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“Nature uses only the longest threads to weave her
patterns, so each small piece of her fabric reveals
the organization of the entire tapestry.”

Richard P. Feynman



Abstract

Modeling and predicting individual continuous-time blood glucose trajectories is a challenging
problem at the intersection of dynamical systems modeling and precision medicine. The un-
derlying process is continuous, governed by highly non-linear physiological dynamics, perturbed
by discrete meal intake, and observed only through noisy, irregularly sampled measurements.
While explicit mechanistic models have been proposed, some may make assumptions about the
dynamics that are difficult to experimentally validate. This motivates turning to data-driven
approaches relying on overparametrized models. Specifically, Neural differential equation ap-
proaches handle irregularly sampled data while enjoying the toolbox of dynamical systems as
well as the expressivity of neural networks. In particular, the Latent ODE-RNN of Rubanova
et al. (2019), a Deep State-Space model, provides a principled uncertainty quantification frame-
work, yet lacks an explicit mechanism for exogenous meal inputs, which is essential for blood
glucose modeling.

In this work, we introduce CLODE (Controlled Latent ODE-RNN), a generative framework that
extends the Latent ODE-RNN by incorporating meal intake as a time-varying exogenous control
signal into the latent dynamics. Two meal signal parametrizations are compared: a Dirac impulse
and a β-kernel distributing carbohydrate absorption over a physiologically plausible ingestion
window.

CLODE was evaluated on two simulated populations of 500 in silico individuals, one physi-
ologically homogeneous and one exhibiting inter-individual variability, and compared against
the ODE-LSTM (Lechner and Hasani, 2020; Fitzgerald et al., 2023) and the Latent ODE-RNN
models. CLODE (β-kernel) substantially outperformed both baselines on factual forecasting and
counterfactual prediction across three dietary scenarios. Latent space analysis further suggested
that explicitly separating exogenous meal inputs from latent dynamics encourages the emergence
of physiologically structured representations, though alignment with ground-truth parameters re-
mained low. We conjecture that conditioning on longer observation windows, conditioning on
additional inputs that would be available in realistic clinical conditions, or refining the architec-
ture would allow to better disambiguate individual physiological profiles. Overall, these results
provide encouraging evidence that controlled latent dynamics constitute a promising direction
for personalized glucose modeling, dietary planning, or any "homeostasis-and-perturbation" sys-
tem where individual-specific latent dynamics are perturbed by exogenous inputs and observed
through noisy, irregularly sampled measurements.

Keywords: Glucose Modeling, Deep state-space Modeling, Neural Differential Equations, Rep-
resentation Learning, Counterfactual simulation, Irregularly sampled medical time series.
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1
Introduction

1.1 Research Motivation and Context

Most modern dynamical systems, and biological dynamical systems in particular, share
three inconvenient properties: they cannot be fully observed, their governing equations
are unknown, and they are subject to external perturbations.

Complex systems, such as the human body, are high-dimensional, yet one typically only
has access to a small, sparse and incomplete set of noisy snapshots of the underlying
process. Furthermore, their governing equations are equally puzzling. While linear dy-
namical systems are theoretically well-characterized, no overarching framework exists for
the non-linear case (Brunton and Kutz, 2022), and biological dynamics are certainly
highly non-linear. Finally, most systems are open: external inputs continuously drive
them away from equilibrium, and any model that conflates this forcing explicitly risks
mischaracterizing the endogenous dynamics.

This combination of challenges occurs across domains as varied as pharmacokinetics,
where drug concentration rises following a dose and decays as the compound is metabo-
lized; or thermoregulation, where an external thermal stress drives core body temperature
away from its set point, before being restored by sweating and vasodilation. A framework
for learning such dynamics from data, that handles : (i) partial observability, (ii) unknown
non-linear dynamics, and (iii) exogenous inputs, would transfer broadly across many such
settings.

This work takes a step toward such a framework in the context of glucose dynamics, a
particularly compelling instance of this pattern. For a healthy individual, blood glucose
concentration is regulated through homeostasis, a continuous negative feedback mecha-
nism maintaining glucose within a narrow physiological range (typically 4-10 mmol/L),
despite external perturbations. This is illustrated in Figure 1.1. When blood glucose rises,
insulin, secreted by pancreatic β-cells, promotes glucose uptake by peripheral tissues and
inhibits hepatic glucose production, making the glucose level drop toward a baseline. If
blood glucose drops too low, pancreatic α-cells secrete glucagon, raising blood glucose
back to normal.

In the case of glucose dynamics, the most prominent perturbation is food intake. When
food is ingested, carbohydrates are digested and absorbed from the intestine into the

8



1.1. RESEARCH MOTIVATION AND CONTEXT 9

bloodstream, causing blood glucose level to rise and triggering the regulatory feedback
mechanisms described earlier. This change in blood glucose following a meal is referred
to as the postprandial glycemic response (PPGR).

Figure 1.1: Glucose homeostasis regulation loop, from labster.com.

1.1.1 Medical Stakes, Challenges and Opportunities

Accurately predicting postprandial excursions is of great interest, even for non-diabetic
subjects, as sustained hyperglycemia is a known risk factor for cardiovascular diseases,
obesity and type 2 diabetes (O’Keefe and Bell, 2007; Song et al., 2023).

Beyond clinical risk prevention, accurate PPGR prediction is also a building block for
personalized nutrition and precision medicine,where dietary recommendations are tailored
to the individual (Zeevi et al., 2015).

In recent years, the increasing availability of electronic health records (EHRs) and wear-
able monitoring devices has spurred considerable interest in fully data-driven approaches
(De Brouwer, 2023). In particular, continuous glucose monitors (CGMs) now enable ac-
cess to high-resolution, longitudinal glucose measurements at the individual level (Bender
et al., 2025). Beyond glucose, exogenous quantities can be monitored concurrently: meal
intake, logged via a smartphone application, or insulin, delivered by a connected pump.
This opens the possibility of learning individual-specific glucose dynamics directly from
observational data.

Recent Datasets made publicly available for personalized nutrition purposes, such as
Gutierrez-Osuna et al. (2025), collect data in so-called free-living conditions, where indi-
viduals carry out their daily activities without experimental constraints (Cisuelo et al.,
2023).

In such settings, participants are not subject to standardized protocols regarding timing,
diet, or activity, and instead follow their usual routines. This setup introduces additional
challenges, such as increased measurement noise, irregular sampling, and uncertainty in

https://theory.labster.com/regulation-blood-glucose/


10 CHAPTER 1. INTRODUCTION

reported events (e.g., meal timing and composition). Moreover, although the sampling
conditions are more realistic, the data representation itself might be simplified or biased.
This is particularly true for dietary logs, which typically record meals as instantaneous
events with a timestamp and estimated nutrient content, without capturing the temporal
dynamics of ingestion.

The prediction task is further complicated by inter-individual variability (IIV): glucose
profiles differ widely across individuals due to both meal-related factors (timing, quantity,
and composition of meals) and physiological factors (e.g. insulin sensitivity and gut
microbiota). The physiological component of this variability is especially challenging:
even for an identical meal, two individuals can exhibit very different PPGRs (Zeevi et al.,
2015), as illustrated in Figure 1.2.

Figure 1.2: Postprandial glycaemic responses to bread across four participants (two
replicates per participant, consumed on two different mornings), from Zeevi et al. (2015).

1.1.2 The Modeling Landscape for Postprandial Glucose.

For decades, the prevailing approach to modeling glucose dynamics has been mechanis-
tic. From the minimal model (Bergman et al., 1979) to the UVA/Padova simulator (Man
et al., 2014), one has long relied on mathematical representation of a system based on
fundamental physical, chemical, or biological principles. These models offer physiologi-
cal interpretability and support counterfactual simulation, but are sometimes difficult to
estimate from sporadically observed data.

Recognizing the difficulty of fully characterizing glucose dynamics from first principles and
sporadically observed data, several authors, such as Sirlanci et al. (2023), have proposed
stochastic differential equation models as "grey-box" probabilistic alternatives, yielding
models with a reduced physiological fidelity, but better estimability.

The increasing availability of CGM data also spurred interest in fully data-driven ap-
proaches. Recurrent neural networks (RNNs) and their gated variants have been success-
fully applied to glucose forecasting (Afsaneh et al., 2022). However, standard recurrent
architectures assume regularly sampled discrete-time sequences, inconsistent with the ir-
regular nature of CGM data and the continuous-time nature of glucose dynamics. While
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temporal binning and mean imputation are commonly used as workarounds, irregular
time gaps may themselves carry information about the individual’s latent physiological
state and should not be discarded (Che et al., 2018).

This has motivated a growing literature on neural differential equations (NDE), which
parametrize the dynamics of a system with neural networks, while naturally handling
irregular sampling. De Brouwer (2023) organizes the NDE paradigm into three families:
the interleaving approach, which alternates between ODE-governed evolution and dis-
crete updates at observation times (Rubanova et al., 2019; Lechner and Hasani, 2020);
the interpolation approach, which drives the latent state via a continuous control path
constructed from the data (Kidger et al., 2020; Morrill et al., 2021a,b); and the deep
state-space1 approach, encoding an observed trajectory into a distribution over a latent
initial condition and evolving it forward in time, before emitting observations from it
(Chen et al., 2018; Rubanova et al., 2019).

The first two families have been applied to glucose forecasting (Fitzgerald et al., 2023;
Malpica-Morales et al., 2025).The third has not, and is the one we adopt in this work.
The deep state-space paradigm is particularly appealing. First, it frames the model as a
deep state-space model: a latent continuous-time process coupled to an observation model
(Lin and Michailidis, 2024), a two-level structure well-suited to noisy CGM measurements.
Second, because the model is generative, it supports uncertainty quantification (UQ) by
construction: sampling from the posterior over the initial latent state yields a distribution
over trajectories rather than a point forecast. Third, latent ODE models enjoy universal
approximation guarantees for continuous-time dynamics (Kidger et al., 2020). Finally, and
crucially, this is the only paradigm that produces an explicit latent representation of each
individual’s trajectory, one that can in principle be structured to reflect inter-individual
variability (Rubanova et al., 2019).

Modeling glucose as a state-space model is not new. Wang et al. (2014), developed a
personalized state-space model with an Extended Kalman Filter (EKF), explicitly in-
corporating meal intake and insulin as exogenous inputs. Their results confirmed the
importance of meal information for early detection of postprandial excursions. However,
EKFs typically struggle with state estimation in the presence of highly non-linear dynam-
ics (Lin and Michailidis, 2024).

A further source of inspiration comes from the structurally analogous problem of pharma-
cokinetics (PK), which attempts to describe, predict, and forecast how drug concentration
evolves in the body following repeated drugs intake. Like PPGR, PK involves an exoge-
nous input (drug dose, or meal) perturbing a continuous-time physiological process with
individual-specific latent dynamics. Lu et al. (2021) recently applied a Latent ODE ar-
chitecture to PK modeling, demonstrating substantially better generalization to unseen
dosing regimens than LSTM or gradient-boosted alternatives (a cross-regimen robust-
ness that directly mirrors the cross-dietary-regime generalisation we seek in the glucose
setting). The encouraging performance of the Latent ODE in this structurally similar
problem motivates its application to PPGR. However, the architecture of Lu et al. (2021)
relies on a relatively rigid formulation, unaligned with the best practices of the dynamical
system and NDE literatures.

1Termed autoencoder approach by (De Brouwer, 2023). Following Lin and Michailidis (2024), we
prefer the deep state-space terminology as it allows us to underline the link of this family with traditional
state-space approaches.
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1.1.3 Gaps and Contribution

Despite this promise, existing Latent ODE formulations (Chen et al., 2018; Rubanova
et al., 2019) include no mechanism to incorporate exogenous inputs, a gap acknowledged
by Chapfuwa et al. (2022). For glucose, this is critical: trajectories are determined not
only by an individual’s physiology but also by discrete meal events inducing postprandial
excursions of varying amplitude and duration. This refinement further allows generating
glucose trajectories conditional on a prospective meal scenario and therefore can support
counterfactual reasoning.

This master thesis addresses the latter gap by proposing a Controlled Latent ODE-
RNN (CLODE) framework for individual-level blood glucose dynamics modeling, in the
presence of carbohydrates intake. The architecture extends the Latent ODE-RNN of
Rubanova et al. (2019) by explicitly incorporating meal intake as a time-varying exoge-
nous input into the latent continuous-time dynamics, yielding a generative model capable
of producing individualized glucose trajectories conditioned on a prospective meal sce-
nario. Beyond glucose, such a framework could be applicable to any "homeostasis-and-
perturbation" system where individual-specific latent dynamics are driven by exogenous
inputs and observed through noisy, irregularly sampled measurements.

1.2 Research Question and Objectives

More formally, we seek to answer the following research question:

Can a controlled Latent ODE-RNN learn a physiologically meaningful latent
representation of individual blood glucose dynamics that enables reliable gen-
eration of factual and counterfactual trajectories ?

This question is operationalized through three empirical objectives:

1. Controlled dynamics modeling. Assess whether the proposed architecture ac-
curately predicts individual glucose trajectories conditioned on meal intake, acting
as exogenous control inputs.

2. Latent representation validation. Evaluate whether the learned latent space
recovers physiologically interpretable structure. Specifically, whether latent initial
conditions correlate with known simulation parameters and whether individuals with
similar metabolic profiles cluster in latent space.

3. Counterfactual analysis. Gauge if the model supports individual-level counter-
factual predictions under alternative meal scenarios.
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1.3 Organization

The remainder of this master thesis is organized as follows.

Chapter 2 (Background and Related Work) develops the theoretical foundations
underlying the proposed approach. It introduces dynamical systems and their modeling
and surveys the neural differential equations literature.

Chapter 3 (Methodology) details the proposed Controlled Latent ODE-RNN frame-
work as well as the evaluation protocol. It formalizes the problem statement, describes
the full architecture, and presents evaluation metrics, the benchmarks as well as the phys-
iological simulator we use in the experiments.

Chapter 4 (Results) presents and discusses the experimental results of the experimental
study, evaluating CLODE along three axes: factual forecasting predictions, counterfactual
predictions, and latent space structure.

Chapter 5 (Conclusion) summarizes the contributions, discusses limitations, and iden-
tifies directions for future work.



2
Background and Related Work

2.1 Classical Dynamical System Modeling

From the physiological description of glucose presented in Section 1.1, it naturally follows
that glucose is a continuously evolving process, subject to endogenous physiological forces
and exogenous perturbations, food intake being the most prominent.

This structure is precisely that of dynamical systems, and the question of how to model
them is therefore inseparable from our research question. Therefore, in this section, we
progressively present classical dynamical system modeling approaches.

Occasionally, we use the well-known Lotka-Volterra predator-prey system as a concrete
example, in order to illustrate some theoretical concepts.

2.1.1 Continuous-Time Dynamical Systems

A dynamical system is a system whose state z evolves over time according to a set of rules
f . This broad definition suits many physical, biological, and physiological phenomena.

This master thesis primarily focuses on continuous-time dynamical systems, given the
continuous-time nature of glucose. More specifically, for now, we will mostly assume that
the dynamics are governed by an Ordinary Differential Equation (ODE) :

dz

dt
(t) = f(z(t);β) with t ∈ [0;T ] ⊂ R (2.1)

Equation 2.1 is characterized by three elements :

1. A state vector z(t), which represents the system’s state at time t and takes values
in a s-dimensional state space ;

2. A vector field f , encoding the rules governing the system’s evolution ;

3. A parameter vector β, specifying how f is calibrated.

14
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In Equation 2.1, we assume that we are dealing with an autonomous system, meaning
that f : Rs → Rs depends only on the current state z(t), not on time itself (i.e. the rules
do not change over time). One might as easily consider non-autonomous systems, that
have a time-dependent vector field f : [0, T ]×Rs → Rs, or that include exogenous inputs
u(t) (c.f. infra 2.1.2.1), or both.

Similarly, for the parameter vector, we assume time-independence. Time-varying param-
eters might be considered, which may be more appropriate than time-invariant ones, for
instance, when modeling an ill patient, whose metabolism is expected to evolve over time.

Note that the state vector z(t) is commonly referred to as the trajectories of the system.
For continuous-time systems, these trajectories are continuous curves evolving in the state
space, obtained by solving the differential equation defined in 2.1.

2.1.1.1 Existence and uniqueness

In the previous section, we referred to z(t) as the trajectories of the system. The reason
is that there are infinitely many solutions to the differential equation in 2.1, each corre-
sponding to a different initial condition z(t0) := z0. To uniquely determine a solution (or
trajectory), we have to specify an initial value problem (IVP):

z(t0) = z0,
dz(t)

dt
= f(z(t);β). (2.2)

Provided that f is Lipschitz continuous (2.1.1), Picard’s Existence Theorem (2.1.1), guar-
antees that there exists a unique solution z(t) to the IVP in 2.2. This solution can be
expressed in integral form as:

z(t) = z0 +

∫ t

t0

f(z(τ);β)dτ (2.3)

In practice, one rarely uses equation 2.3, as most differential equations cannot be solved
analytically. This is the case for glucose, whose dynamics are complex and highly non-
linear. One therefore typically resorts to numerical methods to approximate the solution
at discrete time points. This is done using numerical integrators, which will be introduced
in Section 2.1.1.2.

Theorem 2.1.1 (Picard’s Existence Theorem). Let f : [0, T ] × Rs → Rs be continuous
in t and uniformly Lipschitz in z. Let z0 ∈ Rs. Then there exists a unique differentiable
function z : [0, T ]→ Rs satisfying

z(t0) = z0,
dz(t)

dt
= f(z(t);β).

Definition 2.1.1. A function f : Rs → Rs is locally Lipschitz continuous on Rs, or simply
Lipschitz continuous, if for every R > 0 there exists a constant M > 0 such that

∥f(x)− f(y)∥ ≤M∥x− y∥, for all x, y ∈ Rs with ∥x∥, ∥y∥ ≤ R.
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To summarize, three ingredients are therefore necessary (and sufficient) to fully charac-
terize the trajectory of a dynamical system: a vector field f , its parameters β, and an
initial condition z0. In many settings, these are not trivially available. The functional
form of f could be only partially known, β may present identification issues, vary across
individuals or environments, and z0 may not be directly observable. The next section will
review the foundations of numerical integration, and the following section will explore
how the challenge of identifying f , β, and z0 can be addressed.

2.1.1.2 Numerical Integration

Even assuming known f , β and z0, closed-form solutions to Equation (2.3) exist only for
a restricted class of vector fields f . In general, z(t) must be approximated numerically,
and a broad family of methods has been developed for this purpose. These numerical
integrators will be central to the data-driven approaches reviewed in Section 2.2.

To illustrate numerical integration, we use the Lotka-Volterra equations, a classical predator-
prey model that admits no closed form solution of z(t) (Lotka, 1926). The state vector
z(t) = [x(t), y(t)]⊤ consists of the prey population x(t) and the predator population y(t)
of an ecosystem at time t. The Lotka-Volterra equations are:

d

dt

[
x(t)
y(t)

]
=

[
κ1x(t)− κ2x(t)y(t)
κ3x(t)y(t)− κ4y(t)

]
(2.4)

where κ1, κ2, κ3, and κ4 are positive real parameters governing the population dynamics.
Here, β := (κ1, κ2, κ3, κ4)

⊤ is the parameter vector.

Given the absence of analytical solution for Equation 2.4, we resort to numerical integra-
tors. They take their name from the simple fact that they try to numerically approximate
the integral in Equation 2.3. In the specific case of ODEs, we use the terminology of ODE
Solver.

ODE solvers can be seen as functions that take as input the vector field f , the initial state
z0, and a set of time points {tk}N−1k=0 , and return the approximated states {z(tk)}N−1k=0 at
those time points. The simplest ODE solver is directly derived from the definition of the
derivative:

dz

dt
(t) := lim

∆t→0

z(t+∆t)− z(t)

∆t
≈ z(t+∆t)− z(t)

∆t
(2.5)

As our objective is to find a solution to 2.1:

dz

dt
(t) = f(z(t);β) ≈ z(t+∆t)− z(t)

∆t

Hence,

z(t+∆t) ≈ z(t) + ∆t f(z(t);β) (2.6)
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Equation 2.6 defines the Explicit Euler method1. Starting from z0, it allows us to approx-
imate z(t) using a sufficiently small ∆t. The Euler method is the simplest member of the
broader Runge-Kutta (RK) family, which can achieve higher accuracy by evaluating f at
multiple intermediate points within each step.

The celebrated RK4 method, for instance, uses four such evaluations and achieves fourth-
order accuracy O(∆t4) :

z(t+∆t) ≈ z(t) +
∆t

6
(k1 + 2k2 + 2k3 + k4) (2.7)

where the four slope evaluations are:

k1 = f(z(t); β) k2 = f
(
z(t) + ∆t

2
k1; β

)

k3 = f
(
z(t) + ∆t

2
k2; β

)
k4 = f(z(t) + ∆t k3; β)

The advantages of numerical ODE solvers are obvious: we can approcimate a continuous-
time process, even when no closed-form solution exists. Thanks to that approximation,
we can make predictions at arbitrary time points, even those not included in the observed
data, allowing for both interpolation and extrapolation. Moreover, since a trajectory is
fully determined by f(·;β) and z0, modifying the initial condition yields a different tra-
jectory making ODE solvers a natural engine for counterfactual simulation.

Example 2.1.1 (Fox and Rabbit Population). Consider a synthetic predator-prey ecosys-
tem of foxes and rabbits. Over time, the count of each population was measured N = 30
times, yielding the following observed data:

Figure 2.1: Observed data from the fox-rabbit system. Left: Time series of rabbit and
fox populations. Right: Phase space trajectory.

Figure 2.1 showcases observations in two complementary ways. First, as time series
showing how each population evolves over time. Second, in phase space, where the preda-
tor population is plotted against the prey population, revealing the underlying dynamical
structure of the system.

1A numerical method is said to be explicit when it only uses earlier time steps for the approximation,
as opposed to implicit methods, which also involve the current step (e.g., Backward Euler).
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One conjecture that the dynamics of this ecosystem are governed by the Lotka-Volterra
equations with parameters κ1 = 1.0, κ2 = 0.1, κ3 = 0.075, κ4 = 1.5. The vector field
associated to those parameters is represented in Figure 2.2.

Figure 2.2: Vector field of the Lotka-Volterra equations with parameters κ1 = 1.0, κ2 =
0.1, κ3 = 0.075, κ4 = 1.5.

Given the initial state z0 = [30, 15]⊤ and our "belief" in f and the parameters β, we
can approximate the populations dynamics over time using numerical ODE solvers. A
numerical approximation is given in Figure 2.3.

Figure 2.3: Numerical solution of the Lotka-Volterra equations using odeint default
Dormand-Prince 5 (dopri5) method, with initial state z0 = [30, 15]⊤. Left: Time series
of rabbit and fox populations. Right: Phase space trajectory.
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2.1.2 From Mechanistic to Data-Driven Dynamical Systems

Up to now, we have assumed the full knowledge of f , β and z0. In practice, they are not
trivially available. We therefore progressively relax those assumptions, starting from the
mechanistic modeling paradigm, where f is prescribed a priori based on so-called first
principles, i.e. fundamental laws of science.

Within this paradigm, we will answer three questions : (i) how to formally account for
noisy, partial observations of the state space and exogenous perturbations (Section 2.1.2.1);
(ii) how to estimate unknown parameters from data (Section 2.1.2.2); (iii) and how to
account for system stochasticity (Section 2.1.2.3).

We then discuss how this framework has been applied to glucose modeling (Section 2.1.2.4)
and why a fully data-driven approach can be beneficial.

2.1.2.1 State-Space Modeling

In practice, z(t) is not directly observable. One typically has access only to noisy, partial
measurements of the true state. This motivates introducing an observation model that
describes how the measurements x(t) ∈ Ro are generated from the, now latent, z(t).

