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Abstract

This work considers the problem of recovering length-L vectors s and {wn}iyz_o1 from their circular
convolutions y,, = s ® w,. This problem is referred to as multi-channel blind deconvolution.
The input signal s is assumed to be random while the filters w,, are assumed to be short, i.e.,
only the K first elements of w,, are non-zero.

This problem can be reformulated as a low-rank matrix recovery problem and solved by nuclear
norm minimization. Numerical experiments show the effectiveness of this algorithm under a
certain generative model of the channels. Under this generative model and in the noiseless case,
the proposed algorithm achieves successful recovery as soon as Lf% > 1, i.e., as soon as the
oversampling factor is greater than or equal 1. It is also robust in the presence of noise.

The hard constraint on the filters length imposed by our model is however a source of ill-posedness.
In this work, sufficient and necessary conditions on the filters that guarantee well-posedness are
given and proved. The derived identifiability conditions were already known. To our knowledge,
this is however the first time that such conditions are linked to the null space of the Hessian of
the cost function around the ground truth.

Two applications of multi-channel blind deconvolution are then discussed. In the context of
communications systems, multi-channel blind deconvolution can be used to perform multi-channel
blind equalization. A complete blind equalization system is described and its performance is
assessed in numerical simulations. In the context of geophysical imaging, multi-channel blind
deconvolution can be used to perform Green’s functions retrieval. Unfortunately, with the
proposed model and algorithm, this last application suffers from ill-posedness.
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Chapter 1

Introduction

Blind deconvolution is an ubiquitous problem that pervades many fields of science and engineering:
communications systems (referred to as blind equalization [22]), geophysical imaging [3], medical
imaging [14], astronomical imaging [I1], computer vision [12], etc.

Before diving into multi-channel blind deconvolution in the next chapters, the simplest form of
the blind deconvolution problem is discussed and some “facts” about it — that remains valid for
the multi-channel case — are given. The organization of the document is also described.

Let s and w be two unknown vectors in RY. The vector s can be referred to as the input signal
while w can be referred to as the channel or filter. In its simplest form, blind deconvolution is
the problem of recovering both s and w from their circular convolution

Yy=s®w
yll =S wiklsll—k mod L], e [L].
k=0

This problem will be referred to as single-input single-channel blind deconvolution. In blind
deconvolution problems, circular convolution is generally preferred to linear convolution so
that the convolution theorem for the Discrete Fourier Transform (DFT) applies. Even though
convolutions arising in practical scenarios are not circular, a linear convolution can reasonably
be approximated by a circular convolution if the support of w is sufficiently short with respect
to L (i.e., if w decays quickly) [19]. In some situations, as in the context of communication
systems, a linear convolution can even be transformed in a circular convolution very easily (see
Chapter . The assumption that the convolution is circular is thus not limiting in most practical
situations.

For starters, let’s state some important facts about the blind deconvolution problem.

Fact 1 (Additional assumptions are needed). Without any additional assumptions, the blind
deconvolution problem formulated above counts more unknowns than observations. The problem
1s thus under-determined and ill-posed.

Fact [1] highlights the need for additional assumptions on s and w. Chapter [2] first discusses
popular assumptions made in recent related works on blind deconvolution. It starts with the
single-input single-channel case as discussed in this introduction, proceeds with the multiple-
inputs single-channel case and finally describes the problem studied in this work: single-input
multi-channel case with the only assumption that the channels are short. Under this assumption,
Chapter [3| then explains how the single-input multi-channel blind deconvolution problem can



be reformulated as a low-rank matrix recovery problem and describes an algorithm to solve
this reformulated problem that was already use in the single-input single-channel case. It then
assesses the performances of this algorithm with numerical experiments under a certain random
generative model for the channels.

As discussed at the end of Chapter [3] for the particular case of single-input multi-channel blind
deconvolution with short channels, the additional assumptions on s and w do not guarantee
well-posedness. This is formalized in the next fact.

Fact 2 (Ill-posedness). Let f be a filter that admits an inverse f~*, i.e. f® f~L=24. If f is
such that 8' = s® f and w' = f~1 ® w satisfy the assumptions made on s and w respectively,
then s’ and w' are also valid solutions of the blind deconvolution problem. Indeed,

sew =s®fef low=s®w.

A unavoidable particular case of Fact [2]is given in the next fact.

Fact 3 (Scalar ambiguity). For any scalar o € Ry, as and o~ 'w are also valid solutions of the
blind deconvolution problem. Indeed,

(as) ® (o 'w) = s ® w.

As a consequence of Fact [3] one can only hope to recover s and w from y up to a scalar factor.
Resolving this scalar ambiguity requires additional information on either s or w (e.g., if the norm
of either s or w is known, the scalar ambiguity can be reduced to a sign ambiguity). However,
this scalar ambiguity is generally accepted. In the single-input multi-channel case, Chapter
aims at deriving conditions on the channels that make this scalar ambiguity the only possible
ambiguity, i.e., f = «d is the only filter that satisfies the properties given in Fact

Next, Chapter [5] describes an application of single-input multi-channel blind deconvolution
in the context of communication systems: multi-channel blind equalization. Chapter [6] then
describes another application in the context of geophysical imaging: Green’s functions retrieval.
Unfortunately, this last application suffers from ill-posedness and does not work despite the
simplified settings established.

Finally, Chapter [7] concludes this work by a summary of the strengths and weaknesses of the
proposed model and algorithm and discusses some perspectives for future works.

1.1 Notations

Although reminders about the non-trivial notations are disseminated in the text, the paragraph
below lists the main notations used.

Circular and linear convolutions are noted as ® and *, respectively. Upper bold letters and
lower bold letters denote matrices and vectors, respectively, e.g. X and «. The ¢-th element of
vector x is noted x[i]. The transpose and Hermitian transpose of a matrix (or a vector) X are
noted X7 and X*, respectively. The notation X (or T for vectors) denotes entry-wise complex
conjugation (i.e. without transposition). For any matrix X, || X||, denotes the nuclear norm

of X (i.e., the sum of its singular values) while || X || = {/>;;|Xi;|* denotes the Frobenius
norm. For any pair of vectors  and vy, (x,y) = *y denotes their inner product. For any pair of

matrices X and Y of compatible dimensions, (X,Y’) = trace (X*Y') denotes their trace inner
product. The notation Iy denotes an L x K matrix formed by taking the K first columns of



the identity matrix. The normalized L x L Discrete Fourier Transform matrix is noted F' and is
given by
1 .
Fiy = ——e J2mHl/L k1) e[L] x[L
W=7 (k1) € [L] x [L]

where [L] denotes the set {0,1,...,L — 1}. Its restriction to its first K columns is written as
Fi. The set of vectors {ey, }, denotes the standard basis vectors. Vectors in the Fourier domain,
e.g. Fx, are often abbreviated as &. Finally, the Hadamard (i.e. entry-wise) product is noted ®
while the Kronecker product is denoted ®.



Chapter 2

Related work and problem setup

This chapter first briefly reviews some recent works on several flavours of the blind deconvolution
problem. The common assumptions used are detailed and the methods to effectively solve the
problem are briefly mentioned. This is the topic of Sec. Next, Sec. set up the problem of
interest here: single-input multiple-channel blind deconvolution under the assumption that the
channels are short.

2.1 Related work

Sec. starts with single-input single-channel blind deconvolution as discussed in the pioneering
paper [2] by Ahmed, Recht and Romberg and in the more recent [13]. In [I], Ahmed and Demanet
leverage multiple diverse inputs going through a single-channel to weaken the assumption on
the channel. This is discussed in Sec. 2.1.2] Finally, Sec. concludes with a problem very
close to the one discussed in this work that is briefly mentioned in [I] as a “dual” problem of the
multiple-input single-channel blind deconvolution.

2.1.1 Single-input single-channel blind deconvolution

This first case is the same as the one described in the introduction. Let s and w be two unknown
vectors in RY. The vector s is referred to as the input signal while w is referred to as the channel
or filter. Blind deconvolution is the problem of recovering both s and w from their circular
convolution

Yy=s®w.

As discussed in the introduction, without any additional assumptions on either s or w, this
problem counts more unknowns than observations and is thus #ll-posed. A popular assumption
to avoid this ill-posedness, see e.g. [2], [13], consists in writing

s = Bax, x e RM
w = Ch, h e RE

for known matrices B € REXM and C € REXE | In other words, s and w are assumed to live in
known subspaces whose bases are given by the columns of B and C. Recovering s and w is now
strictly equivalent to recovering & and h and the number of unknowns has been reduced from
2L to M + K. How much this assumption is reasonable depends on the nature of the matrices
B and C and the underlying application context.



