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ii.

Abstract

This master thesis investigates whether machine learning methods can improve covariance
matrix estimation for global minimum variance portfolios by learning time-varying shrinkage
intensities. In high-dimensional portfolio problems, the sample covariance matrix is often
unstable, which can lead to extreme portfolio weights and poor out-of-sample risk control.
Classical shrinkage estimators address this issue by combining the sample covariance matrix
with a structured target, but they generally rely on a shrinkage intensity that is static or derived
under stable distributional assumptions. This thesis instead studies shrinkage intensity as a

state-dependent parameter that may vary with market conditions.

The empirical framework compares supervised learning and reinforcement learning approaches.
Supervised models are trained to approximate an ex-post oracle shrinkage intensity using features
extracted from rolling estimation windows, including volatility, correlation, eigenvalue and
covariance-stability indicators. Reinforcement learning models treat shrinkage selection as
a sequential decision problem and learn policies directly from realised portfolio outcomes.
Two policy-gradient architectures are implemented: a feedforward policy gradient agent and a

recurrent policy gradient agent based on a gated recurrent unit.

The results show that the oracle shrinkage intensity varies substantially over time and is linked
to observable market regimes, supporting the idea that covariance shrinkage should be modelled
dynamically. The oracle is also partly predictable, with nonlinear supervised models, especially
tree-based methods, capturing more informative patterns than regularised linear models. In
portfolio terms, learning-based shrinkage policies improve upon the sample covariance bench-
mark in the baseline setting, with the strongest gains coming from nonlinear models and, in
particular, the recurrent reinforcement learning specification. However, robustness checks show
that these improvements are not unconditional: performance depends on the estimation window,

the dataset and the modelling framework.

Overall, the thesis shows that supervised learning and reinforcement learning can learn economi-
cally meaningful dynamic shrinkage policies for minimum-variance portfolio construction. The
main contribution is to bridge classical covariance shrinkage with data-driven decision rules,
showing that adaptive regularisation can improve portfolio stability when market conditions

change.
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CHAPTER 1

INTRODUCTION

1.1 Context and motivation

Accurate estimation of the covariance matrix of asset returns is a central problem in portfolio
management. Within the classical mean-variance framework introduced by Markowitz (1952),
portfolio risk is determined by the covariance structure of asset returns. As a result, the quality
of covariance estimation plays a critical role in determining the stability and performance of

optimal portfolio allocations.

In empirical applications, the covariance matrix must be estimated from historical data. The
most common estimator is the sample covariance matrix. However, when the number of assets
is large relative to the available sample size, the sample covariance matrix becomes highly
unstable. Estimation errors are amplified by the optimisation procedure, often resulting in
extreme portfolio weights and poor out-of-sample performance. This phenomenon has been
widely documented in the literature on portfolio optimisation and is often referred to as error
maximisation (Best and Grauer, 1991; Chopra and Ziemba, 1993; Michaud, 1989).

To mitigate these problems, a large body of research has focused on regularising covariance
estimates. One of the most widely used approaches is covariance shrinkage, which combines
the sample covariance matrix with a structured target matrix in order to reduce estimation
variance. Seminal contributions by Ledoit and Wolf (2003, 2004) demonstrate that shrinkage
estimators produce well-conditioned covariance matrices that significantly improve portfolio
stability. More broadly, shrinkage methods can be interpreted as exploiting the bias-variance

trade-off in covariance estimation in order to reduce estimation risk.

Subsequent research has further extended this framework. In particular, nonlinear shrinkage
estimators have been proposed to improve the estimation of the eigenvalues of large covariance

matrices under high-dimensional asymptotics (Ledoit and Wolf, 2004, 2020). These approaches
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rely on results from random matrix theory to derive asymptotically optimal transformations of

the sample eigenvalues while retaining the sample eigenvectors.

While these methods substantially improve covariance estimation, most shrinkage estimators
rely on a constant shrinkage intensity that is assumed to be stable over time. Financial markets,
however, exhibit time-varying volatility, evolving correlation structures and structural breaks
(Starica and Granger, 2005). In such environments, a fixed shrinkage coefficient may fail to

adapt to changing market conditions.

1.2 Research gap

Recognising the limitations of static shrinkage estimators, recent research has explored the
possibility of allowing the shrinkage intensity to vary over time. Data-driven approaches have
been proposed in which the shrinkage coeflicient is modelled as a function of observable market
characteristics. For example, machine learning methods have been used to learn covariance
regularisation parameters directly from historical data with the objective of improving portfolio

risk estimation.

Despite these advances, determining optimal shrinkage policies remains challenging. Most
existing approaches rely on static estimation procedures or supervised learning models that treat
the problem as a cross-sectional prediction task. However, portfolio construction is inherently a
sequential decision problem in which decisions must be made repeatedly over time and evaluated

based on their future portfolio performance.

Reinforcement learning provides a natural framework to address this issue. In reinforcement
learning, an agent interacts with an environment and learns a policy that maximises expected
cumulative reward through sequential decision making (Sutton and Barto, 1998). Recent studies
have applied reinforcement learning techniques to portfolio allocation problems, demonstrating
their ability to adapt to changing market conditions and learn dynamic investment strategies
(Moody and Saffell, 2001).

1.3 Research question

Building on these developments, this master thesis investigates whether data-driven methods can

be used to learn dynamic shrinkage policies for covariance estimation in portfolio construction.

More specifically, the master thesis examines whether machine learning algorithms can be used
to determine state-dependent shrinkage intensities that improve the out-of-sample performance
of minimum-variance (GMV) portfolios relative to standard statistical and static estimation
techniques.

The central research question can therefore be formulated as follows:
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Can supervised learning and reinforcement learning methods learn time-varying co-
variance shrinkage policies that improve out-of-sample performance for minimum-

variance portfolios?

1.4 Contributions

This master thesis contributes to the literature on covariance estimation and portfolio construction

in several ways.

First, it proposes a data-driven framework in which the shrinkage intensity is modelled as a
function of market information rather than being treated as a fixed parameter. This allows the

covariance estimator to adapt to changing market environments.

Second, the master thesis compares different learning approaches for estimating shrinkage
policies. In addition to supervised learning models, reinforcement learning algorithms are

implemented in order to explicitly account for the sequential nature of portfolio decisions.

Third, the reinforcement learning framework is implemented using two policy gradient architec-
tures. A policy gradient agent (PGA) based on a multilayer perceptron learns shrinkage decisions
directly from the current return window, while a recurrent policy gradient agent (RPGA) based

on a gated recurrent unit captures temporal dependencies in the return sequence.

Finally, the economic value of the proposed approach is evaluated in the context of global
minimum variance (GMV) portfolios. The performance of the learned shrinkage policies is

compared with traditional covariance estimators using an extensive out-of-sample analysis.

1.5 Structure of the master thesis

The remainder of this master thesis is structured as follows.

Chapter 1 reviews the existing literature on covariance estimation, with a particular focus on
shrinkage methods and recent machine learning approaches to portfolio construction. It also

introduces the conceptual framework underlying dynamic shrinkage.

Chapter 2 presents the empirical methodology. It describes the data, outlines the portfolio
construction framework, and details the procedures used to estimate covariance matrices and

implement both supervised and reinforcement learning approaches to shrinkage.

Chapter 3 reports the empirical results. It analyses the properties of the oracle shrinkage inten-
sity, evaluates its predictability, and compares the out-of-sample performance of the different

covariance estimators and learning-based strategies.

Finally, Chapter 4 concludes by summarising the main findings and discussing potential limita-

tions as well as directions for future research.
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LITERATURE REVIEW

2.1 Risk estimation in mean-variance portfolio

Mean-variance portfolio optimisation, introduced by Markowitz (1952), provides the theoretical
foundation for modern portfolio management. In this framework, an investor selects portfolio
weights by minimising portfolio risk for a given expected return. Denoting w as the vector of
portfolio weights and X as the covariance matrix of asset returns, the variance of the portfolio is
given by

2

o, = wiEw.

The optimal portfolio weights therefore depend critically on the accurate estimation of the

covariance matrix.

In empirical applications, the covariance matrix is typically estimated using the sample co-
variance matrix. Given a matrix of asset returns R;.;7 € R7*N with T observations and where

R, € RY denotes the return vector at date 7, the estimator is
1 < 1 <
S=—— R,—R)(R,—R)" where R=—= ) R
T Zl( (= R)(R ~ R) - Zl t

While this estimator is unbiased under standard assumptions, its use in portfolio optimisation
can lead to significant estimation problems. In particular, the optimisation procedure amplifies
estimation errors in the covariance matrix, often resulting in extreme and unstable portfolio
weights. Michaud (1989) argues that mean-variance optimisation based on noisy parameter
estimates tends to produce portfolios that appear optimal in-sample but perform poorly out-of-
sample, a phenomenon often referred to as error maximisation. Similarly, Chopra and Ziemba
(1993) show that even small estimation errors in the inputs of the optimisation problem can lead

to large distortions in portfolio allocations and substantial deterioration in portfolio performance.
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These estimation issues become particularly severe in modern financial applications charac-
terised by a large number of assets relative to the available time series observations. In such
high-dimensional settings, the ratio between the number of assets N and the sample size T is not
negligible and may even approach or exceed one. In the high-dimensional asymptotic framework,
both N and T grow simultaneously while their ratio converges to a constant ¢ = N/T € (0, c0),
often referred to as the concentration ratio. Under these conditions, the classical properties of the
sample covariance matrix no longer hold, as the estimator becomes poorly conditioned and may
even be singular when N > T (Ledoit and Wolf, 2004; Fan et al., 2011). In this framework, the
sample covariance matrix is no longer a consistent estimator of the true covariance matrix, which
further exacerbates estimation error in portfolio optimisation. These findings highlight the fun-
damental limitations of the sample covariance matrix in large-dimensional settings and motivate
the development of improved covariance estimators designed specifically for high-dimensional

environments.

2.2 Classical shrinkage estimation of covariance matrices

To address these limitations of the sample covariance matrix in high-dimensional settings, a
large literature has developed improved covariance estimators designed to reduce estimation
error and improve matrix conditioning. Among these approaches, shrinkage estimators have
become particularly influential. The central idea is to combine the sample covariance matrix with
a structured target matrix, thereby reducing estimation variance while introducing a controlled

bias.

Formally, shrinkage estimators take the form
S=(1-0)S+AF

where S denotes the sample covariance matrix, F is a structured target matrix, and A € [0, 1]
is the shrinkage intensity controlling the weight assigned to each component. Typical targets
include the scaled identity matrix or constant correlation matrices, which impose additional

structure and improve the conditioning of the covariance estimator (Ledoit & Wolf, 2004).

2.2.1 Linear shrinkage estimator

The pioneering contribution of Ledoit and Wolf (2004) provides a data-driven approach for
estimating the optimal linear shrinkage intensity. Their method derives an estimator for A
that minimises the mean squared error between the estimated covariance matrix and the true

covariance matrix under large-dimensional asymptotics. The resulting estimator takes the form

Sis=(1-A)S + AF.
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Empirical studies show that linear shrinkage estimators substantially improve the conditioning
of the covariance matrix and lead to more stable portfolio allocations compared with the sample

covariance matrix.

Further details on the linear Ledoit-Wolf shrinkage estimator and its role as a benchmark in this

master thesis are provided in appendix B.1.

2.2.2 Nonlinear shrinkage estimators

While linear shrinkage applies a uniform adjustment to the covariance matrix, nonlinear shrink-
age methods allow for more flexible adjustments. These approaches typically modify the

eigenvalues of the sample covariance matrix while preserving the corresponding eigenvectors.

The spectral decomposition of the sample covariance matrix is given by S = UAU' where
U= [uy,...,u p] is the orthogonal matrix whose columns are the sample eigenvetors of S,
and A = diag(4y,...,4,) is the diagonal matrix of sample eigenvalues. Nonlinear shrinkage
estimators preserve the sample eigenvectors and replace the sample eigenvalues by shrunk
eigenvalues, yielding

Sns = UAUT.

where A = diag(/i Loooe ,/ip). Such estimators are often derived using tools from random
matrix theory and have been shown to provide significant improvements in high-dimensional
environments. In particular, Ledoit and Wolf (2020) propose an analytical nonlinear shrinkage

estimator that performs well when the number of assets is large relative to the sample size.

2.2.3 Bias-variance trade-off interpretation

The effectiveness of shrinkage estimators can be understood through the bias-variance trade-
off. Although the sample covariance matrix is unbiased, it exhibits high estimation variance
in high-dimensional settings. Shrinkage estimators introduce a small bias by combining the
sample covariance matrix with a structured target matrix, but this bias is compensated by a
significant reduction in variance. As a result, shrinkage estimators often achieve lower mean

squared estimation error and produce more stable portfolio allocations.

2.3 Dynamic shrinkage under non-stationarity

Classical shrinkage estimators are generally derived under the assumption of stationarity, where
the covariance matrix is treated as a fixed population object and the shrinkage intensity is
chosen to minimise expected quadratic loss under stable distributional assumptions. However,
financial return series exhibit significant time variation in their second moments. Ignoring these
dynamics may reduce the effectiveness of static shrinkage rules. This section therefore examines

the implications of non-stationarity for covariance estimation and motivates the interpretation
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of shrinkage intensity as a time-varying parameter.

2.3.1 Time variation in covariance structure

A large empirical literature documents that volatility and correlations in financial returns vary
over time. The autoregressive conditional heteroskedasticity framework of R. F. Engle (1982)
shows that conditional variances evolve dynamically, while Bollerslev (1986) extends this ap-
proach through the GARCH model. In the multivariate setting, Bollerslev (1990) proposes the
constant conditional correlation (CCC) model, and R. Engle (2002) introduces the dynamic

conditional correlation (DCC) framework, allowing correlations to evolve over time.

Beyond parametric volatility models, numerous studies document structural instability in covari-
ance matrices. Market crises and macroeconomic regime shifts can induce substantial changes
in cross-asset dependence. For example, Longin and Solnik (2001) show that international
correlations tend to increase during market downturns, while Ang and Bekaert (2002) provide

evidence that volatility dynamics depend on the prevailing market regime.

These findings suggest that the covariance matrix is more appropriately interpreted as a time-
varying process rather than a fixed parameter. In this framework, estimation error is compounded
by structural change, since past observations may provide only imperfect information about the

current covariance structure.

2.3.2 Shrinkage intensity as a state-dependent parameter

In classical shrinkage estimation, the shrinkage intensity A is treated as a constant parameter
selected to minimise a statistical loss, such as expected quadratic loss. Yet this objective is not
fully consistent with the economic goal of global minimum-variance portfolio construction. A
covariance estimator may be close to the true covariance matrix in terms of matrix loss while
still producing portfolio weights that lead to high realised variance out of sample. Furthermore,
when covariance matrices vary over time, the associated bias-variance trade-off also becomes
time-dependent. As a result, the optimal shrinkage coeflicient should depend on the relative
importance of the estimation variance of the sample covariance matrix and the bias induced by

the shrinkage target in the prevailing market environment.

If these quantities vary across market conditions, as suggested by conditional heteroskedasticity
models, the optimal shrinkage intensity should also adjust accordingly. From this perspective,
shrinkage intensity can be interpreted as a function of the prevailing market state, reflecting the
stability of recent covariance estimates, the reliability of the shrinkage target and the presence

of structural changes in the dependent structure.

This interpretation provides a natural bridge between classical covariance regularisation and
dynamic portfolio allocation, suggesting that shrinkage intensity should be treated as a time-

varying parameter rather than a fixed constant.
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2.4 Machine learning for portfolio construction

Advances in statistical learning and the increasing availability of financial data have led to
growing interest in the application of machine learning methods to portfolio construction.
Unlike traditional econometric approaches, machine learning algorithms can accommodate
high-dimensional predictors, nonlinear relationships and complex interactions among variables.
These characteristics are particularly relevant in financial markets, where asset returns and
risk measures often depend on a large set of observable state variables and exhibit substantial

nonlinearity.

Recent empirical research demonstrates that machine learning models can extract economi-
cally meaningful patterns from financial data and improve predictive performance relative to
traditional linear models. For example, Gu et al. (2020) show that a wide range of machine
learning methods outperforms classical factor models in predicting cross-sectional stock returns.
More broadly, statistical learning provides a flexible tool for approximating complex mappings

between observable market characteristics and latent quantities relevant for investment decisions.

Beyond return prediction, machine learning has increasingly been applied directly to portfolio
construction. In this setting, learning algorithms estimate mappings from observable character-
istics portfolio decisions or risk parameters that improve out-of-sample portfolio performance.
A notable example is the supervised portfolio framework developed by Chevalier et al. (2022)
in which machine learning models map firm characteristics directly into portfolio weights. This
approach integrates prediction and portfolio optimisation within a unified framework, allowing

the learning algorithm to directly target portfolio performance objectives.

More recently, machine learning methods have been used to estimate parameters involved
in covariance matrix regularisation. Rather than deriving shrinkage intensities solely from
asymptotic statistical arguments, data-driven approaches learn the shrinkage coefficient directly
from historical data with the objective of improving portfolio risk estimation (De Nard and
Kostovic, 2026; Mattera and Mattera, 2023). In this framework, shrinkage intensity can be
interpreted as a function of observable market characteristics, allowing covariance estimation to

adapt to changing market conditions.

2.5 Reinforcement learning for portfolio management

Reinforcement learning (RL) provides an alternative framework for financial decision-making by
modelling portfolio management as a sequential decision problem under uncertainty. In contrast
to supervised learning methods, which rely on predicting target variables from historical data,
reinforcement learning focuses on learning optimal decision rules through interaction with a
stochastic environment. In this framework, an agent observes the current state of the market,

selects an action and receives a reward signal reflecting the economic performance of the
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resulting portfolio decision. Over time, the agent updates its policy in order to maximise

expected cumulative rewards (Sutton and Barto, 1998).

The reinforcement learning framework is particularly well suited for financial environments
characterised by uncertainty, non-stationarity, and sequential dependence. Portfolio decisions
are inherently dynamic, as allocation choices made today influence future portfolio performance
and risk exposure. By explicitly accounting for these intertemporal effects, RL provides a flexible
approach to modelling dynamic investment strategies. Early applications of reinforcement
learning in finance include the work of Moody and Saffell (2001), who demonstrate how RL

algorithms can be applied to adaptive trading strategies and dynamic asset allocation.