We also want to account for possible exogenous inputs u(t) ∈ Rp, not evolving as part of
the system, but influencing its trajectory. Those exogenous inputs are often refered to as
control inputs in engineering.2

This motivate the following two-level structure, called state-space model (SSM):

dz

dt
(t) = f(z(t),u(t);β) + δt (2.8)

x(t) = g(z(t),u(t);α) + εt (2.9)

where δt is a process noise term, capturing stochasticity in the process, and εt is the
measurement noise.

When δt = 0, the state process is deterministic and all randomness resides in the ob-
servation emission. The stochastic extension, where δt ̸= 0, is briefly discussed in Sec-
tion 2.1.2.3.

Unlike z(t), now considered a latent variable, u(t) and x(t) are viewed as manifest vari-
ables, because the latter is measured, manifesting itself to the observer (Dahleh et al.,
2011).

Note
In classical state-space modeling, the latent state typically has lower dimension than the ob-
servations (s≪ o). In the deep learning paradigm, relying on Cover’s theorem, we quite often
do the oposite (s ≫ o): the observations are lifted into a higher-dimensional latent space.
We adopt this approach in Section 2.2. Justifications for it will be given in Section 2.2.2.5.

2For our glucose application, we postulates that u(t) ∈ R, represents the meal perturbations. If,
say, we wanted to extend to a model applicable to diabetic subject, we could take a bivariate control
u(t) ∈ R2, consisting of the meal intakes and insulin deliveries.
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2.1.2.2 Parameter estimation and identifiability

Even when the functional form of f is known, its parameters β are rarely universal. They
vary across ecosystem or patient, and must therefore be estimated from observed data.
This is the parameter estimation problem.

One way to procede is to frame that problem in a Bayesian setting, where we char-
acterize the full posterior distribution over the parameters given N observed snapshots
X = [xt0 , . . . ,xtN−1

]⊤.

The Bayesian approach to parameter estimation consists of three steps. First, one specifies
a prior over the parameters and the initial condition, and an observation model, in the
spirit of SSMs :

β ∼ p(β) (2.10)
z0 ∼ p(z0 | β) (2.11)
xtk ∼ p (xtk | z(tk;β, z0)) (2.12)

where z(tk;β, z0) denotes the state reached at time tk starting from z0.3

The choice of the observation model p(xtk | z(tk;β, z0)) encodes assumptions about the
noise structure, while the prior p(β) allows to inject prior knowledge about the parameters
if any. Otherwise uninformative (diffuse) priors can be used.

Second, the likelihood follows by factoring over observations and marginalizing over the
initial condition:

p(X | β) =
∫
p(z0 | β)

N−1∏

k=0

p(xtk | z(tk;β, z0)) dz0 (2.13)

Third, combining the likelihood with the prior via Bayes’ theorem yields the posterior:

p(β | X) ∝ p(X | β) p(β) (2.14)

This posterior has no closed form and is typically approximated via Markov Chain Monte
Carlo (MCMC) methods.

Beyond prior knowledge incorporation, one of the advantage motivating the Bayesian
approach is that it allows for uncertainty quantification (UQ), which is of central interest
when modeling dynamical systems. More specifically, the Bayesian posterior quantifies
one specific source of uncertainty : our incomplete knowledge of β given finite, noisy
snapshots X.

A prerequisite for reliable estimation is structural identifiability, the question of whether
distinct parameter values can produce identical trajectories. A model is structurally iden-
tifiable if β can in principle be uniquely recovered from perfect, noise-free observations.
Even when this condition holds, practical identifiability may fail in finite, noisy datasets,

3Our formulation is inspired by Särkkä (2016), but not identical.



2.1. CLASSICAL DYNAMICAL SYSTEM MODELING 21

particularly when the number of parameters is large relative to the information content
of the available measurements (Villaverde, 2019). This motivates the design philosophy
of minimal models for the mechanistic framework, but also encourages moving beyond it
using stochastic closure techniques for instance (Sirlanci et al., 2023).

Example 2.1.2 (Fox and Rabbit Population - Bayesian Parameter Estimation). We
return to the fox-rabbit ecosystem and ask whether the parameters β can be recovered
from the N = 30 noisy observations introduced earlier. We use a particular instance of
(2.10), where the parameters are reparametrized on the log scale with weakly informative
Normal priors, ensuring positivity by construction. The initial condition z0 = [x0, y0]

⊤ is
treated as unknown and assigned a prior centered on the first noisy observation:

log κ1 ∼ N (0.0, 0.52)

log κ2 ∼ N (−2.0, 0.52)
log κ3 ∼ N (−2.0, 0.52)
log κ4 ∼ N (0.0, 0.52)

log x0 ∼ N (log z
(1)
t0 , 0.5

2)

log y0 ∼ N (log z
(2)
t0 , 0.5

2)

The observation model is assumed log-normal:

log xtk ∼ N
(
log ẑ(tk;β, z0), σ

2
)

where ẑ is the numerical approximation to z, and σ is the observation noise (inferred
jointly, with prior σ ∼ LogNormal(−1.0, 1.0)). Posterior sampling was performed using
PyMC (Abril-Pla et al., 2023) with the DEMetropolisZ algorithm (4 chains, 10 000 draws,
10 000 tuning steps)4.

All chains converged (R̂ ≤ 1.01) and contain a large enough effective sample size for
reliable inference (ESSbulk ≥ 1489, ESStail ≥ 2625). Table 2.1 reports the posterior sum-
maries. Figure 2.4 shows the marginal posterior distributions alongside the prior, and
Figure 2.5 the corresponding posterior predictive trajectories.

Table 2.1: Posterior summaries for the Lotka-Volterra parameters. True values are
coloured green if contained within the 95% highest probability density intervals (HPDI)
and red otherwise.

Parameter Ground Truth Posterior Mean HPDI 2.5% HPDI 97.5%

κ1 1.000 1.014 0.948 1.077
κ2 0.100 0.103 0.095 0.110
κ3 0.075 0.074 0.069 0.079
κ4 1.500 1.478 1.388 1.577

4Post-burnin chains are available in Appendix C.
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Figure 2.4: Marginal posterior distributions of the Lotka-Volterra parameters. The
dashed red line indicates the true value; the dotted blue line indicates the posterior
median.

Figure 2.5: Posterior predictive check (500 samples). Left: prey population. Right:
predator population.

The posteriors are well-concentrated around the true parameter values, all of which fall
within the 95% HPDI (Table 2.1). The pair plot (Figure 2.6) provides an intuitive view
of the identifiability. Some parameters exhibit strong pairwise correlations (particularly
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κ1, the prey growth rate, and κ4, the predator mortality rate), while initial conditions are
least correlated with the other model parameters.

Figure 2.6: Pairwise posterior distributions of the Lotka-Volterra parameters.

The strong pairwise correlation observed between κ1 and κ4 illustrates that, even in a
well-identified system, the data alone may not be sufficient to fully disentangle individual
parameter contributions. This can become even more challenging when the deterministic
model is misspecified or when intrinsic stochasticity is present.

Note that the example is inspired by Brunkhorst (2022).

2.1.2.3 Stochastic Extension

As discussed earlier, even when the full mechanistic model of a system is known, pa-
rameter estimation can be challenging. One practical approach is therefore to work with
a reduced deterministic model and augment it with a stochastic correction term that
captures the effects of neglected dynamics. In addition, as pointed out in the previous
section, real-world systems can often exhibit intrinsic variability that cannot be explained
deterministically (process noise) which can also be incorporated explicitly as a stochastic
term.
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This leads naturally to a stochastic differential equation (SDE) formulation:

dz(t) = f(z(t);β)dt+ σ(z(t))dWt, (2.15)

where Wt denotes a multivariate Wiener process and σ(z(t)) controls the intensity of the
stochastic forcing. The deterministic component f(z(t);β) is referred to as the drift term
and describes the average (or mean) evolution of the system. The stochastic component
σ(z(t))dW(t) is called the diffusion term and represents random fluctuations around this
mean behaviour.

2.1.2.4 Application to Glucose

From a dynamical systems perspective, glucose dynamics of patient i can be described
as the observable component of an underlying physiological state, evolving according to
equations (2.8)-(2.9):

dzi
dt

(t) = f(zi(t),ui(t);βi) + δi,t (2.16)

Gi(t) = g(zi(t);α) + εt (2.17)

where zi(t) = [z
(1)
i (t), z

(2)
i (t), . . . , z

(g)
i (t), . . . , z

(s)
i (t)]⊤ denotes the latent physiological state

of patient i. In particular, the component z(g)i (t) represents the true blood glucose concen-
tration, while Gi(t) corresponds to its noisy realization obtained from patient i’s CGM.5

This is a general specification. In what follows, we discuss three approach to glucose
modeling using differential equations : a minimal model (Bergman et al., 1979), a phys-
iologically faithful model (Man et al., 2014), and a model relying on stochastic closure
(Sirlanci et al., 2023). Note that we drop the i subscript below, but parameters are always
infered at the patient level.

Minimal Model The minimal model of Bergman et al. (1979) is among the most
influential mechanistic model of glucose regulation. It was introduced to estimate the
insulin sensitivity from intravenous glucose tolerance test (IVGTT). It instantiates (2.16)
with δ = 0, and a three-dimensional deterministic state z(t) = [G(t), X(t), I(t)]⊤:





dG

dt
(t) =(p1 −X(t))G(t)− p1Gb

dX

dt
(t) = p2X(t) + p3 (I(t)− Ib)

dI

dt
(t) = max(0, γ(G(t)− h) t)− ν I(t)

(2.18)

where G(t) and I(t) are the plasma glucose and plasma insulin, X(t) is an instrumental
variable which is assumed to mediate the action of insulin on glucose disappearance, Gb

is baseline glucose, Ib is baseline insulin, p1 is glucose effectiveness. The full parameter
vector is β = (p1, p2, p3, γ, h, ν)

⊤, and is estimated using non-linear least squares. Insulin
sensitivity index is recovered as SI = −p3/p2. The observation equation (2.17) reduces to

5α and the measurement noise are not assumed patient-specific. Differences could stem form the
CGM, but are not considered here.
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the identity: g(z(1)(t)) = G(t). Despite its simplicity, the model remains a cornerstone of
quantitative endocrinology (Bergman, 2021)6.

UVA/Padova Simulator For more comprehensive physiological representation spe-
cific to type 1 diabetes, the UVA/Padova simulator (Man et al., 2014) extends (2.16) to
a multi-compartment system with over s = 30 state variables, encoding gut absorption,
endogenous glucose production, and hepatic dynamics, with δ = 0 (no stochasticity).
Unlike the minimal model, it is not designed to be identified from individual patient data,
but rather to serve as a high-fidelity in silico environment for testing closed-loop glucose
control algorithms based on a simulated population (of 100 adults, 100 adolescents, and
100 children). It was subsequently approved by the FDA for the development of artificial
pancreas systems, illustrating how mechanistic models can encode sufficient physiological
complexity to carry regulatory weight.

Stochastic closure Sirlanci et al. (2023) point out that often available data is too
sparse to resolve high fidelity models. In their paper, they adopt a stochastic closure
appraoch, that enables effective estimability, at the cost of reduced physiological fidelity.
In particular, they instantiate (2.8) with a nonhomogeneous Ornstein-Uhlenbeck diffusion
term (δ ̸= 0):

dG(t) = α(Gb −G(t)) + sI(t) I(t) +m(t) +
√
2ασ2 dW (t) (2.19)

where Gb is basal glucose, α controls the mean-reversion rate, sI(t) is insulin sensitivity,
I(t) is insulin input, and m(t) is the rate of glucose appearance from meals. This directly
instantiates the SDE formulation of Section 2.1.2.3, enabling explicit uncertainty quan-
tification over glucose trajectories. Unlike Bergman et al. (1979), the authors here rely
on Bayesian estimation framework.

The structure of (2.19) is physiologically interpretable term by term. The drift decom-
poses into three contributions: (i) a mean-reverting force α(Gb−G(t)) pulling glucose back
toward its baseline level, (ii) an insulin-mediated disappearance term sI(t) I(t), and (iii)
a meal-driven appearance term m(t). The diffusion term

√
2ασ2 dW (t) captures residual

stochasticity not accounted for by the deterministic drift.

2.1.2.5 A change of perspective

These models share a common strength: interpretability. They potentially encode mea-
surable physiological quantities, and their predictions are constrained to be physiologically
consistent by construction. But they also share a common limitation: the functional form
of f is fixed a priori. Any dynamics not anticipated by the modeller cannot be captured
regardless of the amount of available data. This misspecification risk motivates a different
question:

Rather than prescribing f , can we discover it directly from observed trajec-
tories?

This question will be addressed thoroughly in the next section.

6We use the differential equation described in Van Herpe et al. (2006), which slightly differ from the
original minimal model.
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2.2 Modeling Unknown Dynamics

In the previous section, we explored how dynamical systems can be modelled by prescrib-
ing f from first principles, relying on domain knowledge. We now turn to the question
of learning f directly from observed trajectories, addressing more broadly the system
identification problem.

We explore two representative philosophies: one seeking to learn a parsimonious represen-
tation of the governing equations of a system (Section 2.2.1) ; the other, based on neural
networks, trading interpretability for expressivity (Section 2.2.2). This second philoso-
phy, which underpins the neural differential equation literature, is central to the model
developed in this work.

2.2.1 SINDy: A Sparsity-Promoting Technique

SINDy provides a natural bridge between mechanistic models and expressive data-driven
techniques such as Neural ODEs. Rather than prescribing f from first principles or
approximating it with an unconstrained neural network, it learns a parsimonious repre-
sentation of f from observed snapshots by selecting a small number of active terms in a
pre-specified library of candidate functions. Although not used in our experiments, we
introduce it briefly to situate the data-driven spectrum before turning to Neural ODEs.

The Sparse Identification of Nonlinear Dynamics (SINDy) algorithm (Brunton et al., 2016)
relies on Occam’s razor principle :

"Entia non sunt multiplicanda praeter necessitatem"
| Among all theories explaining the world equally well, the simplest is the best.

Mathematically, given a snapshot matrix X ∈ RN×o and their time derivatives Ẋ ∈ RN×o,
Brunton et al. (2016) translate this idea by seeking a sparse representation of the vector
field f as a linear combination of candidate functions:

Ẋ ≈ Θ(X)Ξ (2.20)

where Θ(X) ∈ RN×l is a library of l candidate functions evaluated on the snapshots, say:

Θ(X) =
[
1 ,X, · · · ,X2, · · · , sin(X), · · ·

]

and Ξ ∈ Rl×o is a coefficient matrix, estimated using a sparse regression algorithm such
as the LASSO (Tibshirani, 1996). Each column of Ξ thus identifies the active terms in f
for one state dimension.

Explicitly, letting Θ(x⊤) denote the row vector of candidate functions evaluated at a
single state x ∈ Ro, the vector field is approximated as:

f(x) ≈ Ξ⊤Θ(x⊤)⊤

Each column ξk ∈ Rl of Ξ encodes the active terms for the k-th state dimension. This is
illustrated for a Lorenz system on Figure 2.7.
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Figure 2.7: Schematic representation of SINDy on the Lorenz system. Sparse regression
identifies the coefficient matrix Ξ, whose columns ξ are almost entirely zero. The few
non-zero entries recover the three governing equations ẋ = Θ(x⊤)ξ1, ẏ = Θ(x⊤)ξ2,
ż = Θ(x⊤)ξ3. Illustration from (Brunton et al., 2016).

Though interesting by its simplicity and interpretability, SINDy rests on some strong
assumptions. First, it assumes that the o observed states are sufficient to explain their
own dynamics, i.e. that no latent state variables are needed. Second, it assumes that the
snapshots are observed in a way that enables the estimation of Ẋ7. Third, it assumes
that f is a linear combination of some terms of the library.

Note that SINDy has spurred several extensions such as : E-SINDy (Fasel et al., 2022),
which accounts for parameter uncertainty through library and observation bootstrapping,
SINDy Autoencoder (Champion et al., 2019), which combines SINDy with an autoencoder
to identify governing equations in a learned (lower dimensional) latent coordinate system
rather than the observation space or, VENI VINDy VICI (Conti et al., 2026), which
further extends the Autoencoder framework to a fully Bayesian variational framework for
uncertainty-aware equation discovery.

Example 2.2.1 (Fox and Rabbit Population - NODE). We fit SINDy on our Fox and
Rabbit Population, now assuming 1000 observations are available for the sake of simplicity.
Estimation of Ẋ was performed using a Savitzky-Golay filter (Savitzky and Golay, 1964).
The library Θ(X) is a second order polynomial basis.

While SINDy recovers well the dynamics with a low noise sample (Figure 2.8), it struglles
for a noisier one (Figure 2.9). This is a direct consequence of the difficulty of estimating
Ẋ from X in noisier settings. Even for low noise samples, derivatives depends on the
chosen method, as illustrated in Appendix C.2. That issue would be further exacerbated
for glucose trajectories, which are typically irregularly sampled.

7That second issue can be mitigated. For instance, in the supporting material joined to their paper,
Brunton et al. (2016) address the noise problem by denoising derivatives via total variation regularization.
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Figure 2.8: Basline Sample, n = 1000, gaussian noise σ2 = 0.5. Left : Predator
(blue) and Prey (green) temporal trajectories. Middle : Phase-space trajectory. Right
: Predicted vector field. For the first two panels, observed trajectories are continuous
while predicted one are dotted. Observed samples are also displayed

Figure 2.9: Noisy Sample, n = 500, gaussian noise σ2 = 2. Left : Predator (blue) and
Prey (green) temporal trajectories. Middle : Phase-space trajectory. Right : Predicted
vector field. For the first two panels, observed trajectories are continuous while predicted
one are dotted. Observed samples are also displayed

2.2.1.1 Application to Glucose

To the author’s knowledge, the only application of SINDy (or any of its variants) to
glucose dynamics modeling is Joedicke et al. (2022), who applied SINDy to identify a
sparse differential equation governing blood glucose from CGM data of a single type 1
diabetic patient. Using carbohydrate intake and insulin they recover:

dG

dt
(t) = κ0 + κ1b(t) + κ2C(t) + κ3G(t) + κ4B(t)b(t) + κ5b(t)

2 + κ6b(t)C(t) + κ7b(t)G(t)

+ κ8C(t)G(t) + κ9G(t)
2

(2.21)
where G(t) is blood glucose, C(t) carbohydrate intake (time-shifted), B(t) bolus insulin
(time-shifted), and b(t) basal insulin.

The estimated parameters are κ̂0 = −1.14, κ̂1 = 102.39, κ̂2 = −0.14, κ̂3 = −7.69, κ̂4 =
−0.21, κ̂5 = 648.80, κ̂6 = 12.80, κ̂7 = −185.42, κ̂8 = −0.96, κ̂9 = 11.39.

However, the predictive performance remains limited, with a reported RMSE of 36.44
mg/dL (approximately 2.02 mmol/L), which is substantial relative to the normal gly-
caemic range of 4-10 mmol/L.
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2.2.2 Neural ODEs: An Overparametrized Technique

Neural ODEs (Chen et al., 2018) solve some of the limitations of SINDy by replacing the
prescribed library Θ with an unconstrained neural network fθ, trading interpretability for
expressivity.

Crucially, in line with the theory of SSMs, it is common in the neural differential equation
paradigm to define the dynamics in a latent space z(t) ∈ Rs rather than the observation
space8. This can be done by leaning on a learnable map ℓθ : Ro → Rs, for instance applied
to the observed initial condition x0 :

ℓθ(x0) = z0,
dz

dt
(t) = fθ(z(t)) (2.22)

This strategy is known as augmentation and will be discussed more in details in Sec-
tion 2.2.2.5. It allows to relax one of the SINDy assumption: that the observed variables
(or their transformation through Θ) are sufficient to explain the endogenous dynamics.
Instead, we assume that a latent representation can be inferred from what has been mea-
sured, and then used to perform predictions.

In what follows, we first discuss the rationale behind this parameterization and its connec-
tion to ResNets (Section 2.2.2.1), before examining its expressivity (Section 2.2.2.5), and
finally how exogenous control can be incorporated into the framework (Section 2.2.2.6).

2.2.2.1 Rationale behind NODEs

The phylosophy behind Neural ODEs (NODEs) is quite straightforward : approximate f
using a neural network fθ, usually a feedforward neural network or a shallow multi-layer
perceptron (MLP) :

dz

dt
(t) = fθ(z(t)) (2.23)

The trajectory can then be obtained by numerical integration :

{ztk}N−1k=0 = ODESolve(fθ, z0, {tk}N−1k=0 ) (2.24)

where ODESolve denotes a numerical integration scheme (e.g. Runge-Kutta) that prop-
agates the initial condition z0 forward in time under the dynamics fθ, returning the
(approximated) latent state at each query time tk.

This idea gained considerable traction with the seminal work of Chen et al. (2018), who
observed that the ResNet update rule (He et al., 2016) of the form :

zt+1 = zt + f(zt; θ) (2.25)

is precisely an Euler discretization of a continuous transformation.
8We take the notation z, as in our work the NODE operates in a latent space Rs with s > o. However,

a NODE can equivalently be applied directly in observation space, treating the raw snapshots x as a noisy
realizations of the true state, implicitly assuming x ≈ z. This is the setting of Example 2.3.2, where no
encoder ℓθ is used and the NODE is fitted directly on the observed trajectory.
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We can understand that statement by looking back at the Euler Explicit method (2.6),
and setting ∆t = 1. Equation 2.6 then becomes :

z(t+∆t) ≈ z(t) + ∆t fθ(z(t))

z(t+ 1) ≈ z(t) + 1 fθ(z(t))

This means that residual networks are idealized as continuous-time dynamical systems.
We replace the discrete T layers by a continuous variable t, resulting in a continuous-time
dynamics described by an ODE, parametrized by a neural network (Li et al., 2022).9

This idealization can be understood in many ways. One of them is that, instead of
relying on recursive architectures, which require function composition for which we lack
mathematical understanding, one can now enjoy the full toolbox of dynamical systems
theory.

On the other hand, and not the least, since ODESolve can be queried at arbitrary time
points, NODEs are naturally suited to handle irregularly sampled data. It also inherits the
properties of numerical solvers introduced earlier, i.e. the ability to perform interpolation,
extrapolation, and counterfactual simulations.

The introduction of NODEs sparked a rich line of work on neural differential equations,
including Latent ODE (Chen et al., 2018), ODE-RNN (Rubanova et al., 2019), ODE-
LSTM (Lechner and Hasani, 2020), Neural CDEs (Kidger et al., 2020), GRU-ODE-Bayes
(De Brouwer et al., 2019), CF-ODE (De Brouwer et al., 2022), IMODE (Gwak et al.,
2020), and many others.

We refer the reader to Kidger (2022) for a rigorous and in-depth treatment of neural differ-
ential equations, and to Oh et al. (2025) for a recent survey of this landscape. Applications
to medical time series are discussed in depth in De Brouwer (2023).

2.2.2.2 Overparametrization

Obviously, the parametrization of f with a neural network is far away from Occam’s razor
principle. The cardinality of θ will vastly exceed that of the true vector field parameters,
and there is no reason to expect that fθ will recover the true governing equations.

Nevertheless, fθ remains a powerful tool for approximating the true trajectory. By con-
struction, the solution of a NODE is continuous and smooth, providing a dense, differen-
tiable approximation of the latent state, even from sparse, irregularly sampled observa-
tions. This smooth trajectory can then serve as a substrate for downstream analysis10.