In [2], the authors discuss “multipath channel protection using random code” (this could have
been equivalently called “blind channel estimation using random code”). In this application, x is
a message to be transmitted, B is a random “encoding” matrix and s = B is the “protected”
message. Next, the multipath communication channel w is assumed to be non-zero at a few
known locations only and C' is thus a subset of the columns of the identity matrix. While
the first part of that assumption could be made reasonable in practice by assuming that the
transmitter and the receiver agreed on the encoding matrix B beforehand, the locations where the
channel impulse response w is non-zero are generally not known in advance. A more reasonable
assumption considers that the channel w is short, that is, only its K first elements are non-zero.
In this case, C consists in the K first columns of the identity matrix. This assumption is used in
the numerical simulations presented in [2] and in [13]. This is also the one used in this work in a
multi-channel context, as discussed in Sec.

In [2], blind deconvolution is reformulated as a rank-1 matrix recovery problem that is then relaxed
to a nuclear norm minimization program. Roughly, the main result of this paper guarantees
recovery with high probability when mg#L 2 K + M and under a certain random generative
model of B and C.

In [I3], the authors propose a sophisticated gradient descent algorithm to solve blind deconvolution.
The minimum value of L that allows this algorithm to recover s and w is roughly similar to

the one obtained in [2] but the proposed algorithm is claimed to be more computationally
efficient.

2.1.2 Multiple-input single-channel blind deconvolution

The single-channel blind deconvolution problem can be extended to deal with multiple unknown
inputs s, € R, n € [N]. In this case, the objective is to recover the channel w € R” and the N
unknown inputs s,, from the observed circular convolutions

Y, = Sp ®w, n € [N].

This is the problem studied in [I]. In this paper, the N inputs s, are assumed to belong to
known subspaces of dimension M, that is

s, = Bz, x, € RM, n € [N]

for known matrices B,, € RI*M | Furthermore, the matrices B, are assumed to be independently
and identically distributed Gaussian matrices. This naturally leads to an extension of the blind
channel estimation using random codes discussed in the previous section where multiple messages
are sent over the same channel. When the multiple inputs are sufficiently diverse, the known
subspace assumption on w can be dropped and replaced by a weaker assumption. In [1], the
channel w is assumed to be S-sparse in a known basis C, i.e.,

w=Ch,  |hlo<5S

where C € RI*E and h € RE. The authors then also recast the problem as a low-rank matrix
recovery problem as in [2]. Roughly, the main result of this paper guarantees recovery with

high probability when M + Slog? S < 10g4(LL ) and N > log?(LN) and under a certain random

generative model of {B,}) -} and C.

2.1.3 Single-input multi-channel blind deconvolution

Yet another case, briefly discussed in [2] as being “dual” to the previous one, is single-input
multi-channel blind deconvolution. In this case, a single-input noted s € R is going through N



different channels w,,
Y, = S ®w,, n € [N]. (2.1)

In this case, the authors propose to use the known random subspace assumption on the chan-
nels
w,, = C,h,, h, € R¥, n € [N]

for known matrix C,, € RE*K whose columns are a random subset of the columns of the identity

matrix. The channels are thus assumed to be non-zero at only K known locations. As for the
input, it is assumed to be an unknown “noise source” and is modeled by a length-L Gaussian
vector. This last assumption is motivated by noise imaging applications [9]. An example of a noise
imaging application using multi-channel blind deconvolution is given in the next section.

2.2 Problem setup

The problem studied in this work is a particular case of the one described in Sec. that
seems more reasonable in practical scenarios. Instead of being known random subsets of the
columns of the identity matrix, the matrices C,, are all equal and given by the K first columns
of the L x L identity matrix. The channels can thus be written as

w,, = Ch,, h, € RX, n € [N]

where C = I k. This is equivalent to assuming that the channels are short, i.e.

b,
w, = [OLJ |
The input signal s is assumed to be a length-L Gaussian vector. This choice is again motivated
by noise imaging applications. One such application in the field of geophysical imaging is
“seismic-while-drilling” (SWD). In SWD, the objective is to perform sub-surface imaging on a
drilling site without disrupting drilling operations. One proposed way of achieving this is to
use the vibrations generated by the drill-bit in the subsurface as the noise-like input signal.
Multiple receivers recording the seismic traces at several locations would then allow to recover the

“channel impulse responses of the earth” using blind deconvolution. This for example discussed
by Bharadwaj, Demanet and Fournier in [3] and will also be discussed in Chapter @

It is interesting to note that the assumptions made here no longer involve random subspaces.
Indeed, the subspace in which the filters w,, live is completely deterministic. In a sense, this is
what makes this model potentially more realistic in practical contexts. At the same time, this
prevents the use of the classical mathematical tools of the field of inverse problems.

From the observations given by equation (2.1)), the objective is then to recover the input signal s
and the IV short channels h,. This problem counts LN observations for L + KN unknowns and
there is thus hope for recovery as soon as

LN > L+ KN.

This model was already used in [I7] and [20]. However, the first paper only shows “example” of
successful recovery but lacks a detailed characterization of the algorithm employed. Robustness
in the presence of noise is not discussed neither. The second paper makes extra-assumptions
belonging to the underwater acoustic field that we want to avoid.

The problem is illustrated in Fig.
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Figure 2.1: Illustration of the multi-channel blind deconvolution problem with short filters.



Chapter 3

Algorithm and numerical
experiments

Several algorithms were already proposed in the literature to solve the blind deconvolution
problem. For example, and as mentioned in the preceding chapter, blind deconvolution can
be reformulated as a rank-1 matrix recovery problem. This is also the approach taken in this
work. Sec. adapts the reformulation presented in [I] to the case studied here. Sec. then
leverages the vast available literature in low-rank matrix recovery and describes an algorithm
that already proved itself to be successful for single-input single-channel blind deconvolution [2].
The algorithm used here only differs in one particular point that will also be discussed in Sec.
and that is apparently also used in [20].

Next, Sec. presents numerical experiments assessing the performance of the algorithm both
in the noiseless case and in the noisy case.

Finally, Sec. describes situations where multi-channel blind deconvolution cannot work. This
will then lead to Chap. 4] that theoretically explores these situations.

3.1 Reformulation as a low-rank matrix recovery problem

The development to recast the problem as a rank-1 matrix recovery problem, while almost exactly
identical to the one presented in [I], is re-written here for completeness.

Let F be the normalized L x L discrete Fourier transform matrix and let f; denotes the [-th row
of F. Using the convolution theorem, equation (2.1)) in the Fourier domain is given by

¥, =VLs®Ow,, neclN]

where y,, = Fy, $ = F's, W, = Fw, and ® denotes the Hadamard (entrywise) product. This
can also be written as

gnlll = VL(f1, 8)(f1,wn),  (I,n) € [L] x [N].
Using the fact that w, = Ch,,, this becomes
gn[l] = \/E<flas><fl70hn> = \/Z<.fl7s><0*flvhn>> (lvn) € [L] X [N] (3'1)

By the conjugate symmetry of the complex inner product and because (x,y) = (Z,y), this can
again be re-written as

nll] = VL{f), 8)(hn, C* f;) = VL{f;, ) (hn,CT f}),  (I,n) € [L] x [N].

10



The fact that h, is a real vector was also used. Letting ¢; = \ECT}'Z to ease notations, this
simplifies as

nll] = (f1,8)(hn,c),  (I,n) € [L] x [N].
This last expression can now be written as a trace inner product]l]

gn[l] = <f10773h2>> (lvn) S [L] X [N]

This last expression already contains a rank-1 matrix formed by the outer product of s and h,,.
Let h € REY be the concatenation of all the unknown filters h* = [h{, ..., hy_;] and

D1 =€ @ en, (I,m) € [L] x [N]

a length-K' N vector of zeroes except in positions indexed by nK, ..., (n+ 1)K — 1 where it is
equal to ¢;. It is then possible to write the observations as

Qn[l] = <fl¢zk,n73h'*>7 (lvn) € [L] X [N]

The observations are thus obtained by trace inner products of known measurement matrices
J1#[,, with a rank-1 given by sh*. Let A : RELXEN _y CLN be a linear operator defined as

AX) = {(f19[n, X) | (I,n) € [L] x [N]}. (32)
Noting 44 € CIN the concatenation of all the observations in the Fourier domain §* =
(U6 - - Yn_1), the observations can thus be written as
y = A(sh™).

While the observations are nonlinear in both s and h, they are linear in their outer product
sh*. Multi-channel blind deconvolution can thus be formulated as a linear inverse problem as
follows

find X
subject to ¥ = A(X)
rank(X) = 1.

This program is however non-convex because the set of rank-1 matrix is non-convex. In addition,
it is known to be NP-hard because of the rank constraint. Fortunately, it can be relaxed as a
convex program using the nuclear norm heuristic [15]

minimize || X||,
X (3.3)
subject to gy = A(X).

where the nuclear norm || X||, is the sum of the singular values of X. In what follows, X ¢ = sh*
denotes the ground truth solution of the multi-channel blind deconvolution problem.

3.2 Algorithm

Low-rank matrix recovery and nuclear norm minimization under linear equality constraints are
well studied problem in the literature [7, [I5]. This section describes the algorithm presented
in [I5], Sec. 5.3] and inspired from [5], 6]. The different steps of the reformulation are summarized

in Fig.

