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Abstract

Constraint programming is a very interesting approach when one is looking for a set of correct
solutions to a problem that can be modeled as variables with specific domains linked by
constraints. However, for many problems, the time required to find these solutions, as well as
the size of the search tree, can present a significant challenge.

This thesis aims to build a proof of concept by constructing an AllDifferent propagator
based on machine learning in order to simulate the behavior of the Domain Consistency
propagator. The goal is, through a variable threshold that modifies the model’s behavior, to
more or less reduce the search tree and thereby find solutions more quickly that are uniformly
distributed within this tree.

The approach also applies to constraint optimization problems (COPs), in order to assess
whether the constructed model is capable of finding a solution, subject to an optimization
function, that is sufficiently close to the best solution obtained using a classical solver.
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Chapter 1

Introduction

Constraint programming is an excellent paradigm to use when it comes to solving problems
that can be modeled in the form of variables with domains and linked by constraints. The
basic method proposes the construction of a search tree to find a set of solutions satisfying
the constraints. Moreover, in order to reduce the search tree, custom propagators are linked
to each constraint. Their goal is to remove as quickly as possible the domain values that
cannot lead to a solution.

This thesis focuses on the propagator of the AllDifferent constraint. The most efficient
propagation algorithm for this constraint is based on Régin’s algorithm. Although this
algorithm is very effective, it is rather slow. This thesis therefore aims to build a machine
learning model that attempts to reproduce the behavior of the propagation algorithm. One
point of interest is to determine whether the propagation time is faster with the machine
learning algorithm or with the classical algorithm. Another point of interest is to use a
variable threshold so that the algorithm can make more or less risky decisions when removing
values from the domains. In this sense, a very conservative threshold will keep a large number
of nodes and therefore a large number of solutions, whereas an aggressive threshold will
reduce the search tree and possibly the number of solutions.

The method also targets constraint optimization problems. In these problems, not all
solutions are equally good. Indeed, an objective function assigns a score to each solution, and
the goal is to find the solution that maximizes or minimizes this score. The idea is therefore
to use our machine learning model with a variable threshold to measure whether the best
solution obtained is as good as the best solution found with the classical propagator.

This thesis could be very useful for certain constraint programming problems that generate
a very large search tree and for which a subset of solutions, or a solution close to the best
one, is sufficient. There are thus two ways to consider the approach as interesting. Either
by building a model whose behavior is close to the classical algorithm but with a reduced
execution time, or by obtaining a model that variably reduces the size of the search tree
while still producing high-quality solutions in the case of optimization problems.



Chapter 2

Theoretical Framework

2.1 Constraint Programming Paradigm

2.1.1 Definition

Constraint programming is a programming paradigm that allows a user to specify a constraint
satisfaction problem (CSP) by defining the problem variables, the domain of these variables,
and the constraints linking the variables together. The solver will then find different solutions
that satisfy the problem. A valid solution is an assignment of a variable to a value within its
domain that respects the imposed constraints. A problem is said to be infeasible if it has no
solution that satisfies the constraints [1].

More formally, a constraint satisfaction problem (CSP) can be defined as a triplet
P =(X,D,C) with

o X ={Xi, X5, .,X,} aset of variables.
e D={Dy,D,,..,D,} the different domains, with D; being the domain of variable Xj.
e O ={C1,C,,..,C,} a set of constraints.

Example 2.1. To illustrate the definitions, let us present the Hello World of CSP problems:
the Four Queens problem. The goal is to place four queens on a 4 X 4 chessboard while
ensuring that the four queens do not attack each other. To achieve this, we know that we
must place one queen in each column of the chessboard, otherwise, two queens would be placed
in the same column and could attack each other. The problem can be formulated as follows.

o X ={X1,Xs, X3, Xy}, where X; is the row in which the queen will be placed in column
i.

o D, ={1,2,3,4}, a queen in column i can be placed in any row from 1 to 4.
e Constraints:

— Two queens cannot be on the same row: X; # X; for i # j.

— Two queens cannot be on the same diagonal: |X; — X;| # |i — j| fori # j.



Note that the constraint preventing two queens from being placed in the same column does
not need to be defined due to the way the problem is modeled [2].
The problem, as defined above, has two solutions illustrated in Figure 2.1.

w w
v W
w w
w w

Figure 2.1: The two solutions to the four-queens problem

2.1.2 Solving a CSP
Post and Propagate

When a user wants to link several variables through a constraint, they must create an object
representing the constraint by specifying the different variables involved. A constraint object
contains the post method and the propagate method. When the constraint is given to the
solver, it calls the post method. This method has several roles, such as initializing the
class variables used by the constraint, calling the propagate method for the first time, and
specifying for each variable when the propagate method should be called. For example, the
propagate method can be called whenever there is a change in the variable’s domain, when
the bounds of the variable’s domain change, or when the variable is assigned a unique value.

The role of the propagate method is to reduce the size of the variable domains based on
an algorithm. The algorithm can be more or less complex in order to identify and remove
values that cannot be part of a solution according to the constraint. As section 2.2 on
the AllDifferent constraint will illustrate, a choice must be made between a complex (and
sometimes slower) algorithm that eliminates all values that can in no case be part of a
solution, and a faster algorithm that removes fewer values.

Search tree

To find a solution, a search tree is constructed. This tree makes a decision at each step to
remove one or more values from the domains. For example, a decision at a node of the tree
can be to choose a variable and create two branches. On one side of the tree, the variable
is assigned a value from its domain, and on the other side, the value is removed from the
domain. The choice of the variable at each node of the tree, as well as the choice of which
value to assign, can influence the efficiency of the search for a solution.

By assigning or removing certain values from the domains, some variables may be woken
up according to the specification of the constraint’s post method. In this case, the constraint
will be scheduled in a queue of constraints to be processed.

Example 2.2. If the post method of constraint C specifies that it must be awakened when
the domain of variable X, changes, and the search tree makes the decision to remove a value
from variable Xy, then constraint Cy will be added to the queue.



This queue allows the calculation of the fizpoint. To do this, the solver calls the propagate
method of each constraint in the queue at each step of the search. In this way, some values
in the domains may be further removed by the propagate method, which will cause the
constraint to be rescheduled in the queue. Once the queue is empty, the fizpoint has been
reached, and a new decision can be made to expand the search tree.

If at any point during the search a variable ends up with an empty domain, or if the
propagate method finds an inconsistency that can no longer lead to a solution, the current
branch of the tree is stopped and backtracked to try another path. This is called backtracking.
In this case, all domains are reconstructed while moving back up the tree.

Example 2.3. Consider three variables X1, Xo, and X3 linked by the AllDifferent constraint.
This constraint, described in detail in the section 2.2, ensures that each variable involved in
the constraint has a different value.

The domains of the variables are as follows:

o X; ={1,2}
o X, =1{1,2}
o X3=1{1,2,3}

Let us tmagine that the post method of the constraint specifies that the constraint should
be scheduled whenever the domain of a variable changes. Furthermore, suppose that the
propagate method simply removes from the domains of unfixed variables the values that are
already assigned in fived variables.

Figure 2.2 shows the search tree leading to two different solutions.

X, ={1,2}

X, ={1,2}

X5 ={1,2,3}
X, ={1} X1 = {2}
X, = {2} Xo = {1}
X, = {3} X5 = {3}

Figure 2.2: Example of a search tree with three variables linked by the AllDifferent constraint

First, an initial fixrpoint can be computed at the root of the tree. This will not remove any
values from the domains. Next, a first decision assigns X1 to 1, creating the first branch in the
tree. This decision causes the constraint to be scheduled because the domain of X1 has changed.
The fixpoint calculation will select the constraint from the list of scheduled constraints and call
the propagate method. This method will realize that variable X, is fized to 1, and therefore
the value 1 will be removed from the domains of Xo and X3. By doing this, the constraint
will be scheduled again because the domains of Xo and X3 have changed. The fixpoint is thus
not complete and will continue to call the propagate method of the scheduled constraints. This
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time, the propagate method will see that variable Xy is fixed to 2 and will remove the value
2 from X3. At this point, all variables are fixed without violating the constraint, and a first
solution is found. The search tree is then backtracked by one level, the domains are restored,
and a similar execution occurs by removing 1 from the domain of X;.

2.2 The AllDifferent Constraint

The constraint of interest in this thesis is the AllDifferent constraint. This constraint allows
specifying a set of variables and ensures that the final value of each variable linked to the
constraint will be different from the values of the other variables defined within the constraint.

More formally, for a set of variables X = {Xj, Xy, ..., X,,} all linked by the AllDifferent
constraint, the following relation must be satisfied.

As stated above, the role of the propagator is to reduce the domains of variables by
removing values that cannot be part of a solution with certainty. The AllDifferent constraint
has different propagation algorithms, each with its own advantages and disadvantages. Two
of these propagators are described in subsection 2.2.1 and in subsection 2.2.2.

2.2.1 Arc Consistency

The arc consistency property guarantees that for every value x € D; of a variable X;, there
exists at least one value y € D; of a variable X; linked by a constraint to X;, such that the
constraint between variables X; and X is satisfied. In the case of a constraint involving more
than two variables, this property must be satisfied for each pair of concerned variables [3,4].
The algorithm used to achieve the arc consistency property is the Forward Checking [5].
It is a simple propagator but has the advantage of being fast. The idea is to remove from the
domains of unfixed variables the values that have already been assigned to fixed variables.

Example 2.4. Let us consider that we reach the following state at some point during the

search.
o X; =1{1,2,3}
o Xm ={2}
o X3=1{1,2}

Since variable X5 is fixed to the value 2, the value 2 can be removed from the domains
of X1 and X3. Next, variable X3 also becomes fixed to the value 1, allowing the value 1 to
be removed from the domain of Xi. Finally, a solution is obtained: X; = 3, Xo = 2, and
X3 == 1

Although this propagator is fast, it does not remove all domain values that can never be
part of a solution when considering one constraint at a time.
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2.2.2 Domain Consistency

The Domain Consistency property (or Generalized Arc Consistency) guarantees that, for
every value x € D; of a variable X;, there exists at least one combination of values in the

domains of the other variables involved in the constraint such that the constraint is satisfied
[4].

Example 2.5. Let us consider the situation below, reached at some point during the search.

o X; =1{1,2}
o Xy =1{1,2}
o X3=1{1,3}

The Forward Checking propagator would not be able to do anything in this situation.
Howewver, it is still possible to remove values from the domain that cannot lead to a solution
with certainty. Indeed, in this situation, we see that X, and X5 each have a domain of size
two with the same values. We therefore know that either X1 =1 and Xy =2, or X1 =2 and
Xy = 1. In this case, it is possible to safely remove the value 1 from the domain of variable
X3, because it is impossible to reach a solution with X3 assigned to 1 from this state.

The following lines rely on the article [6] and the course [7] to introduce certain definitions
as well as several algorithms.

To satisfy this property for the AllDifferent constraint, the propagator represents the
variables and their domains as a bipartite graph. On the left side of the graph are the
variables, and on the right side are the domain values. An edge connects a variable X; to a
value v; if X; has v; in its domain.

Variables Domains

Figure 2.3: Example of representing variables and their domains as a bipartite graph

Based on this, let us introduce a few definitions.

e A matching M is a set of edges with no two edges sharing a vertex.
e An edge that belongs to a matching M is called a matching edge.

e An edge that does not belong to a matching M is called a free edge.
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A vertex incident to a matching M is an M-matched vertex.

A vertex not incident to a matching M is an M-free vertex.

An alternating path (or cycle) is a path (or cycle) whose edges alternate between
matching and free edges.

The length of an alternating path is the number of edges it contains.
e A maximal matching is a matching that cannot be extended by adding another edge.
e The size of a matching M is the number of edges in the matching M.

Figure 2.4 illustrates these definitions, with a maximal matching M represented by the
edges in blue.

Variables Domains

e <— M-matched vertex

@ a <— M-free vertex

—— Free edges
—— Matching edges

Figure 2.4: Illustration of the definitions in a bipartite graph with a maximal matching M

Figure 2.5 illustrates, in blue, an alternating cycle for the maximal matching shown in
Figure 2.4.

Variables Domains

X4

\
o=

—— One Alternating cycle

Figure 2.5: Illustration of an alternating cycle based on a maximal matching M
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Feasibility Check

The first step is to ensure that each AllDifferent constraint, taken independently, does not
lead to an inconsistency. This step does not allow one to prove the existence of a solution from
this point in the search. However, if an inconsistency is detected, it proves that no solution
can be obtained from this stage of the search. Consequently, in the case of infeasibility, the
search can be terminated and backtracking can be performed.

To do this, the algorithm must find a maximal matching of size equal to the number of
variables. Indeed, if such a maximal matching exists, each variable on the left side of the
bipartite graph can be linked to a value in its domain while ensuring a different value for
each variable. Figure 2.4, which contains three variables, illustrates such a maximal matching
of size three.

The algorithm will start in a greedy manner, beginning with an empty matching and
iteratively adding an edge between a variable and a value from its domain. When it is no
longer possible to add an edge between a variable and a value from its domain without
breaking the matching property, this first phase stops.

Figure 2.6 shows how the greedy algorithm searches for a maximal matching. It starts
with variable X7, linking it to the value 1 in its domain, then with X5 linked to the value 3
in its domain. With the selected edges, it is no longer possible to add an edge linking X3
without breaking the matching property.

Variables Domains

——  One matching

Figure 2.6: Finding a maximal matching using a greedy algorithm

The second phase consists of iteratively modifying the matching to increase its size until
a maximal matching of size equal to the number of variables is obtained, or an inconsistency
is found. To do this, edges belonging to the matching are oriented from the domains to the
variables, while edges not in the matching are oriented from the variables to the domains.

Next, a DFS algorithm starts from an M-free variable vertex and tries to find an alternating
path ending at an M-free value vertex. By definition, following the orientation of the edges
ensures that the algorithm follows an alternating path.