9Note that strictly speaking, NODEs cannot be considered the true deep limit of ResNets (Massaroli
et al., 2020). In a ResNet, each residual block has its own parameter vector θt, whereas a NODE uses a
single shared fθ with depth as a continuous variable. The true deep limit would require a hypernetwork
parametrizing θ(t) as a function of t (Zhang et al., 2019; Ha et al., 2016).

10One can, for instance, apply SINDy on the recovered ẑ(t) to attempt identifying the true governing
equations, as illustrated in Figure 2.14.
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2.2.2.3 Incorporating Observations

Parameter estimation requires incorporating observations in the model. In Section 2.1.2,
this was achieved via a probabilistic observation model and Bayesian inference; in Sec-
tion 2.2.1, regression was performed directly on the snapshots. For Neural ODEs, several
strategies have been developed. The most straightforward, standard in the deep learning
literature, optimizes θ by minimizing a reconstruction loss of the form:

θ∗ = argmin
θ∈Θ

1

B

B∑

b=1

L
(
{x(b)

tk
}
k/∈K(b)

mask
, {ẑ(tk; θ, z(b)0 )}

k/∈K(b)
mask

)
(2.26)

where b = 1, . . . , B indexes randomly sampled sub-windows of the observed trajectory
(or trajectories), k(b)0 ∈ {0, . . . , N − Tb} is the starting index, Tb is the window length,
K(b)

mask ⊆ {k
(b)
0 , . . . , k

(b)
0 + Tb − 1} is a random observation mask, and z

(b)
0 := xt

k
(b)
0

is the

observed state at the window start, used directly as initial condition for the ODE solver.

The point is that at each iteration, both the starting index k(b)0 and the observation mask
K(b)

mask are resampled, exposing the model to different temporal windows and different
observation patterns. This encourages the learned fθ to generalize beyond the specific
times and densities seen during training.

Example 2.2.2 (Fox and Rabbit Population - NODE). We now train train a classical
NODE on the same Fox and Rabbit Population as SINDy. fθ is a fully connected MLP
(2→ 50→ 50→ 2) with tanh activations. Training follows a curriculum strategy in which
batches consist of B = 20 sub-trajectories of length Tb, each starting from a randomly
sampled initial condition drawn from the observed trajectory (without replacement). The
window length Tb is progressively increased over training: starting at Tb = 10 for the first
500 iterations, then extended to 20, 50, and finally 150, forcing the model to capture longer
dependencies as training progresses. The model evaluated at the beginning, middle, and
end of the training, is presented in Figure 2.10.

Figure 2.11 illustrates the same architecture, and same training procedure, on a twice
lower sparser dataset (N = 500, with irregularly sampled data). We see that, thanks
to the masking procedure, NODE is still able to recover weel the anulus structure and
interpolate observed trajectories.

(a) Iteration 0
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(b) Iteration 1000

(c) Iteration 2000

Figure 2.10: Evolution of the learned vector field fθ at successive training iterations. For
each sub-figure, Left : Predator (blue) and Prey (green) temporal trajectories. Middle :
Phase-space trajectory. Right : Predicted vector field. For the first two panels, observed
trajectories are continuous while predicted ones are dotted.

2.2.2.4 Out-of-sample performance

A common pitfall of deep learning methods is overfitting. Because neural networks are
highly expressive function approximators, they can memorize the training data rather than
learning the underlying structure, and subsequently fail to generalize to unseen inputs.

Intuitively, for a NODE, each training trajectory acts as a constraint on fθ. When only a
single trajectory is available, many vector fields can satisfy it (the problem is underdeter-
mined). As more diverse trajectories are added, the feasible set of vector fields shrinks,
progressively forcing fθ closer to the true underlying dynamics. This is illustrated in
Figure 2.12.
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Figure 2.12: Illustration of how training trajectory diversity constrains the learned
vector field fθ (synthetic example).
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(a) Iteration 0

(b) Iteration 1000

(c) Iteration 2000

Figure 2.11: Evolution of the learned vector field fθ at successive training iterations for
a smaller (n = 500) dataset, with irregular sampling. For each sub-figure, Left : Predator
(blue) and Prey (green) temporal trajectories. Middle : Phase-space trajectory. Right :
Predicted vector field. For the first two panels,observed trajectories are continuous while
predicted one are dotted.
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Example 2.2.3 (Fox and Rabbit Population - Overfitting). We now consider the NODE
of the previous example, which was trained on a single Lotka-Volterra trajectory, whose
initial condition was z0 = [30, 15]⊤. We evaluate the trained fθ on three held-out initial
conditions drawn from a different region of phase space. Figure 2.13 shows the predicted
trajectories against the ground truth.

(a) Initial condition z
(1)
0 = [15, 5]⊤

(b) Initial condition z
(1)
0 = [5, 5]⊤

(c) Initial condition z
(1)
0 = [2, 15]⊤

Figure 2.13: Out-of-sample predictions for three held-out initial conditions. For each
sub-figure, Left : Predator (blue) and Prey (green) temporal trajectories. Middle :
Phase-space trajectory. Right : Predicted NODE vector field. For the first two panels,
ground truth trajectories are continuous while predicted one are dotted.

We see that the further we go from the training initial conditions, the worse it gets. In
particular, we see that both IC 2 and 3 converge to the orbit of the observed IC z0 =
[30, 15]⊤. In order to generalize, it is often sufficient to train the model on a more diverse
set of initial conditions.
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Another approach could be to use a "NODE-then-SINDy" pipeline. Based on smoothed
NODE trajectories, this approach enables a much more robust estimation of Ẋ, thereby
allowing for faithful extrapolation outside the observed orbit.

(a) Initial condition z
(1)
0 = [1, 1]⊤

(b) Initial condition z
(1)
0 = [5, 5]⊤

(c) Initial condition z
(1)
0 = [2, 15]⊤

Figure 2.14: Out-of-sample predictions for three held-out initial conditions. For each
sub-figure, Left : Predator (blue) and Prey (green) temporal trajectories. Middle :
Phase-space trajectory. Right : Predicted vector SINDy field. For the first two panels,
ground truth trajectories are continuous while predicted one are dotted. Oberved samples
are also displayed.
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2.2.2.5 Universal Approximation and Augmentation

It is well established that a feedforward network with at least one hidden layer and a
sigmoidal activation function can approximate any Borel-measurable function to arbitrary
precision (Hornik et al., 1989), provided enough hidden units11. Since fθ is typically
parametrized by such a network, one might expect NODEs to inherit this property. This
turns out to be false in general, for a fundamental reason rooted in the geometry of ODE
flows (See Appendix A.1).

In practice, one may still restore the universal approximation property, by augmenting
(i.e. lifting) the state space dimension, resulting in the so-called Augmented Neural ODE
(ANODE) model family.

By evolving in the higher-dimensional state space Rs, the ODE avoid topological obstacles,
learning simpler flows at lower computational cost (Dupont et al., 2019; Massaroli et al.,
2020).

Beyond the topological argument, this is what we did intuitively in the introduction with
Equation 2.22. Since x(t) ∈ Ro cannot fully explain its own dynamics, the learnable
map ℓθ : Ro → Rs with s > o lifts the observations into an augmented space where the
dynamics can be more easily and properly represented.

Formally, ANODE lifts the state space from Ro to Rs with s > o, by applying a learnable
map ℓθ : Ro → Rs to the initial condition:

z(0) = ℓθ(x(0)),
dz

dt
(t) = fθ(z(t)) (2.27)

As stressed by Kidger (2022), common choices for ℓθ are : (i) zero-augmentation ℓ0(x) =
[x,0]⊤, (ii) learned augmentation ℓθ(x) = [x, ℓ̃θ(x)]

⊤ for some learned ℓ̃θ , (iii) a learnable
affine map ℓθ(x) = Ax+ b with A ∈ Rs×o, b ∈ Rs, stacked into θ.

Another interesting property to point out is that ANODE are universal approximators,
even if their vector field are not (Kidger, 2022). We summarize the rationale of Kidger
(2022) in proposition 2.2.1.

Proposition 2.2.1 (Universal Approximation Property of ANODEs, Kidger (2022)).
ANODEs are universal approximators. Two cases arise:

1. If fθ is itself a universal approximator, then for fixed augmented dimension s, com-
plexity is obtained through the vector field. This is analogous to the deep and narrow
universal approximation theorem for feedforward networks.

2. If fθ is not a universal approximator, then the augmented dimension s → ∞ com-
pensates, with complexity obtained through the affine maps. This is analogous to the
classical wide universal approximation theorem.

This proposition is particularly relevant to the architecture reviewed in Section 2.3.3.3,
that consists of an augmentation. Massaroli et al. (2020) warn in their section "Mind
your input network" that in encoder-NODE architectures, an overly expressive encoder
may resolve the task before the NODE integration begins, causing fθ to collapse toward
an identity map.

11This result guarantees the existence of a network that can represent the function, but not that the
training algorithm will find it. Learning can fail for two distinct reasons: the optimizer may not converge
to the desired parameters, or the model may overfit and fail to generalize (Goodfellow et al., 2016).
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Example 2.2.4 (Fox and Rabbit Population - ANODE). In the Example 2.3.3, we did
not use augmentation, as we assumed that no variable other than the Prey and Predator
populations were needed. Augmenting the statespace should be pointless here, as there
are no latent variables nor topological obstacles. Here, for the sake of completeness of
the examples, we illustrate augmentation on the Lotka-Volterra population. By adding an
additional 0 dimension, we still recover the anulus structure of the phase space, as visible
on Figure 2.15. All the training procedure is identical, except for the number of iteration
(fixed to 2500) and learn a vector field fθ : R3 → R3, which gains a new dimension.

(a) Iteration 0

(b) Iteration 1250

(c) Iteration 2500

Figure 2.15: Evolution of the learned vector field fθ at successive training iterations. For
each sub-figure, Left : Augmented Phase-space trajectory. Middle : Observed Phase-
space trajectory. Right : Predator (blue), Prey (green) and 0-augmented temporal
trajectories. The predicted trajectory is presented in red.
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2.2.2.6 Incorporating Exogenous Control

So far, the vector field fθ has been assumed to govern a closed system, where the dynamics
depend solely on the current state z(t), with no external inputs, or control.

In many real-world settings, however, the system is open and subject to exogenous inputs
u(t) that perturb its trajectory without being governed the system’s own rules, meaning
that these inputs force the system from outside without being explained by it.

This distinction is often overlooked in the neural differential equations literature, where
u(t) is silently absorbed into an augmented state vector z̃, yielding:

dz̃

dt
(t) = fθ(z̃(t)) (2.28)

where fθ : Rs+p → Rs+p.

This formulation is problematic. By including u(t) into z̃, we implicitly treat u as an
endogenous variable governed by a learned ODE, when it should instead be read as an
external signal at each solver step.

The proper formulation keeps u(t) as an argument to fθ, not as a component of the state:

dz

dt
(t) = fθ(z(t), u(t)) (2.29)

where fθ : Rs+p → Rs. Here u(t) is read at each solver step via external interpolation,
but is not treated as a state variable with its own dynamics.

The trajectory is then given by:

z(t) = z0 +

∫ t

t0

fθ(z(τ), u(τ)) dτ (2.30)

which is approximated at desired time points as:

{z(tk)}N−1k=0 = ODESolve
(
fθ, z0, {tk}N−1k=0 , {u}N−1k=0

)
(2.31)

Similarly, Brunton et al. (2016) make this point by applying SINDy to a forced Lotka-
Volterra system without taking u(t) as an exogenous input, yielding an unstable model
that fails to generalize. In contrast, which explicitly includes functions of u(t) in the
candidate library, correctly recovers the governing equations.

Note that (2.29) rests on an exogeneity assumption: u(t) is treated as a given signal,
independent of z(t). This is a modeling choice, not a physical fact. In reality, feedback
loops may exist (e.g., low glucose triggering hunger and subsequent food intake). We
adopt this assumption throughout, as is standard in the control and system identification
literature.12

Finally, (2.29) requires u(t) to be available as a continuous signal, whereas in practice con-
trol inputs are recorded at discrete times. Evaluating u(t) between observations therefore

12We also believe that this it is a reasonable assumption to make as meal timing is often governed by
social and behavioural schedules, and can thus be seen as independent of the physiological state.
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requires either treating events as instantaneous impulses (i.e. using a Dirac representa-
tion) or performing an explicit transformation (e.g. interpolation), which, in the NODE
framework, is typically ad hoc and decoupled from the model. The specific parameterisa-
tion of u(t) adopted in the present work is discussed in Section 3.1.2.

Neural Controlled Differential Equations (Section 2.3.2) take another approach by con-
structing a continuous path directly from the data and letting it drive the latent dynamics
via a Riemann-Stieltjes integral, absorbing the interpolation step into the architecture it-
self.

2.2.2.7 Application to glucose

To our knowledge, no paper have tried to model glucose dynamics relying solely on
NODEs. Still, the closely related universal differential equations (UDEs), which hybridizes
a mechanistic model f with a flexible neural correction term fθ :

dz

dt
(t) = f(z(t);β) + fθ(z(t)) (2.32)

have been applied to glucose modeling through the Hybrid2 Neural ODE Causal Modeling
(H2NCM, Zou et al. (2024)) architecture.

The latter is given the qualificative Hybrid2 as it relies on two types of inductive bias13:
(i) a soft bias, taking the form of a causal loss regularization term that encourages cor-
rect ranking of intervention effects, and (ii) a hard bias, taking the form of reduced
UVA/Padova mechanistic model f .

We do not explore this model further, as it differs from our setting along several di-
mensions: it targets post-exercise glycaemic response in individuals with type 1 diabetes
rather than postprandial dynamics in a healthy population, and operates in a determin-
istic framework rather than a latent probabilistic one. Nevertheless, we still point out to
the article as two of its ideas remain relevant future directions: (i) incorporating a causal
loss to guide the learning of more physiologically meaningful latent representations, and
(ii) further hybridizing the dynamics with mechanistic components.

13For more details on UDEs and the notion of inductive bias, see details Appendix A.2.
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2.3 Neural Differential Equations and Glycemia

In the previous section, we shed light on two philosophically different ways of approaching
data-driven dynamical system modeling (SINDy and NODE). We already established that
the last approach, NODE, would be particularly interesting to model glucose dynamics,
as it natively handles continuous-time processes and irregularly sampled data.

While the vanilla NODE can be effective (Section 2.2.2.3), other architectures have been
introduced to incorporate observations more elegantly. De Brouwer (2023) organizes the
most prominent modeling strategies under three families. First, the Deep SSM family14

takes inspiration directly from the Bayesian SSM framework of Section 2.1.2.2. Second,
the interleaving approach is a continuous-time extension of the recurrent neural network
family. Third, Neural CDEs, representing the interpolation family, are grounded in the
theory of controlled differential equations.

Figure 2.16 situates the three families chronologically. The Deep SSM family emerged
with the seminal Latent ODE of Chen et al. (2018), submitted in 2018; the interleaving
approach followed in 2019 with the ODE-RNN of Rubanova et al. (2019); and the in-
terpolation family was introduced with Neural CDEs (Kidger et al., 2020) in 2020. We
address in turn each of these modeling approaches and their applications to glucose in
Sections 2.3.1 to 2.3.3.

2018 2019 2020

Deep SSM Interleaving Interpolation

Latent ODE ODE-RNN Neural CDE

Figure 2.16: Chronology of the three NDE families based on submission year.

2.3.1 Interleaving approach

As illustrated on Figure 2.17, the interleaving approach consists of an alternation of two
operations: a discrete update of the hidden state h upon reception of a new observation,
and a continuous evolution of h during the interval separating consecutive observations.

Following Fitzgerald et al. (2023), we can present all architectures of the interleaving
family under an overarching framework. Let D = {(xk,yk, tk)}N−1k=0 be an irregularly-
sampled dataset of input-target pairs, where xk ∈ Rdx may encompass observations,
previous predictions, missingness masks and additional covariates, and yk ∈ Rdy is the
associated target at time tk. An interleaving model is defined by an update map ϕθ, an
evolve map Φθ, and an output map gθ, operating as:

h(t+k ) = ϕθ
(
h(t−k ), xk

)
(2.33)

h(t) = Φθ

(
h(t+k ), t

+
k , t
)

t ∈ [t+k , t
−
k+1] (2.34)

ŷ(t) = gθ(h(t)) (2.35)

14That De Brouwer (2023) terms "autoencoder".
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where h(t+k ) (h(t−k )) denotes the hidden state just after (before) the update, and θ collects
all parameters.

ŷt0 ŷt1 ŷt2 ŷt3ŷ(t)

gθ(h(t))

h(t)

Φθ(h(t0), t0, t1)

h(t−1 )

h(t+1 )

ϕθ

(
h(t−1 ), x1

)

x0 x1 x2 x3

Output

Hidden

Inputs

Figure 2.17: Schematic of the interleaving approach. At each observation time tk,
the hidden state is updated discontinuously by ϕθ. Between observations, h(t) evolves
continuously according to Φθ. The output map gθ can be queried at any time.

In the following sections, we explore some instances of the interleaving framework. In
Section 2.3.1.1, we introduce the celebrated Recurrent Neural Networks (RNNs) family,
which correspond to the case where Φθ is the identity. Then, in Section 2.3.1.3, we dis-
cuss the ODE-RNN and ODE-LSTM architectures, which parameterize Φθ as the flow
map of a NODE, allowing inter-observation dynamics to be learned from data. Finally,
Section 2.3.1.4 points out that, similarly to the vanilla NODE, most approaches in the
interleaving literature do not distinguish between exogenous control variables and endoge-
nous realizations of the underlying dynamical system.

2.3.1.1 Recurrent Neural Networks

RNNs were originally introduced by Rumelhart et al. (1986) to process sequences of
variable length by relying on parameter sharing, meaning that the same parameter vector
θ governs every update step, regardless of sequence length.

Given an input sequence {xk}N−1k=0 , the hidden state hk ∈ Rdh and dy-dimensional output
ŷk are sequentially updated thanks to:

hk = σ1(Wh hk−1 +Wx xk + bh) (2.36)
ŷk = σ2(Wy hk + by) (2.37)

where Wh ∈ Rdh×dh , Wx ∈ Rdh×dx , Wy ∈ Rdy×dh , bh ∈ Rdh , by ∈ Rdy are the learnable
parameters, collected in θ. σ1 is usually a tanh or sigmoid activation, while σ2 is dependent
on the modeling goal (e.g. sigmoid for binary classification or softmax for multilabel
classification).
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Equation (2.36) corresponds to the update map, and (2.37) corresponds to the output
map. There is virtually no evolve map for the vanilla RNN as the hidden state remains
constant between observations.

It transpires that RNNs are inherently linked to dynamical systems. Looking back to the
equations of a SSM (2.9), we see that our RNN can be seen as a discretized SSM. Many
other links with the dynamical system theory can be made, see for instance Brunton and
Kutz (2022) or Pascanu et al. (2013).

Vanilla RNNs feature many drawbacks, justifying moving towards more advanced archi-
tectures. One of the most well known flaws of RNNs are the so-called vanishing and
exploding gradient problems, which make challenging to learn long-term dependencies
(Pascanu et al., 2013)15.

2.3.1.2 Gated Architectures

Gated architectures were specifically designed to overcome the vanishing gradient16 and
short-term memory problems of RNNs.

The first gated architecture, introduced by Hochreiter and Schmidhuber (1997), is the
Long Short-Term Memory (LSTM). It overcomes the vanishing gradient and short-term
memory problems by introducing two distinct cell states h and C:

hk = Ok ⊙ tanh(Ck)

Ck = Fk ⊙Ck−1 + IkC̃k

relying on a candidate memory state

C̃k = tanh(W(c)
x xk + W(c)

h hk−1 + b(c))

and three learnable gates

• Forget gate : Fk = σ(W(f)
x xk + W(f)

h hk−1 + b(f))

• Input gate : Ik = σ(W(in)
x xk + W(in)

h hk−1 + b(in))

• Output gate : Ok = σ(W(o)
x xk + W(o)

h hk−1 + b(o))

where ⊙ is the Hadamard (element-wise) product, σ is a sigmoid activation, W
(·)
x ∈

Rdh×dx , W(·)
h ∈ Rdh×dh , b(·) ∈ Rdh .

Because the sigmoid activation σ : R→ [0, 1], the three gates act as switches (proportions)
that regulate the information flux in the cell. First, the forget gate determines how much
of the previous long-term memory is retained (i.e "not forgotten"). Second, the input
gate determines how much of candidate long-term memory state C̃k is incorporated into
the updated long-term memory. Third, the output gate determines what parts of the
updated cell state is transmitted to the hidden state.

For a LSTM, the output map takes the same form as the Vanilla RNN, i.e. ŷk =
σ2(Wyhk + by), for some activation σ2.

15Vanishing (Exploding) gradient refers to when the norm of the gradients decreases (increases) expo-
nentially towards 0 (∞).

16The exploding gradient problem, on the other hand, is often tackled using a gradient clipping strategy,
which mechanically clip the gradient when it exceeds a user-defined threshold.
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Gated Recurrent Units (GRUs) were then introduced (Chung et al., 2014) as a more
parsimonious alternative to LSTMs, reducing the number of gates from three to two :

• Reset gate: Rk = σ(W
(r)
x xk +W

(r)
h hk−1 + b(r))

• Update gate: Zk = σ(W
(z)
x xk +W

(z)
h hk−1 + b(z))

and eliminating the separate cell state Ck, using only a hidden state :

h̃k = tanh(W(c)
x xk +W

(c)
h (Rk ⊙ hk−1) + b(c))

hk = (1− Zk)⊙ hk−1 + Zk ⊙ h̃k

The update gate Zk blends the previous hidden state and the candidate, playing the
combined role of the LSTM’s forget and input gates.

Those three architecture fall in the scope of classical recurrent neural network, where hid-
den states are kept constant between observations. A representation of each architecture’s
cell is given in Figure 2.18

These architectures have long been state-of-the-art for sequential data where the order of
observations matters but elapsed time does not (e.g. in some NLP applications, where
the relative order of words carries meaning, but the time between words is irrelevant). In
such settings, the discrete index k is a sufficient notion of "time". However, this does not
hold for irregularly sampled time series, where the gap ∆tk = tk− tk−1 carries information
about the system’s evolution. Standard RNNs discard it, since they apply the same
update regardless of how much time has elapsed.

Early attempts addressed this by feeding ∆tk as an additional input, or by introducing
a fixed exponential decay of the hidden state between observations (Che et al., 2018;
Rubanova et al., 2019). However, these approaches either leave the evolve map as the
identity, or fix its functional form a priori, leaving little flexibility to adapt to the data.

2.3.1.3 ODE-RNNs

The ODE-RNN (Rubanova et al., 2019) is a natural resolution to the limitations of the
early approaches. Rather than fixing the form of Φθ, it parameterises it as the flow map of
a Neural ODE, i.e. Φθ(h(t

+
k ), t

+
k , t
−
k ) = h(t+k ) +

∫ t−k
t+k
fθ(h(τ)) dτ . Numerically, the evolve

step becomes:

h(t−k ) = ODESolve
(
fθ, h(t

+
k−1), (t

+
k−1, t

−
k )
)

(2.38)

where fθ : Rh → Rh is a feedforward neural network parameterising the hidden state
dynamics. The update step then incorporates the new observation via a GRU cell:

h(t+k ) = GRUCell
(
h(t−k ), xk

)
(2.39)

As for traditional RNNs, we then map the hidden state to the observations using an
output network gθ. The full algorithm is given in Algorithm 1.
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Figure 2.18: From top to bottom: vanilla RNN, LSTM and GRU.
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Algorithm 1 ODE-RNN (Rubanova et al., 2019)

Require: Observations and timestamps {(xk, tk)}N−1k=0

1: h0 ← 0 ▷ Initialisation
2: for k = 1, . . . , N − 1 do
3: h(t−k )← ODESolve(fθ, h(t+k−1), (t

+
k−1, t

−
k )) ▷ Evolve

4: h(t+k )← GRUCell(h(t−k ), xk) ▷ Update
5: end for
6: return {gθ(hk)}N−1k=0

A residual limitation concerns gradient stability. ODE-RNNs still suffer from vanishing
and exploding gradients, regardless of the choice of solver. The ODE-LSTM model (Lech-
ner and Hasani, 2020) addresses this by replacing the GRU update cell with an LSTM
cell. The full algorithm is given in Algorithm 2.

