimates for the monthly and quarterly estimation periods

for VaR at 95% and 99% and confidence level for the threshold.

Out-of-Sample VaR 95% VaR 99%

Monthly Lower Thresold Thresold 10% Upper Thresold Lower Thresold Thresold 10% Upper Thresold

BEL20 376/6050 (6.21%) 329/6050 (5.43%) 285/6050 (4.71%) 107/6050 (1.77%) 97/6050 (1.60%) 89/6050 (1.47%)
CAC40 358/6050 (5.91%) 319/6050 (5.27%) 286/6050 (4.72%) 80/6050 (1.32%) 88/6050 (1.46%) 100/6050 (1.65%)
S&P500 347/6050 (5.74%) 296/6050 (4.89%) 271/6050 (4.48%) 110/6050 (1.82%) 104/6050 (1.72%) 93/6050 (1.54%)

MSCI World 363/6050 (6.00%) 303/6050 (5.01%) 264/6050 (4.36%) 116/6050 (1.92%) 99/6050 (1.64%) 89/6050 (1.47%)

Table 5.6: Monthly VaR Exceedances Using Peak Over Threshold model for BEL20,
CAC40, S&P500, and MSCI World Indices at 95% and 99% Confidence Levels with
Threshold capturing 10% of the data and a confidence interval of [-0.1%, +0.1%]

Out-of-Sample VaR 95% VaR 99%

Monthly Lower Thresold Thresold 10% Upper Thresold Lower Thresold Thresold 10% Upper Thresold

BEL20 246/5525 (4.45%) 273/5525 (4.94%) 311/5525 (5.63%) 66/5525 (1.19%) 69/5525 (1.25%) 73/5525 (1.32%)
CAC40 286/5525 (5.17%) 257/5525 (4.65%) 236/5525 (4.27%) 59/5525 (1.07%) 65/5525 (1.18%) 72/5525 (1.30%)
S&P500 306/5525 (5.54%) 280/5525 (5.07%) 259/5525 (4.69%) 94/5525 (1.70%) 82/5525 (1.48%) 76/5525 (1.38%)

MSCI World 312/5525 (5.65%) 277/5525 (5.01%) 249/5525 (4.51%) 87/5525 (1.57%) 73/5525 (1.32%) 65/5525 (1.18%)

Table 5.7: Quarterly VaR Exceedances Using Peak Over Threshold model for BEL20,
CAC40, S&P500, and MSCI World Indices at 95% and 99% Confidence Levels with
Threshold capturing 10% of the data and a confidence interval of [-0.1%, +0.1%]

With the POT models, we have a clear improvement in the results obtained with each

time the percentage of excess around the desired percentage. The POT does the best job

of estimating VaR over quarterly periods at 95% confidence with the 10% threshold and
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at 99% confidence with the upper threshold, even though this is still very close to the

reference threshold. We find values very close to 5% for the 95% VaR with the reference

threshold, with an estimate that gives 5.01% excess and the furthest value is 4.65%, which

is still a very good result. As for the 99% VAR, based on the results the upper threshold

can be defined as better but with such a small spread it is difficult to conclude. As with

the previous models, here is an illustration of the 95% and 99% VAR estimation curves

in relation to the daily returns for the out-of-sample period for BEL20.

(a) (b)

Figure 5.9: Daily return for BEL20 index with VaR 95% and 99% curve estimation on
(a) monthly and (b) quarterly periods

We can therefore conclude that the POT is the best model in terms of future prediction

for VaR values. It has outperformed all other models by far with consistency across

different confidence levels and estimation periods.
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5.2.4 Conclusion

In this part of our empirical analysis, we applied Historical VaR methods and EVT meth-

ods to real data from major financial indices. The aim was to understand the distribution

of the tails of these data to accurately predict risk levels. We used the two best-known

EVT models: historical VaR methods normally distributed and EWMA, as well as the

BMM and the POT.

This analysis was crucial in comparing the effectiveness of historical and extreme mod-

els in predicting the performance of financial indices. Using real data and in-sample and

out-of-sample test periods, we were able to assess the robustness of the different models.