'This can easily be seen using the fact that (X,Y) = trace(X*Y) =Y. . X;;Vi;.

2V
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3.2.1 Low-rank parametrization

Program (3.3)) counts LK N unknowns (i.e., the number of entries in the matrix X') while the
underlying problem only counts L + KN unknowns. However, because X is known to be a
low-rank matrix, it can be factorized as

X =SH~

with § € RE*" and H € RENX" reducing the number of unknowns in X to r(L + KN). If
r > rank(X() = 1, problem (3.3)) can be shown [15, lemma 5.1] to be equivalent to

minimize ||SH§:+ ||H||??
S.H (3.4)
subject to  § = A(SH™).

This new problem is however nonconvex. As a consequence, it might have local minima that do
not correspond to global minima of . In 5 [6], Burer and Monteiro proposed an algorithm
to solve and showed that the local minima of actually corresponds to global minima
of if r > rank(X ) = 1. The next section describes this algorithm.

3.2.2 The method of multipliers

The algorithm proposed by Burer and Monteiro [5, [6] builds on the standard method of multipliers
and iteratively minimizes the following augmented Lagrangian with respect to S and H

1 « . o " N
(S, H.X0) =5 (IS5 + | HIIE) — A ASH?) = 8) + 3 |ASH") — g3

where X is the vector of Lagrange multipliers and ¢ is a positive penalty parameter. Burer and
Monteiro also proposed a deterministic way to update A and o at each iteration.

In our case, the augmented Lagrangian is minimized using Limited-memory Broyden-Fletcher-
Goldfarb-Shanno (L-BFGS) with the MATLAB solver minFunc [18]. To this effect, the gradient
of the augmented Lagrangian needs to be computed. The partial derivatives of £ are given
by

Vsl =S8— A*(z)H
Vul=H — A*(2)*S

where A* is the adjoint of A and z = A — o(A(SH") — y). The calculation of the adjoint
operator is detailed in appendix [Al The algorithm stops when SH™ is rank deficient (i.e., of rank

1).

The algorithm used to minimize the augmented Lagrangian also needs a starting point. In
the absence of a better strategy, the starting point is currently chosen at random, i.e., the
initial guesses for S and H are random Gaussian matrices. The deterministic nature of the
measurement matrices involved in does not allow us to use a smarter initialization scheme
such as the spectral method proposed in [I3].

Although r > 2 is needed to guarantee that the local minima of are also global minima
of , we empirically observed better results when » = 1 (in this case the algorithm stops
when a specified tolerance on the constraint violation is achieved). Interestingly, this is also the
approach used in [20] for multi-channel blind deconvolution in underwater acoustic channels. A
direct consequence of this choice is that our algorithm might get trapped in local minima. To

12



find s, {h, )02}
subject to y,, = s® (Chy,)

rank-1 reformulation, X = sh*

find X
subject to ¢ = A(X)
rank(X) =1

convex relaxation

minimize || X,
X

subject to gy = A(X)

rank-r parametrization, X = SH*

e S 2 H 2
mlgfrIJ_fInze IS% + [ H|%

subject to Y= A(SH"™)

Figure 3.1: Illustration of the different problems involved.

avoid that, the following heuristic strategy was implemented. When the squared norm of the
constraint violation, i.e.,

|A(sh*) — 9|3

stopped decreasing for a pre-determined number of iterations and is largely above the accepted
tolerance, the algorithm decrees to be trapped at a local minima. At this point, the algorithm
simply starts again from another starting point. Although clearly not optimal, this approach
gives relatively good results for a reasonable average number of attempts in most cases. This
will be discussed in more details in Sec. [3.3]

3.3 Numerical experiments

This section demonstrates the effectiveness of the algorithm described above for a certain random
generative model of s and {hn}gz_ol. Sec. first discusses the empirical probability of
successful recovery in the noiseless case. The average number of times the algorithm needs to
restart with another random guess before succeeding is also discussed. Next, Sec. discusses
the noise robustness of the algorithm.

In the following numerical experiments, the vectors h (i.e., the concatenation of all the filters)

13



and s are standard Gaussian vectors with independent entries. To comply with the existing
literature on blind deconvolution using low-rank matrix recovery, the metric used to assess the
quality of the recovery is the relative outer product error, i.e,

Hsh* —sh"

F
Ish*[l

where 8 and h are the recovered vectors.

3.3.1 Phase transitions

Fig. depicts the empirical probability of successful recovery (on the left) and the average
number of attempts before successful recovery (on the right) when s is of length L = 32, the
number of channels N is ranging from 2 to 10 and the channels length K is ranging from 1 to 32.
The recovery is considered to be successful if the relative outer product error is less than 2%,

that is .
| X0 —sh HF

lsh*[| g
Note that this threshold has been chosen to comply with the existing literature. Most of the
time however, the actual relative error is orders of magnitude smaller than that (in the noiseless
case). In each cell of Figs. and (i.e. for each pair of parameters N and K), the success
probability has been averaged over 100 experiments involving a new random source and new
random channels each time.

On both Fig. and Fig. a red curve of equation

LN
L+KN

is plotted. This curve corresponds to the situation where the oversampling factor is exactly equal
to 1. Above this line, recovery is thus not possible.

< 0.02.

1

Fig. shows that the recovery is successful with probability 1 almost everywhere when the
oversampling is > 1 (i.e, below and on the red curve). This result is particularly interesting when
compared to “usual” results in blind deconvolution where the minimal number of observations is
larger than the number of unknowns (usually within log factors).

Finally, Fig. shows that the average number of attempts before successful recovery is usually
small and decreases when the oversampling factor increases. The number of attempts on this
diagram is rarely above 3 and never exceeds 10. Our decision to use » = 1 in the low-rank
parametrization described above, along with the heuristic implemented to avoid getting trapped
at local minima thus seems reasonable.

3.3.2 Robustness to noise

In this section, the impact of noise on the relative outer product error is discussed. Each observed
convolution y,, is corrupted by an additive noise v,, given by

Un

V=0 ||Y,ls- ol
ni2

where v,, € R” is a standard Gaussian random vector. In this way, the SNR is simply given

2
1
Hy’I’LH2 =920 10%10 =
g

SNRn =10 1Og10 5 =
[onll3

14



Average number of attempts for L = 32
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Figure 3.2: (a) Empirical probability of successful recovery for Gaussian vectors On the left,
white means a 100% probability while black means a 0% probability. (b) Average number of
attempts before recovery. Darker means that more attempts were needed to succeed in average.
By convention, the maximum number of attempts (i.e. 40) has been assigned to cases above the
red curve.

The SNR is also assumed to be the same for each observed convolution. In all of the following
experiments, each data point is the result of an average over 2800 deconvolutions. For each
deconvolution, new random instances of s, h and the noise was used.

Fig. depicts the average relative outer product error against the SNR. Except at low SNR
(i.e. less than 10dB), the relative error scales linearly with the noise level as desired. In addition,
increasing the oversampling factor helps the algorithm to achieve a better relative outer product
error.

Next, Fig. shows the average number of attempts before achieving the specified tolerance,
against the SNR. At low SNR, the algorithm seems to achieve the specified tolerance after close to
a single attempt. Given the performance of the algorithm at low SNR depicted on Fig. this
suggests that the algorithm stops too early. However, other experiments show that decreasing
the specified tolerance does not particularly help. Beyond that, the average number of attempts
does not vary much with the SNR. This figure also shows that the average number of attempts
is very low and that increasing the oversampling factor further reduces this number.

Finally, Fig. is a plot of the average relative error against the oversampling factor for a fixed
SNR. The oversampling factor was increased by varying the number of channels N from 2 to 16
for L = 256 and K = 10. This figure again illustrates the effect of the oversampling factor on
the robustness to noise.

3.4 When does it fail?

This chapter, particularly Sec. discussing the noiseless case, seems to suggest that an
oversampling factor greater than 1 is the only requirement for multi-channel blind deconvolution
to work. However, it turns out that choosing s and h to be Gaussian random vectors is actually
very favorable with regard to ill-posedness and Fact For the filters, this is even proved
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Figure 3.3: (a) Average relative outer product error against SNR for two sets of parameters.
(b) Average number of attempts against SNR for the two same sets of parameters. (c) Average

relative outer product error against the oversampling factor for 3 fixed SNRs. The oversampling
factor was increased by varying the number of channels N from 2 to 13 for L = 256 and K = 10.
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in Prop. [2 of Chapter [ This section discusses some particular filters configurations where
multi-channel blind deconvolution will fail.

The first obvious situation where multi-channel blind deconvolution fails is when all the channels
are exactly identical. In this case, all the observations are redundant and the information count
is not favorable. In the case where only a subset of the filters are identical, deconvolution might
still work if the effective oversampling factor (i.e., counting the identical filters as a single filter)
is sufficient.

Another case, closely related, is when filters are translated versions of each other. Because of the
translation equivariance of convolution, this again leads to redundant observations. As above, if
only a subset of the filters are translated versions of each other, deconvolution might still work if
the effective oversampling factor is sufficient.

