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1.1. Context presentation

The analysis of networks or graphs is a highly researched field in the areas of applied math-

ematics and computing. Recent development in IT resources considerably increased cal-

culating power and thus the ability to tackle problems that can be represented as enor-

mous networks. This leads to the extended usage of graphs in various areas of science,

such as biology, chemistry, physics, pattern recognition, data mining and machine learning

[6, 28, 51, 59, 73, 99].

Broadly speaking, a graph is a mathematical structure that contains a certain number of

elements called nodes. These can be paired using links known as edges if a relationship ex-

ists between them. For instance, the most popular network used by millions of people daily,

the World Wide Web, has pages connected by hyperlinks. Another well-known example

is the map of telephone communications, which is often used to introduce the concept of

clustering. The aim of clustering is to gather the nodes into groups that represent real-world

communities. To do this, it may utilize all information contained in the graphical framework.

One of the problems with the process of clustering is how to quantify the nodal connections

in a network to construct communities. This can be solved by exploring the distance be-

tween vertices. Indeed, it is precisely the main subject of this thesis, and we attempt to

address this issue using the best possible approach.

There are several methods to define nodal distance, some of which are presented below.

Originally, the scientific research focused mainly on two basic techniques, the shortest-path

and the resistance distances. The latter is also called the commute-time distance. However,

they suffer from some significant flaws [62, 63]. The former depends only on the most di-

rect routes and thus fails to integrate the “degree of connectivity” between two nodes. This

means that if the shortest-path distance between two pairs of vertices is constant, then two

nodes connected by one path should be considered as similar as any other pair joined by

several routes.

1
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Another limitation emerges in computing the interval from a given node, the shortest-path

method usually provides many ties, or equidistant vertices [32]. In short, this approach

fails to take the entire graphical structure into account [62, 63]. On the other hand, the

commute-time distances converge to yield a useless value, depending only on the degrees of

the two vertices when the size of the network increases : the random walker becomes “lost

in space” because the Markov chain mixes too quickly [62, 63].

Recent papers have introduced various distance measures that try to avoid these shortcom-

ing. This thesis presents some of these methods before attempting to identify the most ideal

techniques. The two main contributions can be therefore summarized as :

! First, an exhaustive experimental comparison between the different similarity or dis-

similarity measures presented in [29].

! Next, a experimental comparison between the best methods of [29] and a brand new

method, the randomized optimal transport introduced in [38].

To this effect, I first present the contents of my study in the next section.

1.2. Contents

Following the introduction, Chapter 2 addresses the theoretical aspect of the topic. First,

I reitarate some basic and useful concepts about graphs to etablish an agreement on the

relevant definitions. Afterwards, I describe most of the distance measures presented in [29].

Finally, I present a detailed discussion about an original solution introduced by [38].

Next, in Chapter 3, I outline the procedures used to test the different methods. This sec-

tion also explains the statistical tools for comparing them and presents the datasets on the

graphs utilized for the evaluation.

Chapter 4 focuses on the results and attempts to make inferences using the tools introduced

in the previous segment.

Finally, I explain the limitations of my work and possibilities for further investigations in

Chapter 5 before concluding in Chapter 6.
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Theoretical part

2.1. Preliminaries

This chapter begins with a short theoretical prelude about the fundamentals of networks or

graphs. I then describe the matrices and tools used in the remainder of this thesis. This

section is largely inspired by [9, 29, 35, 51, 73, 86] and readers are encouraged to consult

original sources for further details.

2.1.1. Networks and graphs

A network or graph G = (V ,E) is a mathematical structure that contains

! A finite, nonempty set V of n elements known as nodes (or vertices); it represents

objects or entities in the real world and,

! a set E ⊆V×V of m elements called edges (or links) which couple nodes. Links repre-

sent the existence of a connection between two objects.

As said before, there are various examples of graphs. One is a social network, where the

entities are the users and the edges are the relationships between them. Another case can be

that of molecules (where the atoms and the chemical bonds are the vertices and the edges,

respectively) or subway maps (with the stations and the lines).

First, a network is undirected if the edges have no orientation; this means that for all links

(i , j ) ∈ E , the edges (i , j ) and ( j , i ) are identical. Conversely, (i , j ) ̸= ( j , i ) for a directed plot.

Second, in a weighted graph, the weight wi j is associated with each link represents the

affinity between the node i and the node j . Third, a network is simple if there is at most a

single edge between two vertices and if it has no self-loop (edge starting and ending at the

same node). In the following sections, I only consider the last case.

2.1.2. Useful matrices and tools

Adjacency matrix

The adjacency matrix of a graph G is an n ×n matrix containing its structure. For an

unweighted network, the entries ai j take binary values and are defined as

ai j = [A]i j "
{

1 if i → j ∈ E
0 otherwise.

(2.1)

For its weighted counterpart, we can identify two different adjacency matrices. The former

is defined as before and ai j records the presence or the absence of a link between i and j .
The latter considers the affinities wi j between nodes and is described by

ai j = [A]i j "
{

wi j if i → j ∈ E
0 otherwise.

(2.2)

4



2.1. Preliminaries

Note that the adjacency matrix of an undirected graph is always symmetric. As there are

simple networks, the diagonal of A is filled with zeroes.

Volume of a graph

The volume of G is simply the sum of all its affinities. To obtain this value, it is sufficient

to add all the entries in the adjacency matrix:

vol(G) =
n∑

i , j =1
ai j = a••. (2.3)

Diagonal degree matrix

From the adjacency matrix, it is also possible to compute the degree of each node. For an

undirected graph G, the sum of row i ,
∑n

j =1 ai j = ai• is equal to that of column i ,
∑n

j =1 a j i = a•i .

These totals correspond to di , the degree of vertex i . In matrix form, we can derive the

n ×1 degree vector from

d " Ae, (2.4)

where e is a unit column vector of length n (i.e., e = [1,1, . . . ,1]T).

In the directed case, the sums of the ith row and of the ith column are no longer equal. We

refer to the latter value as the indegree of node i and the former as its outdegree. In matrix

form, these two vectors are respectively written as

di " ATe, (2.5)

do " Ae. (2.6)

Finally, the diagonal degree matrices are determined by placing the elements of the degree

vectors on their diagonals. For directed graphs, we obtain Di = Diag(di ) and Do = Diag(do);
for the undirected scenario, it is simply D = Diag(d).

Cost matrix

In addition to the affinities within the adjacency matrix, non-negative costs are sometimes

assigned to the edges of G. This can be regarded as the difficulty in moving from one side

of the link to the other. In some cases, we may compute the costs from the affinities by

setting ci j = 1/ai j . We defined this matrix as

[C]i j "
{

ci j if i → j ∈ E
∞ otherwise.

(2.7)

5



Theoretical part

Transition matrix

Assuming that each node has at least one outgoing link, we can allocate the transition

probabilities, which are calculated [37, 49, 74] by

pi j "
ai j∑n

j ′=1 ai j ′
=

ai j

ai•
. (2.8)

These quantities may be interpreted as the likelihood that a random walker on a graph at

node i travels towards j . We can add the probabilities that are directly proportional to the

affinities of edges i → j . In matrix form, this generate

P = D−1
0 A, (2.9)

where P is the stochastic transition matrix.

Laplacian matrix and its normalized variant

The Laplacian matrix is a quantity appearing in two configurations across various concepts.

The elements of the unnormalized variety for simple undirected graphs are characterized by

li j "
{

di if i = j
−ai j otherwise.

(2.10)

In matrix form, this becomes

L"D−A. (2.11)

Some properties of the above matrix are important. First, if the graph is symmetric, then

so is L, which is ranked n −1 [18]. Next, this matrix is doubly centered; if 0 is a column

vector made of zeroes then Le = 0 and eTL = 0T (the sum of the elements in each row and

column of L is equal to zero).

The normalized L̃ is defined [1, 18, 98] as

L̃"D− 1
2 LD− 1

2 = I−D− 1
2 AD− 1

2 , (2.12)

or elementwise as

l̃i j "

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1− ai j)
di d j

if i = j

− ai j)
di d j

otherwise.

(2.13)

Pseudoinverse of the Laplacian matrix

The final matrix that plays an important role in the following chapters is the Moore-Penrose

pseudoinverse of the Laplacian matrix. The pseudoinverse is the generalization of the in-

verse matrix in situations where the latter is not well defined - i.e., for rank-deficient cases

6



2.2. Distances and kernels on a graph

and non-square matrices [4, 5, 7, 8, 42, 80, 85]. As previously mentioned, the Laplacian

matrix has rank n − 1 and thus we have to discuss the pseudoinverse. There are in fact

several types of thereof and Moore-Penrose is the one of interest; it is based on singular

value decomposition (SVD).

Since the Laplacian matrix is real, symmetric and positive semi-definite, its spectral decom-

position is also an SVD [5]. Thus, noting the eigenvalues and eigenvectors of L as {λk ,uk }n
k=1,

its pseudoinverse is expressed as

L+ =
n−1∑

k=1

1
λk

uk uT
k . (2.14)

As it is also doubly centered, the Moore-Penrose pseudoinverse can be computed by the

formula [80]

L+ =
(
L+ eeT

n

)−1

− eeT

n
. (2.15)

2.2. Distances and kernels on a graph

This section briefly recapitules the notions of (dis)similarity measures, distances and kernels

on a graph. It is also largely inspired by [29], in which the interested reader can obtain more

details.

2.2.1. Notion of (dis)similarity measures

Similarity measure is the ability to determine if two objects are alike [24, 83, 93]. The

simple, underlying intuitions are summarized in [61] whose definitions are adopted :

! The similarity between two entities is related to their commonality; the more com-

monality they share, the more similar they are.

! Symmetrically, the reverse is true. The similarity between two entities is related to

the difference between them; the higher the difference between two objects, the less

similar they are.

! Maximum similarity is achieved when the items are identical, no matter how much

they have in common.

Mathematically, the notion of dissimilarity is more standardized than that of similarity (see,

for example, [24, 36, 43, 57, 93]). Let ∆ be a dissimilarity measure over a set of objects,

and let ∆i k be that between the objects i and k; ∆i k has to be :

! Nonnegative : ∆i k ≥ 0 for all i ,k.

! Symmetric : ∆i k =∆ki for all i ,k.

! Calibrated to zero : ∆i k = 0 if and only if the objects i and k are identical.

7



Theoretical part

The last condition implies that two different entities have a strictly positive dissimilarity,

and that ∆i i = 0 for all i (reflexivity). It may be added that if, in addition, the measure

satisfies the triangle inequality

! ∆i k ≤∆i j +∆ j k for all i , j ,k,

then it is known as a distance measure [24, 36, 43, 57, 93].

On the other hand, the similarity level is less standardized. Let s be a similarity measure

over a set of objects, and let si k be that between i and k. The first condition is denoted by

[36]

! s indicates a symmetric relationship : si k = ski for all i .

In addition, [68] includes three reasonable properties:

! si k > 0 for all i ,k.

! si k increases with the similarity between i and k.

! si k ≤ skk for all i ,k.

In fact, some families of similarity may violate one of the above. For instance, the Jaccard

index [41] is bounded by unity, 0 ≤ si k ≤ 1, and the cosine similarity [27] satisfies −1 ≤ si k ≤ 1.

2.2.2. Kernel on a graph

Kernels on graphs are useful mathematical tools for capturing the similarity between sets

of nodes. The present experiments derive kernels from each distance measure to obtain the

best similarity measurements. This section recalls the basic theory and properties about

kernel matrices. For more information, the interested reader may refer to [53, 84, 87].

A kernel is a function that maps two objects to a real number, thus capturing the similarity

between them. If the entities and their characteristics are denoted by vectors, their simi-

larity is the results of an inner product between these representations. The vectors do not

need to be computed, because the kernel function captures the outcome directly. In our case,

the objects are the nodes of a graph, and their similarity is induced by the network structure.

Mathematically, we have a function:

k(i , j ) :V ×V →R, (2.16)

that returns a real number R for two objects i , j ∈ V . After calculating R for each pair

(i , j ) ∈V×V, the results are placed in a grid
{
[K]i j = ki j = k(i , j )

}n
i , j =1 called the kernel matrix,

which must satisfy two conditions [84, 87].

! K must be symmetric : ki j = k j i for all i , j ∈V and

! K must be positive semi-definite : xTKx ≥ 0 for all x ∈Rn .
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2.2.3. The shortest-path distance

To illustrate the concept of distance between two nodes on a graph, we briefly recall the

most popular measure: the shortest-path or geodesic distance. As mentioned before; how-

ever, this method suffers from many disadvantages, since it does not consider the entire

structure of the network. For this reason, the approach is not tested in our experiments.

The shortest path distance between each pair of vertices is simply the set of edges connecting

them at minimum cost. Those with no paths joining them are disconnected, and the smallest

distance between them is infinity. When the values are computed, they are recorded in a

distance matrix ∆SP.

2.3. Kernels from distances

Our investigation requires the centered kernel matrices, which is determined directly by

some of the (dis)similarity measures. On other cases, a kernel matrix can be obtained from

a Euclidean distance measure. This can be done in two ways, both of which are evaluated

in the study; they are described below.

2.3.1. Multidimensional scaling

The first method is based on multidimensional scaling [10, 20]. We can obtain a centered

kernel matrix K from a distance ∆ as follows:

Kmds = −1
2

H∆(2)H (2.17)

where H = (I− eeT

n ) is the centering matrix and ∆(2) is the elementwise squared distance.

2.3.2. Gaussian mapping

Another way to convert a distance into a kernel is Gaussian mapping [84], which is defined

by

Kg = exp
[
−∆(2)/2σ2] . (2.18)

The last step to do after these transformations is to ensure that the kernel matrices are

positive semi-definite. For this, it is possible to remove the negative eigenvalues from the

spectral decomposition [68]; this is applied in all the experiments in this thesis.

2.4. Similarity measures between nodes

In this section, I briefly outline some similarity measures between the nodes of a graph; these

are located in Chapter 2 of [29]. Only the methods for which [29] provides an algorithm are

9
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described here and tested in my investigation. Again, more explanations, properties and

examples are given in [29]. The Matlab™ code for implementing the procedures is in the

appendices.

2.4.1. Katz index and its Leicht’s extension

this technique, proposed in [48], accounts for the number of indirect links between vertices,

in addition to the direct ones. The Katz similarity matrix is defined by

KKatz" αA+α2A2 + . . .+ατAτ+ . . . =
∞∑

t=1
αt At = (I−αA)−1 − I (2.19)

where A is the adjacency matrix, and α is a discounting factor that has the influence of

the ”likelihood of effectiveness of a single link” [48]. The parameter may be viewed as the

attenuation in the link; α = 0 corresponds to a complete attenuation while α = 1 is the absence

thereof.

An extension subsequently proposed by Leicht and al. in [58] consists of the Katz index

divided by the degrees of the starting and ending nodes; this is represented as

KLeicht"D−1(I−αA)−1D−1. (2.20)

Algorithm 2.2 of [29] describes the two measures above.

2.4.2. Commute-time distance and Euclidean commute-time distance

The commute-time distance n(i , j ) between the nodes i and j is defined as the average

number of steps that a random walker, starting at i ̸= j , needs to take to reach j for the first

time before returning to its starting node i :

n(i , j ) = m(i , j )+m( j , i ).

In the above formula m(i , j ) is the average first-time passage [11, 49, 74, 92]. Both of

these quantities are global dissimilarity measures [60] that only integrate the degree of

connectedness. In matrix form, the commute-time distance can be written as

∆CT = vol(G)
(
diag(L+)eT +e(diag(L+))T −2L+)

. (2.21)

Moreover, because of the positive semi-definiteness of L+, the elementwise square root of

this interval is also a measure of distance that has as particularity to be Euclidean. The

Euclidean commute-time distance is thus denoted by

∆ECT =∆
( 1

2 )
CT =

[
vol(G)

(
diag(L+)eT +e(diag(L+))T −2L+)]( 1

2 )
. (2.22)

More recently, a corrected version of these two measures was proposed in [62]. The underly-

ing principle is to express the initial measure as a series of terms of decreasing significance

10
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before removing the two, which results in an inconvenience. In this manner, we obtain

∆CCT = ∆CT −vol(G)
[
diag(D−1 +D−1AD−1)eT

+e(diag(D−1 +D−1AD−1))T −2(D−1 +D−1AD−1)
]

(2.23)

∆CECT = ∆
( 1

2 ).
CCT (2.24)

Algorithm 2.3 of [29] computes these four distances.

2.4.3. SimRank similarity measure

SimRank [45] generalizes the co-citation matrix1[88]. It can be calculated by induction with

the initialization K(0) = I as follows:

{
K′(t +1) = αQTK(t )Q,
K(t +1) = K′(t +1)−Diag(K′(t +1))+Diag(di > 0).

(2.25)

The above is iterated until convergence occurs. The matrix Q contains the elements qi i ′ =
ai i ′/a•i ′ when a•i ′ ̸= 0 or qi i ′ = 0 otherwise; it can be written as Q = A(Diag(eTA))+. The results
is expressed as Algorithm 2.4 from [29].

2.4.4. Exponential diffusion kernel and Laplacian exponential diffusion kernel

The following similarity measures are based on kernels on a graph. They have the property

that they increase with the number of paths connecting two nodes increases while their

lengths decrease. First, we define the exponential diffusion kernel introduced by Kondor

and Lafferty in [52] as

KED"
∞∑

t=0

αt At

t !
= expm(αA). (2.26)

As noted, the element (i , j ) of the matrix At corresponds to the number of paths of length

t between the node i and node j . Thus, the kernel considers all paths between the nodes,

discounting them according to t with a factor of αt /t !.

The Laplacian exponential diffusion kernel introduced in [52, 89] is an alternative to KED

that substitutes the opposite of the Laplacian matrix for the adjacency one. It is expressed

as

KLED" expm(−αL). (2.27)

Algorithm 2.6 of [29] addresses this case.