Algorithm 2 ODE-LSTM (Lechner and Hasani, 2020)

Require: Observations and timestamps {(xk, tk)}N−1k=0

1: h0 ← 0, C0 ← 0 ▷ Initialisation
2: for k = 1, . . . , N − 1 do
3: h(t−k )← ODESolve

(
fθ, h(t

+
k−1), (t

+
k−1, t

−
k )
)

▷ Evolve
4:

(
Ck, h(t

+
k )
)
← LSTMCell

(
Ck−1, h(t

−
k ), xk

)
▷ Update

5: end for
6: return {gθ(hk)}N−1k=0

2.3.1.4 Handling Exogenous Inputs

Among others, ODE-RNN and ODE-LSTM belong to the broad family that Gwak et al.
(2020) term Neural Jump Differential Equations (NJDEs). Their common structure can
be written as an impulsive differential equation:

{
ḣ(t) = fθ(h(t)) t ̸= tk

h(t+k ) = ϕθ
(
h(t−k ), xk

)
t = tk

(2.40)

As noted by Gwak et al. (2020) : "Although it is possible to use NJDEs to naively model
systems with interventions, by, say, simply concatenating them with observations, this
approach is limited as it does not explicitly separate autonomous dynamics of the system
from these effects. This, in turn, makes it challenging to properly reconstruct the evolution
of a system subject to external forces."

In response, the author propose Intervention-Modeling ODE (IMODE), which introduces
a second hidden state dedicated to tracking the effect of external interventions, alongside
the standard hidden state encoding autonomous dynamics. We do not explore IMODE
further as when benchmarked on glucose forecasting by Fitzgerald et al. (2023), it con-
sistently underperforms relative to ODE-LSTM across both simulated and real-world
settings. We give more details on their application to glucose forecasting in the following
section.
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2.3.1.5 Application to Glucose

Fitzgerald et al. (2023) apply several of the interleaving architectures introduced above
(ODE-GRU, ODE-LSTM, and IMODE) to probabilistic forecasting of blood glucose in
the intensive care unit (ICU), on both a synthetic dataset generated from an instance of
Equation 2.19 and a real-world Electronic Medical Records (EMRs) dataset.

The modeling task is next-step forecasting, i.e. given an irregularly observed patient
history Hi forecast the distribution of blood glucose at the next available measurement
time :

pθ(yi(t) | Hi) = N
(
µ(h(t)), σ2(h(t))

)
, t > Ti (2.41)

where h(t) is the hidden state of the CTRNN at time t, and µ(h(t)), σ2(h(t)) are produced
by a heteroscedastic output head gθ mapping h(t) to the parameters of a univariate
Gaussian predictive distribution.

The patient history Hi = {yi, xi, x0,i} is made of previous blood glucose measurements
yi, co-varying clinical inputs xi (nutritional and insulin inputs), and static features x0,i

(e.g., diabetic status).

Given that the authors use a heteroscedastic output head, all interleaving architectures
are trained with a specific two-term objective, identical to the one of the GRU-ODE-Bayes
architecture (De Brouwer et al., 2019). See Equation (A.8) from Appendix A.3 for more
details.

On the EMR dataset, the ODE-LSTM model outperforms all traditional and deep learning
architectures, while being closely followed by Catboost (Prokhorenkova et al., 2018) which
is easier and faster to train. The authors also hilight that the ODE-LSTM model was also
marginally better when forecasting the blood glucose of patient taking insulin, making
such architectures good candidates for counterfactual predictions.
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2.3.2 Interpolation Approach

As said earlier, most prominent architectures based on neural differential equations can
be thought as impulsive differential equations (Gwak et al., 2020).

A conceptually different strategy, introduced by Kidger et al. (2020), is to incorporate
observations not as discrete jumps, but as a continuous-time control signal driving the
dynamics. This is the interpolation approach. Rather than modifying h at each obser-
vation time, one construct a continuous control path C : [t0, tN ] → Rv+1 from the data17

and let it drive the hidden state dynamics at all times via a Riemann-Stieltjes integral.
The hidden state then has continuous dependence on the observations, not just at the
moments they arrive. This is illustrated in Figure 2.19.

Time

t1 t2 t3 tn
· · ·

Data X

x1

x2 x3
xn

Hidden state z

Interleaving (Neural JDE)

Time

t1 t2 t3 tn
· · ·
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Path C

Hidden state z

Interpolation (Neural CDE)

Figure 2.19: Comparison of the interleaving and interpolation approaches. Left: In
the interleaving approach, the hidden state is modified discretely at each observation and
evolves freely between them. Right: In the interpolation approach, a continuous control
path C(t) is constructed from the data and drives the hidden state continuously at all
times. Adapted from Kidger et al. (2020).

2.3.2.1 Controlled Differential Equations

The mathematical foundation of the interpolation approach is the theory of controlled
differential equations (CDEs), that we introduce here briefly.

Let C : [t0, tN ]→ Ra be a continuous path of bounded variation, and let f : Rb → Rb×a be
a Lipschitz continuous function. A controlled differential equation driven by C is defined
as:

z(t) = z0 +

∫ t

t0

f(z(τ)) dC(τ), t ∈ (t0, tN ], (2.42)

where the integral is a Riemann-Stieltjes integral.

The key insight is that C acts as a control signal that continuously modulates the dynamics
of z(t). This stands in contrast to a Neural ODE, which is driven only by time itself and
has no direct mechanism for incorporating external data after t0.

17The "+1" accounts for the time component, as C augments the interpolated observations with t itself.
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2.3.2.2 Neural Controlled Differential Equations

Given observations {(xk, tk)}Nk=0, a Neural CDE (Kidger et al., 2020) is defined as the
solution of:

z(t0) = ℓθ(x0, t0), z(t) = z(t0) +

∫ t

t0

fθ(z(τ)) dC(τ), t ∈ (t0, tN ]. (2.43)

where fθ : Rs → Rs×(v+1) is a neural network and C : [t0, tN ] → Rv+1 is a continuous
interpolation of the observation-time pairs (xk, tk).

ℓθ is, as for the ANODEs, a neural network lifting the initial condition into a higher-
dimensional space. Observations can then be reconstructed at arbitrary times using an
output network gθ.

When C is differentiable and has bounded derivative (as is typically the case in practice)
the Riemann-Stieltjes integral reduces to an ordinary integral:

z(t) = z0 +

∫ t

t0

f(z(τ))
dC
dτ

(τ) dτ, (2.44)

which is precisely an ODE with time-varying vector field gθ,C(z, τ) = fθ(z) Ċ(τ). CDEs
can therefore be solved and trained using exactly the same software as Neural ODEs
(Kidger et al., 2020).

The construction of C from the discrete observations is a modeling choice with significant
practical consequences. Morrill et al. (2021a) point out to the following choices, depending
on the modeling and inference requirements :

• Continuously online or online with missing data: use rectilinear controls, the
only scheme that is fully causal and handles missing observations natively.

• Discretely online without missing data, or offline: use cubic Hermite splines
with backward differences, which achieve comparable performance at faster speeds.

• Offline, speed over accuracy: use natural cubic splines, which are faster but
non-causal, making them incompatible with online prediction.

2.3.2.3 NCDEs as the Continuous-Time Limit of RNNs

Neural CDEs have a precise theoretical relationship with RNNs. As shown in Kidger
et al. (2020), an RNN is exactly a discretized Neural CDE, making the latter the formal
continuous-time limit of the recurrent architecture.18

For a rigorous demonstration, we refer the reader to the original paper. However, in-
tuitively, an RNN maps a discrete sequence (x1, . . . ,xN) to a sequence of hidden states
(h1, . . . ,hN); a Neural CDE maps a continuous path C(t) to a continuous response z(t).
The former is precisely what you obtain when you discretize the latter.

18The interleaving approach on the other hand, provides informal continuous-time RNNs. Kidger
et al. (2020) further show that their formulation is strictly more expressive than the alternative of the
interleaving framework. That is, model such as GRU-ODE-Bayes can be represented exactly by a Neural
CDE, but the converse does not hold.
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2.3.2.4 Application to glucose

To our knowledge, the only direct application of NCDEs to glucose modeling is Malpica-
Morales et al. (2025), who use vagus nerve recordings as the control path C to drive glucose
predictions in anaesthetised rats, demonstrating the suitability of NCDEs for capturing
complex physiological driver-response relationships. Their setting however differs funda-
mentally from ours, targeting a bioelectronic medicine application in an animal model
rather than postprandial glucose modeling in humans.

In their experiments, the NCDE significantly outperformed feed-forward, convolutional,
and recurrent (GRU) baselines in terms of mean squared error, suggesting that the path-
driven formulation better captures the temporal structure of physiological signals than
standard sequence-to-sequence architectures.

2.3.3 Deep State-Space Modeling Approach

The interleaving and interpolation approaches reviewed above both process observations
sequentially, without ever forming an explicit probabilistic representation of the latent
state underlying a trajectory. They produce a deterministic latent trajectory z(t): once
the initial state z0 is fixed, the dynamics are fully determined. Uncertainty can only
enter through the output network gθ, which may parametrize a predictive distribution
p(xk | z(tk)), but the latent state itself carries no uncertainty.

The deep state-space modeling (Deep SSM) approach on the other hand takes a funda-
mentally different perspective. Following the Bayesian SSM structure of Section 2.1.2.2,
it not only offers a probabilistic observation model p(xk | z(tk)), but also performs proba-
bilistic inference over the initial latent state, approximating the posterior p(z0 | X) from
the observed snapshots. This makes the entire latent path a random object, enabling un-
certainty quantification at the level of the dynamics rather than solely at the observation
level.

The key distinction from classical SSMs is that all components are parametrized by neural
networks and trained end-to-end via a variational learning pipeline (Lin and Michailidis,
2024).

The variational autoencoder (VAE) is the foundational building block of the Deep SSM
architecture, and is introduced in Section 2.3.3.1. Before arriving at the full Latent ODE
architecture, we discuss in Section 2.3.3.2 the challenge of learning structured, inter-
pretable latent representations. Section 2.3.3.3 then derives the Latent ODE model by
combining the VAE and NDE frameworks. Finally, Section 2.3.3.4 introduces the Latent
ODE-RNN of Rubanova et al. (2019), which is particularly suited to irregularly-sampled
data.

2.3.3.1 Variational Autoencoders

Many real-world processes are best understood as driven by a small number of latent fac-
tors that are never directly observed but govern the observations. Uncovering these factors
from observations alone, what Kingma and Welling (2019) call unsupervised representa-
tion learning, is one of the central challenges of modern machine learning. Variational
Autoencoders (Kingma et al., 2014) provide a principled framework for learning such
latent representations and have been extensively used for that task in recent years.



50 CHAPTER 2. BACKGROUND AND RELATED WORK

Inference Generation

x
Encoder

qϕ(z | x) z
Decoder

pψ(x | z) x′

p(z)

infers

regularization

conditions

observed
data

latent
code

generated
sample

z

Figure 2.20: Schematic representation of the VAE framework.

A VAE consists of two coupled parameterized networks: (i) a probabilistic encoder, also
called the inference model or recognition model, qϕ(z | x), which recognizes the most
plausible latent codes by inferring a distribution over z given the observation x; and
(ii) a probabilistic decoder, also called the observation model, pψ(x | z), which generates
observations by decoding a sampled latent code. The prior p(z) regularizes the latent space
by constraining the distribution of codes produced by the encoder. These components are
illustrated in Figure 2.20.

More formally, we can frame the problem as a generative model :

z ∼ p(z) (2.45)
x | z ∼ pψ(x | z) (2.46)

where x ∈ Ro is an observed data point and z ∈ Rs a corresponding latent variable.

For our generative model, the central object of interest is the posterior distribution over
the latent variable given the observation, which by Bayes’ theorem is:

pψ(z | x) =
pψ(x | z) p(z)

pψ(x)
(2.47)

The denominator pψ(x) =
∫
pψ(x | z) p(z) dz, known as the evidence, requires integrating

over all possible latent configurations. This expression is often intractable.

VAE resolves this issue by approximating the intractable posterior with a tractable vari-
ational family qϕ(z | x).

Training objective. We want to jointly optimize the generative parameters ψ and the
inference parameters ϕ such that: (i) qϕ(z | x) is as close as possible to the true posterior
pψ(z | x); and (ii) the decoder pψ(x | z) produces realistic observations.

A natural way to quantify (i) is the KL divergence DKL(qϕ(z | x) ∥ pψ(z | x)) ≥ 0, which
equals zero if and only if the two distributions coincide.

However, pψ(z | x) is intractable, so this KL term cannot be optimized directly. Instead,
we derive a tractable lower bound by manipulating the log-evidence, which will be shown
to address objectives (i) and (ii) simultaneously:



2.3. NEURAL DIFFERENTIAL EQUATIONS AND GLYCEMIA 51

log pψ(x) = Eqϕ(z|x)
[
log pψ(x)

]

= Eqϕ(z|x)
[
log

pψ(x | z) p(z)
pψ(z | x)

]

= Eqϕ(z|x)
[
log

pψ(x | z) p(z)
qϕ(z | x)

· qϕ(z | x)
pψ(z | x)

]

= Eqϕ(z|x)
[
log pψ(x | z)

]
− Eqϕ(z|x)

[
log

qϕ(z | x)
p(z)

]
+ Eqϕ(z|x)

[
log

qϕ(z | x)
pψ(z | x)

]

= Eqϕ(z|x)
[
log pψ(x | z)

]
−DKL

(
qϕ(z | x) ∥ p(z)

)
︸ ︷︷ ︸

L(ψ,ϕ;x) = ELBO

+ DKL

(
qϕ(z | x) ∥ pψ(z | x)

)

Since DKL

(
qϕ(z | x) ∥ pψ(z | x)

)
≥ 0, the quantity L(ψ, ϕ; x) is a lower bound on the

log-evidence. Hence the name Evidence Lower Bound, or ELBO in short. Maximizing the
ELBO thus simultaneously tightens the variational approximation to the true posterior
and maximizes the marginal likelihood (log-evidence), as displayed in Figure 2.21.

DKL

(
qϕ(z | x) ∥ pψ(z | x)

)

L(ψ, ϕ; x)

log pψ(x)

Figure 2.21: Schematic representation of the ELBO.

The ELBO itself further decomposes into two interpretable terms:

L(ψ, ϕ; x) = Eqϕ(z|x)
[
log pψ(x | z)

]
︸ ︷︷ ︸

reconstruction

−DKL

(
qϕ(z | x) ∥ p(z)

)
︸ ︷︷ ︸

KL regularization

(2.48)

The reconstruction term encourages the decoder to faithfully recover x from the latent
code; the KL term regularizes the posterior toward the prior, preventing the encoder from
deviating too far from the prior, thereby ensuring the latent space remains structured and
well-behaved.

A common pitfall of VAEs is the so-called posterior collapse. The latter happens when the
KL regularization term dominates the objective, making the posterior collapse toward the
prior. A common remedy is to introduce a scalar βKL > 0 to control the relative weight
of the regularization term, yielding the β-VAE objective (Higgins et al., 2017):

Lβ(ψ, ϕ; x) = Eqϕ(z|x)
[
log pψ(x | z)

]
− βKLDKL

(
qϕ(z | x) ∥ p(z)

)
(2.49)
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Setting βKL < 1 reduces the regularization pressure, allowing the encoder to retain more
information about the input in the latent code (Fu et al., 2019). Conversely, Higgins et al.
(2017) show that setting βKL > 1 encourages disentanglement of the latent dimensions by
increasing the regularization pressure, at the cost of reconstruction quality (a discussion
we return to in Section 2.3.3.2). In practice, a standard alternative to a fixed βKL is KL
cost annealing, starting with βKL = 0 and gradually increasing over training until reaching
1, giving the encoder time to learn how to reconstruct data before the regularization kicks
in (Bowman et al., 2016).

Gaussianity assumptions. In the standard VAE formulation, one often assumes that
the distributions involved are Gaussian.

The conventional choice for the prior is the isotropic gaussian p(z) = N (0, I). That
prior is then commonly associated to a posterior which is a diagonal Gaussian qϕ(z |
x) = N (µϕ(x), diag(σ

2
ϕ(x))), whose parameters (µϕ,σϕ) are the outputs of the encoder

network.

In such a case the KL term in (2.48) admits a closed solution:

DKL

(
N (µϕ(x), diag(σ

2
ϕ(x))) ∥N (0, I)

)
=

1

2

s∑

j=1

(
µϕ,j(x)

2 + σ2
ϕ,j(x)− 1− log σ2

ϕ,j(x)
)

(2.50)

This choice of prior encourages independence between latent dimensions.

Then, the observation model is in general a Gaussian:

pψ(x | z) = N
(
µψ(z), Σψ(z)

)
(2.51)

where µψ(z) ∈ Ro and Σψ(z) ∈ Ro×o are outputs of the decoder network. A diagonal
structure Σψ(z) = diag(σ2

ψ(z)) is commonly assumed to reduce the number of parameters.
In the diagonal case, the reconstruction term in (2.48) is:

Eqϕ
[
log pψ(x | z)

]
= −p

2
log(2π)− 1

2

o∑

k=1

(
log σ2

ψ,k(z) +
(xk − µψ,k(z))2

σ2
ψ,k(z)

)
(2.52)

In practice, many implementations simplify by fixing Σψ ≡ σ2
obsI as a constant hyperpa-

rameter, in which case (2.52) depends on a scaled mean squared error between x and the
decoder output µψ(z):

− 1

2σ2
obs

o∑

k=1

(xk − µψ,k(z))2 (2.53)

Each of these three choices can be revisited. Alternative priors include the Laplacian,
which promotes sparsity and also admit a closed form solution for the KL term in (2.48)
(Conti et al., 2026), and normalizing flow priors (Rezende and Mohamed, 2015), which
learn a flexible pλ(z) at the cost of additional parameters λ.

2.3.3.2 The Representation Learning Challenge

The latent space z is the central object of the VAE (and deep SSM) framework. Shaped
jointly by the prior p(z) and the training objective, it is meant to encode the latent factors
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that causally generate the observations. In the best case, each coordinate of z captures
an independent, semantically meaningful degree of freedom of the underlying true data
generating process.

Paraphrasing Kingma and Welling (2019) : unsupervised representation learning is the
quest for disentangled, statistically independent, and causally interpretable factors of
variation.

In practice, of course, this task is non-trivial. Locatello et al. (2019) establish that without
inductive biases on both the model and the data, infinitely many generative models share
the same marginal distribution of observations, making unsupervised identification of
the true factors impossible in general. A well-functioning generative model and a well-
structured latent space are therefore two distinct objectives.

The β-VAE loss 2.49 explicitly trades one against the other. By setting βKL > 1, it
sacrifices some reconstruction fidelity to encourage disentanglement.

Observation space Ro

x ∈ Ro qϕ

Latent space

z ∈ Rs

s < o

Compression

Observation space Ro

x ∈ Ro qϕ

Latent space

z ∈ Rs

s > o

Augmentation

Figure 2.22: Two regimes of latent representation learning. Left: compression (s < o)
Right: augmentation (s > o) where the encoder lifts a low-dimensional observation into
a richer latent space where the dynamics are easier to represent.

We want to highlight that, even though latent spaces are usually chosen as lower-dimensional
representations, one can equivalently choose higher-dimensional ones. Figure 2.22 illus-
trates the two philosophies. The first seeks compression: the encoder distills a high-
dimensional observation into a smaller number of explanatory factors, s < o. The second
seeks augmentation: the encoder lifts a low-dimensional observation into a richer embed-
ding where the data is easier to represent, s > o. The latter approach directly mirror the
augmentation we performed in the NDE paradigm.

In both cases, the underlying rationale is the same: finding a new coordinate system in
which the structure of the data is more transparent.

2.3.3.3 From VAE to Latent ODE

The Deep SSM family is the last of the three families to introduce, and it is the modeling
paradigm adopted (and adapted) in the present work. It was first proposed in the seminal
work of Chen et al. (2018) under the name Latent ODE. We follow Lin and Michailidis
(2024) in terming this family Deep SSM, as it is a direct neural analogue of the classical
SSM framework of Section 2.1.2.1.

It extends the VAE framework of Section 2.3.3.1 to continuous-time dynamical systems
by replacing the static latent variable with a latent trajectory governed by a Neural ODE.
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Rather than mapping a single observation x to a latent code z, the model maps an entire
observed trajectory19 X = [xt0 , . . . , xtN−1

] to the parameters of a distribution over an
initial latent condition z0, by encoding X backward in time using a RNN and applying
to the output hidden vector a translation network τ :

h0 =
←−
RNNϕ(X), [µ(X), σ(X)] = τϕ(h0) (2.54)

where ←−· specifies that the RNN is run backward in time, and the inference parameters
ϕ contains both the RNN and the translation network20 weights.

Thogether, these two networks are the analogous of the probabilistic encoder qϕ(z | x)
in the classical VAE. The distinction is that we now parametrize a distribution over the
inital condition z0 given the observed trajectory X :

qϕ(z0 | X) = N (µ(X), diag(σ2(X))) (2.55)

We then postulate that the latent dynamics evolve according to an ODE, parametrized
by a vector field fθ:

dz

dt
(t) = fθ(z(t)) (2.56)

In practice, when an observed trajectory X is available, the initial condition z0 is sampled
from the variational posterior qϕ(z0 | X), which approximates the intractable true poste-
rior p(z0 | X). One can also generate plausible trajectories by sampling directly from the
prior.

The latent trajectory is approximated at desired time points {tk}N−1k=0 using numerical
integration:

{z(tk)}N−1k=0 = ODESolve(fθ, z0, {tk}N−1k=0 ) (2.57)

A shallow MLP then constitutes the decoder, mapping each latent state z(tk) to the mean
of the observation model:

pψ(xk | z(tk)) = N
(
µψ(z(tk)), σ

2
obs

)
(2.58)

where σobs is typically fixed as a hyperparameter in the original formulation (Chen et al.,
2018), following the same rationale than Section 2.3.3.1.

Altogether, our generative model can be seen as an instance the mechanistic SSM (2.8)-
(2.9) :

z0 ∼ p(z0) = N (0, I) (2.59)
dz

dt
(t) = fθ(z(t)) (2.60)

xk ∼ pψ(xk | z(tk)) (2.61)

19In what follows, without loss of generality, we assume that the observed time serie is univariate (as
for glucose).

20The translation network τϕ is simply a shallow MLP "translating" the RNN’s output hidden vector
to the parameters of the variational posterior.
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The full architecture is illustrated on Figure 2.23.

tN − 1 tN − 2 t1 t0· · ·

xN − 1 xN − 2 x1 x0

h

←−
RNNϕ

τϕ

µ(X),σ(X)

Inference
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t0 t1 tN tM· · ·

z0 ∼ qϕ(z0|X)

ODESolve(fθ, z0, {tk})

z(t0)

x̂t0

z(t1)

x̂t1

z(tN )

x̂tN

z(tM )

x̂tM

pψ(xk|z(tk))

Interpolation Extrapolation

Generation

Figure 2.23: Schematic of the Latent ODE architecture. First the univariate time
series X is encoded backward in time into a hidden state h0, which is then mapped by
the translation network τϕ to the parameters (µ,σ) of the variational posterior. Then,
an initial condition z0 is sampled from this posterior and evolved forward under the
learned dynamics fθ. Finally, observations are emited from the latent trajectory thanks
to an output network, which is typically parametrizing the mean of a predictive Gaussian
distribution pψ(xk | z(tk)) = N (µψ(z(tk)), σ

2
obs).