The last case is more interesting as it leads to ill-posedness even if the information count is
favorable. Consider a set of filters that are neither identical nor translated versions of each other
and assume the information count is favorable. If the filters are such that h,[K — 1] = 0 for all
n € [N] (i.e., the “end” of the support is not filled), it is possible to find a vector f such that
w,, ® f is still supported on [0, K — 1]. In this case, it is possible to find a vector s’ that gives
the observations y,, when convolved with w,, ® f. Indeed, s’ must satisfy

Yyp=5@wp®f), nelN]

In the frequency domain, this becomes

or

g =" e

is a solution of the above equations. This situation in fact corresponds to Fact [2] applied to
the case studied here with short channels. Furthermore, numerical experiments show that this
is indeed what is happening when the “end” of the support is not filled. In the numerical
experiments presented in the last section, this situation never occurs because the filters are
random Gaussian vectors. As such, the probability that the support is not complete is zero.
However, this ill-posedness constitutes a limitation of the short channels model proposed in this
work, as it directly depends on the choice of K. If K is larger than the actual channels length,
the end of the support will not be filled and the problem is thus ill-posed. At the opposite, if
K is smaller than the actual channels length, the support will be complete but the algorithm
will not be able to explain the observations with channels shorter than the actual channels that
generate the observations. This last claim can be confirmed numerically.

The hard constraint on the support size imposed by our model thus only makes sense in contexts
where one can reliably estimates the support of the filters beforehand. In cases where such an
estimate is not available, another way of favoring short filters in the recovery must be used.

17



Chapter 4

Local ill-posedness and filters
identifiability conditions

The last chapter discussed the importance of the end of the support to be filled for the problem
to be well-posed. However, it is not yet clear if this condition sufficient. This chapter aims at
filling this gap.

First, an objective function to solve multi-channel blind deconvolution is defined. This objective
function, while simple, is defined carefully to ease its analysis in the next sections. This is the
topic of Sec. Sec. then makes the link between locallill-posedness of the the problem and
the null space of the Hessian of the objective function evaluated at the ground truth. Because of
the inherent scalar ambiguity of blind deconvolution, this null space is expected to be at least
of dimension 1. As discussed in the preceding chapters, this ambiguity is acceptable. A null
space of higher dimension, however, would lead to other ambiguities and more local ill-posedness.
Sec. then details the computation of the Hessian of the objective function. Finally, Sec.
derives sufficient and necessary conditions on the filters for the null space of the Hessian to be
of dimension 1. The same sufficient and necessary conditions were also derived in [23]. To our
knowledge, this is however the first time that these conditions are linked to a notion of local
ill-posedness.

Note that the theory developed here is not linked to any algorithm that could be used to solve
multi-channel blind deconvolution.

4.1 Objective function definition

Let’s start again from equation (3.1]), repeated here for convenience
gnlll = VL(f1,8)(f1, Chn) = VL(f1,8)(C* f1, b}, (Ln) € [L] x [N].

Noting 5[I] = VL(f;,s) and Fix = C" f) a truncated version of f; to its K first elements, the
observations can be written as

gnll] = 81(f1ucs Pn), (L,m) € [L] X [N].

This allows us define a bilinear map mapping any source signal in the Fourier domain p
and any set of filters {qn}ﬁ[gol to the corresponding observations in the Fourier domain. Let

IThe term local is referring to the fact that it is derived from a local analysis of the cost function around the
ground truth.
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B:CL x REN — CLN be this bilinear map, defined as follows

B(p,qo,---,qn-1) == {pl{f1r,qn) | (I,n) € [L] X [N]}. (4.1)

This operator indeed satisfies
B(s,h) =19

where h and y are again defined as the concatenations of the filters and the observations in the
Fourier domain, respectively. Note that this operator is in fact equivalent to the linear operator

defined by (3.2)). Indeed, one can easily show that

B(p,q) = A(F"pq”*)

where ¢* = [q{,...,q}_1]- To ease notations in what follows, let = [p*, ¢*]* be the con-
catenation of all the arguments of B. A possible objective function to be minimized to solve
multi-channel blind deconvolution is then given by

f(@) = 5 1B@) - 9l

In this context, x is a candidate solution. This objective function is actually equivalent to the
“natural” fo-norm data misfit, both in the time and in the frequency domain (up to a scalar
factor). This rather intricate way of defining such a simple objective function will ease the
analysis of its Hessian in the next sections.

4.2 Local ill-posedness and Hessian null space

Let xy = [8", h*]* be the ground truth. To investigate the local ill-posedness of the problem,
let’s first write the Taylor series of the objective function around the ground truth g

2
F(ao + ev) = f(ao) + eV (o) v + %U*V2f(:z:o)v T

Assuming ¢ is small enough for the higher order terms to be negligible, and because

this reduces to )

f(xo + ev) = %’U*VQf(ZEU)’U.
As a consequence, points xg + ev such that
f(xo+ev) =0 or v*VZf(xg)v=0 (4.2)

also minimize the objective function. This shows how the null space of the Hessian of the objective
function is related to local ill-posedness. Indeed, the set of solutions of this last equation is given
by the null space of V2 f(x)

v'V2if(x)v=0 <& vecNul(Vif(xg)).

Because of the inherent scalar ambiguity of blind deconvolution, this null space is expected to be
at least of dimension 1. The next section details the computation of the Hessian at x.
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4.3 Hessian at the ground truth

The following lemma is the first step to the characterization of the null space of V2 f(x0). It was
also the motive behind the definition of the objective function as detailed in Sec.

Lemma 1. Let A be a non-linear operator such that A(xo) = b. Let also f(x) = 3 || A(x) — b|3.
The Hessian of f(x) at xo is then given by

Vif(xg) = A*A

with

ox
the linearization of A(x) around xo (i.e. the Jacobian of A at x).

Lemma can directly be applied to our objective function. Let J € CEN*(L+KN) 1o the Jacobian
of B at xg. This Jacobian is given by

Dy, DiFx 0 - 0
R
Dy, , O 0 - D;Fg

where D, = diag(x) and Fy € CI*E is the restriction of F to its K first columns. Using
lemma. [I] the Hessian of the objective function at xq is then given by

Sy Di Dy, Dy DiFx - Dj  DiFg
F*. DDy * DiDsF 0

V2 f(xo) = J*J = KT KEsHsm K ) (4.3)
FiDiDy, . 0 FiDiD,Fy

A first observation on the null space of this matrix can be made. When the Jacobian J is fat,
that is when LN < L + KN or the oversampling factor is less than 1, the null space of V2 f(xq)
is at least of dimension (L+ KN —LN). If L4+ KN — LN > 1, there is thus no hope for this null
space to be of dimension 1. What is interesting here is that for L+ KN — LN =1,or L = KNJ\SI,
it is still possible to have a one dimensional null space containing only the scalar ambiguity, even
if the oversampling factor is less than 1. Successful recovery is thus still possible in this caseﬂ
This counter-intuitive result is in fact not that surprising given that a scalar ambiguity in the
recovery is allowed. A first necessary condition for the null space of V2 f(xg) to be of dimension

lisLN>L+ KN —1.

4.4 Hessian null space and identifiability conditions

The null space of V2f(zg) can now be computed by solving ([#.2)). Letting v = [p*, g}, ..., q5_]*
and using (4.3)) this can be developed as

N-1
> D, p+ DsFrq,l; =0 (4.4)

n=0

2Numerical experiments indeed show successful recovery for such cases, e.g. for N =2, L =33, K = 17 (i.e., 66
observations for 67 unknowns), in the noiseless case.
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or, equivalently
D’ﬁ)np:_DéFana ne[N]

A first obvious solution is given by
p=as8 and gq, = —ah,, n € [N]
for a any scalar . This gives us a first basis vector of the null space of V2 f(xq)
v=[§8,—hj,...,—hy_i]|"

The space generated by this vector contains the scalar ambiguity inherent to blind deconvolution.
Indeed, let’s consider the ground truth @y and another minimizer of the objective function
resulting from the scalar ambiguity, ' = [a~'8%, ah, ..., ah’ly_;]* The vector joining =’ and xq
is given by

x —xo=[3"1—-a),hi(1—a),...,hy_1(1—0a)]".

For @ = 1 + ¢, this becomes

/ A% * * *
T —$0: [1+€S ,—Eho,...,—EhN_l] .
which for € close to 0 reduces tf
x' —xo = [e8", —€hf,...,—ehj_ ] = ev.

The hope is that the obvious solution to is the only one and hence that the null space of
V2 f (zo) is one dimensional. Indeed, the existence of other solutions would imply a null space
of higher dimension which then imply the existence of other ambiguities. The next proposition
gives two sufficient and necessary conditions on the filters for the null space of V2 f(xg) to be
one dimensional.