1aslo known as bibliographic coupling, the co-citation score compares two papers and considers they are

similar if the two documents are both cited by a lot of common documents (simco-cite(i ,k) = [AT A]i k).
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2.4.5. Modified regularized Laplacian kernel

To describe this type of kernel, we begin by introducing the original version [13, 14, 40, 89]

computed by

KRL"
∞∑

t=0
αt (−L)t = (I+αL)−1, (2.28)

with 0 < α< ρ(L)−1.

To obtain the modified form, it is necessary to present the parameter γ, which controls the

importance and relatedness [40]. This modifies the Laplacian matrix such that Lγ " γD−A,
where 0 < γ< 1. Therefore, the measure is defined by

KMRL"
∞∑

t=0
αt (−Lγ)t = (I+αLγ)−1 (2.29)

Algorithm 2.7 of [29] calculates the modified regularized Laplacian kernel.

2.4.6. Commute-time kernel

This variable [30, 82] takes its name from the average commute-time n(i , j ). It applies the

transformation explained in section 2.3.1 to equation 2.21:

K = −vol(G)
2

H
(
diag(L+)eT +e(diag(L+))T −2L+)

H

= −vol(G)
2

(−2HL+H)

= vol(G)L+,

where He = 0 and HL+H = L+ are used, because the Moore-Penrose pseudoinverse is already

centered. The elements of L+ can measure the similarity between the nodes up to a scaling

factor. From there, we simply formulate the commute-time kernel as

KCT" L+. (2.30)

As in the case of distance, a corrected version of this kernel is proposed in[62]. this is written

as

KCCT = HD− 1
2 (I−M)−1MD− 1

2 H, (2.31)

with M = D− 1
2

(
A− dd T

vol(G)

)
D− 1

2 .

Algorithm 2.8 of [29] represents this situation.
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2.4. Similarity measures between nodes

2.4.7. Regularized commute-time kernel and random walk with restart
similarity

The next two similarity measures are based on a discrete diffusion process. The first, the

regularized commute-time kernel from [102], is linked with the commute-time kernel. In-

stead of taking the pseudoinverse of the Laplacian matrix, however, we only apply a simple

regularization, which leads to

KRCT" (D−αA)−1, (2.32)

with α ∈ ]0,1[.

The random walk with restart similarity [76, 94, 95] is inspired by the PageRank algorithm

used by Google [12, 54, 75]. Where it differs from the previous case is at each step, the

random walker has the possibility of restarting at the initial node i . The final situation is

depicted as follows:

KRWR" (I−αP)−1 = (D−αA)−1D. (2.33)

We should note that this is not a valid kernel and has to be transformed into one for our

investigation. It is illustrated by Algorithm 2.9 from [29].

2.4.8. Markov diffusion distance and kernel

The main idea here is to develop a valid kernel by adapting the definition of diffusion distance

[19, 70, 71, 78, 79] to discrete-time processes and periodic Markov chains. The Markov

diffusion distance was originally proposed almost simultaneously by Coifman, Nadler et al.

in [19, 70] and Pons and Lapaty [78] as

∆2
i j (t )"

n∑

k=1
wk (xi k (t )−x j k (t ))2 with wk =

1
πk

. (2.34)

The variable xi k (t ) = P(s(t ) = k|s(0) = i ) corresponds to the probability that the random walker

starting from i is at k after t steps. Moreover, wk > 0 is a weighting factor associated at

each state k equal to the inverse of the stationary distribution of the Markov chain, π.

This definition, however, is not appropriate for periodic Markov chains, and it is therefore

preferable to take the mean quantity over a time window t . The result is the definition

below for the original and time-averaged Markov diffusion square distances:

∆(2)
MD(t ) = diag

(
Z(t )Dw ZT(t )

)
eT +e

(
diag

(
Z(t )Dw ZT(t )

))T −2Z(t )Dw ZT(t ) (2.35)

with Z(t ) =

{
Pt for the original definition of the Markov distance
1
t
∑t

τ=1 Pτ when averaging over a time window,

where Dw = Diag(w) is a diagonal matrix containing the weights.
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To obtain the Markov diffusion kernel [31], we use adopt the conversion outlined in Section

2.3.1. We obtain

KMD(t ) = HZ(t )Dw ZT(t )H (2.36)

with Z(t ) =

{
Pt for the original definition of the Markov distance
1
t
∑t

τ=1 Pτ when averaging over a time window.

Algorithm 2.10 of [29] computes these measures.

2.5. Families of dissimilarity between nodes

This section explores the families of dissimilarity between nodes from Chapter 3 of [29].

These families have appeared due to the flaws of shortest-path and the commute-time dis-

tances noted in the introduction. To fix this problem, several researchers have proposed

using distances that interpolate between the two techniques [3, 15, 17, 32, 50, 101]. These

families are named for their dependence on a continuous parameter to categorize distances.

This parameter controls the interpolation; at one limit of its value, these quantities converge

to form the shortest-path distance, while the other end indicates the commute-time distance.

Once again, I have chosen to follow the development of the previous section. Only families

of dissimilarity for which [29] provides an algorithm are described here, and the Matlab™
codes can be found in the appendices. The interested reader is alos encouraged to look for

the details in [29] from which this section is largely inspired.

2.5.1. Logarithmic forest distance

The logarithmic forest distance introduced by Chebotarev in [15] is a family of distances

whose construction is based on the matrix forest theorem [13, 16]. After defining the regu-

larized Laplacian kernel (see equation 2.28), Chebotarev has computed a new matrix S as

follows: {
S = (α−1)logα KRL when α ̸= 1
S = lnKRL when α = 1,

(2.37)

where α > 0, and the logarithmic function determines the components of the matrix KRL

elementwise. Finally, the logarithmic forest distance matrix is denoted [15] by

∆LF" diag(S)eT +e
(
diag(S)

)T −2S, (2.38)

where the expression on the right hand side is the standard transformation to obtain a

squared distance from a symmetric similarity measure when it is an inner product (inverse

transformation from Section 2.3.1). Algorithm 3.1 from [29] generates the forest distance

matrix.
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2.5. Families of dissimilarity between nodes

2.5.2. Bag-of-paths probability matrix

All families of distances described henceforth are based on the bag-of-paths framework

[32]. This framework is first explained before the families of dissimilarity are defined. The

principal idea of the structure is the probability of picking a path starting at node i and

ending at j from a bag-of-paths [23, 32, 50, 56, 67] containing objects with the following

properties:

! The entities are paths,℘ , of arbitrary lengths.

! Paths are sampled from the infinite, countable, bag-of-paths with replacement.

! Each route is weighted according to its total cost, c̃(℘). The likelihood of drawing a

low-cost path is higher than drawing a high-cost one.

To obtain the probability, we need to use the transition probability matrix P (equations 2.8

and 2.9), known as the reference form Pref in this case. We also require the cost matrix C,
which contains the costs ci j of each edge and enables computation of the total thereof for a

path c̃(℘) by simply summing the local costs of the links belonging to the route.

The last step is to find the likelihood distribution on the set of paths. Some calculations

reveals a Gibbs-Boltzmann probability distribution [32] defined by

P(℘) =
P̃ref(℘)exp

[
−θc̃(℘)

]

∑
℘′∈P

P̃ref(℘′)exp
[
−θc̃(℘′)

] =
π̃ref(℘)exp

[
−θc̃(℘)

]

∑
℘′∈P

π̃ref(℘′)exp
[
−θc̃(℘′)

] , (2.39)

where

π̃ref(℘i j )"
t∏

τ=1
pref

kτ−1kτ
(2.40)

is the product of the transition probabilities along path ℘i j , whose starting and ending nodes

are known, and θ is the parameter that controls the exploration carried out the graph. The

greater the value of θ, the smaller the amount of examination performed, and only the

lowest-cost routes between vertices are chosen. Conversely, a small θ allows each path to be

selected according its likelihood.

We are now able to express the bag-of-paths probability of drawing a path starting from i
to j as

P(s = i ,e = j ) =

∑
℘∈Pi j

π̃ref(℘)exp
[
−θc̃(℘)

]

∑
℘′∈P

π̃ref(℘′)exp
[
−θc̃(℘′)

] . (2.41)

To compute this in closed form, we need to introduce a new matrix as follows:

W " Pref ◦exp[−θC] (2.42)
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where ◦ represents the Hadamard2 matrix product, and the exponential function is also

taken elementwise.

Moreover, if θ> 0 and at least one ci j > 0 when ai j > 0, the series of powers of W converges

and we can pose the fundamental matrix [49]

Z"
∞∑

t=0
Wt = (I−W)−1. (2.43)

This last matrix allows to compute the bag-of-paths probability: [32] as

P(s = i ,e = j ) =
zi j

z••
, (2.44)

with z•• =
∑n

i , j =1 zi j . In matrix form, we have

Π =
Z

z••
. (2.45)

Algorithm 3.2 from [29] determines the bag-of-paths probability matrix.

2.5.3. Bag-of-hitting-paths probability matrix

Here, we restrict the abovementioned distance by only accepting the paths whose terminal

node does not appear more than once. The ending vertex has to occur only at the end

of the path. It is necessary to modify the fundamental matrix to identify the so-called

bag-of-hitting-paths probabilities [32] as follows:

Zh = ZD−1
h with Dh = Diag(Z). (2.46)

We can now define this probability:

Ph(s = i ,e = j ) =

∑

℘∈Ph
i j

π̃ref(℘)exp
[
−θc̃(℘)

]

n∑
i ′, j ′=1

∑

℘′∈Ph
i ′ j ′

π̃ref(℘′)exp
[
−θc̃(℘′)

] =
zi j /z j j

n∑
i ′, j ′=1

(zi ′ j ′/z j ′ j ′)
. (2.47)

In matrix form, this may be written as

Πh =
Zh

eTZhe
=

ZD−1
h

eTZD−1
h e

. (2.48)

This version of the bag-of-hitting-paths probabilities includes the zero-length paths starting

and ending at the same node. The other form, which omits these routes, is expressed as

Πh =
ZD−1

h − I

eT(ZD−1
h − I)e

. (2.49)

Algorithm 3.3 of [29] calculates Πh and Πh.

2= elementwise
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2.5.4. The bag-of-hitting-paths surprisal distance matrix

We can now derive a distance measure from the bag-of-hitting-paths framework introduced

in the previous section3. This takes the associated weighted surprisal measure, − logPh(s =
i ,e = j ), which quantifies the level of “surprise” generated by the event (s = i )

∧
(e = j ) as an

interval after it has been symmetrized. The surprisal distance can then be defined [32] by

∆h
i j =

⎧
⎨

⎩
− logPh(s = i ,e = j )+ logPh(s = j ,e = i )

2
if i ̸= j

0 if i = j
(2.50)

=

⎧
⎪⎨

⎪⎩
−

log
(

zi j /z j j

Z

)
+ log

(
z j i /zi i

Z

)

2
if i ̸= j

0 if i = j

,

where Z =
∑n

i , j =1
zi j

z j j
is a dissimilarity measure (Section 2.2.1), ∆h

i j is symmetric, ∆h
i j ≥ 0 and

∆h
i i = 0 for all i , j . It is also possible to prove that the triangle inequality is satisfied. We

therefore conclude that this is an adequate indicator.

Even if the surprisal distance does not depend directly on a parameter, it is nevertheless a

family of distance, because it is influenced by the inverse temperature parameter θ = 1/T,
owing to its link to the bag-of-hitting-paths framework.

In matrix form, the surprisal distance can be written as

∆h = −
(

logΠh + logΠT
h

2

)

−Diag

(

−
logΠh + logΠT

h

2

)

. (2.51)

This is computed using Algorithm 3.4 of [29].

2.5.5. The bag-of-hitting-paths potential, or free energy, distance matrix

This new distance measure is closely related to the surprisal distance introduced in Section

2.5.4 and to a routing algorithm developed in [91]. It is based on the quantity

φ(i , j )"−1
θ

log
zi j

z j j
, (2.52)

which is known as the directed potential distance or the directed free energy distance be-

tween i and j [32]. Recall that zi j is an element of the fundamental matrix (equation 2.43).

From this quantity, the potential (or free energy) distance [32, 50] is then

∆φ
i j "

⎧
⎨

⎩

φ(i , j )+φ( j , i )
2

if i ̸= j

0 if i = j
(2.53)

Algorithm 3.5 of [29] can be used to calculate this distance matrix.

3Only the version including the zero-length paths.
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2.5.6. Randomized shortest-path dissimilarity

Again, based on the bag-of-paths framework, this new dissimilarity interpolates between the

shortest-path and half of the commute-time distances [50, 101]. We may say that the walker

adopts a ”randomized” strategy that is biased towards the routes with lowest cost [81], from

which the distinction takes its name.

To compute this measure, we have to determine the randomized shortest-path cost between

the two nodes i and j . It is actually the expected value over all hitting paths connecting

the vertices, as expressed by

〈c̃〉i j = E[c̃] =
∑

℘∈Ph
i j

P(℘)c̃(℘) =

∑

℘∈Ph
i j

π̃ref(℘)exp
[
−θc̃(℘)

]
c̃(℘)

∑

℘′∈Ph
i ′ j ′

π̃ref(℘′)exp
[
−θc̃(℘′)

] . (2.54)

From there, we define the randomized shortest-path dissimilarity [50, 81, 101] between i and
j as the average of the expected cost traveling from i to j and going back again,

∆RSP
i j "

〈c̃〉i j + 〈c̃〉 j i

2
, for i ̸= j . (2.55)

Using algebraic notions, we can rewrite equation 2.54 as

〈c̃〉i j =
eT

i Z(C ◦W)Ze j

zi j
−

eT
i Z(C ◦W)Ze j

zi j
. (2.56)

By denoting matrix S = (Z(C ◦W)Z)÷Z, where ÷ is the elementwise division, we obtain the

form for the randomized shortest path dissimilarity matrix [50, 101],

∆RSP =
S +ST −e(diag(S))T −diag(S)eT

2
. (2.57)

This is unfortunately not a distance, because it does not verify the triangle inequality.

Nonetheless, it is a family of dissimilarity, as it depends on θ and converges to indicate the

shortest-path distance when θ→∞ while providing half of the commute-time distance when

θ→ 0+. The calculation of ∆RSP utilizes Algorithm 3.6 of [29].

2.5.7. Bag-of-paths absorption probabilities

The next quantity of interest from the same framework is the probability of absorption when

the starting state form a transient state of the network [25, 37, 49, 55, 92]. The first stage

is choosing the vertices to investigate - the absorbing nodes. To create these, we have to set

the corresponding rows of matrix W to zero such that a random walker cannot go further.

The resulting matrix is called Wa .
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The likelihood of note now is that of absorption by the node α ∈A, knowing that the starting

point of the path is i ∈ T . The symbols A and T represent the sets of the absorbing and

transient vertices, respectively. By defining the matrix Za = (I−Wa)−1, the probability in

question [55] is indicated by

P(e = α|s = i ) =
za

iα∑
α′∈A

za
iα′

. (2.58)

The method to compute this likelihood with simple matrix manipulations can be found in

Algorithm 3.7 of [29].

2.5.8. Bag-of-paths covariance measure between nodes

The final measure based on the bag-of-paths framework uses the covariance between the

nodes of a graph [67]. The principle is that two vertices are considered highly correlated if

they often co-occur together on the same, preferably short, paths. The parameter θ is again

of significance; the larger its value, the more local the covariance, whereas a small θ denotes

consideration for the global structure.

Calculating the covariance between nodes requires taking into account the regular routes.

Zero-length paths are excluded; they only involve one vertex and are therefore irrelevant.

The process involves some notions; the partition function Z̄ is defined as the denominator

of the Gibbs-Boltzmann (equation 2.39). In the case without zero-length paths,

Z̄ = z••−n. (2.59)

Next, we need some quantities related to the free energy by standard results of statistical

physics [26, 44, 47, 77]. The first is the expected number of times the link k → k ′ occurs on

a path sampled from a bag-of-paths is equal to the partial derivative of the free energy

n̄(k,k ′)" ∂φ

∂ckk ′
= −1

θ

∂ logZ̄
∂ckk ′

. (2.60)

This allows us to determine the estimated number of passages through node l as

n̄l "
n∑

k=1
n̄(k, l ). (2.61)

Subsequently, we can obtain the centered, expected instances that k → k ′ and l → l ′ are
traversed together along a path [67] by taking the second-order partial derivative,

n̄(k,k ′; l , l ′)" 1
θ2

∂2(logZ̄)
∂cll ′∂ckk ′

. (2.62)

This value already represents a covariance but between edges. To calculate that between

nodes, we have to consider the expected number of incoming transitions by summing the

last quantity for

cov(k ′, l ′) =
n∑

k,l =1
n̄(k,k ′; l , l ′). (2.63)
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This leads to the bag-of-paths covariance measure [67], defined as

kBoP
kl = cov(k, l ) =

∑

℘∈P
P(℘)(η(k ∈℘)− n̄k )(η(l ∈℘)− n̄l ), (2.64)

where η(k ′ ∈ ℘) =
∑n

k=1η(k → k ′ ∈ ℘) represents the instances where node k ′ is visited by the

path ℘.

To obtain the covariance for a graph, we need the first and second-order derivatives of Z̄.

Some algebraic manipulations [67] produce

n(k,k ′) = wkk ′
eTZek eT

k ′Ze
¯̄Z

=
wkk ′z•k zk ′•

Z̄
, (2.65)

where wkk ′ is an element of W (see equation 2.42), z•k =
∑n

l=1 zlk and zk• =
∑n

l =1 zkl .

Therefore, the expected number of passages through node k ′ is

n̄k ′ =
(z•k ′ −1)zk ′•

Z̄
. (2.66)

The covariance measure is now only missing the second-order derivative; [67] this yields

n̄(k,k ′; l , l ′) = wkk ′

{
z•k zk ′•
Z̄

δklδk ′l ′ +wll ′

(
zk ′•z•l zl ′k

Z̄
+ zl ′•z•k zk ′l

Z̄
− zk ′•z•k zl ′•z•l

Z̄2

)}
. (2.67)

These equations result in the bag-of-paths covariance measure [67] as follows:

kBoP
kl = cov(k, l ) =

1

Z̄

{
(z•k −1)zk•δkl + zk•(z•l −1)(zlk −δlk )

+zl•(z•k −1)(zkl −δkl )− zk•zl•(z•k −1)(z•l −1)

Z̄

}
. (2.68)

Algorithm 3.8 of [29] can be used in the computation of this measure.