Training objective Similarly to the VAE setting, the training objective is given by the
ELBO :

L(θ, ψ, ϕ; X) = Eqϕ

[
N−1∑

k=0

log pψ(xk | z(tk))
]
−DKL

(
qϕ(z0 | X) ∥ p(z0)

)
(2.62)

Properties The Latent ODE enjoys several properties that make it particularly attrac-
tive for dynamical system modeling. It is generative: sampling z0 ∼ p(z0) and integrating
forward enables in silico simulation of new trajectories. It provides uncertainty quantifica-
tion over the initial condition: the posterior qϕ(z0 | X) propagates observation uncertainty
into a distribution over trajectories, rather than a single point forecast. Finally, since the
ODE solver can be queried at arbitrary times, it can be used both for interpolation and
extrapolation.

Note that, regarding the second property, though it is already made explicit through the
notations, it is worth emphasising that, as for a VAE, each observation x (or here entire
trajectory X) is mapped to its own parameters. This is a very interesting property as
it theoretically allows the model to grasp a certain idea of inter-individual variability,
projecting similar observations in nearby regions of the latent space, and dissimilar ones
further apart.

Dimensionality of the latent space. The latent state typically lives in a higher-
dimensional space than the observations. This augmentation serves a precise mathemat-
ical purpose. As established in Section 2.2.2.5, NODEs are not universal approximators
in their native space. Lifting to a higher-dimensional space resolves this topological ob-
struction and restores the universal approximation property.
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Beyond the approximation-theoretic argument, seeking a coordinate system in which dy-
namics simplify is a recurring strategy in physics and data-driven system identification.
As for VAEs, two complementary philosophies coexist Brunton et al. (2021): one seeks a
low-dimensional embedding that extracts a few key latent variables to parameterise the
dynamics (an approach taken by the SINDy Autoencoder, Champion et al. (2019)); the
other lifts the data to a higher-dimensional space where the evolution becomes approxi-
mately linear, exploiting what Brunton et al. describe as related to Koopman Operathor
Theory and Cover’s theorem. The Latent ODE, with its higher-dimensional latent space,
is closer to the second paradigm, though the connection to Koopman theory remains
informal and the encoder qϕ is not explicitly designed to learn a Koopman embedding.

2.3.3.4 Latent ODE-RNN: Encoding Irregular Time Series

The Latent ODE of Chen et al. (2018) uses a standard RNN as part of the recogni-
tion network, which treats all time steps as equidistant and is therefore poorly suited
to irregularly-sampled data. Rubanova et al. (2019) resolve this by replacing the en-
coder with an ODE-RNN, yielding a fully ODE-based architecture. The posterior over z0
becomes:

qϕ(z0 | X) = N (µ(X), diag(σ2(X))), [µ(X), σ(X)] = τϕ

(←−−−−−
ODE-RNNϕ(X)

)
(2.63)

The improvement over a vanilla RNN encoder is most visible at extrapolation. A Latent
ODE-RNN encoder maintains periodic dynamics far beyond the training interval, while
the RNN-based version tend to fail doing so (Rubanova et al., 2019).

Rubanova et al. (2019) also formalize two inference regimes for latent variable models,
illustrated in Algorithms 3 and 4. The key difference lies in the direction and scope of
the encoding step.

Algorithm 3 Interpolation Regime

Require: X = {(xk, tk)}N−1k=0

1: h0 ←←−−−−−ODE-RNNϕ(X) ▷ Encode backward in time
2: µ(X), σ(X)← τϕ(h0)
3: z0 ∼ N (µ(X), diag(σ(X)2)) ▷ Sample initial latent condition
4: {z(tk)}N−1k=0 ← ODESolve

(
fθ, z0, {tk}N−1k=0

)
▷ Integrate t0 → tN−1 (interpolate)

5: return {pψ(xk | z(tk))}N−1k=0

Algorithm 4 Extrapolation Regime

Require: X = {(xk, tk)}N−1k=0 , query times {tk}Mk=N
1: hN−1 ← −−−−−→ODE-RNNϕ(X) ▷ Encode forward in time
2: µ(X), σ(X)← τϕ(hN−1)
3: zN−1 ∼ N (µ(X), diag(σ(X)2)) ▷ Sample latent condition at tN−1
4: {z(tk)}Mk=N ← ODESolve

(
fθ, zN−1, {tk}Mk=N

)
▷ Integrate tN−1 → tM (extrapolate)

5: return {pψ(xk | z(tk))}Mk=N
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Properties It is also worth contrasting the Latent ODE-RNN with autoregressive mod-
els such as the ODE-RNN. In autoregressive models, the joint distribution factorises as
p(X) =

∏
k p(xk | xk−1, . . . , x0), and both the dynamics and the conditioning on obser-

vations are entangled in the hidden state updates, making them hard to interpret. In
contrast, the Latent ODE-RNN explicitly decouples the dynamics (fθ), the observation
model (pψ), and the recognition model (qϕ), each of which can be examined or specified
independently. Furthermore, while autoregressive models are often sufficient for densely
sampled data, they perform worse when observations are sparse (Rubanova et al., 2019),
a known challenge for CGM data.

A particularly promising property of the Latent ODE-RNN is that Rubanova et al. (2019)
demonstrated empirically is that the latent space can recover physically meaningful struc-
ture. The authors showcase this on the MuJoCo Hopper simulation, where the learned
z0 aligns closely with the physical parameters that most strongly determine the future
trajectory.

2.3.3.5 Application to glucose

To date, there is to our knowledge no applications of the Deep SSM family to glucose
modeling, which motivates the present work.

Nevertheless, Lu et al. (2021) propose a related application in pharmacokinetic (PK) mod-
eling, predicting drug plasma concentration of T-DM1 conjugate for two dosing regimens
(weekly and once every three weeks) after the first dosing cycle.

In particular, they use a slightly modified version of the Latent ODE of Chen et al. (2018),
which is illustrated on Figure 2.24.

First, though they also use RNN encoder to parametrize the distribution of the latent
initial conditions, and a NODE to parametrize the latent dynamics, they use a simple
root mean square error as training objective, meaning that their model is not a valid
variational model per se.

Second, their latent dynamics are not integrated globally over the full time horizon, but
rather solved sequentially between consecutive time points, with the drug dosing amount
injected as an additive perturbation to the latent state z at each dosing event:

ztk = ODESolve
(
fθ, ztk−1

+ AMTtk−1
, [tk−1, tk]

)
(2.64)

where the scalar dosing amount AMTtk−1
is embedded into the first dimension of the

latent space [AMTt, 0, . . . , 0]
⊤ ∈ Rs.

Third, at the emission stage, their decoder does not map the latent state zti alone to the
predicted concentration. It concatenates it with the observed PK measurements from the
first dosing cycle, used as a patient-specific context signal:

ŷti = gψ
(
zti , ccycle1

)
(2.65)

Empirically, their model achieves strong results, outperforming LSTM, lightGBM (Ke
et al., 2017), and classical NLME models both within and across dosing regimens. How-
ever, several design decisions they made remain debatable: (i) the absence of a variational
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objective forgoes the theoretical framework; (ii) the piecewise integration prevents the
ODE from modeling smooth dynamics between perturbation events; (iii) and embedding
the dosing amount in a single latent dimension via zero-padding arbitrarily concentrates
the perturbation’s effect, whereas a learned control signal could distribute it across the
full latent state in a more physiologically grounded manner.

Figure 2.24: Schematic of the Neural PK architecture, from Lu et al. (2021)

2.3.4 Towards a Controlled Latent ODE-RNN
for Glucose Modeling

Among the three paradigms reviewed in this section, the Deep SSM approach appears
the most suited to our objectives. Its variational framework provides uncertainty quan-
tification over the latent trajectory and the observation process ; its continuous-time
formulation handles irregular observations naturally ; and its separation between higher
dimensional latent dynamics and observation model aligns with the physiological structure
of postprandial glucose responses.

The remaining open question concerns the incorporation of exogenous inputs. Most ap-
proaches either ignore this distinction entirely, or handle meal inputs through ad hoc
state augmentation, as illustrated by the PK application of Lu et al. (2021). A more
theoretically grounded approach would incorporate control signals directly into the latent
dynamics.

Doing so would also enable for counterfactual simulations, by substituing u with an
prospective control u′, and would also allow the model to learn a more faithful latent
representation, by disentangling the intrinsic system dynamics from the effect of exoge-
nous perturbations.

In the next chapter, we introduce CLODE, a Controlled Latent ODE-RNN, which extends
the Deep SSM framework with a meal control signal, a full variational training pipeline,
targeting the three objectives outlined in Chapter 1: (i) accurate trajectory prediction
conditioned on meal inputs, (ii) structured latent representation of individual glycemic
response, (iii) and counterfactual dietary simulation.



3
Methodology

3.1 Proposed Model

3.1.1 Problem Formulation

We consider a population of n individuals monitored in free-living conditions. For each
individual i, we observe over a 48-hour window:

(i) a sequence of CGM measurements X(i) = {(x(i)k , t
(i)
k )}Mi

0 , where x(i)k ∈ R+ denotes
the glucose reading at time t

(i)
k , and Mi varies across individuals due to sensor

dropout;

(ii) a dietary log C(i) = {(c(i)j , t(i)j )}Ci−1j=0 , where c(i)j ∈ R+ is the carbohydrate amount of
the j-th meal recorded at time t(i)j .

The 48-hour window is partitioned into a context window X
(i)
≤24h = {(x(i)k , t

(i)
k )}Ni−1k=0 and an

extrapolation window X
(i)
>24h = {(x(i)k , t

(i)
k )}Mi

k=Ni
, with Ni and Mi varying across individuals

due to sensor dropout. Similarly, C
(i)
>24h denotes the prospective meal plan over the

extrapolation window.

Only the context window is used at prediction time. The extrapolation window is used
for training and evaluation.

Once the model is calibrated, given X
(i)
≤24h and a prospective meal plan C

(i)
>24h, we seek to

predict the glucose trajectory over the subsequent 24 hours with a measure of predictive
uncertainty:

p
(
G(i)(t)

∣∣∣ X(i)
≤24h, C

(i)
>24

)
, t ∈ (24h, 48h] (3.1)

This modelling task presents three major challenges, already highlighted in the introduc-
tion. First, glycemia is a continuous-time process but only noisy snapshots are available
at irregular time points. Second, glucose trajectories are subject to exogenous pertur-
bations, primarily meal intake, which are typically unrealistically logged as point events.
Third, glucose dynamics differ substantially across individuals, even for individuals with
an identical diet. These three constraints jointly motivate the architecture described in
the following subsection.

59
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3.1.2 Controlled Latent ODE-RNN

The three constraints identified above naturally point out to a model in the Deep SSM
paradigm, with a latent process governing the dynamics, and a probabilistic observation
model linking that process to noisy glucose measurements.

Specifically, the Latent ODE-RNN introduced in Section 2.3.3 theoretically satisfies two
out of the three constraints natively. Indeed, the first constraint is fulfilled, as the model
handles irregular time series by design, and the third was demonstrated empirically by
Rubanova et al. (2019) as highlighted in Section 2.3.3.4.

However, the vanilla Latent ODE-RNN provides no mechanism for incorporating exoge-
nous inputs into the latent dynamics, leaving the second constraint unaddressed.

Given that limitation, we introduce a new model in the Deep SSM paradigm that is
inspired by the Latent ODE-RNN, but treats differently manifest variables that are gen-
uinely governed by a differential equation (such as glucose) from those that are exogenous
to the system dynamics (such as carbohydrate intake).

We refer to that new model as Controlled Latent ODE-RNN (CLODE), whose architecture
is displayed in Figure 3.1. The model requires that we transform the prospective meal log
into a continuous exogenous signal u(i) : [t(i)N , t

(i)
M ] → R+

1 2. Glucose measurements are
then modelled as the observable component of a latent physiological process z(i)(t) ∈ Rs,
with control u(i)(t) ∈ R+:

dz(i)

dt
(t) = fθ

(
z(i)(t), u(i)(t)

)
(3.2)

x
(i)
k ∼ pψ

(
x
(i)
k | z(i)(t

(i)
k )
)

(3.3)

where fθ parameterises the latent dynamics and pψ is a probabilistic observation model.
The individual-specific initial condition z

(i)
Ni−1 is treated as a latent random variable in-

ferred from the first 24 hours of CGM observations. It is produced by a recognition
network, which together with the controlled NODE and the emission network forms the
three learned components of CLODE. The full pipeline is summarized in Algorithm 5.

In the remainder of this chapter, we drop the superscript (i) and describe the model for
a generic individual with N first 24-hour glucose measurements X≤24h = {(xk, tk)}N−1k=0 .

Algorithm 5 CLODE

Require: Observed glucose X≤24h = {(xk, tk)}N−1k=0 , meal signal u(t), query times {tk}Mk=N
1: µ(X≤24h), σ(X≤24h)← τϕ(

−−−−−→
ODE-RNNϕ(X≤24h)) ▷ Encode forward in time

2: zN−1 ∼ N (µ(X≤24h), diag(σ(X≤24h)2)) ▷ Sample initial condition at tN−1
3: {z(tk)}Mk=N ← ODESolve

(
fθ, zN−1, u, {tk}Mk=N

)
▷ Integrate under meal control

4: return {pψ(xk | z(tk))}Mk=N ▷ Decode at query times

1If one is interested in interpolation rather than extrapolation, it suffices to define u(i) over the
observation window [t

(i)
0 , t

(i)
Ni−1] instead, and to encode backward in time following the interpolation

regime of Algorithm 3.
2The specific parameterisation of u(i) is discussed in Section 3.1.2.1.
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Figure 3.1: Schematic of the CLODE architecture. First the context glucose X≤24h is
encoded forward in time into a hidden state hN−1, which is then mapped by the translation
network τϕ to the parameters µ(X≤24h),σ(X≤24h) of the variational posterior. Then, the
latent initial condition at time tN−1, zN−1 is sampled from this posterior and evolved
forward under the learned dynamics fθ, under a control input u(t). Finally, observations
are emited from the latent trajectory thanks to an output network, typically parametrizing
the mean of a predictive Gaussian distribution pψ(xk | z(tk)) = N (µψ(z(tk)), σ

2
obs).

3.1.2.1 Model

The generative model is:

zN−1 ∼ p(zN−1) = N (0, I) (3.4)
dz

dt
(t) = fθ(z(t), u(t)) (3.5)

xk ∼ pψ(xk | z(tk)) (3.6)

In the extrapolation regime adopted here, the initial condition zN−1 is not sampled from
the prior but inferred from the observed glucose history X≤24h = {(xk, tk)}N−1k=0 via the
recognition network : zN−1 ∼ qϕ(zN−1 | X≤24h). The prior p(zN−1) intervenes only if we
want to generate new plausible time series (hence the denomination generative.)

Each component of the model is detailed below.

Meal Control Signal

The representation of meal records in datasets typically consists, for each meal event j,
of a carbohydrate amount cj ∈ R+ at a timestamp tj. This discrete representation is
not suited for the ODE solver to do predictions at arbitrary times. The meal log must
therefore be transformed to a continuous signal u(t). Two different parametrization for
u(t) are presented below.
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Dirac Impulse representation. A first naïve representation that one could use, which
does not require any transformation for the meal log is the Dirac impulse3. The corre-
sponding meal signal is:

u(t) =
C−1∑

j=0

cj δ(t− tj) (3.7)

However, the Dirac representation inherits another limitation of the meal logs, which is
that meal events are presented as point perturbations, as if the full carbohydrate amount
cj was eaten instantaneously at tj. This representation is not representative of the true
meal ingestion process, which distribute that amount on a time window.

Beta kernel representation. 4 To represent more faithfully the meal ingestion process,
we choose to replace the Dirac impulse with a Beta Kernel, that allows us to flexibly spread
the ingestion of meal j over a physiologically plausible window [tj, tj +W ] as illustrated
in Figure 3.2:

ũ(t) =
cj

W ·B(a, b)

(
t− tj
W

)a−1(
1− t− tj

W

)b−1
· It∈[tj , tj+W ]

where B(a, b) = Γ(a)Γ(b)/Γ(a+b) is the Beta function, a, b > 0 are the shape parameters,
and W > 0 is the ingestion window duration.

The total meal signal is :

u(t) =
C−1∑

j=0

ũj(t) (3.8)

As for the Dirac impulse representation, for which
∫
u(τ)dτ =

∑C−1
j=0 cj, mass is also

conserved thanks to the normalization of the Beta density.

The flexibility of the Beta distribution allows the kernel to capture different ingestion
patterns, as illustrated in Figure 3.3. In the present work, a, b, and W are treated as
global hyperparameters, shared across all individuals and meals. Conditioning them on
the carbohydrate amount cj or to external covariate (e.g. biological sex or age) would
allow the kernel to adapt to individual ingestion patterns, but is left for future work.

3Recall that the Dirac delta δ(t− tj) is a distribution satisfying δ(t− tj) = 0 for t ̸= tj , δ(t− tj) = +∞
for t = tj , and

∫ +∞
−∞ δ(t− tj) dt = 1, concentrating unit mass at tj .

4We borrow the term Beta kernel from the nonparametric density estimation (Chen, 2000) literature.
But our formulation and usage is distinct.
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Figure 3.2: Continuous representations of meal ingestion. Left: Comparison of Dirac
and Beta(2,3) kernel representations for a single meal (cj = 60 g, W = 40min). Right:
Zoom on the Beta kernel.
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Figure 3.3: Beta kernel archetypes for cj = 60 g and W = 40min, illustrating the
flexibility of the shape parameters a and b. All kernels integrate to exactly cj regardless
of (a, b).
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Comparison with Neural CDEs. We prefer the Beta kernel over Neural CDEs
(Kidger et al., 2020), which allow the incorporation of control by constructing a con-
tinuous control path C(t) via an interpolation scheme. Applied to the meal log, interpo-
lation would imply overestimation of the meal ingestion, given that the meal log does not
represent the true ingestion at time tj but the total amount ingested. Our Beta kernel
avoids this by construction. The signal spreads the meal ingestion over a physiologically
plausible window, while preserving mass and remaining zero outside each meal window.

Recognition Network

The encoder follows the extrapolation regime of Rubanova et al. (2019) (Algorithm 4),
processing the observed glucose history X≤24h = {(xk, tk)}N−1k=0 forward in time via an
ODE-RNN (Section 2.3.1.3). The final hidden state is passed through a translation net-
work τϕ to produce the variational posterior:

qϕ(zN−1 | X≤24h) = N
(
µ(X≤24h), diag(σ

2(X≤24h))
)

(3.9)

where [µ(X≤24h), σ(X≤24h)] = τϕ

(−−−−−→
ODE-RNNϕ(X≤24h)

)
. We underscore that the encoder

vector field is separate from the latent vector field. A distinction sometimes overlooked
in the literature.

Emission Network

The emission network is a shallow MLP mapping each latent state z(tk) to the predicted
glucose mean, with a fixed observation noise σobs:

pψ(xk | z(tk)) = N
(
µψ(z(tk)), σ

2
obs

)
(3.10)

where σobs is a global hyperparameter shared across individuals and time points, following
Chen et al. (2018).

3.1.2.2 Training

Following the VAE derivation of Section 2.3.3.1, the training objective is the ELBO
adapted to the sequential setting of (2.62):

L(θ, ψ, ϕ; X≤24h) = Eqϕ(z0|X≤24h

[
M∑

k=N

log pψ(xk | z(tk))
]
− βKLDKL

(
qϕ(z0 | X≤24h) ∥ p(z0)

)

(3.11)

where the reconstruction sum runs over the extrapolation window [tN , tM ]. The weight
βKL of the KL term is either fixed or annealed following Bowman et al. (2016); some
specific configurations are discussed in Section 3.2.

At each training step, the encoder processes a randomly subsampled subset of the N
observations in the encoding window, with between ⌊N/4⌋ and N valid observations
retained at each gradient step. This exposes the model to different temporal windows
and observation densities during training, encouraging the encoder to produce posterior
estimates under varying missingness patterns.
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3.1.2.3 Properties

We have already established that CLODE explicitly separates manifest variables governed
by differential equations (the latent physiological state) from those that are exogenous to
the system dynamics (carbohydrate intake), in contrast to the vanilla Latent ODE-RNN.

We now discuss two other properties of particular interest given our research question: the
ability to perform counterfactual dietary predictions, and the potential for physiologically
structured latent representations.

Counterfactual Dietary Simulation

At inference time, the recognition network infers zN−1 from the factual (observed) glucose
history. This initial condition is intended to represent the individual’s latent physiological
state at time tN−1. Based on it, we can forecast the glucose trajectory conditionally on a
hypothetical prospective meal signal u′(t), keeping zN−1 fixed:

{z′(tk)}Mk=N = ODESolve
(
fθ, u

′, zN−1, {tk}Mk=N
)

(3.12)

This yields a predicted glucose trajectory for the same individual under an alternative di-
etary scenario. In our setting, this means that given the first 24 hours of observed glucose,
one can either extrapolate the next 24 hours conditioning on the known meal log (which
amounts to factual reconstruction), or produce counterfactual predictions conditioning on
a hypothetical meal scenario. Hence, CLODE can be used as a tool for answering ques-
tions of the form: how would this individual have responded under a different perturbation
scenario?

Physiologically Structured Latent Space

In the Latent ODE-RNN framework, the initial condition zN−1 is the only individual-
specific quantity in the model. Ideally, it should encode the physiological state of the
individual (e.g. their metabolic baseline, insulin sensitivity).

The point of lifting into a latent space (beyond the approximation-theoretic argument),
is that individuals do not share identical glucose dynamics. Parametrizing a single neural
differential equation directly in the glucose observation space would therefore fail. By
lifting observations into a higher-dimensional latent space instead, the recognition network
can project individuals into different regions of Rs, each corresponding to a different initial
condition zN−1 from which individuals evolve differently under the same shared vector field
fθ.

CLODE is further designed to favor a clean physiological interpretation of that latent
space. By supplying meal intake as an explicit control input, the latent space is in-
centivized to capture genuine inter-individual physiological variability. Indeed, a naive
application of the Latent ODE-RNN would instead force the network to simultaneously
represent the individual’s physiology and the effect of their meal schedule in zN−1. Worse,
asking the ODE to learn dynamics for u(t) (which by definition has no dynamics) would
risk atrophying the training, as the vector field would be tasked with explaining a signal
that cannot be.

Whether CLODE achieves this in practice is an empirical question, which we investigate
in Chapter 4.
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3.2 Evaluation Protocol

3.2.1 Benchmark Models

Models are selected to challenge the proposed model on three specific tasks along com-
plementary axes, as illustrated in Table 3.1.

On the one hand, the ODE-LSTM with heteroskedastic prediction head and mixed ob-
jective of Fitzgerald et al. (2023) is an autoregressive benchmark that handles irregular
time series and exogenous inputs, but provides no explicit latent representation.

On the other hand, the Latent ODE-RNN of Rubanova et al. (2019) is the direct precursor
to CLODE, sharing the same VAE backbone and ODE-RNN encoder, but lacking any
mechanism for incorporating exogenous control into the latent dynamics. Results obtained
with this model can therefore be interpreted as those of an ablation study.

Both baselines are adapted to our experimental setup to enable long-horizon forecast-
ing and counterfactual evaluation. Implementation details and adaptations are provided
below.

Table 3.1: Comparison of model capabilities across the three evaluation axes.