Proposition 1. Let Pp(z) be the polynomial in z obtained by taking the Z-transform of the
vector x and substituting 2~ by z. Assume the signal s has no zero in the Fourier domain,
3[) #0 for alll € [L] and LN > L+ KN — 1. The null space of V?f(xo) is one dimensional

and only contains the scalar ambiguity inherent to blind deconvolution if and only if

1. there exists an index n' € [N] such that h,y[K — 1] # 0, and

N-1

n—o are coprime, i.e., they do not share any common root.

2. the polynomials {Pp, (2)}

Proof. The objective is to prove that the obvious solution to (4.4)) is the only one. For other
solutions to exist, we would need

p=-Dg DsFkq,, né€l[N]
which then implies
D,'D;Fkq, =Dg' D;Fkq,,,  (n,m)€[N]x[N].
With the assumption that §[l] # 0 for [ € [L], this simplifies as
Dy, Frq, = Dy, Fkay, (n,m) € [N] x [N]
which in the time domain becomes

wy, ® Cq,, =w, ® Cq,,, (n,m) € [N] x [N]. (4.5)

3Using a first order Taylor series around 0, ﬁ & €.
€
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The objective is now to prove that
4y, =chy,  n€[N]

is the only solution to this equation if and only if conditions 1 and 2 are true. Taking the
Z-transform on both sides of (4.5)) and using the convolution theorem leads to

Z(wm)2(Cq,) = Z(wa)2(Cq,,),  (n,m) € [N] x [N]

or, more explicitly,

(i hm[k]z-k) (Z_ qn[mz—k) - (i hnmz—k> (i qm[k]z_’“) . (nm) € [N]x [N,
k=0 k=0 k=0 k=0

This last equation holds for all z # 0 (so that the Z-transform converges). Let us now perform
the inconsequential change of variable z — 2! so that we now deal with polynomials in z

K-1 K-1 K-1 K-1
(Z hm[k]zk> (Z qn[k]zk> = (Z hn[kr]zk> (Z qm[k‘]zk> ; (n,m) € [N] x [N].
k=0 k=0 k=0 k=0
Using the notation defined in Prop. |1} the objective has now been transformed into proving that
Ph,,(2)Pq, (2) = Pn, (2)Pq, (),  (n,m) € [N]x [N] (4.6)
only admits
Py (2) = aPu,(2),  me[N]

as a solution if and only if conditions 1 and 2 are true.

Forward direction Let us first prove the forward direction by contraposition. We want to
prove that if the negation of either the first or the second condition true, then there exists other
solutions to (4.4)) and the null space of V2f (o) is thus more than one dimensional.

1. Let’s first assume that the negation of the first condition is true: there does not exist
any index n € [N] such that h,[K — 1] # 0. Equivalently, there does not exist any index
n € [N] such that Py, (2) is of degree > K — 2. In this case,

Py, (2) = az = B)Pp,,(2),  né€IN]

also constitutes a solution to (4.6) for any 5 € C and the obvious solution is thus not the
only one.

2. Let’s now assume that the negation of the second condition is true: there is a root 5 € C
shared by all the polynomials P, (z). Then

P () =ar22z =) nelN]

also constitutes a solution to (4.6)) for any v € C. For v # f3, this solution is different from
the obvious one and the obvious solution is thus not the only one.
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Backward direction Let us now prove the backward direction. We want to prove that if the
two conditions are true, then the only solution to is the obvious one and the null space of
V2 f(x0) is one dimensional. A necessary condition for to be satisfied is that Py, (2)FPq, (2)
and P, (2)Pg, (2) have the same roots for all (n,m) € [N] x [N].

1. Let’s first assume that the second condition is satisfied: the polynomials { Py, (2)}2) do
not share any common root. In this case, the necessary condition for to be satisfied
directly translates to Py (z) having at least all the roots of Py, (z), ¥n € [N]. This is
however not sufficient to conclude that Py (z) = aPy, () for all n € [N] as we could for
example add a root 3 € C in every P, (z) if the first condition is not true (as was done in
the preceding paragraph).

2. Let’s next assume that the first condition is also satisfied: there exists an index n’ € [N]
such that h,[K — 1] # 0. Equivalently, there exists an index n’ € [N] such that Py ,(2) is
of degree K — 1. In this case, it is no longer possible to add a root 3 € C in every Py (z)
as it would result in Py ,(z) being of degree K, which is not possible.

This allows us to conclude that, if the two conditions are true, Py (z) and Pj,(z) must have
exactly the same roots for all n € [N]. Because polynomials having exactly the same roots are
equal up to a scalar factor, we can conclude that

Py, (2) = abp,(2),  ne[N]

is the only solution to (#.4]) and that the null space of V2f(x) is one dimensional and only
contains the scalar ambiguity inherent to blind deconvolution. O

The two conditions on the channels given in Prop. [I| are known as identifiability conditions. The
same sufficient and necessary conditions were also derived in [23]. To our knowledge, this is
however the first time that these conditions are linked to the null space of the Hessian of the
objective function. In [23], the authors also derive a complicated condition on the input signal s.
It is not obvious how this condition might appear from the above reasoning.

Obviously, the two conditions given in Prop. |l are not valid for arbitrary vectors h,, and h,, (or
equivalently, polynomials P, (z) and P, (z) with arbitrary coefficients). The next proposition
gives a general class of random vectors h,, and h, that satisfy these two conditions with
probability one.

Proposition 2. Vectors h, € RE whose entries are independent random variables whose
distribution can be defined by density functions (i.e., continuous random variables) satisfy the
two conditions of Prop. |1 with probability one.

Proof. Let’s first prove that the first condition is satisfied with probability one. For all n € [N],
hn[K — 1] is a random variable whose distribution can be defined by a density function. As such,
one can write

Pr(h,[K —1]=0)“0, nc|N]

and the first condition is satisfied almost surely. For the second condition, we work with the
set of polynomials { Py, (z) 7]2[:_01. A proof that the probability for two such polynomials to have
any common root is zero is given in [8, p. 442]. This proof can be extended to any number of
polynomials and the second condition is thus also satisfied with probability one. O

Remark 1. Prop. |1 shows that the requirement of the end of the support to be filled, as discussed
in the previous chapter, is only a particular case of the more general identifiability conditions.
The first condition prevents situations where hy,[K — 1] =0 for all n € [N], i.e., situations where
the “end” of the support is not filled. As for the second condition, it prevents situations where

23



the “beginning” of the support is not filled, i.e. h,[0] =0 for all n € [N] (as 0 would then be a
shared root). Thus, the support must be complete on “both sides” to avoid ill-posedness.
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Chapter 5

Application to multi-channel blind
equalization

Convolutions naturally arise in communication systems to model the effect of the channel on the
transmitted signal. This convolution produces inter-symbol interference at the receiver that needs
to be removed to ensure acceptable bit-error-rate (BER). This is typically done through a process
called equalization Several equalization methods exist, both in the time and in the frequency
domain. These methods are almost always data aided. Indeed, they first need a known sequence
of symbols to be transmitted to estimate the channel impulse response. Blind deconvolution thus
seems to be a natural fit to perform blind equalization.

Section first briefly describes a basic transmission chain to help make the context clear. The
classical way of performing equalization in communication systems is also briefly discussed. Then,
section describes a system that leverages the multi-channel blind deconvolution algorithm
described in Chapter. [3| to perform multi-channel blind equalization. This application is partly
inspired from the dual problem discussed in [1]. Section presents numerical experiments
assessing the performance of the proposed system and compares it with the performance of
OFDM, an ubiquitous modulation scheme in today’s communication systems.

5.1 Background

A real transmission chain can be modeled by a fully digital equivalent chain as given in
Fig.

A sequence of bits b[l] needs to be transmitted over a communication channel. This sequence of
bits is first transformed in a sequence of symbols s[l]. Symbols are typically complex numbers
that belong to a set known as the constellation and noted C in what follows. The process of
transforming bits into symbols is called symbol mapping. The simplest digital modulation scheme

qu
z Inverse
Symbol s[l] | Channel yll] . 5[1] ~
b[l] — mapping ] Q—/ Equalizer symbpl — bl[l]
mapping

Figure 5.1: Digital equivalent transmission chain.



performs the following mapping

ol = {—1 ?fb[l] io
+1 if bli] = 1.

In this case, the constellation is simply given by
C={-1,+1}

and a symbol only conveys one bit of information. This digital modulation scheme is known as
BPSK (Binary Phase Shift Keying). Another common digital modulation scheme, known as
QPSK (Quadrature Phase Shift Keying), uses a complex constellation with four symbols

C:{1+j71_37_1_]7_1+3}
and thus maps two bits to each symbol.