If, at the end of the DFS search, no alternating path exists, there is an inconsistency for
this state. Otherwise, the algorithm will reverse the status of the edges along the alternating
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path. If an edge in the alternating path belongs to the matching, it will no longer belong to
it, and if it did not belong to the matching, it will become part of it. In this way, the size of
the matching is increased by one.

Figure 2.7 illustrates the process of increasing the size of the matching using the bipartite
graph from Figure 2.6 as an example. In the left figure, the alternating path is shown with
dashed lines and the old matching in blue. In the right figure, the new matching is represented
in blue.

Variables Domains Variables Domains

---» or —» Free edges —— Free edges
¢--- or ¢«— Matching edges —— Matching edges
---------- One alternating path

Figure 2.7: Illustration of the iterative algorithm used to increase the matching size through
an alternating path

The algorithm continues in this manner until either an inconsistency is found or a maximal
matching is obtained. It is worth noting that the described algorithm would also work if the
greedy search were skipped and the second phase started directly with an empty matching.

Filtering

In the following, we assume that a valid maximal matching must have a size equal to the
number of variables.

To filter the domains, a first idea would be to enumerate all possible maximal matchings
in the bipartite graph and then remove the edges that do not belong to any of these maximal
matchings. Although this algorithm would work, its computational complexity would be
catastrophic.

An alternative approach is based on Berge’s theorem [8,9]. This theorem states that an
edge belongs to a maximal matching if and only if, for any maximal matching M, the edge
either belongs to an alternating path of even length starting at an M-free vertex, or the edge
belongs to an alternating cycle of even length.

Figure 2.8 illustrates these two cases. In the first case (on the left), we observe that by
flipping the status of the dashed edges corresponding to an alternating path starting from an
M-free vertex of even length, the new matching remains a valid maximal matching. The edge
from X5 to 3 therefore indeed belongs to a maximal matching and should not be removed. In
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the second case (on the right), we similarly observe that by flipping the status of the dashed
edges corresponding to an alternating cycle of even length, we obtain a new valid maximal
matching. The edges from X; to 1 and from X, to 2 thus belong to a maximal matching and
should not be removed.

Variables Domains Variables Domains

---- or — Free edges ---- or — Free edges
---- or —— Matching edges ---- or —— Matching edges
---------- One alternating path ----- ----- One alternating cycle

Figure 2.8: Discovery of edges belonging to a maximal matching using the method of even-
length alternating paths starting from an M-free vertex and that of even-length alternating
cycles

It is possible to combine the two cases into a single one by introducing a dummy node
that connects all domain nodes and by orienting the edges. The edges will point from domain
nodes to the dummy node for those adjacent to M-free vertices, and from the dummy node to
domain nodes for the others. Furthermore, as in the consistency check, the edges belonging
to the maximal matching M will be oriented from domain nodes to variable nodes, while
the edges not belonging to the maximal matching M will be oriented from variable nodes to
domain nodes.

Figure 2.9 illustrates this modification, with a maximal matching M on the left and its
representation with the dummy node on the right.
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Variables Domains  Variables Domains Dummy node

—— Free edges —— Free edges
—— Matching edges —— Matching edges

Figure 2.9: Representation of a bipartite graph with a maximal matching of size equal to the
number of variables, as well as its representation with edges oriented using a dummy node

In this new representation, an edge belongs to a maximal matching if and only if it either
belongs to the initial maximal matching M or is part of a cycle in the transformed graph
representing the maximal matching M with the dummy node. In the example above, a
cycle value 3 — dummy node — value 1 — Xy — wvalue 3 exists, which means that the edge
connecting X5 to value 3 belongs to a maximal matching and should not be removed.

To describe the complete algorithm, it is necessary to introduce strongly connected
components in a directed graph. A strongly connected component (SCC) is a maximal subset
of vertices such that for any u and v in this subset, there exists a path from u to v and
from v to u. Based on the modified graph, it is possible to identify the strongly connected
components using Kosaraju’s algorithm [10,11] or Tarjan’s algorithm [12].

Here is the procedure of the complete algorithm. It first finds an arbitrary maximal
matching M of size equal to the number of variables. This maximal matching M is initially
used to verify feasibility. Next, the algorithm transforms the graph by adding the dummy
node and orienting the edges based on the maximal matching M. It then identifies all the
strongly connected components in this new directed graph. Finally, it removes all edges
(X, v;) if the edge connecting variable X; to value v; does not belong to M and if X; and v,
belong to two different strongly connected components. The removal of an edge between X
and v; means that the value v; is eliminated from the domain of Xj.
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Chapter 3

Machine Learning

Our prediction approach in the propagator will rely on machine learning. The following
subsections serve to introduce the concepts used in the model.

3.1 Multilayer Perceptron

The multilayer perceptron shown in Figure 3.1 is an assembly of perceptrons arranged in
multiple layers, with each layer potentially containing several perceptrons. Its purpose is to
predict an output vector g based on an input vector X [13].

Figure 3.1: Representation of a three-layer MLP with 3 input features and one output

Equation 3.1 and Equation 3.2 show the mathematical relationships between the layers.
Each layer i of the neural network performs a linear combination of the inputs from the
previous layer ¢ — 1 before passing the output through a nonlinear activation function ¢g. This
function g allows the network to learn more complex nonlinear functions [13].

71 = Wil A1 pl (3.1)

Al — gl 71y (3.2)

Equation 3.1 shows that each layer of the network has a weight matrix W and a bias
vector bl!l containing the parameters that the model must learn [13,14]. In our model, the
activation function g for the hidden layers will be the ReLU function, defined in Equation 3.3.
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This function introduces nonlinearity into the model while remaining computationally simple.
Moreover, it avoids the vanishing gradient problem, unlike the sigmoid or tanh functions. The
output layer will use the sigmoid activation function, defined in Equation 3.4, which produces
a value between 0 and 1, as the model’s purpose is to predict the probability y = P(y = 1|x)
[13,15].

if
ReLU(z) = 4 & 1o=0 (3.3)
0, else.
1
= 3.4
ow) = 3.4)

To learn the parameters W and bl of each layer, the model begins with a forward
propagation phase, during which each example from the training set passes through the
network to obtain a set of predictions y; and the corresponding true values y; for each input
x;. A loss function is then used to measure how much the neural network’s predictions ;
deviate from the expected values y;. A commonly used loss function for binary classification
problems is binary cross-entropy, defined for one example i in Equation 3.5 [16].

BCE(gi, yi) = —[yilog(9:) + (1 — y;) log(1 — 3)] (3.5)

Next, once all the examples from the training set (or from a batch) have passed through
the model, a cost function .J is computed over these m examples, as defined in Equation 3.6.

J(0) = % > Loss i) (3.6)

with 6 representing the model parameters (weights and biases).

The goal of the algorithm is to adjust the weights and bias order to minimize this
cost function J. To achieve this, a second phase of backpropagation computes the partial
derivatives of J with respect to each model parameter. Each parameter w; or b; of the model
can then be updated using the gradient descent method, as defined in Equation 3.7 and
Equation 3.8 [13,17].

W; <~ w; — 1N a;qu) (3.7)
0J(0)
b; + b; — T, (3.8)

Indeed, the function J depends on the various model parameters. As illustrated in
Figure 3.2, by computing the partial derivative of a parameter, which represents the slope of
the function in the direction of that parameter, it is possible to adjust the parameter in a
direction that decreases the value of J.
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3.0

T T T T T T T
1.6 18 2.0 2.2 2.4 2.6 2.8 3.0

Figure 3.2: Ilustration of gradient descent on a function J(wg,wy).

The hyperparameter n is the learning rate and determines the step size in the direction of
the gradient at each iteration. A step that is too small can slow down convergence, whereas
a learning rate that is too large can cause the algorithm to oscillate between values without
ever reaching a minimum [17].

During the training phase, a Dropout layer will be used after each activation function.
Its purpose is to prevent overfitting by randomly deactivating certain neurons only during
training. This helps prevent the network from relying too heavily on a small subset of neurons,
thereby reducing overfitting [18].

3.2 Graph Neural Network

Graph Neural Networks (GNNs) are a specific type of neural network designed for data
structured as graphs. In such a network, each node v starts with a feature vector hLO], which
contains various attributes characterizing the node. Then, each node v propagates its vector
to all of its neighbors N(v) and aggregates the vectors received from these neighbors. Finally,
the vector hﬁl of node v is updated to a new vector hﬁ*” through an update function that
combines its own vector with the aggregated vectors. Equation 3.9 generally defines this

process for one iteration [19].

Wl = UPDATE(h!Y, AGGREGATE(R!Y : u € N(v))) (3.9)

In our model, we will use a specific GNN architecture, the Graph Sample and Aggregate
(GraphSAGE), defined in Equation 3.10 [20].

Pl = WA L Wi mean ey o (WA 1 plt)] (3.10)

The learning of the parameters for each layer is similar to the method used in MLPs.
In our implementation, the GraphSAGE layers are directly connected to the MLP model,
allowing all parameters to be updated during the same backpropagation phase.
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Chapter 4

State of the Art

The objective of this thesis is to design a model that reduces the search tree in order to obtain
a subset of solutions in a shorter time than what a classical solver would achieve. A first idea
would be to stop the execution after a certain timeout or after reaching a certain number of
solutions. Although this method works, it has the disadvantage of exploring the same section
of the tree, leading to similar solutions. The objective can therefore be redefined as the
construction of a model that explores a subset of solutions uniformly distributed throughout
the search tree. The ultimate objective would be to design a machine learning model that
perfectly simulates the behavior of the Domain Consistency propagator, while reducing
domains faster than the Domain Consistency algorithm. In this case, we would obtain all
solutions in a shorter amount of time. This section provides a review of the literature in
order to understand different existing techniques.
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Figure 4.1: Ilustration of a complete search tree (left), a search tree with a timeout (center),
and a search tree representing the objective of the thesis (right)
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4.1 Large Neighborhood Search

This first technique is inspired by local search, which balances exploration and exploitation
[21]. First, the algorithm starts from a solution. Then, the solver relaxes certain variables
by reconstructing their domain while keeping the others fixed: this is the exploration phase.
Finally, the solver uses this partially fixed solution to restart a search tree and converge
toward another complete solution: this is the exploitation phase. Exploration and exploitation
can thus be repeated several times until obtaining a large number of solutions or exceeding a
certain stopping criterion when it becomes possible to compare the solutions among themselves
[22,23].

Algorithm 1 describes the pseudo-code with r(x) being the function reconstructing a
solution from a partial one, d(z) the function selecting and destroying a subset of variables,
and c(x) a cost function allowing the comparison of solutions with each other [23].

Algorithm 1: Large Neighborhood Search Algorithm
Input: A feasible solution z
2t < x;
repeat

' <« r(d(x));

if accept(z’, x) then
‘ x < 1’

end

if ¢(2') < ¢(2”) then
‘ b — 2

end

until stopping criterion is met;

return z%;

Adaptive Large Neighborhood Search (ALNS) is a variant of LNS that adaptively chooses
among various solution destruction d(z) and reconstruction r(z) strategies according to their
historical effectiveness. Strategies that yield higher-quality solutions are assigned greater
weight, increasing their likelihood of being selected in subsequent iterations [23].

A key advantage of this approach is that, by alternating between variable destruction and
reconstruction, the algorithm can generate solutions that are uniformly distributed across the
classical search tree without requiring a full traversal. Nevertheless, to apply this method,
the algorithm must begin with an initial solution, which can be challenging to obtain for
certain complex problems.

4.2 Contrastive Predict-and-Search

The concept behind Contrastive Predict-and-Search (ConPaS) involves collecting, across a
set of problems, high-quality solutions (optimal or near-optimal) as positive samples and
low-quality solutions as negative samples. The negative samples are generated in a targeted
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way: either as infeasible solutions produced by randomly perturbing the positive solutions,
or as low-quality solutions identified through a maximin optimization, which seeks the
worst-performing solutions within the neighborhood of the high-quality ones.

These two sets are employed to train a machine learning model through supervised
contrastive learning, enabling it to more effectively differentiate high-quality solutions from
low-quality ones.

Once trained, the model assigns scores to the binary variables. ConPaS then greedily
selects ko variables with the lowest scores (fixed to 0) and k; variables with the highest
scores (fixed to 1), while permitting up to A of these fixed variables to be altered during the
search. Finally, a classical solver is applied to this reduced problem, subject to neighborhood
constraints, to converge to a high-quality solution [24].

A key advantage of this strategy is its ability to identify high-quality solutions without
requiring a full traversal of the search tree. A notable drawback (also encountered in the
implementation selected for this thesis) is the challenge of generalizing to data drawn from a
distribution that differs from that of the training set.
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Chapter 5

Propagator Construction

All the code developed to collect the data, build and test the models, construct the propagator,
as well as the associated plots and data, can be found in the GitHub repository [25] associated
with this project.

5.1 Solver

The solver employed is MaxziCP, developed by researchers at the Catholic University of
Louvain. This open-source Java solver (MIT license) is publicly available on GitHub [26].

5.2 Data

5.2.1 Instance Selection

To train the machine learning model simulating the propagator, we need to extract the set
of variables and their associated domains for the AllDifferent constraint both before and
after propagation. Indeed, the objective is to predict the updated domains of the variables
following propagation.

For this purpose, a subset of instances from the website XCSP3 [27] was downloaded.
XCSP3 is a standardized format for describing CSP instances. It defines the different
variables, their domains, and the associated constraints. The official website contains 21,639
instances, reduced to 5,449 instances after filtering for those containing at least one AllDifferent
constraint.

