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Introduction

Torsion theories were first introduced in the context of abelian categories by Spencer
Ernst Dickson in 1963 [9]. Later on, many authors introduced and investigated torsion
theories in various non-abelian contexts, including Michael Barr, Walter Tholen, Maria
Manuel Clementino, Dikran Dikranjan, Dominique Bourn and Marino Gran, among oth-
ers.

The aim of this master thesis is to investigate the properties of torsion theories in the
context of normal categories, by following the approach developed in [5] and by extend-
ing it to more general categories.

Normal categories were introduced by Zurab Janelidze in [13], as regular pointed cate-
gories with the property that any regular epimorphism is a normal epimorphism, i.e a
cokernel.

Most of the familiar algebraic categories such as groups, rings and algebras are normal.
More recently, it was also observed that the category of preordered groups is a normal
category that is not homological [8]. This motivated further investigations in torsion
theories in this more general context [12]. The present master thesis is structured in
three chapters.

The first one is going to introduce some basic definitions and properties that will be
useful throughout this work. We are going to define abelian categories, homological
categories and normal categories and give some examples. We are also going to show
that abelian categories are homological. We will end this section by stating and proving
some properties of normal categories. These will allow us to adapt the proofs of [5] to
the more general context of normal categories.

The second chapter will focus on the concept of a homological closure operator on ker-
nels in normal categories. This closure operator was defined on homological categories
in [5], and we are going to extend it to normal categories. The main aim of the second
chapter is to prove Theorem 18 that states the existence of a bijection between the regu-
lar epireflective subcategories of a normal category and the homological closure operator
on kernels. We are first going to define and give some examples of regular epireflective
subcategories. Then we are going to define and state some properties of homological
closure operators, and prove Theorem 18.

The third chapter will be devoted to torsion theory. In [5] the authors extended the
axioms of torsion theories from abelian categories to homological categories. We will
take the generalization to a further level by working in the context of normal categories.
After this, we will define torsion-free subcategories and fibered reflections. We are go-
ing to show the equivalence between torsion-free subcategories and regular epireflective
subcategories with fibered reflection.



We shall conclude the master thesis by explaining the connection between fibered reflec-
tion and the concept of semi-left-exact functor introduced by Cassidy, Hébert and Kelly
in [6].
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Chapter 1

Introductory concepts

We first introduce some fundamental notions that will be useful throughout this work.
In the following, definition and properties of abelian categories are essentially taken
from [10] and [2], those about regular categories are mostly taken from [11] and [2].

Definition 1. A category C is abelian when it satisfies the following properties:
1. € has a zero object.
2. every pair of objects has a product and a coproduct.
3. every arrow has a kernel and a cokernel.

4. every monomorphism is a kernel and every epimorphism is a cokernel.

We can find some examples of abelian categories in [2]. For instance, if R is a ring, the
category R-Mod of R-modules is abelian.

Recall that a category C is finitely complete when every functor F' : D — € with D
finite diagram, has a limit.

For instance, the category Ab of abelian groups and the category Top of topological
spaces are complete (hence, finitely complete).

It is well known that a category is finitely complete if:

1. finite products exist,
2. each pair of parallel arrows has an equalizer.

The proof can be found for instance in [1], theorem 2.8.1.



Lemma 2. In an abelian category, any monomorphism is the kernel of its cokernel.

Proof. Let q be the cokernel of a monomorphism f in an abelian category C and k be
the kernel of this morphism ¢. Those two morphisms exist since we are in an abelian
category. We have to prove that f is equal to k up to isomorphism.

Ky g
v

X ——0

Since q = coker(f), qo f = 0 which implies that there exists a unique ¢ with ko ¢ = f.
C is abelian, therefore there exists a morphism ¢ such that f is the kernel of g.

x 1,y “ o)
0 —— 7

Therefore, g o f = 0 and there exists a unique 1, such that ¢y o g = g.

X ! y 2.7
~

K—0

Since f is the kernel of g and gok =1 oqgok =1 o0 =0, there exists a unique 7 such
that foi=k.

We now have to prove that to¢ = 1x and ¢poi =1k, but foiop=ko¢p=f= folyx
which leads to i 0 ¢ = 1x because f is a monomorphism.

The proof is similar for ¢ oi = 1k, recall that since k is a kernel, it is a monomorphism,
therefore kogpoi= foi=k=Fkolg implies poi = 1. O

Lemma 3. In an abelian category C, if g : A — B is a monomorphism, and if we have
a morphism [ : C — B, then the pullback of f and g exists.

Proof. Since C is abelian, we consider g = coker(g) and k = ker(q o f).
By Lemma 2, g is the kernel of ¢.

A J B—5Q
K——20
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Since k is the kernel of ¢ o f,we know that g o f o &k = 0 and therefore, there exists a
unique [ such that gol = fok.

Let us prove that (K, k,[) is the pullback of f and g.

We already proved that gol = fok.

A @
\\
A
.
<
.
.

N K I

J

1

-
UUT:D

C
Let us consider a and 3 such that goa = f o . Then, gogoa=qgo fo3=0.
K _* .0 qf 0

N
pt

J — 0

N\

Then, since k = ker(q o f), there exists a unique A such that ko A = f.
But goa = fof8 = fokoA = golo\ which implies &« = [ o A\ because g is a
monomorphism. O

Proposition 4. Abelian categories are finitely complete.

Proof. We follow the proof given in [10].

Finite products exist (since € has binary products and a terminal object).

It suffices to show that the equalizer of any pair of parallel morphisms f,g : A — B
exists.

Let us consider (14,¢) and (14, f)

A A
k;ti////?lA.f;\\\\z;\y Kj:t////llA 9)\\\\3\\j
A+—— AxB—— B A+—— AxB—— B
A PB pA PB

which are split monomorphisms; in particular, they are monomorphisms.

11



Therefore, by Lemma 3, the pullback (P, p1,p2) of (14, f) and (14, ¢) exists.

We are going to prove p :=p; =pao (la, f)opr =pao(la,g)ops = py is the equalizer
of f and g.

We take a morphism e : E — A such that foe = goe. The commutativity of the
following diagram and the universal property of the pullback (1), gives a unique ¢ such
that po ¢ = e.

