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Abstract

Low-rank optimization aims to minimize a function over the matrices of bounded
rank, a problem at the heart of data science and signal processing. A natural
and inexpensive algorithm for it, known as P2GD, is prone to a subtle failure
called an apocalypse: it can stall at a singular point that is not a stationary point,
while its own diagnostic measure falsely signals convergence. Corrective variants
such as P2GDR and PGD-P2GD repair this defect, but at a cost, and it has
remained unclear whether the apocalypse is a rare accident worth tolerating or
an unavoidable feature of the geometry. This thesis confronts the question on the
simplest setting where the geometry can be written down explicitly, combining a
systematic numerical exploration with an analysis of the continuous-time limit of
P2GD, namely its gradient flow.
Keywords: low-rank optimization, bounded-rank matrices, projected projected-
gradient descent, apocalypse, stationarity, gradient flow.
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Chapter 1

Introduction

Matrices are a central object of applied mathematics, providing a compact repre-
sentation of data, linear transformations, measurements, and model parameters.
In many situations, however, the high-dimensional matrix at hand reflects an
underlying structure of much lower intrinsic dimension, and recovering or exploiting
this structure motivates the field of low-rank optimization.

Such structure arises across a wide range of disciplines. In statistics and signal
recovery, matrix completion [1], [2] and matrix sensing [3], [4] aim to reconstruct
a low-rank matrix from only a limited number of measurements, reducing the
amount of required data. Robust principal component analysis [5] further separates
meaningful low-rank information from sparse noise or corruptions. In machine
learning, multi-task learning [6] uses shared low-rank representations in order that
related tasks can benefit from common information and generalize better, while
weighted low-rank approximation [7], [8] accounts for data with different levels of
importance or reliability. In image and video analysis, low-rank models are widely
used for denoising, inpainting missing regions, and separating moving objects from
static backgrounds [9]. More recently, these ideas have also been applied to deep
learning: neural networks are highly effective but often require large amounts of
memory and computation, motivating low-rank training approaches that reduce
these costs while preserving accuracy through dynamic rank adaptation [10].

All of these problems share a common form. Given a differentiable function
f : Rm×n → R with locally Lipschitz gradient, and a closed subset C of the
determinantal variety

Rm×n
≤r := {X ∈ Rm×n | rank(X) ≤ r},

with integers m, n, r satisfying r < min(m, n), the goal is to solve

min
X∈C

f(X). (1.1)
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The set C may be the full determinantal variety, its symmetric counterpart S≤r(n),
or a closed subset thereof.

Solving (1.1) to global optimality is NP-hard in general: even the restricted
problem of low-rank approximation with weights or missing entries is intractable
in the worst case [7]. Algorithms therefore target a necessary condition for local
optimality: every local minimizer of f on C is a stationary point, that is, a point
X ∈ C at which−∇f(X) belongs to the regular normal cone N̂C(X) [11, Thm. 6.12].
The formal notions of tangent cone, regular normal cone, and stationarity on the
bounded-rank varieties are recalled in Chapter 2; throughout this thesis, the goal
of an algorithm is to produce a sequence whose accumulation points are stationary
in this sense.

1.1 Algorithmic landscape and research question
The methods proposed in the literature for (1.1) may be compared from several
perspectives, including the per-iteration cost (typically dominated by the projection
onto C), their mathematical sophistication, and the convergence guarantees they
provide. Each algorithm involves a different trade-off among these criteria.

1.1.1 Projected gradient descent
The most direct approach is projected gradient descent (PGD [12, Algorithm 4.2])
equipped with an Armijo backtracking line search to select the step size. Starting
from Xi ∈ C, we consider a trial step size αi > 0 and define the next iterate as

Xi+1 = PC

(
Xi − αi∇f(Xi)

)
.

The Armijo condition requires that this step produces a sufficient decrease of the
objective, for example

f(Xi+1) ≤ f(Xi)− c αi∥∇f(Xi)∥2,

for some fixed parameter c ∈ (0, 1); in the backtracking procedure, αi is computed
by starting from an initial value and repeatedly multiplying it by a factor β ∈ (0, 1)
until this inequality is satisfied. On the full variety Rm×n

≤r , Olikier and Waldspurger
show that the sequence generated by such a PGD scheme has accumulation points
that are Bouligand-stationary [12].

The price is the projection PC . By Eckart–Young, PC(Y ) on low-rank matrices
requires the truncated singular value decomposition of Y , and Y = Xi − α∇f(Xi)
is generically of full rank. Computing its truncated SVD represents a substantial
cost at each iteration [13], [14]. This is the main drawback of this method despite
its stationarity properties.
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1.1.2 P2GD: cheaper iterations, no guarantee
The projected projected-gradient descent (P2GD) method, introduced by Schneider
and Uschmajew as Algorithm 3 of [15] and extended to the bounded-rank variety
in [16], eliminates the expensive full-rank SVD by restructuring the gradient step.
The key observation is that C has, at each point Xi, a set of preferred directions:
the directions along which one can move from Xi while remaining in C to first order.
These directions form the tangent cone TC(Xi) (formally defined in Chapter 2).
Instead of moving freely in Rm×n and then projecting back onto C, P2GD first
restricts the gradient to these locally feasible directions:

g ∈ PTC(Xi)
(
−∇f(Xi)

)
, Xi+1 ∈ PC(Xi + αg).

The tangent-cone projection is efficient because TC(Xi) has an explicit structure
for bounded-rank varieties (Chapter 2). Moreover, since g belongs to the tangent
space of the smooth piece of C near Xi, the matrix Xi + αg has rank at most
2r [16, Sec. 6.2.2]. In contrast, Xi − α∇f(Xi) is generically full rank. Projecting
a rank-2r matrix onto C costs only O(r3) operations via a QR factorization [13,
Sec. 9.2.4] and [14, Sec. 2.3], which is substantial savings when r ≪ min(m, n).

The price is the loss of convergence guarantees. Levin, Kileel, and Boumal
exhibit apocalypses [17, Def. 2.7]: sequences whose stationarity measure tends
to zero, yet whose limit is not Bouligand-stationary. An apocalypse is a false
diagnostic: the algorithm declares success at a point that admits a genuine descent
direction. Apocalyptic points are necessarily singular points of C, where the tangent
cone enlarges.

1.1.3 Restored guarantees: P2GDR and PGD-P2GD
Two more recent algorithms restore convergence guarantees while retaining the
rank-2r projection of P2GD. P2GDR [16], [18] augments P2GD with an explicit
rank-reduction step that re-examines lower-rank candidates when an apocalypse
is suspected. PGD-P2GD [18] interleaves P2GD and PGD, using the convergence
of PGD as a fallback near the singular strata. Both accumulate at Bouligand-
stationary points, at the cost of a more involved algorithmic structure and analysis.