For the purpose of evaluating our model, we only retain instances that have been fully
solved at least once by the original solver. To achieve this, we iterate over the different
instance families (Sudoku, NQueen, etc.) in a Round Robin manner and randomly select
an instance from the chosen family. The instances are run with a 3-minute timeout. Only
instances that complete within the allotted time are kept. The variable selection method
during branching is the first-fail technique, which selects at each branch the variable with the
smallest domain [28]. After several rounds of the Round Robin, we stop the execution and
retain 48 different instances. Some statistics related to the retained instances are summarized
in Table 5.1.
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Column Mean Std. Dev. Min Max

# Nodes 206408.04 484 598.52 0 2771998
# Failures 102108.31  239149.62 0 1365840
# Solutions 1096.71 3786.62 0 20160

ExecutionTime (ms) 113750.17 391111.42 3.0 2334344.0

Table 5.1: Statistics related to the selected CSP instances

The 48 instances described below contain 17 distinct problem families. These 48 instances
are split into two separate folders: the training folder contains 8 distinct problem families,
and the test folder contains 9 distinct problem families. The first folder will be used as
training data, while the second folder will be used to ensure that the learned model is capable
of generalizing its reasoning to problem families it has never encountered during training.

Table 5.2 shows the problem families in each of the two folders, as well as the number of
instances for each family.

Train set Test set

Family 7# Instances | Family 7# Instances
All Interval 2 Subisomorphism 3
Allergy 1 Sudoku 8
Alpha 1 Bqwh 7
Kakuro 8 Coloured Queens 2
Knight Tour 1 Costas Array 1
Purdey 1 Open Stacks 1
Queens 2 Langford 2
Schurr Lemma 6 Magic Square 1
Ortholatin 1

Table 5.2: Number of instances in each family in the train set and in the test set

Appendix Table 11.1 lists the number of nodes, failures, solutions, and calls to the
AllDifferent constraint’s propagate function for the training instances. Appendix Table 11.2
presents the same table for the test instances.

5.2.2 Solution Density

For each selected CSP instance, we compute its solution density. Equation 5.1 defines the
solution density for a CSP instance, where |D(z)| denotes the domain size of variable z, and
X is the set of variables of the problem.

#Solutions
[Lex [D(2)]

This measure allows comparing the intrinsic difficulty of several CSP problems. If the
number of possible solutions when all constraints are removed is large, but the number of
solutions with the constraints is small, the resulting solution density is low, suggesting a more

Solution Density = (5.1)
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difficult problem. Conversely, if the number of possible solutions without the constraints is
close to the number of solutions with the constraints, the solution density is high, suggesting

an easier problem.

Table 5.3 reports, for the training and test datasets, the solution density of each instance,
considering only instances with at least one solution and using a precision of two significant

digits.
Training Test

Instance Density | Instance Density
AllInterval-006 1.6 x 10~7 | ColouredQueens-07 7.8 x 10738
AllInterval-009 1.8 x 10~ | CostasArray-10 4.1 x 10769
Allergy 1.5 x 1075 | MagicSquare-03-sum 2.1 x10°8
Alpha 1.6 x 10737 | Ortholatin-005 5.5 x 10768
Kakuro-hard-010-sumdiff 6.3 x 10780 | Subisomorphism-si2-m4Dr6-m625-04 1.5 x 107346
Kakuro-hard-056-sumdiff 3.8 x 1079 | Subisomorphism-si4-m4Dr2-m625-02 5.1 x 107698
Kakuro-hard-062-sumdiff 3.9 x 107138 | Sudoku-s03b-alldiff 5.1x 10778
Kakuro-hard-137-sumdiff 1.9 x 10717 | Sudoku-s08c-alldiff 5.1 x 10778
Kakuro-medium-035-sumdiff ~ 6.3 x 1078 | Sudoku-s11b-alldiff 5.1 x 10~78
Kakuro-medium-062-sumdiff 6.6 x 107143 | Sudoku-s11c-alldiff 5.1 x 10778
Kakuro-medium-086-sumdiff 1.0 x 1076 | Sudoku-s12a-alldiff 5.1 x 10778
Kakuro-medium-129-sumdiff 7.4 x 1071%° | Sudoku-s13a-alldiff 5.1 x 10778
KnightTour-06-ext03 9.3 x 10753 | Sudoku-s13c-alldiff 5.1 x 10778
Purdey 1.5 x 107° | bqwh-15-106-02 X2 1.6 x 10756
Queens-0009-m1 9.1 x 1077 | bqwh-15-106-07 X2 5.5 x 10796
Queens-0012-m1 1.6 x 107 | bqwh-15-106-25 X2 1.8 x 10796

bqwh-15-106-51 X2 7.1 x 10756

bqwh-15-106-81 X2 4.9 x 10796

bqwh-18-141-50 X2 1.8 x 10777

bqwh-18-141-75 X2 3.1 x 10777

sudoku368 X2 3.0 x 107180

Table 5.3: Solution density of training and test instances (2 significant digits)

It is interesting to note the diversity in solution density. For the training data, we observe

a very low solution density for instances belonging to the Kakuro family. This is not surprising,
given that these instances have a unique solution and a very large search space. For example,
Kakuro-hard-137-sumdiff has a search space of size 5.22 x 10'™. One can therefore expect
it to be more difficult for our solver to find this unique solution. Conversely, although the
two instances Purdey and Allergy also have a unique solution, their search spaces are much
smaller, with a size of 65,536 for both. We can therefore expect the solver to find their
unique solution more easily. An analogous reasoning can be applied to the test instances.

5.2.3 Data Collection Before and After Propagation

Once these instances have been obtained, the propagator of the AllDifferent constraint is
modified in order to extract the variables and their domains before and after propagation.

26



10

11

12

13

14

15

To do so, the AllDifferent Domain Consistency constraint is used, because even though it is
slower, it provides the best filtering thanks to its domain-consistency property. The input
and output data are saved in JSONL files. Listing 5.1 shows an example of an entry in these

files.

{
"before": {
"o": [1, 2],
0 [8]
w2 [2, 47,
1830s [B]
wgv: [2, 417,
"after": {
"o": [1],
myv: [3],
"on: [2, 4],
180 [B]
nav: [2, 4]
}
}

Listing 5.1: Example of an entry in the JSONL file showing the variables and domains before
and after propagation

Once fully executed, the 48 instances described above allow the construction of two
databases with 372947 179 entries for the training data and 98 495 764 entries for the test

data.

The figures Figure 5.1, Figure 5.2, Figure 5.3 and Figure 5.4 show, for several training and
test instances, a histogram of the domain sizes observed during propagation. The histogram
distinguishes domains that have undergone at least one reduction from those that have not.

1e6 Allinterval-009

Alpha

1e7 Kakuro-hard-137-sumdiff

167 KnightTour-06-ext03

Domain Size

1 7 13 19
Domain Size

I No propagation

15

1.0

Count

0.5

0.0

26 1 3 5 7

Domain Size

I At least one propagation

1 5 9 13 18
Domain Size

Figure 5.1: Four histograms of training instances illustrating the domain sizes observed during
propagation, distinguishing domains that underwent a reduction from those that did not
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Figure 5.2: Four histograms of training instances illustrating the domain sizes observed during

propagation, distinguishing domains that underwent a reduction from those that did not,
and removing unit-size domains
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Figure 5.3: Four histograms of test instances illustrating the domain sizes observed during
propagation, distinguishing domains that underwent a reduction from those that did not
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Figure 5.4: Four histograms of test instances illustrating the domain sizes observed during

propagation, distinguishing domains that underwent a reduction from those that did not,
and removing unit-size domains

In the appendix are Figure 11.1, Figure 11.2, Figure 11.3, and Figure 11.4, which show
the same histograms for the entire set of training and test instances, with and without the
unit-size domains.

These histograms highlight the diversity of domain sizes observed during propagation for
both the training and test data. Moreover, we see that during propagation a large number of
domains are already reduced to unit size. This shows that a significant portion of the time is
spent at the bottom of the search tree, when many variables are already fixed.
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Figure 5.5 and Figure 5.6 below show, for several training and test instances, the number
of variables linked by an AllDifferent constraint observed during propagation.

1e6 Allinterval-009 Alpha Kakuro-hard-010-sumdiff 166 KnightTour-06-ext03
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Figure 5.5: Four histograms of the training instances illustrating the number of variables
linked by an AllDifferent constraint, observed during propagation, distinguishing between
domains that underwent a reduction and those that did not
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Figure 5.6: Four histograms of the test instances illustrating the number of variables linked
by an AllDifferent constraint, observed during propagation, distinguishing between domains
that underwent a reduction and those that did not

In the appendix are Figure 11.5 and Figure 11.6, which show the same histograms for the
full set of training and test instances, with and without the unit-size domains.

These histograms highlight the large variability in the number of variables linked by an
AllDifferent constraint.

Table 5.4 shows the number of entries in the train set JSONL file that underwent at least
one domain reduction of a variable during propagation, as well as the number of entries that
did not undergo any propagation.

Training data Number of entries Proportion (%)
No propagation 321357903 86.17
With propagation 51589276 13.83
Total 372947179 100.0

Table 5.4: Number of propagations that did or did not result in at least one domain reduction
in the train set

This difference shows that, in most cases, the propagator is unable to extract any
information that would allow a domain reduction. To prevent the model from learning to
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systematically remove nothing, a data preprocessing phase is applied. It begins by removing
duplicates. Then, the training data are filtered by keeping all entries that exhibit at least
one domain reduction, and by randomly sampling 20% of the entries with no reduction.

By applying these filtering rules, the training set is reduced from 372947179 JSON entries
to 4036 191 entries.

5.3 Machine Learning

5.3.1 Data Representation

Before modifying the AllDifferent propagator, the first step was to design a machine learning
model capable of reproducing the behavior of the Domain Consistency propagator using the
collected training data.

To do so, we use the data collected before and after propagation to construct a bipartite
graph. The nodes on the left represent the variables, while those on the right represent the
values present in their respective domains. An edge connects a variable node X; to a value
node v; if the value v; belongs to the domain of X; before propagation.

Each edge is then annotated with a label: this label is 1 if the value v; is removed from
the domain of X; during propagation, and 0 if it remains.

The goal of our model is to learn from the entire dataset of bipartite graph representations
in order to approximate the behavior of the AllDifferent DC propagator. Specifically, the
model is trained to predict, for each edge in a previously unseen bipartite graph, whether its
label should be 1 or 0.

Figure 5.7 presents an illustration of a bipartite graph representing the JSON input shown
in Listing 5.1.

Variables Domains

— Label 1
--- Label 0

Figure 5.7: Bipartite graph representing the variables and their domains during propagation
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5.3.2 Model Architecture
General Architecture

The model was built using Python’s PyTorch library, which makes it possible to construct
and train machine learning models.

First, the model constructs a vector for each node in the graph. This vector contains, for
each node, the normalized degree of the node and its type (0 for variables and 1 for values).

Next, these vectors are passed through a GNN network. The idea is that each node sends
its vector to its neighbors, allowing it to combine its own vector with the ones it receives. At
the output of the GNN, each node will have an embedding that characterizes the structure in
its local neighborhood.

Finally, to label an edge, the two embeddings at the endpoints of the edge are combined
and then passed through a multilayer perceptron with a single output, which produces the
probability of removing the edge from the graph and therefore removing the value from the
domain.

Figure 5.8 illustrates the functioning of the model described above.

MLP

{

GNN

Figure 5.8: Illustration of the edge prediction model pipeline

Loss Function

To train the model effectively, the loss function is essential. Across the different models,
the loss function applied to each example is the weighted binary cross-entropy defined in
Equation 5.2, where y; € {0,1} denotes the ground-truth label of an edge and ¢; € [0, 1] is
the corresponding model estimate. w, is a hyperparameter, as described below.

Uy, vi) = — [wp ys log (i) + (1 — y;) log(1 — gs)] (5.2)

In our application, two cases are critical: false negatives and false positives. If the model
predicts too many false positives, too many values may be removed from the domains, which
can lead, in the worst case, to no solution being found. Conversely, if the model predicts
too many false negatives, it will keep values that should have been removed, resulting in an
excessively large search tree.

In our data, despite the filtering described in the previous sections, a large number of
values are kept in the domains during propagation (edges with label 0), leading to a class
imbalance. If w, is set to a unit value, the model may learn to remove no values from the
domains, since this would easily yield a good score on the overall loss function. Such a
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model would therefore lead to an explosion of false negatives. To address this problem, the
hyperparameter w, can be adjusted to give more or less importance to the positive class. If
w,, increases, the model will be more strongly penalized when making mistakes on positive
examples, which forces it to learn to recognize them. This will reduce false negatives but
will also increase false positives if the model begins to overpredict the positive class on edges
labeled 0.

In our case, the parameter w, is set according to Equation 5.3 [29].

w number of non-removed edges (5.3)

P number of removed edges

If the number of removed edges is equal to the number of non-removed edges, the factor
w, becomes unitary and no longer has any impact on the loss function. However, if the
number of kept edges is n times larger than the number of removed edges, then w, = n. This
therefore adds a factor n to the loss function when a removed edge is inferred in the dataset.

5.4 Integration into the Propagator

5.4.1 Java—Python Communication

In order to use the new model in the propagator of the AllDifferent constraint, a new
constraint relying exclusively on the prediction model and on a checker, described later on,
was built in the MaxiCP solver.

Since the MaxiCP code is written in Java while the model is built and used in Python, an
API call was set up to manage the connection between the Java propagator and the model
running in Python. This solution is not the most optimal, as each API call adds latency
and could become a bottleneck if the call time is significant compared to the prediction
computation time. However, this solution was kept in order to build a proof of concept.

Another issue that the new constraint may encounter is the need to load the model and
its weights at each API call, which would also drastically increase the execution time of a
single prediction. To avoid this problem, the Java code launches the Python code, which
loads the model only once at the beginning of execution. Then, a socket is created between
the Python code and the Java code in order to exchange requests to the model and receive
its responses.

Client L Request / Response j Server
MaxiCP (Java) J‘ Unix socket 'L AT model (Python)

Figure 5.9: Diagram of the client—server architecture between the MaxiCP solver and the Al
model through a socket
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5.4.2 Checker

The new class representing the AllDifferent constraint using the Al model includes a checker
function that is called at each invocation of the propagate function and once in the post
function. The role of the checker function is to remove from the domains of non-fixed variables
the values that are already fixed in the domains of assigned variables. This method has
several purposes.

