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Introduction

The quantum Yang-Baxter equation is a statistical mechanics equation named after two
physicists, Chen Ning Yang (1922-2025) and Rodney James Baxter (1940-2025). The
equation first appeared in the late sixties, in Yang’s research on a statistical mechanics’
problem. He faced to the equation when he was trying to determine the wave function
in the one-dimensional N-body problem in [44]. On the other hand, in [6], Baxter
developed the solutions of vertex models, which are physics models used to study the
theory of statistical mechanics and integrable systems. He noticed that these solutions
have a really similar structure to the one of the equation introduced by Yang a few years
earlier.

A solution of the quantum Yang-Baxter equation is a bijective linear map
R:VRV-=VRYV,
where V' is a vector space, such that
RisR13Ro3 = RasRi3Rao,

where R;;: V@V @V - V@V ®V acts as R on the (i,7) term and as the identity
on V on the remaining term. For instance, the map Ri2: V@V RV -V VeV
is defined by R1s = R ® idy. From a physical point of view, this equation guarantees
the coherence of the exchanges. If you have three particles that interact two by two
following rules from the definition of R, the final outcome does not depend on the order
of the interactions.

Beyond the interest of studying the Yang-Baxter equation in physics, many mathemat-
ical fields have been enriched by the search of solutions of the equation. During the last
decades, many new links have been discovered between this theory and, for example,
knot theory, low-dimensional topology, combinatorics, group theory and ring theory, see
for instance [4], [23].

The study of solutions is a major open problem. Since the class of linear solutions is
wide, it is out of the reach of mathematicians for the moment. In 1992, in [21], Drinfeld
suggested to classify and study the set-theoretic solutions of the Yang-Baxter equation,
i.e. solutions on a basis of the vector space V. Hence, a set-theoretic solution of the
Yang-Baxter equation is a pair (X, r), where X is a non-empty set and r: X x X — X x X



a map such that
(r xidx)(idx x r)(r x idx) = (idx x r)(r x idx)(idx x 7).

Following that idea, Weinstein and Xu, in [43], built set-theoretic solutions by using
Poisson Lie groups, Lie algebras and quasitriangularity. Etingof, Schedler and Soloviev,
in [22], looked at set-theoretic solutions satisfying some criteria: the involutive non-
degenerate solutions. If we write the components of the map r as r(x,y) = (0,(y), 7y(z)),
where o, and 7, are maps from X to itself for each xz,y € X, we say that a solution
is non-degenerate if, for each x € X, the maps o, and 7, are bijective. Moreover, a
solution is involutive if r* = idx«y. Gateva-Ivanova and Van den Bergh, in [24], focused
on involutive solutions.

In 2007, Rump, in [39], defined the new algebraic structure of left braces and he proved
that involutive non-degenerate set-theoretic solutions correspond exactly to left braces.
Since one is naturally interested in expanding our class of solutions, in [29], Guarnieri
and Vendramin extended the concept of (left) braces to the one of skew (left) braces to
study the class of (non-degenerate) not necessarily involutive set-theoretic solutions of
the Yang-Baxter equation.

A skew left brace is a set A endowed with two binary operations o and + such that
(A,0) and (A, +) are groups. These operations must satisfy a left distributive iden-
tity:

ao(b+c)=aob—a+aoc.

A skew brace morphism is a map between skew braces that preserve each of the opera-
tions of the skew brace. These algebraic structures and their morphisms form a category,
denoted by SKB, that is actually a variety of universal algebras. Indeed, the definition of
a skew brace refers to a set equipped with operations that verify some specific identities,
which is exactly what makes it possible to see SKB as a variety of universal algebras. We
noticed that skew braces have many common properties with the algebraic structure of
groups. On the other hand, the concept of semi-abelian category captures the properties
of the category Grp of groups. Indeed, semi-abelian categories were introduced by G.
Janelidze, L. Marki and W. Tholen, in [32], as a non-additive counterpart of abelian
categories. One of the advantages of the introduction of this notion is that it covers
several important types of algebraic structures, such as the categories of groups, rings
and Lie algebras, and many more. Note that in a semi-abelian category the classical
isomorphism theorems and homological lemmas hold true, and can be proved by using
an abstract and simple approach.

In 1990, D. Bourn introduced the notion of protomodular category [11], that is at the
heart of the definition of semi-abelian category. However, the protomodular context is
not sufficient to develop homological algebra, where the Short Five Lemma, the 3 x 3
Lemma, the Snake Lemma or the Noether Isomorphism Theorems are often needed
for the development of the theory. For this, the regularity and the pointedness of the
category are also necessary, naturally leading to the notion of semi-abelian category,



where the additional property of (Barr-)exactness [5] is required. This sets the definition
of a semi-abelian category, i.e. a pointed, exact, protomodular category with binary
coproducts. The reason why they named it a semi-abelian category comes from the fact
that, in this type of categories, it is possible to define a categorical notion of semi-direct
product, and also from the result asserting that a category C is abelian if and only if the
categories C and C° are semi-abelian.

The category SKB of skew braces is a remarkable example of a semi-abelian cate-
gory. It is even a strongly protomodular category [10], which gives a very suitable
context to develop commutator theory, as in the categories of groups and of Lie alge-
bras.

This thesis is structured in the following way. In Chapter 1, we define the notion of
skew brace and we give some of its fundamental properties. For instance, we define
and examine its substructures. We also establish the link between this new algebraic
structure and some related algebraic structures as radical rings and (left) braces. In
Chapter 2, we look at the Yang-Baxter equation and its set-theoretic solutions. We
analyze how skew braces provide a wider range of solutions than the other algebraic
structures developed earlier. Moreover, we briefly introduce the concept of shelves and
racks and explain the link between set-theoretic solutions and these algebraic structures.
Finally, in Chapter 3, we consider skew braces from a categorical point of view. We first
recall some notions of category theory and universal algebra that we carefully examine
in the category of skew braces. We prove that SKB is a semi-abelian category that is
also strongly protomodular. We link these general categorical properties to some more
concrete aspects of the algebraic structure of skew brace.

In a few words, the aim of this thesis is to consider two different approaches to the
structure of skew braces, i.e. the algebraic and categorical points of view, to compare
them and to observe how each perspective contributes to improve our understanding of
the richness of this structure. Moreover, we keep in mind the origin of the structure and
we explore its links with the Yang-Baxter equation.
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Chapter 1

Skew braces

In this chapter, we study the structure and the properties of skew braces. Since this con-
cept is quite new in the world of mathematics, there is no universal notation and language
to express this theory. We adopt the notations in the book [18].

1.1 Definition and properties

For this section, we principally refer to the Chapter 8 of the book [18] written by Ferran
Cedo and Leandro Vendramin.

We first define a skew brace and give some properties and examples. Informally, a skew
brace is a set equipped with two group structures such that the distributivity of one
with respect to the other differs from the classical one.

Definition 1.1. A skew left brace is a triple (A,+,0) where (A,+) and (A, o) are (not
necessarily abelian) groups such that, for all a, b, ¢ € A, we have the left distributive
identity

ao(b+c)=(aob)—a+ (aoc).

With respect to the multiplicative operation o, one writes a’ for the inverse of a € A and
1 for its neutral element. Similarly, for the additive operation +, one writes the inverse
of a € A as —a and the neutral element as 0.

Since the multiplication is the higher order of operations, the identity in the definition of
skew left braces can be simply written as ao(b+c) = aob—a+aoc.

Skew (left) braces can actually be considered as a generalization of radical rings, that
were developed in the 1940s. We will investigate this claim in Subsection 1.4.3.

One defines a skew right brace in a similar way by requiring the right distributive con-
dition instead of the left one, i.e., for all a, b, c € A,

(a+b)oc=aoc—c+boc.

11



Proposition 1.2. There is a bijective correspondence between skew left braces and skew
right braces.

Proof. Let (A, +,0) be a skew left brace. We can define the following operations

+:AxA— A(a,b)—~b+a
and

6:AxA— A (a,b)—boa.
The triple (A, +,0) is a skew right brace. Indeed, (A,+) and (A,3) are groups since
(A,+) and (A, o) are groups. Moreover,

(a+b)oc =co (b+a)
=cob—c+coa

= adc—c+bde.

On the other hand, given a skew right brace (A, +,3), we apply exactly the same rea-
soning as before and we find a skew left brace (A, +, o).

These two identifications are inverses of each other such that one obtains the one-to-one
correspondence between skew left braces and skew right braces. O]

A skew left brace is usually called a skew brace.

There is a natural notion of morphism of skew braces:

Definition 1.3. A map f: A — B between two skew braces A and B is a skew brace
morphism if f(zoy) = f(x)o f(y) and f(x +y) = f(z) + f(y), for all 7,y € A.

The skew braces and their morphisms will form a category, denoted by SKB, which
will be studied in details in Chapter 3. Considering that fact, the previous proposi-
tion provides actually an isomorphism of categories between the category of skew left
braces, SKB, and the one of skew right braces, RSKB. We denote the set of skew brace
morphisms between A and B by Homgkg(A, B).

Remark 1.4. Since we use the symbol o for the multiplication of a skew brace, the
composition of two composable morphisms f: A — B and ¢g: B — C will be written
gf, in the first two chapters of this thesis.

Lemma 1.5. Let (A,+,0) be a skew brace. Then 0 = 1, where 0 is the neutral element
of the addition and 1 is the neutral element of the multiplication.

12



Proof. The left distributive condition of a skew brace states that
ao(b+c)=aob—a+aoc,

for all a,b,c € A. Take c=1. Thenao(b+1) =aob—a+aol =aob—a+a=aob.
Since the neutral element for the addition 0 is unique, one obtains that 0 = 1. O

Considering this lemma, the category SKB has a zero object, {0}, implying that the cate-
gory is pointed, as explained with more details in Subsection 3.1.2.

The kernel of a morphism f: A — B is ker(f) = {a € A| f(a) = 0} and its image is
Im(f) ={be€ B|3a € A such that b= f(a)}.

As in the case of groups, the condition ker(f) = {0} is equivalent to the injectivity of
the morphism f.

Lemma 1.6. A skew brace morphism f: A — B is injective if and only if
ker(f) = {0}.

Proof. "=" Let x € ker(f). Then f(z) =0 = f(0). Since f is injective, x = 0.
'<" Let z,y € A such that f(x) = f(y). Then

f@)=fly) =0 flz—y) =0,
which implies that
r—yecker(f)={0}er-—y=0z=1.

Therefore, f is injective. O

An isomorphism of skew braces is the same as a bijective skew brace morphism. An
automorphism of a skew brace A is an isomorphism from the skew brace A to itself.
We write Autskp(A) to denote the group of skew brace automorphisms of A. Two skew
braces A and B are isomorphic if there exists an isomorphism f: A — B. In this case,
we write A = B.

To become more familiar with the structure of skew braces, we introduce some exam-
ples.

Example 1.7. The first simple example of a skew brace is the triple (A4, +,+) with
(A, +) a group (not necessarily abelian). We check that the left distributive condition
is satisfied. Let a, b, c € A. Thenao(b+c¢) =a+ (b+c¢)andaob—a+aoc =
a+b—a+a+c=a+ b+ c. Since the additive operation is associative, the condition
is verified and the triple is a skew brace.
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Example 1.8. Let (A, +4,04) and (B, +p, op) be skew braces. Then the product Ax B
endowed with the operations defined, for all (a,b), (a1,b;) € A X B, by

(a, b) + (al,bl) = (CL +a al,b+B bl) and (a,b) ¢} (a,l,b1> = (a 04 al,boB bl)

is also a skew brace. Being stable under product is actually true for any variety of
finitary algebras. In Section 3.1.1, we introduce this concept and prove that SKB is
indeed a variety of finitary algebras.

These first two examples were still abstract. We can consider a well-known group, the
symmetric group of order six, and build a skew brace from it.

Example 1.9. Let’s take the symmetric group A = (Sym(3),+) of order six with its
natural operation of composition written additively. One defines the second operation
in the following way. First, one looks at the map A\: A — Aut(A), A(a) = A, defined on
elements as follows:

)\id:)\(123) :)\(132) =id ;

A(12) = A(13) = A(2 3) = conjugation by (23).
The multiplication on Sym(3) is defined by setting a o b = a + A, (b), for a,b € Sym(3),
which forms a cyclic group of order six generated by (12). It remains to prove that

(Sym(3),+,0) is a skew brace, i.e. to prove the left distributivity. Let a,b,c € Sym(3).
On one hand, since A, is an automorphism of the group A,

ao(b+c)=a+A(b+c)=a+ A(b) + Aa(c).
On the other hand,

aob—at+aoc=a+ A(b) —a+a+ A(c) =a+ (D) + Aa(c).

Definition 1.10. Let x be a family of groups. A skew brace A is said to be of x-type
if its additive group belongs to x.

Example 1.11. The skew braces of abelian type are the skew braces with an abelian
additive group. In Section 1.5, we will establish the link between that type of skew
braces and the notion of left braces introduced by Rump. Moreover, the Theorem 2.14
will prove that the solution of the Yang-Baxter equation associated to a skew brace of
abelian type is involutive.

The following example gives us a general way to build some concrete examples of skew
braces.
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Example 1.12. Let A be an additive group, B and C be subgroups of A such that
BNC ={0}and A = B+, i.e. A admits an exact factorization through the subgroups
B and C'. Each a € A can be written uniquely as a = b + ¢ for some b € B and ¢ € C.
We define the bijective application

f: BxC%?— A (bc)—b+ec,

where (C°P,+°P) is the group with the elements of C' and with the operation +° such
that, for all ¢1,co € C, ¢ +°P ¢ = ¢3 + ¢;. We also define the operation o: A x A — A
by setting aoa; = f(f*(a) + f~'(a;)). With that operation, (A, o) is a group. Let
a=b+c, ag =b+c forb,by € Band c,c; € C. Then we can write the operation o as

aoa; = f((b,c) + (b1,c1)) = f(b+bi,e1+¢)=b+by+c1+c=b+a +ec.
If z,y € A, then

aor—a+aoy=bt+z+c—(b+c)+b+y+c
=bt+rx+y+tc
=ao(x+y).

This allows us to conclude that (A, +,0) is a skew brace.

For instance, we can apply that structure of examples to the group GL,(C), for some
positive integer n.