1.1.4 Research question
The corrective schemes of Section 1.1.3 are necessary in the worst case (an apoca-
lypse can occur) but it is not clear whether the apocalypse is a generic obstruction,
a marginal event, or a structurally stable phenomenon. If it is marginal, P2GD is
enough in practice and the corrections are an over-engineered insurance; if it is
structural, the corrections are indispensable.
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This thesis investigates the question on the simplest non-trivial setting in
which the geometry is fully explicit: the variety S≤r(n) of symmetric matrices
of bounded rank (see 2.1, and in particular its order-two instance S≤1(2), which
is isometric to a double cone in R3. The choice is motivated by two facts: the
tangent and normal spaces of S≤r(n) admit closed-form descriptions, derived in
Chapter 3 by adaptation of the rectangular analysis of [18]; and Olikier has shown,
for a specific quadratic objective on S≤1(2) and a single small-step regime, that
there exist two initial iterates close to one another for which P2GD generates an
apocalypse [19]. Olikier also introduces a continuous-time version of P2GD on this
setting, obtains a decoupled system in cylindrical coordinates, and derives partial
bounds on the trajectory; the global existence of the associated gradient flow and
the characterization of the basin of attraction of the apocalypse are, however, left
open.

This thesis extends the work of Olikier and provides what was left open. On
the theoretical side, we prove global existence of the gradient flow for all initial
conditions, and derive iteratively refined upper and lower bounds that force the
trajectory toward the apex for an explicit range of initial angles; we then show
numerically that the discrete P2GD iterates lie within these envelopes. On the
experimental side, we run P2GD from 14,000 initial conditions across a range of
step sizes on S≤1(2), and extend the study to S≤1(3) and to S≤r(n) for larger (n, r).
The results show that the apocalypse occupies a substantial basin of attraction
in the small-step regime and persists in higher dimensions, indicating that the
phenomenon is structural rather than marginal. The precise contributions are
listed in Section 1.2.

1.2 Contributions
The main contributions of this thesis are the following.

• An explicit tangent cone and projection for the symmetric bounded-
rank variety. Adapting the variational analysis of the rectangular variety [18],
we obtain a closed-form description of the tangent cone to S≤r(n) (Theo-
rem 3.2) and of the orthogonal projection onto it (Proposition 3.4). These
formulas make P2GD implementable on the symmetric variety in arbitrary
dimension.

• A quantitative map of the apocalypse basin of attraction. On the
double cone S≤1(2), we determine the set of initial iterates driven to an
apocalypse as a function of the step size (Section 3.1). The basin grows as
the step size decreases, becoming dominant in the small-step regime rather
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than marginal, and the phenomenon persists on S≤1(3) (Section 3.3) and on
higher-dimensional symmetric varieties (Section 3.4).

• A continuous-time model of the small-step regime, and bounds on
its trajectories. As the step size tends to zero, P2GD is the forward-Euler
discretization of the projected gradient flow ẋ = PTC(x)(−∇f(x)) (Section 4.1).
On the double cone, this flow decouples in cylindrical coordinates into exact
scalar equations for the height z(t) and the angle θ(t) (Section 4.2). We
derive successive upper and lower bounds on these quantities (Section 4.3):
the z-coordinates is bounded from above by z(0)e−t, which drives it toward
the apex, and bounded from below by a strictly positive bound, which keeps
it away from the apex in finite time. From these bounds we extract an
explicit criterion on the initial angle (Section 4.3.5), and we verify numerically
that the continuous trajectories lie within these envelopes, and since the
discrete iterates converge to the flow as α→ 0, this confirms the small-step
apocalyptic behaviour (Section 4.4).

• A global existence result on the continuous-time system, confirming
the apocalyptic trapping. We prove that the flow is defined for all t ≥ 0
and every initial condition (Section 4.5), settling a question left open in [19].
The result yields the precise picture behind the experiments: the z-coordinate
satisfies z(t) > 0 for all finite t while z(t) → 0 as t →∞, so the trajectory
approaches the rank-zero apex asymptotically—never reaching it in finite time,
and never escaping toward the rank-one minimizer. Because this trapping
holds in the step-size limit, it explains why the apocalypse dominates P2GD
at small step sizes (Section 4.5.3).

1.3 Structure
This thesis is organized as follows. Chapter 2 fixes the geometric and variational
background used throughout: embedded submanifolds and singular points, the
tangent and normal cones, the stationarity measure, the apocalypse, and the P2GD
algorithm. Chapter 3 is the numerical study: it first derives the tangent cone and
the projection for S≤r(n), then maps the apocalypse basin of attraction on the
double cone S≤1(2), on S≤1(3), and on symmetric varieties of larger size. Chapter 4
develops the continuous-time analysis: the projected gradient flow and its exact
integral equations, the iteratively refined bounds and the resulting initial-angle
criterion, and finally the proof of global existence together with its implication for
the discrete algorithm.

9



Chapter 2

Preliminaries

This chapter introduces the objects needed to define and analyze low-rank opti-
mization problems. The thread is short: on a smooth set, classical calculus applies
and a stationary point is one where the (constrained) gradient vanishes; on a set
with singular points, such as the bounded-rank matrices, the tangent space must
be replaced by a tangent cone, and the whole difficulty of this thesis lives at those
singular points.

2.1 Notations
Throughout, m, n, r are positive integers with r < min(m, n), and E is a finite-
dimensional Euclidean space with inner product ⟨ · , · ⟩ and norm ∥ · ∥. We write
Rm×n for the space of real m×n matrices, equipped with the Frobenius inner product
⟨Y, Z⟩F := tr(Y ⊤Z) and norm ∥ · ∥F, and S(n) := {Y ∈ Rn×n | Y ⊤ = Y } for the
symmetric matrices. Singular values are ordered σ1(X) ≥ · · · ≥ σmin(m,n)(X) ≥ 0.

The sets of main interest are the bounded-rank matrices

Rm×n
≤r := {X | rank(X) ≤ r}, S≤r(n) := {X ∈ S(n) | rank(X) ≤ r},

and the sets of fixed-rank matrices are

Rm×n
r := {X | rank(X) = r}, Sr(n) := {X ∈ S(n) | rank(X) = r},

where the rank equals exactly r. For a closed set C ⊆ E and x ∈ E, the metric
projection PC(x) := {y ∈ C | ∥x − y∥ = d(x, C)} is nonempty but may contain
several points. Functions f : E → R are differentiable with locally Lipschitz
gradient ∇f .
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The sign function is

sgn : R→ R : t→


1 if t > 0
−1 if t < 0
{−1, 1} if t = 0

;

it is set-valued at the origin, reflecting the multivaluedness of the projection onto
the double cone encountered in Chapter 3.

We write R∗
+ := (0,∞) for the set of positive real numbers.