E

(1a,9)

By duality, we also have the finite cocompleteness of abelian categories.

Recall that a kernel pair (Fq(f), p1,p2) of an arrow f : A — B is defined as the following
pullback:

Eq(f) —— A
le{ f

AﬁB

Note that in the category Set of sets, Eq(f) = {(a,ad’) € A x A|f(a) = f(d')}.
The notion of regular category is more general than the one of abelian category. Let us
recall its definition.



Definition 5. A finitely complete category is regular if:
1. Any kernel pair (Eq(f), p1,p2) has a coequalizer.

2. Regular epimorphism are pullback stable: given a regular epimorphism p: E — B
and any morphism f : A — B, the morphism py in the pullback

ExA-2,4
B

" {f
E—— B

is a reqular epimorphism.

Examples of regular categories

To illustrate the concept of regular category, let us consider some examples taken from
[11].

The categories Set of sets, Grp of groups and Ab of abelian groups are regular

Let us prove that the category Grp of groups is regular.
In the category Grp, the kernel pair (Eq(f), p1,p2) of a morphism f: X — Y is given
by

Eq(f) ={(z,y) € X x X[f(x) = f(y)}

together with the projections p; : Eq(f) — X and ps : Fq(f) — X, where

pi(z,y) =2 and po(x,y) =v.

This kernel pair always has a coequalizer m : X — X/Eq(f), which is the quotient of X
by the equivalence relation Eq(f) on X.

p1 f

Eq(f) — =3 X

P2 o
7F 730
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To check the second property of a regular category, recall that the pullback of two mor-
phisms f: X — Y and g : Z — Y is defined as (X Xy Z,p1,p2)

with X xy Z ={(z,2) € X x Z|f(z) = g(2)}.

If g is a regular epimorphism (i.e. a surjective homomorphism in the category Grp),

X xy Z 2,7

pll lf

X — Y
we have to check that p, is also a surjective homomorphism. For this, let us take x € X.
Since g is surjective, there exists z € Z such that g(z) = f(x). By definition of the
pullback X xy Z, we have that (z,z) € X Xy Z and ps(z, 2) = z.
The proofs that the category Set of sets and the category Ab of abelian groups are
regular are identical.

The category Grp(Top) of topological groups is regular

Recall that in the category Grp(Top), the objects are the topological groups that are
topological spaces with a group structure (G, ., 7) in a way that the group operation and
the inversion map are continuous.

The morphisms of Grp(Top) are continuous homomorphisms.

The proof that every kernel pair (Fq(f),p1,p2) of a morphism f : X — Y has a co-
equalizer is exactly the same as in the category Grp of groups.

The coequalizer of a kernel pair (Eq(f), p1,p2) is the canonical quotient

7w : X — X/FEq(f) where the quotient group X/Fq(f) is equipped with the quotient
topology.

_m !
Eq(f) — X 3 Y
X/Eq(f)

Let us check that in Grp(Top), this canonical quotient is an open surjective homomor-
phism.
We consider K = ker(7), we are going to prove that for any open V' € 7x, m(V) is open.

Observe that if V € 7x, 77} (n(V)) = V- K. Indeed, ifv.k € V- K,
m(v.k) =7n(v).w(k) =n(v) € 7(V)

and this implies that v.k € 7= (7 (V). Conversely, if z € 71 (7(V)), there exists v € V
such that 7(z) = m(v) which implies that v™'.2 € K. Hence, z € V-K.

14



Therefore,
™ x(V)) = U Vi
keK
which is in 7x as a union of the open subsets V.k. Hence, 7 is an open surjective homo-
morphism.

Now that we have characterized the regular epimorphisms in Grp(Top) we can check
the regularity of the category Grp(Top).

We have already seen that every kernel pair (Eq(f),.,7;) of a morphism

f:(X,.,7x) = (Y,., 7v) exists and is the canonical quotient 7 : (X, ., 7x) = (X/Eq(f), ., 7,)-
We have to prove that open surjective homomorphisms are pullback stable.

We consider a pullback:

(ExpgA,.T) e (A, ., Ta)

/

1 (EXA,.,TEXA) f

with p an open surjective homomorphism. We have to check that 7, is an open surjective
homomorphism.

(E xp A,T) is a topological subspace of (F X A, Tpxa).

Therefore, we can take an open set in the basis of 7 that is the restriction to £ x 4 B of
an open set Ugy ,p in the product topology 7py4 of E x A.

We have that

™ ({(e,a) € Up x Ualp(e) = f(a)}) = {a € Ua|3e € Ug, ple) = f(a)}
={a € Usla € f (p(Ur))}
=Uan f (p(Ug)).

But p is open, therefore p(Ug) € 75 and ' (p(Ug)) € 7a since f is continuous.

It follows that the image by 75 of every open in E X g A is open in A which implies that
9 1S open.

Definition 6. [/ A homological category is a reqular pointed category such that, given
a commutative diagram:

A B C
| o e |
D E F

if v is a reqular epimorphism and if the left-hand square (1) and the whole rectangle
(1)+(2) are pullbacks, then the right-hand square (2) is a pullback.

15



Lemma 7. In an abelian category C, consider the following commutative diagram:

00— K[f] 2 4 S, B 0
lT lg (1) lg/

The square (1) is a pullback <= T is an isomorphism.

Proof. 1f the right-hand square (1) is a pullback,

Klf] A
A
s "

NN

then the left-hand side of the cube is a pullback.

Therefore, 7 is an isomorphism.
Conversely, if 7 is an isomorphism,

ker(f)

0 — KIf]

0 —— K[f']

ker(f")

We consider the pullback (A’ 1>B<' B, p1,p2) of f"and ¢

16



Because of the commutativity of the diagram, there exists a unique « such that pyoa = f
and p; o = g.

We consider ker(ps) : K[ps] — A’ x B, the kernel of ps.

Therefore, f' o p; o ker(py) = ¢’ o ps o ker(py) = 0 implies the existence of a unique 3
such that ker(f") o 8 = p; o ker(ps).

Similarly, since ps o av o ker(f) = f o ker(f) = 0, there exists a unique 7 such that
ker(ps) oy = a o ker(f).