First, it provides a simple initial propagation algorithm that reduces the domains. In
addition, it helps detect inconsistencies early by removing from a fixed variable its last
remaining value if another fixed variable already holds it. Since an empty domain cannot
lead to a valid solution, an inconsistency is raised, causing the branch in the search tree to
be terminated and backtracked.

For efficiency reasons, the checker uses an array that stores the indices of both fixed
and non-fixed variables. The indices of the non-fixed and still active variables are placed
on the left side of the array, while the indices of the fixed variables are placed on the right
side. A variable stored as a Statelnt holds an integer that acts as a boundary between the
fixed and non-fixed variable indices. Using a Statelnt allows efficient backtracking: only the
integer boundary needs to be restored, without modifying the array of indices itself, which
automatically moves the previously fixed variables back to the active side.

Example 5.1. Let us imagine three variables X1, X5, and X3, along with the index table,
the domains, and the Statelnt illustrated in Figure 5.10.

Statelnt = 3
Index table 0 1 2
Y Y Y

Variables Xi={1} X, ={1,2} | X3={1,2,3}

Figure 5.10: Representation of the variables, the index table, and the Statelnt

The checker iterates through the index array and follows the links to the variables until
reaching the Statelnt (i.e., the end of the index array). During the traversal, it detects that
variable X1 is fized to 1. It therefore removes the value 1 from the other domains, swaps the
index pointing to variable X, with the index located at the Statelnt boundary, and shifts the
boundary between fized and non-fized variables (by decrementing the Statelnt). The updated
situation 1s shown in Figure 5.11.
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Statelnt = 2

l

Index table 2 1 0

Y

Variables X, ={1} Xy ={2} X3 =1{2,3}

Figure 5.11: Representation of the variables, the index table, and the Statelnt after one
iteration

This configuration optimizes the checker, as it only traverses the index array from the
beginning on the left up to the new Statelnt. This means it no longer needs to consider index
0, which corresponds to the fized variable Xi. In case of a failure, it is sufficient to restore
the Statelnt to its previous state to recover the full set of variables.

If we continue the iterations of the checker, it will detect that variable X5 is fixzed to 2. As
before, it removes the value 2 from the remaining active domains, swaps the index pointing to
Xy with the index under the Statelnt (in this case, a swap with itself), and decrements the
StateInt. The situation is illustrated in Figure 5.12.

Statelnt = 1
Index table 2 1 0
\
Variables X, ={1} Xy ={2} X5 = {3}

Figure 5.12: Representation of the variables, the index table, and the Statelnt after two
iterations

As before, to restore variable X5 to the set of active variables, it is enough to restore the
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Statelnt to its previous value. The checker will once again consider only the indices from the
beginning of the index table up to the Statelnt. Finally, the checker will detect that X3 s
fixed to the value 3. It will therefore swap the index pointing to Xz with the index under the
StateInt (again, a swap with itself in this case), remove the value 3 from the domains of the
remaining active variables (none in this case), and decrement the StateInt. The value of the
Statelnt will then reach 0, meaning that all variables have been fixed.
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Chapter 6

Model Creation

To draw conclusions about the quality of the proposed approach, several models with different
characteristics were constructed. The sections below describe the various models as well as
their specific properties.

6.1 Baseline Model

This first model is considered the baseline model and will be used as a reference when
compared with the others. In this model, the vectors constructed at each node contain the
following information.

e The normalized degree of the node

e The type of the node (0 for variable nodes and 1 for value nodes)

For each node in the graph, the model projects the input vector of size 2 into a vector of
size 16 through a first GNN layer. Then, a second GNN layer projects this vector into another
vector of size 16. Next, for each edge to classify, the two embedding vectors of the source
and destination nodes are concatenated to obtain a vector of size 32. This 32-dimensional
vector is then passed through a two-layer MLP, where each layer reduces the size of the
output vector. The vector size is reduced from 32 to 16, and finally to a single scalar value.
Finally, the output of the MLP is passed through a sigmoid function in order to obtain a
value between 0 and 1.

Table 6.1 summarizes the different layers of the model along with the number of trainable
parameters in each layer.
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Layer Parameters

GraphSAGE Layer 1 (2 — 16) 86
LayerNorm 1 32
GraphSAGE Layer 2 (16 — 16) 800
LayerNorm 2 32
Edge Prediction MLP 545

Linear (32 — 16) 528

Linear (16 — 1) 17
Total 1,495

Table 6.1: Architecture of the baseline model and number of trainable parameters per layer

6.2 Small Model

This model has a reduced size and is used to analyze whether a smaller model can produce
good results while accelerating prediction. Although this model is smaller, it is trained on
the same dataset as the baseline model.

This model has the same architecture as the baseline model, but the vector sizes have
been reduced. For each node, the model input remains a vector of size 2, encoding the degree
and the node type. This 2-dimensional vector is then projected through a GNN layer into
a vector of size 4, followed by another GNN layer that projects it into another vector of
size 4. As in the baseline model, for each edge, the source and destination embeddings are
concatenated to obtain a vector of size 8. This vector is passed through two MLP layers
that reduce its size from 8 to 4, and finally to a single scalar output. As for the baseline
model, the output of the MLP is passed through a sigmoid function in order to obtain a
value between 0 and 1.

Table 6.2 summarizes the different layers of the model along with the number of trainable
parameters in each layer.

Layer Parameters
GraphSAGE Layer 1 (2 — 4) 26
LayerNorm 1 8
GraphSAGE Layer 2 (4 — 4) 56
LayerNorm 2 8
Edge Prediction MLP 41

Linear (8 — 4) 36

Linear (4 — 1) 5
Total 139

Table 6.2: Architecture of the small model and number of trainable parameters per layer
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6.3 Random Model Sampled from the Baseline Distribu-
tion

This random model does not rely on any machine learning method and is used solely as a
reference to compare the performance of the different models studied.

This model attempts to follow the probability distribution given for each edge by the
base model. In this regard, the training instances were solved multiple times with different
thresholds (from 0 to 0.9 with a step of 0.1) while using the base model. As described in the
following section, an edge is removed only when the predicted probability associated with
that edge exceeds the threshold. At each call of the AllDifferent propagator that relied on
the base model, the probabilities predicted for each edge were saved. To avoid generating
a huge file containing all the probabilities, a Python dictionary was built to increment a
counter for each predicted probability. More concretely, the dictionary contains an entry for
every interval of size 0.01 between 0 and 1. For example, the dictionary will have a counter
for the interval from 0 to 0.01, another for the interval from 0.01 to 0.02, etc.

Figure 6.1 shows a histogram of the counters for each interval using a logarithmic scale.
Figure 6.2 shows the same histogram using a linear scale and removing the interval from 0 to
0.01.
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Figure 6.1: Histogram of the occurrences of each predicted probability within an interval of
size 0.01 by the base model, using a logarithmic scale
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Figure 6.2: Histogram of the occurrences of each predicted probability within an interval of
size 0.01 by the base model, using a linear scale and removing the interval from 0 to 0.01

We can clearly see in Figure 6.1 that the vast majority of the probabilities predicted by
the base model fall within the interval from 0 to 0.01. Moreover, referring to Figure 6.2, we
observe that the histogram follows a U-shaped distribution, with a very large number of
occurrences for both small and large probabilities. This suggests that, in most cases, the
model is fairly confident in its decisions, predicting low or high probabilities for the edges.
Indeed, 99.1994% of the predicted probabilities are either below 0.1 or above 0.9.

The model uses these different counters by randomly selecting an interval, giving more
weight to intervals that have a large counter. More concretely, the model maintains a
cumulative list containing the cumulative sum of the counters of all lower intervals.

Table 6.3 illustrates an example with three intervals between 0 and 0.03. The Cumulative
column represents the list used by the model.

Interval ~ Count Cumulative Percentage (%)

0.00-0.01 10 10 28.57
0.01-0.02 ) 15 14.29
0.02-0.03 20 35 o7.14

Table 6.3: Example of intervals, counts, and cumulative values illustrating the weighted
sampling method

Based on the maximum value in the cumulative list, the model draws a number uniformly
between 0 and this maximum value. In the example of Table 6.3, this corresponds to drawing
a uniformly random number between 0 and 35. Then, a binary search is used to find the
interval corresponding to the drawn number. Interval X is selected if the drawn number falls
between the cumulative value of the previous interval and the cumulative value of interval
X. For example, referring to Table 6.3, if the drawn number is 12, the selected interval is
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the one from 0.01 to 0.02. Finally, the model draws a uniformly distributed random number
within the selected interval to obtain the final predicted probability for the edge.

6.4 Fully Random Model

This final model is the simplest of all. It does not rely on any learning logic or training
data. For each edge to be predicted, the model randomly draws a number from a uniform
distribution over the interval from 0 to 1. If the drawn value is higher than the threshold,
the edge is removed, otherwise the edge is kept.

This fully random model will allow us to test whether the evaluation code for the different
models has been correctly implemented. Indeed, in some cases, thanks to the distribution of
the training and test data, it is possible to predict the expected behavior of this completely
random model, which provides a guarantee regarding the correctness of the code.
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Chapter 7

Experiments

This section describes the different experiments conducted to compare the various constructed
models with the Domain Consistency propagator.

7.1 Evaluation Outside the Propagator

The model is evaluated outside the solver using the data collected during the different
propagations of the Domain Consistency propagator. To do so, the unfiltered JSON inputs
from the training and test instances are used. The evaluation phase reconstructs the graphs
linking variables and domains, and the model attempts to predict, for each edge, whether it
should be removed (label 1) or kept (label 0). Finally, the predictions are compared to the
true labels produced by the Domain Consistency propagator, which are also stored in the
JSON entries.

7.1.1 Definition of Metrics

Below are the different metrics used to evaluate the models. As explained above, to do so,
the predictions made by the models for each edge of the bipartite graph are compared with
the values provided by the DC propagator for the same bipartite graph [30,31].

Here are some preliminary notations.

e TP = # True Positive: number of label 1 predictions when the true label is 1
e FP = # False Positive: number of label 1 predictions when the true label is 0
e TN = # True Negative: number of label 0 predictions when the true label is 0

e FN = # False Negative: number of label 0 predictions when the true label is 1

The first metric is accuracy, defined by Equation 7.1.

TP+TN
TP+TN+ FP+ FN

Accuracy = (7.1)
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This first metric provides an overview of the correct predictions (TP and TN) relative to
the total number of predictions made. In our application, due to the data distribution, this
metric may quickly become uninformative. Indeed, a large portion of the data is labeled 0,
indicating that the edge should remain. A model that simply learns not to remove any edge
would still achieve a high accuracy, as the number of TN would be high and close to the total
number of predictions. It is therefore more relevant to focus on metrics defined for each class.

A first metric defined for each class, is the recall, or for class 0, the specificity. This metric
is defined for class 1 in Equation 7.2 and for class 0 in Equation 7.3.

TP
Recth = m—m (72)
TN
Specificity = Recally = ————= 7.3
pecificity ecally TN+ FP (7.3)

This metric evaluates, for each class, the number of correct predictions made for that
class relative to the number of elements that actually belong to that class. Thanks to this
metric, even if the model chooses to classify all edges as belonging to class 0, the number of
true positives will be zero, resulting in a recall of zero for class 1. Conversely, if the model
classifies all edges as belonging to class 1, the number of true negatives will be zero, leading
to a recall of zero for class 0.

Another metric defined for each class is precision. This metric is defined for class 1 in
Equation 7.4 and for class 0 in Equation 7.5.

TP
Precisi = 4
recision; = s (7.4)
TN
Precisiong = TN N (7.5)

This metric evaluates, for each class, the number of correct predictions made for that
class relative to the total number of elements classified by the model as belonging to that
class. This metric makes it possible to determine whether the model frequently predicts an
incorrect class. If the number of false positives or false negatives increases, the precision for
class 1 or class 0 will decrease accordingly.

Based on the class-wise definitions of recall and precision, we can observe that precision
measures the ability of a model to produce correct predictions, whereas recall measures the
model’s ability to retrieve all elements of that class. The F1 score, defined for both classes in
Equation 7.6 and Equation 7.7, combines these two properties into a single metric.

Precision; x Recall
Fli=2- 7.6
! Precision; + Recall; (7.6)

Fl,—2. Precisiony x Recally (77)

Precisiony + Recally
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7.1.2 Practical Evaluation

The tables below summarize the different metrics obtained by running the various models
with a fixed threshold of 0.5 on the different training and test instances. As defined in
Equation 7.8, an edge 7 is predicted as belonging to class 1 if the scalar output ZZ-(L) of the
MLP, passed through a sigmoid activation, exceeds the threshold of 0.5. Otherwise, the edge
is classified as belonging to class 0.

. {1, it o) > 05, -

0, else

Baseline Model

Appendix Table 11.3 presents the complete evaluation results of the baseline model for
the different training instances, and Appendix Table 11.4 for the test instances. Appendix
Figure 11.7 shows a histogram of the different metrics for all training instances, and Appendix
Figure 11.8 shows the same histogram for all test instances. Table 7.1 summarizes statistics
related to the training metrics, and Table 7.2 summarizes the same statistics for the test data.
Figure 7.1 presents a boxplot for the different metrics of the training data, and Figure 7.2
presents the same boxplot for the test data.

Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.993 0.998 0.010 0.970 0.987 1.000 1.000
Precision (class 0) 1.000 1.000 0.001 0.998 0.999 1.000 1.000
Recall (class 0) 0.993 0.999 0.010 0.971 0.987 1.000 1.000
Fl-score (class 0)  0.996 0.999 0.005 0.984 0.993 1.000 1.000
Precision (class 1) 0.877 ~ 0.985 0.156 0.575 0.743 1.000 1.000
Recall (class 1) 0.988 0.993 0.014 0.951 0.981 1.000 1.000
Fl-score (class 1)  0.923 0.984 0.098 0.717 0.847 1.000 1.000

Table 7.1: Statistics of the metrics collected from the training instances when using the
baseline model

43



Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.911 0.937 0.099 0.612 0.907 0.974 1.000
Precision (class 0) 0.973 0.981 0.042 0.795 0.972 0.994 1.000
Recall (class 0) 0924 0952 0.096 0.651 0.926 0.984 1.000
Fl-score (class 0)  0.946 0.964 0.066 0.716 0.947 0.985 1.000
Precision (class 1)  0.635 0.660 0.308 0.008 0.515 0.896 1.000
Recall (class 1) 0.807 0.826 0.154 0.484 0.741 0.935 1.000
Fl-score (class 1)  0.668 0.721 0.287 0.016 0.606 0.887 1.000

Table 7.2: Statistics of the metrics collected from the test instances when using the baseline
model
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Figure 7.1: Boxplot of the metrics computed from the training data when using the baseline
model
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Figure 7.2: Boxplot of the metrics computed from the test data when using the baseline
model

We observe that the overall accuracy, as well as the metrics of the majority class,
corresponding to keeping a value in a domain (class 0), are relatively high, both with the
training data and the unseen test data. For the metrics related to the minority class,
corresponding to removing values from the domains (class 1), the recall is relatively good for
the training data, with a slight decrease when considering the test data. The precision of
the minority class is the poorest metric, both for the training data (average of 87.7%) and
for the test data (average of 63.5%). This means that the model predicts a relatively high
number of false positives, which results in removing more domain values than the classical
solver. We hope that this reduction will allow the search tree to be decreased, leading to a
subset of solutions better distributed throughout the tree.

Small Model

As with the baseline model, Appendix Table 11.5 presents all the evaluation metrics obtained
when using the small model for each training instance, and Appendix Table 11.6 for the test
instances. Appendix Figure 11.9 shows a histogram of the different metrics for the training
data when using the small model, and Appendix Figure 11.10 shows the same histogram for
the test data. Table 7.3 summarizes the statistics related to the metrics computed with the
small model on the training data, and Table 7.4 summarizes the same statistics computed on
the test data. Figure 7.3 shows a boxplot of the different metrics computed with the small
model on the training data, and Figure 7.4 shows the same boxplot for the test data.
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Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.976 0.987 0.039 0.813 0.972 0.996 0.999
Precision (class 0)  0.983 0.996 0.049 0.769 0.992 0.997 1.000
Recall (class 0) 0.991 0.999 0.013 0.962 0.983 1.000 1.000
Fl-score (class 0)  0.986 0.993 0.027 0.870 0.985 0.998 1.000
Precision (class 1)  0.832 0.981 0.205 0.468 0.641 0.997 1.000
Recall (class 1) 0.815 0.904 0.218 0.207 0.808 0.941 1.000
Fl-score (class 1)  0.785 0.757 0.178 0.341 0.670 0.966 0.999

Table 7.3: Statistics of the metrics collected on the training instances when using the small
model

Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.928 0.939 0.066 0.712 0.930 0.958 1.000
Precision (class 0) 0.946 0.939 0.045 0.807 0.928 0.985 1.000
Recall (class 0) 0.975 0.999 0.064 0.712 0.993 1.000 1.000
Fl-score (class 0)  0.958 0.966 0.041 0.824 0.959 0.977 1.000
Precision (class 1)  0.809 0.988 0.332 0.031 0.780 1.000 1.000
Recall (class 1) 0.566 0.615 0.225 0.150 0.369 0.718 1.000
Fl-score (class 1)  0.587 0.546 0.260 0.060 0.477 0.805 1.000

Table 7.4: Statistics of the metrics collected on the test instances when using the small model
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Figure 7.3: Boxplot of the metrics computed from the training data when using the small
model
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Figure 7.4: Boxplot of the metrics computed from the test data when using the small model

We observe that the metrics for the majority class (class 0) are relatively high for both
the training and test sets. This means that the model successfully identifies the edges that
should be kept. For the minority class (class 1), the average precision also remains quite high
for the training set (83.2%) and the test set (80.9%). This indicates that when the model
predicts this minority class, it is rarely wrong. The average recall for the same minority
class is also relatively high on the training set (81.5%) but drops significantly on the test set
(56.6%). This means that the model often classifies an edge that should be removed as one
that should be kept. We therefore expect that, on data never seen during training, we will
obtain a large search tree but without removing a significant number of potential solutions.
Indeed, when the model keeps an edge that should have been removed, it takes no risk and
reduces the domains less, which increases the size of the search without excessively pruning
branches that may contain solutions.

When comparing the large model with the small model, we observe, thanks to Figure 7.1
and Figure 7.3, that the large model provides better overall performance than the small one
on the training data. Concerning the test data and the minority class, as shown in Figure 7.2
and Figure 7.4, the large model offers on average a better recall than the small model, while
the small model offers better precision than the large one.

Random Model Sampled from the Baseline Distribution

As with the other models, Appendix Table 11.7 presents all evaluation metrics for the random
model following the base model’s distribution for each training instance, and Table 11.8 for
the test instances. Appendix Figure 11.11 shows a histogram of the different measures for the
training data with this random model, and Appendix Figure 11.12 for the test data. Table 7.5
provides statistics related to the metrics computed with this random model on the training
data, and Table 7.6 presents the same statistics computed on the test data. Figure 7.5 shows
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a box plot for the different metrics computed with this random model on the training data,
and Figure 7.6 shows the same box plot on the test data.

Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.935 0.955 0.073 0.625 0.941 0.961 0.981
Precision (class 0)  0.941 0.961 0.075 0.625 0.947 0.968 0.988
Recall (class 0) 0.993 0.993 0.002 0.987 0.993 0.993 1.000
Fl-score (class 0)  0.965 0.977 0.046 0.769 0.969 0.980 0.991
Precision (class 1)  0.038 0.034 0.027 0.000 0.021 0.050 0.122
Recall (class 1) 0.006 0.007 0.003 0.000 0.007 0.007 0.009
Fl-score (class 1)  0.010 0.012 0.005 0.000 0.009 0.012 0.018

Table 7.5: Statistics of the metrics collected on the training instances when using the random
model following the base model’s distribution

Mean Median Std  Min 25% 75% Max

Accuracy (global)  0.880 0.896 0.082 0.703 0.818 0.947 0.989
Precision (class 0)  0.886 0.902 0.084 0.706 0.822 0.954 0.995
Recall (class 0) 0.993 0.993 0.001 0.988 0.993 0.993 0.995
Fl-score (class 0)  0.934 0.945 0.048 0.825 0.900 0.973 0.994
Precision (class 1)  0.100 0.077 0.094 0.000 0.043 0.106 0.333
Recall (class 1) 0.006 0.007 0.002 0.000 0.006 0.007 0.009
Fl-score (class 1)  0.011 0.012 0.005 0.000 0.007 0.014 0.018

Table 7.6: Statistics of the metrics collected on the test instances when using the random
model following the base model’s distribution
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Figure 7.5: Box plot of the metrics computed on the training data when using the random

model following the base model’s distribution
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Figure 7.6: Box plot of the metrics computed on the test data when using the random model

following the base model’s distribution

Although we obtain good metrics for the majority class corresponding to the edges to
keep, we observe a collapse in the metrics for the minority class corresponding to the edges to
remove. The same behavior occurs both on the training data and on the test data. Referring
to Figure 6.1, we notice that most predictions from the base model correspond to the majority
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class. Moreover, as shown in Table 5.4 for the training data, a large majority of edges should
not be removed. Therefore, the model will predict in most cases that the edge should not be
removed and will be correct most of the time, which increases the precision and recall for the
majority class. Referring to Equation 7.3 and Equation 7.5, we can deduce that the number
of True Negatives (TN) will be high compared to the number of False Positives (FP) and
False Negatives (FN). The opposite effect occurs for the minority class, causing the recall,
precision, and F1 score for this class to drop.

Fully Random Model

Since this model did not benefit from any training, the training and test datasets were merged
into a single dataset in order to obtain a single evaluation on the data. Indeed, as explained
earlier, for each edge this model simply draws a random number between 0 and 1 from a
uniform distribution and removes the edge (class 1) if the drawn number is greater than the
threshold, and keeps it (class 0) otherwise.

Appendix Table 11.9 presents all the evaluation results of the fully random model for
the different training and test instances. Appendix Figure 11.13 shows a histogram of the
different metrics for all training and test instances. Table 7.7 provides statistics related to
the training and test metrics. Figure 7.7 displays a box plot for the different metrics of the
training and test data.

Mean Median Std  Min 25% 7% Max

Accuracy (global)  0.504 0.500 0.028 0.459 0.500 0.502 0.688
Precision (class 0) 0.914 0.948 0.075 0.703 0.898 0.967 0.995
Recall (class 0) 0.505 0.500 0.037 0.467 0.500 0.501 0.750
Fl-score (class 0)  0.648 0.654 0.025 0.588 0.643 0.660 0.750
Precision (class 1)  0.094 0.052 0.103 0.005 0.036 0.104 0.583
Recall (class 1) 0.506 0.500 0.028 0.389 0.499 0.508 0.600
Fl-score (class 1)  0.141 0.094 0.115 0.009 0.067 0.173 0.583

Table 7.7: Descriptive statistics of the metrics collected on the training and test instances
when using the fully random model
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Figure 7.7: Box plot of the metrics computed on the training and test data when using the
fully random model

As expected with a completely random model following a uniform distribution, the average
overall accuracy is close to 50%. We observe that the average precision for the majority class
is high (91.4%) and very low for the minority class (9.4%). This behavior is expected for this
kind of problem with unbalanced data and a uniformly random model with a threshold of
0.5. Indeed, referring to Equation 7.4 and Equation 7.5, the model will obtain many True
Negatives (TN) and False Positives (FP) but few True Positives (TP) and False Negatives
(FN), which increases the precision of the majority class and decreases the precision of the
minority class. The recall for both the majority and minority classes is close to 50%, which
is expected. Referring to Equation 7.2 and Equation 7.3, the number of True Positives (TP)
and False Negatives (FN) is low and similar in value, whereas the number of True Negatives
(TN) and False Positives (FP) is high and also close in value.

Apart from these metrics, as previously explained, the random models will be used to
compare, for different thresholds, the number of solutions found and the number of nodes
explored between a trained model and a completely random model.

7.2 Number of Solutions

This section shows the number of solutions found when using the new propagators, for
different instances and different thresholds #, compared to the classical Domain Consistency
propagator. The variable threshold ¢ makes it possible to specify the model’s sensitivity in
predicting whether a value should be removed from a domain. Indeed, the model’s output
behaves according to Equation 7.9. An edge ¢ is predicted as belonging to class 1 if the
scalar output zl-(L) of the MLP, passed through a sigmoid activation, exceeds the threshold 6.

Otherwise, the edge is classified as belonging to class 0.
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G = {1, 1f0( Z( )> >0, (7.9)

0, else

For this section, unlike during training data collection and the previous evaluation section,
only the instances that have at least one solution in the classical solver will be used. Indeed,
it would not be relevant to evaluate the number of solutions found using the machine learning
model on instances that have no solution.

7.2.1 Baseline Model

The graphs showing, for the training instances, the number of solutions, nodes, and failures
computed with the base model for different thresholds are found in Figure 11.14, Figure 11.15,
and Figure 11.16, respectively. The same graphs obtained on the test instances are found in
Appendices Figure 11.17, Figure 11.18, and Figure 11.19. Below are some graphs that are
interesting to interpret.

Figure 7.8 compares the number of nodes and solutions found as a function of the threshold
for the instance KnightTour-06-ext03, which is part of the training instances. The red line
corresponds to the values obtained when running the instance with the classical AllDifferent
propagator without machine learning.
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Figure 7.8: Comparison of the number of nodes (left) and solutions (right) as a function of
the threshold for the instance KnightTour-06-ext03

What is interesting to observe is that it is possible to vary the number of solutions and the
number of nodes explored by changing the threshold of the machine learning model. Indeed,
when setting a low threshold, the probabilities predicted by the model for each edge are
more likely to be above this threshold, leading to the removal of the edge and therefore the
domain value. Conversely, when setting a high threshold, more probabilities fall below this
threshold, which results in keeping the edge and thus preserving the domain value. What is
disappointing for this particular instance is that, for every threshold, the number of nodes
explored is higher than the number of nodes explored with the classical propagator.
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Figure 7.9 highlights the same behavior for the Ortholatin-005 instance, which is part of
the test instances.
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Figure 7.9: Comparison of the number of nodes (left) and solutions (right) as a function of
the threshold for the Ortholatin-005 instance

Figure 7.10 and Figure 7.11 show the same comparison between the number of nodes and
solutions for different thresholds for the CostasArray-10 and MagicSquare-03-sum instances,
two test instances that were never seen by the model.
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Figure 7.10: Comparison of the number of nodes (left) and solutions (right) as a function of
the threshold for the CostasArray-10 instance
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Figure 7.11: Comparison of the number of nodes (left) and solutions (right) as a function of
the threshold for the MagicSquare-03-sum instance

These two instances are very interesting because they illustrate the possibility of obtaining,
by varying the threshold, a subset of solutions while exploring fewer nodes than the classical
solver without machine learning. Moreover, the almost linear profile of the number of nodes
explored as a function of the threshold shown in Figure 7.10 corresponds to the desired
behavior.

It is important to note that although this evolution profile as a function of the threshold
is not obtained for all instances, the solver succeeds, for some of them, in finding solutions
while exploring fewer nodes than the classical solver. For example, as shown in Figure 7.12,
the solver managed, with a threshold of 0.9, to find the unique solution of the Kakuro-hard-
010-sumdif instance while exploring fewer nodes than the classical solver without machine
learning.