2.2 Smooth sets, singular points, and tangent
spaces

A set is smooth at a point if, near that point, it looks like a flat copy of Rd. The
precise notion is the following.

Definition 2.1 (Embedded submanifold, [20, Def. 3.10]). A non-empty subset
M ⊆ E is a smooth embedded submanifold of E of dimension d < dim E if, for
each x ∈ M , there exist a neighborhood U of x in E and a smooth function
h : U → Rdim E−d such that

(a) h(y) = 0 if and only if y ∈M ∩ U ;

(b) rank Dh(x) = dim E − d.

Such a function h is called a local defining function for M at x, and the tangent
space to M at x is the d-dimensional linear subspace TM(x) := ker Dh(x).

Near a smooth point, classical differential calculus on M is available, and this is
the comfortable case. The sets we optimize over are not smooth everywhere: a point
x ∈ C is called singular when C is not a smooth submanifold in any neighborhood
of x, and no tangent space exists in the sense above. For the bounded-rank
varieties this dichotomy is explicit. The rank function is subadditive and lower
semicontinuous, and its level sets of fixed rank stratify the variety: Rm×n

≤r (resp.
S≤r(n)) is the disjoint union of its fixed-rank strata,

Rm×n
≤r =

r⊔
k=0

Rm×n
k , S≤r(n) =

r⊔
k=0

Sk(n),

each stratum Rm×n
k (resp. Sk(n)) being a smooth embedded submanifold [21, Sec. 4]

(see also [22, Chapter II]). A matrix is a regular point of Rm×n
≤r if and only if it

lies in the top stratum, i.e. its rank equals r; a matrix of rank k < r is therefore
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a singular point of Rm×n
≤r , even though it is a smooth point of the stratum Rm×n

k

to which it belongs. This distinction is what makes the rank-deficient traps of
Chapter 3 meaningful.

A visual example is the double cone C = {x ∈ R3 : x2
3 = x2

1 + x2
2}: it is a smooth

surface everywhere except at the apex 0, its only singular point. At such points,
the tangent space must be replaced by a more general notion, introduced next.

2.3 Tangent and normal cones
The generalization keeps the defining idea of a tangent space — directions along
which one can move while staying, to first order, in C — and drops the requirement
of linearity.

Definition 2.2 (Tangent cone, [11, Def. 6.1]). Let C ⊆ E be closed and x ∈ C.
The tangent cone TC(x) is the set of v ∈ E for which there exist xk → x in C and
tk → 0+ with

xk − x

tk

−→ v.

In words, v ∈ TC(x) is a valid direction that can be followed from x toward
nearby points of C. Properties of this cone are

• TC(x) is always a closed cone (stable under nonnegative scaling);

• at a smooth point, it coincides with the tangent space TM(x) of Section 2.2
[11, Ex. 6.8], so nothing is lost;

• at a singular point it may be nonconvex and strictly larger than the tangent
space of any nearby smooth point.

Definition 2.3 (Regular normal cone, [11, Def. 6.3 and Theorem 6.28]). The
regular (Fréchet) normal cone to C at x is the polar of the tangent cone,

N̂C(x) := {w ∈ E | ⟨w, v⟩ ≤ 0 for all v ∈ TC(x)}.

At a smooth point x, TC(x) is a linear subspace and N̂C(x) is exactly its
orthogonal complement [11, Ex. 6.8], the normal space; in that case the hat is
customarily dropped and we write NC(x) := TC(x)⊥. The orthogonal decomposition
E = TC(x)⊕NC(x) then yields the identity used repeatedly in the sequel to compute
the projection onto the tangent cone from the projection onto the normal space:

PTC(x)(v) = v − PNC(x)(v). (2.1)
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2.4 Stationarity and the stationarity measure
A direction v ∈ TC(x) is a descent direction if ⟨∇f(x), v⟩ < 0, and a point x ∈ C
is stationary for f on C when it admits no descent direction in TC(x). This is
equivalent to either of

−∇f(x) ∈ N̂C(x) or
∥∥∥PTC(x)(−∇f(x))

∥∥∥ = 0

[17, Prop. 2.5]. Every local minimizer of f on C is stationary [11, Thm. 6.12]. The
last quantity above measures how far x is from stationarity and is the criterion used
to monitor every algorithm in this thesis. Although PTC(x)(· may be set-valued, all
its elements share the same norm, so the stationarity measure is well defined.

Definition 2.4 (Stationarity measure, [17]). The stationarity measure of f on C is

s(x; f, C) :=
∥∥∥PTC(x)(−∇f(x))

∥∥∥.
An iterate xk satisfying s(xk; f, C) ≤ ε for a prescribed tolerance ε > 0 is called
ε-stationary.

2.5 The apocalypse
On a smooth set, s(xk)→ 0 guarantees that every limit point of (xk) is stationary
[18, Cor. 2.11]. On a set with singular points this can fail, and the failure is the
phenomenon at the center of this thesis.

Definition 2.5 (Apocalypse, [17, Def. 2.7]). A point x ∈ C is apocalyptic if there
exist a sequence (xk)k∈N ⊆ C converging to x, a continuously differentiable function
f , and a sequence εk > 0 with εk → 0 such that each xk is εk-stationary while x is
not stationary. The triplet

(
x, (xk)k∈N, f

)
is called an apocalypse.

A reason for this phenomenon is the augmentation of the tangent cone noted
after Definition 2.2: as smooth iterates xk → x approach a singular limit, TC(x)
acquires directions absent from each TC(xk). If −∇f(x) has a nonzero component
along one of them, then x admits a descent direction and is not stationary, even
though s(xk)→ 0 has declared success. Apocalyptic points are therefore necessarily
singular [17, Rem. 2.9]; for the bounded-rank varieties studied here, this links the
phenomenon to the vanishing of the smallest relevant singular value, σr(xk)→ 0.

The remainder of this thesis investigates this phenomenon for the P2GD algo-
rithm: Chapter 3 measures how often it occurs as a function of the step size, and
Chapter 4 explains, through a continuous-time analysis, why it dominates in the
small-step-size regime.
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2.6 The P2GD algorithm
The algorithm whose behavior this thesis analyzes is the projected projected-
gradient descent (P2GD), introduced by Schneider and Uschmajew as Algorithm 3
of [15] and extended to stratified sets by Olikier, Gallivan and Absil [16]; Section 1.1
gives the context and the comparison with PGD.

Given the current iterate x ∈ C, P2GD first projects the negative gradient onto
the tangent cone, g ∈ PTC(x)(−∇f(x)), then performs an Armijo backtracking line
search along g, accepting a step size α ∈ R∗

+ only when it yields sufficient decrease
relative to the stationarity measure s(x; f, C) of Definition 2.4. This is used in
the P2GD map (Algorithm 1). The full method iterates it until the stationarity
measure is sufficiently small (Algorithm 2).