Moreover, since ker(f')oBovy = pyoker(ps)oy = proacker(f) = goker(f) = ker(f')or,
we know that 7 = [ o v, since ker(f’) is a monomorphism.

By the first part of the proof applied to the following diagram:

0 —— K[po] 2% o/ x B " B 0
R
/ / /
O *> K[f] k:e,,‘(f/) A f/ B

B is an isomorphism, therefore since 7 = o~ and 7 is an isomorphism, we have that ~y
is also an isomorphism.
Therefore, we get a commutative diagram:

0 — K[f] ker(f) A f B 0
/ b2
0—— K[pg] w A" ' x B B 0

Therefore by the short five lemma [2], that holds in abelian categories, we conclude that
« is also an isomorphism, and (1) is a pullback. O

Proposition 8. Abelian categories are homological categories.

Proof. We have already observed that abelian categories are regular categories.
Let us take a commutative diagram:

A B C
| o o |
D E F

with v a regular epimorphism and with the left-hand square (1) and the whole rectangle
(1)+(2) pullbacks.
We have to show the right-hand square (2) is a pullback.

17



Consider the following commutative diagram:

0— = KB 2% p om0
%EI'f F(2) J{h
0 — K[C] ker(c) 1%, c P

Since co f o ker(b) = hobo ker(b) = 0, there exists a unique f such that ker(c) o f =
f o ker(b).

Similarly, since bo e o ker(a) = g o a o ker(a) = 0, there exists a unique é such that
eoker(a) = ker(b)oé.

Since the squares (1) and (1)4(2) are pullbacks, by Lemma 7, & and f o é are isomor-
phisms.

Therefore, f is also an isomorphism and since b is an epimorphism, by Lemma 7, (2) is
a pullback. O

Definition 9. [13] A regular category C is normal if:
1. C is pointed, i.e. C has a zero object.

2. any reqular epimorphism is a normal epimorphism, i.e. a cokernel.

Examples of normal categories

Let us illustrate the concept of normal categories with some examples.

The categories Grp of groups, Ab of abelian groups and Grp(Top) of
topological groups are normal

We have already shown that these categories are regular.

These categories are pointed, the zero object is the trivial group.

We have to show that every surjective homomorphism is the cokernel of a morphism (its
kernel). Let us take a surjective homomorphism f : X — Y, its kernel k : K[f] — A
and 7 : A — A/K|[f] the canonical quotient.

K[f] —~ A ! B

A/K[f]

18



Since f is surjective, by the first isomorphism theorem, the morphism i provides an
isomorphism A/K[f] = B. But 7 is the cokernel of k, hence f is the cokernel of
k.

The category PreOrdGrp of preordered groups is normal

The proof that this group is normal is made in detail in [8]. Here, we are only going to
describe the category and some of its properties.

Let us describe what the category of preordered groups is. The objects of PreOrdGrp
(G, <) are groups (G, +) endowed with a preorder relation < on G such that

Va,b,c,d € G, a < cand b < dimplies a+b < c+d.

The morphisms of PreOrdGrp are monotone maps that preserve the group structure.
An essential property to describe this category is that giving a preorder relation < on G
such that (G, <) € PreOrdGrp is equivalent to giving a submonoid Pg of G such that
Va € Poandbe G, b+a—b € Pg.

With the help of this property, we can describe regular epimorphisms. Indeed, a mor-
phism f: X — Y is a regular epimorphism in PreOrdGrp if and only if f is surjective
and f(Px) = Py.

PX$>PY

[

Therefore, regular epimorphisms are easily seen to be pullback stable.

Proposition 10. [2/ If C is a normal category, every regular epimorphism f : X —Y
is the cokernel of its kernel.

Proof. If f is a regular epimorphism, the normality of C implies that there is a morphism
g such that f is the cokernel of g.

Let us consider the morphisms k defined as the kernel of f and ¢ defined as the cokernel
of k.

19



Since f is the cokernel of g, fog=0.

N
N
N

J

B

0
|
XTY

Therefore, since k is the kernel of f, there exists a unique 1 such that ko = g.
Similarly, since k is the kernel of f, f o k = 0, and there exists a unique ¢ such that

poq=f:
K 0
o
Q

X 7.

NI
.
f Y

We have that gog=qo ko =0.

J

Therefore, since f is the cokernel of g, there exists a unique ¢ such that i o f = ¢.
Observe that poio f =¢poqg= f =1y o f and since f is an epimorphism, we have that
¢ o1 = 1y.

Similarly, to¢poqg =io f = ¢ = 1g o ¢ and since ¢ is an epimorphism, we have that
io¢=1q.

Therefore, f is the cokernel of its kernel. O

20



Proposition 11. IfC is a reqular category, any morphism f : X — 'Y has a factorization
f = 10p with p a regular epimorphism and © a monomorphism. This factorization is

unique.
2
S A m
p 7 !4

Proof. Let us first prove the existence of the factorization.
We consider the kernel pair (Eq(f),p1,p2) of f and the coequalizer p of p; and po:

D2 f

Eq(f) —=

p1 A
x //3 s

Since f o py, = f o py there exists a unique i such that iop = f.

By definition, p is a regular epimorphism, we still have to prove that ¢ is a monomor-
phism.

Let us consider the kernel pair (Fq(i),i,42) of i. To prove that i is a monomorphism,
we have to prove that the projections i; and i, are equal.

We consider the following diagram:

p2

P—* 5P

The four squares are pullbacks, therefore, (P, p) o ag,m o aq) is the kernel pair of f,
P = Eq(f), pyoa; =p; and m 0 ay = po.

By definition of regular category, and since p is a regular epimorphism, both p| and a4
are regular epimorphisms.

Similarly, o and «g are regular epimorphisms.

This implies that m o o is an epimorphism.

But we have that

i10M0Q =POMOQ =POP; =POPy=DPOPy0Qy="igOP)0Qy=1iy0Ty00Qy.

21



Therefore, 71 = 75 and ¢ is a monomorphism as desired.
Let us then prove the uniqueness of this factorization. We consider two factorizations
f=7o0q=10p with ¢ and j monomorphisms and p and ¢ regular epimorphisms.