2.6. Randomized optimal transport on a graph

In the final section of this chapter, I haev described an original method more precisely than

its predecessors. This is called randomized optimal transport on a graph and has been pre-

sented in [38], from which this discussion largerly draws inspiration. It introduces additonal

constraint on the starting and ending node distributions of paths to extend the bag-of-paths

framework. As its name signalizes, the resulting problem corresponds to a randomized op-

timal transport on a graph problem [2, 46, 96, 97]. The link between the method and the

original graph problem is explained in [38]. In summary, we want to minimize the free en-

ergy, subject to margin constraints in order to satisfy the predefined “supply” and “demand”

nodes, and uncover the optimal probability on the set of paths.
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2.6.1. Definition of the problem

First, I have outlined the problem. The tools used here are the same as in the classic bag-

of-paths framework [32, 67], which we have to extend. To this end, two additional density

vectors on nodes are introduced, σin and σout
4. These define the new restrictions on the

distribution margins of our bag-of-paths probabilities:

P(S = i )"
∑

j∈V

∑

℘i j∈Pi j

P(℘i j ) = σin
i ∀i ∈V , (2.69)

P(E = j )"
∑

i∈V

∑

℘i j∈Pi j

P(℘i j ) = σout
j ∀ j ∈V . (2.70)

The above means that the probability of i being the starting point of a path chosen from

the bag-of-paths is equal to σin
i , and the probability that of j being the ending node is σout

j .

An intuitive interpretation of the problem is as follows [38] : the model assumes that we are

carrying a unit of goods from the set of (supply) vertices In = {i ∈V : σin
i > 0} to the (demand)

set Out = { j ∈ V : σout
j > 0} by optimizing the balance between expected cost entropy of the

paths. Mathematically, it can be written as

minimize
{P(℘)}

FE(P) =
∑

℘∈P
P(℘)c̃(℘)+T

∑

℘∈P
P(℘) log

(
P(℘)

Pref(℘)

)

subject to
∑

j∈V

∑

℘i j∈Pi j

P(℘i j ) = σin
i ,

∑

i∈V

∑

℘i j∈Pi j

P(℘i j ) = σout
j .

(2.71)

In this situation, therefore, the temperature parameter favors the least-cost paths when

T → 0, as well as those with high likelihood π̃ref(℘) (equation 2.40) when T →∞. We now

have to define Pref(℘) according to π̃ref(℘), which is not as simple as with the margin con-

straints.

2.6.2. Computation of the new reference probabilities

First, to ensure the convergence P⋆ → Pref(℘) in a pure random walk case (T → ∞), the

reference probabilities should have appropriate margins, expressed as

Pref(S = i ) "
∑

j∈V

∑

℘i j∈Pi j

Pref(℘i j ) = σin
i ∀i ∈V , (2.72)

Pref(E = j ) "
∑

i∈V

∑

℘i j∈Pi j

Pref(℘i j ) = σout
j ∀ j ∈V , (2.73)

n∑

i , j =1
Pref(℘i j ) = 1. (2.74)

4these two vectors have as conditions
∑

i∈V σini =
∑

i∈V σouti = 1 and σini ,σouti ≥ 0,∀i ∈V.
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If the reference probability matrix is defined in the same manner as in the regular bag-of-

paths framework, however, the distribution of the ending node Pref(E = j ) would depends

solely on the transition matrix of the Markov chain demarcated by Pref; it would also corre-

spond to the desired distribution σout only by chance. To fix this problem, a new Markov

chain leading to the desired result has to be created.

Therefore, let Kt be a new killed Markov process with the substochastic5 transition matrix

P̂ref denoted by

P̂ref" (I−Diag(α))Pref, (2.75)

where α contains the killing rates of each node, the probability for the path to be killed at i is
equal to αi and Diag(α) is a diagonal matrix with the elements of the vector α on its diagonal.

Next, we have to match αi , the probabilities of being killed at node i , with the distribution

of the demand vertices σout. In other words, we need to find Kt following P̂ref such that

P(K0 = i ) =
∑

j∈V
P(K0 = i ,KM−1 = j ) = σin

i , (2.76)

P(KM−1 = j ) =
∑

i∈V
P(K0 = i ,KM−1 = j ) = σout

j , (2.77)

in which M is a random variable corresponding to the step where the process is killed. The

random walker disappears after reaching the ending node KM−1. The first constraint is the

same as in a standard Markov chain, but to satisfy the second, α has to match σout. This

calculationis detailed in [38] and produces

α = σout÷ n̄ref, (2.78)

where n̄ref contains the expected number of visits to each vertex when following the reference

random walk; it is equal to

n̄ref =
(
I− (Pref)T

)+ (
σin− (Pref)Tσout

)
+ϵπ. (2.79)

In the above equation, "+" represents the Moore-Penrose pseudoinverse, π is the stationary

distribution of the Markov chain defined by Pref and ϵ is an additional free parameter known

as persistence.

We can now find the probability for such a process of starting at i and being killed at j :

P(K0 = i ,KM−1 = j ) = σin
i

[ ∞∑

t=0
(P̂ref)t

]

i j

α j (2.80)

= σin
i

∑

℘i j∈Pi j

π̂ref(℘i j )α j (2.81)

=
∑

℘i j∈Pi j

Pref(℘i j ) (2.82)

= P(S = i ,E = j ). (2.83)

5A substochastic matrix is a square matrix with nonnegative entries so that every row adds up to at most

1[69]
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2.6. Randomized optimal transport on a graph

This fulfills appropriate margins. The transition from equation 2.80 to 2.81 is due to the

convergence of the infinite series, as P̂ref is substochastic:

[ ∞∑

t=0
(P̂ref)t

]

i j

=
∑

℘i j∈Pi j

π̂ref(℘i j ),

where

π̂ref"
t∏

τ=1
p̂ref

kτ−1kτ
. (2.84)

For the conversion between equations 2.81 and 2.82, we simply define

Pref"σin
i α j π̂

ref(℘i j ). (2.85)

2.6.3. Optimal probability distribution

The goal of this subsection is to derive the solution for the optimal probability distribution

P⋆(℘), solving problem 2.71 using Lagrange multipliers. The Lagrange function associated

with this problem is

L(P,λin,λout) " ∑
℘∈P

P(℘)c̃(℘)+T
∑
℘∈P

P(℘) log
(

P(℘)

Pref(℘)

)

+ ∑
i∈V

λini

[∑
j∈V

∑
℘i j∈Pi j

P(℘i j )−σin
i

]

+ ∑
j∈V

λoutj

[∑
i∈V

∑
℘i j∈Pi j

P(℘i j )−σout
j

]
,

(2.86)

with λini and λoutj as the Lagrange multipliers. To find the optimal answer, we take the

partial derivative with respect to P(℘i j ) and equalize the result to zero. By defining the

inverse temperature β" 1/T and using the equation 2.85, we obtain

P⋆(℘i j ) = µin
i σin

i µout
j α j π̂

ref(℘i j )exp(−βc̃(℘i j )), (2.87)

where µin
i " exp(−βλini ) and µout

j " exp(−βλoutj ). We can now write the likelihood of picking

a path from i to j as

πi j " P⋆(S = i ,E = j ) =
∑

℘i j∈Pi j

P⋆(℘i j )

= µin
i σin

i µout
j α j

∑
℘i j∈Pi j

π̂ref(℘i j )exp(−βc̃(℘i j )).
(2.88)

Although we already have an expression for the optimal probability distribution, we can pro-

ceed by defining the fundamental matrix as Ẑ" (I−Ŵ)−1 with Ŵ " P̂ref ◦exp[−βC]. It is now
possible to demonstrate through a development similar to [32, 67] that

∑
℘i j ∈Pi j π̂

ref(℘i j )exp(−βc̃(℘i j )) =
ẑi j = [Ẑ]i j and thus

P⋆(S = i ,E = j ) = µin
i σin

i µout
j α j ẑi j . (2.89)

This allows us to write a closed-form solution for Π = (πi j ),

Π = Diag(µin ◦σin)Ẑ Diag(µout ◦α) (2.90)
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called the coupling matrix [96, 97].

We have yet to determine the values of the multipliers, which can be deduced from the

Lagrangian dual problem:

maximize
λin,λout

L(P⋆,λinλout). (2.91)

Taking the partial derivative with respect to λin,λout and using the results from equations

2.87, 2.78 and 2.79, we obtain

µin = e ÷
(
Ẑ(µout ◦α)

)
(2.92)

µout = n̄ref÷
(
ẐT(µin ◦σin)

)
. (2.93)

These two quantities are computed in iteratively until convergence by fixing an arbitrary

µ(0)
out. The reader may notice that this section only considers non-hitting paths up to this

point, but a version of these probabilities for the other case exists. This is the subject of

the next segment.

2.6.4. The bag-of-hitting-paths case

This new scenario adds the margin constraints to the hitting-paths framework developed

in section 2.5.3. Now, we have to find the optimal hitting paths probability distribution,

P⋆h (℘), solving

minimize
{Ph (℘)}

FEh(P) =
∑

℘∈Ph

Ph(℘)c̃(℘)+T
∑

℘∈Ph

Ph(℘) log

(
Ph(℘)

Pref
h (℘)

)

subject to
∑

j∈V

∑

℘i j∈Ph
i j

Ph(℘i j ) = σin
i ,

∑

i∈V

∑

℘i j∈Ph
i j

Ph(℘i j ) = σout
j .

(2.94)

We notice the two problems are equivalent as likelihood for paths containing the final nodes

several times tends toward zero in the non-hitting case for T → 0. However, this is not the

case when T →∞, due to the difference between the two models reference probabilities and

the structures of the paths.

The main variation between the two problems remains the reference likelihoods Pref
h , which

are much simpler in this case. By recalling that the sum of all ℘ ∈Ph
i j of π̃

ref(℘)"∏t
τ=1 pref

iτ−1,iτ
is equal to one [32], we can easily geneate

Pref
h (℘i j )"σin

i σout
j π̃ref(℘i j ). (2.95)

The same reasoning as in the previous section yields

P⋆(℘i j ) = µ
h,in
i σin

i µ
h,out
j σout

j π̃ref(℘i j )exp(−βc̃(℘i j )), (2.96)
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with µ
h,in
i " exp(−βλh,ini ) and µ

h,out
i " exp(−βλh,outi ). The closed-form can be written as

πh
i j " P⋆(S = i ,E = j ) = µ

h,in
i σin

i µ
h,out
j σout

j zh
i j , (2.97)

and we can so obtain the coupling matrix,

Πh = Diag(µh
in ◦σin)Ẑh Diag(µh

out ◦σout), (2.98)

in which µh
in and µh

out are determined iteratively in the dual space according to

µh
in = e ÷

(
Ẑh(µh

out ◦σout)
)

(2.99)

µh
out = n̄ref÷

(
ẐT

h(µh
in ◦σin)

)
. (2.100)

2.6.5. Derived distances

We can now identify a distance known as the surprisal distance, and, generalizing the one

introduced in 2.5.4 with the particularity, we affect the results through σin and σout. The

constrained bag-of-paths surprisal distance is defined by

∆sur
i j =

⎧
⎨

⎩
−1

2

(
log(πi j )+ log(π j i )

)
if i ̸= j

0 if i = j ,

and its bag-of-hitting-paths variant by

∆h,sur
i j =

⎧
⎨

⎩
−1

2

(
log(πh

i j )+ log(πh
j i )

)
if i ̸= j

0 if i = j .

Now, many measures to compute the (dis)similarity have been defined, we need to test

them. In this end, a semi-supervised classification task is used. The next chapter explains

this classification task as well as the statistical tests used to compare them.
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3.1. Preliminaries

After the description of many measures in the previous chapter, this chapter describes the

methodology utilized to obtain results and performs comparisons to deduce the most ap-

propriate approaches. First, a description of what semi-supervised classifications represent

will be made. Second, a complete explanation of the experimental procedure is developed.

Next, I tackle the various statistical tools used to interpret the results. Finally, I briefly

discuss the datasets on which the methods were tested.

Moreover, from this section onward, some abbreviations are used in place of the complete

names of the (dis)similarity measures. These are listed in Table 3.1. I have added the

suffixes -mds and -g corresponding, respectively, to denote multidimensional scaling and

Gaussian mapping (Sections 2.3.1 and 2.3.2).

3.2. Semi-supervised classification

We will now discuss briefly the semi-supervised classification concept [90, 103]. The semi-

supervised classification is part of supervised learning which is the most popular paradigm

in machine learning [90]. The aim of this paradigm is to learn from a limited amount of
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labeled data. According to the amount on supervisory information contained in the labeled

data, we talk about unsupervised learning, supervised learning or semi-supervised learning.

Here, we will focus on this last case.

In semi-supervised learning, only a small part of the dataset D is labeled while the large part

is left unlabeled. It allows to combine the benefits from both labeled and unlabeled data.

If we define X as the set of inputs and Y as the set of possible outputs, a semi-supervised

learning algorithm has to learn a function f :X →Y from a predefined family of functions F
given a dataset D = {Dl ,Du} where Dl = {(xi , yi )}nl

i =1 is the set of labeled data and Dl = {xi }nu
i =1

is the set of unlabeled ones. We may add that, in most of cases, the amount of labeled data

is much smaller than the one of unlabeled data, nu ≫ nl .

It exists two categories of semi-supervised learning algorithms according to the nature of

the output domain Y. If it is a continuous domain, the algorithm is referred to as regression

while if the domain is discrete, the algorithm is called classification. Our algorithm will be

part of this last category.

In the context of graphs, a data sample is represented by a node of a weighted graph where

the weights associated to the edges providing a measure of similarity between nodes. By

combining the information given by the graph structure and the labels of a subset of the

nodes, a semi-supervised algorithm tries to classify the remainder of the nodes. Now, we

have described the generalities of semi-supervised algorithms, we will develop, in the next

section, the algorithm used in this master thesis, the sum of similarities.

3.3. General description of the methodology

A summary of the techniques used is provided here. After performing a randomized permu-

tation of the adjacency matrix to avoid originally structured datasets, the method generates

five splits of the vector containing the labels for each node. This vector has been provided in

the dataset. The splits enable external cross-validation, which consists of following the rest

of the procedure several times to take the final mean and standard deviation of the numbers

obtained. Averaging several experiments eliminates calculation error and thus yields results

in which we can be more confident.

Each split is composed of two vectors. The first is called the training vector; it contains

the indices of approximately 20% of the nodes, for which we keep the real class labels. The

second is called the test vector; it involves the other 80%, for which we omit the tags. The

goal is to measure a similarities matrix from the adjacency matrix and recover the real

class labels of the maximum node of the test vector using the sum of similarities algorithm

described in the next section. There are five splits, each with a training vector containing

approximately 20% of the vertices. This is not coincidental and the calculation is performed
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Abbreviation Complete name

KS Katz Similarity
LE Leicht’s extension
CTD Commute-time distance
ECTD Euclidean commute-time distance
CCTD Corrected commute-time distance
CECTD Corrected Euclidean commute-time distance
SR SimRank similarity
EDK Exponential diffusion kernel
LDK Laplacian exponential diffusion kernel
MRLK Modified regularized Laplacian kernel
CTK Commute-time kernel
CCTK Corrected commute-time kernel
RCTK Regularized commute-time kernel
RWWR Random walk with restart similarity
MDSD Markov diffusion square distance
TAMSD Time-averaged Markov diffusion squared distance
MDK Markov diffusion kernel
TAMDK Time-averaged diffusion kernel
LFD Logarithmic forest distance
BoP Regular bag-of-paths
BoHPwZP bag-of-hitting-paths with zero-length paths
BoHP bag-of-hitting-paths without zero-length paths
BoHPSD bag-of-hitting-paths surprisal distance
FE Free energy distance
RSPD Randomized shortest path dissimilarity
BoPAP Bag-of-paths absorption probabilities
BoPC Bag-of-paths covariance measure
ROTwHP Random optimal transport with hitting paths
ROT Random optimal transport without hitting paths

Table 3.1.: Abbreviations for the 29 similarity/dissimilarity measures.
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such that each node is only in the training vector once.

From now on, every step is externally cross-validated and therefore repeated for each split.

First, I verify that each label is located in the training set. If not, the split is rejected,

because it is impossible to find the missing class label for the node in the test set, and the

percentage of correct labels found is therefore largely biased for that run. Next, I attempt to

the optimal parameter for the (dis)similarity measure and the split with an internal cross-

validation which is detailed in Section 3.3.2.

The last stages consist of computing the measure that we want to evaluate. If necessary,

we may transform this into a kernel matrix before determining the accuracy of this value

for the corresponding split with the sum of similarities. The figure obtained for each split is

then recorded, and the mean acrossfive runs is taken to produce the final result for a specific

dataset.

3.3.1. Sum of similarities

To test the accuracy of a measure, I choose to use a sum of similarities algorithm [66], the

equivalent of a k-nearest neighbors when using distances. This takes similarity (and more

precisely a kernel) as a main entry and outputs the percentage of nodes whose process has

found the right label. A pseudo-code for this case can be found at algorithm 1.

Algorithm 1 The sum-of-similarities method using a kernel
Input :

- The n ×n kernel matrix K representing similarities between nodes.

- The n ×1 column vector y containing the real class labels of the nodes.

- The training vector containing indices of the training nodes set.

- The test vector containing indices of the test nodes set.

Output :

- The classification accuracy ac in percent.

1: nbc ← max(y)
2: y t ← zeros(n,1)
3: y t (training) ← y(training)
4: for c = 1:nbc do

5: Y1 ←
[
Y1 (y t == c)

]

6: end for

7: Yp ← K∗Y1
8: y p ← index

(
max(Yp)

)

9: ac ← 100∗
sum

(
y p(test ) == y(test )

)

length(y(test ))
10: return ac

30



3.3. General description of the methodology

Detailing the steps of this algorithm, we observe that lines 2 and 3 create a n ×1 vector

column in which the i th element is equal to the real class of the corresponding node if it is

in the training sample. If not, the vertex belongs to a dummy class 0.