The next lemma gives some useful results for the computations with skew braces and
its left distributive identity.

Lemma 1.13. Let A be a skew brace. Then the following properties hold:

1. ao(=b+c)=a—(aob)+ (aoc) Va,bce A;

2. ao(b—c)=(aob)—(aoc)+aVa,b,ce A
Proof. The left distributive condition implies that ao (b+¢) =aob—a+ aoc, for all
a,b,c € A.

1. Onesetsd =b+c. Thenaod =aob—a+ ao(—b+ d), which is equivalent to
ao(—=b+d)=a—(aob)+ (aod).

2. One sets d = b+ c. Then aod = ao(d—c¢) —a+ ao ¢, which is equivalent to
ao(d—c)=(aod)—(aoc)+a.

]

15



From the point 1 of the previous proposition, we obtain that, for all a,b in a skew brace
<A7 _'_7 O)?
ao(—=b)=a—(aob)+aol0=a—aob+a.

Proposition 1.14. Let A be a skew brace. For each a € A, the map
A: A= Ab— —a+ (aob)

is an automorphism of (A,4). Moreover, the map \: (A o) — Aut(A,+) defined by
Aa) = N\, is a group homomorphism.

Proof. First, one proves that, for all a« € A, A\, € Aut(A4,+), i.e. A, is bijective and
preserves the additive structure. Let a € A. One defines the inverse of \,, denoted by
AL, by setting A;1(b) = @’ o (a + b). This map is the inverse of \, since, for all b € A,
by associativity of the operations o and +,

XAy (b) = Aa(a' © (a+ b))
=—a+(ao(d o(a+Db)))
=—a+ ((aod)o(a+b))
=—a+(a+b)
=0,

and

A7 A (b) =

a

A (—a+(aob))
a'o(a+(—a+(ach)
=d'o((a+(=a))+(aob)
a'o(ao
b.

O

O

b)

It remains to prove that A\, preserves the structure of the addition, i.e.
Aa(b+ ) = A (b) + Aa(c),
for all b,c € A. Indeed, by the left distributive condition of a skew brace,

Aa(b+¢)=—a+ao(b+c)
=—a+aob—a+taoc

= )\a(b) + )‘a(c)'

Next, one shows that the map A: (A,0) — Aut(A,+) is a group homomorphism. For

16



all a,b € A, one can rewrite the definition of \,(b) by A\, (b) = ao (a’ +b). Indeed,
ao(a+b)=aocd —a+aob=—a+aob=X\(b).
Then, for all a,b,c € A,

Aa(Mp(€)) = Aa(bo (V' +¢))
=—a+aobo(V+c)
=—a+aobob —aob+aoboc
=—aob+4+aoboc
= Aaob(€)-

It follows that A is a group homomorphism. O

Remark 1.15. With the definition of the map A, the operation o can be written in
terms of the operation + and conversely. Indeed, for all a,b € A, aob = a + A\, (b),
a+b=ao)'(b) =ao\s(b) and \,(a') = —a.

Remark 1.16. Let a € A. If one writes id4 for the identity map on A, then

Ao =1dg &V e A N (2) =2
sSVreA —a+(aox)==x
SVreAaox=a+x.

So, ker(A) ={a € A| N\, =ida} ={a € A|Vx € A;aox = a+ x} is a normal subgroup
of (A, o).

Considering the Proposition 1.14, for a skew brace A, the map A yields a left action from
(A,0) on (A, +) by automorphisms.

We can also define a right action of (A, o) on the set A.
Proposition 1.17. Let A be a skew brace. For all a € A, the map
pa: A— A, b N(a) oboa
is bijective. Moreover, the map
p: (A 0) = Sym(A), a v pq

satisfies, for all a,b € A, the identity ppita = faob-

In the previous statement, the notation Sym(A) denotes the symmetric group of A, i.e.
the group of bijective maps from A to A. We now prove this proposition.
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Proof. By definition of A\, we get another way to define y,(b) for a,b € A:
pa(b) = Xp(a) cboa=(bo (b +a))oboa=(b+a) oa.
From this definition of p,, we can deduce its inverse map:
pa'(0) = ((boa) —a) = (a0l —a) = (a0t +a)) =¥ +d)od.
We can easily check that j, and p; ' are inverses of each other.
Finally, for all a,b,c € A,
1o (palc)) = mo((c +a) o a)
=(a'o(d +a)+b)ob
=(dod —d +b)ob
=(do(d4+aob))ob
=(d +aob)oaod
- Maob(c)-
O
The previous proposition also implies that u is a right action of (A,0) on A. Those

two group actions (A and p) will be meaningful in the framework of solutions of the
Yang-Baxter Equation associated to skew braces.

The map A gives a characterization of the maps that are skew brace morphisms. We

describe it in the following lemma.

Lemma 1.18. Let A and B be skew braces. A map f: A — B is a skew brace morphism
if and only if f(aob) = f(a)o f(b) and f(Aa(b)) = Asay(f(b)) for all a,b e A.

Proof. "=" Let a,b € A. The equality f(aob) = f(a)o f(b) follows by definition of skew
brace morphism. For the second one,

F(Qa(0)) = f(=a+ (aob)) = —f(a) + (f(a) o f(b)) = Ay (f (D)),
by definition of skew brace morphism and of the map A: (A4,0) — Aut(A4, +).

'<" Let a,b € A. We just have to prove that, for all a,b € A, f(a+b) = f(a) + f(b).
The addition operation can be expressed in terms of the operation o and the map A (by

18



Remark 1.15), hence we get

]

The same lemma with the condition f(a + b) = f(a) 4+ f(b) instead of the condition
flaob) = f(a)o f(b) also holds.

Now, we introduce another type of skew braces that will be useful for the study of
solutions of the Yang-Baxter Equation.

Definition 1.19. A skew brace A is said to be a two-sided skew brace if
(a+b)oc=aoc—c+boc,

for all a,b,c € A.

Hence, a two-sided skew brace is a skew (left) brace that is also a skew right brace. Let
us see some examples of this special type of skew braces.

Example 1.20. The Example 1.7 of skew brace (A, +,+) is in fact a two-sided skew
brace. Indeed, for all a,b,c € A,

(a+c)—c+(b+c)=a+(b+c)=(a+b)+c,

by associativity of the addition.

Example 1.21. Any skew brace with abelian multiplicative group is two-sided. Let
(A,+,0) be a skew brace such that (A,o) is abelian. Then, for all a,b,c € A, by
commutativity of the multiplication and by the left distributive condition of the skew
brace,

(a+b)oc=co(a+b)=coa—c+cob=aoc—c+boc.

The next example was inspired by Mara Pompili’s thesis, see [37, Examples 1.5].

Example 1.22. Let Z/nZ be the cyclic group of n elements endowed with the natural
addition + of Z/nZ. One defines the second operation as follows: for all a,b € N,

aob=(—1)a+b.

19



Then (Z/nZ,+,0) is a two-sided skew brace if and only if n € {1,2,4}.

Indeed, (Z/nZ,o) is a group. Let us check that the operation o is associative. Let
a,b,c € N: on one hand,

(aob)oc=(=1)%(aob)+c
= (1) ((-1)’a+b) +c
= (=1D)"a+ (=1)b +c.
On the other hand,
ao(boc)=(=1)"a+(boc) (1.1)

— (=)D 4 (—1)°b + e (1.2)

In order to have the equality between the two terms, we need to check the sign of the
terms (—1)("D*¢ and (—1)“t. If ¢ is even, the sign of (—1)(=V*¢ is the same as the
sign of (—1)¢™? because (—1)¢b+c = c+b. If cis odd, one gets that (—1)°b+c = —b+c.
So, the sign of (—1)°** is equal to the sign of (—1)("V%+¢ = (—1)7b*¢ if and only if

= —b mod 2, which is always satisfied. Therefore, the operation o is associative.
Moreover, the operation o has a neutral element: 0. Indeed, 0o b = (—1)’0 + b = b and
ao0=(—1)% +0 = q, for every a,b € N. Finally, every element has an inverse. Let
a € N. If a is even, its inverse is —a. Indeed,

ao(—a)=(-1)"%% 4 (-a) = a+ (—a) =0,

and
(—a)oa=(-1)(—a)+a=—-a+a=0.

If a is odd, its inverse is a:

aoca=(—1)a+a=—-a+a=0.

Moreover, we check the distributive conditions of the definition of a two-sided skew
brace. Let a,b,c € N.

For the left distributive condition, we have
ao(b+c)=(—-1)"a+b+c,
and, on the other hand,

aob—a+aoc=(-1)a+b—a+ (-1 +c
=((-1)" =1+ (=1)a+b+c

20



We get the left distributive condition if and only if

()" a+b+c=((-1)" -1+ (=1)a+b+c modn
& (=1 =(=1)" =14 (=1)° mod n.

If b and ¢ are both even and if one is even and the other one is odd, the condition is
verified for all n € N. But when b and ¢ are both odds,

(1) = (=1’ =14+ (=1)° (modn) < 1=-3 (mod n) < n divides 4.

This last statement implies that the triple is a skew left brace if and only if n € {1, 2, 4}.

Now, we check the right distributive condition. First, we have
(a+b)oc=(=1)%a+b)+c,
and, on the other hand,

aoc—c+boc=(—1)a+c—c+(=1)b+c
(=1)(a+0b) +c

Hence, the triple always satisfies the right distributive condition. Therefore, we can
conclude that (Z/nZ,+,0) is a two-sided skew brace if and only if n € {1,2,4}.

The lemma 1.5 has a dual statement for the skew right braces, stated in Lemma 1.23.
Therefore, the two-sided skew braces satisfy these two lemmas.

Lemma 1.23. Let A be a skew right brace. Then the following properties hold:
1. 0=1;
2. (—a+bjoc=c—(aoc)+ (boc), foralla,b,c € A;
3. (a—b)oc=aoc—boc+ec, foralla,b,c€ A.

The proof is similar to the one of the left case.

Therefore, if A is a skew right brace, for all a,b € A,

(—a)ob=b—aob+00b=b—aob+b.

1.2 ldeals

Another important part of the study of an algebraic structure is the definition and prop-
erties of its subobjects and ideals. These two concepts will allow us to state and prove the

21



Noether isomorphism theorems for skew braces. The given definitions are the one men-
tioned by Ferran Ced6 and Leandro Vendramin in their book [18].

Definition 1.24. Let (A, +,0) be a skew brace. Let I be a subset of A.

1. One says that I is a subbrace of A if (I,+) is a subgroup of (A,+) and (I,0) is a
subgroup of (A, o).

2. One says that I is a left ideal of A if (I,4) is a subgroup of (A,+) such that
A(I)C 1 foralla€ A,

3. One says that I is an ideal of A if (I,+) is a normal subgroup of (A,+) and (I,0)
is a normal subgroup of (A, o) such that \o(I) C I for all a € A.

The following proposition gives an equivalence with another definition of an ideal of a
skew brace.

Proposition 1.25. Let (A,+,0) be a skew brace. Let I be a subset of A such that (I,+)
is a normal subgroup of (A,+) and (I,0) is a normal subgroup of (A,o). Then I is an
ideal of A if and only ifa+ 1 =aol foralla € A.

Proof. '=" First, we suppose that I is an ideal of A. Let a € A, ¢ € I. Then, by
definition of ideal, A\,(i) = —a+aoi € I, which means that there exists ¢ € I such that

N(i) =1 & —a+aoi=1
S aoi=a-+1i.

From this, we conclude that, foralla € A, a+ 1 =aoI.
"«<=" Conversely, let a € A, ¢ € I. Then
A(i) =—a+(aoi) = —a+ (a+1iy) = —a+i; +a,

for some ig,4; € I since a +1 = ao I and (/,+) is a normal subgroup of (A4, +). Again
by the normality of (I,+), —a+ i, +a € I, so A\, (i) € I. O

Proposition 1.26. A left ideal I of a skew brace A is a subbrace.

Proof. We just need to prove that (I, 0) is a subgroup of (A, o). First, I is non empty
since it is an additive subgroup of A.

Let x,y € I. Then zoy = x4+ A, (y) € [+1 C I, since A\, (I) C I for all x € A, moreover,
' = =AMy (z) € I. From this, we can conclude that I is a subbrace of A. O

Proposition 1.27. Let S be a set.
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1. Let{By}acs be a family of subbraces of a skew brace A. Then Nyeg Ba is a subbrace
of A.

2. Let {I,}aes be a family of ideals of a skew brace A. Then Nyes Io s an ideal of
A.

Proof. 1. For all &« € S, B, is a subgroup of (A,+) and (A, o). Therefore, N,cs Ba
is a subgroup of (A, +) and (A, o) and hence a subbrace of A.

2. For all @ € S, I, is a normal subgroup of (A, +) and (A, o). Therefore, N,cg la
is a normal subgroup of (A, +) and (A, o). The last thing to show is that, for all
a€ A,

)\a<ﬂ Ia> L

aeS aesS

Let a € A,x € Nyeg La- Then, for all a € S, x € I, which implies, since each I,
is an ideal, that A\,(z) € I,. Hence, A\y(z) € Nyes Lo and Naeg Lo is an ideal of A.

]

Definition 1.28. Let I and J be subsets of A. We define

I+J={i+jliel,jeJ}andloJ={iojliel,je J}.

Lemma 1.29. Let A be a skew brace, B a subbrace of A and I an ideal of A. The
following properties hold:

1. B+1=Bol;
2. B4+ 1= Bol is a subbrace of A;
3. if B=J is an ideal of A, then J+ 1 = J oI is an ideal of A.

Proof. 1. We clearly have that B+ 1 = Upecp b+ 1 and Bo I = Jyepbo I. But, for
allbe B, b+ 1 =bol since I is an ideal. Therefore,

B+I=|Jb+I=|Jbol=Bol.

beB beB

2. Since (B + I,+) is a subgroup of (A,+) and (B o I,0) is a subgroup of (A4, o),
(B + 1,4+, 0) is a subbrace of A.

3. Let a € A. We prove that J + I is a normal subgroup of A such that ao (J+1) =
a+ (J+1I) for all a € A. First, by 2, one knows that J + I is a subbrace of A.
Moreover, let a € A,i € I,5 € J. Since J and I are ideals of A, it follows that

a+(j+i)—a=a+j—a+a+i—aecJ+1I.
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Hence, J + I is a normal subgroup of A. Now, let a € A, by the first point of this
proposition, by the Remark 1.15 and since I and J are ideals of A,

ao(J+I)=ao(Jol)

()

= U(aoj)o]

jeJ

= U@+ M) ol
= Ula+Aal) +1)

Ca+ (J+1).