Algorithm 1 P2GD map
Require: (E, C, f, α, ᾱ, β, c) where E is a Euclidean vector space, C a nonempty
closed subset of E, f : E → R is differentiable with ∇f locally Lipschitz continuous,
0 < α ≤ ᾱ <∞, and β, c ∈ (0, 1).
Input: x ∈ C such that s(x; f, C) > 0.
Output: y ∈ P2GD(x; E, C, f, α, ᾱ, β, c).

1: Choose g ∈ PTC(x)(−∇f(x)), α ∈ [α, ᾱ], and y ∈ PC(x + αg);
2: while f(y) > f(x)− c α s(x; f, C)2 do
3: α← αβ;
4: Choose y ∈ PC(x + αg);
5: end while
6: return y;

Algorithm 2 P2GD
Require: (E, C, f, α, ᾱ, β, c) where E is a Euclidean vector space, C a nonempty
closed subset of E, f : E → R is differentiable with ∇f locally Lipschitz continuous,
0 < α ≤ ᾱ <∞, and β, c ∈ (0, 1).
Input: x0 ∈ C.
Output: a sequence in C.

1: i← 0;
2: while s(xi; f, C) > 0 do
3: Choose xi+1 ∈ P2GD(xi; E, C, f, α, ᾱ, β, c);
4: i← i + 1;
5: end while
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Chapter 3

P2GD: numerical experiments

This chapter presents numerical experiments analyzing the P2GD algorithm on the
set of real symmetric matrices of bounded rank. The objective is to characterize
the conditions under which P2GD generates an apocalypse.

This chapter begins with an examination of order-two and order-three sym-
metric matrices of rank at most one, as these simplest cases of interest admit
explicit geometric interpretations. Higher-dimensional generalizations of symmetric
matrices of bounded rank are then investigated numerically to identify persistent
patterns.

3.1 Order-two: P2GD on the double cone

3.1.1 The geometry of the double cone
The numerical study is initiated with the consideration of the simplest non-trivial
case of 2× 2 real symmetric matrices of rank at most one, i.e. S≤1(2) that can be
formulated as,

S≤1(2) = {X | X⊤ = X and det(X) = 0}.
This set can be partitioned into a smooth manifold S1(2) containing all rank-one
matrices, and a singular point S0(2) = {02×2}. According to [23], the smooth
part Sr(n) of the variety of symmetric matrices of rank at most r consists of r + 1
connected components. In our case (rank-one matrices), this implies that S1(2) is
composed of two distinct connected components which are linked by the singularity.
The set S≤1(2) can be identified with a double cone

C = {x ∈ R3 | x2
3 = x2

1 + x2
2}
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as S≤1(2) = φ(C) via the isomorphism

φ : R3 → R2×2 : x 7→ 1√
2

(
x3 − x1 x2

x2 x3 + x1

)
.

The double cone highlights the structure of S≤1(2) each cone (without their apex)
corresponding to a component of S1(2).

For every point x ∈ C there exist an associated matrix A = φ(x). The
eigenvalues of A are

λ1 = 0, λ2 =
√

2x3.

It follows that for every x ∈ C, if x3 is strictly positive then the associated matrix
A is positive-semidefinite (with λ1 = 0 and λ2 > 0). On the other hand, if x3
is negative, the associated matrix A will always be negative-semidefinite (with
λ1 = 0 and λ2 < 0). The double cone C is particularly convenient to give a visual
interpretation of the definiteness of a matrix in S≤1(2), summarized in Table 3.1.

Condition Eigenvalues x3 Geometric Region

A ⪰ 0 (0,
√

2x3) x3 > 0

A ⪯ 0 (
√

2x3, 0) x3 < 0

A = 02×2 (0, 0) x3 = 0

Table 3.1: Classification on the double cone S≤1(2) by eigenvalues.

The set C is a locally smooth embedded submanifold of R3 everywhere except at
the origin. Let U = R3 \ {(0, 0, 0)}, which is an open subset of R3, hence a smooth
manifold in its own right. Consider the smooth map:

F : U → R, F (x1, x2, x3) = x2
1 + x2

2 − x2
3.
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The punctured double cone is exactly the level set F −1(0). The gradient of F is
given by:

∇F (x1, x2, x3) = (2x1, 2x2,−2x3),
which never vanishes on U . Since the gradient is non-zero everywhere on U , the
differential dFx is a non-zero linear form at every point, and is therefore surjective
onto R. This implies that F is a smooth submersion on U . According to the
Submersion Level Set Theorem [24, Cor. 5.13], the level set F −1(0) = C \ {0}
is a properly embedded submanifold of U (and thus of R3). As Remark 2.9 in
[17] establishes, apocalypses only occur at singular points (where the set is locally
non-smooth). Consequently, for all experiments in section 3.1, an apocalypse will
be declared if, beyond a certain iteration index, all points generated by Algorithm 2
are ϵ-stationary and remain within an ϵ-neighborhood of the singular point, namely
the origin.

Projections

The P2GD algorithm 2 requires both a projection onto C and a projection onto the
tangent cone of C at any point x ∈ C. These projections are computed following
the formulas provided in proposition 2 and 1 of [19] respectively. The projection
for all z ∈ R3 \ {0} such that |z3| <

√
z2

1 + z2
2 is

PC(z) = z

2 + 1
2


|z3|√
z2

1+z2
2
z1

|z3|√
z2

1+z2
2
z2

sgn(z3)
√

z2
1 + z2

2

 , (3.1)

The projection for all v ∈ R3 onto the tangent space of C \ {0} at x is

PTC(x)(v) = v − PNC(x)(v). (3.2)

Given that NC(x) is spanned by a single vector n(x) (as shown in Proposition 1 of
[19]), the projection onto the normal space is

PNC(x)(v) = ⟨n(x), v⟩
∥x∥2 n(x), with n(x) =

 x1
x2
−x3


At the origin, the tangent cone is TC(0) = C(Proposition 1 in [19]). Therefore, the
above projection onto C is the projection onto the tangent space of C at the origin.
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3.1.2 Numerical Experiments
To investigate the convergence behavior of P2GD (Algorithm 2), let the objective
function be the quadratic cost function

f : R3 → R : x 7→ 1
2∥x− x∗∥2, with x∗ =

−1
0
−1

 .

The cost function is convex with gradient ∇f(x) = x− x∗ and reaches its global
minimum at x∗ ∈ C, which is associated with the matrix

φ(x∗) =
[
0 0
0 −

√
2

]

The parameters of Algorithm 2 are chosen as follows :

1. Step size: α = 0.4

2. Armijo condition: c = 10−4

3. Backtracking factor: b = 0.5

4. Convergence criterion: ϵ = 10−2

Across all experiments in Section 3.1.2 the same objective function is kept and the
parameters β, c and ϵ remain constant.