After all our analysis, we can conclude that EVT-based models do better than simple VaR

estimation models. Although the BMM has difficulty estimating low confidence levels, it

performs well at higher confidence levels. Of these four models, the POT is clearly the

most effective, with results for each index very close to the theoretical ones, over the two

confidence levels and the two time horizons. The results obtained are very close to 5%

for the VaR (5.01%) and very close to 1% for the 99% VaR (1.18%).
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Through this master’s thesis, we were able to explore a part of risk management, focusing

on extreme events using different models. We have described in detail the traditional VaR

measure and, alongside this, models based on EVT. This has enabled us to understand

how they work in predicting financial losses.

The theory part lays the groundwork by defining risk in financial context, highlighting

their natures and the real challenges in estimating them.

The historical risk methods, normally distributed and EWMA VaR, which are much

simpler to implement, show us some difficulties in predicting extreme events, in view of

the results, which are a long way from the expected theoretical results wich is 1% for

VaR at 99% (EWMA method has a percentage error of around 4.5% for monthly esti-

mates at 99% VaR, while POT performs at around 1.30%). In the meantime, the VaR

method estimated based on the normal distribution gives good results on the 95% confi-

dence level. Its results are close to 5% performing better in quarterly periods. The block

maxima model has shown its limitations, with values completely out of range at around

17% over the 95% confidence level and around 2% on the 99% confidence level. This can

be explained by the way it selects extreme values, only one per block, which means that

it omits a large number of them. One thing has become clear: so-called classic historical

method based on the normal distribution is reliable at confidence levels as high as 95%,

but extreme models are indispensable when confidence levels rise drastically. Despite the

fact that this is an extreme model, it is impressive to see that the POT model performs

just as well at 95% confidence levels as at 99%.

The results above confirmed our initial hypotheses on the impact of the periods stud-

ied, which influenced our results in our case. At the same time, we have succeeded in

presenting a method that is both effective and reliable for predicting maximum losses over

a given period. Applying this to the Belgian market gives us an idea of the kind of data

that anyone could be confronted with in their financial life.

Through this master’s thesis, we have been confronted to limitations, as the data selec-

tion, although the best-known financial indices, do not capture all future market dynamics

and can be paired with other data to make more realistic predictions. Arbitrary choices

had to be made for the models, such as the choice of period length for the blocks of BMM

and the choice of in-sample and out-of-sample for our analyses, which may impact our

36
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results.

Future research should consider expanding the dataset to include more varied market

conditions and integrating additional financial metrics to enhance the robustness of the

models. This would involve longer time frames and a greater diversity of financial instru-

ments to better capture the dynamic nature of markets. Combine other risk assessment

metrics such as Expected Shortfall to work with coherent risk measure. Further study of

the POT model, which has produced excellent results, coupled with other models could

perform even better and try to extract even more robust estimates.

Taken as a whole, this work offers a good basis for future research, combining both

the theoretical aspects developed and the application of models to best protect ourselves

from the extreme losses to which we are exposed as financial players. In the hope that the

methods explored here will contribute to better risk management, enabling us to navigate

more serenely on these volatile and uncertain markets.
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(a) (b)

Figure A.1: Histograms of Daily Returns for (a) CAC40 and (b) S&P500 Indices Com-
pared with Normal Distribution

(a) (b)

Figure A.2: Quantile-Quantile Plots for S&P500 and MSCI World Indices

40
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(a) (b)

Figure A.3: VaR Estimates Using Normal Distribution Method and EWMA Method for
(a) monthly periods for MSCI World and (b) quarterly periods for BEL20

(a) (b)

Figure A.4: VaR Estimates Using Normal Distribution Method and EWMA Method for
(a) monthly and (b) quarterly periods for CAC40
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(a) (b)

Figure A.5: VaR Estimates Using Normal Distribution Method and EWMA Method for
(a) monthly and (b) quarterly periods for S&P500

(a) (b)

Figure A.6: Peak-Over Threshold model VaR 95% and 99% estimations for CAC40 on
(a) monthly and (b) quarterly periods
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(a) (b)

Figure A.7: Block Maxima Model VaR 95% and 99% estimations for S&P500 on (a)
monthly and (b) quarterly periods

(a) (b)

Figure A.8: Block Maxima Model VaR 95% and 99% estimations for MSCI World on (a)
monthly and (b) quarterly periods
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