In a similar way, we obtain that a + (J +1) Cao (J+I).

For a skew brace A and an ideal I of A, one considers the canonical quotient map
mr: A— Al

defined by m7(a) =a+ 1 =aol, for a € A.

Lemma 1.30. Let A be a skew brace and let I C A be an ideal. Then I and A/I are
skew braces.

Proof. By definition of an ideal, I is a normal subgroup of (A, +) and (A4, o). Since I is
a subset of A and the left distributive condition is satisfied for every element of A, it is
also satisfied for every element of I. Then I is a skew brace.

On the other hand, since a + I = a o [ for all a € A, the quotient groups A/I for
both operations + and o are the same, and then A/ is a skew brace with the naturally
induced operations:

ot AJI x AJI - AJI,(aol,bol)— (aob)ol,
+,: AJI < AJT = AJI (a+ 1,0+ 1) (a+b)+ 1.
[l

The next proposition gives an insight of a categorical property of skew braces, which is
that ideals are exactly the normal monomorphisms (i.e. kernels). The precise statement
and proof of this correspondence are given in Lemma 3.15.
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Proposition 1.31. Let f: A — B be a skew brace morphism.
1. The image of f, Im(f), is a subbrace of B.
2. The kernel of f, ker(f), is an ideal of A.

3. FEvery ideal is the kernel of a skew brace morphism.
A ! /B
Im(f)

Proof. 1. Let by,bs € Im(f). Then there exist aj,ay € A such that f(a;) = by and
f(az) = by. One first shows that (Im(f),+) is a subgroup of (A, +). Indeed,
bi + by = f(a1) + flaz) = f(a1 + a2), =by = —f(a1) = f(—a1) and 0 = [(0).
Similarly, (Im(f), o) is a subgroup of (A, o).

2. The kernel of f is a normal subgroup of (A, +) and (A4, o). Indeed, let z,y € ker(f)
and a € A, then f(zoy') = f(z)o f(y) =0 and

f(d oxoa)=f(a) o f(x) o f(a) = f(a) o f(a) = 0.

Hence, ker(f) is a normal subgroup of (A,0). On the other hand, f(z —y) =

f(@) = f(y) = 0and fla+z—a) = fla) + f(z) = fla) = fla) = fla) =0, so
ker(f) is a normal subgroup of (A, +).

Moreover, let a € A, x € ker(f), by Lemma 1.18,

F(Aa(®)) = Ap)(f (@) = Ap(a)(0) = 0.

So A.(z) € ker(f). It means that A\,(ker(f)) C ker(f). One concludes that ker(f)
is an ideal of A.

3. Let I be an ideal of a skew brace A. One considers the canonical projection
mr:A—A/l,a—aol.
By construction, I = ker(w;). Moreover, 7y is a skew brace morphism: let a,b € A,
mr(aob) = (aob)ol = (aol)o(bol)=m(a)om(b),

m(a+b)=(a+b)+1=(a+1)+ (b+1)=m(a)+ m(b).

Hence, the ideal I is the kernel of the skew brace morphism ;.
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1.3 Isomorphism theorems

We now prove the Noether isomorphism theorems for skew braces. The proofs are based
on [37].

Theorem 1.32. Let f: A — B be a skew brace morphism. Then

A/ ker(f) = Im(f).

Proof. The objective is to build an isomorphism
¢: A ker(f) — Im(f).

We define ¢(a + ker(f)) = f(a). We have to prove that ¢ is well defined, a skew brace
morphism, injective and surjective.

1. "¢ is well defined": Let a,b € A such that a + ker(f) = b+ ker(f). Then a — b €
ker(f) and we get

fla=b) =0« fla) = f(b) =0 f(a) = f(b) & dla+ker(f)) = ¢(b + ker(f)).

2. "¢ is a skew brace morphism": Let a,b € A. Then, by definition of ¢ and since f
is a skew brace morphism,

¢ ((a+ker(f)) + (b + ker(f)))

((a + b) + ker(f))
(a +b)
(
(

a) + f(b)
a+ker(f)) + ¢(b + ker(f))

¢
f
f
¢

and

((aob)+ker(f))

(aob)

(a) o f(b)

(a +ker(f)) o od(b+ ker(f)).

¢ ((a+ker(f)) o (b + ker(f)))

¢
f
f
¢

3. "¢ is injective": Let a € A be such that ¢(a + ker(f)) = 0. It implies that
f(a) =04 a € ker(f) < a+ ker(f) = ker(f),

and hence ¢ is injective.

4. "¢ is surjective": Let b € Im(f). Then there exists a € A such that f(a) = b, i.e.
b= ¢(a+ ker(f)) and ¢ is surjective. O
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To illustrate the proof of the second isomorphism theorem, we will draw a diagram
containing short exact sequences. We first recall the notions related to a short exact
sequence in the context of skew braces.

The kernel morphism ker(f) of a morphism f: A — B is a morphism
ker(f): K — A

such that fker(f) = 0 and, for any morphism u: Z — A with fu = 0, there ex-
ists a unique morphism ¢: Z — K such that ker(f)¢ = wu, as in the following dia-
gram.

A
¢>/

Z

B

The cokernel morphism coker(f) of a morphism f: A — B is a morphism
coker(f): B — Q

such that coker(f)f = 0 and, for any morphism v: B — X with vf = 0, there ex-
ists a unique morphism ¢ : @@ — X such that ycoker(f) = v, as in the following dia-
gram.

AL>BC@>)Q
N

¥

X

If p: A — B is a surjective morphism, then p = coker(ker(p)). A short exact sequence
is a diagram

0 K~t-A-"-pB 0
such that k& = ker(p) and p = coker(k). In this thesis, the notation = illustrates a
monomorphism and the notation ——s= a regular epimorphism.

We now state the second isomorphism theorem.

Theorem 1.33. Let A be a skew brace. For every subbrace B of A and every ideal I of
A, there is the following isomorphism

(B+1)/I=B/(BNnI).

Proof. The proof of this theorem is an easy application of the first isomorphism theorem
1.32. One defines a morphism

fiBo (B+I)/I, brsb+1.
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1. "f is a skew brace morphism": Indeed, let b,V € B,
fO+0)=0+V)+I=0+1)+ O +1)=f)+ ),

and
Jbot) = (bol)ol=(bol)o M o) = f(b)o [(¥).

2. "f is surjective": Let b€ B,i € I, then (b+i)+ 1€ (B+1)/I and (b+1i)+1=
b+ = f(b).

3. "ker(f)": ker(f)={be B|f(b)=1} ={be Blb+1=1} =BnNI.
By applying the first isomorphism theorem, one gets that

B/ker(f) = Im(f) & B/(BNI) = (B+1)/I.

The following diagram illustrates the proof, where the rows are short exact sequences:

0—=BNI B 27 0
X |
I
Y

0 I B+1 B 0

We finally prove the third isomorphism theorem.

Theorem 1.34. Let I,J be ideals of a skew brace A such that I C J. Then

A/I

371 AL

Proof. 1t is also an application of the first isomorphism theorem 1.32. One defines a
morphism

fr A/l - A)J,a+1—a+J

1. "f is well defined": Let a,b € A such that a+1 =b+1. Thena—0b € I C J which
implies a + J =b+ J.

2. "f is a skew brace morphism": Let a,b € A. Then
f((a+D)+(b+1)) = f((a+b)+I) = (a+b)+J = (a+J)+(b+JT) = fla+1)+f(b+]).

Similarly, one checks that f((a+ ) o (b+1)) = f(a+1I)o f(b+1I).
3. "f is surjective": Let a € A. Then a+ J = f(a+I).
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4. "ker(f)": We compute the kernel of f as follows:

ker(f)={a+ 1€ AJI|flat)=Jy={a+I1eAfl|at]=1J}
={a+I€A/llacJ}=J/I.

By applying the first isomorphism theorem, it follows that

ki/(% ~ Tm(f) f]‘//f ~ A/J
The following diagram illustrates the proof.
I J J/1
NG
A——s A/l
| A7)
AlJ = 54

1.4 Radical rings

As briefly said, skew braces are a generalization of radical rings. It is interesting to recall
the definition of that notion and to make clear and rigorous the link between these two
algebraic structures.

This section is grounded on [18, Chapter 3].

1.4.1 Jacobson radical of a ring

To get the definition of a radical ring, one first needs to define the Jacobson radical of a
ring. This notion was introduced by Nathan Jacobson in 1945, see [31].

Definition 1.35. Let R be a ring. Let M be an R-module and S a subset of M. The
annihilator of S is

Anng(S) ={a € R|las=0Vs € S}.

Definition 1.36. A module M is simple if M # {0} and if {0} and M are the only
submodules of M.
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Definition 1.37. Let R be a ring. The Jacobson radical of R is defined by

J(R) = N Anng(V).

V' simple R-module

Remark 1.38. Since each Anng(V) is an ideal of R, J(R) is also an ideal of R.
The following theorem and its proof can be found in [18, Theorem 3.2.2].

Theorem 1.39. Let R be a ring and a € R. Then the following are equivalent:
1. a € J(R);
2. a € M, for every mazximal left ideal M of R;
3. R(1 —xa) = R, for all x € R;
4. 1 —xay is invertible, for all x,y € R;
5

. the dual left-right conditions of the fourth previous conditions.
From the previous theorem, one can deduce an equivalent definition of Jacobson radical.

Proposition 1.40. Let R be a ring. Let Max;(R) denote the set of maximal left ideals
of R. Then the Definition 1.37 of Jacobson radical of R is equivalent to

JR = () L

LeMaz(R)

1.4.2 Definition and characterization of radical rings

All the tools presented in the previous subsection enable us to define a radical ring.
Definition 1.41. Let S be a ring without unit. We say that S is a radical ring if it is
isomorphic to the Jacobson radical of a ring (with unit).

The following proposition allows us to characterize radical rings in a more convenient
way. We will see later that this proposition is similar to a proposition Rump proved in
the first steps of the theory of braces.

Proposition 1.42. Let S be a ring without unit (or with unit). Define on S the operation

0:58%xS— S (a,b)—»aob=a+b+ab. Then S is a radical ring if and only if (S, o)
15 a group.
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Proof. "=": If we first assume that S is a radical ring, we want to prove that (5,0) is a
group, i.e. the o operation applied to two elements of S belongs to S, the associativity
of o, the existence of a neutral element for the o operation and of the inverse of each
element of S with respect to the o operation.

1. Let a,b € S. Then aob=a+ b+ ab € S since (5, +, ) is a ring.
2. Let a,b,c € S. Then

(aob)oc=(a+b+ab)oc
=a+b+ab+c+ (a+b+ab)c
=a+b+ab+c+ ac+ be+ abe.

On the other hand,

ao(boc)=ao (b+c+bec)
=a+b+c+bc+alb+c+ be)
=a+ b+ c+ bc+ ab—+ ac+ abe.

Since (S, +,-) is a ring, (S, +) is an abelian group. Hence (aob)oc=ao (boc).

3. The neutral element of the o operation is the same as the neutral element for the
addition of the ring, i.e. e, = 0. Indeed, let a € S, 0oa =0+ a + 0a = a and
aoc0=a+0+ a0 =a.

4. Since S is a radical ring, there exists a ring with unit R such that S = J(R).
Let ¢: S — R be an injective homomorphism of rings without unit such that
Im(v)) = J(R) (which exists since S = J(R)). Then, for a € S, by the Theorem
1.39, since ¢(a) € J(R) and —1 € R, 1+ (a) € R is invertible. So, there exists
¢ € R such that (1 +¢(a))(1 +¢) = (1 +¢)(1 + ¢(a)) = 1. This equality is
equivalent to

L+ et 9(a) +$(a)e = 1 & e = —(a) — Pla)e
Therefore, ¢ = —1(a) — (a)c € J(R) since ¥(a) € J(R) and J(R) is an ideal of
R. But J(R) = Im(%)), so there exists b € S such that ¢(b) = c¢. This implies that

¥(b) = —tp(a) — (a)v(b) < ¥(a) + ¥ (b) + ¥ (a)(b) =0
< Yla+b+ab) =0
S a+b+ab=0,

where the last equality is a consequence of the fact that ¢ is injective. Similarly,
we obtain a + b + ba = 0. The two results together imply that aob =0 =boa,
so b is an inverse for a for the o operation. The uniqueness of b is clear. Indeed, if
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there exists b € S such that a0 b= 0= boa, then

aob=aobsatbt+ab=a+b+absb(l+a)=0b14+a)eb=D0,

since 1 + a is invertible by the condition 4 of Theorem 1.39.
We conclude that (.S, 0) is a group.

"«": Conversely, we first set S' = Z x S endowed with the componentwise addition and
the multiplication defined as follows: for all 2,25 € Z and a,b € S,

(z1,a)(z2,b) = (2129, 210 + z2a + ab).

We can easily check that S is a ring with unit element (1,0). Moreover, {0} x S is an
ideal of S! which is naturally isomorphic to S as rings without unit.

To prove that S is a radical ring, we will show that S = J(S'). For that, we will look
at the maximal left ideals of S'. Let M be a maximal left ideal of S'. Since (S,0) is
a group, for all @ € S, there exists b € S such that a + b+ ab = a + b+ ba = 0, then
(1,a)(1,0) = (1,a+b+ab) = (1,0) = (1,b)(1, a), which means that every element of the
form (1,a), with a € S, is invertible. Suppose that, for a € S, (0,a) ¢ M, then there
exist (z1,¢) € S' and (22,d) € M such that

(21,¢)(0,a)+(22,d) = (1,0) & (0, z1a+ca)+(z2,d) = (1,0) < (22, z1a+ca+d) = (1,0).

Hence, 2o = 1 and (1,d) € M which is a contradiction since (1, d) is invertible. Therefore,
we know that {0} x S € M and M = I xS where [ is a maximal ideal of Z. We conclude
that J(S') = {0} x S = S and S is a radical ring. O

1.4.3 Link between radical rings and skew braces

Now that we clearly defined the notion of radical rings, we are going to establish the
link between this algebraic structure and skew braces.