More recently, reinforcement learning methods have been applied to portfolio optimization
problems involving large-dimensional covariance matrices. In this context, the shrinkage inten-
sity used in covariance estimation can be treated as a decision variable selected by a learning
agent. The agent updates its policy based on realised portfolio performance, learning how to
adjust shrinkage intensity dynamically in response to evolving market conditions. For example,
Mattera and Mattera (2023) propose a reinforcement learning framework in which the shrinkage

parameter is chosen by the agent with the objective of minimising portfolio risk.

These developments illustrate how reinforcement learning can be used to adapt portfolio deci-
sions to changing market environments. By learning policies directly from realised economic
outcomes, RL approaches provide a flexible mechanism for adjusting risk estimation and port-
folio allocation in dynamic financial settings. In the context of covariance estimation, this
perspective interprets shrinkage intensity not as a fixed statistical parameter but as a control

variable that can be adjusted sequentially as new market information becomes available.

2.6 Conceptual synthesis: prediction vs. sequential control

The literature reviewed above suggests two distinct approaches to dynamic covariance shrinkage.
Classical shrinkage estimators treat the shrinkage intensity as a statistical parameter derived
under asymptotic assumptions, whereas recent machine learning approaches model it as a data-
driven object. In supervised learning, the shrinkage intensity is estimated as a conditional
function of observable market characteristics, 4, = f(x;). Reinforcement learning provides a
different perspective by treating shrinkage intensity as an action within a sequential decision-

making problem, where policies are updated according to realised portfolio performance.

These two paradigms correspond to different views of financial decision-making: prediction
versus adaptive control. Supervised learning seeks to approximate an ex-post optimal shrinkage
rule from labelled data, whereas reinforcement learning learns a sequential decision rule directly
from realised portfolio outcomes. This thesis contributes to the literature by comparing these

two approaches within a common empirical framework for dynamic covariance shrinkage.
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EMPIRICAL METHODOLOGY

3.1 Data description

The empirical analysis relies on daily equity returns of S&P500 constituent firms, together with
a series of risk-free rates obtained from the Kenneth French Data Library. The risk-free rate
series spans the period from January 1, 1990 to December 31, 2024 and is used exclusively for

performance evaluation, more precisely for the computation of excess returns and Sharpe ratios.

A balanced panel of S&P 500 stocks is constructed. The initial universe includes all firms that
appeared in the index at any time during the sample period (approximately 1070 firms). To avoid
complications arising from entry and exit of firms, only companies that remain continuously
listed throughout the entire period are kept. This filtering procedure ensures a consistent cross-

sectional dimension and avoids survivorship-related inconsistencies in covariance estimation.

Finally, as a robustness check, three daily datasets were retrieved from the Kenneth French Data
Library: the 100 portfolios formed on size and book-to-market, the 100 portfolios formed on
size and operating profitability, and the 100 portfolios formed on size and investment. These
three datasets span from 1990 to 2024 and were merged together. Finally, the portfolio columns

with missing values were extracted from the final dataset.
* S&P500 data consists of 286 stocks (V) over 8817 trading days.

* The merged portfolio consists of 294 portfolios (V) over 8817 trading days.

3.2 Rolling estimation windows

To replicate a realistic investment process and avoid look-ahead bias, portfolio construction
follows a rolling estimation framework combined with a forward evaluation period. At each

rebalancing date ¢, model inputs are computed using a fixed-length backward window, while

10
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portfolio performance is evaluated over a subsequent forward block. The structure of this

procedure is illustrated in figure 3.1.

estimation window T Holding Period H

We={t—Twin+1, ...t} [(rolling estimation window) Fi={t+1, ....,t+H} (forward block)
[ features computed on W
[ label / evaluation on Ft

Figure 3.1: Rolling estimation and forward evaluation framework

3.2.1 Estimation window

At time ¢, all quantities required for portfolio construction are estimated using the previous L
observations.
W,={t-L+1,...,t}

which corresponds to the set of return observations R;_p 1.

Within each window W;, we compute the sample covariance matrix, shrinkage target and the

feature variables used to predict the shrinkage intensity A;.

In the baseline specification, the estimation window length is set to L = 252 trading days,

corresponding approximately to one year of daily observations.

3.2.2 Forward holding period

After estimating the covariance matrix and determining the shrinkage intensity at time ¢, portfolio

weights are computed and held over a forward evaluation block:
F=A{t+1,...,t+H}

corresponding to the sequence of future returns R;;1.1+f.

In the baseline implementation, H = 21, corresponding roughly to one trading month. Portfolio
weights are computed at the rebalancing date ¢ and then kept throughout the forward holding
period F; = {r+ 1,...,t + H}, so that no interim rebalancing takes place within the block.
At the next rebalancing date, the covariance matrix is re-estimated using the updated rolling
window and a new set of portfolio weights is formed. Returns are therefore realised strictly out

of sample over each holding period.
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3.2.3 Ex-post oracle shrinkage intensity

For each estimation window ‘W,, an oracle shrinkage intensity A; is computed. The oracle
corresponds to the value of 4 € [0, 1] that minimises realised portfolio volatility over the
forward block:
A= i ;W)
t arg/lg[l(l)%] O'(W( 1) J@t)

where 3,(1) = (1 — 1)S; + AF; is the shrunk covariance shrinkage estimated using the returns

. PITh) |
in W, and w(A, W;) = thit((/l))l

denotes the corresponding GMV portfolio weights.

This procedure ensures strict temporal separation between estimation and evaluation and pro-

vides the target variable used in the supervised learning framework.

3.3 Portfolio construction framework

Portfolio allocation is based on the GMV portfolio. Given a covariance matrix estimate 3, at

time ¢, the GMV portfolio weights are defined as

o h
1T

Wi

where 1 denotes a N-dimensional vector of ones.

This portfolio minimises portfolio variance subject to full-investment constraint 1" w, = 1. The
GMV portfolio is widely used in the covariance estimation literature because its performance

depends directly on the accuracy of the estimated covariance matrix.

At each rebalancing date, portfolio weights are computed using the covariance estimate obtained
from the rolling estimation window described in Section 3.2. The resulting portfolio is then

held over the forward evaluation period.

3.4 Covariance shrinkage framework

Covariance matrices are estimated using a shrinkage estimator that combines the sample covari-

ance matrix with a structured target matrix. The estimator takes the form
2(A) = (1 = A)S: + A4 Fy,

where S; denotes the sample covariance matrix computed over the estimation window and F; is
the shrinkage target matrix, and A, € [0, 1] is the shrinkage intensity controlling the degree of

regularisation.
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In this study, the selected target matrix is the scaled identity matrix.
F,=a2l

where [ is the N X N identity matrix and 6 denotes the average of the sample variances across
assets. This specification corresponds to a covariance matrix with identical variances and zero
correlations between assets, providing a well-conditioned benchmark toward which the sample

covariance matrix is shrunk.

3.5 Construction of the supervised learning dataset

The supervised learning framework aims to estimate the mapping between observable market

characteristics and the optimal shrinkage intensity. Formally, the objective is to learn a function

/l;k = f(x)

where x; denotes a vector of features summarising the state of the market at time ¢ and A}
represents the oracle shrinkage intensity minimising the realised volatility on the forward holding

period.

The formal definition of the learning problem are developed in appendix A.S5.

3.5.1 Target variable

The target variable is defined as the ex-post optimal shrinkage intensity A; obtained from the
rolling-window procedure described in section 3.2. For each estimation window ‘W, the oracle

shrinkage coefficient is computed as explained in the section 3.2.3.

3.5.2 Feature variables

The feature vector x, contains summary statistics of the return distribution computed over the
estimation window W;. These variables capture different aspects of the covariance structure
and the stability of the sample covariance matrix. Table 3.1 summarizes the set of features used

in the supervised learning model.
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Table 3.1: Feature variables used in the supervised learning model

Feature Definition
mean_var Cross-sectional average of asset return variances.
mean_corr Average pairwise correlation between asset returns.

eig_concentration

cond_proxy

eig_dispersion
ew_vol

cs_mean_vol

Ratio of the largest eigenvalue of the covariance matrix to
the total variance.

log(%), a proxy for the log-condition number of the
sample covariance matrix.

sd(4i(S1))
mean(4;(S;))
values.

Realised volatility of the equally weighted portfolio over the
estimation window.
Cross-sectional mean of individual asset volatilities.

measuring the relative dispersion of the eigen-

cs_disp_vol Standard deviation of asset volatilities across assets.
mean_abs_corr Average absolute pairwise correlation across assets.
corr_std Standard deviation of pairwise correlations across assets.
corr_p90 90th percentile of the pairwise correlation distribution.
corr_pl0 10th percentile of the pairwise correlation distribution.
effective_rank Participation-ratio measure of the effective dimensionality
- A 2

of the covariance spectrum (ZZ’—/;:Z)

cov_shift Relative Frobenius-norm difference between covariance ma-

trices estimated on the first and second halves of the estima-
tion window.

3.5.3 Theoretical justification of the supervised learning objective

The supervised learning framework is designed to approximate the shrinkage intensity that
minimises future portfolio risk. For each rebalancing date 7, define the mapping g,(A) as the
realised volatility of the GMV portfolio constructed using the covariance estimator £,(1) and

evaluated over the forward holding period.

The optimal shrinkage intensity is then defined as
A7 =arg min g,(1),
t gﬂe[(l)’l] g:(1)

which corresponds to the oracle choice that minimises out-of-sample volatility.

The key property underlying the supervised approach is that the function g;(1) is Lipschitz
continuous in A under mild regularity conditions. In otherwords, Lipschitz continuity means
that for any two admissible shrinkage intensities 4, " € [0, 1], there exists a finite constant L,
such that

g1(A) = (V) < LA -2

In particular, the positive definiteness and boundedness of the shrinkage estimator ensure that
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small variations in the shrinkage intensity lead to controlled variations in the inverse covariance

matrix and, consequently, in portfolio weights and realised volatility.

This regularity implies that the volatility regret of any estimated shrinkage rule A, satisfies
Ar = g (Ay) = g1(A)) < Ll A, = A7),

where L, is a finite Lipschitz constant. The proof of this regret bound is provided in appendix
A.6.

Taking expectations and applying standard inequalities yields that the expected regret is bounded
by a term proportional to the root mean squared error (RMSE) of the shrinkage prediction. As
a result, minimising the prediction error of 1, with respect to the oracle A; directly controls an

upper bound on expected out-of-sample volatility.

This result provides a theoretical justification for the supervised learning formulation. Rather
than optimising portfolio volatility directly, which is difficult in a predictive setting, the problem
is recast as a regression task on the oracle shrinkage intensity. Under the Lipschitz property,

accurate prediction of A7 is sufficient to ensure good out-of-sample risk performance.

The full derivations and proofs are provided in Appendix A.

3.6 Model selection, model interpretation and hyperparameter optimisation

3.6.1 Training and testing samples

To ensure a strict separation between model estimation and performance evaluation, the super-

vised learning dataset is divided into a training period and an out-of-sample testing period.

All machine learning models are estimated using observations up to December 2014, while
the period from January 2015 to December 2024 is reserved exclusively for out-of-sample
evaluation. Formally, letting ¢ denote the rebalancing dates generated by the rolling-window

procedure, the sample is divided as follows:
* Training sample: ¢ < 2014
* Testing sample: 2015 <t < 2024

The training sample is used for model estimation and hyperparameter selection. The testing
sample is not used during model training or model selection and is reserved exclusively for the

evaluation of out-of-sample portfolio performance.

During the testing period, predicted shrinkage intensities are generated using the trained models
and incorporated into the covariance shrinkage framework described in section 3.4 to construct

portfolio weights. This procedure guarantees that all reported results correspond to genuine
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out-of-sample performance.

3.6.2 Supervised learning models

This study considers several supervised learning models to predict the oracle shrinkage intensity
based on the feature variables described in section 3.5. The selected models include both pe-
nalised linear regression methods and nonlinear tree-based methods, these are further explained

in details in appendix B.3.2.

The first group consists of regularised linear models. Ridge regression introduces an ¢, penalty
to the least-square objective in order to reduce coefficient variance when predictors are highly
correlated (Hoerl & Kennard, 1970). Lasso regression instead relies on an £; penalty, which can
shrink some coeflicients exactly to zero and therefore performs variable selection (Tibshirani,
1996). Elastic Net combines both penalties, providing a compromise between the stability of

Ridge regression and the sparsity properties of Lasso (Zou & Hastie, 2005).

The second group consists of tree-based ensemble methods. Random Forest constructs an
ensemble of decision trees estimated on bootstrap samples of the training data and aggregates
their predictions, allowing the model to capture nonlinear relationships and interaction effects
(Breiman, 2001). Extreme gradient boosting (XGBoost) is a gradient boosting algorithm in
which trees are sequentially added to improve the prediction errors of the previous ensemble
(Chen & Guestrin, 2016).

Together, these models provide a range of predictive approaches, from linear specifications
to highly flexible nonlinear methods, allowing the analysis to assess whether the relationship
between market conditions and the optimal shrinkage intensity is primarily linear or nonlinear.
This does not imply that neural networks are unsuitable in general, but rather that they were not
retained in the supervised learning benchmark because their complexity is less well suited to the

effective size and structure of the supervised dataset.

3.6.3 Hyperparameter optimisation (HPO)

Model hyperparameters are selected using the training sample only in order to avoid any contam-
ination of the out-of-sample evaluation. The search for optimal hyperparameter configurations
is performed using the Optuna optimisation framework (Akiba et al., 2019). The optimisation
relies on the Tree-structured Parzen Estimator (TPE) sampler, a Bayesian optimisation algorithm
that models the distribution of promising and non-promising hyperparameter configurations in
order to efficiently guide the search toward regions of the parameter space with better expected

performance (Watanabe, 2023).

For each candidate configuration, the model performance is evaluated using time-series cross-

validation. This procedure preserves the temporal ordering of the data by iteratively training the
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model on an expanding window of past observations and validating it on subsequent observations,

thereby preventing look-ahead bias.

To improve computational efficiency, the optimisation procedure also relies on Optuna’s pruning
mechanism. Trials that exhibit poor immediate performance during cross-validation are termi-
nated early, allowing computational resources to be focused on more promising hyperparameter

configurations.

The objective of the optimisation procedure is to minimise the prediction error of the oracle
shrinkage intensity on the validation folds. For each model, the hyperparameter configuration
achieving the lowest average validation error is retained. The resulting model specification
is then re-estimated on the full training sample and applied to the testing period to generate

out-of-sample predictions of the shrinkage intensity.

For further details, these methodologies are referred in appendix B.4.

3.6.4 Time-series cross-validation

Hyperparameter selection relies on a time-series cross-validation procedure that preserves the
temporal ordering of the data. Unlike standard cross-validation, observations cannot be randomly

shuffled because doing so would introduce look-ahead bias.

The validation procedure follows an expanding-window scheme. For each fold, the model is
trained on a set of past observations and validated on a subsequent block of observations. The
training window is then expanded forward in time and the procedure is repeated, ensuring that the
model is always trained using information available prior to the validation period. A schematic

representation of this procedure is shown in Figure 3.2.

Because the oracle shrinkage intensity is computed using a forward evaluation window, ob-
servations near the validation boundary may contain overlapping information between training
and validation samples. Following De Prado (2018), the cross-validation procedure is therefore
purged, meaning that observations whose labels overlap with the validation window are removed

from the training set.

In addition, an embargo period is imposed after each validation block. During this embargo
interval, observations immediately following the validation sample are excluded from the training

set in order to prevent any leakage of future information into the estimation procedure.

This purged and embargoed time-series cross-validation scheme ensures a strict temporal sepa-
ration between training and validation samples and provides a reliable estimate of out-of-sample

predictive performance.
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Forward CV with purging and embargo
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Figure 3.2: Illustration of the purged time-series cross-validation procedure used for hyperpa-
rameter selection.

3.6.5 Model interpretation with SHAP

To better understand the drivers of the predicted shrinkage intensity, SHAP (Shapley Additive
Explanations) is used to analyse the feature importance of the supervised learning models.
SHAP is a model interpretation framework based on cooperative game theory that attributes to
each feature its marginal contribution to a prediction. The approach builds on the concept of
Shapley values, which measure how much each variable contributes to the model output when
all possible combinations of features are considered. In the context of machine learning models,
SHAP therefore provides a consistent decomposition of a prediction into additive contributions
from the input features. This property makes SHAP particularly suitable for interpreting complex
models whose internal decision rules are not directly observable. The method was formalised by
Lundberg and Lee (2017) and extended to tree-based models with an efficient algorithm known
as TreeSHAP, which enables exact computation of Shapley values for ensemble methods such

as Random Forests and gradient boosting models.

Beyond its theoretical foundation, SHAP has become a standard tool for interpreting supervised
learning models because it provides both global and local explanations of model behaviour.
Global feature importance can be assessed by aggregating SHAP values across observations,
while the sign and magnitude of individual contributions indicate whether a feature increases
or decreases the predicted outcome. Recent work highlights that Shapley-based explanations
offer a consistent and theoretically grounded approach for interpreting predictive models and
are therefore particularly well suited for empirical applications where transparency is important,

for more theoretical background of Shapley Additive Explanations, refer to the appendix B.5.
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3.7 Reinforcement learning formulation

The determination of the shrinkage intensity is formulated as a reinforcement learning (RL)
problem in which an agent learns a policy that selects the shrinkage coefficient based on the
current market state. The environment is modelled as a Markov Decision Process (MDP)
characterized by states, actions and rewards. Although the problem is formulated in MDP
terms, the transition probabilities of the environment are not assumed to be known in closed
form. The empirical implementation is therefore model-free: the agent learns directly from
realised transitions (s, a;, u;, s;+1) generated by the return data. Even though the RL problem is
introduced using the MDP framework, the financial environment is more appropriately viewed as
only partially observable. The financial environment is therefore better interpreted as a Partially
Observable Markov Decision Process (POMDP), in which the agent observes a finite window
of past returns and constructs an approximate state representation for decision-making. In the
PGA specification, this representation is based directly on the current return window, whereas
in the RPGA it is enriched by a recurrent hidden state that summarises additional temporal

information.

The observable input at time ¢ is the L X N return matrix R,y 1., collected over the estimation
window. In the PGA, this matrix constitutes the effective state representation used by the policy.
In the RPGA, it serves as the observable input from which the recurrent network constructs a

latent state representation.