Model Factual Extrapolation CF Extrapolation Representation Learning

ODE-LSTM ✓* ✓* ✗

Latent ODE-RNN ✓ ✗ ✓

CLODE ✓ ✓ ✓

* ODE-LSTM supports extrapolation but is not designed for long-horizon trajectory prediction.

3.2.1.1 ODE-LSTM

The ODE-LSTM follows the architecture of Fitzgerald et al. (2023), with a preprocessing
MLP encoding glucose observations before each LSTM update, and a NODE flow map in-
terpolating the hidden state between observations (Section 2.3.1.5). The model is trained
using ADAM (Kingma and Ba, 2017) on the full 48-hour sequence with a double loss
consisting of (i) a predictive negative log-likelihood computed from the hidden state after
the ODE evolution step, and (ii) a KL regularization term computed from the hidden
state immediately after the LSTM update, weighted by a mixing rate λmix.

Usually, ODE-LSTM are primarly designed for 1-step ahead prediction or short-term ex-
trapolation relying on teacher forcing, meaning that the true glucose value is fed back
at each step during training. Applied to our 24-hour extrapolation task, errors can ac-
cumulate quickly (Bengio et al., 2015) because, at inference, the model must rely on its
own predictions as inputs, a regime never encountered during training. To mitigate this,
we adopt a curriculum learning strategy inspired by the scheduled sampling procedure
(Bengio et al., 2015), linearly decaying the teacher forcing probability from 1 to 0 over
training:

ϵ(e) = 1− e

E
, e ∈ {1, . . . , E} (3.13)

where e is the current epoch and E the total number of training epochs, so that ϵ(0) = 1
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(full teacher forcing) and ϵ(E) = 0 (fully autoregressive)5.

Validation loss is computed under a fully autoregressive regime to ensure that model
selection reflects the true inference regime.

3.2.1.2 Latent ODE-RNN

The Latent ODE-RNN follows the extrapolation regime of Algorithm 4. The encoder
processes the first 24 hours of CGM observations jointly with the meal log.

Both glucose measurements and meal events are placed on a common time grid formed by
the union of all CGM timestamps and meal timestamps across the batch. Each timestep
is represented by a four-dimensional vector [G, c,mG,mc], where G and c are the glucose
and carbohydrate values (zero-padded where unobserved), and mG,mc ∈ {0, 1} are binary
masks indicating which channels are observed at each time.

The training objective is the same as the one used by CLODE, i.e the ELBO as defined
in (3.11), and is opitmized using ADAM (Kingma and Ba, 2017), with a learning rate of
0.001 and a weight decay of 0.0001.

The subsampling procedure is also similar to CLODE (see Section 3.1.2.2). However,
unlike CLODE, where meal information bypasses the encoder entirely and enters the
model as a control input in the latent NODE, the Latent ODE-RNN feeds meal events
directly into the encoder. Since meals are assumed fully known, meal timestamps are
always retained and never masked during subsampling.

3.2.1.3 Hyperparameters Tuning and Model Selection

Best models are selected based on validation performance in terms of the model-specific
loss. Given the computationally demanding nature of the training process, for each model,
only a set of hyperparameters pre-selected based on preliminary experiments is explored.
Results and architecture details are reported in Appendix B.1 and B.2.

For the ODE-LSTM, we vary the mixing rate λmix ∈ {0.0001, 0.001, 0.01}.
For CLODE and the Latent ODE-RNN models, we vary the latent space dimension s ∈
{3, 4, 6} in the IIV setting (fixed at s = 4 in the No-IIV setting), and the KL regularization
term, which is either chosen constant βKL ∈ {0.5, 1.0, 2.0}, or linearly increased from 0 to
1 over the first 100 epochs:

βKL(e) = min
(
1,

e

100

)
(3.14)

We additionally explore a decoder output bias initialization of 4.3 mmol/L, approximately
corresponding to the 10th percentile of the glucose distribution in the training data, as
an alternative to the default zero initialization.

For CLODE specifically, we compare the Dirac and β-Kernel meals signals. Since we
assume no prior knowledge about individual meal ingestion patterns, we fix the shape
parameters of the β-Kernel to a = b = 1, which corresponds to a uniform distribution
over the ingestion window W , set to 30 minutes.

5A similar approach was used by Rubanova et al. (2019), who applied scheduled sampling with a fixed
probability of 0.5 when training ODE-RNN for extrapolation.
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3.2.2 Simulation Study

3.2.2.1 Data Generating Process

Physiological Simulator

We simulate glucose trajectories using a physiologically inspired model of glucose-insulin
dynamics, adapted from the minimal model of Bergman et al. (1979) and extended to
incorporate circadian variation and a bi-modal meal absorption profile, capturing fast
and slow glucose appearance phases via a mixture of two log-normal densities.6 The state
vector is [G(t), X(t)]⊤, where G(t) is blood glucose concentration and X(t) is the remote
insulin action in peripheral tissues. The dynamics are governed by:

dG

dt
(t) = −G(t)X(t)− p1

(
G(t)−Gb(t)

)
+R(t) (3.15)

dX

dt
(t) = −p2

(
X(t)− SG Z(t)

)
(3.16)

where the circadian baseline Gb(t), the glucose appearance rate R(t), and the insulin
secretion function Z(t) are defined as:

Gb(t) = µb + Acirc cos

(
2π(t− φ)

24

)
+Bcirc sin

(
2π(t− φ)

24

)
(3.17)

R(t) =
NE

V

C−1∑

j=0

cj [(1−RH) fLN(τ ; P1, ω1) +RH fLN(τ ; P2, ω2)] , τ = t− tm (3.18)

Z(t) =
G(t)−Gb(t)

1 + e−α(G(t)−Gb(t)) + γ R(t) (3.19)

and where fLN(τ ; P, ω) is a log-normal density parameterised by peak time P and width
ω:

fLN(τ ; P, ω) =
1

τ
√
πω

exp

(
−
(
log(τ/P ) + ω/2

)2

ω

)
, τ > 0 (3.20)

In R(t), cj denotes the carbohydrate amount of meal j, consistent with the meal log
notation of Section 3.1.1. V > 0 is the glucose distribution volume. NE > 0 is a nutri-
ent effect coefficient, parametrizing the overall glycemic impact of carbohydrate intake.
Finally, RH ∈ (0, 1) is the mixing weight of the slow absorption component: a fraction
RH of each meal is absorbed via the slow log-normal pathway (peak time P2), and the
remaining 1−RH via the fast pathway (peak time P1).

Population Design

We simulate two in silico populations of N = 500 healthy individuals over a 48-hour
window.

For each population, individuals are randomly partitioned as follows : 30% of individuals
(n = 150) are held out as a test set. The remaining 70% are split 80/20 into a training
set (n = 280) and a validation set (n = 70) used for early model selection.

6The simulator was kindly provided by PhD Candidate Guillaume Deside (UCLouvain, ISBA). We
use the simulator equations without modification. We only adapt the equations to fit our single-nutrient
experimental setup.



3.2. EVALUATION PROTOCOL 69

The first population is physiologically homogeneous. All individuals share identical phys-
iological parameters (p1, p2, µb, SG, NE, P1, ϕ, V , γ, α, RH , P2, ω1, ω2), and differ only
in their eating habits. Each individual is assigned one of three eating profiles (picky,
average, or big eater) which govern their two degrees of freedom with profile-specific dis-
tributions : the number of daily meals (between 1 and 3), and carbohydrate amount per
meal. Meal timing constitutes a third degree of freedom, shared across all profiles. Each
meal is assigned to one of three time slots (Breakfast, Lunch, Dinner), with timing drawn
uniformly within the slot (see Table 3.2).

Table 3.2: Eating profile definitions.

Picky Average Big

Active slots per day 1 or 2 2 or 3 3
Carbohydrates (g/meal) [20, 50] [40, 80] [70, 120]
Number of individuals 125 250 125

3 slots : Breakfast (07:00–09:00) Lunch (12:00–14:00) Din-
ner (18:00–20:00).

This population serves mainly as a sanity check for the encoder. Since zN−1 is intended to
encode the physiological state of the individual, it should exhibit no systematic discrim-
ination between eating profiles in the absence of physiological variability. Any apparent
clustering would indicate that the model conflates the effect of exogenous inputs with
genuine metabolic differences.

The second population introduces inter-individual variability (IIV) by randomizing a sub-
set of physiological parameters across individuals : the baseline glucose level µb, the insulin
sensitivity SG, the circadian phase shift ϕ; and two parameters governing the shape and
timing of the postprandial glucose appearance curve : the nutrient effect coefficient NE

and the first absorption peak time P1. Parameters are drawn independently from the
uniform distributions specified in Table 3.3

Table 3.3: Physiological parameter distributions for the IIV setting. Parameters are
drawn independently per individual from uniform distributions. In the No-IIV setting,
all parameters are fixed at πno−iiv.

Parameter Symbol Unit Distribution πno−iiv

Physiological parameters
Baseline glucose µb mmol/L U(4.50, 6.50) 5.50
Insulin sensitivity SG min−1/(mmol/L) U(0.010, 0.020) 0.015
Phase Shift ϕ hour U(5, 7) 6

Meal parameters
Effect coefficient NE – U(0.25, 1.00) 0.625
First absorption peak P1 min U(20, 90) 55.0

All remaining parameters are fixed at their default values across both populations:
p1 = 0.020, p2 = 0.050, V = 1.50, γ = 10.0, α = 0.018, Acirc = 0.50, Bcirc = 0.30,
P2 = 120.0min, ω1 = 0.80, ω2 = 1.20, RH = 0.425.
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Figure 3.4: Random trajectories from the No-IIV population, stratified by eating profile.
Each panel shows the ground-truth glucose trajectory (red) and CGM observations (blue).

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

26g 34g 37g 22g

µb = 5.11 mmol/L
SG = 0.0114 min−1

φ = 6.98 h
NE = 0.553

P1 = 28.3 min

id 97

Picky eater

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

75g 71g 80g 48g 50g

µb = 6.23 mmol/L
SG = 0.011 min−1

φ = 6.5 h
NE = 0.742

P1 = 50.6 min

id 374

Average eater

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

81g 81g 109g 109g 80g 101g

µb = 6.02 mmol/L
SG = 0.0104 min−1

φ = 5.88 h
NE = 0.593

P1 = 30.2 min

id 429

Big eater

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

26g 44g 26g

µb = 6.16 mmol/L
SG = 0.016 min−1

φ = 5.91 h
NE = 0.302

P1 = 71.3 min

id 36

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

64g 63g 57g 45g 50g

µb = 5.29 mmol/L
SG = 0.0185 min−1

φ = 5.87 h
NE = 0.803

P1 = 56.9 min

id 264

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

103g84g 87g 99g 102g 104g

µb = 5.63 mmol/L
SG = 0.0168 min−1

φ = 6.55 h
NE = 0.598

P1 = 57.1 min

id 392

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

30g 33g 27g 24g

µb = 4.98 mmol/L
SG = 0.0137 min−1

φ = 5.52 h
NE = 0.631

P1 = 71.9 min

id 118

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

59g 44g 71g 80g 57g 77g

µb = 5.27 mmol/L
SG = 0.0161 min−1

φ = 5.83 h
NE = 0.643

P1 = 38 min

id 286

0 10 20 30 40

Time (h)

4

6

8

10

12

14

G
lu

co
se

(m
m

ol
/L

)

102g 100g 118g 92g 70g 104g

µb = 5.12 mmol/L
SG = 0.0146 min−1

φ = 6.05 h
NE = 0.669

P1 = 84.5 min

id 481

Ground truth CGM obs. Food intake

Figure 3.5: Random trajectories from the IIV population. Individual physiological
parameters are reported in each panel.
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From each population, CGM traces are first simulated on a regular 5-minute grid {t1, . . . , tK}
with K = 48 × 12 points/h + 1 = 577 points over 48 hours. Three sources of sampling
irregularity are then applied sequentially to mimic those observed in real-life CGM mea-
surements.

• First, each 24-hour window is independently exposed to dropout blocks with prob-
ability 0.30; when present, one to two contiguous segments of 30 to 60 minutes are
removed from the grid, simulating sensor removal or sensor memory overload. We
denote Di ⊂ {t1, . . . , tK} the set of timepoints (potentially) removed by this dropout
block process for individual i.

• Second, each remaining timestamp tk /∈ Di is perturbed as t̃k = tk+δk, δk ∼ N (0, 12)
minutes, reflecting clock drift or Bluetooth transmission delays.

• Third, each perturbed observation is retained independently with probability 0.95,
via γk ∼ Bernoulli(0.95), with dropped points simulating isolated signal losses.

The final observation grid for individual i is thus Ti = {t̃k : tk /∈ Di and γk = 1}.
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Figure 3.6: Illustration of the observation process on the IIV population. Orange bands
indicate block dropout segments; purple dotted lines mark isolated individual-level gaps.
The CGM measurements (blue) is the result of applying all three irregularity sources
sequentially.



72 CHAPTER 3. METHODOLOGY

3.2.3 Evaluation Metrics

We evaluate the model along three axes, each with a dedicated set of metrics.

3.2.3.1 Forecasting accuracy

We assess point prediction accuracy via the root mean squared error:

RMSE =

√√√√ 1

M −N
M∑

k=N

(xk − x̂k)2 (3.21)

where xk is the observed glucose at time tk, x̂k is the predicted mean, and the sum runs
over the M −N observations in the extrapolation window.

Since the model produces a full predictive distribution rather than a point estimate, fol-
lowing Fitzgerald et al. (2023), we additionally report the Continuous Ranked Probability
Score (CRPS), a strictly proper scoring rule that evaluates the entire predictive distribu-
tion against the observed glucose xk:

CRPS(Fψ, xk) =

∫ +∞

−∞

(
Fψ(ξ | z(tk))− I{ξ≥xk}

)2
dξ (3.22)

where Fψ is the CDF of pψ(xk | z(tk)). The CRPS reduces to the mean absolute error when
Fψ is a point mass, and penalises both bias and miscalibrated uncertainty simultaneously.
Denoting µ̂k = x̂k, the closed form for our Gaussian emission model is:

CRPSk = σobs

[
xk − µ̂k
σobs

(
2Φ
(
xk−µ̂k
σobs

)
− 1
)
+ 2ϕ

(
xk−µ̂k
σobs

)
− 1√

π

]
(3.23)

where Φ and ϕ denote the CDF and PDF of the standard normal distribution. The
reported CRPS is averaged over the prediction window: 1

M−N
∑M−1

k=N CRPSk. Figure 3.7
illustrates the score intuitively for four predictive Gaussian distributions with varying
mean and variance.
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Figure 3.7: Illustration of the CRPS for four Gaussian predictive distributions, varying
bias and variance. Top : predictive PDF alongside the true observation xk (dashed
vertical line). Bottom : corresponding integrand.
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We further report empirical coverage at the 90% level: the fraction of observations falling
within the predicted 90% prediction interval, which should equal 0.90 for a well-calibrated
model:

Coverage90 =
1

M −N
M−1∑

k=N

I{xk∈[q̂0.05,k, q̂0.95,k]} (3.24)

where q̂α,k denotes the α-quantile of the k-th predictive distribution.

3.2.3.2 Latent space structure

Following Rubanova et al. (2019), we project the inferred initial latent conditions {zN−1,i}ni=1

to two dimensions using UMAP (McInnes et al., 2020) and colour each point by its ground-
truth physiological parameter values and eating profiles. To quantify the alignment be-
tween the latent representation and the true physiological variation, we compute the
Spearman rank correlation between each latent dimension zN−1,j and each ground-truth
parameter πk:

ρj,k =
cov(rank(zN−1,j), rank(πk))

σrank(zN−1,j) σrank(πk)
(3.25)

Furthermore, we report the RV coefficient (Robert and Escoufier, 1976), a multivariate
generalisation of the squared Pearson correlation that measures the global linear depen-
dence between two data matrices. Let Z̃ = Z − ιz̄⊤ and Π̃ = Π − ιπ̄⊤ denote the
column-centred versions of the latent matrix Z ∈ Rn×s and the physiological parameter
matrix Π ∈ Rn×p, where z̄ ∈ Rs and π̄ ∈ Rp are the column means. The RV coefficient
is then:

RV(Z,Π) =
tr(Z̃Z̃⊤Π̃Π̃

⊤
)√

tr(Z̃Z̃⊤Z̃Z̃⊤) tr(Π̃Π̃
⊤
Π̃Π̃

⊤
)

(3.26)

As for dimension-wise correlations, the RV coefficient takes values in [0, 1], with values
close to 1 indicating that the latent space closely mirrors the structure of the physiological
parameter space.

3.2.3.3 Counterfactual validity

Following De Brouwer et al. (2022), we evaluate counterfactual predictions using two met-
rics. First, the factual RMSE and counterfactual RMSE are reported separately, to assess
whether performance degrades when the model is queried outside the training distribution
of meal inputs. Second, we report the Precision in Estimation of Heterogeneous Effects
(PEHE), which measures the ability to correctly predict the differential effect between
two interventions u and u′:

PEHE =

√√√√ 1

M −N
M−1∑

k=N

[
(xuk − xu

′
k )− (x̂uk − x̂u

′
k )
]2 (3.27)

Since the simulator provides ground-truth trajectories under any intervention by con-
struction, PEHE can be computed exactly.
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Results

4.1 Forecasting Performance

FWe first evaluate the ability of CLODE to extrapolate glucose trajectories over the 24-
hour prediction window. Results are reported for the best-performing configuration of
each model in terms of validation loss1.

Based on Figure 4.1, we observe that both variants of CLODE outperform the baselines.
As expected, the β-Kernel variant, which distributes the observed carbohydrate amount,
achieves better performance than the Dirac impulse variant, which models meals as in-
stantaneous events. Exact values are reported in Table 4.1.
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Figure 4.1: Forecasting performance across models and evaluation settings. Each panel
corresponds to a metric; circles and squares distinguish the No-IIV and IIV settings
respectively. The dashed vertical line in the Coverage panel marks the 90% target.

1The retained configurations for the No-IIV (resp. IIV) are : for the ODE-LSTM, λmix = 0.001(0.001);
for the Latent ODE-RNN, s = 4(6), βKL = 1.0(2.0) and output bias of 4.3 (4.3); for CLODE (Dirac),
s = 4(3), βKL linearly annealed (0.5) and output bias of 4.3 (4.3); for CLODE (β-kernel), s = 4(6), βKL

linearly annealed (0.5) and output bias of 0.0 (4.3).
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Table 4.1: Forecasting performance across the two evaluation datasets. Best result per
column is bolded; second-best is underlined.

No-IIV IIV

Model RMSE CRPS Coverage90% RMSE CRPS Coverage90%

ODE-LSTM 0.743 0.388 0.615 0.912 0.550 0.443
Latent ODE-RNN 0.583 0.248 0.838 0.824 0.497 0.420

Ours
CLODE (Dirac) 0.304 0.165 0.858 0.675 0.436 0.434
CLODE (β-kernel) 0.169 0.095 0.973 0.666 0.431 0.427

Notably, our β-Kernel variant achieves by far the best predictive performance across most
metrics on both evaluation settings, with a particularly marked improvement in the No-
IIV population, where it achieves a RMSE and CRPS approximately twice as low as the
second best model (CLODE with Dirac Impulse). In the IIV setting, the β-Kernel variant
still outperforms its Dirac counterpart, as well as the baselines, but performance gaps are
narrower, especially between the two CLODE variants.

In particular, for the IIV population, the β-Kernel variant seem to succeed only for certain
individuals. For instance, Patients 11 and 495 in Figure 4.2b present a systematic vertical
(upward) bias in their predictions, while Patients 64 and 370 show a systematic vertical
(downward) bias. Moreover, for some Patients, such as Patient 44, the magnitude of
postprandial glucose excursions are underestimated. This suggests that the model may
be struggling to capture the full extent of inter-individual variability in this setting. This
will be further investigated in the next two sections.

Among baselines, the Latent ODE-RNN outperforms the ODE-LSTM across all metrics
(except for the Coverage in the IIV setting). This is in line with the literature, where
Rubanova et al. (2019) showed empirically that the closely related ODE-RNN model was
struggling with long-term extrapolation. We show here that this issue extends to the
ODE-LSTM, even with the adopted curriculum learning strategy.

While the Latent ODE-RNN performs better than the ODE-LSTM, it is still outperformed
by both CLODE variants. The training visualizations of Appendix B.5 suggests that
the model is able to fit the circadian baseline reasonably well in early epochs, but fails
to capture the postprandial glucose excursions, unlike CLODE (See Figure 4.2a). This
highlights the importance of incorporating exogenous control into the latent ODE for
accurate long-term forecasting in this setting.

The only metric in which the ODE-LSTM ranks first is the empirical coverage in the IIV
setting (0.443). However, this should not be interpreted as better calibration. The training
visualizations in Section B.5 showcase that the model converges to a degenerate solution
in which the predicted uncertainty σ(t) is inflated and the predicted means converge to
the overall mean. The resulting wide intervals mechanically increase coverage without
improving point prediction accuracy, as confirmed by the ODE-LSTM’s substantially
worse RMSE and CRPS.
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Figure 4.2: Factual glucose trajectory predictions of CLODE (β-kernel) on three random
test individuals, stratified by eating profile. Red: ground truth. Purple: predicted mean
with 90% prediction interval. Stars: meal events. The dashed vertical line marks the
encoding/prediction split at 24 hours.
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4.2 Counterfactual Analysis

We evaluate counterfactual performance under three scenarios, each probing a different
aspect of the model’s ability to generate counterfactual predictions. In each scenario, the
recognition network processes the first 24 hours of observed glucose2 to infer zN−1. The
model is then queried with a hypothetical meal signal u′(t) over the held-out 24-hour
window.

The three scenarios are:

S1 Dose-response: same individual, same meal timing, carbohydrate amount varied
by ±20% relative to the observed intake;

S2 Timing shift: same individual, same carbohydrate amount, meal timing shifted
by ±2 hours;

S3 No meal: no meal input, testing whether the model correctly recovers the individ-
ual’s circadian baseline Gb(t).

Based on Tables 4.2 and 4.3, we observe that both variants of CLODE outperform the
ODE-LSTM baseline across all scenarios and evaluation settings, with the β-Kernel vari-
ant consistently achieving the best performance.

Table 4.2: PEHE and CF-RMSE across the three scenarios on the No-IIV dataset. Best
result per column is bolded.

PEHE CF-RMSE

Model S1 S2 S3 S1 S2 S3

ODE-LSTM 0.078 0.814 0.555 0.723 0.729 0.445

Ours
CLODE (Dirac) 0.072 0.261 0.533 0.308 0.309 0.584
CLODE (β-kernel) 0.037 0.185 0.158 0.166 0.171 0.131

Table 4.3: PEHE and CF-RMSE across the three scenarios on the IIV dataset. Best
result per column is bolded.

PEHE CF-RMSE

Model S1 S2 S3 S1 S2 S3

ODE-LSTM 0.080 0.817 0.559 0.884 0.891 0.676

Ours
CLODE (Dirac) 0.065 0.462 0.332 0.641 0.648 0.549
CLODE (β-kernel) 0.057 0.451 0.322 0.632 0.634 0.533

When examining Figure 4.4, which shows the counterfactual predictions of CLODE (β-
kernel) for the average eating profile, we observe that the model is able to capture well

2Under factual meal scenario.
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glucose trajectories under the counterfactual meal scenarios, especially in the No-IIV
population.

Notably, in Scenario S3 (No meal), it appears that the model is able to correctly recover
the individual’s circadian baseline. This suggests that CLODE (β-kernel) is effectively
disentangling the effects of exogenous inputs from the underlying physiological dynamics.

However, when moving to the IIV setting, the bias issues highlighted earlier resurface.
Upon closer inspection, it appears that CLODE (β-Kernel) has learned the representation
of an average patient.