The sequence of symbols is then transmitted over the communication channel. In practice, the
sequence is converted to the analog domain through a pulse shaping filter, up-converted to the
carrier frequency and then emitted by an antenna. On the receiver side, the signal is then
down-converted, matched filtered and sampled. In simulations, the up and down-conversion
are generally omitted for practical reasons. This leads to the so-called baseband equivalent
transmission chain. Because both the transmitter and the receiver work in the digital domain in
the end, the cascade of the pulse shaping filter, the “physical” channel and the matched filter can
be modeled as a digital filter, noted h on Fig. In communication systems jargon, an element
h[l] of h is called a tap. In wireless communications, each tap h[l] of the digital equivalent filter
h physically corresponds to a sum of contributions from several physical paths of the analog
signal. Furthermore, if these paths can be considered independent and if the number of paths is
sufficiently large, by the Central Limit Theorem, each tap h[l] can be modeled as a circularly
symmetric complex Gaussian random variables

hll] ~ CN(0,0}).

The variance O'l2 of each tap hl[l] determines how much energy is expected on the [-th tap. Because
|h[l]| follows a Rayleigh distribution, this model is called Rayleigh fading. It is reasonable in
situations where the number of small reflectors in the environment is sufficiently large and is also
often used for its simplicity |21, Chapter 2]. In addition, because the power of an electromagnetic
wave decreases as 2, where r is the traveled distance, it is also reasonable to assume that most
of the received power is concentrated in the K first taps of h[l]. The channel can thus be though
of as being short, i.e. supported on [ € [K].

On the receiving side, the received samples are given by

K-1
yll] = > hlk]s[l — k] + v[l]. (5.1)
k=0

The sequence of samples y[!] is thus given by the linear convolution of the sequence of symbols s]!]
with the equivalent digital channel impulse response h[l], corrupted by additive white noise v[l].
In a baseband equivalent model, the noise samples v[l] are generally assumed to be independent
and identically distributed according to a circularly symmetric complex Gaussian.

The goal of the receiver is of course to recover the transmitted bit sequence b[l]. The first step
consists in estimating the transmitted symbols given y[l]. This process is known as equalization
and somehow requires to invert the equivalent channel impulse response h[l]. Several equalization
methods exist, both in the time and in the frequency domain. These methods are almost always
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data aided. Indeed, they first need a known sequence of symbols (typically called a training
sequence or a pilot) to be transmitted to estimate the channel impulse response. In addition,
because typical channel impulse responses vary with time (e.g., in mobile communications), this
known sequence of symbols needs to be sent periodically so that the receiver can update its
channel estimate. By using blind deconvolution to perform blind equalization, training sequences
could be replaced by symbols containing information.

Finally, once equalization has been performed, the symbol estimates 5[I] are demodulated to
give the bit estimates b[l]. For the simple BPSK modulation discussed at the beginning of this
section, this amounts to looking at the sign of the real part of §[l].

5.2 System description

Leveraging the multi-channel blind deconvolution algorithm described in Chapter [3| to replace
the classical data aided equalization by a blind equalization scheme requires some changes to the
transmission chain presented in the previous section.

First of all, and as expected, multiple channels are needed. As such, the receiver should be
equipped with multiple antennas sufficiently spaced for the channels to be diverse. Another
possible configuration might involve several independent receivers cooperating in some way to
aggregate the received signals and feed them to the deconvolution algorithm. The rather intensive
deconvolution task might even be off-loaded to some server in applications where latency is not a
critical issue.

For practical reasons, the transmitted symbols should be transmitted in blocks (or packets) of
small size to avoid the deconvolution to be too computationally demanding. In addition, the
linear convolution in equation needs to be transformed in a circular convolution for the
deconvolution to work. This transformation is achieved via a classical operation called cyclic
prefix extension. This will be discussed in section

Next, the fact that our blind deconvolution algorithm does not work with complex numbers needs
to be addressed. Indeed, as discussed in the previous section, the baseband equivalent channel
h[l] and the baseband noise v[l] are generally complex. Interestingly, this issue turns out to have
positive consequences if the chosen constellation is real. This is discussed in section

Finally, the need for robustness to the scalar ambiguity inherent to blind deconvolution suggests
a modulation scheme with differential encoding. For this reason, and because the constellation
must be real, DBPSK (differential BPSK) will be used. This is discussed in section

5.2.1 From linear to circular convolution

A linear convolution can easily be transformed into a circular convolution through a process
called cyclic prefiz extension. This is for example done in the ubiquitous OFDM (Orthogonal
Frequency Division Multiplexing) modulation scheme.

Communication systems generally work on blocks of symbols. Denoting L the block size, the i-th
block of symbols is defined as

si=(sliL] sL+1] - s[G+1)L—2 s[(i+1)L—1]).

The same notations will be used for blocks on r[l] and v[l]. To use the blind deconvolution
algorithm to perform block per block equalization on y;, the output of the equivalent transmission
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chain must be given by a circular convolution
Yyi=si®h+v, (5.2)

However, this is not what the receiver gets at the output of the transmission chain presented in
the previous section. Indeed, equation for the i-th received block can be written as

1 _
yz[l] = Z h[k]sz[l - k] + Kz:l h[k]si_l[L +1— /{] + l/Z‘[l], l e [L]
k=0 k=Il+1

For | < K — 1, y;[l] thus depends on both s; and s;_1. This is commonly called inter-block inter-
ference in communication systems. Fortunately, pre-processing the blocks s; at the transmitter
side can remove inter-block interference. This pre-processing step is called cyclic prefix extension.
Let Lep, be the cyclic prefic length. The transmitter builds a vector s given by

si=(sill—Le) .. slL=1] sl0] ... s[L—1])

Simply stated, s is formed by prefixing s; with the last L, symbols of s; itself. This vector is
then transmitted through the channel h[l]. The receiver gets

l K-1
yill = Y hlK]si[l— k] + Y hlk]si_ [L+ Lep +1— K]+ Vi[l], 1€ [L+ Lep)
k=0 k=141

and throws away the first L., samples of y to obtain y;

Lep+l K-1
yill] = Z hlk]si[Lep + 1 — k] + hlk|si_1[L + 2Lep + 1 — K] + vl le[L)].
k=0 k=Lcp+Il+1

For L., > K — 1, this reduces to
K-1
yilll = > hlk]si[Lep +1— K]+ will], 1€ [L].
k=0

Finally, using the definition of s}, one can write

si{L+1— k] I—k<0

HLep +1— k] =
ilLer } {si[l—k‘] - k>0

or, equivalently,
K-1

yilll = Y hlk]sill —k  mod L]+ v[l].
k=0
This last equation exactly matches the definition of the circular convolution of h and s;. This
demonstrates how a cyclic prefix whose length satisfies

Lopy>K—1

transforms the linear convolution of equation [5.1] into the circular convolution of equation [5.2
This, however, comes at a price: L + L., symbols are transmitted in each block for only L
symbols containing information. This price is already paid by every communication systems
using OFDM and is thus not a limitation in practice.

The complete transmission chain that transforms linear convolutions into circular convolutions is
given in Fig. [5.2]
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Figure 5.2: Cyclic prefix to transform linear convolution in circular convolution.

5.2.2 Dealing with complex channels

As discussed in section Rayleigh fading is a simple yet reasonable model for the channel h[l].
However, our blind deconvolution algorithm does not work for complex numbers. Fortunately,
this is not really an issue if the symbols are real. Indeed, one can write equation as

yi = s ® (Re{h} +jlm{h}).
= 8; @Re{h} +j (Si @Im{h})

and take the real and imaginary parts of y, to obtain two real channels

Re{y;} = s; ® Re{h}
Im{y;} =s;i®Im{h}.

In other words, if the symbols are real, a single complex channel is equivalent to two real channels.
As a consequence, the multi-channel blind equalizer might even work for a single “physical”
channel. This restricts the system to use a real constellation and we thus choose the following
constellation

C={-1,+1}.

5.2.3 Differential encoding

To demodulate BPSK modulated symbols 5[I], the receiver only needs to look at the sign of the
real part of 5[l]. However, if the equalization is performed via blind deconvolution, the estimated
symbols can only be equal to the transmitted symbols up to a scalar factor o € Rg, that is

S = as.

If @ > 0, the signs of the symbols will be preserved and the demodulation will produce the
correct sequence of bits b. If, however, a < 0, the signs of the symbols will be flipped and the
demodulation will produce the bit-wise negation of b. The inherent scalar ambiguity of blind
deconvolution thus becomes a phase ambiguity on the estimated symbols §. A common approach
to solve this ambiguity is to use differential encoding. Instead of the basic BPSK symbol mapping
presented in section the modulator encodes the information in the sign change between
successive symbols as follows

g [s0=1 =0
S B T
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For s[0], the modulator uses an arbitrary initial state, for example s[—1] = +1. On the receiving
side, the demodulator only needs to look at the sign change between two successive received
symbols to find the corresponding bit. The first symbol, however, needs to be discarded as there is
no way to resolve its ambiguity. This digital modulation scheme, known as DBPSK (Differential
BPSK), makes the system robust to the scalar ambiguity of the blind equalizer.

5.3 Numerical experiments

This section presents some numerical experiments to assess the performance of the deconvolution
method described in the previous section. Rayleigh fading channels with uniform power delay
profile (i.e., 0 = 02, V) are used in all the simulations that follow. In addition, the channels are
independent of each other.