The next three lines generate a n ×nbc matrix, where nbc is the number of classes. Each

row of this binary matrix corresponds to a node; if the i th is labeled, the corresponding row

has a 1 in the column corresponding to its class and zeroes elsewhere. On the other hand,

if it is not labeled, the respective row has zeroes everywhere.

In the seventh line, we compute the sum of similarities well said. Recall that the kernel

matrix K contains the similarities between the nodes; thus, if it is multiplied by previous

created matrix, an element of the resulting matrix is equal to the sum of similarities between

a vertex and the labeled nodes corresponding to a certain class. Therefore, we obtain a new

n ×nbc matrix, yp , where each row matches a vertex, and each column, a class. The (i th ,

j th) element of this matrix is equal to the sum of similarities between the i th node and those

contained in the training sample, which are labeled with class j . Mathematically, we have

in matrix form

yp = K× y (3.1)

where y is the matrix with the known labels.

Finally, the eighth line assigns the vertices to the class of maximum similarity, before the

last line computes the percentage of originally unlabeled nodes for which this method has

identified the correct class.

3.3.2. Parameter tuning

As noted in chapter 2, most of the (dis)similarity measures depend on parameters. For each

experiment, we have to find the value that yields the most accurate result. This is obviously

different for each method, but it also varies between datasets and the various splits within

them. To obtain this optimal figure, we have to test a finite range of arbitrarily chosen values

for the parameters with an internal cross-validation similar to the external one described

before. The selection depends on the approach used and an overview is provided in Table 3.2.

We have yet to explain how the internal cross-validation generates the most ideal value for

the parameter. This process operates in a varying order from the external. In this case, we

first calculate the evaluated similarity and then perform the cross-validation with a smaller

vector to accelerate the overall computation. Instead of splits represented by training vectors

containing 20% of the nodes and test ones with the other 80%, the internal cross-validation

creates new splits by referencing the training vectors of the external process. Thus, for each

value within the range, we take the mean of five sums of similarities1 that, as a new training

1Again, the test is done only if each class are represented in the internal training set
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Measure Parameter Range of values

KS 0 < α≤ 1/ρ(A)" s s/1000, s/100, s/10, s/5, s/2, s
LE 0 < α≤ 1/ρ(A)" s s/1000, s/100, s/10, s/5, s/2, s
SR α ∈ ]0,1[ 0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99
EDK α> 0 0.01, 0.1, 0.5, 1, 5, 10
LDK α> 0 0.01, 0.1, 0.5, 1, 5, 10
MRLK α> 0 0.01, 0.1, 0.5, 1, 5, 10

0 ≤ γ≤ 1 0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99
RCTK α ∈ ]0,1[ 0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99
RWWR α ∈ ]0,1[ 0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99
LFD α> 0 0.01, 0.1, 0.5, 1, 5, 10
BoP θ> 0 0.01, 0.1, 0.5, 1, 5, 10
BoHPwZP θ> 0 0.01, 0.1, 0.5, 1, 5, 10
BoHP θ> 0 0.01, 0.1, 0.5, 1, 5, 10
BoHPSD θ> 0 0.01, 0.1, 0.5, 1, 5, 10
FE θ> 0 0.01, 0.1, 0.5, 1, 5, 10
RSPD θ> 0 0.01, 0.1, 0.5, 1, 5, 10
BoPAP θ> 0 0.01, 0.1, 0.5, 1, 5, 10
BoPC θ> 0 0.01, 0.1, 0.5, 1, 5, 10
ROTwHP β> 0 0.01, 0.1, 0.5, 1, 5, 10
ROT β> 0 0.01, 0.1, 0.5, 1, 5, 10

Table 3.2.: Range of tested values for the parameters of the parametric measures.

set, 20% of the nodes present in the original one (or 4% of the total number of nodes). The

internal test vector consists of the remaining 80%. After five such tests with different sets,

the internal cross-validation returns the parameter with the most ideal mean result.

3.4. Comparison metrics and tools

Now that the procedure has been described, we know how we will obtain results. Neverthe-

less, we do not know yet how they will be compared. Therefore, the following section will

include a description of some useful tools to help us for this task.

3.4.1. Borda Ranking

The Borda ranking is originally a weighted voting system formalized by Borda in [21].

Adapting it for this situation generates a score for each measure tested. To this end, we

examine the accuracy thereof for a dataset and provide a number of points for each that

corresponds to its result. In other words, if we test n different measures, the one that yields

the best outcomes receives n points, the second has n −1 and so on until the last, which

obtains only one point. We repeat this for every dataset, and the final score of a measure is

simply the sum of the points obtained.
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3.4. Comparison metrics and tools

To improve this tool, the possibility of a tie is included. If two measures have results

whose difference is smaller than ε, then they would have the same score, and the subsequent

measure would be evaluated as if there had been no ties.

3.4.2. Friedman-Nemenyi test

Imagining that the datasets could lead to totally different results according to their features,

the utilization of simple statistical tools as the mean would conduct to irrelevant compar-

isons. However, some tests as Friedman-Nemenyi’s allows to understand if it exists a real

difference between several methods.

We begin the description with the Friedman test [33, 34], a statistical assessment that is a

non-parametric equivalent of the repeated-measures ANOVA. For each individual dataset,

it ranks the algorithms as follows: one for best-performing algorithm, two for the second

best, and so on. If two procedures lead to the same results, both would receive the average

grade.

If r j
i is the rank of the j th out of k algorithms for the i th of N datasets, [22] sates the null

hypothesis of this test: that all the processes are equivalent, and thus their mean ranks

R j = 1
N

∑
i r j

i should be equal at a confidence level of α. Under this postulation, the Friedman

statistic

χ2
F =

12N
k(k +1)

[
∑

j
R2

j −
k(k +1)2

4

]

(3.2)

is distributed according to the chi-square distribution χ2
F with k −1 degrees of freedom if N

and k are sufficiently large (typically at values of N > 10 and k > 5). It is possible to proceed

as in [39], which claims that the Friedman statistic can be improve with a better statistic

FF =
(N−1)χ2

F

N(k −1)−χ2
F

, (3.3)

which uses the F-distribution with k −1 and (k −1)(N−1) degrees of freedom; the table of

critical values can be obtained from the associated tables in any statistical book.

To check if the null hypothesis is accepted, we simply compute FF and compare it with

the critical value Vcrit " F(k −1,(k −1)(N−1)) from a reference book for the chosen level of

confidence. If FF > Vcrit, we reject the null hypothesis; thus, the average measured ranks are

significantly different from the mean.

If it is the case, a post-hoc evaluation such as the Nemenyi [72] test, in which all algorithms

are compared to each other, can be adopted. This allows us to declare that two procedures

are significantly different if the corresponding average ranks diverge by at least

CD = qα

√
k(k +1)

6N
(3.4)
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Number of algorithms 11 12 13 14 15 16 17 18 19 20

q0.01 3.696 3.741 3.781 3.818 3.853 3.884 3.914 3.941 3.967 3.991
q0.05 3.219 3.268 3.312 3.354 3.391 3.426 3.458 3.488 3.517 3.544
q0.10 2.978 3.030 3.077 3.120 3.159 3.196 3.230 3.261 3.291 3.319

Number of algorithms 41 42 43 44 45 46 47 48 49 50

q0.01 4.318 4.329 4.339 4.349 4.359 4.368 4.378 4.389 4.395 4.404
q0.05 3.899 3.911 3.922 3.933 3.943 3.954 3.964 3.973 3.983 3.992
q0.10 3.691 3.703 3.714 3.726 3.737 3.747 3.758 3.768 3.778 3.788

Table 3.3.: Range of critical values for the Nemenyi test that could interested us available at http:
//kourentzes.com/forecasting/2014/05/01/critical-values-for-the-nemenyi-test/.

where the critical values for qα are based on the Studentized range statistic divided by
)

2
[22]. These can be found in Table 3.3.

When multiple algorithms are compared, the results of the Nemenyi test can be visually

represented. In this simple diagram, the mean ranks are denoted by a dot and the critical

differences by a line that is bisected by the dot. The best processes appear to the right of

the axis, and two algorithms are significantly diverse if the dot for one of them misses the

line of the other.

3.4.3. Wilcoxon signed-rank test

To improve the comparisons between measures, I have also conducted some pairwise com-

parisons through a non-parametric technique called the one-sided Wilcoxon signed-rank test

[100]. It determines if an algorithm is significantly better than another by comparing their

results on all the datasets at a confidence level α. For the original test, we include the

possibility of a tie if two processes have outcomes whose difference is smaller than ε.

The evaluation is as follows. Assuming N data points for each similarity measure, x1,i and

x2,i are the quantities for all i = 1, . . . ,N. We first calculate the absolute difference |x2,i −x1,i |
and the sign of the variance sgn(x2,i − x1,i ) between the points.

Next, we exclude the pairs with |x2,i −x1,i | < ε and define Nr as the length of the remaining

vector. The differences in absolute values are then sorted, and we rank each of them, start-

ing with one for the smallest difference, two for the second smallest, and so on until the final

(largest) designation Nr . If several differences are equal to one another, they are assigned

the average rank. The ratings are stocked in a vector R.

It remains to compute the statistics

W =
Nr∑

i =1

[
sgn(x2,i −x1,i ) ·Ri

]
. (3.5)
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3.5. Description of the datasets

Nr 6 7 8 9 10 11 12 13 14 15

α = 0.05 0 2 4 6 8 11 14 17 21 25
α = 0.02 - 0 2 3 5 7 10 13 16 20
α = 0.01 - - 0 2 3 5 7 10 13 16

Table 3.4.: Range of critical values for Wilcoxon signed-rank test that could interested us available
at http://users.sussex.ac.uk/~grahamh/RM1web/WilcoxonTable2005.pdf.

This result is compared to a critical figure displayed in Table 3.4. The Wilcoxon signed-

rank test declares two algorithms significantly different if the absolute value of the statistic

is larger than the critical one,

|W| > Wcritical,Nr . (3.6)

Enough tools to make helpful observation have been described. However, we still have no

idea what the data on which the procedure would perform in order to compare the measures

are. The next section should answer to this question.

3.5. Description of the datasets

This section describes the datasets on which I have tested the measures discussed in Chapter

2. These are taken from [32]; each represents a real-world graph and is therefore not ran-

domly generated. Recall that each set consists of the adjacency matrix, as well as a vector

containing the labels of the different nodes. An overview is provided in Table 3.5.

3.5.1. Newsgroup datasets

The nine datasets used here come from a global source2 that contains 20,000 text documents

taken from 20 discussion groups on the Usenet diffusion list. The selected materials span

various topics, each of which covers nearly 200 documents extracted randomly from the

multiple newsgroups [32]. The first three datasets are composed of nearly 400 texts on two

issues. Similarly, the next three comprise three classes and nearly 600 documents, while the

last three have nearly 1000 documents because they discuss five subjects. The weight of the

edges contained in the adjacency matrix represents the terms shared by the texts.

3.5.2. The Internet Movie Database (IMDB)

The collaborative Internet Movie Database [64] is a well-known database of movies. It has

several applications, such as making recommendations, clustering or classifying films by

category. The dataset can be represented by a graph, and the nodes are the movies, which

are linked if they share the same production company. The weight of an edge represents

2Available at http://people.csail.mit.edu/jrennie/20Newsgroups/.
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the number of such connections. A film is categorized into one of two clusters based on its

popularity (whether it is a box-office hit or not).

3.5.3. WebKD datasets

Each of these represents a network, in which a node is the web page within a set gathered

from a computer science department. There are four WebKD datasets for four different uni-

versities [64]. Each page is manually assigned to one of six categories : course, department,

faculty, project, staff and student. Two vertices are linked if their corresponding pages are

co-cited (if x links to z and y links to z, then x and y are co-citing z). The weight of the

edge between x and y is the product of the sums of the number of hyperlinks from x to z
and from y to z.

In this chapter, the complete procedure, the tools and the datasets have been discussed. We

can so get an idea of where the results exposed in the next chapter come. We have also the

ways to understand the comparisons made with the tests previously described. Therefore,

we will now tackle this comparisons and try to make helpful observations.
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3.5. Description of the datasets

Table 3.5.: Overview of datasets used to test our measures. For each dataset, we give its size, the
names of the different classes as well as their sizes.

Dataset size Dataset size Dataset size

news-2cl-1 400 news-2cl-2 398 news-2cl-3 399
Politics/general 200 Computer/graphics 198 Space/general 200
Sport/baseball 200 Motor/motorcycles 200 Politics/mideast 199

news-3cl-1 600 news-3cl-2 598 news-3cl-3 595
Sport/baseball 200 Computer/windows 200 Sport/hockey 197
Space/general 200 Motor/autos 198 Religion/atheism 200
Politics/mideast 200 Religion/general 200 Medicine/general 198

news-5cl-1 998 news-5cl-2 999 news-5cl-3 997
Computer/windows 200 Computer/graphics 200 Computer/mac-hardware 200
Cryptography/general 200 Computer/pc-hardware 200 Sport/hockey 200
Politics/mideast 200 Motor/autos 199 Medicine/general 197
Politics/guns 200 Religion/atheism 200 Religion/general 200
Religion/Christian 198 Politics/mideast 200 Forsale/general 200

Dataset size

IMDB 1169
Box-office hit 597
Non box-office hit 572

Dataset size Dataset size Dataset size

WebKB-Cornell 346 WebKB-Texas 334 WebKB-Washington 434
Course 54 Course 50 Course 151
Department 54 Department 51 Department 170
Faculty 145 Faculty 36 Faculty 39
Project 62 Project 163 Project 44
Staff 25 Staff 28 Staff 20
Student 6 Student 6 Student 10

WebKB-Wisconsin 348
Course 155
Department 83
Faculty 37
Project 37
Staff 25
Student 11
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4.1. Preliminaries

In this chapter, I discuss the results obtained through testing my experiment with various

measures. As previously mentioned, the outcomes are the average classification accuracies

in percentages for 20% of the known labeled nodes and others for which we are attempting

to find the correct label tag. The result is an average, as the investigation was conducted

five times with different known labeled vertices for each.

The breakdown of this chapter is as follows. In the first part, I consider the similarity or

dissimilarity measures presented in [29], referred to henceforth as the classical measures.

I compare them and to determine the best option with all the statistical tools available.

The second segment addresses the original method introduced in Section 2.6 and where it

is located among the measures form the first part.

Note that all the statistical tests here are performed at a significance level of 95%. That

means taking an α equal to 0.05.

39



Results and discussions

4.2. Detailed results of the classical measures

All the results obtained can be found in tables 4.1, 4.2, 4.3 and 4.4. Each number represents

the accuracy in percent. As the results are expressed as a percentage, the larger the result,

the better. For each dataset, the top-performing measure is presented in boldface.

Measure → KS KS LE LE CTD CTD ECTD ECTD CCTD CCTD CECT CECT
Dataset ↓ -g -mds -g -mds -g -mds -g -mds -g -mds D-g D-mds

texas 48.80 41.61 48.80 48.80 49.03 7.86 48.95 66.99 48.80 35.10 18.39 34.20
washington 39.17 52.65 39.17 39.17 35.08 41.88 34.79 43.49 39.17 25.53 25.24 28.86
wisconsin 44.54 32.17 44.54 44.54 44.97 48.87 44.54 68.90 44.54 36.99 39.43 35.99
cornell 41.91 42.99 41.91 41.91 41.40 26.02 41.91 42.71 41.91 31.49 35.55 23.62
imdb 51.33 49.91 51.35 51.07 51.01 50.15 50.58 50.77 50.88 50.32 51.05 50.88
news-2cl-1 48.94 45.44 50.00 50.00 50.44 85.19 50.13 95.19 49.94 50.56 50.00 50.19
news-2cl-2 50.63 78.71 50.00 66.15 55.53 87.69 51.82 91.96 50.69 50.06 49.87 50.19
news-2cl-3 48.68 46.81 50.13 50.00 50.19 92.23 50.13 95.86 49.94 50.00 49.19 50.38
news-3cl-1 33.63 45.17 33.33 62.21 33.33 78.38 33.33 92.71 33.29 33.67 33.29 33.38
news-3cl-2 34.41 39.93 33.44 67.68 33.78 87.37 33.49 91.97 33.49 33.40 34.41 33.99
news-3cl-3 32.98 37.82 33.45 33.32 33.78 71.51 33.45 89.58 33.53 33.03 33.24 33.87
news-5cl-1 19.94 29.03 20.04 20.04 20.19 58.60 20.17 87.73 20.24 20.12 19.39 19.91
news-5cl-2 18.27 29.58 20.02 20.02 20.20 61.38 20.02 83.46 20.30 19.57 20.25 20.00
news-5cl-3 18.76 26.23 20.56 20.06 25.42 61.93 24.07 81.69 19.76 20.01 20.01 19.86

Table 4.1.: First part of the classification accuracy in percent for the classical measures, obtained on
each dataset and by taking the average of 5 experiments.