Consider a skew brace (A, +, o). One defines a new operation on A

x Ax A= A,
(a,b) > axb=X\(b) —b=—a+aob—b.

Then we have the following identity

ax(b+c)=axb+b+axc—b. (1.3)
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The equality is obtained by a simple calculation:

ax(b+c)=—-a+ao(b+c)—(b+c)
=—-a+aob—a+aoc—c—0>
=—a+aob—b+b+axc—>b
=axb+b+axc—b.

In [34], Thomas Letourmy and Leandro Vendramin stated a link between radical rings
and skew braces.

Theorem 1.43. A skew brace of abelian type (A, +, o) is two-sided if and only if (A, +, %)
is a radical ring.

Proof. "=": We want to show that (A, +, ) is a radical ring. To apply the Proposition
1.42, we need to prove that (A, +,x) is a non-unitary ring and that (A, ) is a group
with adb=a+ b+ a*b for all a,b € A.

By assumption, (A, +,0) is a two-sided skew brace of abelian type, hence, (A4, +) is an
abelian group and (A, o) is a group.

For all a,b € A, axb= —b—a+ adh = —a+ aob— b, then, by commutativity of the
addition, adb = a o b. Therefore, (A,3) = (A, o) is a group.

It remains to show that the x operation is associative and that the left and right dis-
tributive conditions hold. Let a,b,c € A. On one hand, we have, by definition of x, by
properties of x and o and by commutativity of the addition,

ax(bxc)=ax(—b+boc—c)
=—a+ao(=b+boc—c)—(=b+boc—c)
=—a+ao(=b)—a+ao(boc—c)+c—boc+b
=—a+ao(=b)—a+ao(boc)—a+ao(—c)+c—boc+b
=—a+a—aob+a—a+ao(boc)—a+a—aoc+a+c—boc+b
=ao(boc)—aob—aoc—boc+a+b+ec.

On the other hand,

(axb)xc=(—a+aob—"0)*c
=—(—a+aob—0b)+(—a+aob—b)oc—c
=b—aob+a+ (—a)oc—c+(aob—b)oc—c
=b—aob+a+(—a)oc—c+(aob)oc—c+(-b)oc—c
=b—aob+a+c—aoc+c—c+(aob)oc—c+c—boc+c—c
=(aob)oc—aob—aoc—boc+a+b+ec.
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By associativity of the o operation, we get the associativity of the x operation.

Moreover, by the equation 1.3, since the addition is commutative, the left distributive
condition is satisfied: let a,b,c € A,

ax(b+c)=axb+b+axc—b=axb+axc.

Finally, we check the right distributive condition: let a,b,c € A, by the commutativity
of the addition,

(a+b)xc=—(a+b)+(a+b)oc—c
=—b—a+4+aoc—c+boc—c
=—a+aoc—c—b+boc—c
=a*xc+bxec.

From this, we know that (A, +, %) is a (non-unitary) ring such that (A, o) is a group and
we get, by applying the Proposition 1.42, that (A, 4+, ) is a radical ring.

"<" If A is a radical ring with ring multiplication (a,b) — ab for all a,b € A, then the
operation on A defined for all a,b € A by aob = a+ b+ ab turns A into a two-sided
skew brace of abelian type (A, +,0). Indeed, (A, +) is an abelian group and (A, o) is a
group. Moreover, for all a,b,c € A, by commutativity of the addition,

aob—a+aoc=a+b+ab—a+a+c+ac
=a+b+ab+c+ac
=a+b+c+alb+c)
=ao (b+c).

Finally, for all a,b,c € A, by commutativity of the addition,

aoc—c+boc=a+c+ac—c+b+c+bc
=a+b+c+ac+bc
=a+b+c+ (a+b)c
= (a+b)oec.

Therefore, (A, +,0) is a two-sided skew brace of abelian type. O

1.5 Historical point on the notion of skew braces

The structure of skew braces, that was introduced in 2017 by Guarnieri and Vendramin,
is initiated by other mathematical tools developed earlier.
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In [39], Rump was the first to introduce the notion of left braces to study involutive
solutions of the Yang-Baxter Equation.

Definition 1.44. Let (A,+) be an abelian group with a multiplication A x A — A. We
call A a left brace if the following conditions are satisfied for all a,b,c € A,

1. a(b+ c) = ab+ ac (left distributivity);
2. (ab+ a4+ b)c = a(bc) + ac + be;

3. the map ¢q: A — A, x — ax + x is bijective.

If A is an abelian group with a multiplication A x A — A that satisfies the conditions 1
and 2 from the definition of left brace and the right distributivity, i.e., for all a,b,c € A,
(a + b)e = ac + be, then A is an associative ring (without unit). Indeed, we can show
that A is associative with respect to the multiplication. Let a,b,c¢ € A. On one hand,
by the right distributivity,

(ab+ a + b)c = (ab)c + ac + be.
On the other hand, by the condition 2,
(ab+ a + b)c = a(bc) + ac + be.

Since both expressions are equal, we get that (ab)c = a(bc).

The characterization of radical rings in terms of a group as in Proposition 1.42 is inspired
by the characterization Rump gave for the left braces.

Indeed, for an abelian group (A, +) with a multiplication, we define the circle operation
aob=ab+ a+ b for a,b,c € A, as for the rings.

Proposition 1.45. Let (A,+) be an abelian group with a left distributive multiplication.
Then A is a left brace if and only if (A, o) is a group.

Proof. "=": We need to prove that o is associative, has a neutral element and that each
element of A has an inverse with respect to o.

1. Associativity: Let a,b,c € A. Then, by the condition 2 of left brace,

(aob)oc=(ab+a+b)oc
= (ab+a+b)c+ab+a+b+c
= a(bc) +ac+bc+ab+a+b+c
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On the other hand, by the left distributivity,

ao(boc)=ao(bc+b+c)
=albc+b+c)+a+bc+b+c
=a(bc) +ab+ac+a+bc+b+c.

Since the addition is commutative, (a0 b)oc=ao (bo c).

Neutral element: The neutral element of o is 0. Indeed, if b, ¢ € A, then co0 = c0+-c¢
and ¢b = ¢(b+0) = ¢b+ 0, so ¢0 = 0, and this implies that co 0 = ¢. On the
other hand, 0 o ¢ = Oc + ¢. Moreover, the condition 2 of left brace with a =b =10
gives Oc = 0(0c) + Oc + Oc < 0 = 0(0c) + Oc. Since the map ¢,: x — ax + x is
bijective and Oc is in its kernel, Oc = 0. Hence, 0 o c = c.

Inverse of a, for a« € A: We want to find b € A such that aob = 0 = boa,
i.e. such that ab+ a4+ b = 0 and ba + b+ a = 0. The first condition on b is
equivalent to ¢,(b) = —a. Since ¢, is bijective, there exists a unique b € A such
that ¢,(b) = —a. So b is a right inverse of a with respect to o. It is also a left
inverse because aoboa =00a =a = ao( implies boa = 0.

: We need to check the three conditions of the definition of left brace.

By assumption, the left distributive condition is satisfied.

Since o is associative, for a, b, c € A,
(aob)oc=(ab+a+b)oc=(ab+a+b)c+ab+a+b+c,

and

ao(boc) = ao(be+b+c) = a(bc+b+c)+a+be+b+c = a(be)+ab+ac+a+be+b+c.

By the equality (aob)oc=ao (boc), we get

(ab+ a + b)c = a(bc) + ac + be.

Let a € Aand ¢,: A = A,x — ax +x. For x € A, ¢,(z) = aox —a. We define
the map ¢,': A — A,y — da o (y + a), with @ the inverse of a with respect to o.
We verify that ¢, ! is an inverse of ¢,: let z,y € A,

(¢aa)(y) = dald o (y +a)) =ao(d o(y+a) —a=y,

and
(6, ba)(7) = ¢, (a0x —a)=d o ((aox —a)+a) =2
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Corollary 1.46. A left brace A is right distributive if and only if it is a radical ring.

Proof. "=": Since A is a left brace, A is an abelian group with a left distributive
multiplication. So we can apply the Proposition 1.45 and we get that (A, o) is a group.
Since A is a left brace with right distributivity, A is a ring. Hence, by the equivalence
between radical rings and groups in Proposition 1.42, we get that A is a radical ring.

"<<": Since A is a ring, A has a right distributive multiplication. Moreover, since A
is a radical ring, (A, o) is a group and so, by Proposition 1.45, A is then a left brace.
Therefore, A is a left brace with right distributivity. O

Now, we are able to make the link between the theory developed by Rump and the
theory of skew braces.

Proposition 1.47. Let A be an abelian group. Then A is a left brace if and only if A
is a skew brace of abelian type.

Proof. "=": By assumption, (A, +) is an abelian group. Since A is a left brace, (A, o)
is a group. Moreover, for a,b,c € A,
aob—a+aoc=ab+a+b—a+ac+a+c
=ab+ac+a+b+c
=alb+c)+a+b+c
=ao(b+c).

Therefore, (A, +,0) is a skew brace of abelian type.

"<": Let (A, +,0) be a skew brace of abelian type. Then (A, +) is an abelian group and
(A, o) is a group. We define a multiplication on A by setting ab = aob—a —b. The left
distributivity of the multiplication is satisfied:

alb+c¢)=ao(b+c)—a—(b+c¢)=aob—a+aoc—a—b—c=ab+ ac.

So, we can apply the Proposition 1.45 and we get that A is a left brace. n

A skew left brace generalizes the notion of left braces to the non-commutative case.
Indeed, this notion is less restrictive than the left braces, and also allows us to study the
non-involutive solutions of the Yang-Baxter Equation.
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1.6 Some adjunctions in the category of skew braces

In this Chapter, we defined different notions that can be linked and compared in a
categorical way. We already introduced the category SKB of skew braces. By the
one-to-one correspondence between radical rings and two-sided skew braces of abelian
type in Theorem 1.43, we can consider the radical rings as a subcategory of SKB de-
noted by RadRng. Moreover, since left braces are exactly the skew braces of abelian
type by Proposition 1.47, left braces can be seen as a subcategory of SKB denoted by
BR. We can illustrate the link between these categories with the following diagram of
functors.

H

m
G F
RadRng ¢ BR ¢ SKB

The functors Ug, Ug and its composition UgUp are inclusion functors.

The functor H: SKB — RadRng associates to a skew brace A its universal radical ring
Ra%(m, where Rad(A) is the subgroup of (A4, +) generated by the elements
(a+b)oc—boc+c—aoc, a+b—a—b,

for all a,b,c € A. This subgroup Rad(A) is an ideal of A, which is called the radicalator
of A and is developed and explained in [27]. We can show that H is a left adjoint functor
to the functor UgUg.

The functor F': SKB — BR maps a skew brace A to m, where [A, Alskp is the
subgroup of (A, +) generated by the elements a + b — a — b, for all a,b € A. We can

check that m is a left brace. We can show that F' is a left adjoint functor to
Up. ’

The functor G: BR — RadRng maps a left brace A to m, where [A, Algg is the

subgroup of (A, +) generated by the elements (a + b)c — bc — ac, for all a,b,c € A. We

can check that ﬁ is a radical ring. We can show that G is a left adjoint functor to
Ukg.

As mentioned in Example 1.7, a group defines a skew brace with twice the operation
of the group while an abelian group defines a skew brace of abelian type with twice
the operation of the group. With a slight abuse of notations, we write Grp to denote
the subcategory of SKB formed by skew braces with twice the same operation, which is
isomorphic to the usual category of groups. Similarly, we denote by Ab the subcategory
of SKB formed by skew braces of abelian type with twice the same operation. We can
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also link these three categories with functors and adjunctions.

Ab¢ Grp¢ SKB
w

The left part of the diagram is the well-known adjunction between the forgetful functor

U, and the abelianisation functor that sends a group (G, -) to [G—GG], where [G, G] is a sub-

group of G generated by the elements g-h-g~!-h~!, forall g, h € G.

The functor Ug is the inclusion functor that maps a group (G, -) to the skew brace (G, -, ).
In Section 3.1.1, we introduce the notion of variety of algebras. In this framework, the
variety of groups can be identified to the subvariety Grp of SKB determined by the
additional identity a o b = a + b, for all a,b in a skew brace (A, +,0). The functor J
associates to a skew brace (A, +, o) the quotient group A%w where Ax A is the subgroup
of (A, +) generated by the elements —a + aob — b, for all a,b € A. We can prove that
J is a left adjoint to Ug.

Finally, the functor L maps a skew brace (A, +, o) to the quotient group %, where A’ is
the subgroup of (A, +) generated by the elements

—a+aob—0b, a+b—a—0b,

for all a,b € A. We can check that % is an abelian group.

We can add to the previous diagram an adjunction between the category RadRng of
radical rings and Ab of abelian groups. The functor P maps an abelian group (A, +) to
the two-sided skew brace of abelian type (A, +,+), which is in bijection with a radical
ring. On the other hand, the functor M sends a radical ring A, that corresponds to a
two-sided skew brace of abelian type (A, +, o), to the quotient A/ A where A is the ideal
of (A, +) generated by the elements —a+aob—0b, for all a,b € A.

KB

H ‘\Y

UpUgr \
Raang\ Grp
P Y
M 4

Ab

The definitions of functors and the adjunctions are explained with more details in

[27].
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Chapter 2

Yang-Baxter equation

We are now interested in showing the link between the skew brace structure and the
Yang-Baxter equation. First, we consider some results concerning this equation. We
refer to [18, Chapter 4].

A solution of the quantum Yang-Baxter equation is a bijective linear map
R:VV VeV,
where V' is a vector space, such that R R13R23 = RezR13R12, Wwhere
Rj: VeVeV VeVeV

acts as R on the (7, j) term and as the identity on V' on the remaining term. For instance,

the map Ri5: VRV®V = VRV ®V is defined by Rjs = R®idy.

A very useful map to get another way of defining a solution of the quantum Yang-
Baxter equation is the flip map which is defined as the map ¢: V@V — V ® V such
that ¢(u,v) = (v,u) for all u,v € V.

Proposition 2.1. Let R: V@V — V @V be a bijective linear map on a vector space
V. Then R is a solution of the quantum Yang-Baxter equation if and only if R = ¢R is
a solution of

R12R23 RlQ = RQB RIQ R23 )

where the maps Rij are defined in a similar way to the previous maps R;;. In this case,
we say that R is a solution of the Yang-Baxter equation.