5.3.1 Noiseless case

Even though the noiseless case has no practical interest, it is interesting to look at the empirical
probability of successful recovery of our multi-channel blind equalizer in the absence of noise
first. This is presented in Fig. for a block length L = 32, channels lengths K ranging from 1
to 32 and number of complex channels N ranging from 1 to 8. In each case, the cyclic prefix
length is such that linear convolutions are correctly transformed into circular convolutions. For
each value of NV and K, the experiment has been repeated 100 times.

In the communication systems context, the criterion for successful recovery used in Chapter
is not really practical. The metric of interest in this case is the bit-error-rate (BER), i.e., the
percentage of bits that were not received correctly. Because the goal of the multi-channel blind
equalizer is also to obtain an estimate of the channels, channels estimation errors should also be
part of the new criterion. Let h be the estimate of the N complex channels (concatenated in a
single vector) obtained via blind deconvolution and once the scalar ambiguity resolved. In the
noiseless case, recovery is defined as successful if

BER =0
and -
h—h
IR =hlls 01,
Rl

The first part is justified by the fact that a noiseless communication system should not suffer
from any transmission error. The second is more arbitrary but seems reasonable in this context.
In the noiseless case, the actual relative recovery error is usually lower than 0.01.

Fig. shows that, in the noiseless case, the system works perfectly for almost every value of K
and N that are above the information theoretic limit (i.e. where the oversampling factor is >

1).

5.3.2 Robustness to noise and comparison with OFDM

Fig. shows BER curves against the SNR in different configurations. The red curve is the
BER achieved by a simple single-carrier system on a channel where additive white Gaussian
noise is the only impairment, i.e., the channel is of length 1, h[l] = d[I]. Such a channel is called
an AWGN channel. This corresponds to the best possible configuration. The orange curve is
the BER of the same system on multipath channels without any equalization. As expected,
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Figure 5.3: Empirical probability of successful recovery for a block size L = 32. White is 100%
success and black is 0% success. Each success probability in the grid was averaged over 100
transmitted blocks, each time on different random Rayleigh fading channels. The red curve is
the limit where the oversampling factor is equal to 1. Above this line, successful recovery is
impossible from an information theoretic point of view.

the BER is constant and equal to the worst possible BER, 0.5. This shows the importance
of equalization in communication systems. The purple curve is the BER of a system using a
very popular modulation scheme, known as OFDM, on multipath channels. OFDM allows easy
equalization in the frequency domain but requires a known training sequence to be transmitted
in order to estimate the channel impulse response first. OFDM also uses cyclic prefix extension.
Finally, the blue curve is the BER of the multi-channel blind equalization system described in
this chapter with N = 4 receiving antennas. The multipath channels used in the simulations
are 10-tap Rayleigh channels. For OFDM and the multi-channel blind equalization system, the
packet length L = 128 and the cyclic prefix length L., = 12. OFDM uses a complete block for
the training sequence.

Fig. shows the average relative estimation error on the channels for OFDM and for the
multi-channel blind equalizer. The parameters are as in Fig.

In both figures, each data point is the result of an averaging over 7000 blocks, each time with
new random symbols to be transmitted and new random Rayleigh channels.

Fig. shows that the multi-channel blind equalization system is able to outperform OFDM
when the SNR is sufficiently high. At low SNR however, the performance decreases as already
observed in Chapter This is also visible on the average relative channel estimation error

depicted in Fig.

It is important to note that the comparison with OFDM needs to be nuanced. Indeed, because
the two systems are so much different (i.e., one is using a single receiving antenna and a training
sequence while the other is using 4 receiving antennas and no training sequence), the comparison
might no be totally fair. Comparison with a multiple-antenna OFDM system would be fairer as
it would allow both systems to benefit from diversity.
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Figure 5.4: (a) Bit-error-rate (BER) curves against the SNR for several systems and channels

configuration. (b) Comparison of the average relative estimation error of the channel(s) for both
systems.
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Chapter 6
Application to geophysical imaging

In this chapter, an application of noise imaging in the context of geophysics is described.
Geophysical imaging refers to a set of techniques that can be used to discover the physical
properties of the Earth’s subsurface. Examples of such physical properties include electrical
resistivity, wave velocity, etc. The final objective of seismic imaging is to obtain a map of the
different constituents in the subsurface.

Sec. first starts by a very short introduction to the use of deconvolution in seismic imaging
and motivates the use of blind deconvolution in the context of seismic-while-drilling experiments.
Next, Sec. describes a numerical experiment that uses a seismic imaging toolbox to generates
the filters. Unfortunately, this experiment further highlights the limitation of the hard constraint
on the support size of the filters imposed by our model.

6.1 Background

Traditional seismic imaging uses a controlled and known seismic vibrations source, and infers
the properties of the subsurface from recorded seismic traces. This is analogous to the known
sequence of symbols transmitted to help equalization in the context of communication systems.
Both the source and the geophones (i.e. devices measuring seismic vibrations) can be located
either in the subsurface or on the surface. Appendix [B] shows how the recorded seismic traces
can be modeled as linear convolutions between the seismic source signal and the subsurface
Green’s functions. In the context of geophysics, Green’s functions can be thought of as the earth’s
impulse responsesﬂ For imaging purposes, one is thus interested in recovering the subsurface
Green’s functions from the recorded seismic traces

Pa(t) = (gn * 5)()

where g, (t) is the Green’s function sampled at the location of receiver n and s(t) is the seismic
source signature. When the seismic source signature is known, this can be achieved by performing
a simple deterministic deconvolution.

In some situation however, the environment might contain an additional unknown noisy seismic
source. This is for example the case on drilling sites, where the drilling operation generates
so-called drill-bit noise. In this context of seismic-while-drilling (SWD) imaging, the recorded
seismic traces thus contain mixed contributions from both the controlled source and the noisy

1 As shown in Appendix it should be noted that there is in fact a unique Green’s function that is sampled at
several receivers locations, thus giving one earth’s impulse response by receiver.
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source convolved with the Green’s functions

Pa(t) = (gn * 5)(t) + (gn * D)(?)

where b(t) is the drill-bit noise. In [4], the authors propose a deblending procedure based on
independent component analysis to separate both contributions. The contribution corresponding
to the controlled and known source can then be used to perform imaging. Another approach,
proposed in [16] consists in getting rid of the controlled source and using the drill-bit noise only
to perform imaging. In this case, the recorded seismic traces are given by

Pu(t) = (gn * b)(1).

The proposed method is however not yet blind as the drill-bit signal is measured by a sensor
before further processing the recorded seismic traces. In the very recent [3], the authors propose a
multi-channel blind deconvolution algorithm based on a least-squares fit of the cross-correlations
of the recorded seismic traces. This algorithm, called “Focused Blind Deconvolution”, is able to
recover the cross-correlated Green’s functions (i.e., interferometric Green’s functions) provided
that the Green’s functions are sufficiently short compared to the recording length and that the
recorded seismic traces are sufficiently diverse.

In this context of seismic-while-drilling imaging, the next section discusses the applicability of the
multi-channel blind deconvolution algorithm described in Chapter [3| to directly recover Green’s
functions.

6.2 Numerical experiments

This section describes a numerical experiment in the context of blind Green’s functions retrieval,
using the multi-channel blind deconvolution algorithm described in Chapter The seismic
experiments were carried out using PYSIT, a Seismic Imaging Toolbox for Python [10].

The subsurface wave velocity model and the source/receivers configuration used in the numerical
experiment are given in Fig. [6.1] As is common in geophysics, the y-axis represents the depth in
the subsurface and points downwards (i.e., the bottom of the figure is the deepest part of the
subsurface). The red triangles represent the receivers positions while the red cross is the drill-bit
position. The number of receivers has been fixed to 10. The background velocity is in dark gray.
This model only contains two horizontal reflectors, visible as perturbations of the background
velocity model in Fig.

Given the observed convolutions

pn(t) = (gn * b)(t)7 ne [N]
N-1

the objective is to recover both the Green’s function sampled at the receiver locations {gn(t)},
and the drill-bit noise b(t). To simplify, the drill-bit noise b(t) is assumed to be white and
Gaussian, even though it is not the case in practice [3]. The convolution in this last equation
is not circular. Even if a linear convolution can reasonably be approximated by a circular
convolution if the support of g, (t) is sufficiently short, this issue will be avoided here by replacing
the linear convolution by a circular convolution in the process generating the seismic traces
Pn(t).

The generation of the seismic traces {p,(t)}—, works as follows:

1. Extract the Green’s function sampled at the N receivers locations using PYSIT and the
subsurface model given in Fig.[6.1] The impulse responses associated with two receivers

are given in Fig. 6.2

34



Depth [space units]

Offset [space units]

Figure 6.1: Subsurface model used in the numerical experiments. In geophysics, the y-axis
represents the depth and points downwards, i.e., the bottom of the figure corresponds to the
deepest part of the subsurface. The red triangles represent the receivers positions while the
red cross is the drill-bit position. This model only contains two horizontal reflectors, visible as
perturbations of the background velocity model.