X%j\}/
A

Recall that regular epimorphisms are strong epimorphisms.

X 2. X 2.
|4 ol
e s
=AY LAt
J>]—,>Y IWY

We have therefore a morphism ¢ such that top = g and j ot =i and another morphism
t such that fog=pandiot =j.

Hence, iotot =jot=1i=14o01; which implies that fot = 1;.

Similarly, jotof =140t = j = j o 1; which implies that tof = 1;.

We can therefore conclude that the factorization is unique. O

Additionally, we can remark that in a normal category, given any f : A — B, the normal
epi/mono factorization can be obtained as follows:

ker(f)

NN A

0 Q

K[f]

where ¢ = coker(ker(f)).
This follows easily from Proposition 11 and the fact that any regular epimorphism is the
cokernel of its kernel by Proposition 10.
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Proposition 12. In a normal category, f is a monomorphism if and only if its kernel
is zero: K[f] = 0.

Proof. If f is a monomorphism, then one has f o ker(f) =0 = f o0, hence ker(f) =0
since f is a monomorphism. Conversely, let us assume that the kernel of f is the zero
object.

Since we are in a normal category, by Proposition 11 we can write f as the composite
of a normal epimorphism followed by a monomorphism.

N

Q

Let us show the normal epimorphism ¢ is an isomorphism.
Since m is a monomorphism, we have that the kernel of m is zero.

0=K[f] > 458

Since ¢ = coker(k) and K[f] = 0, the left-hand square in the diagram is a pushout.
Therefore, ¢ is an isomorphism. Since f is the composite of a monomorphism and an
isomorphism, we conclude that f is a monomorphism. O

23



Proposition 13. [//
In a normal category C, pullbacks reflect monomorphisms:

CEALA

)

C—— B

i.e if p1 is a monomorphism then f is a monomorphism.

Proof. Consider the commutative diagram:

K[pi] & K[f]
\C x A b2 \ A
0 . (‘) d
\ C \ B

g

Since the rectangle:

Klp)] —2 K[f] 2 4

| o | o )
0————0—— B

is a pullback and (2) is a pullback, (1) is a pullback. This implies that ps is an isomor-
phism.

Since p; is a monomorphism, K[p;| = 0. Therefore K[f] = 0 and f is a monomorphism
by Proposition 12. O]

24



Chapter 2

Homological closure operator

In this section, we are going to introduce and characterize a particular type of closure
operator that will be called homological. To do this, we are going to adapt the proof
from [5] which is the main source of this chapter.

Although we are currently working in normal categories, we choose to keep the name
"homological" as in [5] to avoid any confusion with another closure operator that is called
"normal" in [7].

Let us first recall what a regular epireflective subcategory is.

Definition 14. A regular epireflective subcategory A of a category B

is a full replete subcategory of B such that for every B € B the B-component
np : B— UF(B) of the unit n of the adjunction is a reqular epimorphism.

Examples of regular epireflective subcategories

The category Ab of abelian categories is regular epireflective in Grp

ab
e
Ab NN Grp
U
Given a group B in Grp, the B-component 7np of the unit n of the adjunction is the

projection morphism B —— [%B]

25



where [B, B] =< [z,y] | * € G and y € G > is the derived subgroup of B.
Kf]

B e B/|B, B]
/ % ka! i
(B, B] A

Given any morphism f: B — A, with A abelian, one easily checks that [B, B] C K|[f].
The universal property of the quotient B/[B, B| gives a unique morphism f such that

f ong = f.
Moreover, since [B, B] is a normal subgroup of B, this projection is surjective.
This shows that the category Ab of abelian groups is regular epireflective in the category

Grp of groups.

The category Ab; ; of torsion-free abelian groups is regular epireflective in the
category Ab of abelian groups

F
Abey ~ 1 Ab
|4

Given an abelian group B, the B-component 7np of the unit 1 of the adjunction is the

quotient morphism B — %, where T'(B) = {b € B|3n € N*, n.b = 0} is the "torsion

subgroup" of B.

Let us show that any morphism f : B — A where A € Ab, s, uniquely factors through
K[f]

nB-
B i B/T(B)
/ x La 1
T(B) A

Indeed, if b € T'(B), there exists n € N* such that n.b = 0, therefore 0 = f(n.b) = n.f(b)
which implies that f(b) =0, and b € K|[f].

The universal property of the quotient B/T(B) gives a unique morphism

fe B/T(B) — A such that fong=7F.

Since T'(B) is a normal subgroup of B, the projection 7 is surjective.

This shows that the category Ab, ; of torsion-free abelian groups is regular epireflective
in the category Ab of abelian groups.

26



Note that when a category A is a regular epireflective subcategory of a regular category
B which is also a regular epireflective subcategory of a regular category C, then A is a
regular epireflective subcategory of C.

This implies that Ab; s is regular epireflective in Grp.

F ab
by L7 A TL Grp
% U

The following definition was introduced in [5]:

Definition 15 (Idempotent closure operator ()). An idempotent closure operator ()
on kernels consists in giving, for every kernel S — X, another kernel S — X, called the
closure of S in X. This assignment has to satisfy the following properties, where S — X
and T — X are kernels and f € C(Y, X):

1. SCS;

L 3=3
A kernel is said to be closed when S = S, and dense when S = X .

Definition 16 (Homological closure operator). [5] An idempotent closure operator
on kernels is a homological closure operator if it also satisfies the following axiom:

For any reqular epimorphism f in C(Y, X), one has that f~1(S) = f~1(S) for any kernel
S — X.

Lemma 17. Let () be a homological closure operator, let s : S — Y be a kernel and
f: X =Y a regular epimorphism. Then in the pullback

S

Fis)

g

—
~

>~<

S r—

s is a closed (respectively, dense) kernel if and only if f=1(s) is a closed (dense) kernel.

Proof. Assume that s is dense. One has to prove that f~1(S) = X. Since S is a regular
epimorphism, f~1(S) = f~(S).

But we have S =Y as s is dense. Therefore, f~1(S) = f~1(YV) = X.

For the other case, let us take s, a closed kernel. Similarly, f~1(S) = f~1(S) = f~1(9).
This leads to conclude f~!(s) is a closed kernel.
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Let us consider the other implication.