The action consists of selecting a shrinkage intensity A4, € [0,1]. Given this action, the
corresponding covariance estimator is constructed and used to compute the portfolio allocation

for the subsequent period.

The reward is defined using the realised portfolio risk obtained over the following forward
window. In this setting, the learning objective is to select shrinkage intensities that lead to lower
realised portfolio volatility. This perspective differs fundamentally from the supervised learning
framework. In supervised learning, the objective is to predict the ex-post oracle shrinkage
intensity computed from future realised volatility. In RL, by contrast, the agent does not attempt
to predict this oracle coefficient directly. Instead, it learns a policy that selects shrinkage
intensities so as to optimise realised portfolio performance through sequential feedback. RL

therefore treats dynamic shrinkage as a control problem rather than a prediction problem.

The agent learns a policy

Tt (at | St )s
parameterised by 6, which maps the observed state to a probability distribution over actions.

Withu, = —g;(1;), where g,(4,) denotes the realised portfolio volatility induced by the shrinkage
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decision A; over the subsequent holding period, the policy objective is then

T

Z yt—lu[

t=1

J(6) =E

where vy € (0, 1] denotes the discount factor. In the empirical implementation, y = 0.8 for
the PGA and y = 0.92 for the RPGA. Maximising J(6) is therefore equivalent to minimising

discounted cumulative realised portfolio volatility.

This formulation allows the shrinkage intensity to adapt dynamically to the information contained
in the recent return history, enabling the covariance estimator to respond to changing market

conditions.

3.7.1 Policy gradient algorithm (PGA)

The first reinforcement learning specification is a policy gradient agent (PGA) in which the
policy is parameterised by a multilayer perceptron (MLP). The network takes as input the state
st, defined as the matrix of raw returns observed over the estimation window, and maps it to a

stochastic policy over the shrinkage intensity.

Formally, the policy is written as

mo(as | se),

where a; = A, € [0, 1] denotes the selected shrinkage intensity and 6 collects the parameters
of the MLP. In the implementation, the network outputs the mean of a Gaussian policy, from

which the action is sampled during training.

The parameters are estimated using a policy gradient method that seeks to maximise the expected

cumulative reward J(6).

Using the likelihood-ratio method of Williams (1992), the policy gradient is given by
VoJ(0) = E [Vglogmg(as | 5:) Gi],

where G, is the discounted reward from time ¢ onward.

The PGA therefore learns a direct mapping from the current return window to the shrinkage
decision. Its feed-forward architecture allows for a flexible nonlinear policy, but it does not

explicitly retain information beyond the current input window.

3.7.2 Recurrent Policy Gradient Algorithm (RPGA)

The second specification extends the previous approach by replacing the feed-forward MLP with

arecurrent neural network based on a Gated Recurrent Unit (GRU). Consistent with the partially



CHAPTER 3. EMPIRICAL METHODOLOGY 21.

observed nature of the environment discussed above, the RPGA uses a GRU to construct a latent

state representation from the return sequence.

With R, € R" denoting the vector of asset returns observed at rebalancing date ¢, the GRU
processes the sequence of returns contained in the estimation window (R;—7+1, ..., R;). To avoid
confusion between the rebalancing date ¢ and the position within the sequence, let/ =1,...,L

index the observations inside the window. The recurrent update is then written as
h; = GRU(R/—p+1, hy—1), 1=1,...,L

where h; summarises the relevant information extracted up to sequence position /. The final
hidden representation /, is then mapped to the mean of the stochastic policy over the shrinkage

intensity.

As in the PGA case, the action corresponds to the shrinkage coefficient 4, € [0, 1], and the

policy is optimised using the same likelihood-ratio policy gradient method

VoJ(0) = E[Vglogmg(a; | s;) G¢] .

The advantage of the RPGA is that the GRU can retain information from earlier observations
within the return sequence, making the policy history-dependent. This is particularly relevant
in financial markets, where volatility, correlations, and other latent conditions evolve over time.
Compared with the PGA, the RPGA is therefore better suited to capturing persistent market

dynamics in the determination of the shrinkage intensity.

A practical point concerns the choice of hyperparameters. Policy gradient methods are known
to be sensitive to hyperparameter choices, as they rely on stochastic exploration and on reward
signals that are noisy and delayed. This can generate high-variance gradient estimates and
make training dynamics less stable. For this reason, hyperparameter selection is an important
component of the empirical implementation. However, in order to preserve comparability across
datasets and specifications, a single hyperparameter configuration is retained for each of the two
RL architectures, PGA and RPGA, throughout the analysis.

Moreover, the detailed reinforcement learning architectures, including the MLP policy network,

the GRU-based recurrent policy and the training logic are presented in Appendix B.6.
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RESULTS AND ANALYSIS

4.1 Oracle shrinkage intensity analysis

4.1.1 Distribution and time-series dynamics of oracle shrinkage intensity

Oracle A; over time
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Figure 4.1: Oracle pre-analysis

Figure 4.1 presents a preliminary analysis of the ex-post oracle shrinkage coefficient that min-

imises realised GMV portfolio volatility over the holding period.

Several features emerge clearly. First, the time-series plot shows that the oracle shrinkage
intensity varies substantially over time and spans almost the entire admissible interval [0, 1].
Rather than fluctuating around a stable level, the series repeatedly moves between values close
to zero and values close to one. This provides strong evidence against the hypothesis that the
optimal shrinkage intensity can be treated as a constant parameter and instead behaves as a

state-dependent quantity.

Second, the kernel density estimate indicates that the distribution of A; is not concentrated around

22
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a single value. Although the average shrinkage intensity is approximately 0.41, the distribution
exhibits substantial mass near zero together with a broader interior mode corresponding to
moderate shrinkage levels. The mean therefore masks significant heterogeneity across market

conditions.

Finally, the autocorrelation function (ACF) reveals significant positive serial correlation in
the oracle shrinkage series. Several lags remain statistically significant, indicating that the
shrinkage intensity exhibits persistence over time. This temporal dependence suggests that
past information about market conditions may contain predictive power for future shrinkage
decisions, which provides a natural motivation for the data-driven learning approaches explored

later in the master thesis.

4.1.2 Performance gain of time-varying shrinkage intensity

Annualized volatility gain of the oracle relative to the fixed benchmark
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Figure 4.2: Objective gap between oracle and mean of the oracles

Figure 4.2 reports the annualised volatility gain of the oracle relative to the fixed benchmark,
where the benchmark is defined by the mean oracle shrinkage intensity. Since the oracle
coefficient is defined as the minimiser of realised forward-block volatility, the gap is non-
negative by construction. The relevant information conveyed by the figure is therefore the
magnitude of the gain, which measures the economic value of allowing the shrinkage intensity

to vary over time.

The objective gap is positive during all of the sample, as expected given the construction of the
oracle shrinkage intensity. The economically relevant result is therefore the time variation in
the magnitude of the gap. During relatively stable periods, the gains remain modest, suggesting
that a constant coefficient may approximate the oracle reasonably well. In contrast, pronounced
spikes occur during periods of market stress, most notably around the global financial crisis,

highlighting the importance of adaptive shrinkage in turbulent market environments.

4.1.3 Regime dependence of shrinkage intensity

To further investigate the determinants of the oracle shrinkage coefficient, its distribution is

examined across volatility, correlation and drawdown regimes.
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4.1.3.1 Volatility regimes
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Figure 4.3: Volatility regime of Oracle shrinkage intensity

Figure 4.3 shows the distribution of Ay across volatility regimes. The median shrinkage coeffi-
cient is higher during low-volatility periods and lower during high-volatility periods. Although
this may appear counterintuitive, it can be explained by the structure of the shrinkage target,

which in this study is a scaled identity matrix imposing equal variances and zero correlations.

When volatility is low, the empirical covariance matrix tends to be noisier and less informative,
making stronger shrinkage toward the identity target more beneficial. In contrast, during high-
volatility periods the empirical covariance structure reflects stronger common risk factors,

reducing the need for aggressive regularisation.

4.1.3.2 Correlation regimes
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Figure 4.4: Correlation regime of Oracle shrinkage intensity

Figure 4.4 reports the distribution of oracle shrinkage intensity across regimes defined by average
cross-sectional correlation. Higher correlation regimes are associated with lower shrinkage
intensities, while lower correlation regimes correspond to higher shrinkage levels. Since the
identity target implicitly assumes weak correlations, strong shrinkage toward this target becomes

less appropriate when market correlations are elevated.
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4.1.3.3 Drawdown regimes
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Figure 4.5: Drawdown regime of Oracle shrinkage intensity

Figure 4.5 examines the behaviour of the oracle shrinkage coeflicient across market stress regimes
defined by equity market drawdowns. Periods of market stress tend to be associated with lower
shrinkage intensities, whereas tranquil periods correspond to higher shrinkage levels. During
drawdowns, asset returns tend to exhibit stronger co-movement, as correlations typically rise
in bear markets and under large negative returns (Longin and Solnik, 2001; Ang and Bekaert,
2002). This increase in cross-sectional dependence may, in turn, make the empirical covariance

matrix relatively more informative for risk estimation in stresses environments.

Overall, these regime analyses indicate that the oracle shrinkage coefficient behaves as a state-
dependent parameter, increasing when the covariance structure weakens and decreasing when

market-wide risk factors dominate.

4.2 Predictability of the oracle shrinkage intensity

4.2.1 Time-series properties of the oracle shrinkage intensity

The oracle shrinkage intensity exhibits both temporal persistence and systematic relationships
with observable market characteristics, suggesting that it may be predictable using information

available at time ¢.

First, the autocorrelation function (ACF) reported in Figure 4.1 shows significant positive serial
correlation across several lags. This indicates that the shrinkage coefficient evolves gradually
over time rather than behaving as a purely random sequence, implying that past values may

contain information about future shrinkage decisions.

Second, Figure 4.6 reports the correlations between the oracle shrinkage intensity A; and the set of
features constructed from the rolling estimation window. Several features exhibit non-negligible
correlations with the oracle coefficient. In particular, spectral properties of the covariance matrix,
such as the condition number proxy, eigenvalue dispersion and eigenvalue concentration, display

the strongest negative correlations with Ay. Correlation measures, including mean correlation
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and mean absolute correlation, also show systematic negative relationships with the oracle
shrinkage intensity. These patterns are consistent with the structure of the scaled identity

matrix, which assumes weak cross-sectional correlations.
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Figure 4.6: Feature-target correlations

Overall, the results indicate that the oracle shrinkage coefficient behaves as a state-dependent
parameter that depends on observable characteristics of the return distribution. This provides
motivation for the learning approaches implemented in the following sections, which aim to

approximate the mapping between market information and shrinkage decisions.

4.2.2 Predictive performance of machine learning models

Figure 4.7 reports the out-of-sample evolution of the oracle shrinkage intensity together with the
predictions generated by the different machine learning approaches. A first striking feature of
the oracle coeflicient is its pronounced time variation and high-frequency volatility. The oracle
series fluctuates sharply over short horizons, frequently moving between very low and very
high shrinkage regimes. This behaviour reflects the strong sensitivity of the optimal shrinkage
parameter to changes in the underlying covariance structure of asset returns. In practice, however,

such rapid fluctuations are inherently difficult to predict using observable state variables.

Across all supervised learning models, a common pattern emerges: predicted shrinkage inten-
sities are substantially smoother than the oracle benchmark. Linear models, including Lasso,
Ridge and Elastic Net, exhibit particularly strong smoothing behaviour. Their predictions re-
main confined to a relatively narrow band around intermediate shrinkage levels, indicating that
these methods primarily capture the unconditional mean of the oracle coeflicient rather than its
short-term fluctuations. This outcome is consistent with the regularisation structure of these
estimators, which shrinks the influence of individual predictors and therefore favors stable,

low-variance estimates.
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Figure 4.7: Out-of-sample predictions of the oracle shrinkage intensity for each model

Tree-based ensemble methods display somewhat greater flexibility. In particular, the Random

Forest estimator produces modest variation around the average shrinkage level, reflecting its
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ability to capture nonlinear interactions among predictors. Nevertheless, the predicted trajectory
remains clearly smoother than the oracle series. Among the supervised models, XGBoost
exhibits the strongest responsiveness to changes in the oracle coefficient. The gradient boosting
framework allows the model to approximate more complex nonlinear relationships, which results
in predictions that occasionally track shifts in the oracle intensity more closely. Despite this
improvement, the predicted series still fails to reproduce the extreme swings observed in the
oracle benchmark, suggesting that a fraction of the oracle variability is driven by components

that are either weakly predictable or dominated by estimation noise.

The reinforcement learning-based approaches display a different but equally informative pat-
tern. Both the Policy Gradient Algorithm (PGA) and the Recurrent Policy Gradient Algorithm
(RPGA) generate shrinkage policies that evolve gradually over time and remain concentrated
within a moderate range. Rather than attempting to match the oracle series point by point,
these methods learn policies that prioritise stability of the shrinkage parameter. The recurrent
specification embedded in the RPGA introduces additional flexibility by allowing the policy to
depend on past states. However, the resulting predictions still exhibit limited volatility relative
to the oracle coeflicient. This behaviour reflects the fundamental nature of the reinforcement
learning objective: the algorithms optimise a long-run portfolio criterion rather than directly

minimising prediction error with respect to the oracle shrinkage intensity.

Taken together, these results reveal a clear empirical regularity. Although the oracle shrinkage
coeflicient exhibits substantial short-term variability, the machine learning models generate
smoother estimates that primarily capture the lower-frequency component of its dynamics. This
pattern suggests that a large share of the high-frequency fluctuations in the oracle coefficient is
difficult to predict using the available information set and likely reflects sampling variability in
covariance estimation. Importantly, the oracle shrinkage intensity is computed using forward
returns and therefore relies on information that is not observable at the time the prediction is
made. As such, it represents an ex-post benchmark rather than a feasible prediction target,
making it unrealistic to expect predictive models to match it closely on a point-by-point basis.
Instead, the models learn shrinkage policies that remain dynamic but evolve more gradually over
time. This smoother adjustment reflects the fact that part of the oracle’s variability is driven by
noise induced by forward-looking information, which cannot be anticipated using observable

predictors.

Additionally to the figure 4.7, the Pearson correlations are reported in table 4.1, this helps to
evaluate the extent to which each model reproduces the out-of-sample time variation of the oracle
shrinkage intensity. The highest correlations are obtained by the tree-based supervised models,
with XGBoost reaching 0.3697 and Random Forest 0.3387. This indicates that these models
capture the dynamics of the oracle shrinkage intensity more effectively than the other approaches.
The linear models display much weaker positive correlations, around 0.12, suggesting that they

only partially reproduce the oracle trajectory.
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By contrast, the reinforcement learning models exhibit correlations close to zero, with —0.0520
for PGA and 0.0250 for RPGA. This does not necessarily imply poor portfolio performance,
since these models are not trained to mimic the oracle shrinkage intensity directly. Instead, they
optimize a portfolio-based reward function. Therefore, the reinforcement learning agents may
learn smoother and more stable shrinkage policies that differ from the ex-post oracle path while
still leading to competitive out-of-sample portfolio results. Overall, these correlations show that
approximating the oracle lambda and maximizing portfolio performance are related but distinct

objectives.
Table 4.1: Pearson correlation per model

Model Pearson correlation
XGBoost 0.3697
Random Forest 0.3387
Ridge 0.1273
Lasso 0.1238
Elastic Net 0.1236
PGA -0.0520
RPGA 0.0250

Finally, the model-specific optimisation histories and hyperparameter diagnostics are reported
in appendix C.

4.2.3 SHAP analysis of the supervised learning models

Figure 4.8 presents the SHAP summary plots for the five supervised learning models considered
in this thesis: Lasso, Ridge, Elastic Net, Random Forest and XGBoost. In each figure, the
horizontal axis represents the SHAP values, which measures the impact of a feature on the
predicted shrinkage intensity. Positive values increase the predicted shrinkage coefficient,
whereas negative values decrease it. The color scale represents the feature value, with red

corresponding to high values and blue to low values.

A first important result is that the models consistently rely on a similar set of economically
meaningful predictors. Across specifications, the most influential variables include the con-
ditioning proxy of the covariance matrix (cond_proxy), cross-sectional volatility dispersion
(cs_disp_vol), average variance (mean_var), covariance instability (cov_shift) and several
measures of correlation structure such as corr_p90, mean_corr and corr_std. The promi-
nence of these variables indicates that the models primarily react to changes in the conditioning
and stability of the covariance matrix as well as to shifts in the overall correlation environment.
This is economically intuitive: shrinkage becomes more valuable when the covariance matrix
is poorly conditioned, when correlations increase, or when the dispersion of asset risk becomes

more pronounced.
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At the same time, the SHAP summaries reveal meaningful differences between model classes.
The penalised linear models, Lasso, Ridge, and Elastic Net, display a relatively concentrated im-
portance structure. In these models, predictive importance tends to be concentrated on a limited
subset of features, while the remaining variables contribute only marginally to the predictions.
This reflects the regularisation properties of these estimators, which shrink the influence of less
informative predictors and, in the case of Lasso and Elastic Net, may also induce partial sparsity
in the linear representation of the predictive signal. In particular, the three models assign most of
the importance to the conditioning proxy of the covariance matrix cond_proxy, covariance in-
stability cov_shift, cross-sectional volatility dispersion cs_disp_vol, and correlation-related
statistics. These variables therefore capture the main linear component of predictability in the
shrinkage coeflicient.
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Figure 4.8: SHAP summary plots for the five supervised learning models

In contrast, the tree-based models, Random Forest and XGBoost, exhibit a richer importance
structure and assign non-negligible contributions to a broader set of features. The Random
Forest highlights the role of volatility dispersion (cs_disp_vol), average variance (mean_var),
and correlation dispersion (corr_std), while XGBoost places strong emphasis on mean_var,
cond_proxy, and eigenvalue concentration measures (eig_concentration). These models
also reveal stronger nonlinear patterns, with some variables affecting predictions only when they
reach extreme values. For instance, large values of covariance instability cov_shift generate
substantial positive SHAP contributions in several observations, suggesting that abrupt changes

in the covariance structure trigger stronger predicted shrinkage adjustments.
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Figure 4.8: SHAP summary plots for the five supervised learning models (continued)

However, compared to the penalised linear models, the magnitude of SHAP values in the en-
semble tree models is generally smaller. This indicates that while tree-based methods distribute
importance across a wider set of predictors, each individual feature tends to have a more mod-
erate marginal impact on the predicted shrinkage intensity. In contrast, the penalised models
concentrate larger SHAP contributions on a few key variables, reflecting a more dominant linear

effect of selected predictors.