2. The extracted impulse responses are then downsampled and thresholded to only keep values
above a given threshold.

3. The downsampled and thresholded impulse responses are then truncated to their K first
non-zero samples. The result of these operations on the impulse responses of Fig. are
given in Fig. [6.3] for a downsampling factor of 10 and K = 70. The resulting length-K
vectors are noted g,,.

4. The drill bit noise is generated as a length-L Gaussian random vectors with i.i.d entries
and is noted b.

5. Finally, the seismic traces are length-L vectors p,, generated as follows

p,=b®(Cg,)
where C' = I« k. Note that the convolution here is circular.

This way of generating the seismic traces is of course not realistic and far from the seismic-while-
drilling experiments presented for example in [3]. It is in fact totally equivalent to the numerical
experiments presented in Chapter 3] with a generative model for the filters h,, that is closer to the
geophysical imaging context than random Gaussian filters with i.i.d entries. Nevertheless, this
experiment can serve as a first test for the applicability of the multi-channel blind deconvolution
algorithm in a seismic imaging context.

Results Using the above procedure to generate the seismic traces p,,, the algorithm described
in Chapter |3| always fails. Other configurations of source/receivers and other subsurface models
(such as the Marmousi model, a more realistic model well known in the Geophysics community)
were also tested but gave the same results.

35



0.5

-0.5

1.5

1

0.5

0

—0.5

1073
I
| | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time [s]
1073
T
| | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time [s]

Figure 6.2: Impulse responses g1 (t) and g4(t) (corresponding to the first and fourth receiver)
extracted with PySIT.
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Compared to the channels model used in the numerical experiment of Chapters [3|and [5| several
factors might explain the failure of the algorithm in this context:

e smoothness: the channels g,, are smoother than the random Gaussian channels used in
the preceding chapters. This comes from the fact that the entries of the channels g,, are
no longer independent and identically distributed. Indeed, successive samples are clearly
correlated.

e lack of diversity: as is apparent from Fig. the impulse responses of the different
receivers are very similar. This could lead to a reduced effective oversampling factor or
even to roots shared by all the channels, as discussed in Chapter [4]

e support completeness: Fig. [6.3|shows that the edges of the support are very close to
zero (although not strictly equal to zero). Strictly speaking, the support is thus complete.
However, having values very close to zero on the edges of the support could make the
situation ill-posed (or “almost ill-posed”).

e energy concentration: Fig.[6.3 also shows that most of the energy of the channels is
concentrated in a few elements (in addition of being concentrated in the K first non-zero
elements). Note that this issue is in fact closely related to the previous one.

Numerical experiments with random Gaussian channels smoothened by a Gaussian kernel of
given standard deviation suggest that smoothness is not an issue. Another experiment consists
in repeating the above one with g,, replaced by g,, — g,,, where g,, is the mean value of g,,.
This makes the support complete and reduces the energy concentration issue while keeping
the smoothness and diversity unchanged. In this case, the algorithm sometimes succeed to
recover g,, — g, This further indicates that smoothness is not an issue and suggests that the
lack of diversity is not the main issue here neither. The main issues thus seems to be support
completeness and energy concentration.

As discussed at the end of Chapter [3|and in Chapter 4] the support completeness issue is intrinsic
to the hard constraint on the support size imposed by our model. To get rid of this issue would
then require to move away from this model and to find another way of favoring short filters in
the recovery. This will be briefly discussed in the next and final chapter.

37



Chapter 7

Conclusion

Chapters [3| and [5| demonstrated the effectiveness of the proposed model and algorithm to solve
multi-channel blind deconvolution for Gaussian random channels with independent and identically
distributed entries. In the noiseless case, the phase transition diagrams show that an oversampling
factor greater than 1 is the only requirement for successful recovery. Except at very low SNR
and for small oversampling factors, the recovery is also stable in the presence of noise.

However, the end of Chapter [3]and Chapter [ tempered these positive results by highlighting
the fact that ill-posedness actually depends on the a priori choice of K. If K is larger than the
actual channels length, the end of the support is not complete and ill-posedness arises. If K is
smaller than the actual channels length, the algorithm is not able to explain the observations with
channels shorter than the actual channels. This hard constraint on the support size imposed by
our model thus only makes sense in contexts where the support size is known or can be estimated
reliably. The validity of this assumption in the context of Chapter [5 and the interesting question
of estimating the support size given the observations was not discussed in this work.

The failure of the algorithm in the context of Green’s function retrieval further emphasized this
limitation. It suggested that having a complete support is not sufficient and that, in addition,
the values on the edges of the support must not be too small. This is related to the interesting
question of the energy concentration inside the support. In the context of Chapter 5| for example,
the performance of the multi-channel blind equalizer for channels with non-uniform power delay
profile could be studied. In the same context, Ricean channels could also be studied. In such
channels, one tap is dominant and contains most of the energy. This physically corresponds a
line-of-sight path of the electromagnetic wave being transmitted [21].

A possible solution to avoid this support completeness issue would be to relax the hard constraint
on the support size and to find an other way of favoring short filters in the recovery. One
possibility would be to minimize the following cost function

N N1 _Nfl - ) )\NflLfl l l )
F(s,{ha}nZ0) = D Iy —s@wnlly + A D > (D)|wall]]
n=0 n=0 [=0

where the second term is a penalty term. For weights (1) increasing with [, this would favor
short filters over longer ones. This approach resembles the one used in [3].

The impact of the channels similarities on the performance of the algorithm is yet another
interesting question that was not studied in this work. As mentioned at the end of Chapter
similarities between channels are expected to reduce the effective oversampling factor. To
characterize this effect, a measure of channels similarities and a way of controlling it must first
be devised. Numerical experiments suggest that the condition number of the K x N matrix
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whose columns are the length-K channels h,, might be a good candidate to measure channels
similarities.

Finally, in terms of computational speed, it should be noted that the performances of our
algorithm do not match the great performances achieved in [2] for the single-input single-channel
caseﬂ (although the algorithm is in fact the same). However, as optimizing the computational
performances of the algorithm was not a central topic of this work, there is probably room for
improvement there.

IThis explains why the phase transition diagram presented in the numerical experiments of Chapter [3|is done
at such a small scale.
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Appendix A

Calculation of A*

The adjoint of the linear operator A defined in (3.2)) is the linear operator A* : CEV — REXKN
that satisfies

(X, A" (y)) = (A(X),y)

for all X € REXEN and y € CHYV where (-, ) denotes the trace inner product on the left hand
side and the standard vector inner product on the right hand side. To ease notations, let

yall] = ylnL +1],  (I,n) € [L] x [N].

The right hand side of the above equation can be developed as

N—-1L-1
(AX),y) = > > (Fi1din X)ynll]
n=0 [=0
N—-1L-1
n=0 [=0
N—-1L-1
= (X, Ynlll f1600 )
n=0 [=0

By identification, the adjoint is thus given by

N-1L-1

A ) =D > yalllf197n-

n=0 [=0
Developing this expression then gives

N-1L-1

A )= > D walllfilef @ &)
=0

n=0 [
1

N—lZOL—l
VI ( yn[uflf;fc)mz.

For N = 1, this is consistent with the adjoint computed for the single-channel case [13], equa-
tion (3.7)]. Finally, the adjoint can be simplied to

N
A(y) = D (F* diag(y,)FC) @ ey

n=1
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Appendix B

From the wave equation to
convolution

Let p(x;t) denote the pressure at position € R? in the subsurface and time instant ¢. The
evolution of p(x;t) through space and time is ruled by the wave equation
1 9%*p(x;t)
A(x) Ot?

— Vp(x;t) = f(a;t) (B.1)

where c(x) denotes the wave velocity at position , V? is the Laplacian operator and f(x;t)
is the seismic source at position  and time instant ¢. The Green’s function G(x, xs;t) is the
solution of the wave equation when f(x,t) = 6(¢)d(x — x5), that is

1 9°G(z, xy;t)
2(x) ot?

— V2G(x, z4;t) = 5(t)0(x — x4).
By linearity of the wave equation, the solution of the general wave equation (B.1)) is then given
by

pait) = [ [ Gyt - n)fyir) drdy,

Assuming now that the seismic source is a point source located at x; and producing a waveform
s(t), the pressure field is given by

p(x;t) = /G(w,ms;t —7)s(7)dr.

In other words, when the seismic source is a point source located at x5, the pressure field p(x,t)
at any location & and any time instant ¢ can be written as a convolution between s(¢) and the
Green’s function associated to the medium wave velocity c(x)

p(m;t) = G(x, @55 1) * s(t).
For a geophone located at position x,, the recorded seismic trace would then be given by
p(@n;t) = G(@n, T3 t) * s(t)

or, in an abbreviated form,
pn(t) = (gn * S)(t)'

It should be noted that the convolution in this last equation is not circular. However, as mentioned
in Chapter [2] a linear convolution can reasonably be approximated by a circular convolution if
the support of the filter is sufficiently short.
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