Kakuro-hard-010-sumdif Kakuro-hard-010-sumdif
22
1.0 1
20 A
o 0.8 A
%]
8151 2
2 E
s K 0.6
s
810 °
[
a 0.4
£ £
§ 2
> 0.2
.| [ [ Y ) [ I O ood ——
Q Q Q Q Q Q Q Q Q Q Q Q Q Q Q Q Q Q
0"\/ 0"]’ Q")) 0?\ 0"’) Q‘b 0‘« 0"2) 09 Q"\' Q’y Q,‘b Q'b‘ 0('9 0?) 0‘« 0?, 09
Threshold Threshold

Figure 7.12: Comparison of the number of nodes (left) and solutions (right) as a function of
the threshold for the Kakuro-hard-010-sumdif instance

o4



7.2.2 Small Model

As with the base model, the graphs of the number of solutions, nodes, and failures for the
training instances computed with the small model are found in Appendix Figure 11.20,
Figure 11.21, and Figure 11.22. The same graphs obtained on the test instances are found in
Appendix Figure 11.23, Figure 11.24, and Figure 11.25.

First, by comparing Appendix Figure 11.18 and Appendix Figure 11.24, we can notice
that, in general, for the test instances, the small model explores a larger number of nodes
than the base model. On the other hand, based on Figure 11.17 and Figure 11.23, the
small model generally succeeds in finding a greater number of solutions than the base model.
Figure 7.13 illustrates an example by comparing the number of nodes and solutions for the
CostasArray-10 instance when using the base model and the small model.
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Figure 7.13: Comparison of the number of nodes (left) and solutions (right) as a function
of the threshold for the CostasArray-10 instance, comparing the base model with the small
model

This outcome was expected. Indeed, based on the box plots in Figure 7.2 and Figure 7.4,
we can see that the average recall for the class representing the edges to remove is lower for
the small model. This means that, for the small model, the number of False Negatives is
high and that many edges belonging to the class of edges to remove will be kept. The direct
impact of the small model’s decision to be more conservative when removing an edge is an
increase in the search tree and therefore in the number of nodes, but also in the number of
solutions found.

Regarding the training instances, as illustrated in Appendix Figure 11.14 and Appendix
Figure 11.20, we can see that for several problems with a single solution, the base model is
able to find it with a threshold of 0.9, whereas the small model does not.

Finally, as shown in Appendices Figure 11.14, Figure 11.15, Figure 11.20, and Figure 11.21,
it is interesting to note that for six instances belonging to the training data (Alllnterval-006,
Alllnterval-009, Allergy, Purdey, Queens-0009-m1, and Queens-0012-m1), the base model and
the small model obtain, for all thresholds, the same number of nodes and solutions as those
obtained when using the propagator without machine learning. This suggests either that the
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AllDifferent constraint propagator is rarely, if ever, called for these instances, or that the
propagation is trivial and can be fully learned without error by the models. As shown in
Table 7.8, for four of the six instances, the number of calls to the propagate function is quite
significant, which supports the second hypothesis for these four instances.

Instance Model 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90
AllInterval-006 Base 2694 2699 2699 2703 2704 2700 2700 2700 2709
Small 2648 2703 2709 2709 2709 2709 2709 2709 2709

AllInterval-009 Base 1435695 1440779 1441593 1442666 1443476 1446789 1446750 1448528 1450642
Small 1425974 1441713 1443065 1450084 1450910 1451058 1451558 1451453 1451594

Allergy Base 3 3 3 3 3 3 3 3 3
Small 3 3 3 3 3 3 3 3 3
Purdey Base 8 8 8 8 8 8 8 8 8
Small 8 8 8 8 8 8 8 8 8
Queens-0009-m1  Base 29724 29752 29762 29760 29769 29722 29722 29726 29724
Small 29592 29786 29797 29785 29825 29826 29807 29807 29939

Queens-0012-m1  Base 4399889 4408130 4410073 4411789 4415794 4411762 4413015 4416451 4416110
Small 4370994 4416932 4422159 4423153 4426214 4427179 4425362 4427389 4451363

Table 7.8: Number of calls to the propagate function for each threshold, for the base and
small models

In relation to solution density, as shown in Table 5.3, we can also observe that these six
instances correspond to those with a higher solution density, supporting the idea that they
are therefore easier instances to solve.

7.2.3 Random Model Sampled from the Baseline Distribution

The graphs showing, for the training instances, the number of solutions, nodes, and failures
computed with the random model following the base model’s distribution, for different
thresholds are found in Figure 11.26, Figure 11.27, and Figure 11.28. The same graphs
obtained on the test instances are found in Figure 11.29, Figure 11.30, and Figure 11.31.

As expected, this model performs much worse than both the base model and the small
model. Indeed, for the training instances, the model does not find any solution for many
of them, regardless of the threshold. The only training instances for which the model is
able to find solutions are the six instances presented earlier that have the highest solution
density. However, the number of solutions found for each threshold is lower than the number
of solutions found by the baseline model and the small model. For the test instances, this
random model only manages to find solutions for one instance among those with multiple
solutions. This is the MagicSquare-03-sum instance, which has the highest solution density
among the test instances, as shown in Table 5.3.

As illustrated in Figure 7.14, for instances with a single solution, the model succeeds in
finding the solution randomly for only a small number of them. Therefore, even if the random
model happens to find the unique solution for a given threshold, there is no guarantee that it
will find it again for a larger threshold.
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Figure 7.14: Number of solutions as a function of the threshold for the Sudoku-s11c-alldiff
instance when using the random model following the base model’s distribution

When looking at the number of nodes or failures for a fixed instance, we observe a
completely random number of nodes and failures. However, we can notice for some instances
a slight upward trend within this random pattern. This is expected behavior, since the higher
the threshold increases, the more likely the model is to draw a number below that threshold,
and therefore to keep the edge.

7.2.4 Fully Random Model

As explained during the previous phase of metric collection, since this model does not rely on
any training data, the training and test instances were combined into a single large batch.
Appendices Figure 11.32, Figure 11.33, and Figure 11.34 respectively show the number of
solutions, nodes, and failures when using the random model with a uniform distribution for
both the training and test instances.

As expected, this model is the worst of all, finding no solutions for 35 of the 37 instances.
The first exception corresponds to the Allergy instance, where the model succeeds, like the
other models, in finding the unique solution regardless of the threshold. This can be explained
by the structure of the problem, which requires a very small number of nodes and calls to the
propagate function when using the classical propagator without machine learning. Indeed, for
this instance, the classical solver without machine learning builds only two nodes and calls
the propagate function five times. With the random model, the propagate function is called
only three times with two nodes built. Across all test and training instances, when using
the classical solver without machine learning, this is the instance that calls the propagate
function the fewest times.

The second instance where this solver succeeded in finding a solution is the Purdey
instance. This instance has a unique solution, and the solver managed to find it randomly
only for the threshold of 0.4. It is the second instance with the fewest calls to the propagate
function when using the classical solver without machine learning, calling it ten times and
building two nodes. The fact that the solver with the random propagator finds the unique
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solution for the threshold of 0.4 is clearly a matter of luck, given the low number of calls to
the propagate function.

It is interesting to note that, in addition to calling the propagate function only a few
times, as illustrated in Table 5.3, the Allergy and Purdey instances are those with the highest
solution density among the training and test instances, reinforcing the idea that they are the
easiest problems to solve.

The third instance with the lowest number of calls to the propagate function is the
Kakuro-hard-010-sumdiff instance, which triggers 375 calls to the propagate function when
using the classical solver. The uniform-random solver did not benefit from sufficient luck to
avoid a fatal misclassification across all propagate calls and, consequently, was unable to find
a solution.

o8



Chapter 8

Runtime Analysis

Although the evaluation of efficiency and execution time falls outside the scope of this thesis,
it remains relevant to understand the challenges and positioning of the proposed method.
This section therefore aims to compare the execution time of the different approaches with
that of the classical solver that does not rely on machine learning.

8.1 Hardware Configuration

The execution time experiments performed on the classical solver as well as on the solvers
using machine learning models were run on the high-performance computing centers of the
CECT (Consortium des Equipements de Calcul Intensif) [32]. More precisely, the Lyra cluster
was used. This is a cluster hosted at ULB (Université Libre de Bruxelles), specifically designed
for intensive machine learning applications. More precisely, the cluster is composed of 40
compute nodes. Each virtual node has access to one Nvidia RTX 6000 ADA GPU with 48
GB of GDDR6 memory (18,176 FP32 CUDA cores), a 32-core CPU based on the AMD
EPYC-Genoa microarchitecture, and 128 GB of RAM. During the experiments, 4 CPUs were
used with 16 GB of RAM.

8.2 Runtime Measurement

As a reminder, the solver runs in a Java environment, while the propagator using the machine
learning model runs in Python. Communication between the solver and the propagator is
carried out through a socket. Moreover, as explained in subsection 5.4.2, the checker is based
on a Satelnt and an index array in order to reduce the propagator’s execution time within
Java.

The text below compares the runtime of the solver without machine learning to the
runtime of the different solvers equipped with machine-learning-based propagators. For each
model, the appendices provide a table containing, for each training and test instance, the total
execution time of the solver without machine learning, the total execution time of the solver
using the machine learning model, the time spent in Java when using the machine learning
model, and the time spent in Python when using the machine learning model. For each
instance, the reported runtime measurements for the solver using the machine learning model
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correspond to a configuration in which the model threshold is fixed to 0.5. In addition, another
column provides information regarding the ratio between the total runtime of the solver
with machine learning and the total runtime of the solver without machine learning. A final
column reports the ratio between the time spent in the machine-learning-based propagator
(Python code) and the number of calls to the propagate function. This last column makes it
possible to obtain an average execution time per call to the propagate function.

As explained above, Appendices Table 11.10 and Table 11.11 present the execution times
when using the base model on the training and test instances, respectively. Appendices
Table 11.12 and Table 11.13 report the same measurements when using the small model.
Appendices Table 11.14 and Table 11.15 highlight the random model following the base
model’s distribution. Finally, Appendix Table 11.16 corresponds to the uniform-random
model on the combined training and test instances.

Table 8.1 reports, for each model, the sum of the execution times over all training and
test instances for each timing measurement when the threshold is fixed to 0.5.

Model Solver without Al total (ms) Al total (ms) Al Java (ms) Al Python (ms)

A 185122 15983630.00 166735.00 14272715.00
B 185122 30539963.00 217470.00 27202558.00
C 185122 44626.00 4190.00 19101.00
D 185122 494.00 266.00 90.00

Table 8.1: Global execution time comparison summed over all training and test instances,
between the solver without Al and the Al-based solvers with a threshold of 0.5 (A: baseline
model, B: small model, C: random model following the baseline model’s distribution, D:
uniform random model)

Table 8.2 summarizes, for each model, the ratio between the total execution time of the
solver using the machine learning model and the total execution time of the solver without
machine learning, when summing the runtime of all training and test instances. In addition,
a final column reports the ratio between the total time spent in the machine learning model
(Python code) across all instances and the total number of calls to the propagate function.
This column provides an average execution time for a single call to the propagate function.

Model Al total / Solver without Al total Python AI / # propagation (ms)

A 86.34 0.496204
B 164.97 0.452957
C 0.24 0.028168
D 0.00 0.517241

Table 8.2: Speedup and average propagation time in Python for the Al-based solver, summed
over all training and test instances with a threshold of 0.5 (A: baseline model, B: small
model, C: random model following the same distribution as the baseline model, D: uniform
random model)
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First, referring to the appendices and to Table 8.1, we observe that the total execution
time when using the Al model is significantly higher than the execution time of the solver
without machine learning. Conversely, for both random models, the total time is lower than
that of the solver without machine learning. We also note that, for the two Al models, the
solver spends most of its time in the Python code and therefore in edge prediction.

This first observation does not allow us to draw conclusions regarding the efficiency of
the propagator using the Al model. Indeed, the number of explored nodes, and consequently
the number of calls to the propagate function, is not the same in the solver with and without
machine learning. If the solver using the machine learning model builds more nodes than
the base solver, it is more likely that the runtime will be higher for the solver with machine
learning.

It is therefore relevant, by referring to the appendices and to Table 8.2, to examine the
column showing the ratio between the time spent in the Al code and the number of calls to
the propagate function. We observe that the two Al models and the uniform random model
exhibit, on average over all instances, a relatively similar propagation time (0.496ms for the
base model, 0.453ms for the small model, and 0.517ms for the uniform random model). The
model using the random distribution based on the base model is, on average, the fastest of all,
with a propagation time of 0.028 ms. This observation shows that although the completely
random model is, in terms of total solving time, the fastest to complete the instances, its
propagator execution time remains close to that of the two AI models. Moreover, it is
interesting to note that there is no significant difference in propagator execution time between
the base model and the small model. Indeed, since the code relies on vectorized instructions,
the size of the vector has only a limited impact on inference time. It is important to note that
even though the total time required to solve all instances is lower with the baseline model
than with the small model, this does not allow us to draw any conclusions, since the small
model explores, on average, more nodes than the baseline model.

Finally, as explained later in section 10.1, the first observation in Table 8.1 highlights an
initial limitation of the method with the AllDifferent constraint. Indeed, the classical solver
without machine learning manages to find all solutions to the problems in a shorter time
than the solver using machine learning.
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Chapter 9

Constraint Optimization Problems

Another objective of this thesis is to investigate constraint optimization problems. The goal
is to compare the best solution found by the classical solver with the best solution obtained
when using machine-learning-based propagators.

9.1 Theory

A constraint optimization problem (COP) is defined in the same way as a classical CSP, with
the addition of a function f that links the variables and assigns a score to a solution. Thus,

a COP can be defined as a quadruple P = (X, D, C, f) with
o X ={X,Xs,...,X,} aset of variables.

e D={Dy,D,,...,D,} the corresponding domains, with D; being the domain of variable
X;.

o O ={C,,Cy...,Cp} aset of constraints.

e f: Dy xDyx---x D, — R an objective function to be optimised (maximised or
minimised).