Overall, the SHAP analysis confirms that the supervised learning models rely on economically
interpretable signals rather than opaque statistical patterns. Periods characterized by unstable
covariance structures, higher correlations, or more heterogeneous volatility across assets tend
to be associated with higher predicted shrinkage intensities. Moreover, the comparison across
models indicates that while penalised linear estimators capture the main linear component of
predictability, tree-based models exploit additional nonlinearities and interaction effects. This
evidence supports the view that the time variation in the oracle shrinkage intensity reflects
systematic changes in the covariance estimation environment rather than purely random fluctu-

ations.
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4.3 Out-of-sample portfolio performance

Table 4.2: Portfolio Performance Metrics - Estimation window of 252 trading days

Annualised Annualised Annualised Average

Method return volatility Sharpe  turnover
EW 0.1140 0.1925 0.5697 0.0563
GMYV (Sample Cov) 0.0535 0.2777 0.2744  10.2657
GMYV (Ledoit-Wolf) 0.1289 0.1590 0.7352 1.8926
GMV (LW Analytical NL)  0.1836 0.2453 0.7402 0.1300
GMYV (Lasso) 0.0409 0.1500 0.2301 1.5510
GMV (Ridge) 0.0401 0.1501 0.2248 1.5710
GMV (Elastic Net) 0.0407 0.1501 0.2289 1.5450
GMYV (XGBoost) 0.0408 0.1386 0.2368 0.9310
GMV (RF) 0.0586 0.1315 0.3707 0.6847
GMYV (PGA) 0.0619 0.1335 0.3909 0.9051
GMV (RPGA) 0.0818 0.1324 0.5325 0.7714

Table 4.2 reveals several interesting patterns. First, the global minimum variance (GMV)
portfolio constructed using the sample covariance matrix exhibits the highest volatility among
the covariance-based strategies, reaching 27.77% annually. This result illustrates the well-
documented instability of the sample covariance estimator in high-dimensional settings, where
estimation error propagates directly into the portfolio weights and leads to poor risk control out
of sample. The combination of high volatility and extremely elevated turnover further reflects

the sensitivity of the sample-based GMV portfolio to small fluctuations in estimated covariances.

Introducing shrinkage improves volatility control. The linear Ledoit and Wolf (2004) estimator
reduces annualised volatility to approximately 15.9%, confirming the effectiveness of shrinkage
techniques in stabilising covariance estimates and mitigating estimation error. A substantially
higher volatility level of 24.53% is observed for the analytical nonlinear shrinkage estimator
of Ledoit and Wolf (2020). This result indicates weaker performance in the present portfolio
construction exercise relative to the other covariance estimators under consideration. Impor-
tantly, these shrinkage approaches also reduce portfolio turnover relative to the sample-based

estimator, indicating more stable portfolio weights over time.

When the shrinkage intensity is predicted using linear machine learning models, the resulting
portfolios achieve volatility levels close to those obtained with the linear Ledoit and Wolf (2004)
estimator. In particular, Elastic Net, Lasso and Ridge models produce annualised volatilities
around 15%, suggesting that these approaches generate reasonably stable covariance estimates
despite their limited ability to fully capture time variation in the optimal shrinkage coefficient.
In addition to volatility improvements, these supervised learning methods also exhibit a clear
tendency to reduce turnover, reflecting smoother adjustments in portfolio allocations compared

to purely sample-driven strategies.
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More flexible models provide further improvements. The tree-based ensemble methods, Ran-
dom Forest and XGBoost, reduce portfolio volatility to 13.15% and 13.86%, respectively. These
results suggest that nonlinear machine learning models are better able to extract predictive infor-
mation from the state variables that is relevant for determining the shrinkage intensity, thereby
improving the conditioning of the covariance matrix and the resulting portfolio allocation. At
the same time, these models contribute to lower turnover, as their more stable and structured

predictions lead to less frequent and less extreme rebalancing.

The reinforcement learning approaches deliver the lowest volatility levels among all predictive
methods. The Policy Gradient Algorithm (PGA) achieves an annualised volatility of 13.35%,
while the Recurrent Policy Gradient Algorithm (RPGA) further improves upon this result with
a volatility of 13.24%. The superior performance of RPGA likely reflects the ability of the
recurrent architecture to incorporate temporal dependencies in the state representations, allowing
the shrinkage policy to adapt more effectively to evolving market conditions. Crucially, both
RL-based approaches also display comparatively lower turnover than most competing methods,

highlighting their ability to produce smoother, more persistent allocation decisions.

It is also worth noting that the Sharpe ratio remains lower than of the Ledoit-Wolf benchmark.
This is not inconsistent with the design of the proposed methods, since the supervised learning
and reinforcement learning approaches are not trained to maximise risk-adjusted return, but
rather to improve shrinkage decisions from a risk-minimisation perspective. At the same time,
this result suggests that future research could extend the framework by incorporating an explicit

penalty related to expected return, or by targeting a risk-adjusted objective directly.

Overall, the results highlight the importance of dynamically determining the shrinkage inten-
sity when constructing minimum variance portfolios. While traditional shrinkage estimators
already provide substantial improvements over the sample covariance matrix, machine learning
approaches, particularly reinforcement learning methods, further enhance out-of-sample risk
control. These gains are not limited to volatility reduction but are also accompanied by a consis-
tent decrease in portfolio turnover, which is essential from an implementation perspective due

to its direct impact on transaction costs.

4.4 Economic interpretation

The empirical results have several important economic implications for portfolio construction
in high-dimensional environments. In this setting, covariance estimation is not an end in itself
but an intermediate input into portfolio construction. The economic value of a shrinkage rule
therefore lies in its ability to improve realised portfolio risk, weight stability and implementability
out of sample. In the minimum variance framework, improvements in realised volatility directly
translate into more efficient risk management. Even relatively small reductions in portfolio

volatility can generate economically meaningful gains for investors, particularly when portfolios
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are implemented at large scale or under strict risk constraints. Consequently, methods that

improve the stability of covariance estimation can provide substantial practical value.

A central economic challenge in minimum variance portfolio allocation is the presence of
estimation error in covariance matrices. When the number of assets is large relative to the
available sample size, small errors in estimated covariances can lead to large distortions in
portfolio weights. This phenomenon is well documented in the portfolio optimisation literature
and explains why naive estimators often perform poorly out of sample. Shrinkage techniques
address this problem by trading a small amount of bias for a reduction in estimation variance,

thereby producing more stable covariance estimates and more reliable portfolio allocations.

Allowing the shrinkage intensity to vary over time further enhances this mechanism. Market
conditions such as volatility, correlations, and cross-sectional dispersion evolve through time,
which implies that the degree of shrinkage required to control estimation error may also vary.
Data-driven approaches that adapt the shrinkage parameter dynamically can therefore better
balance the bias-variance trade-off embedded in covariance estimation. From an economic
perspective, this flexibility allows the portfolio construction process to respond more effectively

to changing market environments.

The reinforcement learning framework provides an additional advantage by learning shrinkage
policies that are directly aligned with the investor’s objective. Rather than attempting to replicate
the oracle shrinkage coefficient, the policy gradient algorithms determine the shrinkage intensity
that minimises realised portfolio risk. This objective-driven learning mechanism allows the
algorithm to internalise the relationship between shrinkage, covariance stability, and portfolio
volatility. As a result, the learned policies may generate economically superior allocations even

when the oracle shrinkage coefficient itself is difficult to predict.

Finally, the improved stability of the resulting portfolios has important implications for real-world
implementation. More stable covariance estimates tend to produce smoother portfolio weights,
which reduces unnecessary trading and improves the implementability of the strategy in the
presence of transaction costs. In this sense, dynamically learned shrinkage policies contribute

not only to improved risk control but also to more practical and robust portfolio management.

Overall, the evidence points to the economic value of learning the shrinkage intensity in a data-
driven manner. By allowing the degree of shrinkage to adjust dynamically to evolving market
conditions, machine learning approaches improve the reliability of portfolio risk estimation and
lead to more effective out-of-sample portfolio construction in high-dimensional settings. More
importantly, the reinforcement learning framework introduced in this thesis departs from the tra-
ditional paradigm of predicting an ex-post oracle coefficient and instead learns shrinkage policies
that directly optimise the portfolio objective. The results therefore provide empirical evidence
that policy-based learning can constitute a meaningful improvement over conventional shrink-

age methods when the objective is not only to regularise covariance estimates, but ultimately to
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deliver lower realised risk and smoother portfolio implementation.

4.5 Robustness checks

In order to ensure that the main findings are not driven by specific modelling choices, data
characteristics, or evaluation procedures, a series of robustness checks are conducted. First,
using the S&P 500 dataset, the different strategies of supervised learning and reinforcement
learning are assessed using an estimation window of 126 trading days (approximately 6 months)
and an alternative window of 504 trading days (approximately 2 years). Secondly, the merged

dataset detailed in Section 3.1 is used to compute the different portfolio allocations.

Table 4.3: Portfolio Performance Metrics on the S&P 500 — Estimation window of 126 trading
days

Annualised Annualised Annualised Average

Method return volatility Sharpe  turnover
EW 0.1140 0.1925 0.5697 0.0563
GMYV (Sample Cov) 0.0836 0.1694 0.4604 4.4437
GMV (Ledoit-Wolf) 0.0847 0.1521 0.5004 2.2112
GMV (LW Analytical NL)  0.1129 0.1931 0.5629 0.0671
GMYV (Lasso) 0.0457 0.1608 0.2569 1.0932
GMYV (Ridge) 0.0463 0.1609 0.2604 1.1339
GMYV (Elastic Net) 0.0413 0.1571 0.2323 1.3618
GMYV (XGBoost) 0.0456 0.1469 0.2643 1.1410
GMYV (RF) 0.0455 0.1448 0.2656 1.0777
GMYV (PGA) 0.0318 0.1609 0.1741 0.7805
GMV (RPGA) 0.0533 0.1448 0.3162 1.1167

Table 4.4: Portfolio Performance Metrics on the S&P 500 — Estimation window of 504 trading
days

Annualised Annualised Annualised Average

Method return volatility Sharpe  turnover
EW 0.1140 0.1925 0.5697 0.0563
GMYV (Sample Cov) 0.1374 0.2005 0.6529 3.5885
GMYV (Ledoit-Wolf) 0.0988 0.1731 0.5310 0.9032
GMV (LW Analytical NL)  0.1128 0.1878 0.5733 0.0662
GMYV (Lasso) 0.0977 0.1631 0.5464 1.2638
GMYV (Ridge) 0.1011 0.1642 0.5628 1.2860
GMV (Elastic Net) 0.0977 0.1631 0.5465 1.2638
GMYV (XGBoost) 0.0601 0.1328 0.3792 0.4469
GMV (RF) 0.0536 0.1301 0.3371 0.4556
GMYV (PGA) 0.0554 0.1399 0.3347 0.6034

GMV (RPGA) 0.0708 0.1387 0.4410 0.5338
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The results for the S&P 500 dataset confirm the relative performance of the different strategies
to the length of the estimation window. For the shorter estimation window of 126 trading days,
the linear Ledoit-Wolf benchmark achieves an annualised volatility of 15.21%, which already
represents an important improvement over the sample covariance portfolio (16.94%) and remains
close to the best-performing data-driven methods. Among the supervised learning models, the
linear models produce mixed results: Lasso, Ridge and Elastic Net yield annualised volatilities
of 16.08%, 16.09% and 15.71%, respectively, all above the linear Ledoit-Wolf benchmark. By
contrast, the nonlinear supervised models perform better, with XGBoost reaching 14.69% and
Random Forest 14.48%. The reinforcement learning strategies, however, do not systematically
outperform the benchmark in this short-sample setting. PGA records an annualised volatility of
16.09% which is above the linear Ledoit-Wolf level, while RPGA achieves 14.48%, matching

the performance of Random Forest but not providing a clear additional gain.

For the longer estimation window of 504 trading days, the results display a clearly different
pattern. The linear Ledoit-Wolf benchmark achieves an annualised volatility of 17.31%, which
is now clearly dominated by all learning-based approaches. Linear supervised models already
improve upon this benchmark, with Lasso and Elastic Net reaching 16.31% and Ridge 16.42%.
The improvement is even more pronounced for nonlinear supervised models, as XGBoost and
Random Forest reduce volatility to 13.28% and 13.01%. Reinforcement learning strategies
exhibit a similar performance with PGA achieving an annualised volatility of 13.99% and
RPGA 13.87%.

Compared to the 126-day window, where volatility differences were limited and only nonlinear
methods provided moderate gains, the 504-day window allows both linear and nonlinear learning-
based approaches to consistently outperform the Ledoit-Wolf benchmark. This shift can be
attributed to the reduction in estimation error when the sample size increases. With 504
observations, the covariance matrix is estimated more precisely, enabling both linear models
to improve shrinkage calibration and nonlinear models, particularly ensemble methods and
reinforcement learning, to exploit more complex structures in the data. In contrast, when the
estimation window is limited to 126 days, the higher level of noise reduces the effectiveness of

flexible models, thereby preserving the competitiveness of the Ledoit-Wolf estimator.

Then robustness analysis on the merged dataset of 294 portfolios confirms the stability of the
results across different data environments. The linear Ledoit-Wolf estimator achieves an annu-
alised volatility of 13.1%, significantly improving on the sample covariance matrix (17.04%).
Linear supervised models provide only marginal gains, with Lasso and Elastic Net reducing
volatility to 12.71%, while Ridge remains close to the benchmark (13.08%).
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Table 4.5: Portfolio Performance Metrics on the merged dataset of 294 portfolios — Estimation
window of 252 trading days

Method Annualised Annualised Annualised Average

return volatility Sharpe  turnover
EwW 0.1124 0.2100 0.5323 0.0244
GMYV (Sample Cov) 0.0755 0.1704 04128  11.6033
GMYV (Ledoit-Wolf) 0.1025 0.1310 0.6816 6.8259
GMV (LW Analytical NL)  0.1095 0.2146 0.5134 0.0891
GMYV (Lasso) 0.0963 0.1271 0.6541 1.9990
GMV (Ridge) 0.0921 0.1308 0.6100 3.7182
GMYV (Elastic Net) 0.0963 0.1271 0.6541 1.9995
GMV (XGBoost) 0.0945 0.1272 0.6409 1.8339
GMV (RF) 0.0976 0.1261 0.6409 2.0899
GMYV (PGA) 0.0867 0.1320 0.5683 2.2107
GMV (RPGA) 0.0925 0.1319 0.6093 1.1543

Nonlinear supervised methods deliver the strongest performance, with XGBoost reaching
12.72% and Random Forest achieving the lowest volatility at 12.61%. In contrast, reinforcement
learning strategies do not outperform the benchmark, with PGA and RPGA yielding volatilities
of 13.2% and 13.19% respectively.

Overall, the robustness checks confirm that the main findings are stable across estimation
windows and datasets. While the linear Ledoit-Wolf estimator remains highly competitive in
short-sample settings, its performance deteriorates relative to learning-based approaches when
more data is available. In particular, nonlinear supervised models consistently deliver the
lowest volatility for longer estimation windows, while reinforcement learning strategies exhibit
competitive but less systematic improvements. On the merged portfolio dataset, performance

differences become more moderate, reflecting the lower level of idiosyncratic noise.

As noted in the methodological section, the RL results should be interpreted conditional on a

fixed hyperparamter configuration for each architecture.

These results indicate that the benefits of data-driven shrinkage methods are robust but depend
on the sample size, the underlying data structure, and, in the case of reinforcement learning, the
specification of model hyperparameters.
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CONCLUSION

This master thesis investigated whether covariance shrinkage for GMV portfolio construction
should be treated as a static statistical correction or as a dynamic decision that adapts to
changing market conditions. More specifically, it examined whether supervised learning and
reinforcement learning can learn time-varying shrinkage policies that improve the out-of-sample
performance of minimum-variance portfolios. This question arises from a clear gap in the
literature: although classical shrinkage methods reduce estimation error, they generally rely
on a fixed shrinkage intensity, whereas portfolio construction takes place in an environment

characterised by changing volatility, evolving correlations and structural instability.

5.1 Synthesis of the findings

The results show, first, that the optimal shrinkage intensity is not constant through time. The
oracle analysis indicates that the ex-post shrinkage coefficient varies considerably, exhibits
persistence and behaves differently across volatility, correlation and drawdown regimes. This
supports the interpretation of shrinkage intensity as a state-dependent parameter that changes

with the reliability of the sample covariance matrix and with the broader covariance environment.

Second, the results show that this time variation is partly predictable. The oracle shrinkage
coeflicient is systematically related to observable features of the estimation window, especially
variables linked to covariance instability, matrix conditioning, eigenvalue dispersion and cor-
relation structure. The SHAP analysis confirms that the supervised learning models rely on

economically interpretable drivers rather than arbitrary statistical patterns.

Third, the portfolio results show that learned shrinkage policies can improve out-of-sample
minimum-variance portfolio construction. In the baseline setting, all learning-based approaches

improve on the sample covariance benchmark, with the strongest gains coming from nonlinear

38
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models, especially the recurrent reinforcement learning specification. However, the robustness
checks show that these improvements are not unconditional. When the estimation window
is short, the linear Ledoit-Wolf benchmark remains highly competitive, while longer estima-
tion windows make learning-based methods more effective. On the merged portfolio dataset,

nonlinear supervised models appear more robust than reinforcement learning.

Overall, the master thesis answers the research question positively, but not unconditionally:
supervised learning and reinforcement learning can learn time-varying shrinkage policies that
improve out-of-sample performance, but the strength and consistency of the gains depend on

the empirical setting.

5.2 Contribution and significance

This master thesis contributes to the literature in three main ways. First, it shows empirically
that covariance shrinkage should be modelled dynamically rather than statically. This shifts the
role of shrinkage intensity from a fixed tuning parameter to a state-dependent object linked to

market conditions.

Second, it provides a unified comparison between two approaches to dynamic shrinkage: su-
pervised learning, which treats shrinkage as a prediction problem, and reinforcement learning,
which treats it as a sequential control problem. This comparison is central to the originality
of the thesis because these two perspectives are often discussed separately rather than within a

common empirical framework.