Measure → SR SR EDK LDK MRLK CTK CCTK RCTK RWWR MDSD MDSD
Dataset ↓ -g -mds -mds -g

texas 48.80 26.26 62.20 68.19 72.08 67.96 62.82 74.63 70.58 48.43 28.60
washington 39.17 36.87 47.12 62.84 52.65 43.84 53.92 67.34 61.92 39.00 25.82
wisconsin 44.54 45.91 63.86 72.34 61.99 69.04 74.00 73.49 72.77 43.68 26.65
cornell 41.91 39.45 49.06 54.77 43.86 44.66 58.02 58.67 53.90 41.91 21.82
imdb 51.67 55.79 78.38 78.74 65.18 49.08 50.09 79.11 78.61 51.07 49.44
news-2cl-1 49.88 50.81 94.44 94.94 90.75 95.19 97.00 93.63 94.69 47.69 51.25
news-2cl-2 50.25 51.45 90.95 91.90 92.21 91.96 93.03 90.64 91.08 50.63 48.37
news-2cl-3 49.87 49.69 94.11 94.61 95.68 95.86 95.86 94.67 94.49 52.07 49.62
news-3cl-1 33.33 35.13 91.25 92.96 76.25 92.71 94.25 92.54 91.29 33.71 31.96
news-3cl-2 33.11 33.78 90.18 91.93 70.52 91.97 93.77 92.31 90.34 33.03 32.44
news-3cl-3 31.72 33.82 88.70 89.29 68.49 89.58 91.09 91.85 88.87 32.82 32.18
news-5cl-1 20.04 20.37 86.55 87.68 72.45 87.73 89.38 88.25 86.70 19.14 19.64
news-5cl-2 19.97 20.15 81.56 83.16 40.94 83.46 84.83 84.03 81.83 19.59 18.97
news-5cl-3 20.59 19.86 80.54 81.80 40.30 81.69 84.83 82.50 80.72 18.98 20.61

Table 4.2.: Second part of the classification accuracy in percent for the classical measures, obtained
on each dataset and by taking the average of 5 experiments.
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4.2. Detailed results of the classical measures

Measure → TAMS TAMS MDK TAM LFD LFD BoP BoP BoHP BoHPw BoHP
Dataset ↓ D-g D-mds DK -g -mds -g -mds wZP-g ZP-mds -g

texas 48.73 36.60 28.53 19.32 48.80 78.07 48.80 14.97 48.80 48.80 48.80
washington 39.00 27.59 28.40 22.87 46.55 67.91 39.17 39.17 39.17 39.17 39.17
wisconsin 43.75 22.63 24.71 24.50 45.12 74.28 44.54 44.54 44.54 44.54 44.54
cornell 41.33 20.45 27.03 22.33 41.91 58.82 41.91 15.61 41.91 41.91 41.91
imdb 51.20 49.44 49.62 50.51 50.90 50.17 51.07 51.07 51.07 51.07 51.13
news-2cl-1 49.19 48.88 49.00 48.00 95.25 95.50 48.56 50.00 47.63 50.31 46.13
news-2cl-2 51.32 52.14 50.88 51.38 90.14 91.52 49.81 49.75 50.44 48.93 47.86
news-2cl-3 51.69 53.63 53.57 53.95 93.55 95.74 50.19 50.13 50.19 50.38 44.67
news-3cl-1 33.63 33.00 32.54 33.79 89.67 93.13 32.88 33.58 31.71 33.33 30.38
news-3cl-2 33.57 34.41 32.69 34.57 86.83 92.06 33.53 33.65 33.70 33.07 27.76
news-3cl-3 33.61 33.36 30.92 34.16 78.66 91.18 33.07 33.45 32.69 33.40 30.17
news-5cl-1 20.37 21.39 19.34 21.74 81.74 87.88 22.54 20.04 21.84 20.12 20.77
news-5cl-2 20.22 19.72 19.32 19.84 76.53 83.51 19.12 20.10 18.67 19.97 21.97
news-5cl-3 20.64 22.02 20.91 22.84 76.38 82.82 20.46 20.21 21.21 19.98 19.03

Table 4.3.: Third part of the classification accuracy in percent for the classical measures, obtained
on each dataset and by taking the average of 5 experiments.

Measure → BoHP BoHP BoHP FE FE RSPD RSPD BoP BoP BoP BoP
Dataset ↓ -mds SD-g SD-mds -g -mds -g -mds AP-g AP-mds C-g C-mds

texas 51.12 48.80 78.30 48.80 79.49 49.70 46.72 48.80 48.80 48.80 52.17
washington 37.96 40.67 43.67 66.53 69.01 38.42 27.31 39.17 34.79 41.24 38.54
wisconsin 58.48 44.54 54.74 46.77 74.07 49.00 47.85 44.54 44.54 44.54 48.56
cornell 42.05 41.91 62.72 41.91 62.28 42.49 17.85 41.91 41.91 41.91 41.91
imdb 54.75 50.98 50.58 56.13 50.21 50.60 48.46 51.07 51.07 51.07 60.59
news-2cl-1 62.50 94.25 95.81 94.69 95.69 93.88 87.75 48.56 51.56 51.19 50.44
news-2cl-2 48.99 92.84 92.65 92.90 92.90 88.06 85.81 49.75 50.00 49.56 52.88
news-2cl-3 67.79 96.93 96.43 96.37 96.12 92.36 83.91 50.50 50.13 51.63 51.69
news-3cl-1 31.58 93.75 93.92 93.92 93.54 87.00 82.46 33.38 34.54 35.46 33.67
news-3cl-2 30.81 91.22 91.52 93.06 93.31 86.92 70.64 32.32 33.40 35.82 33.99
news-3cl-3 54.33 89.12 91.93 91.97 92.48 71.43 85.80 32.39 33.95 32.10 33.45
news-5cl-1 25.33 88.28 89.08 89.30 89.60 69.06 76.03 20.14 20.07 25.00 20.69
news-5cl-2 30.11 82.38 84.16 83.66 83.88 64.66 58.03 19.17 20.75 23.85 20.55
news-5cl-3 28.73 78.61 81.82 82.50 83.45 71.72 77.48 19.41 19.83 21.19 19.96

Table 4.4.: Fourth part of the classification accuracy in percent for the classical measures, obtained
on each dataset and by taking the average of 5 experiments.
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From the tables, we can make some observations.

! The measure that leads to the best outcome depends on the dataset. Thus, we can

not directly ascertain if one method is better than another; it is often useful to test

them to find the best one.

! However it is irrelevant to compare the average result over all the datasets without

standardizing them, a brief look allows to obtain simple indications. We discover that

the most ideal method is the regularized commute-time kernel which generates a mean

of 83.19%. Nevertheless, this approach yields the top score only for the IMDB dataset.

A more precise look at the findings reveals that this is the dataset for which the other

methods often obtain their worse results, with only 53.83% of labels found. We can

therefore confirm that regularized commute-time kernel has the best average outcome

only thanks to its top score on this dataset, and the mean is not a sufficient statistical

tool to find the most suitable technique.

! Counting the number of high scores obtained by the techniques generates the corrected

commute-time kernel, which leads with five top results. Nonetheless, this produces only

the sixth average outcome. It is thus also insufficient to determine the best method

neither and more advanced statistical tools are needed to gain insight into the perfor-

mance of similarity and dissimilarity measure.

4.2.1. Illustrations of some results

After viewing the numbers displayed in tables, it may be helpful to have a visualization of

a similarity matrix. This is accomplished by Figure 4.1, which illustrates the function for

four different techniques. Of course, this type of representation can only be obtained if the

dataset was originally organized by class. This is why I have selected the dataset news-3cl-1,

whose the rows are not switched unlike in experiment.

The three first pictures in Figure 4.1 depict the kernel matrix for the free-energy distance,

with multidimensional scaling and Gaussian mapping, and for the corrected commute-time

kernel, respectively. These three techniques have results greater than 90%, and we can easily

differentiate between the three classes (although 4.1c warrants a closer inspection due to the

use of similar colors). Moreover, the difference between the two images at the top of the

figure signalized the difference between the two transformations from distance into kernel.

The changes, however, are minimal.

The fourth image indicates the matrix obtained by the Markov diffusion squared distance.

It is clearly impossible to distinguish between the three classes in this case. Moreover, Table

4.2 suggests that the result is nearly 1/3 for three different classes. It may therefore be

speculated that a node has been correctly labeled by chance.
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Figure 4.1.: Images of different similarity matrices for the dataset news-3cl-1 obtained with the
function imagesc of Matlab™: (a) FE-mds, (b) Fe-g, (c) CCTK and (d) MDSD-mds.

4.2.2. Borda ranking

For an initial idea of the methods that produce the most favorable outcomes, I have per-

formed a simple Borda ranking to evaluate the rank of each. The outcome of this comparison

can be found in Table 4.5.

From this table, we observe that for the sum-of-similarities classification, multidimensional

scaling generates better results overall than Gaussian mapping; however this is not true for

every method, since there is a only a proportion two-thirds one-third in favor of multidi-

mensional scaling. It is also apparent that, excepted the ones related to Markov chains (see

section 2.4.8), the similarity measures that directly produce a kernel matrix (see sections

2.4.4, 2.4.5, 2.4.6 and 2.4.7) obtain excellent scores with 7 of the first 13 methods. We there-

fore have to analyze the differences between both the approaches and the transformations

into kernel matrices.
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Method Rank Score Method Rank Score

FE-mds 1 578 CTD-g 24 304
CCTK 2 566 CCTD-g 25 299
RCTK 3 563 ECTD-g 26 291
FE-g 4 553 KS-mds 27 289
BoHPSD-mds 5 551 BoHPwZP-mds 28 286
LDK 6 549 TAMSD-g 29 281
LFD-mds 7 545 SR-g 30 275
RWWR 8 520 SR-mds 31 269
ECTD-mds 9 512 BoP-g 32 260
CTK 10 505 BoHPwZP-g 33 259
EDK 11 496 BoP-mds 34 248
BoHPSD-g 12 495 KS-g 35 245
MRLK 13 477 BoPAP-g 36 233
LFD-g 14 455 CECTD-mds 37 216
RSPD-g 15 410 TAMDK 38 213
CTD-mds 16 354 BoHP-g 39 202
BoPC-mds 17 343 MDSD-g 40 201
BoPC-g 18 333 TAMSD-mds 41 190
LE-mds 19 329 CECTD-g 42 185
RSPD-mds 20 327 CCTD-mds 43 175
BoHP-mds 21 325 MDK 44 126
LE-g 22 308 MDSD-mds 45 96
BoPAP-mds 23 306

Table 4.5.: Ranking of the different classical measures according to Borda method.

Of the methods that lead to the 20 most ideal scores, only five are able to contain their

two transformations in kernel. These are all considered as a family of dissimilarities, since

they are an interpolation between the shortest-path and commute-time distances. Moreover,

four of them - the free-energy distance (see Section 2.5.5), the bag-of-hitting-paths surprisal

distance (see Section 2.5.4), the randomized shortest path dissimilarity (see Section 2.5.6)

and the bag-of-paths covariance measure (see Section 2.5.8) - are derived from the bag-of

paths framework. The last of these is the logarithmic forest distance (see Section 2.5.1).

Furthermore, the average results of the top 10 of Borda ranking reveal further details. If

we omit the best mean outcome, which is detained by the regularized commute-time kernel

due to its excellent performance on the IMDB dataset, we can observe that the maximum

difference between two means is only 5.54%. This suggests that the best techniques have

minor discrepancies between them. The finding is particularly interesting, as it highlights

the divergence between multidimensional scaling of the free-energy distance and its Gaus-

sian mapping - the latter is otherwise the only instance of Gaussian mapping among the

first 10. Thus, it seems easier to choose automatically a transformation instead of a measure.

In summary, the Borda ranking provides initial insight into the methods that work well for

the sum-of-similarities classification. For instance, it already appears that multidimensional
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scaling is the preferable option for converting distance measures into kernel matrices. The

similarity measures that produce kernels matrices directly also tend to yield satisfactory

results. The final comment is that the differences between the best and subsequent scores

are generally small, and thus, it is helpful to use several techniques.

4.2.3. Friedman-Nemenyi test

We now proceed to the Friedman test for ensuring that at least one of the methods is

significantly different from the others. Although the number of techniques may render this

unlikely, the test confirms this intuition. For the chi-square distribution, we obtain

χ2
F = 0.0812× [28606−23805] = 389.6205. (4.1)

This leads to the F-distribution:

FF =
13×χ2

F

(14×44)−χ2
F

= 22.374. (4.2)

With Vcrit = F(44,572) ≈ 1.40, the F-distribution is much larger than the critical value. We can

therefore conclude that the measures are not all significantly equal and should be succeeded

by a post-hoc Nemenyi test where the critical difference is

CD = 3.943

√
45×46
6×14

= 19.5737. (4.3)

and the mean rank of each method is presented in Table 4.61.

Method Mean Method Mean Method Mean Method Mean

KS-g 14.71 SR-g 15.36 TAMSD-mds 12.93 BoHPSD-mds 39.18
KS -mds 20.57 SR-mds 18.36 MDK 8.79 FE-g 38.04
LE-g 17.07 EDK 35.36 TAMDK 14.86 FE-mds 41.29
LE-mds 19.32 LDK 38.57 LFD-g 30.32 RSPD-g 29.21
CTD-g 19.89 MRLK 34.00 LFD-mds 38.86 RSPD-mds 23.36
CTD-mds 25.14 CTK 35.46 BoP-g 15.57 BoPAP-g 13.75
ECTD-g 17.36 CCTK 40.07 BoP-mds 14.00 BoPAP-mds 17.79
ECTD-mds 35.96 RCTK 40.00 BoHPwZP-g 15.82 BoPC-g 21.39
CCTD-g 16.29 RWWR 37.11 BoHPwZP-mds 15.89 BoPC-mds 22.96
CCTD-mds 10.89 MDSD-g 12.79 BoHP-g 12.39
CECTD-g 10.93 MDSD-mds 6.64 BoHP-mds 23.21
CECTD-mds 12.89 TAMSD-g 17.96 BoHPSD-g 32.68

Table 4.6.: Mean rank of the different methods.

Figure 4.2 offers a graphical representation of the follow-up evaluation. An inspection of the

results indicates that 26 of the methods are significantly worse than the best option: the

1It is useful to notice in the Matlab™ function used here, the rank are given in reverse order, i.e., rank 1
for the worst method, and so on... This changes nothing in the graphical representation.
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free-energy distance with multidimensional scaling transformation. Due to the number of

approaches tested, we have to tighten the criterion. Two methods are declared significantly

different if the discrepancy between their means is larger than a half of the critical value.

By doing so, only 13 techniques remain in the top category - precisely the first 13 methods

in the Borda ranking. We therefore surmise that they seem much better than the others.

However, unless the first three methods retain their positions, we can observe some changes

in the others. This is why more statistical tests are needed, but we focus henceforth on the

13 approaches mentioned above.

4.2.4. Wilcoxon signed-rank test

The final assessment of the most favorable classical measures is a Wilcoxon signed-rank test,

whose results are displayed in Table 4.7. The legend for this representation is as follows:

! )
means that the method for the row is significantly better than that of the column.

! × represents the reverse of the above scenario.

! = denotes than either of the two methods is significantly better than the other.

! ∗ is a special case between the Euclidean commute-time distance with multidimen-

sional scaling transformation and the commute-time kernel. Indeed, since the two

methods have identical results for all news datasets, Nr is too small to find a critical

value (see table 3.3) and thus the test does not yield an answer.

Method ↓ Number ↓ → 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13.

FE-mds 1. \ =
) ) ) ) ) ) ) ) ) ) )

CCTK 2. = \ =
) ) ) ) ) ) ) ) ) )

RCTK 3. × = \ = × )
=

) ) ) ) ) )

BoHPSD-mds 4. × × = \
)

= =
) ) ) ) ) )

LFD-mds 5. × × ) × \
)

=
) ) ) ) ) )

LDK 6. × × × = × \ =
) ) ) ) ) )

FE-g 7. × × = = = = \ =
) )

=
) )

RWWR 8. × × × × × × = \ = =
) ) )

ECTD-mds 9. × × × × × × × = \ ∗ ) ) )

CTK 10. × × × × × × × = ∗ \
) ) )

EDK 11. × × × × × × = × × × \
) )

MRLK 12. × × × × × × × × × × × \ ×
BoHPSD-g 13. × × × × × × × × × × × )

\

Table 4.7.: Wilcoxon signed-rank test for the best methods.

This table first suggests that the rankings of the previous tests are generally respected.

Next, the Wilcoxon test follows the rfindings from the Nemenyi one; only two red crosses in

the upper-right region of the table contradict it. We also note that the free-energy distance

with multidimensional scaling transformation and the corrected commute-time kernel seem

to perform the most ideally. Indeed, they are significantly better than the other methods, ex-
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Figure 4.2.: Nemenyi representation for the post-hoc test.
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cept the one directly following them - recall that these two represents 9 of the 14 high scores.

Furthermore, we can separate the 13 best methods into two groups. The first six methods

are always significantly better than the last six, and they contain 13 out of 14 high scores.

Only the surprisal distance with Gauss transformation yields another top score, but all the

tests place it among the bottom two. The free-energy distance with the Gaussian mapping

is an interesting case: despite its seventh position in the Nemenyi test, it fares only signifi-

cantly worse than the first two and competes equally with the others four ranked above it.

From the specific results, this seems to be because the free-energy methods are very accurate

for the news datasets which represent 64% of the sources.

4.2.5. Comparison with the support vector machines classifier

Finally, we will compare our results with those obtained with another semi-supervised clas-

sification test: the transductive and spectral support vector machines (SVM). Details about

this assessment and its results can be found in [32]. As expected, we have only included

methods evaluated with both of classification tests - i.e., the free-energy distance; the bag-

of-hitting-paths surprisal distance; the logarithmic forest distance; the randomized shortest-

path dissimilarities; as well as the regularized commute-time kernel; the modified regularized

Laplacian kernel and the Markov diffusion kernel.

The Borda rankings2, reveal that the free-energy distance is always on top but with a dif-

ferent transformation. In both cases, the second conversion is ranked third, which indicates

that this method is excellent. In general, the sum-of-similarities have better results with

multidimensional scaling whereas support vector machines seems to prefer Gaussian map-

ping.

Another intriguing observation is that some methods provide ideal outcomes with one test

but unsatisfactory ones with another. For instance, the regularized commute-time kernel is

deemed one of the top performers according to the sum-of similarities, but worse than the

Markov diffusion kernel based on the SVM. In fact, this kernel has nearly the worst results

with from our experiment. In general, with the exception of the Markov diffusion case, the

sum-of-similarities classification is favorable to measures that form a kernel matrix directly,

while the SVM ranks these at bottom.