A COP is solved in the same manner as a CSP with respect to search tree construction
and constraint propagation. The main difference lies in the addition of a new constraint each
time a new solution is found. Indeed, when the i-th solution o; is identified, the associated
objective function value f(o;) is evaluated. A new constraint is then posted to ensure that
any subsequent solution must improve upon the current one. More precisely, when solution
o; is found, we add the constraint

Ci:floj) < floi) V j>i (if minimizing) (9.1)

or

Ci:floj)> floi) ¥V j>1 (if maximizing) (9.2)

Consequently, the most optimal solution according to the objective function is the last
solution found.
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Example 9.1. Let us assume two variables X and Y with domains X = {1,2,3,4} and
Y ={1,2,3,4}, with no constraints, and an objective function f = X +Y to be minimized.
If the solver finds a first solution with X =1 and Y = 2, it evaluates the objective function
as f =142 =3 and adds a "less than" constraint enforcing the inequality X +Y < 3.
This new constraint reduces the search tree by activating the propagator of the "less than'
constraint. Thus, although there are 16 distinct solutions to this problem, the solver will find
only one additional solution that is better than the first (X =1 and Y = 1).

!

9.2 Problems Under Study

In order to compare the quality of the solutions found by the classical solver with those
obtained using the machine-learning-based propagator, different COP instances were selected
from the XCSP3 website [27]. All of the selected instances are problems whose objective is
the minimization of the objective function. Clearly, this does not reduce generality due to
the symmetry of the constraint that will be imposed to improve the solutions each time a
new one is found. As with the CSP problems, the branching technique used is First fail |28].
Table 9.1 provides information related to these instances when the optimization function is
removed (transforming the COP into a CSP) and they are solved with the classical solver.
The # AllDiff prop. column provides information on the number of calls to the propagate
function in the AllDifferent constraint. In addition, the density column reports the solution
density as defined in Equation 5.1, computed after removing the optimization objective.

Instance Name # Solutions  # Nodes # Failures # AlIDiff prop. Density
GolombRuler 3786 7946 188 14184  3.04 x 10710
RubiksCube — — — — —
PathFinding 2457 4912 0 7278 6.96 x 10713
ClockTriplet 112327660 224664246 4464 103246522 3.71 x 1077
Pyramid 8076 17864 857 40607  4.59 x 1077
Charlotte 28608 57220 3 131066  1.15 x 1076
KMedian 1 2 1 8 1.73 x 107134
Pyramid-2 334 3346 1340 10518  4.08 x 10713

Table 9.1: Statistics for the selected instances without the objective function

As shown in Table 9.1, even after running the RubiksCube instance for three days with
the classical solver without an objective function, the solver was unable to enumerate all
possible solutions. This reinforces the argument in favor of the efficiency gained by adding a
constraint after each new solution when the problem is transformed into a COP.

Table 9.2 summarizes the information related to the instances when the optimization
function is included (kept as a COP) and solved with the classical solver. The Objective
Value column indicates the value of the objective function for the best (last) solution found,
and the # AllDiff prop. column provides information on the number of calls to the propagate
function in the AllDifferent constraint.

63


https://xcsp.org/instances/

Instance Name # Solutions Objective Value # Nodes # Failures # AIlIDiff prop.

GolombRuler 2 6 6 2 11
RubiksCube 14 1 378 176 222
PathFinding 3 8 280 138 749
ClockTriplet 13 21 87232 43604 183224
Pyramid 1 8 46 23 99
Charlotte 21 757 1204 582 3509
KMedian 1 1472 2 1 8
Pyramid-2 1 20 592 296 1616

Table 9.2: Statistics for the selected instances with the objective function

It is interesting to note the large difference in the number of solutions found when the
optimization function is removed (CSP) compared to when it is included (COP). Moreover,
the significant difference in the number of nodes between the CSP and COP formats also
suggests the strong efficiency of adding a new constraint after each newly discovered solution.

The Number of best solutions column in Table 9.3 reports the number of solutions that
are evaluated as optimal by the objective function. In other words, these are the solutions
for which the objective function assigns the same value, and this value corresponds to the
best possible one. The Best-solution density column represents the ratio between the number
of solutions sharing the same optimal value and the total number of solutions when the
objective function is removed. This measure makes it possible to assess whether it is difficult
to find a solution of the same quality as the best one, or whether a large number of solutions
achieve the same optimal quality.

Instance Name Number of best solutions Best-solution density

GolombRuler 2 5.28 x 1074
RubiksCube - -
PathFinding 9 3.66 x 1073
ClockTriplet 261 2.32 x 1076
Pyramid 2 2.48 x 1074
Charlotte 2 6.99 x 1075
KMedian 1 1
Pyramid-2 6 1.80 x 1072

Table 9.3: Number of best solutions and best-solution density for the selected instances

We can observe a wide diversity in the Best-solution density column, with a particular
case for KMedian. Indeed, when this instance is run with the objective function removed, the
solver finds only a single solution. This solution is therefore trivially the best one, resulting
in a unitary ratio.

Appendix Figure 11.35 shows the evolution of the objective function as different solutions
are progressively found. Figure 9.1 presents the same plots for the three instances that yielded
the highest number of solutions during the search.
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Figure 9.1: Evolution of the objective function value over the different solutions found for
the RubiksCube, Charlotte, and ClockTriplet instances

As expected, the solver finds solutions whose objective function value decreases progres-
sively as new solutions are discovered.

Figure 9.2 shows the evolution of the objective value of the best solution found over time
for the three instances illustrated in Figure 9.1.
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Figure 9.2: Evolution of the objective function value of the best solution found over time for
the RubiksCube, Charlotte, and ClockTriplet instances

It is interesting to observe that although the best solution value evolves linearly for the
RubiksCube and ClockTriplet instances, the shape of the evolution differs significantly when
analyzed with respect to execution time. The RubiksCube instance continues to follow a
linear trend, whereas for ClockTriplet, the best solution value decreases very rapidly before
stabilizing. In the case of ClockTriplet, one may assume that the addition of a new constraint
after each solution strongly restricts the problem, making the discovery of subsequent solutions
increasingly difficult.

The instances were also executed by transforming the minimization problems into maxi-
mization problems. This transformation makes it possible to obtain the worst solution to the
problem and, through the objective function, to derive a lower bound for the best solution
and an upper bound for the worst solution. Table 9.4 summarizes, for each instance, the
objective function evaluation of the best and worst solutions found using the classical solver
without machine learning.

65



Instance Name Min val. (Best sol.) Max val. (Worst sol.)
GolombRuler 6 20
RubiksCube 1 20
MultiAgentPathFinding 8 12
ClockTriplet 21 33
Pyramid 8 20
Charlotte 757 1634
KMedian 1472 1472
Pyramid-2 20 30

Table 9.4: Objective function value for the best and worst solution of each instance

9.3 Experiments

In this section, the different instances described above are executed using the solver with
the AllDifferent propagator based on the machine learning model. In the graphs showing
the evolution of the objective value of the best solution as a function of the threshold, the
red line corresponds to the objective function evaluation of the best solution found when
using the classical propagator. The dashed blue line corresponds to the objective function
evaluation of the worst solution when using the classical propagator.

9.3.1 Baseline Model

Appendices Figure 11.36, Figure 11.37, Figure 11.38, Figure 11.39, and Figure 11.40 respec-
tively show the evolution, as a function of the threshold, of the number of solutions found,
the number of failures, the number of nodes, the objective function value of the best solution
found, and the number of calls to the AllDifferent propagator when using the baseline model.
Below are some graphs that are particularly interesting to interpret.

By comparing the number of nodes and the objective function value across different
thresholds, we observe a tangible benefit of our approach. As illustrated in Figure 9.3, the
left figure shows the evolution of the number of nodes as a function of the threshold when
using the machine-learning-based propagator. In the same figure, the red line represents the
number of nodes when running the instance with the classical solver. The right figure shows
the evolution of the objective value of the best solution found for each threshold. We can
observe that, despite using a small threshold and thus heavily pruning the search tree, the
model is still able to find a solution that achieves the same objective value as the classical
solver. For instance, by setting the threshold to 0.3, we obtain 64 nodes, less than one third
of the number explored by the classical solver, while still producing a solution of equivalent
quality.
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Figure 9.3: Comparison of the number of nodes (left) and the evolution of the objective
function value evaluated on the best solution (right) as a function of the threshold for the
MultiAgentPathFinding instance

It is important to note in Figure 9.3 that the right-hand figure does not contain data for
the threshold value of 0.01. Indeed, as shown in Figure 9.4, the solver powered by our model
was unable to find a solution for this threshold, which is too aggressive. Consequently, it is
not possible to evaluate the objective function on a nonexistent solution.
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Figure 9.4: Number of solutions found versus threshold using the baseline model for the
MultiAgentPathFinding instance

Figure 9.5 presents another instance for which similarly satisfactory results are achieved.
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Figure 9.5: Comparison of the number of nodes (left) and the evolution of the objective
function value evaluated on the best solution (right) as a function of the threshold for the
Pyramid-2 instance

It is also worth noting that this satisfactory behavior is not observed for all instances. As
shown in Figure 9.6, in this case, although a solution of equivalent quality to that found by
the classical solver is obtained for each threshold, the number of explored nodes is, for every
threshold, higher than the number explored by the classical solver.
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Figure 9.6: Comparison of the number of nodes (left) and the evolution of the objective
function value of the best solution (right) as a function of the threshold for the ClockTriplet
instance

This model is therefore, in certain cases, useful for obtaining a solution of comparable
quality to that of a classical solver while often drastically reducing the number of explored
nodes.

9.3.2 Small Model

Appendices Figure 11.41, Figure 11.42, Figure 11.43, Figure 11.44, and Figure 11.45 respec-
tively show the evolution, as a function of the threshold, of the number of solutions found,
the number of failures, the number of explored nodes, the objective function value of the best
solution found, and the number of calls to the AllDifferent propagator when using the small
model. Below are several graphs that are particularly interesting to interpret.
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First of all, as illustrated in Figure 9.7, we can see, except for one exception, that for
a fixed threshold the baseline model is generally better at finding solutions than the small
model. However, when using thresholds greater than 0.2, both models are able to find the
same number of solutions as the solver without machine learning.
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Figure 9.7: Comparison of the number of solutions obtained using the baseline model and
the small model for the ClockTriplet instance (left) and the KMedian instance (right) as a
function of the threshold

Regarding the number of explored nodes, it is difficult to draw a strict conclusion about
whether the small model explores more or fewer nodes than the baseline model. The number of
explored nodes is often similar, with three exceptions for the instances MultiAgentPathFinding,
ClockTriplet and Pyramid, where the number of explored nodes is significantly higher when
using the small model.

In addition to finding solutions for small thresholds when using the baseline model, as
illustrated in Figure 9.8, for a fixed small threshold, and with one exception, the solutions
found by the baseline model are of higher quality compared to the quality of the solutions
found by the small model. However, it is important to qualify this statement by noting that
for the majority of the thresholds studied, the quality of the solutions found by the baseline
model and the small model is equivalent.
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Figure 9.8: Comparison of the quality of the solutions found between the baseline model and
the small model, for the Pyramid instance (left) and Pyramid-2 (right)

The most notable difference observed for these COP instances between the baseline model
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and the small model lies in the baseline model’s ability to find solutions for small thresholds,
a capability that the small model does not exhibit.

9.3.3 Random Model Sampled from the Baseline Distribution

Appendices Figure 11.46, Figure 11.47, Figure 11.48, Figure 11.49 and Figure 11.50 respectively
show the evolution, as a function of the threshold, of the number of solutions found, the
number of failures, the number of nodes, the value of the objective function of the best
solution found, and the number of calls to the AllDifferent propagator when using the random
model following the distribution of the baseline model. Below are some graphs that are
interesting to interpret.

First of all, as for standard CSP instances, the number of solutions found when the
threshold increases does not follow an increasing trend. Moreover, as illustrated in Figure 9.9,
it may be surprising that for some thresholds and some instances, the number of solutions
found is higher than the number of solutions found when using the solver without machine
learning. However, this behavior is not impossible, since when the solver solves a COP
problem, it does not enumerate all solutions. Indeed, as explained previously, when a solution
is found, the solver adds a constraint requiring the next solution to be of better quality.
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Figure 9.9: Comparison of the number of solutions found between the random model following
the distribution of the baseline model and the solver without machine learning (red line), for
several thresholds, for the instances MultiAgentPathFinding (left) and Pyramid (right)

When considering only the number of explored nodes for the different instances in
comparison with the number of nodes explored when using the solver without machine
learning, no clear conclusion can be drawn. Indeed, for some instances, the number of
explored nodes exceeds that of the solver without machine learning, while for other instances
it is lower. However, for some instances, when comparing the number of explored nodes with
the value of the objective function of the best solution found, certain instances are interesting
to analyze.

As shown in Figure 9.10, for the ClockTriplet instance, for some thresholds, the solver
explores fewer nodes than the solver without machine learning, while finding solutions of
similar or even equivalent quality to the quality of the best solution found by the solver
without machine learning.
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Figure 9.10: Comparison of the number of nodes (left) and the value of the best solution found
(right) for each threshold for the ClockTriplet instance using the random solver following the
distribution of the baseline model

As shown in Figure 9.11, the expected behavior illustrated above is not always observed.
Indeed, for the Pyramid-2 instance, although the number of explored nodes remains lower
than the number of nodes explored by the solver without machine learning, the solver does
not manage to find solutions of the same quality as those found with the solver without

machine learning.
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Figure 9.11: Comparison of the number of nodes (left) and the value of the best solution
found (right) for each threshold for the Pyramid-2 instance using the random solver following
the distribution of the baseline model

More disappointingly, as shown in Figure 9.12 for the GolombRuler instance, although
the solver finds solutions of the same quality as those found by the solver without machine
learning for all thresholds, the number of explored nodes is higher than the number of nodes
explored by the solver without machine learning.
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Figure 9.12: Comparison of the number of nodes (left) and the value of the best solution found
(right) for each threshold for the GolombRuler instance using the random solver following
the distribution of the baseline model

9.3.4 Fully Random Model

Appendices Figure 11.51, Figure 11.52, Figure 11.53, Figure 11.54, and Figure 11.55 respec-
tively show the evolution, as a function of the threshold, of the number of solutions found,
the number of failures, the number of nodes, the objective function value of the best solution
found, and the number of calls to the AllDifferent propagator when using the random model
with a uniform distribution. Below are several graphs that are particularly interesting to
interpret.