Analysis of Trajectories

The first analysis of the behavior of P2GD focuses on two representative initial
points: x0,min = (1, 0, 1) which is associated with the positive-semidefinite matrix

φ(x0,min) =
[
0 0
0
√

2

]
and x0,apo = (−1, 0, 1) which is associated with the positive-

semidefinite matrix φ(x0,apo) =
[√

2 0
0 0

]
. These points are chosen because their

respective trajectories remain entirely within the plane y = 0. Indeed, for any
point x belonging to this plane, the gradient of the function at this point also
belongs to the plane. From the projection formulas (Equations (3.1) and (3.2)),
it follows that both projection operators preserve the plane y = 0. Consequently,
if the iterates are initialized in this plane, all subsequent points generated by the
algorithm remain in y = 0. Within this plane, the double cone C reduces to the
union of two intersecting lines z = ±x. Consequently, the local tangent space at
any point x ̸= 0 coincides with the line itself, and the projection operators simplify
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(a) Convergence to the global minimum. (b) Convergence to an apocalypse.

Figure 3.1: Two distinct behaviors of P2GD on the double cone. The red points
are the P2GD iterates (xi)∞

i=1. The green point is the global minimum. The yellow
arrows represent xi − αi∇f(xi) and the green arrow represent xi+1 − xi, where
αi = 0.4

to orthogonal projections onto these lines. This two-dimensional reduction provides
a clear framework to visualize the convergence properties.

For the initial iterate x0,min = (1, 0, 1), the iterations are shown in Figure 3.1a.
The negative gradient −∇f(x) (equal to the projected gradient G in this case)
remains on the cone and is on the branch containing the global minimum. As in
this planar case, s(x) = ∥G∥ = ∥∇f(x)∥ = ∥x − x∗∥, the stationarity measure
converges to zero as the sequence approaches the global minimizer.

Conversely, for x0,apo = (−1, 0, 1), the iterations are represented in Figure 3.1b
the algorithm becomes trapped in a branch leading toward the singularity at the
origin. For any iterate xi, the projected anti-gradient G, points exactly toward
the origin, with ∥G∥ = ∥x − 0∥. Hence x + αG = (1 − α)x lies on the same
branch for any α ∈ (0, 1). The iterates therefore approach 0 monotonically but
never reach it. As the iterates approach x = 0, the anti-gradient direction −∇f(x)
becomes increasingly orthogonal to the cone’s surface. Consequently, the norm
of the projected gradient G (i.e. the stationarity measure) tends to zero without
convergence towards the global minimum.

Analysis over a grid of initial points and the impact of the step size α

To characterize the global influence of the singularity on the convergence of P2GD,
a systematic exploration of initial conditions on the upper nappe of the double
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cone is performed. The upper nappe is defined as

C+ = {x ∈ C | x3 > 0}.

The domain is discretized using a cylindrical coordinate system (r, θ, z), where
x1 = r cos θ, x2 = r sin θ, and x3 = r. The sampling of the domain was set with
r ∈ [0, 10] with 70 equidistant levels, and for each level, 200 equally spaced values
of θ ∈ [−π, π] where chosen. This results in 14, 000 initial iterates x0 ∈ C+.

To study the sensitivity of the apocalypse phenomenon to the step size, this
experiment is reproduced for various values of α chosen in the interval [0.1, 0.75].

For each initial iterate x0 and each step size α, the algorithm terminates at an
iterate XT when the stationarity measure s(XT; f, C) becomes smaller than ϵ or
the maximum iterations is reached. An initial iterate x0 is classified as belonging
to the apocalypse basin if it satisfies the following two conditions:

1. The stationarity measure is sufficiently small: s(XT; f, C) < ϵ.

2. The final iterate is close to the singularity: ∥XT∥ < ϵ.

If these conditions are met, the trajectory is considered to have converged to an
apocalypse, characterizing the point x0 as trapped by the singular geometry at the
origin. As −∇f(0) = x∗ which is on the tangent cone at the origin (as TC(0) = C).
The norm of the projected gradient at the origin is nonzero, which is consistent
with the definition of the apocalypse 2.5.

The results illustrated in Figures 3.2 and 3.3 highlight the role of the step size
α on the convergence properties of the P2GD algorithm.

• High Step Sizes (α ∈ [0.6, 0.7]): For larger values of α, the basin of attrac-
tion of the apocalypse (represented in red) exhibits a complex structure. The
algorithm shows high sensitivity to initial conditions, where small perturba-
tions in the starting point can lead to the convergence to the minimum or to
the singularity.

• Intermediate Step Sizes (α ≈ 0.55): As α decreases, the red zones expand
and merge.

• Low Step Sizes (α ≤ 0.45): For smaller step sizes, the basin of attraction
of the apocalypse seems to dominate almost the entire feasible domain.

In conclusion, while a smaller step size usually ensures smoother convergence in
standard convex optimization, on the double cone, it increases the probability of
being trapped in the singularity, effectively shrinking the basin of attraction of the
global minimum to a single line L = {x ∈ C | x1 = x3}.
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α = 0.75 α = 0.7

α = 0.55 α = 0.4

Figure 3.2: Comparison of the basin of attraction of the apocalypse for various
step sizes α. In red are all initial points converging to the apocalypse using P2GD.
In green is the global minimum.
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α = 0.7 α = 0.65 α = 0.6

α = 0.55 α = 0.45 α = 0.1

Figure 3.3: Top-down orthographic projection onto the (x, y)-plane of the basin
of attraction of the apocalypse for various step sizes α. The global minimum
(green dot at coordinates (−1, 0) near the origin) is included in the two-dimensional
projection for reference, regardless of its original z-coordinate. In red are all initial
points converging to the apocalypse with P2GD.

3.2 Tangent cone and projection for symmetric
matrices of bounded rank

While the 2× 2 case admits a direct geometric interpretation via the double cone,
analyzing the P2GD algorithm in higher dimensions requires an algebraic approach.
In this section, we derive an explicit description of the tangent cone to S≤r(n)
together with the orthogonal projection onto this cone. Our derivation adapts the
variational proof of [21, Theorem 4.1], which establishes the analogous result for
the rectangular variety Rm×n

≤r .