Proof. We set, for all u,v € V, R(u®v) =oc(u®v) @ 7(u®v), where o, 7: VRV =V
are maps. Then, for all u,v,w € V, on one hand, we have

RiaRi3Roz(u ® v @ w)

=RpRi3(u®@c(v@w)@7(v®@w))

=Rplcu@t(vew)) @cvew)7(u®T(vew)))
=o(o(uRTvRwW))@ovRw))T(c(uRT(vRwW)) Ro(vw)) T(u® (v w))
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and

R23R13R12(U XV w)

= RosRi3(c(u®v) @ 7(u ® v) @ w)

= Roy3(0(c(u®@v)@w)@T(u®v) @ T(0(u®v)@w))

=0(c(u®v) QW) Ra(T(uRV)@T(c(u®v) W) RT(T(U® V) RT(0(uRV)®wW)).
On the other hand, we have

RisRosRip(u @ v @ w)

= RisRys(7(u® ) @ o(u ® v) @ w)

=Rip(t(u®v)@7(0(u®v)@w)®o(o(u®v) @w))

=7(T(u®v)R7T(c(u®v) W) Ro(T(u®v) XT(e(uRV)Rw))®o(c(u®v)Dw)

and

RosRiaRys(u @ v @ w)

= RsRip(u®@ (v @ w) ® o(v @ w))

= Ry(tu@T(vew) @c(ue (v w)) ®ovew))
=7(uRT(vRW))RT(c(u@TvRw)) r(vRw))®d(c(u@T(vRw)) Rc(vw)).

With these computations, we get the desired equivalence:

R12R13R23 = R23R13R12 < R12R23R12 = R23R12R23-

2.1 Set-theoretic solutions of the Yang-Baxter equation

Drinfeld, in [21], suggested to study the set-theoretic solutions of the Yang-Baxter equa-
tion. This comes from the idea of studying the solutions on the basis X of the vector
space V.

Definition 2.2. A set-theoretic solution of the Yang-Baxter equation is a pair (X,r),
where X is a non-empty set and r: X x X — X x X is a map that satisfies the braid
equation

(7“ X de)(ZdX X T’)(T X Zd)() = (ZdX X T)(T X de)(ZdX X 7“).

We write, for all v,y € X, r(z,y) = (6,(y), 7y(x)), where o,,7,: X — X are maps.

The Figure 2.1 illustrates a set-theoretic solution of the Yang-Baxter equation, where
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Figure 2.1: Braid representation of the Yang-Baxter equation.

a straight line represents the identity map and the crossing of two laces represents the
map r, as in Figure 2.2.

We can also define some special types of set-theoretic solutions.

Definition 2.3. A set-theoretic solution (X,r) is said to be

o finite if X s a finite set;

o bijective if r is bijective;

o non-degenerate if, for all x € X, the maps o, and 7, are permutations of X

(02, 7w € Sym(X)), i.e. bijections on X;

o involutive if 7% = idxy x.
Let (X, r) be a bijective set-theoretic solution with 7(x,y) = (0,(y), 7,(x)) for z,y € X.
By convention, we denote the inverse of r as follows:

rH(z,y) = (6a(y), 7y(2),

with 6,,7,: X — X maps.

Since

(z,y) = r_lr(x,y) = T_1(0x<y)77—y($)) = (&Uz(y)Ty($)7%Ty(x)gx(y))7

we have a way to express x and y in terms of the maps 0,7,5,7: © = 6,,(,)7y(z) and
Y= Try(@)02(y)-

We give some simple examples of set-theoretic solutions.

Example 2.4. 1. Let X be a non-empty set. Then (X,idx«x) is a set-theoretic
solution of the Yang-Baxter equation which is not non-degenerate but bijective.
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2. Let X be a non-empty set. Then (X, ), with  defined as the flip map

r(z,y) = (y,z)

is a set-theoretic solution that we call the trivial solution over the set X. This
solution is involutive, bijective and non-degenerate.

3. Let X be a non empty set, : X — X a bijection and r(z,y) = (o(y),c ' (x)).

Then (X, ) is a bijective, involutive and non-degenerate solution.

The following lemma gives us a computational way to characterize a set-theoretic solution
of the Yang-Baxter equation.

Lemma 2.5. Let X be a non-empty set andr: X x X — X x X a map where r(z,y) =
(04(y), 7y(x)) for all z,y € X. Then (X,r) is a set-theoretic solution of the Yang-Bazter
equation if and only if the following identities are satisfied for all x,y,z € X :

00y = Oo,(y)Ory(2) Oy 0@ T=(Y) = Tor (00002 (Y)s ToTy = Tro(y)To, ()

Proof. The equivalence follows from the computations of each side of the Yang-Baxter
equation. Indeed, on one hand, for all z,y, 2 € X, we have

(r x idx)(idy x r)(r x idx)(z,y,2) = (r x idyx)(idx x r)(o.(v), 7(2), 2)
= (T X idX)(Ux(y)v Ury(z)<z)7 TzTy<x>)

= (Uaz(y)UTy(x)(Z)a TUTy(z)(Z)O—I(y)ﬂ TzTy(x))'

On the other hand, we get

(idx x 7)(r x idx)(idx x r)(z,y, 2) = (idx x 7)(r x idx)(z, 0y(2), 7:(y))
= (idX X T)(O-xay(z)>Tay(z)<x)’7_z(y))

= (020y(2), 07, @ T=(Y), Tr. () Toy () (X))

In order to have a solution of the Yang-Baxter equation, the three components of the
ternary product have to be equal, yielding the identities of the lemma. O]

In [20], Colazzo, Jespers, Van Antwerpen and Verwimp showed the following important
result.

Proposition 2.6. Let (X,7) be a set-theoretic solution with X finite and o, bijective
for all x € X. Then

(X,r) is bijective < (X, r) is non-degenerate.
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Figure 2.2: Braid diagrams: the left one represents the map r of a set-theoretic solution
(X, 7) and the right one represents the map =1 when the solution is bijective.

Moreover, Jedlicka and Pilitowska proved that any non-degenerate set-theoretic solution
is bijective, in [33, Corollary 3.4].

In a classical way, we define a homomorphism of set-theoretic solutions.

Definition 2.7. A homomorphism between the set-theoretic solutions (X,r) and (Y, s)
is a map f: X — 'Y such that the diagram

XxX—"L-XxX

foi ifo

Y xY—=2>Y xY

commutes, i.e. (f x f)r=s(f x f).

An isomorphism of set-theoretic solutions is a bijective homomorphism of set-theoretic
solutions.

Lemma 2.8. Let (X,r) be a non-degenerate (hence bijective) set-theoretic solution of
the Yang-Baxter equation.

1. Given x,u € X, there exist unique y,v € X such that r(x,y) = (u,v).

2. Given y,v € X, there exist unique xr,u € X such that r(z,y) = (u,v).

Proof. 1. We take y = 0, *(u) and v = 7,(z) and get the result.
2. We take = 7, (v) and u = 0,(y) and get the result.
[

We can interpret this lemma in the following way. Let’s consider the Figure 2.2 where the
left braid diagram represents the map r and the right one represents the map r~! when
r is bijective. On the left braid diagram, the bijectivity of the solution means that, from
each row, we can determine the whole square, whereas the non-degeneracy of the solution
means that, from each column, we can determine the whole square.

The following examples come from the Category Theory Seminar about set-theoretic
solutions of the Yang-Baxter equation through skew braces, presented by Ilaria Colazzo
at UCLouvain in November 2025.
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Example 2.9. Let X be a non empty set and o,7: X — X maps such that o7 = 70.
Then, (X,r) with r(x,y) = (o(y),7(x)) is a set-theoretic solution of the Yang-Baxter
equation. Indeed, for z,y,z € X,

(r xidx)(idy x r)(r x idx)(z,y, 2) = (r x idx)(idx x r)(o(y), 7(x), 2)
= (rxidx)(o(y), o(2), 77(x))
)

= (00(2),70(y), 77(2)),

and
(idx x r)(r x idx)(idx x r)(z,y,2) = (idx x r)(r x idx)(z,0(2),7(y))
= (idx x r)(oo(z),7(z),7(y))
= (00(2),07(y), 77(2)).
Moreover,

o,7 € Sym(X) < (X, r) is a non-degenerate (bijective) solution.

This is the permutation solution associated with permutations o and 7, called the
Lyubashenko solution.

Finally, r is involutive if and only if o7 = id .

Example 2.10. Let G be a group.

o Then (G,ry) with ri(z,y) = (zyx~ ', z), for x,y € G, is a non-degenerate set-
theoretic solution. Indeed, it satisfies the condition of a set-theoretic solution for
all x,y,z € G:

17x7z>

(r1 x idg)(idg x 1) (r1 X idg)(x,y, 2) = (11 X idg)(idg x r1)(zyz™
= (ry x idg)(zyz™ !, vza™t, 2)
= (zyzy~ o™ ayz T @)

and

(ide > m1)(r1 x idg)(ide x 1) (2, y, 2) = (idg x 71)(r1 x ide)(z, yzy~",y)
= (idg x 1) (zyzy~'a ™" 2,y)

= (xyzy ot ayzt x).

1

Moreover, the maps y — xyx~" and x — x are bijective.

o One can check that (G,ry) with ry(x,y) = (2%y,y oz~ ly), for z,y € G, is also a
non-degenerate set-theoretic solution.
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Lu, Yan and Zhu, in [35], showed the following theorem that makes a connection between
group actions and non-degenerate solutions. The proof given in this thesis comes from
[18].

Theorem 2.11. Let G be a group, §: G x G — G, £(x,y) = x>y, a left action of the
group G on itself, regarded as a set, andn: G x G — G, n(x,y) = x<y, a right action of
the group G on itself, regarded as a set. If the compatibility condition uv = (u>v)(u<v)
holds for all u,v € G, then (G,r) with r: G x G — G x G, defined for u,v € G by
r(u,v) = (u>v,u<v), is a bijective non-degenerate set-theoretic solution of the Yang-
Bazxter equation.

Proof. On one hand of the braid equation, we have this equality

(r x idg)(idg x r)(r x idg) (u, v, w)
= ((upv)> ((udv)>w), (urv)<d((udv)>w), (udv) Qw)

= (ul,vl,wl).
On the other hand, we have

(idg x r)(r x idg)(idg x 7)(u, v, w)
=(ur(vrw),(ud(vew))e> (vaw), (u<(vew))<(vaw))

=: (ug, va, wy).

By the compatibility condition, we get that ujv,w; = uvw = usvewy. Hence, to prove
that (G, r) is a set-theoretic solution, it suffices to show that u; = us and w; = wy. And,
once again by the compatibility condition and the fact that ¢ is a left action, we obtain

up = (urv)> ((uav)pw) = ((u>v)(udv))pw = (W) >w =ud> (v>w) = us.
Similarly, by the compatibility condition and the fact that 7 is a right action, we have

wy = (u<d(vw))<d(vaw) =u<((veow)(vaw)) =u<(vw) = (<) dw = wy.

Since £ and 7 are a left and a right action respectively, it is clear that the maps u>— and
— <u are bijective for all u € GG. This fact implies that r is a non-degenerate solution.

Finally, we also need to prove that r is invertible. If we note r(u,v) = (z,y), for u,v € G,
then u>v =2, u<v =y and uv = xy. Moreover,

(yeov Hu=(yro ) (yav ™) =y =27
implies that y>v~! = 27! and so v™! = y~ !> 2!, Similarly,
viut<az) = (ulva)(u Tt ax) =u e = vy
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implies v ! 92 = y~! and thus ! = y~! <2t Therefore, we have an inverse for r
defined as r=' = ((i x i)r(i x i), where ((z,y) = (y,z) and i(x) = 7! for all 7,y € G.
Indeed, if we look at this function applied to an element of X x X, we get

rH(a,y) = (i x ) (ZXZ)C(%?J)
(i xi)r(y o)
(z

(y

ix )y ey tar™)
1 >71’(y71[>x71)71).

¢
¢
(

O

Proposition 2.12. Under the assumptions of the Theorem 2.11, if r(x,y) = (u,v), then

- 7$71)7 71<:U71>u) = (%Uﬁl); T(Uayil) = (uilal')'

Proof.  Since ril(yfl, Y =CExir(Exd)C(y ™) = (i xi)(u,v) = (v Hu™h),
then r(v=', u™') = (y= 1, z71).

« Since r(z, y) (u,v), then x>y = u which implies that z7!>u = y. So, for some
z € G, r(x~ u) = (y, 2). By the compatibility condition, xy = uv and = 'u = yz,
thus

yv_l = x_lxyv_l =zl =27 u = Yz,
and therefore z = v

e In a similar way, we have that x <y = v which implies that v <y~! = 2. So
r(v,y~') = (z,x) for some z € G. By the compatibility condition, ry = uv and
vy ! = zx, thus

u T = u_lxyy_l = u_luvy_ =Yy = 2T,
SO z=u"

[]

Rump, in [39], introduced a family of solutions which makes a link between set-theoretic
solutions and radical rings. This is actually a special case of the Theorem 2.14. So, we
will just prove the more general theorem.

Proposition 2.13. Let R be a radical ring. Then (R, 1), where
r(z,y)=(—z+zoy,(—x+xoy) oxoy),

s an involutive and non-degenerate set-theoretic solution.
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Ifr(x,y) = (0.(y), 7y(x)) is an involutive and non-degenerate solution, then

(z,y) = 1*(x,y) = 1(02(y), 7(2)) = (To,)Ty(2), Tr,(@)0=(1)).

Hence, 0,(y) = 7, %x) (y) and 7,(z) = cr;zl(y) (). It means that, for an involutive non-

degenerate solution, it is sufficient to know the set {o,|z € X} to determine the whole
set {7.|z € X} and conversely.

The Proposition 2.13 can be generalized to the structure of skew braces allowing to
consider non-involutive solutions of the Yang-Baxter equation.

Theorem 2.14. Let (A,+,0) be a skew brace. Then (A,r4), wherers: Ax A — Ax A
is defined by

TA(av b) = ()‘a(b)’ :ub(a))a

s a set-theoretic solution of the Yang-Baxter equation. Moreover, 14 is involutive if and
only if (A, +) is an abelian group.