First, as illustrated in Figure 9.13, it is interesting to note that for the majority of the
instances (6 out of 8), the model explores a very small number of nodes for thresholds below
0.8. We can also observe, again for the same majority of instances, that the number of
explored nodes increases drastically when the threshold is set to 1. Both behaviours are
expected: when the threshold moves away from 1, the model starts to reduce the domains
randomly, thus cutting branches at random, which quickly leads to inconsistencies and
therefore fewer explored nodes. Moreover, when the threshold is set to 1, all randomly drawn
numbers will be less than or equal to the threshold, and therefore all domain values will
be preserved. This corresponds to a special case in which the COP is solved without any
propagation in the AllDifferent constraint.
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Figure 9.13: Illustration of the number of explored nodes for the Charlotte instance (left)
and the MultiAgentPathFinding instance (right) as a function of the threshold
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As illustrated in Figure 9.14, the number of solutions found is mostly zero for thresholds
less than or equal to 0.6 (7 instances out of 8). Moreover, the number of solutions found
when the threshold is set to 1 is always the same as the number of solutions found with the
baseline model. Both phenomena can be explained by the same reasoning presented earlier.
It is worth noting that for 3 out of the 8 instances, the random model was unable to find a
single solution unless the threshold was set to 1.
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Figure 9.14: Illustrations of the number of solutions found for the Charlotte instance (left)
and the ClockTriplet instance (right) as a function of the threshold

Following the previous explanations, we can also observe in Figure 9.15 that the bar plot
of the number of calls to the propagate function of the AllDifferent constraint follows the
same pattern as the number of nodes with respect to the threshold. Indeed, if the number of
explored nodes decreases, the model has fewer opportunities to call the propagate function
within those nodes.
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Figure 9.15: Tllustrations of the number of calls to the propagate function in the AllDifferent
constraint for the Charlotte instance (left) and the MultiAgentPathFinding instance (right)
as a function of the threshold

An interesting comparison concerns the evolution of the objective function value for
different thresholds with respect to the number of explored nodes. Figure 9.16, Figure 9.17,
and Figure 9.18 highlight this comparison for three instances. Only the thresholds that
produced at least one solution are shown in the bar plot of the objective function.
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Figure 9.16: Comparison of the number of nodes (left) with the objective function value of
the best solution (right) as a function of the threshold for the Charlotte instance
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Figure 9.17: Comparison of the number of nodes (left) with the objective function value
of the best solution (right) as a function of the threshold for the MultiAgentPathFinding

instance
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Figure 9.18: Comparison of the number of nodes (left) with the objective function value
(right) as a function of the threshold for the best solution of the ClockTriplet instance

For these instances, with the exception of the threshold value of 1, we observe that even
with a very small number of explored nodes, the random model is still capable of producing
solutions whose quality is close to that of the optimal one. Thus, this model can, in certain
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cases, be of interest when the goal is to obtain a solution that is slightly suboptimal yet
reasonably close to what a classical solver would find, while exploring only a very limited
portion of the search space.
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Chapter 10

Limitations and Perspectives

10.1 Limitations

As explained in the execution time analysis, the higher runtime observed when using the
machine-learning-enhanced solver compared to the solver without machine learning constitutes
a first limitation of the approach. However, this thesis provides a proof of concept of the
method on the AllDifferent constraint. It is evident that the AllDifferent propagator is not
the one with the highest temporal complexity. The method would therefore become more
relevant when applied to propagators of other constraints with higher algorithmic complexity,
such as scheduling constraints or cumulative constraints.

Moreover, although the solver spends most of its time inside the Python code, the use
of a Java solver communicating with the propagator in Python through a socket also slows
down the propagation process. In this regard, it would be interesting to integrate both the
solver and the propagator into a single framework following industrial standards.

Finally, since the constraint can be represented as a graph, it appeared natural to use a
machine learning model based on GNNs. Although the operations are vectorized to increase
propagation speed, it may be worthwhile to consider other, more efficient architectures and
to find a better balance between efficiency and model quality?.

10.2 Future Research Perspectives

It is evident that the approach proposed for the AllDifferent constraint can be applied to
the propagators of other constraints commonly used in constraint programming. It would
then be interesting, in addition to measuring the impact of each constraint independently,
to study how different constraints using the model can together reduce the search tree even
more effectively.

Moreover, the machine learning model is invoked at every call to the propagator. As
observed in the training data analysis, in the vast majority of cases no domain is reduced
during propagation. In this sense, it seems relevant to introduce a small and very fast load
balancer model that estimates whether it is worthwhile to call the larger prediction model,

LOther architectures based on search trees, tables, etc., were tested and can be found in the other try
folder of the GitHub repository
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another smaller model, the simple checker, or to do nothing at all. Depending on the efficiency
of such a load balancer, one could expect a reduction in the time spent inside the propagator
by invoking the large, slower model only when necessary.

7



Chapter 11

Conclusion

In conclusion, this thesis has introduced an original proof of concept for a propagator leveraging
a machine learning algorithm. The work began with an exploration of the functioning of a
constraint programming solver, followed by an analysis of the AllDifferent constraint, with a
focus on the two main propagators associated with it. We then defined and examined the
various machine learning tools required to construct the proposed method, and reviewed
the state of the art related to the envisioned approach. Subsequently, we designed several
architectures for the machine-learning-based propagator and conducted experiments on a set
of problems modeled as CSPs.

The various experiments demonstrated the usefulness of the method through the reduction
of the explored search tree while still preserving a large number of solutions. The method
also proved to be effective when applied to constraint optimization problems, successfully
maintaining solutions of the same quality as those found by the classical solver, while exploring
only a subset of the nodes.

We also highlighted the limitations of the proposed method, in particular the time spent
within the Python based model to obtain predictions for the graph edges, which remains
a significant challenge. Nevertheless, the discussion on future perspectives has motivated
the application of the method to more complex propagators, as well as the exploration of
additional strategies, most notably the introduction of a load balancer capable of deciding
which model to invoke, or whether to invoke any model at all, during propagation.
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Appendices

Instance Nodes Failures Solutions # AIlIDiff prop.
AllInterval-009 567158 283460 120 1448837
SchurrLemma-015-9-mod 725758 362880 0 18290066
SchurrLemma-020-9-mod 362878 181440 0 14159106
Kakuro-hard-010-sumdiff 22 11 1 375
Purdey 2 1 1 10
Kakuro-medium-129-sumdiff = 294826 147413 1 3233337
KnightTour-06-ext03 406682 193480 9862 1241394
Queens-0009-m1 10906 5102 352 29617
Alpha 157720 78860 1 340401
SchurrLemma-012-9-mod 725758 362880 0 14335642
SchurrLemma-050-9-mod 362878 181440 0 63265266
Allergy 2 1 1 5
Kakuro-hard-056-sumdiff 44 22 1 643
SchurrLemma-030-9-mod 362878 181440 0 25115806
Queens-0012-m1 1578274 774938 14200 4390953
Kakuro-medium-035-sumdiff 308 154 1 3887
Kakuro-hard-062-sumdiff 72 36 1 1195
Kakuro-medium-062-sumdiff 64 32 1 953
AllInterval-006 1110 532 24 2704
Kakuro-hard-137-sumdiff 739460 369730 1 9699484
Kakuro-medium-086-sumdiff 114 57 1 2072
SchurrLemma-100-9-mod 362878 181440 0 227947666

Table 11.1: Number of nodes, failures, solutions, and calls to the propagate method for each
training instance
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Instance Nodes Failures Solutions # AlIDiff prop.

bqwh-15-106-51 x 2 462 39 193 10705
ColouredQueens-07 2771998 1365840 20160 100035595
Sudoku-s12a-alldiff 2 1 1 225
Sudoku-s11c-alldiff 2 1 1 117
bqwh-18-141-50x2 618 122 188 18959
Subisomorphism-si2-m4Dr6-m625-04 9504 145 4608 18194
Langford-4-09 114 58 0 209
ColouredQueens-03 4 3 0 36
Sudoku-s13a-alldiff 2 1 1 89
Sudoku-s08c-alldiff 2 1 1 178
Subisomorphism-g16-g46 2278 1140 0 4313
bqwh-15-106-02 x 2 102 23 29 2618
sudoku368 x2 4 2 1 1004
Langford-2-06 122 62 0 205
Sudoku-s11b-alldiff 2 1 1 145
bqwh-15-106-07 x 2 332 75 92 9055
Sudoku-s03b-alldiff 2 1 1 136
OpenStacks-m1-wbop-30-10-1 202696 101349 0 339948
bqwh-18-141-75x2 514 225 33 19998
MagicSquare-03-sum 62 24 8 153
Ortholatin-005 10942 5040 432 171795
bqwh-15-106-81x2 164 48 35 4314
bqwh-15-106-25x 2 604 224 79 17848
Sudoku-s13c-alldiff 2 1 1 83
Subisomorphism-si4-m4Dr2-m625-02 100 3 48 204
CostasArray-10 176932 86307 2160 2657537

Table 11.2: Number of nodes, failures, solutions and calls to the propagate method for each
test instance
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Figure 11.1: Histograms of the training instances illustrating the domain sizes observed
during propagation, distinguishing domains that were reduced from those that were not
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Figure 11.2: Histograms of the training instances illustrating the domain sizes observed

during propagation, distinguishing domains that were reduced from those that were not, with
single-value domains removed
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Figure 11.3: Histograms of the test instances illustrating the domain sizes observed during
propagation, distinguishing domains that were reduced from those that were not
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Figure 11.4: Histograms of the test instances illustrating the domain sizes observed during

propagation, distinguishing domains that were reduced from those that were not, with single-
value domains removed
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Figure 11.7: Histogram of the evaluation metrics of the baseline model on the training data
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Figure 11.8: Histogram of the evaluation metrics of the baseline model on the test data
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Figure 11.9: Histogram of the evaluation metrics of the small model on the training data
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Figure 11.10: Histogram of the evaluation metrics of the small model on the test data
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Figure 11.11: Histogram of the evaluation metrics of the random model following the baseline
model’s distribution on the training data
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Figure 11.12: Histogram of the evaluation metrics of the random model following the baseline
model’s distribution on the test data
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Figure 11.13: Histogram of the evaluation metrics of the random model with a uniform
distribution on the training and test data
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Figure 11.14: Number of solutions as a function of the threshold for the baseline model,
evaluated on the training instances
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Figure 11.17: Number of solutions as a function of the threshold for the baseline model,
evaluated on the test instances
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Figure 11.18: Number of nodes as a function of the threshold for the baseline model, evaluated
on the test instances
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Figure 11.20: Number of solutions as a function of the threshold for the small model, evaluated
on the training instances
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Figure 11.22: Number of failures as a function of the threshold for the small model, evaluated
on the training instances
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Figure 11.23: Number of solutions as a function of the threshold for the small model, evaluated
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Figure 11.24: Number of nodes as a function of the threshold for the small model, evaluated

on the test instances
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Figure 11.25: Number of failures as a function of the threshold for the small model, evaluated
on the test instances
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Figure 11.27: Number of nodes as a function of the threshold for the random model following
the baseline model’s distribution, evaluated on the training instances
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Figure 11.28: Number of failures as a function of the threshold for the random model following
the baseline model’s distribution, evaluated on the training instances
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Figure 11.30: Number of nodes as a function of the threshold for the random model following
the baseline model’s distribution, evaluated on the test instances
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Figure 11.31: Number of failures as a function of the threshold for the random model following
the baseline model’s distribution, evaluated on the test instances
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Figure 11.32: Number of solutions as a function of the threshold for the random model with
a uniform distribution, evaluated on the training and test instances
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Figure 11.33: Number of nodes as a function of the threshold for the random model with a
uniform distribution, evaluated on the training and test instances
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Figure 11.35: Evolution of the objective function value as the different solutions are found,
for all instances
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model as a function of the threshold, in comparison with the classical solver (red line)
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Figure 11.43: Evolution of the number of nodes obtained by the solver using the small model
as a function of the threshold, in comparison with the classical solver (red line)
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Figure 11.44: Evolution of the objective value of the best solution obtained by the small
model as a function of the threshold, in comparison with the classical solver (red line)
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Figure 11.45: Evolution of the number of calls to the AllDifferent propagator by the small
model as a function of the threshold, in comparison with the classical solver (red line)
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Figure 11.46: Evolution of the number of solutions obtained by the solver using the random
model following the baseline model’s distribution as a function of the threshold, in comparison
with the classical solver (red line)
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Figure 11.47: Evolution of the number of failures obtained by the solver using the random
model following the baseline model’s distribution as a function of the threshold, in comparison
with the classical solver (red line)
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Figure 11.48: Evolution of the number of nodes obtained by the solver using the random
model following the baseline model’s distribution as a function of the threshold, in comparison
with the classical solver (red line)
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Figure 11.49: Evolution of the objective value of the best solution obtained by the random
model following the baseline model’s distribution as a function of the threshold, in comparison
with the classical solver (red line)
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Figure 11.50: Evolution of the number of calls to the AllDifferent propagator by the random
model following the baseline model’s distribution as a function of the threshold, in comparison
with the classical solver (red line)
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Figure 11.51: Evolution of the number of solutions obtained by the solver using the random
model with a uniform distribution as a function of the threshold, in comparison with the
classical solver (red line)
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Figure 11.52: Evolution of the number of failures obtained by the solver using the random
model with a uniform distribution as a function of the threshold, in comparison with the

classical solver (red line)
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Figure 11.53: Evolution of the number of nodes obtained by the solver using the random
model with a uniform distribution as a function of the threshold, in comparison with the
classical solver (red line)
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Figure 11.54: Evolution of the objective value of the best solution obtained by the random
model with a uniform distribution as a function of the threshold, in comparison with the
classical solver (red line)
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Figure 11.55: Evolution of the number of calls to the AllDifferent propagator by the random
model with a uniform distribution as a function of the threshold, in comparison with the
classical solver (red line)
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