The final question is whether one classification test is better than another. To answer this,

we examine the exact results of both. From the 154 percentages compared, the SVM yields

a better outcome in 83 cases, while the sum-of-similarities has only 70. The last case is an

equality. On the other hand, the sum-of-similarities leads to a greater number of top results

2The borda rankings are of course modified to only leave the techniques cited above. The scores are thus

now irrelevant.
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for 6 of the 11 methods compared. Sometimes, one approach consistently generates the best

outcomes for almost all datasets, and the evaluation is clear, but with other measures, both

are comparable in quality. In the latter case, it is much more difficult to choose a winner,

and it appears that none of the tests is significantly better than any other.

4.3. Results of the randomized optimal transport on a graph

We now explore the results obtained by the original method introduced in Section 2.6. As

previously discussed, this distance can be computed in two ways, depending on whether we

consider the hitting-paths or not. With two transformations into a kernel matrix, this leads

to four new techniques for analysis. The outcomes for all the datasets are depicted in Table

4.8. The ones that are higher than the best result from the classical measures are in boldface

(see Tables 4.1, 4.2, 4.3 and 4.4). The distributions for the “supply” and“demand”nodes are

uniform - i.e., σi
in = 1/n and σi

out = 1/n for all i = 1, . . . ,n. There are probably distributions

which would get better results but uniform distributions have been chosen so as not to favor

certain nodes as it is the case in the other methods.

For the assessment of these new methods, we retain only the most favorable classical ones,

namely those that are close enough to the free-energy with multidimensional scaling.

Measure → ROTP ROTPw ROT ROT
Dataset ↓ wHP-g HP-mds -g -mds

texas 48.80 79.49 48.80 80.24
washington 67.28 69.30 60.03 68.03
wisconsin 44.68 75.21 45.26 75.50
cornell 41.91 58.82 41.91 59.90
imdb 50.98 50.02 50.98 50.17
news-2cl-1 95.88 95.25 94.63 95.00
news-2cl-2 92.72 92.90 91.21 91.14
news-2cl-3 96.11 96.18 95.99 95.99
news-3cl-1 93.79 93.50 92.96 92.92
news-3cl-2 92.22 93.35 89.72 92.35
news-3cl-3 90.04 92.27 87.44 91.30
news-5cl-1 88.53 89.63 87.00 89.15
news-5cl-2 83.53 83.98 81.23 82.23
news-5cl-3 79.66 83.58 77.26 81.04

Table 4.8.: Results of the classification accuracy in percent for the randomized optimal transport,
obtained on each dataset and by taking the average of 5 experiments.

In this table, the results of the two versions seem to be in the order of the best classical

measures. A clue for this observation is the five top scores obtained using the randomized

optimal transport (three with the hitting-paths and two without). While all the variations

yield satisfactory results, the one in the hitting-paths case appears preferable to the one
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without. Again, the multidimensional scaling transformation has produced a better out-

come than the Gaussian mapping in most instances.

4.3.1. Illustrations of some results

After observing the results, it may be helpful to have a visual interpretation of the kernel

matrices. The representation of the four variations can be found in Figure 4.3; they are

again performed with the news-3cl-1 dataset.
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Figure 4.3.: Images of different similarity matrices for the dataset news-3cl-1 obtained with the
function imagesc of Matlab™: (a) ROTwHP-mds, (b) ROTwHP-g, (c) ROT-mds and (d) ROT-g.

As predicted with the results over 90% from Table 4.8, the three classes are clearly differ-

entiable. Moreover, by examining the digital outcomes, we postulate that the hitting-paths

case is better than its alternative; this notion is reinforced by the diagrams. Indeed, the

distinctions between the classes are more pronounced in the top images- which correspond

to randomized optimal transport with hitting-paths - than the ones below them.
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4.3.2. Borda ranking

To confirm our intuitions, we will turn to the Borda ranking that can be found in Table 4.9.

Method Rank Score

ROTwHP-mds 1 203
FE-mds 2 202
CCTK 3 181
BoHPSD-mds 4 167
FE-g 5 159
ROT-mds 6 154
LFD-mds 7 151
RCTK 8 143
ROTwHP-g 9 138
LDK 10 127
ECTD-mds 11 111
CTK 12 110
BoHPSD-g 13 100
RWWR 14 92
ROT-g 15 74
EDK 16 65
MRLK 17 55

Table 4.9.: Ranking of the best classical and the randomized optimal transport methods according
to Borda method.

Several observations can be made from this table. First, even if the classical methods are not

in the same order as before, the trends remain identical and it is not necessary to comment

on the minor changes. We can thus focus solely on the manifestations of the techniques

within the randomized optimal transport framework.

Next, of the positions obtained through the randomized optimal transport, three appear

among the 10 best methods. Better still, the randomized optimal transport with the hitting-

paths and multidimensional scaling is first in the Borda ranking even if the best free-energy

distance is very close behind. Conversely, the fourth technique with Gaussian mapping but

without the hitting-paths is ranked in the bottom and seems unable to compete with the

top methods.

A final observation is that the two variations with multidimensional scaling fare better than

their Gaussian counterparts. We may therefore suppose that for the randomized optimal

transport scenario, the choice of transformation into a kernel matrix has a greater impact

than the presence of hitting-paths.
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4.3.3. Friedman-Nemenyi test

We now perform the Friedman test again to determine if, with fewer methods, at least one

is significantly worse than another. This time, we obtain for the chi-square function

χ2
F = 0.549[1532.018−1377] = 85.108. (4.4)

The resulting F-distribution is therefore

FF =
13×85.108

14×16−85.108
= 7.996. (4.5)

We have to compare this figure with the critical value Vcrit = F(16,208) ≈ 1.69. Again, the

computed value is larger than the critical one, and thus significant differences exist between

the measures. We therefore proceed with a post-hoc Nemenyi test. The mean ranks can be

found in Table 4.10 and the critical difference calculated as

CD = 3.458

√
17×18
6×14

= 6.60. (4.6)

Method Mean Method Mean

ECTD-mds 7.2857 BoHPSD-g 6.5714
EDK 4.5714 BoHPSD-mds 11.6071
LDK 8.3214 FE-g 10.8214
MRLK 4.5714 FE-mds 14.1071
CTK 7.2143 ROTwHP-g 9.2143
CCTK 12.5000 ROTwHP-mds 13.9286
RCTK 9.8929 ROT-g 4.7857
RWWR 6.3929 ROT-mds 10.6429
LFD-mds 10.5714

Table 4.10.: Mean rank of the different methods.

Figure 4.4 depicts the Nemenyi evaluation graphically. It illustrates several things. First,

the top method here is not the same as in the Borda ranking. Indeed, even if the difference

is small, the free-energy distance is more accurate than all variations of randomized optimal

transport.

Next, the best technique is significantly better than seven other methods, including one

from this new framework - the version with Gaussian mapping and no hitting-paths. Our

predictions may therefore seem to be correct, and this can be definitely excluded from our

methods of interest. Ten methods remain, among which the Nemenyi test does not differ-

entiate significantly and for which pairwise comparisons may be useful. Many have already

been conducted in Section 4.2.4, the next section focus on the comparisons between the

remaining three variants of randomized optimal transport, and all 10 methods that have

passed this last test.
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Figure 4.4.: Nemenyi representation for the post-hoc test.

4.3.4. Wilcoxon signed-rank test

I have subsequently made pairwise evaluations with a Wilcoxon signed-rank test. The results

can be found in Table 4.11 in which the numbers correspond to:

1. FE-mds 6. ROT-mds
2. ROTwHP-mds 7. LFD-mds
3. CCTK 8. RCTK
4. BoHPSD-mds 9. ROTwHP-g
5. FE-g 10. LDK

First, we note that the free-energy distance with multidimensional scaling is significantly

more accurate than all those using randomized optimal transport; thus, it seems to be the

most reliable method.

Nevertheless, the first technique in this framework is still demonstrably better than all the

others.

For the comparisons implying the ROT-mds, we notice that, except for the two best methods,

it performs at least as well as the others. It therefore seems to be an adequate alternative
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Method 1. 2. 3. 4. 5. 6. 7. 8. 9. 10.

ROTwHP-mds × \
) ) ) ) ) ) ) )

ROT-mds × × = = = \ =
) ) )

ROTwHP-g × × × × × × × × \ =

Table 4.11.: Wilcoxon signed-rank test for the best randomized optimal transport methods.

and may be used in some situations. On the other hand, the two version with Gaussian

mapping are significantly worse than the top choices; our previously stated prediction is

confirmed, and the option of multidimensional scaling is preponderant compared to the

presence of hitting-paths.

4.4. Conclusion

We can summarize the above discussions and make some relevant assumptions in selecting

the most appropriate method for the respective case.

From the Borda ranking and Friedman-Nemenyi test, we have observed that, of the classical

measures introduced in [29], 13 demonstrated better performances than the others. Through

the digital results, these methods reveal only minor differences among themselves, and this

is difficult to separate them with the present information.

To this end, some pairwise comparisons have been made; they suggest that six methods

are nearly significantly better than all the others. These methods have yielded 13 high

scores on the 14 datasets used for the tests. Moreover, if we use a minimum number of

approach for the sake of simplicity, we would note that two of them - free-energy distance

with multidimensional scaling and corrected commute-time kernel - can be classified sepa-

rately. Although this top category would only includes two techniques, 11 of the 14 high

scores would still be in it. We may hereby conclude than perhaps these two methods would

almost always generate the best results.

However, [38] has recently introduced a new framework - randomized optimal transport

-leading to four new variants that can compute similarities between nodes. The measures

introduced in this context have overtaken the top-performing classical methods for five

datasets. This is only the case when the high score was originally detained by a family of

dissimilarities. It was therefore interesting to compare the recent techniques with the best

traditional measures.

All the statistical tests have demonstrated that most of these new approaches can compete

against classical ones. Furthermore, the best of them - randomized optimal transport with

hitting-paths and multidimensional scaling transformation - is very close to the free-energy
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distance and can be grouped with the two best traditional measures.

A final comment can be made about the kernel matrix transformations used here. All the

experiments suggest that multidimensional scaling outperforms Gaussian mapping. The lat-

ter may be rejected, but only for the case of the sum-of-similarities classification test used

in this thesis. Indeed, the SVM variant utilized in [32] leads to the opposite observation and

produces better results for Gaussian mapping. We are therefore unable to choose a default

transformation and both of have to be considered. Speaking of SVM, it is interesting to note

this classifier sometimes obtain worse results than sum-of-similarities. Since SVM is more

sophisticated and requires much more computational resources, it could have been expected

that it would always be more accurate.

In summary, since the results depend on the dataset, and one method is not always better

than the others, it is impossible to select a definitive measure that would yield the best

outcome in every situation. Nevertheless, we can identify a subset of the methods that

generate the optimal results in most cases.

After these conclusions, we will now talk about the limitations we have been subjected to

in this master thesis. This will be done in the next chapter where we will also give some

ideas to improve our observations.
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5.1. Preliminaries

As with all research topic, the one treated in this thesis is subject to limitations. Thus,

this chapter presents a non-exhaustive list thereof that has been encountered during the

realization of this work. It also offers some ideas to overcome these constraints in order

to specify the results and improve the conclusions. Following this, I review directions for

further studies that may be of interest.

5.2. Research limitations

This subchapter addresses the limitations and ideas to improve them. Of course, the re-

alization of these suggestions may lead to new research, but unlike the recommendations

introduced in the next section, these would merely require resuming the above investigations

with another set of parameters.

First, since the data represent real-world situations, their quantity is limited. Fourteen

datasets are insufficient to draw definitive conclusions. More information would have been

preferable to refine the trends observed in this thesis. Moreover, the material was taken

from only three databases, and the methods have often yielded similar results for each. We

therefore have no idea how measures would fare if they were tested on graphs depicting com-

pletely different subjects, for which the adjacency matrix may have various structures. The

computational capacity also restricted the study to small graph, with the largest dataset

comprising slightly over 1000 nodes. It would be interesting to observe the performance of

the methods with a larger group of data. Furthermore, there is a maximum of 6 categories in

which the vertices are labeled, and it would have been insightful to investigate relationships

between the outcomes, the size of the graphs and the numbers of classes.
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Limitations and further research

Second, most of the dissimilarity measures depend on parameters. Again, due to compu-

tational restrictions, I was only able to test finite range of figures to this end. Using more

parameter values would have made the findings more precise. To confirm the quality of

a method, it would be helpful to optimize such values over a continuous domain, but this

would require a considerable amount of work in the optimization area.

Third, I have only computed the percentages of labels for training sets of 20% of the total

number of nodes. It would have been interesting to explore the effects when this proportion

changes (for example, if it becomes really small) and whether there is a link between the

size of the training sets and the results obtained.

Fourth, to select the best method, I have restricted the investigation to only three statistical

tests. To clarify the present conclusions or uncover new ones, we can use additional tools.

Instead of contrasting the techniques, it would be intriguing to compare the findings to a

baseline and determine a performance scale.

Last, the performance index is based only on the percentage of found nodes. We could vary

this figure to quantify the quality of a measure. For instance, it may be useful to analyzed

the computation time and ask these questions :

! What is the time complexity of the methodology ? How does the computation time

increase when a greater number of nodes is used ?

! Up to what point is an improvement in accuracy meaningful if it doubles or triples the

computation time ?

5.3. Improvements and ideas for further works

This segment considers some directions for future development in the subject area. These

propositions are wide-ranging and may form the basis for further research articles and even

master’s theses.

In this investigation, the methods have only been tested with one classification algorithm,

the sum-of-similarities. I have compared the results with another assessment technique

introduced in [32] - the transductive and spectral support vector machines. It may be

worthwhile to evaluate the various measures with other tools such as an alternative semi-

supervised classification task (see, e.g., [90, 103]), an unsupervised algorithm or parts of the

clustering framework.

I have also noted that the transformation of a distance measure into a kernel matrix can

be done in two ways. However, these conversions lead to inconsistent outcomes depending

on the approach or the classification test. It may be interesting to explore newer and more
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reliable means of performing this transformation.

In addition, a recently introduced framework (see [38]) has been demonstrated to be com-

parable with the classical methods. This example illustrates the value in analyzing new

approaches to improve the precision of existing tests.

Finally, I have indicated that some methods only function for graphs with certain charac-

teristics, such as directed or weighted networks. It may be maybe worthwhile to consider

improvements using these properties and the resulting adjacency matrix structure. For in-

stance, the sparse nature of the matrix may reduce the computation time.
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6Conclusion

This thesis has mainly tried to answer the question : how can we quantify the degree of

connection between nodes ? To this end, I have presented various measures between the

vertices of a graph. These may be similarities, dissimilarities or distances, and in many

cases, only the adjacency matrix of the network needs to be computed.

First, I discussed similarity measures, most of which are mere modifications or improve-

ments of the two basic intervals: the shortest-path and the commute-time distances. Some

of them have provided accurate results with the experimental procedures, especially when

the measure yields a kernel matrix directly, such that no conversion is necessary.

Conversely, I have also presented a series of measures which known as families of dissimilar-

ities, because they interpolate between the shortest-path and the commute-time distance.

This interpolation depends on a parameter, from whose extreme values we can retrieve the

basic distance. Most of these families come from a unique framework, the bag-of-paths

probabilities, which leads to many techniques that generate excellent results. Among them,

the free-energy distance seems to be the one with the most consistent outcomes when trans-

formed into a kernel matrix with multidimensional scaling.

Although some of these measures provide satisfactory conclusions, I have decided to address

one more method. This was recently introduced in [38] and I wanted to compare it with

the other top approaches; it performed even better on some datasets. Moreover, one of its

variants seems to be almost equally effective, according to the statistical tests used in this

thesis. While many methods have already been developed, it is always useful to search for

new techniques, with diverse properties that enable them to perform on a wide range of data.

Finally, we have made the assumption that it is impossible to choose one default ap-

proach among the ones that generate the best results. Indeed, the techniques are datasets-

dependent, and the possibility of a poor outcome cannot be eliminated even for the apparent

top measure. We have therefore attempted to constitute a set of methods in which the like-

lihood of obtaining the high score is as great as possible. It is expected that in most of cases,

at least one of these would satisfy the user. Nevertheless, due to the small number and size

of sources tested, we cannot predict how various measures would react to new datasets; this

is especially true in scenarios with much larger than those used in this thesis.