Proof. By using the Theorem 2.11 and the fact that A and p are, respectively, a left
and a right action of (A, o) on the set A, we only need to prove that the compatibility
condition is satisfied. It means that we have to check the following identity

aob= X (b)opuya).

Since pp(a) = Ay (b) 0 a o b, the result is clear.

It remains to prove the equivalence between the involution of 4 and the commutativity
of the addition. For a,b € A, we have that

r4(a,b) =rs(—a+aob,(—a+aob) oaob)
=(—(—a+aob)+aob (—(—a+aob)+aob) oaoch)
=(—(aob)+a+aob (—(acb)+a+aob)oaoh).

Therefore, if (A, +) is abelian, it is clear that 4 = idaxa. On the other hand, by
involution of 74, we have —(a 0 b) + a + a 0o b = a which implies a + a0 b = (a 0 b) + a.
Since (A, o) is a group, for all ¢ € A, there exists a unique b € A such that ¢ =aob. It
suffices to take b = @’ o ¢ to get that (A, +) is abelian. O

By the equivalence between left braces and skew braces of abelian type, we observe
that left braces determine involutive solutions. Hence, skew braces allow us to find
non-involutive solutions.
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2.2 Self-distributive operations and set-theoretic
solutions

The theory of self-distributive operations also provides a class of set-theoretic solutions.
We introduce the algebraic structure of shelves and racks to give a look at this theory.
We still refer to [18].

Definition 2.15. Let X be a non empty set and <: X x X — X a binary operation
on X. We say that the pair (X,<) is a shelf if the following identity is satisfied for all
r,Yy,z € X:

(x<y)<dz=(x<2)<(y<2).

If, in addition, for all y € X, the map p,: X — X, x — x <y is a bijection, then (X, <)
is called a rack.

We give some examples of this new concept.

Example 2.16. e Let X be asetand f: X — X a map. We define, for z,y € X,
r <y = f(x), which is a shelf. Indeed, (x<y) <z = f(zr<y) = f*(z) and
(r<z)<(y<z) = f(x)< f(y) = f?(x). Moreover, if f is bijective, z <y is a rack.

o Let X =Z/nZ. We define, for x,y € X, x <y := 2y — x, which is a rack. Indeed,
(x<y)<dz=2z—(r<dy) =22+ — 2y and

(x<az)a(y<z)=2z—2)<(2z2—y) =222 —y) — (22 —2) =22 — 2y + .
This rack is called the dihedral quandle.
o Let A be an abelian group and f € Aut(A). Then, for z,y € A,
zay = (id = f)(y) + f(z)

turns A into a rack.

As mentioned, these notions allow us to find another family of set-theoretic solutions of
the Yang-Baxter equation.

Proposition 2.17. Let (X,<) be a set with <: X x X — X a binary operation and
define a map r: X x X - X x X by r(x,y) = (y,x<y). Then (X,r) is a set-theoretic
solution of the Yang-Baxter equation if and only if (X,<) is a shelf.

Moreover, (X, r) is a non-degenerate set-theoretic solution if and only if (X, <) is a rack.
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Proof. We compute each side of the braid equation for z,y,z € X. On one hand, we
have

(r xidx)(idy x r)(r x idx)(z,y,2z) = (r x idx)(idx X r)(y,x <y, 2)
= (r xidx)(y, z, (x ay) < 2)
=(z,y<dz,(r<y)<z).
On the other hand,
(idx x r)(r x idx)(idx x r)(z,y, z) = (idx x r)(r x idx)(z, z,y < 2)
= (idx X r)(z,x<z,y<2)
— (eyy <z (2 a2) < (y<2))
We clearly get that

(X, r) is a set-theoretic solution & (z<y) <z = (r<2)<(y<z) & (X, <) is a shelf.

Finally, (X, r) is non-degenerate if and only if, for all x € X, 0,: X — X,y — y and,
forally € X, 7,: X — X,z — x<y are bijections, which is equivalent to say that (X, <)
is a rack. n

Definition 2.18. Let X and Z be racks. A rack homomorphism from the rack X to the
rack Z is a map f: X — Z such that f(z<y) = f(z)< f(y) for all z,y € X.

An isomorphism of racks is a bijective rack homomorphism.

The following proposition defines a binary operation on a set-theoretic solution to obtain
a rack. The proof comes from [18, Proposition 4.3.7].

Proposition 2.19. Let (X,r) be a bijective non-degenerate set-theoretic solution of the
Yang-Baxter equation. Then

LAY = 0yT, -1, (T) = 0,0, (x) (2.1)

turns X into a rack and each o, is a rack homomorphism. Moreover, (X, r) is involutive
if and only if (X, <) is the trivial rack (i.e. x<y =x for all x,y € X ).

Proof. First, we prove the equality o,7,-1,(z) = 0,0, Y(x), for all z,y € X. By
convention, we write r(z,y) = (0.(y),7,(z)) and r'(z,y) = (6.(y),7,(z)). Since
r(z, 0,1 (y) = (vao;I(y)(x))7 we get

A

(@0, (W) =r""r(z, 0, (1) =7 (Y, Tor1) (7)) = (64 (T2 () Fr (@) (¥))-
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By means of the Proposition 2.17, it suffices to show that (X, s), with the map
5: X x X —=>XxX

defined by s(x,y) = (y,x <y), is a bijective non-degenerate solution of the Yang-Baxter
equation. For that purpose, the proof of the identity

0.(y) Qop0y(2) = 0, (y <0y (2)),

for all x,y,2z € X, will be useful and will show that o, is a rack homomorphism. On
one hand, by using the identities of Lemma 2.5, we get

[\
—

Jx(y) < O-mo-y(z) = O-O'zUy(Z)To';:(y)(O'IUy(Z))(O-m(y))

[\
ot

O0s0y(2) T, () (=) (O (¥))

[\
ot

O—UTJZJ(Z)O-TUy(Z)(x)TZ (y)
On the other hand, we get, with Lemma 2.5,

2.1
Ug;(ZJ < O'y(2>> = amaay(z)TZ<y)

Do
1

sy ()T o) () T (Y)-

Now, we define a map J: X x X x X — X x X x X by setting

J(@,y,2) = (2,00(y), 020,(2)).

Showing that J is bijective and satisfies the identities (s x idx)J = J(r x idx) and
(idx x s)J = J(idx x r) will allow us to prove that (X, s) is a set-theoretic solution to
the Yang-Baxter equation. Indeed, since (X, r) is a set-theoretic solution, one has, with
the properties of J,

(s x idx)(idx x 8)(s x idy) = J(r x idx)J ' J(idx x r)J ' J(r x idyx)J !
= J(idx x r)(r x idx)(idx x 7)J !
= (idx x 8)JJ (s x idx)JJ ' (idx x s)
= (idy x s)(s x idy)(idx % s).

- O 1(2)). This statement
can be proved by a simple computation. It remains to prove the two identities involving

r, s and J. By using the fact that o,(y) < 0,04(2) = 0.(y < 0y(2)) = 0206,7-(y), We

The inverse of J is given by J '(z,y,2) = (x,0,(y),0
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obtain, for all z,y, z € X,

(idx x s)J(z,y, 2) = (idx X s)(x,0,(y), 0,04(2))
= (v,0,0,(2),0.(y) <0,0,(2))
= (z,0,04(2), Uxavy(Z)TZ<y>)
J(x,0y(2), 7.(y))

J(idy x r)(z,y, 2)

and, by the identities of Lemma 2.5,

J(r x idx)(z,y, 2) = J(02(y), 7y (), 2)

Therefore, (X, s) is a set-theoretic solution. Moreover, it is non-degenerate since o,
and 7, are bijective for all x € X, hence it is also a bijective solution. By applying
Proposition 2.17, (X, <) is a rack.

Finally, we prove the equivalence between the involution of the solution and the trivial
rack. If (X, r) is involutive, then, for all z,y € X,

r2(2,y) = (0o, )Ty (1), Ty @) 02 (1)) = (2,1).

Hence, x 9 0,(y) = 0,,(,)7y(x) = x. Because of the bijectivity of o,, we obtain that
(X, <) is trivial. Conversely, we suppose that x <y = ayTa;1(y)(:c) =z for all z,y € X.
We get

(@0, (1) =1y, T (@) = 1y, 0, (@) = (2, 7,04, (¥) = (2.0, (1),

implying that the solution is involutive. O]
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Chapter 3

Category of Skew Braces

In Chapter 1, we studied the algebraic structure of skew braces and its main properties.
We can also consider that notion from a categorical perspective. Indeed, skew braces
and their morphisms form a category, denoted SKB. The objective of this chapter is to
highlight the properties of this category, which actually provide another explanation of
some of the results of Chapter 1.

3.1 Some notions of Category Theory

We first recall some categorical notions and concepts of universal algebra in a general way
and we illustrate them with a well-known example, the category Grp of groups. Then, we
will explain how these concepts interact with the category of skew braces.

3.1.1 Introduction to varieties of algebras

To begin, we introduce some notions of universal algebra, especially the one of variety of
algebras. We rely on [16] and [1] to define an equational category.

Definition 3.1. Let A be a non-empty set and n a non-negative integer. We set
A ={s}and A" =Ax Ax ..x A,

the n-th cartesian product of A.
1. An n-ary operation on A is a map o: A" — A. We say that n is the arity of o.
2. A finitary operation is an n-ary operation for some n € N.

3. A nullary operation is an n-ary operation with n = 0. Hence the arity of the
operation 1s zero.

4. Forn =1,2,3, we say, respectively, a unary, binary, ternary operation.
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Definition 3.2. Let ¥ be a set endowed with a map ar: ¥ — N such that, for every
o € X, ar(o) is the arity of the operation 0. A Y-algebra is a set A such that, for each
o €Y, there exists a map o4 : A9 — A.

Using that definition, many algebraic structures can be defined as Y-algebras. Here are
some examples.

Examples 3.3. 1. A monoid is a set M endowed with two operations
v M x M — Mandey € M

satisfying the equations: -y (y -y 2) = (- y) w2z and x - prepr = T = epr ar .
Hence, ¥ = {-a,enm}, ar(-py) = 2 and ar(ep;) = 0.

2. A group is a monoid (M, -, epr) with a unary operation ()~': M — M such that
royrt=ey =z z. Inthat case, ¥ = {37, ear, ()71} and ar(()1) = 1.

3. An abelian group is a group (M, -u, enr, ()71) such that z -3y y =y -1 .

In the examples, we notice that an abelian group and a group have the same set ..
It means that one can’t entirely characterize a structure by giving the set X of its
operations, but one can also add the equations that are satisfied by the operations, as
in Definition 3.7. Before considering that fact, we explain how the X-algebras form a
category, for a given set X..

Definition 3.4. Let ¥ be a set of operations. Let (A,{oa}) and (B,{og}) be two %-
algebras. A morphism of Y-algebras is a map f: A — B such that, for each o € X, if
ar(oc) =n, then

floa(ar; ...;an)) = op(f(ar), -, f(an)),

for every ay, ...,a, € A. That condition is equivalent to require the commutativity of the
diagram:

Ar L2 pr

In this chapter, we use the o symbol to denote both the composition of morphisms and
the multiplicative operation of some algebraic structures (for instance skew braces or
radical rings). Normally, the role of the notation is quite clear depending on the context.
Besides, when there could be a confusion, we write the composition of morphisms f: A —
B and g: B— C by gf.

Lemma 3.5. Let ¥ be a set of operations. The ¥-algebras and the morphisms of -
algebras form a category, denoted 3-Alg.
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Proof. Let f: A— Band g: B — C be two composable morphisms of Y-algebras. Then
g o f is a morphism of Y-algebras. Indeed, since each square of the following diagram
commutes, the entire diagram commutes.

f’n

Moreover, the composition of morphisms is associative. For a >-algebra A, the identity
morphism on A is the identity map on the underlying set of A. m

Definition 3.6. Let X be a set of operations. Let A and B be two ¥-algebras. We say
that B is a subalgebra of A if B C A and every operation in B is the restriction of the
corresponding operation in A, for alloc € X, op = oalp

Previously, we noticed that the set of operations does not allow one to characterize
entirely some algebraic structures. It is essential to provide also the equations that
the operations have to satisfy. This leads us to the definition of a variety of alge-
bras.

Definition 3.7. Let ¥ be a set of operations and let E be a set of equations. An
equational category of -algebras, or a variety of algebras, denoted (3, E)-Alg, is a full
subcategory of X-Alg formed by all algebras satisfying the equations of E.

We consider the Examples 3.3 with the notion of equational category.

Examples 3.8. 1. A monoid M is a (3, E)-algebra with ¥ = {-)/,ep} and
E={r-y Y mz) =@ my) mz v meny=2=ey T}

Hence, monoids form a category of (X, F)-Alg, for this choice of ¥ and E.

2. A group M is a (3, F)-algebra with ¥ = {-3,enr, )7'} and
E={2yymuz)=(2-my) mz Typey =T =ep-yd, Ty " =ey = pa)h.
Hence, groups form a category of (X, E')-Alg, for this choice of ¥ and E.

3. An abelian group M is a (X, E)-algebra with 3 = {-);, exr, ()71} and

1 -1

o rou (Y mwz) =@ my) mz Tuem=T=ey mT,
Ty =ey =2 T, ToMY=Y-mM2 '

Hence, abelian groups form a category of (X, E')-Alg, for this choice of ¥ and E.
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4. A skew brace (A, +,0) is a (X, E)-algebra with ¥ = {0, +,0,—(),()'} and

zxo(yoz)=(roy)oz, xzol0=x=002,
ror'=0=2"ox, z—2=0=—1+u,
r+y+z2)=@+y) +z zz+0=z=0+z,
ro(y+z)=zoy—x+zoz

Hence, skew braces form a category of (3, £)-Alg, for this choice of ¥ and F.

5. We can also look at radical rings as an equational class. The Theorem 1.43 states
an isomorphism between radical rings and two-sided skew braces of abelian type.
By adding two equations to the previous examples, the right distributivity

(a+b)oc=aoc—c+boc

and the commutativity of the addition a + b = b + a, we get an equational class
that is equivalent to the one of radical rings.

We could also have considered the Proposition 1.42 that characterizes the radical
rings among all rings.