3.2.1 Setup and notation
The ambient space S(n) := {Y ∈ Rn×n | Y ⊤ = Y } of symmetric matrices is
equipped with the Frobenius inner product ⟨Y, Z⟩F := tr(Y ⊤Z) and the associated
norm ∥ · ∥F. The Stiefel manifold StR(k, n) := {U ∈ Rn×k | U⊤U = Ik} is compact:
it is bounded since ∥U∥2

F = tr(U⊤U) = k for all U ∈ StR(k, n), and closed as the
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preimage of {Ik} under the continuous map U 7→ U⊤U .
Throughout, fix X ∈ S≤r(n) and set r̄ := rank(X). Let U ∈ StR(r̄, n) and

U⊥ ∈ StR(n − r̄, n) satisfy im(U) = im(X) and im(U⊥) = ker(X), in order that
[U U⊥] ∈ Rn×n is orthogonal. For any Z ∈ Rn×n, we denote the block decomposition

[U U⊥]⊤Z [U U⊥] =
[
Z11 Z12
Z21 Z22

]
, (3.3)

with Z11 ∈ Rr̄×r̄, Z12 ∈ Rr̄×(n−r̄), and Z22 ∈ R(n−r̄)×(n−r̄). In this basis, X itself
reads

[U U⊥]⊤X [U U⊥] =
[
Λ 0
0 0

]
, (3.4)

where Λ := U⊤XU ∈ S(r̄) is invertible since rank(Λ) = rank(X) = r̄.

3.2.2 Tangent and normal spaces to Sr̄(n)
The following proposition shows that Sr̄(n) is a smooth embedded submanifold of
S(n) near X, and gives explicit expressions for its tangent and normal spaces. The
proof uses the regular level set theorem applied to a defining map built from the
Schur complement.

Proposition 3.1. The set Sr̄(n) is a smooth embedded submanifold of S(n) near
X, with tangent and normal spaces

TSr̄(n)(X) =
{

[U U⊥]
[

A B
B⊤ 0

]
[U U⊥]⊤

∣∣∣∣∣ A ∈ S(r̄),
B ∈ Rr̄×(n−r̄)

}
, (3.5)

NSr̄(n)(X) =
{

[U U⊥]
[
0 0
0 C

]
[U U⊥]⊤

∣∣∣∣∣C ∈ S(n− r̄)
}

. (3.6)

The orthogonal projection onto the normal space is, for Z ∈ S(n),

PNSr̄(n)(X)(Z) = U⊥(U⊤
⊥ ZU⊥)U⊤

⊥ . (3.7)

Proof. Local defining map. The set

U := {Y ∈ S(n) | Y11 is invertible}

is open in S(n), as the preimage of GLr̄(R) under the continuous linear map
Y 7→ U⊤Y U , and contains X since Λ is invertible. Define

Ψ : U → S(n− r̄), Ψ(Y ) := Y22 − Y21Y
−1

11 Y12.

23



The map Ψ is smooth on U as a composition of linear projections, matrix products,
and matrix inversion (smooth on GLr̄(R)). It takes values in S(n− r̄): symmetry
of Y gives Y21 = Y ⊤

12 and Y −1
11 symmetric, hence Ψ(Y )⊤ = Y22−Y21Y

−1
11 Y12 = Ψ(Y ).

Zero set. For Y ∈ U , the Schur complement factorization[
Y11 Y12
Y21 Y22

]
=
[

I 0
Y21Y

−1
11 I

] [
Y11 0
0 Ψ(Y )

] [
I Y −1

11 Y12
0 I

]

yields rank(Y ) = rank(Y11) + rank(Ψ(Y )) = r̄ + rank(Ψ(Y )), hence

Y ∈ Sr̄(n) ∩ U ⇐⇒ Ψ(Y ) = 0. (3.8)

Differential of Ψ. For Y ∈ U and δY ∈ S(n), the first-order expansion of the
inverse

(Y11 + δY11)−1 =
(
Y11(I + Y −1

11 δY11)
)−1

= Y −1
11 − Y −1

11 δY11Y
−1

11 + O(∥δY11∥2),

combined with the expansion of Ψ(Y + δY ), gives, after collecting terms linear in
δY ,

DΨY (δY ) = δY22 − δY21Y
−1

11 Y12 − Y21Y
−1

11 δY12 + Y21Y
−1

11 δY11Y
−1

11 Y12. (3.9)

At Y = X, the off-diagonal and (2, 2) blocks vanish (cf. (3.4)), so the last three
terms drop out:

DΨX(δY ) = δY22. (3.10)

Surjectivity. Let Y ∈ U and C ∈ S(n− r̄). Define δY ∈ S(n) by δY11 = δY12 =
δY21 = 0 and δY22 = C, i.e.,

δY := [U U⊥]
[
0 0
0 C

]
[U U⊥]⊤.

Substituting in (3.9), all terms but the first vanish, giving DΨY (δY ) = C. Hence
DΨY is surjective for every Y ∈ U , so Ψ is a smooth submersion on U .
Conclusion via the regular level set theorem. The map Ψ : U → S(n − r̄) is a
smooth submersion between finite-dimensional smooth manifolds, with 0 a regular
value. By the regular level set theorem [24, Corollary 5.14], Ψ−1(0) is a smooth
embedded submanifold of U . Combined with (3.8), Sr̄(n)∩U is therefore a smooth
embedded submanifold of S(n) near X, and Ψ is a local defining map for Sr̄(n) at
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X in the sense of [24, before Proposition 5.38]. By [24, Proposition 5.38] applied
to Ψ, together with (3.10),

TSr̄(n)(X) = ker DΨX = {δY ∈ S(n) | δY22 = 0},

which is exactly (3.5). The orthogonal complement of (3.5) in S(n) for the Frobenius
inner product is, by block decomposition, (3.6). Finally, for Z ∈ S(n), the projection
PNSr̄(n)(X)(Z) retains the (2, 2) block of Z and zeros the others, giving

PNSr̄(n)(X)(Z) = [U U⊥]
[
0 0
0 Z22

]
[U U⊥]⊤ = U⊥(U⊤

⊥ ZU⊥)U⊤
⊥ .

3.2.3 Tangent cone to S≤r(n)
The following theorem and its proof adapt [21, Theorem 4.1 and Section 5] from
the rectangular variety Rm×n

≤r to its symmetric counterpart S≤r(n). The adaptation
amounts to setting V = U and V⊥ = U⊥ in their proof, which is valid since
im(X⊤) = im(X) for symmetric X.

Theorem 3.2. With the notation above,

TS≤r(n)(X) = TSr̄(n)(X) +
(
NSr̄(n)(X) ∩ S≤r−r̄(n)

)
(3.11)

= TSr̄(n)(X) + S≤r−r̄(n) (3.12)
= {Z ∈ S(n) | rank(U⊤

⊥ ZU⊥) ≤ r − r̄}. (3.13)

Proof. If X = 0, then S≤r(n) is a closed cone in S(n), so TS≤r(n)(0) = S≤r(n)
by [21, Proposition 2.1], matching all three expressions with r̄ = 0 and U⊥ = In.
Assume X ̸= 0.
Equivalence of (3.11) and (3.13). For Z ∈ S(n), the orthogonal decomposition
Z = PTSr̄(n)(X)(Z) + PNSr̄(n)(X)(Z) shows that Z belongs to (3.11) if and only if
PNSr̄(n)(X)(Z) ∈ S≤r−r̄(n), that is, has rank at most r − r̄. By (3.7) and the
orthonormality of U⊥, rank(PNSr̄(n)(X)(Z)) = rank(U⊤

⊥ ZU⊥), which is exactly the
condition in (3.13). The inclusion (3.11) ⊆ (3.12) is immediate. It remains to prove

(I) TS≤r(n)(X) ⊆ (3.13), (II) (3.12) ⊆ TS≤r(n)(X).