To investigate wether the model has been able to capture the differences in the physiolog-
ical parameters shaping the baseline (µb, SG, ϕ), we overlay all counterfactual trajectories
for scenario S3 (No meal). We further overlay counterfactual trajectories for a new hypo-
thetical scenario where everyone would eat the same meal, at the same time, allowing to
see if the model learns PPGR parameters (NE, P1).

In both cases, as can be seen on Figure 4.3, we observe that all test patients have an
near-identical trajectory. This means that, for this particular setting, the model has not
been able to learn an initial condition zN−1 that capture inter-individual variability. Fig-
ure 4.5 however shows that the inferred latent codes exhibit variance across individuals,
suggesting that the encoder has not collapsed to the prior. The failure to produce indi-
vidualized trajectories might therefore likely stems from a different source: the learned
vector field fθ may be insufficiently sensitive to variations in zN−1, the encoding win-
dow may be too short to capture discriminative physiological signal, or the encoder may
lack the expressivity to project individuals into well-separated regions of the latent space.
Potential remedies are discussed in Chapter 5.
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tical diet scenario.
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Figure 4.4: Counter-Factual glucose trajectory predictions of CLODE (β-kernel) on
three random test individuals, for the average eating profile. Red: Counter-Factual
Ground Truth. Dashed Red : Factual Ground Truth. Purple: predicted mean with
90% prediction interval. Dashed Gray : Factual Predictions. Stars: meal events. The
dashed vertical line marks the encoding/prediction split at 24 hours.
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4.3 Latent Space Validation

As established in Section 4.2, all models produce near-identical trajectories under a stan-
dardized scenarios, suggesting that the inferred zN−1 captures limited IIV, though the
inferred latent codes exhibit variance across individuals (Figure 4.5).
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Figure 4.5: Boxplot of the infered zN−1, dimension-wise.

We now investigate more deeply the structure of the latent initial condition zN−1.

While the results displayed in Table 4.4 show that the RV coefficient and Spearman corre-
lations are generally low across all models, we observe that the β-Kernel variant of CLODE
achieves the highest RV coefficient, indicating a stronger global alignment between the
latent space and the true physiological parameter space. Moreover, it also achieves the
highest average Spearman correlation, suggesting that individual latent dimensions are
more strongly associated with specific physiological parameters compared to the other
models.

Furthermore, Figure 4.6 support the fact that, even though the latent space of CLODE
(β-kernel) is not strongly correlated with the true physiological parameters, it produces
some separation between individuals based on some underlying (latent) structure. In the
No-IIV setting, we see that the model does not separate individuals, which was expected
since all individuals are physiologically identical. In the IIV setting, on the other hand, we
see that the model separates the individuals in the latent space, and that this separation
is not driven by the eating profiles.

Table 4.4: Latent space validation metrics. Best result per column is bolded.

Model RV Coefficient Spearman Corr. (max) Spearman Corr. (mean)

Latent ODE-RNN 0.0013 0.247 0.073

Ours
CLODE (Dirac) 0.0169 0.124 0.059
CLODE (β-kernel) 0.0226 0.246 0.113
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(a) No IIV.

(b) IIV.

Figure 4.6: UMAP 2D projection of the latent space zN−1 for CLODE (β-kernel) per
eating profile.

2Additional visualizations, including UMAP projections coloured by physiological parameters and
Spearman correlation heatmaps, are provided in Appendix B.4.



5
Conclusion

How a given individual will respond to a meal – and how that response would differ
under an alternative dietary scenario – is a central challenge for personalized nutrition
and precision medicine. Addressing it requires a model that can handle continuous-time
physiological dynamics, incorporate discrete meal perturbations, and generalize across
individuals.

In this work, we demonstrate that CLODE (Controlled Latent ODE-RNN), a new Deep
State-Space model whose latent dynamics are controlled by a continuous-time meal signal,
constitutes a promising step toward such a model because it can (i) support accurate
factual and counterfactual predictions in a physiologically homogeneous population; and
(ii) recover an average physiological profile in a heterogeneous population, while showing
encouraging early evidence of individual-level representation learning abilities.

CLODE extends the Latent ODE-RNN of Rubanova et al. (2019), which provides no
explicit mechanism for exogenous inputs, by incorporating punctual meal records as an
explicit continuous-time control signal into the latent dynamics. Motivated by applica-
tions involving explicit control inputs in pharmacokinetics (Lu et al., 2021) and system
identification (Brunton et al., 2016), this design choice incentivizes the latent space to
capture genuine endogenous physiological dynamics rather than conflating them with ex-
ogenous dietary inputs.

To represent meal records as a continuous-time signal, we introduced the β-Kernel, a
scaled Beta distribution spreading the recorded carbohydrate amount over a physiologi-
cally plausible ingestion window, while preserving meal mass. This representation is more
faithful to the true ingestion process, which takes time, and further allows for a smoother
numerical integration.

Ultimately, the question underlying this master thesis was whether CLODE (β-Kernel)
could simultaneously support three complementary objectives experimentally: (i) physio-
logically grounded representation learning, (ii) factual prediction and (iii) counterfactual
predictions, with the broader ambition of enabling continuous-time individual-level blood
glucose modeling.
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To address this question, we designed two in silico populations of 500 individuals, gener-
ated via a physiologically inspired glucose-insulin simulator. The first population, physi-
ologically homogeneous, contained individuals sharing identical physiological parameters
but varying in their eating profiles. The second population introduced inter-individual
variability (IIV) by randomizing key physiological parameters across individuals. Each
individual was observed over a 48-hour window. The first 24 hours served as the encod-
ing window, and the second was used to evaluate the model’s ability to extrapolate the
subsequent 24 hours conditioned on a prospective meal plan.

Performance was assessed using three sets of metrics, each mirroring one of the outlined
objectives: RMSE, CRPS and Coverage (90%) for factual forecasting accuracy; PEHE
and CF-RMSE (across three dietary scenarios) for counterfactual validity; and RV co-
efficient and Spearman rank correlation for latent space structure. Moreover, CLODE
was compared against two representative baselines from the neural differential equation
literature: the ODE-LSTM variant of Fitzgerald et al. (2023), an autoregressive model
handling exogenous inputs without a latent representation, and the Latent ODE-RNN of
Rubanova et al. (2019), which provides a latent representation but no way of incorporating
control.

The two populations and two baselines served complementary diagnostic purposes. In
the No-IIV setting, where all individuals are physiologically identical, a well-designed
model should not discriminate individuals in the latent space, intended to represent the
latent physiological state. Comparing CLODE against the Latent ODE-RNN in this
setting therefore probed whether explicitly including meal inputs in the latent dynamics
prevents the encoder from conflating exogenous meal effects with endogenous physiological
variability. We also compared CLODE (β-Kernel) against a Dirac impulse variant of
CLODE, where meals were fed as instantaneous point events rather than distributed
over an ingestion window, to assess whether a physiologically motivated continuous meal
representation yields better predictions than the naive discrete representation of the raw
dietary logs.

On factual forecasting, CLODE (β-Kernel) substantially outperformed both baselines
across both populations. It achieved an RMSE of 0.169 and a CRPS of 0.095 in the
No-IIV setting, compared to 0.583 and 0.248 for the closest baseline (Latent ODE-RNN),
and 0.666 and 0.431 against 0.824 and 0.497 in the IIV setting. Furthermore, the β-
Kernel variant consistently outperformed the Dirac impulse variant of CLODE across
both settings, confirming that distributing meal intake over a physiologically plausible
ingestion window yields more accurate predictions than unrealistically treating meals as
instantaneous events. Counterfactual performance followed the same pattern, with PEHE
ranging from 0.037 to 0.185 across the three dietary scenarios in the No-IIV setting, and
from 0.057 to 0.451 in the IIV setting. Yet, despite ranking best in both simulation
settings, CLODE showed systematic upward or downward biases for individuals in the
IIV setting.

That difficulty of accurately predicting some individuals in the IIV setting is tightly linked
to the model’s learned latent representation. Analyzing the latter revealed a nuanced pic-
ture. In the No-IIV setting, as expected, CLODE produced no systematic clustering of
individuals in the latent space based on (exogenous) eating profiles. By contrast, the La-
tent ODE-RNN did, suggesting that treating exogenous and endogenous effects separately
is crucial in order to learn a more faithful representation. In the IIV setting, CLODE (β-
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Kernel) achieved the highest RV coefficient (0.0226 vs 0.0013 for the Latent ODE-RNN)
and the highest mean Spearman correlation (0.113 vs 0.073), indicating a stronger global
alignment between the inferred latent space and the true physiological parameter space.
Yet absolute values remained low, and the model produced near-identical trajectories un-
der standardized dietary scenarios. This suggests that the encoder – operating on a single
24-hour observation window – is insufficiently sensitive to variations in the dynamics of
the observed glucose. One could also argue that the latent dynamics – assumed to be
deterministic – are not flexible enough to capture the full complexity of the underlying
physiological process.

Nevertheless, despite these limitations, CLODE remained the only model capable of re-
covering a coherent average physiological dynamic in a heterogeneous population. This
is an encouraging result in itself: it demonstrates that the model has internalized a phys-
iologically plausible glucose response to meals, even in the presence of inter-individual
variability. This represents a promising step toward personalized glucose modeling.

Taken together, these results provide a partial positive answer to our research question.
CLODE demonstrates that incorporating meal intake as an explicit exogenous control sig-
nal supports long-horizon factual and counterfactual glucose trajectory prediction. How-
ever, the goal of learning a physiologically meaningful latent representation of individual
glycemic dynamics remains only partially achieved and would be worth further investi-
gating.

These findings also suggest two main future directions. On the data side, conditioning on
longer observation windows or incorporating static covariates with known discriminative
power (e.g. sex or BMI) could help the encoder better separate physiological profiles
at a low architectural cost. On the architecture side, more expressive encoder designs –
such as replacing the ODE-RNN with an ODE-LSTM (Lechner and Hasani, 2020; Coelho
et al., 2024), exploring other prior families (e.g. Laplacian or Normalizing Flows), or
incorporating physiological inductive biases in the spirit of Zou et al. (2024) – represent
interesting future research directions.

Looking ahead, a broader challenge remains evaluating CLODE on real free-living CGM
data, where the true complexity of inter-individual variability, irregular sampling, and
noisy dietary logs will provide a more demanding test and better inform subsequent
architectural refinements.

Beyond CLODE and glucose, we believe that it would be worth further developing
such controlled latent models, which could benefit any system where individual-specific
continuous-time dynamics are perturbed by discrete exogenous inputs and observed through
noisy, irregularly sampled measurements.
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A
Additional Mathematical Material

A.1 Universal Approximation properties of NODEs

A.1.1 Flow Map

The integral form (2.3) suggests a natural operator. A map that takes any initial condition
z0 to the state reached at time t. This operator, called the flow map, provides a unified
perspective on continuous- and discrete-time dynamics.

In continuous time, it corresponds to integrating f from t0 to t. In discrete time, sampling
the trajectory at regular intervals tk = t0 + k∆t yields zk+1 = φ∆t(zk), where the flow
map acts as a discrete-time propagator (Brunton and Kutz, 2022).

Definition A.1.1 (Flow map). The flow map φt : Rs → Rs associated to f is the operator
that maps any initial condition z0 to the state reached at time t:

φt(z0) := z(t) = z0 +

∫ t

t0

f(z(τ)) dτ (A.1)

A.1.2 The flow maps of an NODE is an homeomorphism

A flow map φt (Definition A.1.1) maps any initial condition z0 to the state z(t) by inte-
grating fθ from t0 to t.

In a NODE, φT (z0) thus defines the feature mapping from input (0) to output (T ). The
question is: what class of functions can this map represent? The answer to that question
has already been explored by Dupont et al. (2019) and hinges upon A.1.1 :

Proposition A.1.1. The flow φt : Rs → Rs of a Neural ODE is a homeomorphism for
all t ∈ [0, T ]. Consequently, the feature mapping z(T ) = φT (z0) preserves the topology of
the input space.

Definition A.1.2 (Homeomorphism). A function φ : Rs → Rs is a homeomorphism if it
is a continuous bijection whose inverse φ−1 is also continuous.

The key consequence of A.1.1 is that NODEs can only continuously deform the input
space, e.g. they cannot tear apart connected regions, create holes, or merge distinct
components, which limits the class of function NODEs can represent. Fortunately, this
can be solved by resorting to Augmentation.
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A.2 Inductive Bias and UDEs

A common moto in statistical learning is that "all models are wrong, but some are useful"
(Box and Draper, 1987). This saying is here to reminds us that no model can capture
reality in its full complexity. Every modelling choice involves simplifications, whether
in the functional form of the dynamics or the assumed noise structure. The question is
therefore not whether to make such assumptions, but which ones to make. This choice is
precisely inductive bias.

Following Kidger (2022), one can distinguish two types of inductive bias : (i) Hard in-
ductive bias and (ii) Soft inductive bias.

A hard inductive bias encodes domain knowledge directly into the model structure, making
deviations from the assumed form impossible by construction. This is the case of mech-
anistic models (Section 2.1.2), where the functional form of f is prescribed, or SINDy
(Section 2.2.1), where a library of functions is fixed a priori. In both case, the model
cannot express dynamics outside the prescribed family. ANODEs, on the other hand, do
not fall in this category, as they can approximate any dynamics with arbitrary precision.

A soft inductive bias instead penalizes or encourages certain solutions without, typically
via a regularization term added to the loss. In a sense, ANODEs belong to that category
as fθ is unconstrained, and the only bias comes from the architecture and optimization
procedure.

Acknowledging the limitation of architectures with prescribed f , one might hybridise a
mechanistic model f with a flexible neural correction term fθ, yielding Universal Differ-
ential Equations (Kidger, 2022; Rackauckas et al., 2020) :

dz

dt
(t) = f(z(t);β) + fθ(z(t)) (A.2)

We keep a hard inductive bias, but we now have a way to account for unmodelled dy-
namics.

A.3 GRU-ODE-Bayes

The ODE-RNN and ODE-LSTM define deterministic continuous-time dynamics for the
hidden state. De Brouwer et al. (2019) take a different starting point, motivated by the
modelisation of sporadically observed clinical time series.

Specifically, the authors assume that the observations xk are noisy realisations of a p-
dimensional stochastic process X(t) governed by an unknown SDE of the form:

dX(t) = µ(X(t)) dt+ σ(X(t)) dW(t) (A.3)

The distribution of X(t) then evolves according to the corresponding Fokker-Planck equa-
tion. Under Gaussianity assumption, the goal is to learn the temporal evolution of the
parameters of that distribution : µX(t) and ΣX(t)

1.
1This Gaussian assumption is exact for the Ornstein-Uhlenbeck process, whose Fokker-Planck PDF is

Gaussian by construction, and constitutes an approximation for general SDEs.
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De Brouwer et al. (2019) parameterise these functions by using a shallow MLP applied
to some hidden state h(t):

µX(t), logσ
2
X(t) = MLPobs(h(t)) (A.4)

where logσ2
X(t) ∈ Rp are the per-dimension log-variances, implying a diagonal covariance

structure ΣX(t) = diag(σ2
1(t), . . . , σ

2
p(t)).

The resulting per-dimension predictive distribution is:

Xj(t) | h(t) ∼ N
(
µj(t), σ

2
j (t)
)
, j = 1, . . . , p (A.5)

The hidden state h(t) evolves continuously between observations according to the GRU-
ODE dynamics:

dh

dt
(t) =

(
1− z(u)

)
⊙
(
h̃(t)− h(t)

)
(A.6)

where z(u)(t) and h̃(t) are the update gate and candidate state of the GRU cell, now
treated as continuous functions of time.

Upon reception of an observation xk at time tk, the hidden state is updated via a discrete
GRU-Bayes step that incorporates the new information through an observation mask mk

handling partial observability:

h(t+k ) = GRU-Bayes
(
h(t−k ), xk, mk

)
(A.7)

This prediction-update scheme is analogous to the Kalman filter, with the GRU-ODE
playing the role of the prediction step and GRU-Bayes the filtering step. We refer to the
original paper for details regarding the GRU-Bayes step.

Training objective The training objective is made of two terms :

L = Lpre + λLpost (A.8)

where λ ≥ 0 is a mixing hyper-parameter.

Lpre is the masked gaussian negative log-likelihood, using the predictive distribution pa-
rameterised by h(t−k ):

Lpre = −
p∑

j=1

mj log p
(
xj | MLPobs(h(t

−
k ))
)

(A.9)

=
1

2

p∑

j=1

mj

(
(xk,j − µj)2

σ2
j

+ log σ2
j

)
(A.10)

Lpost penalises the divergence between the post-update distribution ppost, parameterized
by h(t+k ), and a tight Gaussian centred on the observation, with fixed noise standard
deviation σobs:

Lpost =

p∑

j=1

mj DKL

(
N (µpost,j, σ

2
post,j)

∥∥∥N (xk,j, σ
2
obs)
)

(A.11)

where (µpost,j, σ
2
post,j) are obtained from MLPobs(h(t

+
k )) and σobs is a fixed hyperparameter.

This term forces the post-update distribution to concentrate around the observed value
with a variance of order σ2

obs.
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Additional Experimental Material

B.1 Architectural Details

Baselines and the main architecutre have been implemented mainly in Pytorch, relying
on the torchdiffeq (for CLODE and Latent ODE-RNN) and torchctrnn (for ODE-
LSTM). All the code, data, and main experimental results are made publicly available at
: https://github.com/LDPuser/CLODE-blood-glucose-modeling.

B.1.1 CLODE

Recognition Network (ODE-RNN Encoder). The ODE vector field is a 3-layer MLP
with hidden width 32 and Tanh activations. The GRU cell has hidden dimension 32. The
translation network is a 2-layer MLP (32→ 32→ 2s) with Tanh activation, outputting the
mean and log-variance.The encoder input is the concatenation of the glucose observation
and its binary observation mask.

Latent ODE. The latent vector field is a 4-layer MLP with hidden width 64 and Tanh
activations, taking as input the the latent state and the scalar control input.

Emission Network. The decoder is a 2-layer MLP (s→ 32→ 1) with SELU activation,
outputting the predicted glucose mean. Observation noise is fixed to 0.28.

B.1.2 Latent ODE-RNN

The Latent ODE-RNN shares the same architectural components as CLODE, with two
differences.

On the one hand, the encoder input is a four-dimensional vector [G, c,mG,mc] at each
timestep, where G and c are the glucose and carbohydrate values (zero-padded where
unobserved), and mG,mc ∈ {0, 1} are binary observation masks. All other components
(ODE vector field, GRU cell, translation network, hidden dimensions, activations) are
identical to CLODE.

On the other hand, the latent vector field does not take any control input.
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B.1.3 ODE-LSTM

The ODE-LSTM closely follows the implementation of Fitzgerald et al. (2023), available
here.

Preprocessing Network. A 2-layer MLP (1 → 30 → 32) with Tanh activations pre-
processes each glucose observation before the LSTM update.

ODE Vector Field. The inter-observation vector fields is a 2-layer MLP (33→ 50→ 32)
with Tanh activations, taking as input the concatenation of the hidden state and the scalar
meal signal.

ODE-LSTM Cell. The hidden state is updated via an ODE-LSTM cell from torchctrnn.

Output Network. Two independent heads map the hidden state to the predicted mean
and standard deviation. Each head consists of a linear layer (32 → 32), dropout (p =
0.2), an activation, and a final linear layer (32 → 1). The mean head uses ReLU while
the variance head uses Tanh, with the output passed through an exponential to ensure
positivity.

https://github.com/oizin/irregular-ts/tree/main
https://github.com/oizin/torchctrnn/tree/main
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B.2 Extrapolation and Representation Learning

In this appendix, we provide additional experimental results related to the extrapolation
capabilities of the models and their ability to learn meaningful representations. The model
presented in the main text is bolded, the closest competitors is underlined.

B.2.1 ODE-LSTM

Table B.1: No-IIV setting. Hyperparameters are reported alongside validation metrics
(Best Epoch and Best Validation Loss). All remaining metrics are computed on the test
set.

Hyperparameters Validation Metrics Test Metrics

λmix Best Epoch Best Loss RMSE CRPS Coverage90%

0.0001 226 10445.02 0.7092 0.3769 0.5844
0.001 300 10306.33 0.7428 0.3876 0.6147
0.01 250 10646.57 0.7124 0.3798 0.5800

Table B.2: IIV setting. Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss). All remaining metrics are computed on the test set.

Hyperparameters Validation Metrics Test Metrics

λmix Best Epoch Best Loss RMSE CRPS Coverage90%

0.0001 256 12537.20 0.9055 0.5316 0.4848
0.001 241 12515.29 0.9117 0.5498 0.4435
0.01 277 12774.71 0.9124 0.5481 0.4470
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B.2.2 Latent ODE-RNN

Table B.3: No-IIV setting. Hyperparameters are reported alongside validation metrics
(Best Epoch and Best Validation Loss). All remaining metrics are computed on the test
set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90%

4 0.5 0.0 299 881.33 0.723 0.386 0.560
4 0.5 4.3 144 870.84 0.704 0.377 0.562
4 1.0 0.0 288 885.28 0.709 0.383 0.567
4 1.0 4.3 40 599.74 0.583 0.248 0.838
4 2.0 0.0 67 767.44 0.693 0.295 0.817
4 2.0 4.3 215 866.37 0.702 0.370 0.583
4 CA∗ 0.0 24 1132.39 0.825 0.498 0.364
4 CA∗ 4.3 8 882.14 0.709 0.384 0.549

∗ CA denotes Cost Annealing.

Table B.4: IIV setting. Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss). All remaining metrics are computed on the test set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90% RV Coefficient Spearman (max/mean)

3 0.5 0.0 287 1381.87 0.933 0.571 0.418 0.0000 na / na
3 0.5 4.3 176 1360.28 0.924 0.566 0.417 0.0083 0.145 / 0.081
3 1.0 0.0 221 1275.84 0.893 0.539 0.420 0.0015 0.132 / 0.084
3 1.0 4.3 52 1370.15 0.927 0.567 0.422 0.0057 0.186 / 0.077
3 2.0 0.0 287 1401.24 0.938 0.574 0.417 0.0000 na / na
3 2.0 4.3 106 1360.24 0.925 0.566 0.418 0.0009 0.297 / 0.069
3 CA∗ 0.0 300 1410.38 0.938 0.580 0.406 0.0069 0.317 / 0.129
3 CA∗ 4.3 166 1360.30 0.925 0.566 0.418 0.0013 0.125 / 0.059
4 0.5 0.0 55 1259.02 0.905 0.540 0.421 0.0000 na / na
4 0.5 4.3 228 1360.72 0.926 0.566 0.420 0.0043 0.101 / 0.049
4 1.0 0.0 282 1122.33 0.849 0.506 0.416 0.0259 0.728 / 0.199
4 1.0 4.3 249 1360.34 0.924 0.567 0.416 0.0000 na / na
4 2.0 0.0 268 1374.28 0.944 0.575 0.418 0.0000 na / na
4 2.0 4.3 165 1360.65 0.924 0.567 0.415 0.0018 0.104 / 0.054
4 CA∗ 0.0 265 1381.20 0.931 0.574 0.411 0.0013 0.337 / 0.096
4 CA∗ 4.3 101 1361.46 0.925 0.566 0.418 0.0012 0.137 / 0.062
6 0.5 0.0 295 1375.38 0.933 0.571 0.417 0.0004 0.095 / 0.040
6 0.5 4.3 261 1095.03 0.832 0.497 0.418 0.0006 0.177 / 0.070
6 1.0 0.0 290 1366.82 0.925 0.567 0.418 0.0114 0.486 / 0.110
6 1.0 4.3 154 1087.02 0.839 0.500 0.415 0.0002 0.162 / 0.070
6 2.0 0.0 235 1206.09 0.867 0.527 0.421 0.0082 0.190 / 0.066
6 2.0 4.3 273 1083.70 0.824 0.497 0.420 0.0013 0.247 / 0.073
6 CA∗ 0.0 297 1130.03 0.849 0.513 0.414 0.0044 0.136 / 0.046
6 CA∗ 4.3 144 1106.41 0.845 0.506 0.420 0.0061 0.195 / 0.073

∗ CA denotes Cost Annealing.