Third, the thesis demonstrates the economic relevance of this framework in the context of
GMYV portfolios, where improved covariance estimation translates directly into more stable risk
control and smoother portfolio implementation. More broadly, the results suggest that data-
driven shrinkage policies can improve the stability of covariance estimation and contribute to

more robust minimum-variance portfolio construction when market conditions change.

5.3 Limitations and recommendations for future research

Despite these contributions, the thesis has several limitations. First, the results depend on the
structure of the dataset. Performance differs between the S&P 500 stock panel and the merged
portfolio dataset, suggesting that the relative strength of each method depends on idiosyncratic

noise, dimensionality and the informational structure of the data.

Second, the results depend on empirical design choices, especially the estimation window
and rolling-window construction. Model rankings change across shorter and longer windows,
which means that the conclusions are partly shaped by the amount of information available for

covariance estimation at each decision date.

Third, the results also depend on methodological choices such as time-series cross-validation,
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purging and embargo procedures, and hyperparameter optimisation. This is especially relevant
for reinforcement learning, since RL performance is sensitive to hyperparameter specification,

even though one fixed set of hyperparameters is maintained for comparability across settings.

Finally, the analysis focuses on GMV portfolios and on a scaled identity shrinkage target. This
is appropriate for isolating covariance-estimation quality, but it leaves open whether the same
conclusions would hold for richer shrinkage targets, constrained portfolio problems or objectives

that incorporate expected returns.

Future research could therefore test dynamic learning-based shrinkage with alternative targets,
such as factor-based or constant-correlation estimators. Another extension would be to study
more systematically the sensitivity of the results to cross-validation design, hyperparameter
tuning and rolling-window specifications. A further avenue would be to combine supervised
learning and reinforcement learning in hybrid frameworks, for example by using supervised
learning to provide stable initial shrinkage estimates and reinforcement learning to refine them
through direct portfolio feedback. Finally, future work could extend the analysis beyond GMV
portfolios to settings with portfolio constraints, transaction cost penalties and broader investor

objectives.

The final takeaway is that the value of covariance shrinkage lies not only in regularising noisy
covariance matrices, but also in its potential to adapt to changing market conditions. This
perspective shifts shrinkage from a static estimation device to a dynamic component of portfolio

risk management.
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APPENDIX A

THEORETICAL PROOFS

A.1 Framework and assumptions

Standing Assumptions
1. Asset returns {Rt}tT: R € RY, have finite second moments.
2. For every rebalancing date ¢, the shrinkage estimator 3, (1) is positive definite for
all A4 € [0, 1].

3. There exist constants O < m; < M; < co such that
md 23, X M,I VYae[0,1].

where = is the Loewner order. Formally if A < B, B — A is positive semi definite.

We observe daily returns {Rr}thl and rebalancing every H trading days using a rolling estimation

window of length L.

Let 7 = {t1,...,t,} denote the rebalancing dates. For eachr € 7:
* R, 141 are the returns in the estimation window “W;.
* R;i14+p are the returns in the forward holding window 7.

The sample covariance matrix is given by the following formula where R; is the average return

vector over the estimation window R;_j ;1.

Si=7— ), (Ri=R)Ri-R)". (A1)
I=t—L+1
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and the scaled identity target is
_ tr(S;)

F;: N

I

The linear shrinkage estimator is defined as

5, = (1 =S, +AF,, A¢€][0,1].

A.2 GMY portfolio and realised volatility

(A.2)

For any positive definite covariance matrix X, the Global Minimum Variance portfolio solves

min w'Zw st 1Tw=1,
weRN

where the unique solution is
PO |

GMV _
W) = e

Given weights w, realised portfolio returns over the holding window are

RV (w)=w'Rux, k=1,....H.

The realised volatility criterion is

H
Gi(w) = J s 3 (R () = R G0
k=1

For fixed ¢, define the mapping

g1(A) = a'z(WGMV(ﬁ:t(/}L)))-

(A.3)

(A4)

(A.S)

(A.6)

(A.7)

Thus g;(1) measures the realised volatility over R;1.;+g of the GMV portfolio computed from

the shrunk covariance estimated on R;_j ;1.

A.3 Oracle shrinkage intensity

Let A c [0, 1] be a finite grid of candidate shrinkage intensities.
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Definition of Oracle Optimality.

AF ;= arg min A).
t g/le[o,l] g:(1)

This follows directly from finite minimisation over a finite grid.

Let ¢ denote the grid mesh:
0 :=max [di41 — A (A.8)

By Lemma 1, g; is Lipschitz with constant L,. Therefore, the discretisation error satisfies.

0<g() - /lgf(i)fll] gi(1) < Ls6. (A.9)

Consequently, as 6 — 0, the grid oracle converges to the continuous oracle. With the assumption

that E[L,] < oo, the discretisation error also vanishes in expectation.

A.4 Lipschitz regularity of g,

7~

Lemma 1 (Lipschitz Continuity of g;).
Under the standing assumptions, for each fixed ¢ there exists L; < oo such that

|g:(A) — g () < Ly|a = 2"| VA, 4" €[0,1].

. J

Remark. For each fixed t, the mapping g; is a random function induced by the randomness of
the return samples. The Lipschitz constant L, is therefore a random variable. All Lipschitz

statements are understood to hold almost surely.
Sketch of Proof.

1. £,(2) is affine in A:

(D) = (1 =S, + AF, (A.10)
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S D) =) =8, +AF,-S;) - S, —V(F, -S,)
= /l(Ft - S,) - A’(Fz - St)
= (F;=8)(A=2)

1£,(2) = £ ) lF = (A= ) (F = S)lr
= |/l - /l/|||Ft - St||F

(A.13)
(A.14)
(A.15)

(A.16)
(A.17)

2. Because matrix inversion is not globally Lipschitz as if eigenvalues approach zero we have that

|IZ~!|| = oo. Therefore, inversion becomes unstable near singularity. That is why a eigenvalue

lower bound is needed :
2.0 =md VYae0,1]

This guarantees that :

o 1
£~ MF < —
t
and using
A'—B =AY (B-A)B7!,
Applying this with
A=3%1), B=%)

gives :

ST - T =E )TN EW) - E ) @)T!

Then, by using submultiplicativity of the Frobenius norm :
IABC||F < l|All2IBllFICll2
it becomes,

12D E) = £ @) E Q) E = 1ED ™ 2l1IZ (V) = Z (DI eI () 2

I )™ = £ e = 1E) T M) = EDIFIE @) 2

Using the assumption 2,(1) &= m;I VA € [0, 1].

This implies
Amin (it (/l)) 2> m;.

(A.18)

(A.19)

(A.20)

(A.21)
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For any symmetric positive definite matrix X,

”X”Z = /lmax(X)
Xl =
ﬂmin(X)
Hence,
15,0 L oL s 180 <2
t 2= = _ > t 2> .
/lmin(zt(/l)) my mi

Substituting into the equation A.21
&=l % -l Los in s 1
12 (D)7 = Z(A) " lr < —II1Z() = Z (D lr—
ni; n;

1, - N
< M2 () = Z(DlF

t

3

< S lIF = Sillpla =21 A,4" € [0,1]

3|~
Al 8]

Thus the map A — 3,(1)~! is Lipschitz constant

_IE - Sl

2
my

L,

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

3. The GMV weight map is a smooth function of 3;(1)~! with denominator bounded away from

zero due to positive definiteness.
4. The sample volatility as a function of w is Lipschitz on bounded sets.

By composition of Lipschitz mappings, g; is Lipschitz.

A.5 The learning problem

With the vector x; = ¢(R;—r+1:;) € R? of p features. The supervised dataset is

D = {(x, ) }er-

The supervised dataset 7~ is split into two sets :
* The training set : Tain S T
* The test set: Trest € T
Where  Tain N Trest =0 and  Tirain U Trest € T

A regression model f (e.g., XGBoost) is trained via
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f := argmin

A — F(x,))> (A.28)
f€T|ﬂﬁmh€Em(t 7))

Predictions are clipped to [0, 1]:
A =Ty (f(xr)). (A.29)

A.6 Regret bound

Define volatility regret:

A= g(A) — () (A.30)

Proposition 2 (Regret Bound).
Under Lipschitz regularity,
A < Li|d; = 23]

This implies that small changes in the shrinkage intensity will not lead to large changes in

volatility.
Proof.

By Lipschitz continuity,
1g:(A1) = g ()] < Ll = A7) (A.31)

Since A; minimises g; on A, A; > 0, hence the result.

A.7 Expected regret

Taking expectations,

E[A/] < E[L|A, - A]]] (A.32)

Additional Assumption (Square-integrable Lipschitz constant)

For the expected regret bound, assume E[L?] < oo

Applying Cauchy—Schwarz,

BILIA: - 411 < EILZYELCL - 42721, (A33)

The second factor is precisely the RMSE.
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Theorem (Learning Implies Regret Control).
Under Lipschitz regularity and E[L?] < oo, minimising the RMSE of A; minimises an

upper bound on expected volatility regret.

A.8 Interpretation

The oracle A; directly minimises realised future volatility within the grid.

The learned predictor A, does not directly minimise volatility; instead, it minimises RMSE

relative to the oracle, which in turn controls expected volatility regret.

Thus, the proposed procedure constitutes a theoretically justified data-driven approximation to

the dynamic volatility-optimal shrinkage rule.



APPENDIX B

ADDITIONAL THEORETICAL DETAILS

B.1 Linear Ledoit—Wolf shrinkage estimator

The linear Ledoit and Wolf (2004) estimator chooses the shrinkage intensity A by minimising

the expected Frobenius loss between the shrinkage estimator and the true covariance matrix X:

n
A =arg min E[||(1-2)S+AF - Z||%
1€[0,1]

The population shrinkage intensity can be written as

where b = E[||S - le%] measures the estimation error of the sample covariance matrix and

d’> =E[|S-F ||%] measures the distance between the sample covariance matrix and the target.

Since ¥ is unknown, b% and d? are estimated from the data. The distance to the target is estimated
2 _ 2
by d* = ||S - F||%.

The estimation error of the sample covariance matrix is estimated by b = % ST T = S|12,

where x; = R, — R is the demeaned return vector.

The feasible Ledoit-Wolf shrinkage intensity is therefore
. b?

A = min (T, 1) .
d?

In the empirical implementation, the Ledoit—Wolf shrinkage intensity is re-estimated at each
rebalancing date using only the returns contained in the current rolling estimation window. In

the baseline specification, this window contains 252 daily observations. Therefore, the estimator
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is fully backward-looking and does not use the forward holding period.

This distinction is important because the Ledoit—Wolf benchmark is an implementable covari-
ance estimator, whereas the oracle shrinkage intensity used in the supervised learning framework
is computed ex post by minimising realised volatility over the future holding window. Hence,
the Ledoit—Wolf estimator serves as a feasible statistical benchmark, while the oracle shrinkage

intensity serves only as a theoretical target for learning.

B.2 Kernel density computation

The distributions of the oracle shrinkage intensity A; € [0, 1] reported in section 4.1 of chapter 3
are estimated by using a kernel density estimator adapted to bounded support. A direct Gaussian
kernel estimator would suffer from boundary bias, therefore, a transformation-based approach

is used.

With xy, .. ., x, being the observations. Since these already lie in [0, 1], the rescaling to the unit

interval is trivial and leaves them unchanged, that is,

X;i—a

b-a’

a=0, b=1

u; =

and clipped to [€,1 — €] with € = % where 7 is the number of observations. A logit transfor-

Ui
& ZIOg(l —u-)

mation is then applied,

which maps the data to R.

For any evaluation point x € [a, b], define similarly

X—a u
u= , z:log( )
a 1—u

Kernel density estimation is then performed in the transformed space using a Gaussian kernel,
fua = -3 6 ()
20T nh P h 1’

5 is selected according to Silverman’s rule of thumb (Silverman, 2018), with

where h = 0.96n
N IQR
g = min (S, m)

The density is then mapped back to the original domain using the change-of-variables formula,

1 1 X—a

fX(x):fZ(Z)Mb—a’ = —

which ensures that the estimator respects the bounded support. This transformation-based
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procedure, following Wand et al. (1991), provides a bias-corrected and flexible estimate of the

distribution of A;.

B.3 Machine learning specifications

B.3.1 Families of machine learning methods

Machine learning methods can be broadly classified into three main families: supervised learn-
ing, unsupervised learning and reinforcement learning, each characterised by a distinct learning

objective and information structure (Hastie et al., 2009).

B.3.1.1 Supervised learning

Supervised learning considers a dataset of labelled observations {(x;, y;)}!_,, where x; € R”
denotes the feature vector and y; € Y the associated target variable, with Y C R being the space
of all possible target values. The objective is to estimate a function f € ¥, where ¥ denotes the
hypothesis space, i.e. the class of admissible prediction functions f : R? — Y, that minimises

the expected prediction €ITor1,
minE[£ Y, X))],

where £ : Y X R — R, is a loss function measuring the discrepancy between the true outcome
Y and the prediction f(X).

Since the joint distribution of (X, Y) is unknown, this objective is typically approximated by

empirical risk minimisation,
1
min — " £(yi, f(x)).
feF n 4
i=1
In this study, the loss function is chosen as the squared error loss,

(o, f(x) = (v = f())%

so that the performance criterion is based on the root mean squared error (RMSE), defined as

RMSE(f) = J % Z(yi - f(x))%.
o1

Depending on the nature of Y, supervised learning problems are divided into regression (Y C R)
and classification (Y discrete). A key characteristic of supervised learning is that it explicitly
exploits the joint distribution of (X, Y), allowing direct optimisation of predictive performance.

However, its effectiveness depends critically on the availability and quality of labeled data.

From a statistical perspective, supervised learning involves a bias-variance trade-off: simple

models (e.g., linear regression) exhibit high bias but low variance, whereas flexible models (e.g.,
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tree-based ensembles) reduce bias at the cost of higher variance. Regularisation and model

averaging are therefore central tools in this framework.

B.3.1.2 Unsupervised learning

Unsupervised learning operates on unlabeled data {x;}?_, and aims to uncover structural prop-
erties of the marginal distribution Py where Py is the distribution of the feature vector X.
Formally, the objective is not prediction of a target variable, but rather the extraction of latent

representations or patterns.

. . . . o . . K
Typical problems include clustering, where the goal is to partition the data into groups {Cr };_,
that maximise within-group similarity, and dimensionality reduction, where one seeks a lower-
dimensional representation z; = g(x;), with g : R? — R? and ¢ < p, that preserves relevant

information. For example, principal component analysis (PCA) solves

max Var(v'X) s.t. |v].=1,
veRP

leading to orthogonal directions of maximal variance.

Unlike supervised learning, unsupervised methods do not rely on an explicit loss function tied to a
target variable, which makes evaluation inherently more difficult. However, they are particularly
useful for feature engineering and data preprocessing, specifically in high-dimensional settings

such as financial applications.

B.3.1.3 Reinforcement learning

Reinforcement learning (RL) addresses sequential decision problems in which an agent interacts
with an environment over time (Sutton and Barto, 1998). At each time ¢, the agent observes
a state s, € S, takes an action a, € A and receives a reward r,. The objective is to learn a
policy 7 (a|s) which specifies a probability distribution over actions given the current state, that

maximises the expected cumulative reward,

max E,
T

)

t
2,7
t=0

where y € (0, 1) is a discount factor and the expectation is taken with respect to the distribution

over trajectories induced by the policy .

A central concept in RL is the value function,

V™(s) = B,

(o]

!
Z'y relso =s
t=0

which measures the expected return starting from state s under policy m. Learning typically
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relies on dynamic programming or stochastic approximation methods, such as Q-learning or

policy gradient algorithms.
Compared to supervised learning, RL differs in two fundamental aspects:
1. Feedback is delayed and indirect, as rewards depend on sequences of actions.
2. The data-generating process is endogenous, since actions influence future states.

These characteristics make RL particularly suited for dynamic portfolio allocation problem:s,

although it is not the primary focus of this research.

B.3.1.4 Comparative characteristics

These three learning paradigms differ fundamentally: supervised learning is prediction-driven,

unsupervised learning is structure extraction, and reinforcement learning is decision-driven.

In this master thesis, the empirical analysis focuses on supervised learning and reinforcement
learning. Supervised models aim to approximate the oracle shrinkage intensity by minimising a
squared loss (evaluated using RMSE), while reinforcement learning directly maximises expected
cumulative reward, corresponding to portfolio performance. Unsupervised learning is not
implemented explicitly but provides a conceptual framework for potential extensions involving
feature extraction and dimensionality reduction. In this context, the target variable corresponds
to the oracle shrinkage intensity A7, while the predictors are features derived from the covariance

structure.

B.3.2 Supervised learning models

This section presents the supervised learning models used to approximate the oracle shrinkage
intensity. The selected models include penalised linear estimators and non-parametric tree-
based methods, allowing for varying degrees of flexibility in capturing the relationship between

predictors and the target variable.

B.3.2.1 Linear models with regularisation

Considering the linear regression model
y=XB+¢€, yeR"

where X € R"™P y € R" and € € R" is the error vector. In high-dimensional settings or when
predictors are strongly correlated, ordinary least squares estimation becomes unstable, as the
matrix X " X may be ill-conditioned. Regularisation addresses this issue by introducing a penalty
term that controls model complexity (Hastie et al., 2009).
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Ridge

Ridge regression (Hoerl and Kennard, 1970) solves
BRI = arg min Iy = XBll + |3

where a > 0 is a tuning parameter and ||8 ||% = Z?Z | ﬁ?. The estimator admits the closed-form
solution
R = (XTX +al,)X"y.

The ¢>-penalty shrinks coefficients continuously toward zero, reducing estimator variance at
the cost of introducing bias. Ridge regression is particularly effective in the presence of
multicollinearity, as it regularises the Gram matrix X' X, improving numerical stability and

out-of-sample performance.

Lasso

The Least Absolute Shrinkage and Selection Operator (Lasso) (Tibshirani, 1996) replaces the
{>-penalty with an {1-penalty,

BLaso  arg Hgn ly = XBII3 + al|Bll1,

where ||B||1 = Zle 1B;1-

Unlike Ridge regression, the Lasso produces sparse solutions due to the non-differentiability
of the {;-norm at zero. This induces variable selection and yields more interpretable models.
However, in the presence of highly correlated predictors, the Lasso tends to select a single

variable from a group, which may lead to instability in variable selection.