Step (I). This argument is the symmetric counterpart of [21, Section 5.1.2]. Let
Z ∈ TS≤r(n)(X). By the definition of the tangent cone [11, Definition 6.1], there
exist (Xi)i∈N ⊂ S≤r(n) with Xi → X and (ti)i∈N ⊂ (0,∞) with ti → 0 such that
(Xi −X)/ti → Z.
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Since rank(Xi) ≤ r, we have dim ker(Xi) ≥ n − r, so we may choose Ui⊥ ∈
StR(n− r, n) with im(Ui⊥) ⊆ ker(Xi), hence U⊤

i⊥Xi = 0. Combined with XU⊥ = 0:

U⊤
i⊥

Xi −X

ti

U⊥ = 1
ti

(
U⊤

i⊥XiU⊥ − U⊤
i⊥XU⊥

)
= 0 ∀ i. (3.14)

Since StR(n− r, n) is compact, after extracting a subsequence (still denoted by i),
Ui⊥ → U⊥ ∈ StR(n − r, n), and the convergences Xi → X and (Xi −X)/ti → Z
are preserved. Passing to the limit in U⊤

i⊥Xi = 0 and in (3.14):

U
⊤
⊥X = 0, U

⊤
⊥ZU⊥ = 0. (3.15)

The first identity gives im(U⊥) ⊆ ker(X) = im(U⊥), so U⊥ = U⊥U⊤
⊥ U⊥. Set W :=

U⊤
⊥ U⊥. Then W ⊤W = U

⊤
⊥U⊥U⊤

⊥ U⊥ = U
⊤
⊥U⊥ = In−r, so W ∈ StR(n−r, n−r̄). The

second identity in (3.15) becomes W ⊤(U⊤
⊥ ZU⊥) = 0, i.e., im(U⊤

⊥ ZU⊥) ⊆ (im W )⊥

in Rn−r̄. Since W has n− r orthonormal columns, rank(W ) = n− r, hence

rank(U⊤
⊥ ZU⊥) ≤ dim(im W )⊥ = (n− r̄)− (n− r) = r − r̄.

Step (II). This argument is the symmetric counterpart of [21, Section 5.2].
Let Z = Z1 + Z2 with Z1 ∈ TSr̄(n)(X) and Z2 ∈ S≤r−r̄(n). Since Sr̄(n) is a
smooth submanifold of S(n) near X, its tangent cone at X coincides with its
tangent space [11, Example 6.8], so there exist (Yi)i∈N ⊂ Sr̄(n) with Yi → X and
(ti)i∈N ⊂ (0,∞) with ti → 0 such that (Yi − X)/ti → Z1. Set Xi := Yi + tiZ2.
Then:

• Xi ∈ S(n) as a sum of symmetric matrices;

• rank(Xi) ≤ rank(Yi) + rank(Z2) ≤ r̄ + (r − r̄) = r, so Xi ∈ S≤r(n);

• Xi → X and (Xi −X)/ti = (Yi −X)/ti + Z2 → Z1 + Z2 = Z.

Hence Z ∈ TS≤r(n)(X).

Corollary 3.3 (Block characterization).

TS≤r(n)(X) =

[U U⊥]
[

A B
B⊤ C

]
[U U⊥]⊤

∣∣∣∣∣∣∣
A ∈ S(r̄),
B ∈ Rr̄×(n−r̄),
C ∈ S≤r−r̄(n− r̄)

 .

Proof. Substituting (3.5) and (3.6) in (3.11), an element of TS≤r(n)(X) has the form

[U U⊥]
[

A B
B⊤ 0

]
[U U⊥]⊤ + [U U⊥]

[
0 0
0 C

]
[U U⊥]⊤ = [U U⊥]

[
A B

B⊤ C

]
[U U⊥]⊤,

where the constraint C ∈ S≤r−r̄(n− r̄) comes from the intersection in (3.11).
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3.2.4 Projection onto the tangent cone
Proposition 3.4. For Z ∈ Rn×n, the orthogonal projection of Z onto TS≤r(n)(X)
in Rn×n with respect to ∥ · ∥F is

PTS≤r(n)(X)(Z) = [U U⊥]
[

Â B̂

B̂⊤ Ĉ

]
[U U⊥]⊤, (3.16)

where, using the block notation (3.3),

Â = 1
2(Z11 + Z⊤

11), (3.17)
B̂ = 1

2(Z12 + Z⊤
21), (3.18)

Ĉ = PS≤r−r̄(n−r̄)
(

1
2(Z22 + Z⊤

22)
)
. (3.19)

The last projection is computed by truncated eigendecomposition: if M := 1
2(Z22 +

Z⊤
22) = ∑n−r̄

i=1 λiqiq
⊤
i with |λ1| ≥ |λ2| ≥ · · · , then Ĉ = ∑r−r̄

i=1 λiqiq
⊤
i .

Proof. By orthogonal invariance of ∥ · ∥F and Corollary 3.3,

min
V ∈TS≤r(n)(X)

∥Z − V ∥2
F = min

A∈S(r̄), B∈Rr̄×(n−r̄)

C∈S≤r−r̄(n−r̄)

∥∥∥∥∥
[

Z11 − A Z12 −B
Z21 −B⊤ Z22 − C

]∥∥∥∥∥
2

F
.

The squared Frobenius norm splits blockwise, so the problem decouples into three
independent subproblems.
Block A. Projection of Z11 onto the linear subspace S(r̄) yields (3.17).
Block B. The cost over B is ∥Z12−B∥2

F +∥Z21−B⊤∥2
F = ∥Z12−B∥2

F +∥Z⊤
21−B∥2

F;
the first-order condition gives (3.18).
Block C. For symmetric S and skew-symmetric K of the same size, ⟨S, K⟩F =
tr(SK) = tr(K⊤S⊤) = − tr(SK) = 0, so the symmetric and skew-symmetric parts
of Z22 are ∥ · ∥F-orthogonal:

∥Z22 − C∥2
F =

∥∥∥1
2(Z22 + Z⊤

22)− C
∥∥∥2

F
+
∥∥∥1

2(Z22 − Z⊤
22)
∥∥∥2

F
.