A Spearman correlation reported as "na" indicates that the corresponding latent dimen-
sion exhibits insufficient variance across individuals to compute a rank correlation, which
may be symptomatic of posterior collapse.
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B.2.3 CLODE β Kernel

Table B.5: No-IIV setting. Hyperparameters are reported alongside validation metrics
(Best Epoch and Best Validation Loss). All remaining metrics are computed on the test
set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90%

4 1.0 0.0 298 193.56 0.341 0.200 0.852
4 1.0 4.3 213 46.28 0.198 0.112 0.968
4 2.0 0.0 203 191.51 0.326 0.176 0.848
4 2.0 4.3 121 126.02 0.295 0.161 0.853
4 CA∗ 0.0 297 40.43 0.169 0.095 0.973
4 CA∗ 4.3 234 115.16 0.282 0.156 0 .858

∗ CA denotes Cost Annealing.

Table B.6: IIV setting. Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss). All remaining metrics are computed on the test set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90% RV Coefficient Spearman (max/mean)

3 0.5 0.0 293 896.70 0.734 0.474 0.431 0.0000 na / na
3 0.5 4.3 297 719.55 0.669 0.433 0.430 0.0072 0.118 / 0.069
3 1.0 0.0 257 766.70 0.681 0.441 0.424 0.0000 na / na
3 1.0 4.3 202 844.13 0.719 0.465 0.430 0.0008 0.283 / 0.114
3 2.0 0.0 299 1043.88 0.786 0.512 0.430 0.0046 0.392 / 0.100
3 2.0 4.3 246 824.91 0.699 0.451 0.434 0.0240 0.141 / 0.100
3 4.0 0.0 287 938.67 0.745 0.481 0.435 0.0000 na / na
3 4.0 4.3 211 873.70 0.729 0.471 0.429 0.0125 0.333 / 0.088
3 CA∗ 0.0 247 903.79 0.737 0.476 0.431 0.0008 0.100 / 0.054
3 CA∗ 4.3 290 723.67 0.670 0.433 0.428 0.0007 0.217 / 0.083
4 0.5 0.0 295 978.59 0.768 0.498 0.439 0.0000 na / na
4 0.5 4.3 130 890.33 0.731 0.471 0.439 0.0000 na / na
4 1.0 0.0 291 980.03 0.772 0.501 0.436 0.0054 0.136 / 0.047
4 1.0 4.3 147 852.62 0.719 0.464 0.439 0.0009 0.100 / 0.039
4 2.0 0.0 299 984.58 0.764 0.496 0.430 0.0000 na / na
4 2.0 4.3 147 854.32 0.733 0.474 0.427 0.0043 0.169 / 0.076
4 4.0 0.0 296 1032.34 0.787 0.511 0.432 0.0007 0.167 / 0.094
4 4.0 4.3 206 854.29 0.722 0.468 0.423 0.0072 0.118 / 0.069
4 CA∗ 0.0 143 984.76 0.767 0.486 0.424 0.0000 na / na
4 CA∗ 4.3 155 823.56 0.707 0.457 0.429 0.0097 0.148 / 0.088
6 0.5 0.0 291 946.23 0.766 0.497 0.426 0.0000 na / na
6 0.5 4.3 226 717.86 0.666 0.431 0.427 0.0226 0.246 / 0.113
6 1.0 0.0 297 971.66 0.770 0.500 0.437 0.0000 na / na
6 1.0 4.3 294 767.90 0.674 0.435 0.432 0.0015 0.149 / 0.072
6 2.0 0.0 298 1065.49 0.846 0.526 0.390 0.0096 0.312 / 0.092
6 2.0 4.3 66 851.32 0.727 0.462 0.436 0.0025 0.142 / 0.059
6 4.0 0.0 285 888.01 0.725 0.464 0.431 0.0000 na / na
6 4.0 4.3 268 775.14 0.682 0.440 0.425 0.0092 0.336 / 0.102
6 CA∗ 0.0 296 812.71 0.724 0.463 0.410 0.0000 na / na
6 CA∗ 4.3 281 738.40 0.673 0.435 0.424 0.0129 0.140 / 0.063

∗ CA denotes Cost Annealing.
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B.2.4 CLODE Dirac Impulse

Table B.7: No-IIV setting. Hyperparameters are reported alongside validation metrics
(Best Epoch and Best Validation Loss). All remaining metrics are computed on the test
set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90%

4 1.0 0.0 286 253.45 0.394 0.234 0.738
4 1.0 4.3 140 143.86 0.310 0.175 0.867
4 2.0 0.0 276 162.23 0.306 0.166 0.878
4 2.0 4.3 122 158.69 0.325 0.185 0.863
4 CA∗ 0.0 297 233.83 0.375 0.225 0.727
4 CA∗ 4.3 199 132.57 0.304 0.165 0.858

∗ CA denotes Cost Annealing.

Table B.8: IIV setting. Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss). All remaining metrics are computed on the test set.

Hyperparameters Validation Metrics Test Metrics

Latent Dim βKL Output Bias Best Epoch Best Loss RMSE CRPS Coverage90% RV Coefficient Spearman (max/mean)

3 0.5 0.0 15 2163.50 1.143 0.719 0.351 0.0029 0.259 / 0.097
3 0.5 4.3 160 724.89 0.675 0.436 0.434 0.0169 0.124 / 0.059
3 1.0 0.0 290 956.52 0.758 0.491 0.429 0.0000 na / na
3 1.0 4.3 293 746.85 0.682 0.441 0.424 0.0000 na / na
3 2.0 0.0 298 991.23 0.767 0.498 0.435 0.0000 na / na
3 2.0 4.3 138 919.10 0.761 0.493 0.429 0.0108 0.165 / 0.063
3 4.0 0.0 268 940.71 0.752 0.482 0.427 0.0000 na / na
3 4.0 4.3 297 958.48 0.764 0.495 0.443 0.0000 na / na
3 CA∗ 0.0 296 762.45 0.683 0.442 0.421 0.0000 na / na
3 CA∗ 4.3 271 918.00 0.756 0.491 0.431 0.0011 0.309 / 0.119
4 0.5 0.0 271 954.86 0.766 0.497 0.437 0.0012 0.199 / 0.074
4 0.5 4.3 283 865.33 0.730 0.470 0.436 0.0000 na / na
4 1.0 0.0 245 847.56 0.728 0.465 0.421 0.0070 0.211 / 0.073
4 1.0 4.3 225 893.50 0.757 0.490 0.418 0.0210 0.149 / 0.064
4 2.0 0.0 300 1172.13 0.859 0.541 0.424 0.0000 na / na
4 2.0 4.3 210 931.71 0.758 0.492 0.432 0.0186 0.128 / 0.064
4 4.0 0.0 297 1066.46 0.815 0.527 0.425 0.0000 na / na
4 4.0 4.3 200 907.99 0.744 0.480 0.431 0.0045 0.691 / 0.183
4 CA∗ 0.0 292 1117.86 0.831 0.517 0.428 0.0007 0.081 / 0.035
4 CA∗ 4.3 259 844.13 0.720 0.464 0.432 0.0170 0.120 / 0.064
6 0.5 0.0 300 961.78 0.763 0.496 0.437 0.0000 na / na
6 0.5 4.3 291 878.62 0.732 0.474 0.427 0.0000 na / na
6 1.0 0.0 287 962.88 0.765 0.498 0.431 0.0000 na / na
6 1.0 4.3 210 881.09 0.742 0.481 0.423 0.0000 na / na
6 2.0 0.0 286 957.37 0.762 0.495 0.433 0.0000 na / na
6 2.0 4.3 178 891.66 0.731 0.470 0.438 0.0303 0.240 / 0.075
6 4.0 0.0 25 1323.98 0.879 0.538 0.422 0.0012 0.165 / 0.074
6 4.0 4.3 296 909.55 0.735 0.474 0.433 0.0000 0.145 / 0.056
6 CA∗ 0.0 290 996.68 0.780 0.508 0.431 0.0000 na / na
6 CA∗ 4.3 211 903.19 0.755 0.490 0.424 0.0000 na / na

∗ CA denotes Cost Annealing.
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B.3 Counterfactual Performance

In this appendix, we provide additional experimental results related to the counterfactual
performance of the models. The model presented in the main text is bolded, the closest
competitors is underlined.

B.3.1 ODE-LSTM

Table B.9: No-IIV setting. Counterfactual evaluation on the test set (PEHE and CF-
RMSE across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

λmix Best Epoch Best Loss s1 s2 s3 s1 s2 s3

0.0001 226 10445.02 0.078 0.812 0.553 0.689 0.695 0.411
0.001 300 10306.33 0.078 0.814 0.555 0.723 0.729 0.445
0.01 250 10646.57 0.078 0.812 0.553 0.692 0.698 0.415

Table B.10: IIV setting. Counterfactual evaluation on the test set (PEHE and CF-RMSE
across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best Epoch
and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

λmix Best Epoch Best Loss s1 s2 s3 s1 s2 s3

0.0001 256 12537.20 0.080 0.817 0.558 0.878 0.885 0.666
0.001 241 12515.29 0.080 0.817 0.559 0.884 0.891 0.676
0.01 277 12774.71 0.080 0.818 0.559 0.885 0.892 0.676

B.3.2 CLODE β Kernel

Table B.11: No-IIV setting. Counterfactual evaluation on the test set (PEHE and CF-
RMSE across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

Latent Dim βKL Output Bias Best Epoch Best Loss s1 s2 s3 s1 s2 s3

4 1.0 0.0 298 193.56 0.040 0.242 0.327 0.343 0.349 0.470
4 1.0 4.3 213 46.28 0.037 0.192 0.547 0.192 0.217 0.564
4 2.0 0.0 203 191.51 0.056 0.256 0.490 0.323 0.332 0.567
4 2.0 4.3 121 126.02 0.050 0.257 0.479 0.295 0.303 0.532
4 CA∗ 0.0 297 40.43 0.037 0.185 0.158 0.166 0.171 0.131
4 CA∗ 4.3 234 115.16 0.042 0.218 0.451 0.281 0.289 0.528

∗ CA denotes Cost Annealing.



B.3. COUNTERFACTUAL PERFORMANCE 101

Table B.12: IIV setting. Counterfactual evaluation on the test set (PEHE and CF-RMSE
across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best Epoch
and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

Latent Dim βKL Output Bias Best Epoch Best Loss s1 s2 s3 s1 s2 s3

3 0.5 0.0 293 896.70 0.059 0.498 0.492 0.711 0.716 0.714
3 0.5 4.3 297 719.55 0.057 0.457 0.328 0.634 0.637 0.533
3 1.0 0.0 257 766.70 0.061 0.477 0.349 0.652 0.651 0.548
3 1.0 4.3 202 844.13 0.059 0.494 0.543 0.694 0.698 0.733
3 2.0 0.0 299 1043.88 0.064 0.513 0.381 0.772 0.770 0.707
3 2.0 4.3 246 824.91 0.061 0.498 0.563 0.670 0.679 0.713
3 4.0 0.0 287 938.67 0.066 0.499 0.446 0.724 0.728 0.714
3 4.0 4.3 211 873.70 0.067 0.515 0.574 0.702 0.708 0.722
3 CA∗ 0.0 247 903.79 0.062 0.503 0.468 0.714 0.719 0.709
3 CA∗ 4.3 290 723.67 0.059 0.458 0.328 0.636 0.639 0.536
4 0.5 0.0 295 978.59 0.055 0.458 0.334 0.750 0.750 0.697
4 0.5 4.3 130 890.33 0.063 0.493 0.456 0.710 0.711 0.706
4 1.0 0.0 291 980.03 0.059 0.466 0.345 0.754 0.754 0.702
4 1.0 4.3 147 852.62 0.062 0.497 0.570 0.694 0.698 0.739
4 2.0 0.0 299 984.58 0.058 0.492 0.353 0.747 0.749 0.701
4 2.0 4.3 147 854.32 0.061 0.502 0.484 0.709 0.712 0.696
4 4.0 0.0 296 1032.34 0.058 0.479 0.357 0.771 0.769 0.719
4 4.0 4.3 206 854.29 0.066 0.508 0.493 0.699 0.703 0.703
4 CA∗ 0.0 143 984.76 0.091 0.633 0.444 0.750 0.825 0.701
4 CA∗ 4.3 155 823.56 0.064 0.485 0.506 0.681 0.686 0.703
6 0.5 0.0 291 946.23 0.102 0.511 0.390 0.745 0.747 0.690
6 0.5 4.3 226 717.86 0.057 0.451 0.322 0.632 0.634 0.533
6 1.0 0.0 297 971.66 0.057 0.466 0.340 0.752 0.752 0.698
6 1.0 4.3 294 767.90 0.066 0.474 0.347 0.644 0.653 0.542
6 2.0 0.0 298 1065.49 0.073 0.699 0.481 0.804 0.806 0.624
6 2.0 4.3 66 851.32 0.065 0.529 0.387 0.698 0.700 0.572
6 4.0 0.0 285 888.01 0.066 0.481 0.353 0.698 0.707 0.636
6 4.0 4.3 268 775.14 0.063 0.478 0.344 0.649 0.649 0.549
6 CA∗ 0.0 296 812.71 0.068 0.528 0.372 0.691 0.688 0.569
6 CA∗ 4.3 281 738.40 0.060 0.461 0.338 0.641 0.638 0.540

∗ CA denotes Cost Annealing.

B.3.3 CLODE Dirac Impulse

Table B.13: No-IIV setting. Counterfactual evaluation on the test set (PEHE and CF-
RMSE across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best
Epoch and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

Latent Dim βKL Output Bias Best Epoch Best Loss s1 s2 s3 s1 s2 s3

4 1.0 0.0 286 253.45 0.041 0.205 0.165 0.395 0.401 0.428
4 1.0 4.3 140 143.86 0.065 0.236 0.411 0.312 0.319 0.516
4 2.0 0.0 276 162.23 0.075 0.273 0.444 0.305 0.317 0.510
4 2.0 4.3 122 158.69 0.057 0.243 0.368 0.326 0.334 0.470
4 CA∗ 0.0 297 233.83 0.049 0.196 0.196 0.377 0.381 0.422
4 CA∗ 4.3 199 132.57 0.072 0.261 0.533 0.308 0.309 0.584

∗ CA denotes Cost Annealing.
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Table B.14: IIV setting. Counterfactual evaluation on the test set (PEHE and CF-RMSE
across s1/s2/s3). Hyperparameters are reported alongside validation metrics (Best Epoch
and Best Validation Loss) used for model selection.

Hyperparameters Validation Metrics PEHE CF-RMSE

Latent Dim βKL Output Bias Best Epoch Best Loss s1 s2 s3 s1 s2 s3

3 0.5 0.0 15 2163.50 0.079 0.772 0.528 1.132 1.133 0.991
3 0.5 4.3 160 724.89 0.065 0.462 0.332 0.641 0.648 0.549
3 1.0 0.0 290 956.52 0.065 0.484 0.373 0.736 0.739 0.697
3 1.0 4.3 293 746.85 0.071 0.469 0.337 0.649 0.652 0.547
3 2.0 0.0 298 991.23 0.060 0.462 0.332 0.749 0.751 0.699
3 2.0 4.3 138 919.10 0.065 0.460 0.341 0.739 0.745 0.693
3 4.0 0.0 268 940.71 0.065 0.525 0.492 0.728 0.733 0.715
3 4.0 4.3 297 958.48 0.058 0.457 0.328 0.744 0.746 0.692
3 CA∗ 0.0 296 762.45 0.062 0.478 0.342 0.652 0.659 0.555
3 CA∗ 4.3 271 918.00 0.059 0.464 0.344 0.737 0.741 0.690
4 0.5 0.0 271 954.86 0.059 0.460 0.334 0.747 0.748 0.697
4 0.5 4.3 283 865.33 0.064 0.497 0.458 0.706 0.711 0.697
4 1.0 0.0 245 847.56 0.074 0.613 0.407 0.699 0.757 0.577
4 1.0 4.3 225 893.50 0.083 0.509 0.453 0.725 0.730 0.690
4 2.0 0.0 300 1172.13 0.079 0.673 0.471 0.834 0.839 0.691
4 2.0 4.3 210 931.71 0.054 0.463 0.335 0.738 0.743 0.688
4 4.0 0.0 297 1066.46 0.069 0.507 0.372 0.794 0.794 0.739
4 4.0 4.3 200 907.99 0.066 0.500 0.434 0.722 0.726 0.691
4 CA∗ 0.0 292 1117.86 0.080 0.757 0.505 0.803 0.874 0.656
4 CA∗ 4.3 259 844.13 0.060 0.496 0.518 0.693 0.700 0.710
6 0.5 0.0 300 961.78 0.052 0.453 0.333 0.744 0.745 0.697
6 0.5 4.3 291 878.62 0.058 0.517 0.464 0.707 0.713 0.698
6 1.0 0.0 287 962.88 0.060 0.457 0.326 0.744 0.747 0.695
6 1.0 4.3 210 881.09 0.071 0.494 0.469 0.719 0.722 0.695
6 2.0 0.0 286 957.37 0.054 0.471 0.336 0.742 0.746 0.693
6 2.0 4.3 178 891.66 0.069 0.503 0.444 0.704 0.708 0.706
6 4.0 0.0 25 1323.98 0.077 0.591 0.420 0.861 0.863 0.760
6 4.0 4.3 296 909.55 0.068 0.530 0.477 0.710 0.714 0.710
6 CA∗ 0.0 290 996.68 0.057 0.505 0.370 0.762 0.763 0.702
6 CA∗ 4.3 211 903.19 0.055 0.462 0.367 0.734 0.738 0.694

∗ CA denotes Cost Annealing.
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B.4 Latent Space Visualization

In this appendix, we provide additional visualizations of the latent space learned by
the models under the IIV setting. We present UMAP projections of the learned initial
condition for all test samples. This is done only for the best performing hyperparameter
configuration for each model variant, as determined by the best validation loss.

B.4.1 CLODE β Kernel

Figure B.1: Spearman rank correlation between latent dimensions zN−1 and ground-
truth physiological parameters on the IIV dataset.

Figure B.2: UMAP 2D projection of the latent space zN−1 per physiological parameters
on the IIV dataset.



104 APPENDIX B. ADDITIONAL EXPERIMENTAL MATERIAL

B.4.2 CLODE Dirac Impulse

Figure B.3: Spearman rank correlation between latent dimensions zN−1 and ground-
truth physiological parameters on the IIV dataset.

Figure B.4: UMAP 2D projection of the latent space zN−1 per physiological parameters
on the IIV dataset.
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B.4.3 Latent ODE-RNN

Figure B.5: Spearman rank correlation between latent dimensions zN−1 and ground-
truth physiological parameters on the IIV dataset.

Figure B.6: UMAP 2D projection of the latent space zN−1 per physiological parameters
on the IIV dataset.
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B.5 Model Predictions Across Training Epochs

In this appendix, we provide visualizations of the model predictions across training epochs
for a randomly selected validation patient (patient 392). Each 50 epochs, we plot the
model’s predictions for the 24-hour extrapolation window. For the sake of readability, we
only present the results for the best performing hyperparameter configuration for each
model variant, as determined by the best validation loss.

B.5.1 CLODE β Kernel

(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.7: No-IIV setting. Training progression of CLODE (β-kernel) on the IIV
dataset. Each panel shows for a training epoch : (i) the factual prediction (purple) with
90% prediction interval against the ground truth (red) ; (ii) the latent dynamics, starting
from the estimated latent initial condition zN−1 (posterior mean), including the control
inputs ; (iii) the latent dynamics, starting from 0 (prior mean), without control inputs.
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(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.8: IIV setting.Training progression of CLODE (β-kernel) on the IIV dataset.
Each panel shows for a training epoch : (i) the factual prediction (purple) with 90%
prediction interval against the ground truth (red) ; (ii) the latent dynamics, starting from
the estimated latent initial condition zN−1 (posterior mean), including the control inputs
; (iii) the latent dynamics, starting from 0 (prior mean), without control inputs.

B.5.2 CLODE Dirac Impulse

(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.9: No-IIV setting. Training progression of CLODE (Dirac impulse) on the
IIV dataset. Each panel shows for a training epoch : (i) the factual prediction (purple)
with 90% prediction interval against the ground truth (red) ; (ii) the latent dynamics,
starting from the estimated latent initial condition zN−1 (posterior mean), including the
control inputs ; (iii) the latent dynamics, starting from 0 (prior mean), without control
inputs.
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(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.10: IIV setting.Training progression of CLODE (Dirac impulse) on the IIV
dataset. Each panel shows for a training epoch : (i) the factual prediction (purple) with
90% prediction interval against the ground truth (red) ; (ii) the latent dynamics, starting
from the estimated latent initial condition zN−1 (posterior mean), including the control
inputs ; (iii) the latent dynamics, starting from 0 (prior mean), without control inputs.

B.5.3 Latent ODE-RNN

(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.11: No-IIV setting. Training progression of Latent ODE-RNN on the IIV
dataset. Each panel shows for a training epoch : (i) the factual prediction (purple) with
90% prediction interval against the ground truth (red) ; (ii) the latent dynamics, starting
from the estimated latent initial condition zN−1 (posterior mean), including the control
inputs ; (iii) the latent dynamics, starting from 0 (prior mean), without control inputs.
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(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.12: IIV setting.Training progression of Latent ODE-RNN on the IIV dataset.
Each panel shows for a training epoch : (i) the factual prediction (purple) with 90%
prediction interval against the ground truth (red) ; (ii) the latent dynamics, starting from
the estimated latent initial condition zN−1 (posterior mean), including the control inputs
; (iii) the latent dynamics, starting from 0 (prior mean), without control inputs.

B.5.4 ODE-LSTM

Note that the performance of the ODE-LSTM might seem surprisingly poor. We believe
that the model convereged to a local minimum, consisting of predicting a flat trajectory
with large uncertainty. This is supported by the training progression visualizations, which
show that the model quickly learns to predict a flat trajectory, and then struggles to escape
this local minimum.

When we shift to a one-step ahead prediction task, the ODE-LSTM performs much better,
as illustrated in Figure B.15.
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(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.13: No-IIV setting. Training progression of ODE-LSTM on the no-IIV
dataset. Each panel shows for a training epoch : (i) the factual prediction (purple) with
90% prediction interval against the ground truth (red) ; (ii) the predicted uncertainty
σ(t) (yellow).

(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.14: IIV setting.Training progression of ODE-LSTM on the IIV dataset. Each
panel shows for a training epoch : (i) the factual prediction (purple) with 90% prediction
interval against the ground truth (red) ; (ii) the predicted uncertainty σ(t) (yellow).



B.5. MODEL PREDICTIONS ACROSS TRAINING EPOCHS 111

(a) Epoch 50 (b) Epoch 100

(c) Epoch 150 (d) Epoch 200

(e) Epoch 250 (f) Epoch 300

Figure B.15: IIV setting. One-step ahead prediction.
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Resources L S -
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C.2 Example 2.2.2 : Additional Material

Figure C.1: Marginal posterior distributions an chain traceplots of the Lotka-Volterra
parameters.
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C.3 Example 2.3.1 : Additional Material
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Figure C.2: Derivative analysis on the Baseline sample. The left (right) column is for
the prey (predator) population. The first row represent raw time series and ground truths.
The remaining rows present derivative estimations according to several methods.
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