In conclusion, even if this study provides insight into the efficiency of a wide range of dis-

tance measures, all the observations made here have to be evaluated with more datasets
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and classification tasks before we can make definitive inferences. As such, further research

should be conducted in hopes of identifying the best method in the near future.
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AAnnexes

A.1. Matlab™ codes

A.1.1. Katz similarity and Leicht’s extension

1 function [st] = ...
2 Alg_02_02_KatzSimilarityMatrixAndLeichtsExtension(A,alpha)
3

4 % Computing the Katz similarity matrix and his Leicht's extension of an
5 % undirected and weighted graph
6 %
7 % Chapter 2 : Similarity/proximity measures between nodes
8 % Section 5 : Global Similarity and Distance Measures
9 % Subsection 1 : Katz Index

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - alpha : the discounting factor (alpha must be between 0 and the
17 % spectral radius of A)
18 %
19 % Returns :
20 %
21 % - K_Katz: the Katz similarity matrix
22 %
23 % - K_Leicht: the degree-weighted Katz similarity matrix integrating
24 % contributions from all paths connecting node i and node j, discouting
25 % paths according to their length
26 %
27 % (c) Maxime Duyck
28

29 %% Checks of arguments
30

31 % Check if squared matrix
32 [n,m] = size(A);
33 if(n ̸=m)
34 error('The adjacency matrix is not squared')
35 end
36

37 % Check if symmetric matrix / graph is undirected
38 for j = 2:n
39 for l = 1:j-1
40 if(A(j,l) ̸= A(l,j))
41 error('The adjacency matrix is not symmetric')
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42 end
43 end
44 end
45

46 % Check if alpha has a correct value
47 spectral_radius = 1/max(eig(A));
48 if(alpha < 0 || alpha > spectral_radius)
49 warning('The spectral radius of A is %d',spectral_radius)
50 error('The discounting factor has not a correct value')
51 end
52

53 %% Algorithm
54 I = eye(n);
55

56 mat = (I-alpha*A)\I;
57 D = diag(A*ones(n,1)); % diagonal degree matrix
58

59 % Katz similarity matrix
60 st.K_Katz = mat - eye(n);
61

62 % Leicht's extension
63 st.K_Leicht = (D\mat)*(D\I);
64 end

A.1.2. Commute-time distance and its variants

1 function [st] = ...
2 Alg_02_03_ComuteTimeAndEuclideanComuteTimeDistances(A)
3

4 % Computing the (corrected and uncorrected) commute-time and Euclidean
5 % commute-time distances between nodes of an unidrected and weigthed graph
6 %
7 % Chapter 2 : Similarity/proximity measures between nodes
8 % Section 5 : Global Similarity and Distance Measures
9 % Subsection 3 : Commute-Time distance and Euclidean commute-time

10 % distance
11 %
12 % Arguments :
13 %
14 % - A: the n x n adjacency matrix associated to the graph,
15 % containing affinities
16 %
17 % Returns :
18 %
19 % - ∆_CT: the n x n matrix containing the average commute times between
20 % pairs of nodes
21 %
22 % - ∆_ECT: the n x n matrix containing the square roots of average
23 % commute times between pairs of nodes, i.e., the Euclidean commute-time
24 % distances
25 %
26 % - ∆_CCT: the n x n matrix containing the corrected version of
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27 % ∆_CT
28 %
29 % - ∆_CECT: the n x n matrix containing the corrected version of
30 % ∆_ECT
31 %
32 % (c) Maxime Duyck
33

34 %% Checks of arguments
35

36 % Check if squared matrix
37 [n,m] = size(A);
38 if(n ̸=m)
39 error('The adjacency matrix is not squared')
40 end
41

42 % Check if symmetric matrix / graph is undirected
43 for j = 2:n
44 for l = 1:j-1
45 if(A(j,l) ̸= A(l,j))
46 error('The adjacency matrix is not symmetric')
47 end
48 end
49 end
50

51

52 %% Algorithm
53

54 % diagonal degree matrix
55 e = ones(n,1);
56 ee = e*e';
57 I = eye(n);
58 D = diag(A*e);
59

60 % volume of the graph
61 volume = e'*A*e;
62

63 % Laplacian matrix
64 L = D - A;
65

66 % Pseudoinverse of the Laplacian matrix
67 een = ee/n;
68 L_plus = ((L+een)\I) + een;
69

70 % Average commute-time distance
71 diago = diag(L_plus);
72 ∆_CT = volume*(diago*e' + e*diago' - 2*L_plus);
73 ∆_CT(isnan(∆_CT))=0;
74 ∆_CT(isinf(∆_CT))=100000;
75

76 st.∆_CT = ∆_CT;
77

78 % Euclidean commute-time distance
79 st.∆_ECT = (∆_CT).^(.5);
80

81 % Corrected commute-time distance
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82 term = (D \ A) / D; % !!!
83 dg = diag(term);
84 ∆_CCT = ∆_CT-volume*(D\ee+ee\D+dg*e'+e*dg'-2*term);
85 ∆_CCT = ∆_CCT - diag(diag(∆_CCT)); % set diagonal to zero
86 st.∆_CCT = ∆_CCT;
87

88 % Corrected Euclidean commute-time distance
89 st.∆_CECT = (∆_CCT).^(.5);
90

91 end

A.1.3. SimRank similarity

1 function [K] = Alg_02_04_SimRankSimilarityMatrix(A,alpha,tolerance)
2

3 % Computing the SimRank similarity matrix between nodes of a directed and
4 % weighted graph
5 %
6 % Chapter 2 : Similarity/proximity measures between nodes
7 % Section 5 : Global Similarity and Distance Measures
8 % Subsection 4 : SimRank and an extension for comparing two
9 % graphs

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - alpha: a parameter between 0 and 1 not included
17 %
18 % - tolerance : tolerance for convergence of K
19 %
20 % Returns :
21 %
22 % - K: The n x n similarity matrix
23 %
24 % (c) Maxime Duyck
25

26 %% Checks of arguments
27

28 % default tolerance
29 if nargin == 2
30 tolerance = 1e-3;
31 end
32

33 % Check if squared matrix
34 [n,m] = size(A);
35 if(n ̸=m)
36 error('The adjacency matrix is not squared')
37 end
38

39 % Check if alpha has a correct value
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40 if(alpha ≤ 0 || alpha ≥ 1)
41 error('The discounting factor has not a correct value')
42 end
43

44 %% Algorithm
45 % Initialistion K = I
46 K = eye(n);
47

48 % Indegree vector
49 d = A'*ones(n,1);
50

51 % Construction of Q // A little bit different of book algorithm
52 Q = zeros(n);
53 pos_diag = zeros(n);
54 for j = 1:n
55 if(d(j)>0)
56 Q(:,j) = A(:,j)/d(j);
57 pos_diag(j,j) = 1; % Useful for later / 1 if predecessor node,
58 % 0 otherwise
59 end
60 end
61

62 min_val = 1;
63 while(min_val ≥ tolerance)
64 K_old = K;
65 K = alpha*Q'*A*Q; % Update the similarity matrix
66 K = K - diag(diag(K)) + pos_diag; % set diagonal to 1 if node has
67 % a predecessor
68 min_val = min(abs(K-K_old)); % Convergence condition
69 end
70 end

A.1.4. Exponential diffusion kernel

1 function [st] = Alg_02_06_ExponentialDiffusionKernel(A,alpha)
2

3 % Computing the exponential diffusion kernel and the Laplacian exponential
4 % diffusion kernel matrix of a connected weighted undirected graph
5 %
6 % Chapter 2 : Similarity/proximity measures between nodes
7 % Section 6 : Kernel-based similarity measures
8 % Subsections 1&2 : (Laplacian) Exponential diffusion Kernel
9 %

10 % Arguments :
11 %
12 % - A: the n x n adjacency matrix associated to the graph G_A,
13 % containing affinities
14 %
15 % - alpha : the discounting parameter stricly higher than 0
16 %
17 % Returns :
18 %
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19 % - K_ED: The n x n exponential diffusion kernel matrix K_ED integrating
20 % a contribution from all paths connecting node i and node j, discouting
21 % paths according to their length
22 %
23 % - K_LED : the n x n Laplacian exponential diffusion kernel matrix
24 %
25 % (c) Maxime Duyck
26

27 %% Checks of arguments
28

29 % Check if squared matrix
30 [n,m] = size(A);
31 if(n ̸=m)
32 error('The adjacency matrix is not squared')
33 end
34

35 % Check if symmetric matrix / graph is undirected
36 for j = 2:n
37 for l = 1:j-1
38 if(A(j,l) ̸= A(l,j))
39 error('The adjacency matrix is not symmetric')
40 end
41 end
42 end
43

44 % Check if alpha has a correct value
45 if(alpha ≤ 0)
46 error('The discounting factor has not a correct value')
47 end
48

49 %% Algorithm
50

51 % Degree Matrix
52 D = diag(A*ones(n,1));
53

54 % Laplacian Matrix
55 L = D-A;
56

57 % Exponential diffusion kernel matrix
58 st.K_ED = expm(alpha*A);
59

60 % Laplacian Exponential diffusion kernel matrix
61 st.K_LED = expm(-alpha*L);
62

63 end

A.1.5. Modified regularized Laplacian kernel

1 function [K_MRL] = Alg_02_07_ModifiedRegularizedLaplacian(A,alpha,gamma)
2

3 % Computing the modified regularized Laplacian kernel matrix of a weighted
4 % undirected graph
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5 %
6 % Chapter 2 : Similarity/proximity measures between nodes
7 % Section 6 : Kernel-based similarity measures
8 % Subsections 3 : Regularized Laplacian kernel and variants
9 %

10 % Arguments :
11 %
12 % - A: the n x n adjacency matrix associated to the graph,
13 % containing affinities
14 %
15 % - alpha : the discounting parameter stricly higher than 0
16 %
17 % - gamma : the parameter controlling importance and relatedness, must be
18 % between 0 and 1 (provides the regularized Laplacian kernel if gamma = 1)
19 %
20 % Returns :
21 %
22 % - K_MRL: The n x n modified regularized Laplacian kernel matrix
23 %
24 % (c) Maxime Duyck
25

26 %% Checks of arguments
27

28 % Check if squared matrix
29 [n,m] = size(A);
30 I = eye(n);
31

32 if(n ̸=m)
33 error('The adjacency matrix is not squared')
34 end
35

36 % Check if symmetric matrix / graph is undirected
37 for j = 2:n
38 for l = 1:j-1
39 if(A(j,l) ̸= A(l,j))
40 error('The adjacency matrix is not symmetric')
41 end
42 end
43 end
44

45 % Check if alpha has a correct value
46 if(alpha ≤ 0)
47 error('The discounting factor has not a correct value')
48 end
49

50 % Check if gamma has a correct value
51 if(gamma < 0 || gamma > 1)
52 error('the parameter controlling importance has not a correct value')
53 end
54

55 %% Algorithm
56

57 % Degree matrix
58 D = diag(A*ones(n,1));
59
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60 % Modified Laplacian Matrix
61 L_gamma = gamma*D - A ;
62

63 % the modified regularized Laplacian kernel matrix
64 K_MRL = (I+alpha*L_gamma)\I;
65

66 end

A.1.6. Commute-time kernel

1 function [st] = Alg_02_08_CommuteTimeKernelMatrix(A)
2

3 % Computing the commute-time kernel matrix of a weighted undirected graph
4 % (both the usual form and the corrected form)
5 %
6 % Chapter 2 : Similarity/proximity measures between nodes
7 % Section 6 : Kernel-based similarity measures
8 % Subsections 4 : Commute-time or resistance-distance kernel
9 %

10 % Arguments :
11 %
12 % - A: the n x n adjacency matrix associated to the graph,
13 % containing affinities
14 %
15 % Returns :
16 %
17 % - K_CT: The n x n commute-time kernel matrix
18 %
19 % - K_CCT : The n x n corrected version of the comuute-time kernel matrix
20 %
21 % (c) Maxime Duyck
22

23 %% Checks of arguments
24

25 % Check if squared matrix
26 [n,m] = size(A);
27 if(n ̸=m)
28 error('The adjacency matrix is not squared')
29 end
30

31 % Check if symmetric matrix / graph is undirected
32 for j = 2:n
33 for l = 1:j-1
34 if(A(j,l) ̸= A(l,j))
35 error('The adjacency matrix is not symmetric')
36 end
37 end
38 end
39

40

41 %% Algorithm
42
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43 e = ones(n,1);
44 I = eye(n);
45

46 % Degree matrix
47 D = diag(A*e);
48

49 % Degree vector
50 d = D*e;
51

52 % Laplacian Matrix
53 L = D - A ;
54

55 % Pseudoinverse of the Laplacian matrix
56 een = (e*e')/n;
57 L_plus = ((L+een)\I)-een;
58

59 % Commute-time kernel matrix
60 st.K_CT = L_plus;
61

62 % Compute the centering matrix
63 H = I-een;
64

65 mat = A - ((d*d')/(e'*A*e));
66 sqrt_D = D^(-0.5);
67 M = sqrt_D*mat*sqrt_D;
68

69 % Corrected commute-time kernel matrix
70 st.K_CCT = H*sqrt_D*M*((I-M)\I)*M*sqrt_D;
71

72 end

A.1.7. Regularized commute-time kernel

1 function [st] = Alg_02_09_RegularizedCommuteTimeKernel(A,alpha)
2

3 % Computing the regularized commute-time kernel and the random walk with
4 % restart similarity of a weighted undirected graph
5 %
6 % Chapter 2 : Similarity/proximity measures between nodes
7 % Section 6 : Kernel-based similarity measures
8 % Subsections 5 : Similarities based on diffusion models:
9 % regularized commute-time kernel and random walk with

10 % restart similarity
11 %
12 % Arguments :
13 %
14 % - A: the n x n adjacency matrix associated to the graph,
15 % containing affinities
16 %
17 % - alpha : the discounting parameter between 0 and 1 not included
18 %
19 % Returns :

ix



Annexes

20 %
21 % - K_RCT: The n x n regularized commute-time kernel matrix
22 %
23 % - K_RWR : The n x n random walk with restart similarity matrix
24 %
25 % (c) Maxime Duyck
26

27 %% Checks of arguments
28

29 % Check if squared matrix
30 [n,m] = size(A);
31 if(n ̸=m)
32 error('The adjacency matrix is not squared')
33 end
34

35 % Check if symmetric matrix / graph is undirected
36 for j = 2:n
37 for l = 1:j-1
38 if(A(j,l) ̸= A(l,j))
39 error('The adjacency matrix is not symmetric')
40 end
41 end
42 end
43

44 % Check if alpha has a correct value
45 if(alpha ≤ 0 || alpha≥1)
46 error('The discounting factor has not a correct value')
47 end
48

49 %% Algorithm
50

51 % Degree matrix
52 D = diag(A*ones(n,1));
53

54 % Regularized commute-time kernel matrix
55 st.K_RCT = (D-alpha*A)\I;
56

57 % Random walk with restart similarity matrix
58 st.K_RWR = (D-alpha*A)\D;
59

60 end

A.1.8. Markov diffusion square distance and its variants

1 function [st] = ...
2 Alg_02_10_MarkovDiffusionSquareDistance(A,w,t)
3

4 % Computing the Markov diffusion square distance and kernel matrix of a
5 % weighted directed graph
6 %
7 % Chapter 2 : Similarity/proximity measures between nodes
8 % Section 6 : Kernel-based similarity measures
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9 % Subsections 6 : Markov diffusion distance and kernel
10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - w : the weighting factors w_k ≥ 0 associated with each node k in
17 % vector w. When the Markov chain is regular, the usual weighting factor
18 % is w_k = 1/pi_k where pi_k is entry k of the stationary distribution
19 %
20 % - t : the considered number of steps (or transitions) of the Markov
21 % process
22 %
23 % Returns :
24 %
25 % - ∆_2MD: The n x n original version of Markov diffusion squared
26 % distances matrix
27 %
28 % - ∆_2MDA: The n x n time-averaged version Markov diffusion squared
29 % distances matrix
30 %
31 % - K_2MD: The n x n original version of Markov diffusion kernel matrix
32 %
33 % - K_2MDA : The n x n time-averaged version of Markov diffusion kernel
34 % matrix
35 %
36 % (c) Maxime Duyck
37

38 %% Checks of arguments
39

40 % Check if squared matrix
41 [n,m] = size(A);
42 if(n ̸=m)
43 error('The adjacency matrix is not squared')
44 end
45

46 % Check if length of w is correct
47 if(length(w) ̸=n)
48 error('The weigthing has not the correct dimension')
49 end
50

51 % Check if alpha has a correct value
52 if (min(w) < 0)
53 error('The weighting vector has at least a negative value')
54 end
55

56 %% Algorithm
57

58 e = ones(n,1);
59

60 % The row-normalization matrix
61 D = diag(A*e);
62

63 % The transition matrix associated with A
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64 P = D\A;
65

66 H = eye(n)-((e*e')/n) ;
67

68 Z = zeros(size(P));
69 for i=1:t
70 Z = Z + P^i;
71 end
72 Z = Z/t;
73

74 % The diagonal matrix containing the weights
75 D_w = diag(w);
76

77 % Original version of Markov diffusion squared distances matrix
78 st.∆_2MD = diag((P^t)*D_w*(P^t)')*e' + e*(diag((P^t)*D_w*(P^t)'))'...
79 - 2*(P^t)*D_w*(P^t)';
80

81

82 % Time-averaged version of Markov diffusion squared distances matrix
83 st.∆_2MDA = diag(Z*D_w*Z')*e' + e*(diag(Z*D_w*Z'))'...
84 - 2*Z*D_w*Z';
85

86 % Original version of centered Markov difusion kernel matrix
87 st.K_2MD = H*(P^t)*D_w*(P^t)'*H;
88

89 % Time-averaged version of centered Markov difusion kernel matrix
90 st.K_2MDA = H*Z*D_w*Z'*H;
91

92 end

A.1.9. Logarithmic forest distance

1 function [K] = Alg_03_01_LogarithmicForestDistanceMatrix(A,alpha)
2

3 % Computing the logarithmic forest distance matrix between nodes of an
4 % undirected graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 3 : The p-resistance distance
8 %
9 % Arguments :

10 %
11 % - A: the n x n adjacency matrix associated to the graph,
12 % containing affinities
13 %
14 % - alpha: a positive parameter
15 %
16 % Returns :
17 %
18 % - K: The n x n logarithmic forest distance matrix
19 %
20 % (c) Maxime Duyck
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21

22 %% Checks of arguments
23

24 % Check if squared matrix
25 [n,m] = size(A);
26 if(n ̸=m)
27 error('The adjacency matrix is not squared')
28 end
29

30 % Check if alpha has a correct value
31 if(alpha ≤ 0)
32 error('The discounting factor has not a correct value')
33 end
34

35 % Check if symmetric matrix / graph is undirected
36 for j = 2:n
37 for l = 1:j-1
38 if(A(j,l) ̸= A(l,j))
39 error('The adjacency matrix is not symmetric')
40 end
41 end
42 end
43

44 %% Algorithm
45 % Initialisation
46 e = ones(n,1);
47 I = eye(n);
48

49 % The degree matrix
50 D = diag(A*e);
51

52 % The Laplacian matrix
53 L = D-A;
54

55 % Regularized Laplacian Kernel Matrix
56 K_rl = (I + alpha*L)\I;
57

58 % Logarithmic transformation of K_rl
59 if alpha == 1
60 S = log(K_rl);
61 else
62 S = (alpha-1)*(log(K_rl)/log(alpha));
63 end
64

65 % Logarithmic forest distance matrix
66 K = diag(S)*e' + e*(diag(S))' - 2*S;
67 end

A.1.10. Regular bag-of-paths

1 function [Pi] = Alg_03_02_RegularBagOfPathsProbabilityMatrix(A,theta,C)
2
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3 % Computing the regular bag-of-paths probability matrix of a weighted and
4 % and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 4 : *Bag-of-paths framework
8 % Subsection 4 : Computing the probability of sampling a path
9 % starting in i and ending in j