Elastic Net

Elastic net (Zou and Hastie, 2005) combines £; and ¢, penalties,
BN = argmin ||y - XBl5 + a8l + (1= 8)IBI3),

where @ > 0 controls the overall regularisation strength and ¢ € [0, 1] determines the relative

contribution of the ¢ and ¢, penalties.

This formulation keeps the sparsity-inducing property of the Lasso while mitigating its limi-
tations in the presence of correlated predictors. Particularly, Elastic Net encourages grouped
selection, assigning similar coeflicients to correlated variables, which is especially relevant in

financial applications where predictors often exhibit strong dependence structures.
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B.3.2.2 Regression trees

Regression trees provide a non-parametric approach to approximating the conditional expectation
function (Breiman et al., 1984)
f(x) =E[Y|X =x].

The estimator takes the form ”

F(x) =) eml{x € Ry},

m=1

where {R,, }nnf:l is a partition of the feature space R” and c,, is the average response within the

1
Cm:mz%

Xi€R;,

region Ry,

The partition is constructed via recursive binary splitting. At each step, the algorithm selects a

feature j and a threshold s that minimise the residual sum of squares

. = 32 S \2
min D Gi-Ir)P+ DL (i-Tk)

X;€R1(],5) X;€R2(j,5)

where

. ) _ 1
R = {xixj<sh RaGios) = {wixy >k and Sr= o D i

X;€R

Regression trees are able to capture non-linearities and high-order interactions without requir-
ing explicit specification. However, they typically exhibit high variance and are sensitive to
perturbations in the data, motivating the use of ensemble methods.

B.3.2.3 Ensemble tree-based methods

Random Forest

Random Forest (Breiman, 2001) addresses the high variance of individual trees by averaging a
large number of decorrelated trees. Each tree is trained on a bootstrap sample of the data, and

at each split, only a random subset of predictors is considered.

In this master thesis, Random Forest is applied to dated feature-target pairs (x;, A;), where x;
is constructed from the rolling estimation window. The model is therefore used as a nonlinear
supervised learner on a tabular dataset. Although bootstrap resampling does not preserve serial
dependence across dated observations, temporal consistency is ensured by the rolling-window

design and the purged and embargoed chronological cross-validation procedure.
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The Random Forest estimator is given by

B
Fo =3 fi,
b=1

where f, denotes the b-th tree. This procedure reduces variance through averaging while
maintaining low bias.
Gradient boosting and XGBoost

Gradient boosting constructs an additive model by sequentially fitting base learners to the
negative gradient of a loss function (Friedman, 2001). At iteration k, the pseudo-residuals are

defined as )
L0 900, 91)

’ 03i lsi=p0ni

and a new tree fj is fitted to these residuals. The model is updated as

FO ) = FEV )+ nfi(x)

where 1 € (0, 1] is a learning rate.

XGBoost (Chen and Guestrin, 2016) extends this framework by introducing explicit regularisa-

tion. The objective function is
n K
L= 5+ ) Q)
i=1 k=1

where
K
$i= D filx),
k=1

and the regularisation term is defined as
1 &
Qf) =T + 56 ) i
j=1

with T the number of leaves and w ; the weights associated with leaf j. This penalisation controls

model complexity and improves generalisation performance.
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B.4 Tree-structured Parzen Estimator (TPE) and Optuna

B.4.1 Tree-structured Parzen Estimator

The hyperparameters are optimised using Bayesian optimisation, as implemented via Optuna’s
Tree-structured Parzen estimator (TPE) sampler.

Lety; = £(6;) denote the validation loss associated with a hyperparameter configuration 6; € 0,
where ® ¢ R is the hyperparameter search space and d is the number of hyperparameters.
Classical Bayesian optimisation models the conditional density p(y|6) and selects new config-

urations by maximising an acquisition function.

Instead of directly modelling p(y|6), the TPE approach models p(6|y) by partitioning the

observed configurations into two groups based on a quantile threshold y:
Dygood = 16i 1 yi < v}, Dpaa =10 - yi > v}

Two density models are then estimated:

1(0) = p0ly <y), g(6)=p(6ly>7y)
The next hyperparameter configuration is selected by maximising the ratio of these densities,

1(0)

, 6 ec®cR?
g(9)

0D = arg max

The hyperparameter optimisation is initialised with a fixed random seed to ensure reproducibility

of the sampling process.

A key feature of the implementation is the use of a multivariate sampling strategy. Unlike the
standard TPE formulation, which models each hyperparameter independently via a factorised

density

d
p@ly) = | | p@,1).
=1

J

The multivariate extension considers the joint distribution of the hyperparameter vector 6 €
©. This enables the algorithm to capture dependencies between hyperparameters, which is
particularly important in high-dimensional or structured models where interactions between

parameters significantly affect performance.

In addition, a grouping mechanism is employed to improve sampling efficiency. Specifically, sub-
sets of related hyperparameters are sampled jointly, thereby preserving structural relationships
within the parameter space. This approach enhances the ability of the optimisation algorithm to

explore regions where coordinated parameter changes yield improved performance.
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The optimisation proceeds sequentially. At each iteration m = 1,..., M, a candidate config-
uration ™ is sampled based on the current probabilistic model of promising regions of the
search space. The corresponding objective function is evaluated as y™ = £(6™) defined as
the cross-validated prediction error of the shrinkage intensity. Then A; is evaluated, yielding
ym = £gm).

The pair (8, yU™) is incorporated into the dataset of observed trials, and the TPE model
is updated accordingly. Subsequent candidates are generated by maximising an acquisition

function derived from the ratio of densities associated with ”good” and ”bad” observations.

The iterative procedure results in an adaptive exploration of the hyperparameter space, where

regions associated with low prediction error are sampled more intensively over time.

B.4.2 Early stopping via pruning

Given the important computational cost associated with evaluating each hyperparameter config-
uration, particularly due to the use of time-series cross-validation, an early stopping mechanism

is introduced to improve efficiency. This mechanism is based on a median-based pruning rule.

.L,({m) denotes the objective value of trial m at step k, where each step corresponds to a fold of
the cross-validation. The pruning criterion compares the current performance of a trial to the
historical performance of previously completed trials at the same stage. Specifically, trial m is

terminated at step k if
£ > median(£L", ..., £LM)

where M}, is the number of completed trials for which an intermediate value at step k is available.

To ensure stability of the pruning decision, the mechanism is only activated after an initial set
of trials has been completed, thereby providing a reliable estimate of the median benchmark.
Furthermore, pruning is applied only after a minimum number of evaluation steps have been

observed within a given trial, preventing premature termination based on insufficient information.

Conceptually, this procedure can be interpreted as a dynamic filtering mechanism that allocates
computational resources preferentially toward promising regions of the hyperparameter space.
Trials that exhibit relatively poor intermediate performance are discarded early, while more

competitive configurations are allowed to proceed to full evaluation.

Importantly, pruning does not modify the definition of the objective function itself, rather
it alters the allocation of computational effort across candidate configuration. As such, it
preserves the statistical validity of the optimisation procedure while substantially reducing the

overall computational burden.
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B.S SHAP-based model interpretation

To interpret the predictions of the supervised learning models, this study employs SHAP (Shap-
ley Additive Explanations), a framework grounded in cooperative game theory that provides
a consistent decomposition of model predictions into feature-level contributions (Lundberg
and Lee, 2017). For a prediction function f(x), SHAP expresses the output as an additive
decomposition
p
F@) = g0+ D ¢(x),
j=1

where ¢¢ = E[ f(X)] denotes the baseline prediction and ¢ ; the contribution of feature j. These
contributions correspond to Shapley values (Shapley, 1953), defined as

Z ISI'(p — 1S = D!

Y [ fsuiy (rsugy) = Fs(xs)]

¢j(x) =

S{L...p}\{j}

which quantify the marginal contribution of each feature averaged over all possible subsets of

features.

As exact computation is infeasible in high-dimensional settings, SHAP relies on model-specific
algorithms. For tree-based ensemble models, such as Random Forest and XGBoost, SHAP
values are computed using the TreeSHAP algorithm, which exploits the structure of decision
trees to evaluate conditional expectations efficiently and exactly (Lundberg et al., 2018). For
regularised linear models, such as Ridge, Lasso, and Elastic Net, SHAP values are computed
using linear explainers that leverage the additive structure of the model (Lundberg and Lee,
2017).

SHAP values are computed at the observation level, yielding a matrix {¢; (x;) }i=1,..n:j=1,...,

provides a local decomposition of each prediction. Each value ¢;(x;) measures the contribution

of feature j to the predicted shrinkage intensity for observation i, relative to the baseline.

In this study, model interpretation is conducted using beeswarm plots, which summarise the
distribution of SHAP values across observations for each feature. For a given feature j, the
beeswarm plot displays all values {¢;(x;)}_,, with each point representing an individual obser-
vation. The horizontal position reflects the magnitude and sign of the contribution, while the

colour encodes the corresponding feature value.

Features are ordered by their global importance, measured as the average absolute contribution,
1 n
I == > o),
i3

ensuring that the most influential predictors appear at the top of the plot.
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Beeswarm plots provide a compact yet highly informative representation of model behaviour.

They simultaneously capture:
* the magnitude of feature effects (spread along the horizontal axis),
* the direction of influence (positive or negative contributions),
* and the heterogeneity of effects across observations.

This allows the identification of non-linear relationships, interaction effects, and regime-
dependent behaviour that are not visible through aggregate measures alone. In the context
of shrinkage intensity estimation, these plots reveal how different market characteristics influ-
ence the model’s predictions across varying conditions, providing an economically meaningful

interpretation of the learned relationships.

B.6 Reinforcement learning models

Throughout this appendix, the index ¢ denotes the rebalancing date, while / = 1, ..., L denotes
the position of an observation within the estimation window processed by the recurrent architec-
ture. Accordingly, R, € RY denotes the cross-sectional return vector observed at date ¢, whereas

X, = Ri_1+1. € RN denotes the sequence of returns used as input at decision date 7.

B.6.1 Reinforcement learning: general framework

Reinforcement learning (RL) studies sequential decision-making problems in which an agent
interacts with an environment over time. The standard formalisation is a Markov Decision
Process (MDP) defined by the tuple

(S, A, P,u,y),
where S is the state space, (A is the action space, P (s’ | s, a) is the transition probability, u(s, a)

is the reward function, and y € (0, 1] is a discount factor (Sutton and Barto, 1998).

At each time ¢, the agent observes a state s;, selects an action a; ~ my(.|s;) and receives reward

u;. The objective is to maximise the expected discounted cumulative reward:

T

J(rg) = Bry [ > 7wy

=1
where E,, is the expectation under the trajectory distribution induced by policy 7.

A policy my(als) maps state to probability distributions over actions and learning consists of
finding an optimal policy:

" = argmax J (7).
Ve
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B.6.2 Classes of reinforcement learning algorithms

RL algorithms can be broadly divided into three main classes depending on how the optimal

policy is learned: value-based methods, policy-based methods and actor-critic methods.

B.6.2.1 Value-based methods

Value-based methods aim to learn a function that evaluates the quality of states or state-action
pairs under a given policy. The central objects are the state-value function which evaluates states

under a given policy and the action-value function which evaluates state-action pairs.

o0
k
Z?’ Ursk|S; = 51,

k=0

V™(s) = E,

and the action-value function:

Q" (s,a) = By

(]
k
Zy Ursklsy = s,a; = a| .

k=0

The optimal action-value function satisfies the Bellman optimality equation:

Q*(s,a) =E

ur +ymax Q" (sir1,a)|sy = s,a, = a
a’eA

where the maximisation is taken over all admissible actions a’ € A available in the next state.
Algorithms in this class estimate Q* and derive a policy implicitly via:
7 (s) = argmax Q" (s, a).
acA

One example is Q-learning (Watkins, 1989), which iteratively updates:

O(sr,a;) <« O(sr,a;) +a u; + Yy max O(si+1,d") = QO (s, ar) | -

Modern implementations use deep neural networks to approximate @, leading to deep Q-
networks (DQN) (Mnih et al., 2015).

While effective, value-based methods are primarily suited to discrete action spaces, limiting

their applicabilty to problems involving continuous decisions.

B.6.2.2 Policy-based methods

Policy-based methods directly parameterise the policy 7g(als), and optimise the expected dis-

counted reward J(0) = E,, [Zthl yi! ut] . Using the log-derivative trick, the policy gradient is
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given by (Williams, 1992):
VoJ(6) = Exr, [Vglog mg(a; | s:) G/]

where
T
G, = Z Vk_t”k
k=t
is the discounted cumulative reward.

In practice, this corresponds to minimising the loss
L(0) = —E [logmg(asl|s:)G:] .

Policy-based methods offer several advantages:

* they naturally handle continuous action spaces,

* they allow for stochastic policies, facilitating exploration and

* they avoid the need to solve a maximisation problem over actions.
However, they typically suffer from high variance in gradient estimates.
In this study, the proposed algorithms (PGA and RPGA) belong to this class, as they directly
learn a stochastic policy for the shrinkage intensity, which is a continuous decision variable.
B.6.2.3 Actor-Critic methods

Actor-critic methods combine the strengths of value-based and policy-based approaches. They

consist of:
e an actor, which parameterises the policy my(als),
* a critic, which estimates a value function V" (s) or Q7 (s, a).

The policy gradient is modified using the advantage function:
Aﬂ-(s’ Cl) = Qﬂ(s’ a) - Vﬂ(s)’
leading to:
VoJ(0) = Er [Vglogmg(a; | si) A" (1, ar)]

The critic reduces variance by providing a baseline estimate of expected returns (Konda and
Tsitsiklis, 1999).

Popular algorithms in this class include Advantage Actor-Critic (A2C) and Proximal Policy
Optimisation (PPO) (Schulman et al., 2017). These methods are particularly effective in high-



CHAPTER B. ADDITIONAL THEORETICAL DETAILS 67.

dimensional and continuous settings but require careful joint training of both components.

B.6.3 Function approximators: MLP and GRU
B.6.3.1 Multilayer Perceptron (MLP)
The perceptron

The perceptron is the fundamental building block of artificial neural networks and can be
interpreted as a parametric function mapping an input vector to a scalar output through a linear

transformation followed by a nonlinear activation (Rosenblatt, 1958).

Given an input vector x € R¢, the perceptron computes:
z=w'x+b

where w € R is a vector of weights and b € R is a bias term. The output is then obtained by

applying an activation function ¢:

y=¢(2)

Figure B.1: Visualisation of a perceptron

In its original formulation, the perceptron uses a binary step function:

1 ifz>0,
¢(z) =

0 otherwise.

This formulation corresponds to a linear classifier, as the decision boundary is given by the
hyperplane:
wix+b=0

While the perceptron is capable of separating linearly separable data, it is limited in its expressive
power and cannot represent nonlinear decision boundaries (Minsky and Papert, 1969).
Activation functions

To overcome these limitations, modern neural networks employ nonlinear activation functions,
enabling the approximation of complex mappings (Goodfellow et al., 2016). Common choices

include
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1. Sigmoid function:
1

1+e2

o(z) =

which maps inputs to the interval (0, 1). It is often used when outputs must be interpreted

as probabilities.

2. Hyperbolic tangent:
eZ _ e—Z
tanh(z) =
anh(z) et +e’t

which maps inputs to (-1, 1) and is zero-centred.

3. Rectified Linear Unit (ReLU):
¢(z) = max(0, z)

which offers several advantages such as computational simplicity, alleviation of the van-
ishing gradient problem and sparse activation patterns. As a result, it has become the

standard choice in deep architectures (Nair and Hinton, 2010).

From perceptron to multilayer perceptron

A single perceptron can only represent linear mappings. To capture nonlinear relationships,

multiple perceptrons are stacked into layers, forming a multilayer perceptron (MLP).

A MLP is a feedforward neural network (neural network where information flows into a single
direction) composed of an input layer, one or more hidden layers and an output layer. Each layer

applies an affine transformation followed by a nonlinear activation. Formally, for L layers:

fo(x) = hH)

where:
pD = ¢(W(1)x + b(l)),

h2 — ¢(W(2)h(1) + b(Z))’

B = g(WE R 4 pD),

Here, W are weight matrices, b are bias vectors, ¢ is a hidden-layer activation function and

Y is the output activation.

The parameter set is denoted: 6 = {W(), b(’)}lel.

B.6.3.2 Universal approximation property

A key theoretical justification for MLPs is the universal approximation theorem (Hornik et al.,

1989), which states that a feedforward neural network with at least one hidden layer and a
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Input layer Hidden layer 1 Hidden layer 2 Output layer

Figure B.2: Visualisation of a MLP

nonlinear, non-polynomial activation function can approximate any continuous function on a

compact domain R? to arbitrary precision.

Formally for any continuous function f and any € > 0, there exists an MLP fy such that:

sup |f(x) - fo(x)| < €

xeK
which means that the largest difference between the neural network and the true function
(anywhere in the region K) is smaller than e.
B.6.3.3 Training via gradient-based optimisation

The parameters 6 are learned by minimising a loss function £(6), typically using gradient-based

optimisation methods.

Gradients are computed via the backpropagation algorithm, which applies the chain rule to effi-
ciently evaluate Vg £(6) (Rumelhart et al., 1986). In practice, stochastic optimisation methods

such as Adam (Kingma and Ba, 2014) are used to update parameters iteratively.

B.6.3.4 Interpretation in the context of financial data

In the present framework, the MLP serves as a nonlinear function approximator for the policy
mapping:
wo - RPN (0, 1)

which associates a rolling window of asset returns with a shrinkage intensity.

The output is constrained to the interval (0, 1) through the use of a sigmoid activation function

at the final layer. This ensures that the predicted shrinkage intensity remains admissible.

Importantly, the MLP treats the input as a static vector, meaning that temporal dependencies are
only implicitly encoded through the input window and not explicitly modelled. This limitation

motivates the use of recurrent architectures, which are introduced in the following section.
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B.6.4 Gated Recurrent Unit (GRU)
B.6.4.1 Recurrent neural network and sequential modeling

While multilayer perceptrons provide flexible nonlinear mappings, they are inherently limited to
static input-output relationships. In contrast, many applications, particularly in finance, require

modelling sequential data with temporal dependencies.

Recurrent Neural Networks (RNNs) address this limitation by introducing a hidden state that
evolves along the input sequence. Given a sequence (x;) le 1> an RNN defines

hy = fo(hi—1,x1)
yi = go(hy)

where h; € R is the hidden state at sequence position /, summarising past information.