In [5], the proof is given in the closed case. Here, we consider the dense case.
Let us assume that f~!(S) is dense, i.e f~ (S) =X

Since f is a regular epimorphism, f~1(S) = f~1(S) %

The commutativity of the previous diagram shows that s is a regular epimorphism. But
S is the composite of an isomorphism and a regular epimorphism. Therefore, 5 is also a
monomorphism. It is then an isomorphism which proves that s is dense. O]

Theorem 18. Let C be a normal category. There is a bijection between the reqular
epireflective subcategories of C and the homological closure operators on kernels.

This theorem and its proof for the case of homological categories can be found in [5].
Here, we observe that the same proof still holds for normal categories.

Proof. To prove the first implication, one has to take a homological closure operator on
kernels () and prove that the full replete subcategory F of C defined by:

F e Fif and only if 0 — F' is closed

is regular epireflective in C.
Given X in C, let us define ny as the cokernel of kx the closure Ox of 0 in X.

ﬁxLX

[k

0 —— X/GX

By construction, in the previous pullback, one has that nx is a regular epimorphism.
Then, Lemma 17 tells us that 0 — X /0x is a closed kernel. Therefore, F/(X) := X/0x
is in F.

It is well known that proving that F' : C — F is the left adjoint of U : C — F is
equivalent to proving the existence of a natural transformation n : Idg — UF with each
X-component 7y : X — UF(X) universal from X to U.
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We are going to prove the universality of ny. Let us take f : X — F with F' € F.

X = F(X)
N

One has to prove the existence of a unique f : F(X) — F such that fonx = f.

Since () is a homological closure operator, 0 C Ker(f) = f~1(0) implies that

0x C f~30r) C f7'(0F) = f1(0F) = Ker(f)

Therefore, we have a factorization of f o kx through the 0-object.

K(X) 5 x nx F(
f
\ \‘ Lf’/ 7

0 —— F

X)

Recall that ny is defined as the cokernel of kx, therefore foky = 0 implies the existence
of a unique f: F(X) — F such that fonx = f, as desired.

Conversely, assume that we have a regular epireflective subcategory F of C with reflector
F:C— F.

For a kernel s : S — X, we will define its closure S as the pullback of the kernel kx;s of
nx/s along the quotient ¢ of X by S:

S —— KI[X/9]

S

S X —— X/S
nxm J"X/S
F(X/S)
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We must show that our closure respects the axioms of a homological closure operator
on kernel.

(1)S C S since 5 is the kernel of 7x/s o g.

(2) SCT = S CT. For this, consider the following commutative diagram,

S I K[X/S]
is | i kxys
/3)3!¢ 5 2)3!(2)\
S | X | X/
s as i i
i T I K[X/T) 1)3te
i H kx/r i
/ X N

~
S
23
S

that is built as follows.

1. There exists a unique ¢ such that ¢ oqgs = qr.
Since qg is the quotient of X by S, the following diagram is a pushout, and we
have to prove that ¢y o s is a zero-morphism to prove the existence of such a ¢.

S — = X

Since S C T, we have qpros = grotoi = 0, hence we have the existence of a
unique ¢ such that ¢ o qg = qr.

2. There exists a unique ¢ such that pokx/s=kx/ro q}
Since F' is a functor, we have that F(¢) o nx/s = nx;r o ¢.
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Hence, nx/r o ¢ o kxjs = F(¢) o nx;s o kx/s = 0.

BT

JHX/T

00— UF(X/T)

Therefore, since kx/r is the kernel of nx/r, we have the existence of ¢ such that
¢o k‘X/s = /fX/T .

3. There exists a unique ¢ such that fo ¢ = 5.
Observe that

kxro¢ofs=dokxs0qs=¢0qgs05=qro3.

Therefore, the following diagram is a pullback by construction and there exists a
unique ¢ such that gro¢ =¢pogg and to ¢ =35.

a $ogs
S
NI

T T KIX/T]

| [

X ——— X/T

The last equality implies that ¢ is a monomorphism since 5 is a monomorphism.
Therefore we have the desired inclusion S C T..

(3) f7H(S) € F7H(9)
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Consider the following commutative diagram:

f7HS) K[Y/f71(9)] )
| 0 | \/f”@
5 v ; Y/Es)
| 95=1(s) |
g = 1 K[X/S] o
\ kx/s 3
X _ \X7s

that is built as follows.

1. There exists a unique ¢ such that ¢oqs-15) =gso f.
Let us consider the following pullback:

) S5y
d
S

since gf-1(g) is the quotient of Y by f ~1(9), the following diagram is a pushout.

«—
~

— X

By the definition of g we have that gs o s = 0 and therefore, gg o f o f71(s) =
gs o so g =0 and by the property of the previous pushout, we have the existence
of a unique ¢ such that ¢ o gs-1(5) = gso f.
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2. There exists a unique ¢ such that ¢ o ky/r-1(s) = kxys o .

The functoriality of F' implies that F'(¢) o 7]y/ 1S = 77X/S o ¢.
Hence 1x/s © ¢o kY/f—l(S) =F(¢)o Ny f-1(s) © kY/f =0.
PRy p-1(s)

K[y/f~

K[X/S] —X5, x/g

L e

0 ——— UF(X/S)

Hence nxs 0 ¢ o kyjr-1(5) = F(¢) o nyr-1(s) © ky/p-1(5) = 0 and by the previous
pushout we have the existence of the desired ¢.

3. There exists a unique ¢ such that 50¢ = fo f~1(s).
We have that

kix/s 0o qrig) = ¢ ky/p-1(s) 0 T3 = $ 0 qs-1(sy © f1(s) = gs o f o f1(s).

¢0qu 1(5)

By definition of the closure operator, the previous diagram is a pullback and there
exists a unique ¢ such that so¢ = fo f~1(s).

We consider the following diagram which is a pullback by construction,

since f~1(s) is a monomorphism, we have the desired inclusion f=1(S) C f~1(9).
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(4)5=75
The quotient of X by § is nx/s © ¢, because this latter is the cokernel of its kernel 5.
But F'(X/S) € F which implies that 3 is also defined as the kernel of 7x,s0¢q. Therefore,

S=3_.