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - C: the n x n cost matrix associated to the graph,
17 %
18 % - tetha: the inverse temperature parameter
19 %
20 % Returns :
21 %
22 % - Pi: The n x n bag of paths probability matrix containing the
23 % probability of drawing a path starting in node i and ending in node j
24 % from a bag of paths, when sampling paths according to a Gibbs-Boltzmann
25 % distribution.
26 %
27 % (c) Maxime Duyck
28

29 %% Checks of arguments
30

31 % Check if squared matrix
32 [n,m] = size(A);
33 if(n ̸=m)
34 error('The adjacency matrix is not squared')
35 end
36

37 if nargin == 2
38 C = ComputationOfCostMatrix(A);
39 end
40

41 %% Algorithm
42 % Initialisation
43 e = ones(n,1);
44 I = eye(n);
45

46 % The degree matrix
47 D = diag(A*e);
48

49 % The reference transition probability matrix
50 P_ref = D\A;
51

52 % Elementwise and exponential multiplication
53 W = P_ref .* exp(-theta*C);
54

55 % The fundamental matrix
56 Z = (I-W)\I;
57
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58 % Normalization factor - the partition function
59 z_dotdot = e'*Z*e;
60

61 % Regular bag-of-paths probability matrix
62 Pi = Z/z_dotdot;
63 end

A.1.11. Bag-of-hitting-paths

1 function [st] = ...
2 Alg_03_03_BagOfHittingPathsProbabilityMatrix(A,theta,C)
3 % Computing the bag of hitting paths probability matrix of a weighted and
4 % and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 4 : *Bag-of-paths framework
8 % Subsection 5 : Bag of hitting paths model
9 %

10 % Arguments :
11 %
12 % - A: the n x n adjacency matrix associated to the graph,
13 % containing affinities
14 %
15 % - C: the n x n cost matrix associated to the graph,
16 %
17 % - tetha: the inverse temperature parameter
18 %
19 % Returns :
20 %
21 % - Pi_h:The n x n bag of hitting paths probability matrix with zero length
22 % paths included containing the probability of drawing a path starting in
23 % node i and ending in node j from a bag of paths, when sampling paths
24 % according to a Gibbs-Boltzmann distribution.
25 %
26 % - Pi_bh: The n x n bag of hitting paths probability matrix with zero
27 % lenght paths excluded
28 %
29 % (c) Maxime Duyck
30

31 %% Checks of arguments
32

33 % Check if squared matrix
34 [n,m] = size(A);
35 if(n ̸=m)
36 error('The adjacency matrix is not squared')
37 end
38

39 if nargin == 2
40 C = ComputationOfCostMatrix(A);
41 end
42

43 %% Algorithm
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44 % Initialisation
45 e = ones(n,1);
46 I = eye(n);
47

48 % The degree matrix
49 D = diag(A*e);
50

51 % The reference transition probability matrix
52 P_ref = D\A;
53

54 % Elementwise and exponential multiplication
55 W = P_ref .* exp(-theta*C);
56

57 % The fundamental matrix
58 Z = (I-W)\I;
59

60 % The column-normalization matrix for the bag of hitting paths
61 % probabilities
62 D_h = diag(diag(Z));
63

64 % Column-normalize the fundamental matrix
65 Z_h = Z*(D_h\I);
66

67 % Compute normalization factor - the partition function
68 Z_hh = e'*Z_h*e;
69

70 % The bag of hitting paths probability matrix with zero paths included
71 st.Pi_h = Z_h/Z_hh;
72

73 % Column-normalize the fundamental matrix and substract zero-length
74 % path contributions
75 Z_bh = Z_h - I;
76

77 % Compute normalization factor - the partition function
78 Z_bhh = e'*Z_bh*e;
79

80 % The bag of hitting paths probability matrix with zero paths excluded
81 st.Pi_bh = Z_bh/Z_bhh;
82

83 end

A.1.12. Bag-of-paths surprisal distance

1 function [∆_h] = ...
2 Alg_03_04_BagOfHittingPathsSurprisalDistanceMatrix(Pi_h)
3 % Computing the bag of hitting paths probability matrix of a weighted and
4 % and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 5 : *Three distance measures based on the
8 % bag of hitting paths probabilities
9 % Subsection 1 : First distance based on the associated
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10 % surprisal measure
11 %
12 % Arguments :
13 %
14 % - Pi_h:The n x n hitting paths probability matrix, associated to a
15 % weighted and directed graph, containing the bag of hitting paths
16 % probabilities (included zero-length paths). To compute it, use the
17 % algorithm 3.3
18 %
19 % Returns :
20 %
21 % - ∆_h :The n x n bag of hitting paths surprisal distance matrix
22 % containing the pairwise distances between nodes.
23 %
24 % (c) Maxime Duyck
25

26 %% Checks of arguments
27

28 % Check if squared matrix
29 [n,m] = size(Pi_h);
30 if(n ̸=m)
31 error('The adjacency matrix is not squared')
32 end
33

34 %% Algorithm
35 % Take elementwise logarithm
36 ∆_h = log(Pi_h);
37

38 % Symmetrize the matrix
39 ∆_h = .5*(∆_h + ∆_h');
40

41 % Put diagonal to zero
42 ∆_h = ∆_h - diag(diag(∆_h));
43

44 end

A.1.13. Free-energy distance

1 function [∆_phi] = ...
2 Alg_03_05_BagOfHittingPathsPontentialOrFreeEnergyDistanceMatrix(A,theta,C)
3 % Computing the bag of hitting paths potential, or free energy, distance
4 % matrix of a weighted and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 5 : *Three distance measures based on the
8 % bag of hitting paths probabilities
9 % Subsection 2 : Second distance based on the bag hitting paths

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities

xvii



Annexes

15 %
16 % - C: the n x n cost matrix associated to the graph,
17 %
18 % - tetha: the inverse temperature parameter
19 %
20 % Returns :
21 %
22 % - ∆_phi : the n x n bag of hitting paths potential distance matrix
23 % containing the pairwise distances between nodes.
24 %
25 % (c) Maxime Duyck
26

27 %% Checks of arguments
28

29 % Check if squared matrix
30 [n,m] = size(A);
31 if(n ̸=m)
32 error('The adjacency matrix is not squared')
33 end
34

35 if nargin == 2
36 C = ComputationOfCostMatrix(A);
37 end
38

39 %% Algorithm
40 % Initialisation
41 e = ones(n,1);
42 I = eye(n);
43

44 % The row normalization matrix
45 D = diag(A*e);
46

47 % The reference transition probability matrix
48 P_ref = (D\I)*A;
49 % Elemental exponential and multiplication
50 W = P_ref .* exp(-theta*C);
51

52 % The fundamental matrix
53 Z = (I-W)\I;
54

55 % The column-normalization matrix for hitting probabilities
56 D_h = diag(Z);
57

58 % Column-normalize the fundamental matrix
59 Z_h = Z*(D\I);
60

61 % Take elementwise logarithm for computing the potentials
62 Phi = -log(Z_h)/theta;
63

64 % Symmetrize the matrix
65 ∆_phi = .5*(Phi + Phi');
66

67 % Put diagonal to zero
68 ∆_phi = ∆_phi - diag(diag(∆_phi));
69 end

xviii



A.1. Matlab™ codes

A.1.14. Randomized shortest-path dissimilarity

1 function [∆_rsp] = ...
2 Alg_03_06_RandomizedShortestPathDissimilarityMatrix(A,theta,C)
3 % Computing randomized shortest path dissimilarity matrix for hitting paths
4 % of a weighted and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 6 : *Randomized shortest path dissimilarity and
8 % the free energy distance
9 % Subsection 1 : Randomized shortest path dissimilarity

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - C: the n x n cost matrix associated to the graph,
17 %
18 % - tetha: the inverse temperature parameter
19 %
20 % Returns :
21 %
22 % - ∆_phi : the n x n randomized shortest path dissimilarity matrix
23 % containing the pairwise distances between nodes.
24 %
25 % (c) Maxime Duyck
26

27 %% Checks of arguments
28

29 % Check if squared matrix
30 [n,m] = size(A);
31 if(n ̸=m)
32 error('The adjacency matrix is not squared')
33 end
34

35 if nargin == 2
36 C = ComputationOfCostMatrix(A);
37 end
38

39 %% Algorithm
40 % Initialisation
41 e = ones(n,1);
42 I = eye(n);
43

44 % The row normalization matrix
45 D = diag(A*e);
46

47 % The reference transition probability matrix
48 P_ref = (D\I)*A;
49

50 % Elemental exponential and multiplication
51 W = P_ref .* exp(-theta*C);
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52

53 % The fundamental matrix
54 Z = (I-W)\I;
55

56 % The expected costs for nonhitting paths
57 S = (Z*(C.*W)*Z)/Z;
58

59 % The randomized shortest path dissimilarity matrix for hitting paths
60 ∆_rsp = .5*(S + S' - e*(diag(S))' - diag(S)*e');
61

62 end

A.1.15. Bag-of-paths absorption probabilities

1 function [B] = ...
2 Alg_03_07_BagOfPathsAbsorptionProbabilitiesOfAbsorbingNodes(A,theta,abs,C)
3 % Computing the bag-of-paths absorption probabilities to a set of absorbing
4 % nodes of a weighted and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 7 : *Bag-of-Paths absoption probabilities
8 % Subsection 1 :Computing the bag-of-Paths absoption
9 % probabilities

10 %
11 % Arguments :
12 %
13 % - A: the n x n adjacency matrix associated to the graph,
14 % containing affinities
15 %
16 % - C: the n x n cost matrix associated to the graph,
17 %
18 % - tetha: the inverse temperature parameter
19 %
20 % - abs : the set of absorbing nodes (n x 1 vector)
21 % abs(i) == 1 if i is an absorbing node
22 % abs(i) == 0 else
23 %
24 % Returns :
25 %
26 % - B : the (n - |abs| x |abs|) matrix containing the bag-of-paths
27 % absoption probabilities for each transient node
28 %
29 % (c) Maxime Duyck
30

31 %% Checks of arguments
32

33 % Check if squared matrix
34 [n,m] = size(A);
35 if(n ̸=m)
36 error('The adjacency matrix is not squared')
37 end
38
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39 if nargin == 3
40 C = ComputationOfCostMatrix(A);
41 end
42

43 if nargin == 2
44 C = ComputationOfCostMatrix(A);
45 abs = ComputationOfAbsorbingNodes(A);
46 end
47

48 k = length(abs);
49 if(n ̸=k)
50 error('The set of absorbing nodes do not contain all nodes')
51 end
52

53 % Check if binary vector
54 for i=1:n
55 if (abs(i) ̸= 1 && abs(i) ̸= 0)
56 error('The set of absorbing nodes is not binary')
57 end
58 end
59

60

61

62 %% Algorithm
63 % Initialisation
64 e = ones(n,1);
65 I = eye(n);
66

67 % The set of transient nodes (T = V\abs)
68 %T = ones(n,1) - abs;
69 %for i=1:n
70 % if (abs(i) == 1)
71 % T(i) = 0;
72 % else
73 % T(i) = 1;
74 % end
75 %end
76

77

78 % The row normalization matrix
79 D = diag(A*e);
80

81 % The reference transition probability matrix
82 P_ref = (D\I)*A;
83

84 % Elemental exponential and multiplication
85 W_a = P_ref .* exp(-theta*C);
86

87 % Set rows corresponding to absorbing nodes to zero
88 for i=1:n
89 if abs(i) == 1
90 W_a(i,:) = 0;
91 end
92 end
93
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94 % The fundamental matrix
95 Z_a = (I-W_a)\I;
96

97 % Extract sub-matrix whose rows correspond to transient nodes and columns
98 % to absorbing nodes
99 k = n - sum(abs);

100 l = sum(abs);
101

102 if(l ̸=0)
103 B_1 = zeros(k,n);
104 B = zeros(k,l);
105

106 index = 1; % Delete of rows not corresponding to transient nodes
107 for i = 1:n
108 if (abs(i) == 0)
109 B_1(index,:) = Z_a(i,:);
110 index = index+1;
111 end
112 end
113

114 index = 1; % Delete of column not corresponding to absorbing nodes
115 for i = 1:n
116 if (abs(i) == 1)
117 B(:,index) = B_1(:,i);
118 index = index+1;
119 end
120 end
121 elseif(l==0)
122 B = Z_a;
123 end
124

125 % Compute normalization factor for each row
126 e_1 = ones(k,1);
127 I_1 = eye(k);
128 D_B = diag(B*e_1);
129

130 % Normalize the matrix for computing absoption probabilities
131 B = (D_B\I_1)*B;
132 end

A.1.16. Bag-of-paths covariance measure

1 function [K_BoP] = ...
2 Alg_03_08_BagOfPathsCovarianceMatrixBetweenNodes(theta,C,P_ref)
3 % Computing the bag-of-paths absorption probabilities to a set of absorbing
4 % nodes of a weighted and directed graph
5 %
6 % Chapter 3 : *Families of dissimilarity between nodes
7 % Section 7 : *Bag-of-Paths absoption probabilities
8 % Subsection 1 :Computing the bag-of-Paths absoption
9 % probabilities

10 %
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11 % Arguments :
12 %
13 % If 2 inputs :
14 % - theta: the parameter controlling the degree of randomness
15 %
16 % - C: the n x n adjacency matrix associated to the graph,
17 % containing affinities
18 %
19 % If 3 inputs :
20 % - theta: the parameter controlling the degree of randomness
21 %
22 % - C: the n x n cost matrix associated to the graph,
23 %
24 % - P_ref: the n x n reference transition probabilities matrix
25 %
26 % Returns :
27 %
28 % - K_BoP : the bag of paths covariance matrix between pairs of nodes
29 % containing the elements k_BoP(k,l) = cov(k,l)
30 %
31 % (c) Maxime Duyck
32

33 %% Checks of arguments
34

35 % Initialisation
36 [n,m] = size(C);
37 e = ones(n,1);
38 I = eye(n);
39

40 if nargin == 2
41 A = C;
42 C = ComputationOfCostMatrix(A);
43 D = diag(A*e);
44 P_ref = (D\I)*A;
45 end
46

47 % Check if squared matrix
48 if(n ̸=m)
49 error('The adjacency matrix is not squared')
50 end
51

52

53

54 %% Algorithm
55 % Elemental exponential and multiplication
56 W = P_ref .* exp(-theta*C);
57

58 % The fundamental matrix
59 Z = (I-W)\I;
60

61 z_dotk = sum(Z);
62 z_kdot = sum(Z,2);
63 z_dotdot = sum(sum(Z));
64

65 % The partition function

xxiii



Annexes

66 Z_bar = z_dotdot - n;
67

68 K_BoP = zeros(n,n);
69 for k=1:n
70 for l=k:n
71 if (l==k)
72 ∆ = 1;
73 else
74 ∆ = 0;
75 end
76 p_1 = (z_dotk(k)-1)*z_kdot(k)*∆;
77 p_2 = z_dotk(k)*(z_kdot(l)-1)*(Z(l,k)-∆);
78 p_3 = z_kdot(l)*(z_dotk(k)-1)*(Z(k,l)-∆);
79 p_4 = (1/Z_bar)*(z_kdot(k)*z_kdot(l)*(z_dotk(k)-1)*(z_dotk(l)-1));
80

81 K_BoP(k,l) = (1/Z_bar)*(p_1 + p_2 + p_3 - p_4);
82

83

84 K_BoP(l,k) = K_BoP(k,l);
85 end
86 end
87

88 end

A.1.17. Randomized optimal transport

1 function [D] = rand_OT(A,betaP,hitting)
2

3 if nargin == 2
4 hitting = true;
5 end
6

7 % Initialization
8 [n,m] = size(A);
9 sIn = repmat(1/n,n,1);

10 sOut = repmat(1/n,n,1);
11

12 persist=0.1;
13 convThres= 1e-10;
14

15 myMin = 1e-30;
16 myMax = intmax('int64')/1000;
17

18 I = eye(n);
19 e = ones(n,1);
20

21 % Cost matrix
22 C = ComputationOfCostMatrix(A);
23

24 % Probability matrix
25 D = diag(A*e);
26 P = (D\I)*A;
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27

28 % Supply and demand
29 sIn = sIn / sum(sIn);
30 sOut = sOut / sum(sOut);
31

32 if hitting == true
33 W = P .* exp(-betaP*C);
34 Z = (I-W)\I;
35 D_h = diag(diag(Z));
36 Z = Z*(D_h\I);
37 outVal = sOut;
38 numerator = e;
39 else
40 Q = I - P';
41 pinvQ = pinv(Q);
42 q = (I - pinvQ * Q);
43 q = q(:,1);
44 nRef0 = pinvQ * (sIn - P' * sOut);
45 gammaP = max((sOut - nRef0) ./ q) + persist;
46 nRef = nRef0 + gammaP * q;
47 alpha = sOut ./ nRef;
48 Pmod = (I - diag(alpha)) * P;
49 % matrices W and Z, vectors divisor and outVal
50 W = exp(-betaP * C) .* Pmod;
51 Z = (I-W)\I;
52 outVal = alpha;
53 numerator = nRef;
54 end
55

56 % Iterations
57 mIn = e;
58 mOut = e;
59 convergence = false;
60 FE = myMax;
61

62 while convergence != true
63 FEPrev = FE;
64 mIn = e ./ (Z * (mOut .* outVal));
65 mOut = numerator ./ (Z' * (mIn .* sIn));
66

67 % log gives sometimes complex numbers
68 FE = real(sum(-log(mIn) .* sIn) + sum(-log(mOut) .* sOut));
69 maxDiff = abs(FEPrev - FE);
70 if maxDiff < convThres
71 convergence = true;
72 end
73 end
74

75 % Coupling
76 Pi = diag(mIn .* sIn) * Z * diag(mOut .* outVal);
77

78 % Dissimilarity
79 D = real(-(log(Pi) + log(Pi'))/2);
80 D = D- diag(diag(D));
81
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82 % Security
83 D(D > myMax/(n*(n-1))) = myMax/(n*(n-1));
84 D(isinf(D)) = myMax/(n*(n-1));
85

86 D = D./ mean(D(D>0));
87

88 end
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