6. In the previous chapter, we introduced the notion of racks with the Definition
2.15. Actually, a rack can also be defined by two operations satisfying equations
and can then be considered as an equational class (see [38] for this definition of
racks). Indeed, let X be a set equipped with two binary operations < and <~! on
X. If these operations satisfy, for all z,y, z € X, the equations

Ly)ay;

b) (z<y)<z=(r<z)a(y<z),

a) (zay)<aly=o=(xa

then X is called a rack. The equivalence between the two definitions of a rack is
quite straightforward. Therefore, racks form a variety of algebras, denoted by Rck.

One can characterize the varieties of algebras by considering the Birkhoff Theorem, which
allows one to determine if a class of >-algebra is a variety. Here we give the statement of
this classical theorem whose proof can be found, for instance, in [1].

Theorem 3.9. Let X be a set of operations. A full subcategory A of 3-Alg is equational
if and only if it is closed in X-Alg under products, subalgebras and regqular quotients.

Let e: A — @ be a regular epimorphism (i.e. the coequalizer of two morphisms) in a cat-
egory A. In this case, we will say that () is a regular quotient of A.

We will now state some fundamental results of universal algebra, whose proofs can be
found in [1]. We consider the example of the category Grp of groups to provide an
intuition behind those results.
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To recall, one says that a category is complete and cocomplete when it has all limits
and colimits.

Proposition 3.10. Let 3 be a set of operations and E a set of equations. Then the
category (X, E)-Alg is complete and cocomplete.

Instead of giving a proof in general, we’ll illustrate this property on an important exam-
ple, namely the category Grp of groups.

In Grp, the set {e} is the zero object. The binary product of two groups G, H is the
cartesian product of the groups with the projections on the first and second component,
written py, po respectively. For any group K and morphisms f: K - G and g: K — H,
there exists a unique morphism ¢: K — G x H, defined by ¢(k) = (f(k), g(k)), such

that pjo¢p = f and poo ¢ = g.

p2 H

3

K

Gpl

=

i

X
A
I
I

4

The description of arbitrary products in this category is similar.

The binary coproduct of two groups G, H is the free product G *« H of the groups with
the canonical injections ig,iy. An element of the free product is a "reduced" word,
namely a sequence s;...5,, where each s; belongs either to G or to H and where one uses
the properties of G and of H to reduce it. This means that one "removes' the neutral
element if this latter occurs in a word, and one replaces two consecutive elements of the
sequence lying in the same group by the result of their multiplication in that group. For
any group K and morphisms f: G — K and g: H — K, there exists a unique morphism
Y: G+ H — K, defined by (k) = f(k) if k € G or (k) = g(k) if K € H, such that

Yoig=fand Yoig =g.

The pullback of two group morphisms u: G — K, v: H — K is the group

GxH={(g.h) € GxHlulg) =v(h)}

with the projections defined by pi(g,h) = g and py(g,h) = h, for g € G,h € H. Tt is

o7



illustrated by the following commutative diagram.

Gx H- 2@
K

P2l iu
H K

The pushout of two group morphisms ¢: F' — G, ¥: F' — H is the amalgamated free
product @ = (G * H)/N where N is the smallest normal subgroup of G « H containing
the set

{o(H(f) | f e F}

The morphisms py, pe are woig, woiy respectively, where 7: G+« H — (G * H)/N is the
canonical quotient map and iq, 7y are the inclusions of G and H, respectively, in G x H.
We represent the pushout with the following commutative diagram.

¢

F—G
P \L}h
H P2 Q

The equalizer of two group morphisms u,v: A — B is the group
C={a€ Alu(a) =v(a)}

with the inclusion map i: C' — A. The first condition of equalizer is clearly satisfied,
uoi = voi. Moreover, for any group D and morphism g: D — A such that uog =vog,
there exists a unique morphism ¢: D — C such that :0¢ = ¢g. This morphism is defined
by ¢(d) = g(d), for d € D.

i U
C—sA——=
A

A

D
The coequalizer of two group morphisms u,v: A — B is the group B/N, where N is the
normal closure of the subset {u(a)v(a)™'|a € A} of B, with the canonical quotient map
q: B— B/N. First, gou = qowv. Moreover, for any group C' and morphism f: B — C

such that fou = fow, there exists a unique morphism ¢: B/N — C such that 1yoq = f.
This morphism is defined by ¥(b) = f(b), for b € B.

A—=B—% BN

|
\ﬂ

C
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Another relevant property of a variety of algebras is the following one. A proof of this
proposition is in [1, Corollary 3.18].

Proposition 3.11. Let 3 be a set of operations and E a set of equations. Then the
category (X, E)-Alg is reqular and exact.

We first recall the definitions of a regular and of an exact category.

Definition 3.12. Let C be a finitely complete category. Then C is reqular if
1. every reqular epimorphism is pullback stable ;

2. every morphism has a (regular epi, mono) factorization.

The pullback stability of regular epimorphisms means that, in a pullback such as the fol-
lowing one, if g is a regular epimorphism, then p; is a regular epimorphism.

Ax B A
C

pzl lf
B C

9

A morphism f: A — B admits a (regular epi, mono) factorization if there exist an
object I, a regular epimorphism e: A — [ and a monomorphism m: I — B such that

f=moe.
L
N

Definition 3.13. Let C be a finitely complete category. Then C is exact (in the sense
of Barr) if

A

1. C is reqular ;

2. any equivalence relation in C is effective (i.e. it is the kernel pair of some arrow).

The kernel pair of the morphism f: A — B, denoted by Eq(f), is the pullback of f
along itself.

Eq(f) —A
ﬂ'Ql f
A ; B



These definitions allow one to explain the Proposition 3.11 in the case of the category
Grp of groups.

First, let f: A — C and g: B — C be two group morphisms with g a regular epimor-
phism and consider the following pullback.

Ax B2 A
C

o b
B C

g

In Grp, as in any variety of algebras, the regular epimorphisms are exactly the surjective
morphisms. We have observed that

A% B ={(a,b) € Ax B| f(a) = g(B)}.

We are going to show that the first projection p; is surjective. If a € A, then f(a) € C.
Since g is surjective, there exists b € B such that g(b) = f(a). By definition of the
pullback in Grp, (a,b) € A é B and p;(a,b) = a. This shows that p; is surjective and

that regular epimorphisms are pullback stable in Grp.

Let f: A — B be a group morphism. By the definitions of kernel pair and pullback in
Grp, we get Eq(f) = {(a1,a2) € A x A| f(a1) = f(az)}. Then the (regular epi, mono)
factorization of f is given by I = A/Eq(f), e: A — A/Eq(f) the canonical quotient

map (hence surjective) and m: A/Eq(f) — B defined by m(a) = f(a), for a € A, which
is an injective map because of the definition of Eq(f).

N A

A/Eq(f)

We have just proved that Grp is a regular category. It remains to show that any equiv-
alence relation in Grp is effective to prove the exactness.

Let R be an equivalence relation on a group A in Grp. We define the canonical quotient
map 7: A — A/R. The kernel pair of 7 is isomorphic to R. Indeed,

R

(z,y) € R <= 3" =§" <= n(2) =7(y) < (2,9) € Eq(n),

for any z,y € A. Then Grp is an exact category.
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3.1.2 Semi-abelian category

Another notion in Category Theory, that will be relevant for the category of skew braces,

is the concept of a semi-abelian category. The definition was introduced in [32] by
Janelidze, Marki and Tholen.

Definition 3.14. A category C is semi-abelian if
1. it is pointed;
2. it has binary coproducts;
3. it is exact;
4

. it is protomodular.

A category C is said to be pointed if there exists a zero object 0, meaning that there
exists an object 0 of C such that, for every object A of C, there exists a unique morphism
0 — A and a unique morphism A — 0.

In [11], Bourn defined a protomodular category with the notions of category of "points'
and change of base functor. Since we do not use these concepts in this thesis, we will
consider an equivalent definition of a protomodular category. A category C is protomod-
ular if the Split Short Five Lemma holds in C. The Split Short Five Lemma holds in C
if, for any commutative diagram in C

0— K -*oA—">B_ .0

0K — A —==B — 0

Sl

where each row is a split short exact sequence (i.e. it is a short exact sequence such that
there exists a section of p, i.e. a morphism s: B — A such that po s = idg), v and w
are isomorphisms, then v is an isomorphism.

The category of groups is a semi-abelian category. Indeed, we have just proved in
Subsection 3.1.1 that it has binary coproducts and it is exact. Moreover, the zero object
is the trivial group, {0}. Finally, one can prove the Split Short Five Lemma holds in Grp
by showing that v is injective and surjective in the above diagram. The first relevant fact
to notice is that there is no restriction in assuming that k and k" are subgroup inclusions
as subgroups.

Let a € A such that v(a) = 0. Then p'(v(a)) = w(p
p(a) =0 and a € K. Hence, k' (u(a)) = v(k(a)) = ( ) =

u, a = 0. This implies that v is injective.

(a)) = 0. Since w is injective,
0 and, by injectivity of k" and
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Let us then prove that v is surjective. Given a’ € A’, we want to prove that there exists
a € A such that v(a) = o’. By surjectivity of w and p, there exists b € B such that
w(b) = p'(a’) and there exists @ € A such that p(a) = b. Hence,

p'(a’) = w(b) = w(p(a)) = p'(v(a)),

which implies that p'(v(a)~'a’) = 0 and v(a) ‘e’ € K'. By surjectivity of u, there exists
k € K such that u(k) = v(a)~'a’. Moreover, v(k) = k' (u(k)) = v(a)~'a’ and this implies
that v(ak) = a’. Hence, we have proved the surjectivity of v by taking a = ak. Actually,
this proof also works to prove the Short Five Lemma in Grp (where p and p’ are only
required to be surjective homomorphisms) since only the surjectivity of p and p’ have
been used in the proof, not the existence of their sections s and s'.

This ends to prove that the category of groups is semi-abelian. This categorical property
allows one to state some fundamental results. For instance, in Section 1.3, we have
proved the Noether isomorphism theorems for the category of skew braces. Actually,
these theorems can be proved for any semi-abelian category, which is a property of the
category SKB as explained in the next section.

3.2 SKB is a semi-abelian category

As mentioned in the introduction of this Chapter, the objects of the category SKB are
skew braces and the morphisms are the skew brace morphisms (as in Definition 1.3). It is
a well-defined category since the composition of two composable skew brace morphisms
is a skew brace morphism, the composition is associative and the identity morphism is
a skew brace morphism.

In this section, we’ll show that SKB is a semi-abelian category. Before this, we state
a lemma about the specific structure of a normal monomorphism in the category of
skew braces. To recall, a monomorphism is normal if it is the kernel of some mor-
phism.

Lemma 3.15. In SKB, the normal monomorphisms are exactly the ideals, as defined
in Definition 1.24.

Proof. Let u: K — A be anormal monomorphism in SKB. Hence, there exists f: A — B
such that u = ker(f). By Proposition 1.31, K is an ideal of A.

Conversely, by Proposition 1.31, every ideal is the kernel of some morphism. Let I be
an ideal of a skew brace A and let +: I — A be the inclusion morphism of I in A. Then
v = ker(m), where m: A — A/I is the canonical projection. One concludes that ¢ is a
normal monomorphism. The following diagram is then a short exact sequence:

0—>I—‘> A—T A/T—0.
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This concludes the proof of the equivalence between the normal monomorphisms and
the ideals in SKB. O

Proposition 3.16. The category SKB of skew braces is semi-abelian.

Proof. As observed in the Examples 3.8, the category SKB of skew braces is a variety
of algebras. Therefore, SKB is complete, cocomplete and also exact. Its limits are built
in the same way as in the category of groups.

From Lemma 1.5, we can deduce that SKB is a pointed category, i.e. it admits a zero
object. Since the multiplication and the addition of a skew brace have the same neutral
element, denoted by 0, the initial and the terminal object of the category is the trivial
skew brace {0}, which is then called a zero object.

It remains to prove the protomodularity. Since any skew brace is equipped in particular
with a group structure, the Split Short Five Lemma is proved as in Grp (see Section
3.1.2). Hence, the category is protomodular.

We can conclude that SKB is semi-abelian. OJ

To complete the proof, we explain why the category SKB is regular. The pullback of
two morphisms in SKB is formed as in Set and regular epimorphisms are surjective
morphisms. This implies the pullback stability of regular epimorphisms. Moreover, the
(regular epi, mono) factorization of a morphism was already introduced in Proposition
1.31 when we defined the image of a skew brace morphism. The following commutative
diagram illustrates it, where the map e is the corestriction of f to its image and the map
m is the inclusion of the image of f in B.

A ! B

S

Im(f)

In order to prove that SKB is a semi-abelian variety, one could also have used the
characterization of semi-abelian varieties, first established in [15]. Indeed, a variety of
algebras V is semi-abelian if and only if there exist n binary operations {c;}icqi,...n,
a unique O-ary operation, called the constant 0, and an (n + 1)-ary operation § such
that, for all elements =,y of the variety, a;(x,z) = 0, for every i € {1,...,n}, and

Blar(x,y), ..., an(x,y),y) = .

In SKB, with the constant term 0 and n = 1, one can define the operations a4 (x,y) =
x—y and B(x,y) = x+y that satisfy the identities oy (z, z) = 0 and

5(a1(x7y)>y> = (LU - y) +y=ux
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3.3 Strong protomodularity of SKB

Strong protomodularity is another interesting property of a category. This notion was
introduced in 2000 by D. Bourn in [10]. It is related to the concept of normal subobjects.
Although the definition was first expressed in terms of functors between the category
of points of a category C and the category C itself, we will use the following equivalent
definition in the context of exact categories.

Definition 3.17. An ezact pointed category C is called strongly protomodular when it is
protomodular and the following property is satisfied: for any commutative diagram such
as the following one, where k = ker(p) and k' = ker(p') and p,p’ are split epimorphisms
with sections s, s’ respectively,

0*>K>L>A<;B

4

00— K'>—— A’%B

P’

if w is a mormal monomorphism, then k' o u is a normal monomorphism in C.

The category Grp of groups and the category Rng of rings are well-known examples of
strongly protomodular categories. We will prove that the category SKB is also strongly
protomodular. We first introduce the following definition and lemma.

Definition 3.18. In a finitely complete category, a pair of arrows A —"- C<2-B is
jointly strongly epimorphic if for any monomorphism m: M — C' and for any morphisms

A—- M <" B such that moa = a and m o B =b, then m is an isomorphism.