(5) For any regular epimorphism f: X — Y, f~1(S) = f~1(S).

The proof is similar as for axiom (2), therefore we are going to give less details.
Consider the following commutative diagram:

s K[Y/f(S)

K[X/S] by -10s)

/Y/ffl(S) — 0

X/s T

Since ¢’ is the quotient of Y by f~1(S) and qo fo f~!(s) = go sog =0, there exists a
unique ¢ such that ¢poq¢ = qo f. go f is a regular epimorphism, hence the morphism ¢
is a regular epimorphism.

Since F' is a functor, we have that F(¢) o ny,/s-1(s) = x/s © ¢.

Therefore, nx/s 0 ¢ o kyp-1(5) = F(¢) o ny/r-1(5) © by 5-1(5) = 0.

But we have that kx/g is the kernel of 7x/g, hence there exists a unique ¢ such that
kxjso¢=¢oky/-is).

We have that go fo f~1(s) =¢oq¢ o f71(S) =dpoky/s-1s0q =kx/s 0 b=4q.
Therefore, by definition of S, there exists a unique ¢ such that 3ot = f o f~1(s) and
got= gE o ?

We already know that ¢ is a regular epimorphism, therefore since it is also a monomor-
phism, ¢ is an isomorphism.

Consider now the following commutative diagram:

) Sy Ly pis)
t f Lb
5 ——— X — X/S

Since ¢ is an isomorphism, (1)+(2) and (2) are pullbacks. This implies that (1) is a
pullback. Therefore, f~1(S) is f~'(S).

We still have to prove the existence of a bijection between the previous construction of
epireflections and homological closure operators on kernels.

Let us consider () a homological closure operator, F' the functor defined in the first part
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of the proof and () the homological closure operator associated with F' as in the second
part of the proof. 3

We have to show that () = () that is for every kernel S — X, S = S.

Consider the following pullback:

S%OX/S
AR
S —— X —— X/S

By axiom (5) of the homological closure operator (),

S=q" (OX/S) =q'(0x/s) = Ker(q) = S.

Conversely, let us take an epireflection F' : E — F, the associated closure operator 6
given by the second part of the proof and F': C — F the functor defined in the first
part of the proof. We have to show that F' = F'.

Recall by the construction of 7 that 7x,g is the cokernel of kx/s.

But by definition of S, kx/g is the kernel of 7y/s.

Therefore, since nx,s is a regular epimorphism it is also the cokernel of kx/s which
implies that 7x/s = 7x/s. O]
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Chapter 3

Torsion theories

We are now able to introduce the notion of torsion theory. We are first going to define the
concept itself. Then, we are going to define what a torsion-free subcategory of a normal
category is. Finally, we are going to prove the equivalence between fibered reflectors and
semi-left-exact reflectors.

The sources of this chapter are mainly [5] and [3].

Definition 19. A torsion theory in a normal category C is a pair (T, F) of full replete
subcategories of C such that:

1. Forany T € T and F € F, the only morphism f :T — F is the 0-morphism.

2. For any object X € C, there exists a short exact sequence

with T €T and F € F.

Lemma 20. If (T,F) is a torsion theory in a normal category C. Then for any X in
C, there exists, up to isomorphism, exactly one short exact sequence

with T € T and F € F.
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Proof. Let us consider two short exact sequences

with 7,7" in T and F, F’ in F. By definition of torsion theory, the morphisms n’y o tx
and nx oty are the zero morphisms.

b

0 — F’

Since nxy = Coker(tx) and 7y oty = 0, there exists a unique ¢ such that ¢ o nx = 1.
Similarly, since ny = Coker(t) and nx oty = 0, there exists a unique ¢ such that

Yony =nx.

Moreover, 1poponx = pony =nx = lponx and nx is an epimorphism, which implies
that w o (b = 1F

Similarly, one proves that ¢ o ¢ = 1. Hence, F' = F".

The proof that T" = T" is similar. O

Lemma 21. Let (T,F) be a torsion theory in a normal category C. Then:

1. TNF =0,

2. T s closed in C under reqular quotients,

3. F is closed in C under subobjects.
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Proof. (1) If X € T NF, the identity morphism 1x : X — X is the zero morphism
which implies that X = 0.

(2) Let f : X — Y be a regular epimorphism with X € 7. We have to prove that
Y € T. We consider the exact sequence (unique by previous lemma) associated with Y

0 T Y,y ™. Fp 0
gT/
| !
X

Since '€ F,nyo f=0.

But ty is the kernel of 1y and therefore, there exists a unique morphism g such that
tyog=f.

We can therefore conclude that ¢y is a regular epimorphism and since it is also a
monomorphism, ty : T'— Y is an isomorphism and Y € T.

(3) Let f: X — Y be a monomorphism with Y € F. We have to prove that X € F.
We consider the exact sequence associated with Y (unique by Lemma 20):

0 T X, x X

N

4o

Since T' € T, one has that fotx = 0.
But nx is the cokernel of tx and therefore, there exists a unique morphism ¢ such that

gonx = f.
We can therefore conclude that nx is a monomorphism and since it is also a regular
epimorphism, nx : X — F'is an isomorphism and X € F. O

Lemma 22. Let (T,F) be a pair of full replete subcategories of a normal category C
with the property that for any X in C there is an exact sequence

0 T X LR 0
with T € T and F € F. Then the following conditions are equivalent:

(1) (T, F) is a torsion theory.
(2) T is closed in C under regular quotients, F is closed in C under subobjects and
TNF=0.
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Proof. The previous lemma gives the first implication.
Conversely, let f: X — Y be any arrow with X € T and Y € F.
We consider the factorization of f,

X ! Y
Z
with r a regular epimorphism and m a monomorphism. This factorization exists by
Proposition 11.
Therefore, the object Z belongs to T (since 7 is closed in C under regular quotients)

and to F (since F is closed in C under subobjects). It follows that Z € T NF = 0 and
f =0 so that (7,F) is a torsion theory. O

Definition 23. A full replete subcategory F of a normal category C is a torsion-free
subcategory if there exists a full replete subcategory T with the property that (T, F) is
a torsion theory in C.