However, standard RNNs suffer from vanishing and exploding gradient problems, which limit
their ability to capture long-range dependencies (Bengio et al., 1994). To overcome these issues,
gated architectures such as the Gated Recurrent Unit (GRU) have been introduced (Cho et al.,
2014).

B.6.4.2 GRU architecture

The GRU augments the standard RNN with gating mechanisms that regulate the flow of infor-
mation. At each sequence position /, given input x; € R" and previous hidden state /;_; € R,
the GRU computes:

1. Update gate:
721 =0(Wx; +Uzhi- + by)

2. Reset gate:
ri=o0W.x;+Uhi_1 + b))

3. Candidate hidden state:

h = tanh(Wyx; + Uy (r; © hi_1) + by)

4. Hidden state update:
h; = (1—Zl)®hl_1 +Zl®ill

where o (x) = (1 + e~)~! is the sigmoid function, tanh(x) is the hyperbolic tangent, ® denotes

element-wise multiplication and W_, U, b, W,.,U,, b,, Wy, Uy, bj, are learnable parameters.
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B.6.4.3 Interpretation of the gating mechanisms
The GRU can be interpreted as a dynamic filtering mechanism:

* The update gate z; controls the trade-off between keeping past information and incorporat-
ing new information. When z; ~ 1, the model prioritises the new candidate state; whereas

when z; ~ 0, it keeps the previous state.

* The reset gate r; determines how much past information contributes to the candidate state.

A small value of r; effectively forgets past information.

* The hidden state update:
hy=(1—z)hi-y + 2y

can be viewed as a convex combination of past memory and new information.

GRU cell architecture

X

Figure B.3: Visualisation of a GRU cell

This gating structure enables the GRU to capture both short-term fluctuations and long-term

dependencies, while mitigating gradient instability.

B.6.4.4 Stacked GRU layers

In practice, multiple GRU layers can be stacked to increase representational power. For a
two-layer GRU:

1 1
h'Y = GRU; (x, h")

2 _ () (2
h? = GRUy(h", )

where each layer has its own set of parameters. Lower layers capture short-term dynamics, while
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higher layers encode more abstract temporal patterns.

gmmmmm e Euyer 2-tidder stabes= < =< s =s == - oo s

Second layer
' = GRUa (K b))

Figure B.4: Visualisation of the GRU logic

Stacking allows the model to learn hierarchical temporal representations, where lower layers
capture local dynamics and higher layers encode more abstract temporal patterns.
B.6.4.5 Training and backpropagation through time

The parameters of the GRU are learnt by minimising a loss function via gradient-based optimi-
sation. Gradients are computed using backpropagation through time (BPTT) (Werbos, 2002),

which extends standard backpropagation to sequential settings.

In practice, truncated BPTT is often used to limit computational cost and improve numerical
stability.

B.6.4.6 Interpretation in financial time series

In the context of financial data, the GRU provides a natural framework for modelling volatility

clustering, serial correlation and regime changes.

The hidden state /; can be interpreted as a latent representation of market conditions, summaris-
ing past return dynamics. Formally, for the input sequence associated with rebalancing date ¢,

the GRU defines a mapping from the return window
Xi = Ri—L+1u

to a sequence of hidden states (/;) IL: , with the final hidden state A, providing a finite-dimensional

summary of the information contained in the window. Equivalently, one may write

hp = f@(Xt)

where fy denotes the nonlinear transformation implemented by the GRU.
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This latent representation is then used by the policy network to generate the shrinkage intensity,
allowing the model to adapt dynamically to evolving market conditions.

B.6.5 Comparison between MLP and GRU architectures

B.6.5.1 Static versus dynamic mappings

A fundamental distinction between multilayer perceptrons (MLPs) and Gated Recurrent Units

(GRU) lies in the nature of the mappings they implement.

A MLP defines a static nonlinear mapping

y = fo(x)

where the output depends exclusively on the current input x. In time series applications, this

input typically consists of a fixed window of past observations, for instance
Xr = veC(Ri—L+1:1)-

Temporal information is therefore incorporated only through a finite-dimensional representation
of the past. Importantly, the mapping itself is memoryless: once the input vector is specified,

the model does not keep any additional internal state.

In contrast, a GRU defines a dynamic mapping with memory.

hi = fo(hi-1,x1), i = go(hy)

where £ is the hidden state at sequence position /. The hidden state evolves recursively over time
and provides a low-dimensional sufficient representation of past information under the model
parameterisation. As a result, the output at sequence position / depends not only on the current

input x;, but also on the entire history encoded in /;_;.

This recursive structure allows GRUs to represent sequential dependencies in a fundamentally

different way compared to MLPs, which rely solely on fixed input windows.

B.6.5.2 Modelling temporal dependencies

In a MLP-based architecture, temporal dependencies are incorporated implicitly through the
input construction. The model receives a stacked vector of past observations, but does not
explicitly account for the sequential structure of the data. In particular, there is no parameter
sharing across time and the ordering of observations is not exploited beyond their position in

the input vector.
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By contrast, GRUs are especially designed to model sequential data. This recursive formulation
hy = (1=z)hiy + 2y

introduces a state-dependent update mechanism, where the update gate z; and the candidate
hidden state /1; control how new information is incorporated. This structure enables the network

to selectively keep or discard past information.

From a probabilistic perspective, the hidden state /s; can be interpreted as a latent Markovian
representation of the underlying process, summarising all relevant past information for predicting
future outcomes. This makes GRUs particularly well-suited for financial time series, which

exhibit persistence, regime shifts and time-varying dependence structures.

B.6.5.3 Dimensionality and memory

A key practical difference between MLPs and GRUs concerns the dimensionality of the input

and the associated parameterisation.

In MLPs, the input vector grows with the length of the observation window:

where L is the window size and N is the number of assets. As L increases, this leads to a
rapid growth in dimensionality, exacerbating the curse of dimensionality and increasing the risk
of overfitting. Moreover, the number of model parameters typically scales with the input size,

making estimation more difficult in high-dimensional settings.

In contrast, GRUs process inputs sequentially:
X] € RN

and maintain a hidden state #; € R of fixed dimension F, independent of the sequence length.
The number of parameters is therefore independent of the time horizon and information from

the past is compressed into the hidden state through the gating mechanism.

B.6.5.4 Implications for reinforcement learning models

The architectural differences between MLPs and GRUs directly motivate the distinction between

the two reinforcement learning approaches considered in this thesis.

The policy gradient algorithm (PGA) relies on a MLP and defines a static policy, where decisions
depend solely on a fixed representation of recent observations. As such, the model does not

explicitly account for temporal dependencies beyond those encoded in the input vector.
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In contrast, the Recurrent Policy Gradient Algorithm (RPGA) employs a GRU and defines a
dynamic policy with memory. The hidden state evolves recursively along the input sequence
and provides a latent representation of past information, allowing decisions at date # to depend
on the sequential structure of the observations contained in the input window. This distinction
is particularly relevant in financial applications, where market dynamics exhibit persistence,
regime shifts and time-varying dependence structures. In this context, recurrent architectures
offer a more flexible framework for capturing temporal dependencies and adapting to changing

environments.

A detailed formulation of the PGA and RPGA models, including their optimisation procedures

is provided in the following sections.

B.6.6 Policy Gradient Algorithm (PGA)
B.6.6.1 Stochastic policy parameterisation

In the considered policy gradient framework, the agent does not directly output a deterministic
action. Instead, it parameterises a stochastic policy that defines a probability distribution
over admissible actions conditional on the observed state (Sutton et al., 1999). The policy is
parameterised by a neural network py which defines the conditional mean of a Gaussian policy

TTg.

The policy is modelled as a Gaussian distribution:

mg(asls:) = N(a|pe(s:), 0'82),

where 6 denotes the parameters of the policy network uy(s;) € (0, 1) is the conditional mean
and o, > 0 is a scalar parameter controlling the dispersion of the distribution. In the present
implementation, the mean wy(s;) is obtained as the output of a multilayer perceptron, while o

is gradually decreased during training.

The quantity ug(s;) plays a fundamental role in the policy parameterisation. It can be interpreted
as the conditional expectation of the action under the policy my, that is, py =~ E,, [a;|s;]. Rather
than directly solving an optimisation problem over actions, the policy gradient approach adjusts

the parameters 6 so as to increase the likelihood of actions that yield higher realised rewards.

To ensure exploration, the action is sampled from the policy distribution as:

a; = po(s;) +oee, & ~N(0,1).

This stochastic sampling mechanism allows the agent to explore actions in the neighbourhood of
its current estimate. In particular, a larger value of o induces greater variability in the sampled

actions and promotes exploration, while a smaller value results in more concentrated actions
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around the mean, corresponding to exploitation.

Given that the admissible action space is bounded, the sampled action is projected onto the
interval [0, 1] with A; = clip(a;,0, 1).

This ensures that the shrinkage intensity remains well-defined.

B.6.6.2 Policy gradient estimation

The stochastic nature of the policy is central for gradient-based learning. The parameters 6 are
updated using the likelihood ratio method (Williams, 1992), which relies on the gradient of the
log-policy:

Vo log mg(as|s;)

For a Gaussian policy, this gradient takes the form:

ar — po(s:)
Vo log mg(a;lsy) = —Zveﬂe(sz)
&
This expression holds since the variance is treated as a constant and does not depend on 6,
moreover it provides a clear interpretation of the learning mechanism. The term (a; — ug(s;))
measures the deviation between the sampled action and the current mean prediction. When
combined with the discounted cumulative reward G;, it determines the direction in which the

parameters are updated.

In particular, if an action a, yields a high reward and lies above the mean, the gradient update
increases ug(s;). Conversely, if a poorly performing action is sampled, the update shifts the
mean away from that action. Thus, the policy gradient update progressively moves the mean

toward regions of the action space associated with higher rewards.

B.6.6.3 State representation and policy network

In the implemented PGA, the state is constructed directly from the matrix of raw returns observed
over the estimation window. R,_; .1, € REVN is denoted as the matrix of returns for N assets over
the last L observations. Before entering the network (MLP), the return matrix is standardised
asset by asset using the training sample means and standard deviations. Denoted by R; and
s; the training-sample mean and standard deviation of asset i, the standardised return on each

estimation window is _
R — R,

Si

R =

Then, the standardised window is flattened into a vector, x;, = vec(R;_z+1:) € RPN which
serves as the input of the policy network. Hence, although the underlying data are sequential,
the PGA treats the return window as a fixed-dimensional state vector. This is precisely the static

mapping discussed in section B.6.5, and it implies that temporal dependencies are only captured
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implicitly through the window itself rather than through an explicit memory mechanism. This
implies that the Markov property is imposed on the finite observation window rather than on the

full return history

The policy network is a MLP with three hidden layers. In the implementation, its architecture
is LN — 256 — 128 — 32 — 1.

With 20 = x;, the hidden layers satisfy

B = (WO RO 4 p0y,
h® = g(WORW 4 p@)y,
h® = g(WORD 4 pO)y,

where ¢(z) = max(0, z) is the ReLLU activation. A layer normalisation step is applied after the
first linear transformation in order to stabilise the scale of intermediate activations. The output
layer is given by

po(se) = c(WHRD +p®)

where 0(z) = (1 + e %)~! is the sigmoid function. The sigmoid ensures that the conditional
mean of the policy lies in the interval (0, 1) which is coherent with the admissible range of the

shrinkage intensity.

All the linear layers are initialised using Xavier uniform initialisation (Glorot and Bengio, 2010),
which improves optimisation by controlling the scale of forward activations and backward

gradients at the start of training.

B.6.6.4 Reward function

The reward is defined as the negative realised volatility over the subsequent holding window of

length H. If R;41.4+p is the matrix of future returns, then

H
1 _
U = — ﬁ ;(W:ka - Rz)2

where R, = % Zf: W/ Riwk. Volatility is used instead of the Sharpe ratio to avoid instability

due to division by small returns and to ensure a well-behaved learning signal.

This reward definition implies that the agent is not trained to reproduce the ex-post oracle
shrinkage intensity directly. Instead it is trained to select shrinkage intensities that yield low
future realised portfolio volatility. This distinction is conceptually important. The reinforcement

learning problem is objective-driven rather than target-driven.
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The parameters 6 are estimated using the REINFORCE algorithm of Williams (1992). As

previously, the objective function is

J(0) = E‘r~7r9

where 7 is a trajectory generated by the policy.

For each episode, the discounted cumulative reward from step ¢ onward is computed recursively
as

G =u; +yGrp

with the terminal condition Gr = ur. Equivalently,

T
G, = Z ’}’k_tuk
k=t

The policy gradient identity yields

T
Z Vo log mg(a;ls:) Gy

t=1

VBJ(H) = Eﬂ'g

In practice, the implementation uses the Monte Carlo estimator
o
Vol (0) = > Vglogmg(als)G,
r=1
with G, being the normalised discounted cumulative reward. Specifically,

G, -G

Gl:
Sg + €

where G and s¢ are the sample mean and standard deviation of discounted cumulative rewards
within the episode. This normalisation corresponds to a baseline subtraction and reduces the

variance of the policy gradient estimator.

The corresponding empirical loss is

1 & 5
L(0) =~ ;logm(a,mct
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B.6.6.5 Optimisation and training procedure

The policy parameters are optimised using the Adam algorithm (Kingma and Ba, 2014) and in

the implementation, the learning rate i is decreased linearly over episodes:

Ne = ninit(l - pe) + NminPe

where p, € [0, 1] is the normalised training progress. This gradual decay allows relatively large

steps early in training and smaller, more stable updates near convergence.

At the same time, the exploration standard deviation is reduced according to an exponential
schedule,

Oge+l = max{o_s,min, 60—8,6}

where ¢ € (0, 1) is the decay factor and 0| = 0% nit. This schedule governs the exploration-
exploitation trade-off. Initially, a larger standard deviation promotes exploration over the action
space. Then, as training progresses, the standard deviation shrinks and the policy becomes more

concentrated around the learned mean.

To improve numerical stability, gradient clipping is applied after backpropagation: ||VyL|| < 1.
This prevents excessively large updates and contributes to stable training dynamics. The learning
curves reported in appendix C are consistent with this design and show the evolution of episode
reward and average shrinkage intensity over training. These stabilisation mechanisms are
particularly important in policy gradient methods because stochastic exploration and noisy

Monte Carlo reward signals can generate high-variance gradient estimates.

B.6.6.6 Deterministic prediction and economic interpretation

After training, the learned policy is used deterministically in the out-of-sample period. Instead
of sampling from the Gaussian policy, the predicted shrinkage coefficient is set equal to the
network output A, = ug(s,). Since the network already applies a sigmoid output layer, the

prediction naturally lies in (0, 1), and a final clipping step ensures numerical admissibility.

From an economic perspective, the PGA learns a nonlinear state-dependent shrinkage rule:

/it = fO(VeC(Rt—L+1:t))

where the parameters of fy are chosen not to minimise a prediction loss relative to the oracle
coeflicient but to optimise a long-run portfolio objective based on realised risk. The learned
policy therefore reflects an adaptive regularisation mechanism. When recent patterns suggest
that the sample covariance matrix is unreliable, the network can shift the distribution of actions
toward higher shrinkage whereas when the recent covariance structure appears more informative,

it can favour lower shrinkage levels.
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At the same time, because PGA is based on a MLP, the policy is conditionally independent
of past observations given the current state representation: all relevant information must be
extracted from the current standardised return window. This limitation motivates the recurrent
extension developed in the RPGA specification, where the policy can depend on an evolving

hidden state and thus exploit information that extends beyond the current input window.

B.6.7 Recurrent Policy Gradient Agent (RPGA)

The Recurrent Policy Gradient Agent (RPGA) extends the PGA framework by explicitly mod-
elling the temporal structure of the estimation window. While the PGA treats the state as a
fixed-dimensional vector obtained by flattening past returns, the RPGA preserves the sequential
nature of the data and augments the policy with a latent memory. This allows the agent to
condition its decisions not only on the current window of observations but also on information

extracted from preceding windows.

B.6.7.1 Sequential state representation

In contrast to the feedforward model, the RPGA represents each state as a sequence of stan-
dardised returns X; = R;_;,1; € RPN, Each observation in the sequence corresponds to a
cross-section of asset returns at a given date, and the ordering of observations is preserved.
The standardisation procedure is identical to the one described previously, but the resulting data
is no longer reshaped into a vector. Instead, it is directly fed into the recurrent network as

time-ordered sequence of length L.

B.6.7.2 Recurrent policy parameterisation

The policy is parameterised by a two-layer Gated Recurrent Unit (GRU) network. Let X;; € RN
be the /-th row of X;, that is, the return vector at position / within the window associated with

decision date ¢.

The sequential processing of the estimation window is then defined by
1 1
by = GRUY (X, B} )

and
2 _ (1 7
ht’l = GRU; (A ht,l_l),

1l

forl=1,...,L, where ht( 11) and ht(zl) denote the hidden states of the first and second GRU layers
at position / within the window. The initial hidden states ht(lo) and ht(%) are given by the recurrent

states carried over from the previous decision step.

The shrinkage decision at rebalancing date 7 is based on the final hidden representation of the
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second layer. More precisely, the conditional mean of the policy is defined as

po(X;) = o (Woh'?) + by).

where o () denotes the sigmoid activation function and ht(zL) is the final hidden state obtained
after processing the entire input sequence of length L. This specification ensures that the

predicted shrinkage intensity remains in the admissible interval (0, 1).

The action is then sampled according to
/lt :ﬂH(Xl) +0—88t’ &t NN(O, 1)’

and is clipped to [0, 1] whenever necessary for numerical admissibility.

In the implementation, the GRU consists of two stacked layers with hidden dimensions (32, 16),
followed by a linear output layer and a sigmoid activation. The weight matrices are initialised
using Xavier initialisation (Glorot and Bengio, 2010), which promotes stable signal propagation

across layers during training.

B.6.7.3 History-dependent policy
A key distinction with respect to the PGA lies in the introduction of a recurrent hidden state.
The policy therefore takes the form

ng(A¢ls;), where s, = (X, ht(,]())’ ht(,zo))

where the state X, denotes the current observation window and hflo) and ht(zo) denote the initial
hidden states of the first and second GRU layers at rebalancing date ¢, inherited from the previous

step of the episode.