M

2N

A?‘C'TB

Lemma 3.19. In a pointed protomodular category, let p: A — B be a split epimor-
phism with section s and let k = ker(p): K — A, then the pair (k,s) is jointly strongly
epimorphic.

Proof. In order to prove that (k, s) is jointly strongly epimorphic, we need to show the

following property. Let m: M — A be a monomorphism, let «: K — M and 3: B — M
be morphisms such that moa = k and m o § = s, then m is an isomorphism. This
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property is illustrated by the following diagram, where the square is the pullback of the
morphisms p: A — B and 0 — B, hence the kernel of p.

l- /7

K
|
0

— < B

Since the category is protomodular, the Split Short Five Lemma holds in it. We consider
the following diagram

B
0—=K-—=~M=—=0B

pom
\Lm
p

OHKHA?B

To apply the Split Short Five Lemma, we first need to check that [ is a section of pom
and that a = ker(pom). On one hand, pomo 3 = pos = 1p, which implies that [ is a
section of p o m. On the other hand, it is clear that pomoa = po k = 0. Moreover, if
~v: C'— M is a morphism such that pomo~y = 0, by the universal property of the kernel
k of p, there exists a unique morphism ¢: C' — K such that k o ¢ = m o ~. Moreover,
by the condition moa = k, mo~y = ko ¢ = mo ao ¢, and by the fact that m is a
monomorphism, it follows that v = o o ¢. We have just proved that a = ker(p o m).

We conclude, by the Split Short Five Lemma, that m is an isomorphism, and that (k, s)
is jointly strongly epimorphic. [

Now, we can show that the category of skew braces is strongly protomodular. The proof
of this can be found in [12].

Proposition 3.20. The category SKB is strongly protomodular.

Proof. We have already proved that SKB is pointed and protomodular. Let’s consider
the diagram of the Definition 3.17 in the category of skew braces.

0*>K>L>A<;B

Ry

OHK’>—>A’<;B

P’

One needs to prove that k'u is a normal monomorphism, which is equivalent to prove that
K is an ideal of A" in SKB. Hence, one needs to show the three following conditions:
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(K,o) is a normal subgroup of (A’,0), (K,+) is a normal subgroup of (A’,+) and
A/ (K) C K for every a’ € A’. Since the category of groups is known to be strongly
protomodular (Bourn showed it in [10]), the first two points are straightforward. Indeed,
u: (K,0) — (K',o) and u: (K,+) — (K',+) are normal subgroups in Grp, hence
Ku: (K,o) = (A',o) and K'u: (K,+) — (A, +) are normal subgroups in Grp.

It remains to show that A\, (K) C K for every o’ € A’. By using the section s’ of p/, one
gets the equality o' = §'(p'(a')) o 8'(p/(a’)) "t o a’. Since p's’ = 15,

P(s@'(d)) " od)=p(s@(d)) " op/(d) =0,

which implies that §'(p/(a')) od’ € K'. Hence a’ = ' (V')ok with k = ' (p/(a/)) Lod’ € K’
and v/ = p/(a’) € B. This is also a consequence of the fact that (k’, s’) is jointly strongly
epimorphic.

Let k € K. Then

Aar (k) = Ao (k) = Ason Mg (K),

with & := \; (k) € K since K is an ideal of K’ and ke K' .k € K. By commutativity
of the diagram, s'(b') = vs(d'). Since the right vertical arrow in the previous diagram
is an identity, in particular a monomorphism, the left-hand square is a pullback, and
this implies that it reflects monomorphisms. This property is proved by Bourn in [11].
Hence, v is an injective map that we can consider as an inclusion map, implying that

s'(t) =s(b) € A. So,

/\a/<k) = /\s’(b’)(k) = As(b’)(k) e K

since K is an ideal of A. This allows one to conclude that &'u is a normal monomorphism
in SKB. O

3.4 Some categorical results in SKB

The properties of the category SKB of skew braces we have introduced in this thesis are
relevant in the study of this algebraic structure. Indeed, it helps us to understand that
this category has many common properties with the one of groups. It means that this
structure with two group operations can sometimes be considered as a group and that
we can apply some properties of the category of groups to SKB, making some results
easier to understand.

For instance, in Chapter 1, we proved the Noether isomorphism theorems for skew
braces. As a matter of fact, these results can actually be proved in any semi-abelian
category.

The first isomorphism theorem is a direct consequence of a result proved by Bourn in
8, Proposition 2].
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Theorem 3.21. Let C be a semi-abelian category and let f: X — Y be a reqular epi-
morphism in C. Then X/ker(f) =Y, where ker(f) denotes the kernel of f.

Proof. Since a semi-abelian category is a pointed protomodular category, f is the cok-
ernel of its kernel, by [8, Proposition 2].

ker(f) f

N

X/ ker(f)

X Y

ker(f)

The fact that ¢ is the cokernel of ker(f) implies that ¢ and f are isomorphic and
X/ker(f) =Y. O

To state the second isomorphism theorem, we need to define the intersection and the
supremum of two normal subobjects in a semi-abelian category. Let C be a semi-abelian
category and let n: N — A and m: M — A be two normal subobjects of an object
A. The intersection of N and M, denoted by N N M, is defined as the pullback of the
monomorphisms n and m:

NEM*)]J
M A.

Let’s consider the pushout of the morphisms coker(n) and coker(m):

coker(n)

A AN

coker(m)i \ \L

AJM ——=P.

We set p: A — P as the diagonal morphism of this pushout. The supremum of N and
M, denoted by N V M, is the kernel of p, i.e. NV M = ker(p). In other words, this is
the smallest normal subobject of A that contains N and M.

To prove the second isomorphism theorem, we use the 3 x 3 Lemma asserting that, in a
commutative diagram with 3 rows and 3 columns, if the three columns and two out of
three rows are short exact sequences, the third row is a short exact sequence. This lemma
is valid in any semi-abelian category, as Bourn proved in [8].

Theorem 3.22. Let C be a semi-abelian category and letn: N — A and m: M — A be

two normal subobjects of an object A. Then, N]XM > NX/[M.
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Proof. Consider the following commutative diagram.

0 0 0
JN ™ N
0—=NNM N A 0
|
Jnm iN I ¢
q Y
M M NVM
0 M NV M v 0
|
M qN | 7
A
M__ _ _ _ NVM _ _ NVM/M
NAM ~ Ty N q¢ = N/NnM
0 0 0

By the universal property of the arrow my which is the cokernel of jy, there exists a
unique morphism ¢: NgM — NX/[M such that ¢ o my = qp 0 iy. Let’s denote by 7 its
cokernel.

By the universal property of m,; which is the cokernel of jj;, there exists a unique

morphism : N%M — NXM such that v o my; = gy o 2p7. By the universal property qy,
there exists a unique morphism ¢: 254 — ]]\\7,71%/ Aj‘j .

Since the left-hand square iy, 05, = iy 0y is a pullback and the first two lines are short
exact sequences, ¢ is a monomorphism. It is even a normal monomorphism because iy
is a normal monomorphism, ¢,; and 7y are normal epimorphisms and the category is
semi-abelian. Hence, the right-hand column is a short exact sequence. By a similar
reasoning, ¢ is a normal monomorphism.

Since the three columns and the first two lines are short exact sequences, we can apply
the 3 x 3 Lemma and we obtain that the last line (¢, q) is also a short exact sequence.

Since 7, is a normal epimorphism and the last two lines are short exact sequences, the
right-hand square q o gy = 7 o ¢y is a pushout. But the pushout of qy, ¢y is equal to

0. Therefore, % = 0 which implies that ¢ and ¢ are isomorphisms. O

The third isomorphism theorem is proved, for instance, in [25, Lemma 1.3], in the more
general context of normal categories.

Theorem 3.23. Let C be a semi-abelian category. Let h: H — X and k: K — X be

normal subobjects of X, with K C H. Then X/H = g—g
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Proof. Consider the following commutative diagram.

0
0— kK2 opg Wy g
I
Y
0 K k X Coker(k:)X/‘K —0
coker(h) | T
Y
X/H—X/H

0

By the universal property of coker(j), there exists a unique arrow ¢: H/K — X/K
such that 6 o coker(j) = coker(k) o h. The morphism 6 is a monomorphism since the
arrow coker (k) o h factorizes as a normal epimorphism followed by a monomorphism and
coker(j) is a normal epimorphism.

By the universal property of coker(k), there exists a unique arrow 7: X/K — X/H such
that m o coker(k) = coker(h). Moreover, 7 is a normal epimorphism.

By the universal property of ker(w), there exists a unique arrow ¢: H — ker(m) such
that ker(m) o ¢ = coker(k) o h.

ker(r) “L X/K "~ X/H

A
¢: %(k)oh

H

Since normal epimorphisms are pullback stable, ¢ is a normal epimorphism. Then,
ker(m)o¢ = Gocoker(j) are two (regular epi, mono) factorizations of the same morphism.
This implies that 6 is isomorphic to the kernel of .

H coker(5) HIK
N
ker(w)m X/K
Since 7 is the cokernel of its kernel, 7 = coker(#) and (0, 7) is a short exact sequence.
It allows us to conclude that X/H = % O

We also noticed the strong protomodularity of SKB. This categorical property is rel-
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evant in commutator theory. Indeed, being strongly protomodular enables to assert a
correspondence between two notions of centrality, the first one of normal subobjects
(due to Huq [30]) and the second one of equivalence relations (due to Smith [40]). In
this thesis, we refer to the definitions and terminology used by Bourn and Gran in
[14].

The Huq cooperator can be expressed in the following way. Let C be a finitely com-
plete category. Let m: X — Z and n: Y — Z be two normal subobjects of Z.
Let

ih=(1,0): X > X xYand iy =(0,1): Y - X XY

be the induced arrows of the cartesian product X x Y. We say that X and Y cooperate
if there exists a unique morphism c¢: X x Y — Z such that

coiy =m and coiy = n.
We illustrate this definition by the following diagram:

X xY

¥
X z Y.

m n

If there exists such a morphism ¢, one calls it the cooperator of X and Y and writes

[X,Y]n = 0.

For instance, in the category Grp of groups, the cooperator of two normal subobjects is
defined by c(z,y) = x -y for any x € X and y € Y. When there is such a cooperator, it
allows one to get the equality z -y =y - z.

We now look at the notion of connector. Let C be a finitely complete protomodular
category and let R and S be equivalence relations on an object X. Let’s consider the
pullback

RxS-2-9
X

Pll isl
R X

T2
where ry and s; are the second and first projections of R and S, respectively.

We say that R and S centralize each other if there exists a unique morphism

p: RxS—X
X
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such that poir = r; and poig = s, whereig: R — R}>§S is defined by ig(z,y) = (z,y,y)
and, similarly, ig: S — R x S is defined by ig(z,y) = (z,2,y). These morphisms are
X

well-defined since the relations R and S are reflexive. The conditions on the morphism
p are equivalent to the identities p(x,y,y) = = and p(z,z,y) = y and are illustrated by

the following diagram:
L Rx §<
X
X\ \Lp %
X

where r and ss are the first and second projections of R and S, respectively.

R S

If such a morphism p exists, one calls it the connector of R and S and writes
[R7 S]S = AX?

where Ay is the discrete relation on X.

For instance, in Grp, when it exists, the connector on two equivalence relations R and
S is given by p(z,y,2) =z -y~ 2.

Let C be a pointed, exact and protomodular category. Let r1,79: R — X be an equiv-
alence relation on an object X. Let’s consider the following diagram with the kernel
morphism of ry, k: ker(r;) — R,

ker(ry)—t~ R —= X.
T2
The normal subobject associated to the equivalence relation R is ro o k: ker(r;) — X,
we denote it by Ng.

In a pointed, exact and protomodular category, if R and S are two equivalence relations
such that [R, S|s = Ax, then [Ng, Ng]y = 0.

The converse statement holds in strongly protomodular categories, as shown in [14].
This means that, in a strongly protomodular category, the existence of a cooperator
between two normal subobjects is equivalent to the existence of a connector between
their associated equivalence relations. This is not true, in general, for any semi-abelian
category. For example, the category DiGrp of digroups does not satisfy this property,
as explained by Bourn in [9].
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Conclusion

In this thesis, we have shown how skew braces provide non-involutive set-theoretic so-
lutions of the Yang-Baxter equation. For this, we studied the properties of skew braces.
In particular, we defined a left and a right actions on the underlying set of a skew brace.
These actions are actually the main components of the set-theoretic solution associated
to a skew brace. Nevertheless, there exist other classes of solutions that we have not con-
sidered in our work. Indeed, we just focused on non-degenerate set-theoretic solutions
but we could have looked at simple, indecomposable, retractable or multipermutation
solutions. There exists also a generalization of skew braces in the theory of Hopf alge-
bras, namely the concept of Hopf braces [2], that can provide solutions of the quantum
Yang-Baxter equation. In fact, this thesis is just an insight of a part of the difficult
and interesting problem of classifying the solutions of the Yang-Baxter equation. We
could have explored some other mathematical paths, since there are many open problems
concerning this equation and its solutions.

As a second step, we have studied the skew braces from a categorical point of view.
Indeed, we were interested in studying this algebraic structure from different perspec-
tives. We first noticed that skew braces and its morphisms form a category. Since a
skew brace is endowed with two group structures, we naturally compared its properties
with those of the category of groups and we realized that many of them are common to
both structures. Actually, as we have previously shown, the category of skew braces is
semi-abelian. This fact combined with the relevant properties of skew braces indicate
that many links between these two theories could be established, in both directions. It
means that some specific properties of skew braces could be extended to any semi-abelian
category, whereas the theory of semi-abelian categories can lead to discover some new
properties of skew braces and their homology. Also the above-mentioned Hopf braces
have been recently studied from a categorical perspective in [26]. Therefore, there is no
doubt that many new interesting interactions still have to be discovered between these
two mathematical fields.

Finally, we have presented Bourn’s proof of the strong protomodularity of skew braces.
It implies that commutator theory is well behaved in this category. Indeed, one can
say that the "Smith=Huq" property [36] holds in the category of skew braces, or more
precisely that two normal subobjects cooperate if and only if their associated equivalence
relations centralize each other. Some other interesting categorical properties of skew
braces have been investigated by D. Bourn in [12].
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