Let F be a regular epireflective subcategory of a normal category C with reflection
F:C— F. We define

Tr:={T €C|T ~ K(X) for some X}

and
FT:={T €C| home(T,F) ={0},YF € F}.

Lemma 24. Let F be a reqular epireflective subcategory of a normal category C, with
reflection F : C — F. Then

F< ={T e C|F(T) = 0}.

Proof. First, let us take T' € C such that F(T) = 0. Then, any morphism f : T — F
with T" € F factors through 0.

For the other inclusion, let us take 7" € C such that hom¢ (7, F') = {0} for all F € F. In
particular, the T-component nr of the unit of the adjunction is the zero arrow.
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But, since nr is a regular epimorphism, F'(7T") = 0.

T o F(T)

N\

Indeed, 0 — F(T) is also a regular epimorphism but since it is a monomorphism, it is
also an isomorphism. O

1%

0

Theorem 25. Let F be a full replete subcategory of a normal category C. The following
conditions are equivalent:

(1) F is a torsion-free subcategory of C,

(2) F is regular epireflective in C and Tr = F*,

(8) F is reqular epireflective in C, and home (T, F) = {0} for any T € Tz and F € F,
(4)F is regular epireflective in C, F is closed in C under extensions, and Tr is closed
under quotients.

Proof. (1) = (2)

We are going to prove that if F is a torsion-free subcategory of C, then F is regular
epireflective in C and T = F*.

We consider F a torsion-free subcategory of a normal category C.

Let us prove that F is regular epireflective in C:

Since F is a torsion-free subcategory of C, there is a full replete subcategory 7T such
that (7,F) is a torsion theory in C. Therefore, for any X € C, there is a unique exact
sequence:

0 K-, x "™, F 0

with K € T and F € F. We define the left adjoint F' of the inclusion functor U on an
object X by F(X) = F. Let us check the universal property of ny : X — F(X).

If f: X — F'is a morphism with F’ € F, we have f o kx = 0.

Since nx is the cokernel of kyx, there exists a unique morphism ¢ : F(X) — F’ with
gonx = f. Therefore, F': C — F is the left adjoint of U : F — C.

Let us prove that 7 C F*:

If X’ € Tr, by definition X’ = K(X) for some X in C.

0—— X' K(X) 25 X -, F(X) —— 0

T is replete in C then X’ € T because K(X) € T. Therefore, we have that 7 C T but
by definition of torsion theory (7,F), T C F*.
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Let us then prove that F< C Tx:
If X € F, consider the diagram

Then, since isomorphisms are stable under pullback, kx is an isomorphism.

K(X) 25 X
J
0 =———10

Therefore, X = K(X) and by definition, X € Tx.

(2) = (3)
For any T' € Tr and F' € F, we know that T' € F< and therefore any morphism from
T to I is the zero morphism.

(3) = (4)
Let f:T € Tr — Y be a regular epimorphism.

ky

r\\
i f

TeTr

K(Y)

Since F(Y) € F and T € Tz, the morphism 7y o f is the O-morphism.

Therefore, since ky = ker(ny), there exists a unique 7 such that ky oi = f.

But since f is a regular epimorphism, ky is also a regular epimorphism, which implies
that ky is an isomorphism and Y € Tx.

We also have to prove that F is closed in C under extensions. Given an exact sequence

0 ——F 5 x b3 ——50

with F} and F, in F, one has to prove that X is in F.
Let us consider ky : K[X] — X, the kernel of the component ny : X — F(X) of the

unit 7 of the adjunction.
We have that K[X]| € T and F;, € F. Therefore, bo kx = 0. But a is the kernel of b,
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hence there is a unique morphism [ : T — F; making the following diagram commute:

F, 23 X %> 2
aleﬁ/

T —— 0

Since the only arrow from 7' to F} is the zero arrow, kx = 0 and since ny : X — F(X)
is the cokernel of kyx it follows that nx is an isomorphism and X € F.

(1) — (1)
We would like to prove that (7x, F) is a torsion theory. By Lemma 22, we only have to
prove that 7= N F = 0.

If X € TN F, there exists X; such that X = K[X;].

We can consider the short exact sequence:

nx,

0 X X4 F(X;) —— 0
Since F is closed in C under extensions, it follows that X; is in F. Hence, 1y, is an
isomorphism and X = 0. O

Definition 26. An epireflection is called a fibered reflection if the units of the ad-
junction are pullback stable along arrows in the reflective subcategory F.
This means that in a pullback

where X is in F, the vertical dashed arrow is necessarily np.

Theorem 27. Let F be a full replete subcategory of a mormal category C. Then the
following conditions are equivalent:

(1) F is a torsion-free subcategory of C;

(2) F is reqular epireflective in C and F : C — F is normal, i.e F(K (X)) =0VX € C;
(8) F is reqular epireflective in C and the reflection is fibered.

Proof. The equivalence (1) <= (2) is given by Theorem 25.
Let us prove that (2) = (3).
We consider F regular epireflective in C and F' : C — F.
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We consider now the following pullback:

K(Y) l/z;*‘ Y
wo| |
0 X —— F(Y)

Since 7y is a regular epimorphism, A is also a regular epimorphism.

One has to prove that h = np.

By the universal property of np, there exists a unique ¢ : F'(P) — X such that

¢ onp = h. This morphism ¢ is a regular epimorphism. Hence, we have to prove that ¢
is a monomorphism.

Let us prove that K[P] = K[h| in the following diagram.

K[h] —— KI[Y]

K[P] ker(h)

K[p] 2 p
[
0— X

By definition of the morphism ¢, we have ¢ o np = h,

therefore h o kp = ¢ onp o kp = 0. And since ker(h) is the kernel of h, there exists a
unique morphism « such that ker(h) o a = kp.

Secondly, we have to construct a morphism  : K[h| — K[P].
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Let us consider the following commutative diagram:

K[ 2™ p

nK[h]l ne

PRI jorm, FOP)

By Lemma 7, we know that K[h] = K[Y] and (2) gives us that F(K(Y)) = 0.

K[h] ker(h) p

WK[h]J np

F(KIH]) 20 s F(P)

Therefore, np o ker(h) is the zero-morphism.