Atthe beginning of each episode, hidden states are initialised to zero and subsequently propagated
across the sequence of training windows. As a result, the action at time ¢ depends on both the
current estimation window and the latent representation of earlier market conditions. This
construction provides a natural approximation of a partially observed decision process, in which

the agent builds an internal representation of the underlying market dynamics.

To ensure tractable optimisation, hidden states are detached after each step, preventing gradients
from propagating indefinitely through the entire sequence of windows. This corresponds to a

truncated backpropagation scheme, commonly adopted in recurrent policy gradient methods.

B.6.7.4 Exploration and optimisation scheme

While the underlying policy gradient objective remains unchanged, the RPGA differs from the

PGA 1n its treatment of exploration and optimisation.
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First, the learning rate is kept constant throughout training in contrast to the decay schedule
used previously. Second, the exploration standard deviation follows a linear decay: o, =
Oe.init(1 = pe) + Teminpe Where p, € [0, 1] is the relative progress of the training procedure.
This schedule ensures a smoother transition from exploration to exploitation compared with the
exponential decay used in the PGA.

These choices reflect the greater expressive capacity of the recurrent architecture which typi-
cally requires less aggressive learning rate adaptation but benefits from a smoother exploration
schedule.

B.6.7.5 Deterministic inference with memory

At the prediction stage, the predicted shrinkage intensity is given by A, = ug(s;) where the state
s; includes both the current observation window and the initial hidden states carried over from
the previous rebalancing date. Although stochastic sampling is removed, the recurrent structure
remains active during inference, allowing the agent to exploit temporal dependencies learned

during training.

B.6.7.6 Interpretation

The RPGA can be interpreted as a dynamic extension of the PGA in which the shrinkage decision
is conditioned on both contemporaneous observations and a latent memory of past states. This
additional structure is particularly relevant in financial applications, where covariance dynamics

often exhibit persistence and regime dependence.

By leveraging recurrent representations, the RPGA 1is able to capture temporal patterns that are
not directly observable within a single estimation window. This corresponds to a dynamic policy

7o (A¢|s;) where the state evolves according to a latent state transition induced by the GRU.

In contrast to the PGA, where the policy is conditionally independent of past observations given
the input window, the RPGA explicitly incorporates temporal dependencies through the hidden

state, leading to a richer state representation.



APPENDIX C

ADDITIONAL EMPIRICAL RESULTS

This appendix provides additional empirical results that complement the main analysis and offer
deeper insights into the behaviour and implementation of the different models considered in this

master thesis.

The analysis is organised model by model. For each model, we present a consistent set of
additional elements that help better understand its empirical performance and underlying mech-

anisms. Finally, all the additional empirical insights are drawn from the S&P 500 data.

C.1 Lasso

Optimization History

* Objective Value

— Best Value
0.32

Objective Value

0.27

0.26
0 20 40 60 80 100 120 140

Trial

Figure C.1: Lasso: Optimisation history

83
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The optimisation of the Lasso model converges rapidly, with most of the improvement achieved
within the first iterations. After approximately 10 — 15 trials, the objective function stabilises and
no further improvement is observed, indicating that the optimal region of the hyperparameter
space has been efficiently identified. The subsequent trials mainly confirm the robustness of this

solution with objective values remaining tightly clustered around the optimum.

Table C.1: Best Lasso Hyperparameter

Parameter value
Lasso_alpha 0.001114640363052249

cv RMSE(/'A\) Monthly Volatility (CV) Monthly Sharpe (CV) Avg Turnover (CV)
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Figure C.2: Lasso: Hyperparameters vs metrics

The hyperparameter sensitivity analysis plots performance as a function of the Lasso regu-
larisation parameter, where the x-axis represents log;,(«) and the y-axis corresponds to the
metric of interest in each panel (CV RMSE, monthly volatility, monthly Sharpe ratio and
turnover). The parameter « controls the strength of the £; penalty, with higher values inducing
stronger sparsity in the estimated coefficients. The CV RMSE exhibits a clear minimum around
log,o(@) € [-3,-2.5], decreasing from approximately 0.31 — 0.32 for very low values of a to

about 0.262 at the optimum, indicating an important reduction in estimation error.

This region is consistent across economic metrics: portfolio volatility declines from roughly
3.7% to 3.4% while turnover decreases remarkably from above 1.5 to around 0.6 — 0.7, reflecting
improved portfolio stability. The Sharpe ratio remains relatively stable around 0.22 — 0.24,

suggesting that gains are primarily driven by risk reduction rather than higher returns.

The selected value @ = 0.0011146 (i.e., log;,(a) = —2.95) lies within this optimal region, con-
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firming that moderate regularisation achieves an effective balance between sparsity, estimation

accuracy and portfolio stability.

C.2 Ridge

Optimization History

= Objective Value

0.32 — Best Value

0.31
0.3

0.2¢

5C
0.27 ‘e o
2 o o - ey LIPS ) oy S o

0 20 40 60 80 100 120 140
Trial

Objective Value

Figure C.3: Ridge: Optimisation history

The optimisation history exhibits a rapid decrease in the objective value during the initial iter-
ations, indicating an efficient exploration of the hyperparameter space. Convergence is reached
after 10 — 15 trials, beyond which the best objective value stabilises and no further improvement
is observed. The subsequent trials yield values tightly clustered around the optimum, suggest-
ing that the solution is robust and that the optimisation procedure has successfully identified a

well-defined optimal region for the Ridge regularisation parameter.

Table C.2: Best Ridge Hyperparameter

Parameter value
Ridge_alpha 4.853423020255109
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CV RM SE(j) Monthly Volatility (CV) Monthly Sharpe (CV) Avg Turnover (CV)
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Figure C.4: Ridge: Hyperparameters vs metrics

The hyperparameter sensitivity analysis displays performance as a function of the Ridge regu-

larisation parameter. The parameter « controls the strength of the ¢, penalty, with higher values

inducing stronger shrinkage of the coefficients toward zero. The CV RMSE exhibits a clear

minimum around log,,(a@) € [0.5, 1], decreasing from approximately 0.32 for low values of a

to about 0.265 at the optimum, indicating a substantial reduction in estimation error. This region

is consistent across economic metrics: portfolio volatility declines from roughly 3.6% to 3.4%

while turnover drops significantly from above 2 to around 0.6 — 0.7, reflecting improved stability.

The Sharpe ratio remains relatively stable around 0.22 — (.24, suggesting that performance gains

primarily originate from risk reduction rather than return enhancement.

The selected value @ = 4.85 (i.e., log;,(@) = 0.69) lies within this optimal region, confirming

that strong regularisation materially improves both statistical accuracy and portfolio stability.
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C.3 Elastic Net
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Figure C.5: Elastic Net: Hyperparameters vs metrics

The optimisation history shows a rapid decrease in the objective value during the initial itera-
tions, with the objective of falling from approximately 0.29 to 0.263 within the first 10 trials.
Convergence is reached shortly thereafter, as indicated by the stabilisation of the best objective
value. Subsequent trials yield values tightly clustered around the optimum (~ 0.262 — 0.264),
suggesting that the hyperparameter space has been efficiently explored. This pattern indicates a
well-defined and robust optimum for the Elastic Net model, with limited gains from additional

exploration beyond the initial phase.

Table C.3: Best Elastic Net Hyperparameters

Parameter value

en_alpha 0.0010588665658071827
en_l1 _ratio 0.9703912349655303
en_max_iter 4079

en_tol 5.475393837052734e-05
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Figure C.6: Elastic Net: hyperparameters vs metrics

The hyperparameter sensitivity analysis evaluates performance across multiple Elastic Net pa-
rameters. The parameter a controls the overall strength of regularisation, while the £;-ratio gov-
erns the balance between ¢ (sparsity) and ¢, (shrinkage) penalties. In contrast, log,,(max_iter)
and log,,(tol), which control solver convergence, exhibit no clear impact on performance, in-

dicating that results are largely insensitive to numerical optimisation settings.

The CV RMSE is minimised around log,,(@) ~ -3, decreasing from approximately 0.32
to 0.263, indicating substantial gains in estimation accuracy. This region is associated with
improved economic outcomes, with volatility stabilising around 3.4%, turnover reduced to
~ 0.6—0.7 and Sharpe ratios, remaining stable near 0.23. The optimal configurations consistently
favor high ¢ -ratios (= 0.9 — 1), indicating that a predominantly Lasso-like structure is preferred,

while the influence of max iterations and tolerance appears limited within the explored range.

The selected hyperparameters (¢ = 0.00106, ¢;-ratio = 0.97) lie within this optimal region,
confirming that strong regularisation combined with a predominantly sparse structure yields

robust estimation and stable portfolio performance.
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C.4 Random Forest

Optimization History

= Objective Value
— Best Value

0.285

Objective Value

0.275

0 20 40 60 80 100 120 140
Trial

Figure C.7: Random Forest: Optimisation history

The optimisation history shows a more gradual decrease in the objective value compared to
linear models, with the objective declining from approximatively 0.285 to 0.270 over the course
of the trials. While early iterations yield noticeable improvements, convergence is reached later,
around 70 — 90 trials, after which the best value stabilises. The dispersion of objective value
remains relatively high throughout, reflecting a more complex and irregular hyperparameter
space. This pattern suggests that Random Forest requires more extensive exploration to identify

an optimal configuration, with incremental gains achieved over a large number of trials.

Table C.4: Best Random Forest hyperparameters

Parameter value
n_estimators 1749
max_depth 11

min_samples_split 9
min_samples_leaf 1

max_features 0.3
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Figure C.8: Random Forest: Hyperparameters vs metrics

The hyperparamter sensitivity analysis evaluates performance across Random Forest hyper-
parameters such as n trees log (the logarithm of the number of trees), min_leaf (minimum
samples per leaf), depth (maximum tree depth), features (fraction of features considered at each
split) and min_split (minimum samples required to split a node). The CV RMSE decreases to
approximately 0.285 to 0.270, with the best configurations concentrated around n_estimators
~ 1000 — 1900 (log;((3) — log;((3.4)) and depth ~ 10 — 12, indicating that sufficiently deep

trees and a large ensemble improve predictive accuracy.

This region is consistent across economic metrics: portfolio volatility stabilises around 3.5%,
turnover remains moderate at ~ 0.68 — 0.7% and Sharpe ratios are relatively stable around
0.23-0.24. Smaller values of min_split and min_samples_leaf are generally preferred, suggesting
that more flexible trees enhance performance, while features has a limited impact within the tested
range. The selected configuration (n_estimators = 1749, depth = 11, min_split = 9, min_leaf =
1, features = 0.3) lies within this optimal region, confirming that a large ensemble of moderately

deep and flexible trees yields robust estimation and stable portfolio performance.
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C.5 XGBoost
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Figure C.9: XGBoost: Optimisation history

The optimisation history shows a progressive decrease in the objective value, from approximately
0.305 to 0.242, indicating substantial improvement in model performance. While the initial
iterations yield rapid gains, further improvements are achieved more gradually, with convergence
reached around 100 — 120 trials. The continued decline in the best objective value over a large
number of trials reflects a complex and high-dimensional hyperparameter space, requiring
extensive exploration. The dispersion of objective values remains relatively high throughout,
suggesting sensitivity to hyperparameter choices. Overall, the results indicate that XGBoost
benefits from deeper and more sustained optimisation, with incremental improvements leading

to a well-defined and robust optimum.

Table C.5: Best XGBoost hyperparameters

Parameter value

eta 0.22718979486243887
max_depth 5
min_child_weight  3.1024869502478873
subsample 0.6362547502936644
colsample bytree ~ 0.5618755265954234
gamma 1.3539908401930289e-05
lambda 0.008212347291226548

alpha 0.0016601929287760723
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Figure C.10: XGBoost: Hyperparameters vs metrics

The hyperparameter sensitivity analysis evaluates performance across XGBoost parameters
such as the learning rate 7, tree depth (max_depth), minimum child weight, subsampling ratios
(subsample, colsample_bytree), and regularization parameters (y, 4, and «). The CV RMSE
decreases from approximately 0.30 to 0.242, indicating substantial improvements in estimation
accuracy. The best configurations are concentrated around moderate learning rates (n ~ 0.2)
and shallow trees (max_depth ~ 4-5), suggesting that controlled model complexity enhances

generalization.

This region is consistent across economic metrics: portfolio volatility stabilizes around 3.3—
3.4%, while turnover remains moderate at ~ 0.65—0.70, and Sharpe ratios are relatively stable
0.55-

0.65) further improve robustness by reducing overfitting, while regularization parameters (y, 4,

near 0.23-0.24. Subsampling parameters (subsample =~ 0.6—0.7, colsample bytree ~

«) exhibit a limited but stabilizing effect within moderate ranges.

The selected configuration (n ~ 0.23, max_depth = 5, min_child_weight ~ 3.1, subsample =~
0.64, colsample_bytree ~ 0.56) lies within this optimal region, confirming that controlled tree
complexity combined with subsampling and moderate regularization yields robust estimation

and stable portfolio performance.
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Figure C.11: PGA training

The training dynamics of the PGA model show a gradual improvement in performance over

episodes, with the total reward increasing from approximately —1.8 to —1.66, indicating effective

learning of the shrinkage policy. While early episodes exhibit substantial variability, the reward

stabilises progressively, suggesting convergence toward consistent strategy.

The average shrinkage intensity remains stable throughout training, fluctuating narrowly around

0.46 — 0.48, with limited dispersion. This indicates that the agent converges to a well-defined

and robust shrinkage level, with no evidence of excessive exploration or instability in the

policy. Overall, the results suggest stable convergence and consistent policy learning in the PGA

framework.

For reproducibility of the results displayed in the master thesis, the value of the hyperparameters
used for the PGA and MLP strategy are indicated in the table below C.6.

Table C.6: Hyperparameters used in the PGA specification

Category Hyperparameter Value
Policy distribution Initial exploration noise o jnit 0.20
Policy distribution Minimum exploration noise oz min 0.03
Optimizer (Adam) Initial learning rate Irjy; 1073
Optimizer (Adam) Minimum learning rate lrp;, 1074
Optimizer (Adam)  Adam S 0.90
Optimizer (Adam)  Adam S, 0.99
Training Maximum episodes 150
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Category Hyperparameter Value
Training Discount factor y 0.80
Training Decay factor 0.995
Training Gradient clipping max norm 1.0
Training Device CpPU
Network architecture Hidden layer 1 width 256
Network architecture Hidden layer 2 width 128
Network architecture Hidden layer 3 width 32
Network architecture Output layer width 1
Network architecture Hidden activations ReLLU
Network architecture Output activation Sigmoid

Network architecture
Network architecture

Network architecture

Normalization
Weight initialization

Bias initialization

LayerNorm after first hidden layer
Xavier uniform

Zeros
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Figure C.12: RPGA training

The training dynamics of the RPGA model exhibit a clear steady improvement in performance,
with the total reward increasing from approximately —1.95 to —1.66, indicating effective learning
of the dynamic shrinkage policy. Compared to the PGA, the convergence is more gradual but
smoother, with reduced volatility in later episodes, suggesting enhance stability due to the

recurrent structure.

The average shrinkage intensity remains highly stable throughout training, fluctuating narrowly

around 0.5 — 0.52, with minimal dispersion. This indicates that the agent converges to a
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consistent and robust shrinkage level, while incorporating temporal dependencies. Overall, the

results highlight stable convergence and improved learning dynamics in the RPGA framework.

Finally, for reproducibility of the results displayed in the master thesis, the value of the hyper-
parameters used for the RPGA and GRU strategy are indicated in the table below C.7.

Table C.7: Hyperparameters used in the RPGA specification

Category Hyperparameter Value

GRU architecture Hidden layer 1 width 32

GRU architecture Hidden layer 2 width 16

GRU architecture Number of GRU layers 2

GRU architecture GRU activation Tanh (default GRU cell)
GRU architecture = Output layer width 1

GRU architecture  Output activation Sigmoid

GRU architecture Weight initialization Xavier uniform

GRU architecture Bias initialization Zeros

Policy distribution Initial exploration noise oipj 0.30

Policy distribution Minimum exploration noise o, 0.03

Policy distribution Sigma decay schedule Linear
Optimizer (Adam) Learning rate 3x 1074
Optimizer (Adam) Adam S 0.88
Optimizer (Adam) Adam S, 0.97
Training Maximum episodes 150
Training Discount factor y 0.92
Training Gradient clipping max norm 1.0
Training Random seed 42

Training Device CPU










Abstract :

This master thesis investigates whether machine learning methods can improve
covariance matrix estimation for global minimum variance portfolios by learning time-
varying shrinkage intensities. In high-dimensional portfolio problems, the sample
covariance matrix is often unstable, which can lead to extreme portfolio weights and
poor out-of-sample risk control. Classical shrinkage estimators address this issue by
combining the sample covariance matrix with a structured target, but they generally
rely on a shrinkage intensity that is static or derived under stable distributional
assumptions. This thesis instead studies shrinkage intensity as a state-dependent
parameter that may vary with market conditions.

The empirical framework compares supervised learning and reinforcement learning
approaches. Supervised models are trained to approximate an ex-post oracle
shrinkage intensity using features extracted from rolling estimation windows, including
volatility, correlation, eigenvalue and covariance-stability indicators. Reinforcement
learning models treat shrinkage selection as a sequential decision problem and learn
policies directly from realised portfolio outcomes. Two policy-gradient architectures
are implemented: a feedforward policy gradient agent and a recurrent policy gradient
agent based on a gated recurrent unit.

The results show that the oracle shrinkage intensity varies substantially over time and
is linked to observable market regimes, supporting the idea that covariance shrinkage
should be modelled dynamically. The oracle is also partly predictable, with nonlinear
supervised models, especially tree-based methods, capturing more informative
patterns than regularised linear models. In portfolio terms, learning-based shrinkage
policies improve upon the sample covariance benchmark in the baseline setting, with
the strongest gains coming from nonlinear models and, in particular, the recurrent
reinforcement learning specification. However, robustness checks show that these
improvements are not unconditional: performance depends on the estimation window,
the dataset and the modelling framework.

Overall, the thesis shows that supervised learning and reinforcement learning can
learn economically meaningful dynamic shrinkage policies for minimum-variance
portfolio construction. The main contribution is to bridge classical covariance
shrinkage with data-driven decision rules, showing that adaptive regularisation can
improve portfolio stability when market conditions change.
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