Since np o ker(h) = 0 and kp is the kernel of np, there exists a unique [ such that
kpo B = ker(h).

In order to prove that K[P] = K[h], we still have to prove that oo 8 = 1k, and that
foa=I1kp.

Indeed, ker(h) oa o3 = kpo 3 = ker(h) = ker(h) o 1gp hence, since ker(h) is a
monomorphism, we have that oo 8 = 1g(p).

Similarly, kp o B o a = ker(h) o a = kp = kp o 1x[p) implies o o = 1gp).

Since np o kp = 0, we have ¢ onp o kp = 0 and by the property of the kernel of ¢ there
exists a unique « such that ker(¢)oa =npokp =0.

K[h) ——— P

a lnP\‘
K[¢) 1 UF(P) —"—= X

In order to prove that ¢ is a monomorphism, we will prove that K[¢] = 0. We already
know that ker(¢) o @ = 0 and that ker(¢) is a monomorphism. By uniqueness of the

epi-mono factorization proved in Proposition 11, it suffices to show that « is a regular
epimorphism to prove that K[¢] is the zero object.
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Let us consider the following commutative diagram:

K[h] - K|¢]
kp (1) ker(s)
P s UF(P)

4

@ (4)
¢

0 0
(3)

X \ X

Observe that (2)4(3) is a pullback. Therefore, (1)+(4) is a pullback. Hence, since (4),
is a pullback, (1) is also a pullback.

Since (1) is a pullback and 7p is a regular epimorphism, we know that « is also a regular
epimorphism. And by the previous argument, K[¢] = 0 and ¢ is a monomorphism.

We can therefore conclude that ¢ is an isomorphism (since it is both a regular epimor-
phism and a monomorphism).

Hence, h is np (up to isomorphism).

3) = (2)
Let us consider, for X € C, the following rectangle:
K(X) =—— K(X) 2 X
nK(X)J l nx
F(K(X)) 0 F(X)

We have to prove that the morphism F(K (X)) — 0 is an isomorphism.

But since the reflection is fibered, the whole rectangle is a pullback.

Hence, the left-hand square is a pullback which prove that F/(K (X)) — 0 is an isomor-
phism by Proposition 13 and that F': C — F is normal. O]

Definition 28. The fibre of F': F — £ a functor at I an object in & is the subcategory
Fr of F defined in the following way:

e XeFisinF; < F(X)=1.

e X\ YeF, [: X—=>YeF < F(f)=1;.
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Definition 29. Let F': F — & be a functor and o : J — I be a morphism in &.
f:Y = X of F is cartesian over o if :

1. F(f) =a,

2. If g: Z — X is a morphism of F such that F(g) factors as aco [3, there exists a
unique morphism h : Z —'Y in F such that F(h) = and g = foh.

Definition 30. A functor F' : F — £ is fibered if and only if Vao : J — I in € and
VX € Fj, there exists a cartesian morphism f :Y — X over a. In this case, we call F
a "category fibered over €.

Proposition 31. Let U, F : F < C be a full reflective subcategory of a normal category
C. We have that F' is fibered if and only if the pullback of a unit na of the adjunction
along a morphism [ € F is again a unit.

Proof. Let us take a morphism f : M — L, since F' is fibered, there exists a cartesian
morphism g : B — A over f. By definition, F(g) = f and the following diagram is
commutative.

B2, A

4 na

MTL

We have to prove that the previous diagram is a pullback.
Let us take two morphisms m : C — A and n : C' — M in C such that nyom = fon.
By the universal property of n¢, n factors uniquely through ne via a certain morphism s.

C

N

m
g
B ——
ne " nsl

M —
5 f

UF(C) %

But 7 is a natural transformation, therefore U F(m) o ne = n4 o m. Moreover, ny om =

fon=fosone,
Therefore, UF(m) onc = f osong, then fos=UF(m).

«——
3
=

h
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Since g is cartesian over f, there exists a unique h such that UF'(h) = s and goh = m.

In order to prove that (B, g,ng) is the pullback of f and 14, we have to prove that
F(h) = s is equivalent to ng o h = n.

Firstly, if F'(h) = s, since ) is a natural transformation, ngoh = UF (h)onc = sonc = n.
Secondly, if ng o h = n, since 7 is a natural transformation, UF (h)onc =ngoh =n =
s o ne. Therefore, UF(h) = s.

Conversely, let us take f: M — L in £ and X € Cy.

We consider the following pullback:

s

B2

nB

«—
3
S

t~

M =7

We have to prove that g is the cartesian morphism over f.

1. F(g) = f since ngog= fong.

2. If m: C — Ais a morphism of C such that UF(m) = f o s.

N
B2, A

nB nA

MT>L

sonc

Since fosone = UF(m)onc = naom, there exists a unique h such that goh = m
and ngoh = song,ie. UF(h) =s.
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We have just observed that the fact that the unit morphisms in a reflection F : C — F
are stable under pullbacks along a morphism lying in the subcategory F, is equivalent
to the fact that F': C — F is semi-left-exact.

This precisely means that for a functor F' : C — F, being a fibered reflector is equivalent
to being a semi-left-exact reflector.
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Conclusion

We have generalized the concept of torsion theory to the context of normal categories.

It would not be useful to extend the concept if the most important properties of torsion
theories were not verified on normal categories. Fortunately, all the properties of torsion
theories from [5] in the context of homological categories have been shown to hold in
the context of normal categories.

The key elements making this possible were three properties of normal categories that
allowed us to avoid the property of protomodularity that is part of the definition of
homological categories [5]. The first one was Proposition 11 which allowed us to have
a unique normal epi-mono factorization of every normal epimorphism. The second one
was Proposition 10 which stated that every normal epimorphism is the cokernel of its
kernel. The last one, Proposition 12, stated that if the kernel of a morphism is zero then
this morphism is a monomorphism.

The final part of this master thesis showed the equivalence between torsion-free subcat-
egory, fibered reflection and normal reflection.

This master thesis brings some more details of the different proofs found in the literature.
It also provides a unique text where the basics of torsion theories in normal categories
are thoroughly presented, together with all the categorical notions and properties needed
to understand the main results.
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