The optimal C is the projection of M = 1
2(Z22 + Z⊤

22) onto S≤r−r̄(n − r̄). For
symmetric M , the singular value decomposition reduces to the spectral decomposi-
tion with singular values |λi|, so the Eckart–Young theorem [25, Theorem 5.5, 5.7]
gives (3.19).
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3.3 Order-three real symmetric matrices with
bounded rank

Geometry of 3× 3 Symmetric Matrices of Rank at Most 1

Following the insights gained from the 2× 2 case, the numerical investigation is
extended to the set of 3× 3 real symmetric matrices of rank at most one, denoted
by S≤1(3). This part aims to verify if the topological and dynamical patterns
identified on the double cone (specifically the impact of the step size α and the
presence of singular traps) persist in higher-dimensional settings.

3.3.1 Geometry and Parameterization of S≤1(3)
As established by [23] and discussed in the previous section, the variety S≤1(n)
can be partitioned into a smooth manifold S1(n) and a singular point at the
origin S0(n) = {0}. For n = 3, the smooth part S1(3) remains composed of
r + 1 = 2 connected components, corresponding to the positive-semidefinite (PSD)
and negative-semidefinite (NSD) folds.

While the 2× 2 case allowed for a linear isomorphism to a three-dimensional
double cone, S(3) is a six-dimensional object. To maintain a visual intuition, the
following rank-one parameterization is used:

• PSD component: A = uu⊤ for u ∈ R3 \ {0}.

• NSD component: A = −uu⊤ for u ∈ R3 \ {0}.
This representation is not an isometry. Specifically, the mapping is 2-to-1 (both u
and −u map to the same matrix A) and the Frobenius norm ∥A∥F corresponds to
the square of the Euclidean norm ∥u∥2. Nevertheless, this representation preserves
the critical boundary between the parts: the singularity at u = 0.

3.3.2 Numerical Setup and Convergence Targets
To ensure consistency with the 2× 2 experiments, the objective function remains
the quadratic cost function where the global minimum is a rank-one NSD matrix:

A∗ =

0 0 0
0 −1 0
0 0 0

 . (3.20)

In our NSD u-space, this target corresponds to the points u∗ = (0,±1, 0). As
previously defined, an apocalypse is declared if the iterates of Algorithm 2 converge
toward the origin, where the projected gradient vanishes regardless of the proximity
to A∗.
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3.3.3 Results: Persistence of the Step-Size phenomenon
A grid search over the cube u ∈ [−5, 5]3 is performed with 27000 points to charac-
terize the basin of attraction of the apocalypse. The results for various step sizes
are illustrated in Figure 3.4.

(a) α = 0.75 (b) α = 0.7

(c) α = 0.6 (d) α = 0.4

Figure 3.4: three-dimensional visualization of the apocalypse basin in u-space. All
points indicate initial conditions leading to the singularity (origin). As α decreases,
the singularity’s basin expands substantially.

The experiments confirm that the step-size phenomenon observed on the double
cone is a characteristic of P2GD on rank-deficient varieties. For large step sizes
(α = 0.7), the algorithm often possesses a sufficiently large displacement to bypass
the singularity’s zone of influence. Conversely, as α decreases, the basin of attraction
of the apocalypse seems to expand, eventually absorbing nearly the entire feasible
domain as soon as α ≤ 0.4.
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3.3.4 Structural Observations
Two structural features emerge:

1. The stability corridor: A hole remains visible around the u2-axis (the
y-axis). This region contains initial points that are naturally aligned with
the direction of A∗ = diag(0,−1, 0) (i.e. all matrices of the form diag(0, t, 0)
for all t ∈ R). While this corridor narrows as α→ 0, it represents the only
reliable path to convergence.

2. The apocalypse plane: Regardless of the step size, a plane exists at u2 = 0
where all points other than the origin lead to the apocalypse. For any starting
point (except the origin) in this plane, the component of the gradient toward
the minimum is zero (∇f(A) = A − A∗) is not visualizable easily in this
representation). Consequently, these points necessarily converge toward the
origin.

Remark: If the minimum is shifted to A∗ = diag(−1, 0, 0), the stability corridor
rotates toward the u1-axis and the apocalypse plane shifts to u1 = 0 (and the same
goes for u3).

Diagonal Invariance and Axial Convergence. A property observed in both
S≤1(2) and S≤1(3) concerns the behavior of diagonal initial matrices. Let the global
minimum be a diagonal matrix A∗ = diag(0, . . . , λi, . . . , 0) where only the i-th
diagonal element is non-zero and λi ∈ R. Our experiments show that:

• Any diagonal initial matrix A0 = diag(0, . . . , ai, . . . , 0) sharing the same
non-zero index as the minimum A∗ will converge to the global minimum,
regardless of the initial value ai ∈ R.

• Conversely, any diagonal matrix A0 whose non-zero element is at an index
j ̸= i will converge to the apocalypse.

Linking to the analysis in 3.1, it seems that the gradient flow for diagonal matrices
remains restricted to the axes. If the initial matrix has no component along the
i-th axis, the projected gradient cannot draw the iterates in that direction. This
structural constraint would explain why the stability corridor is strictly aligned
with the coordinate axes of the parameter space u.

3.4 Higher-dimensional Generalizations
To assess the robustness of the patterns identified in previous sections, this study
extends the numerical analysis to higher-dimensional symmetric matrices and
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higher-rank varieties. Specifically, the varieties S≤r(n) for (n, r) = (5, 2) and
(n, r) = (10, 2) are investigated. This transition introduces additional complexity,
as the singular set S<r(n) is no longer reduced to the origin but contains sub-varieties
of intermediate ranks.

3.4.1 Experimental Protocol
The experimental setup is designed to evaluate the probability of convergence toward
different stationary points as a function of the step size α. For each dimension
n ∈ {5, 10}, a target matrix A∗ ∈ Sr(n) is defined as a diagonal matrix of rank r.
Initial points X0 are generated by sampling matrices from the positive-semidefinite
(PSD) fold of the variety. Specifically, X0 = UU⊤ is set where U ∈ Rn×r is a matrix
whose entries are sampled from a standard normal distribution. For each value
of α ∈ [0.04, 0.7], a batch of N = 200 simulations is conducted using Algorithm 2
with the following parameters:

• Step size α: Fixed value per batch, ranging from 0.1 to 0.7.

• Backtracking: Armijo parameters c = 10−4 and β = 0.5.

• Stopping criteria: Maximum iterations set to 5000 or a stationarity toler-
ance ϵ = 10−4.

3.4.2 Classification of Convergence Outcomes
In the context of S≤r(n) where r > 1, an apocalypse can occur at various levels of
rank deficiency. The outcome of each trial is classified according to the final iterate
Xfinal and its proximity to the global minimum or the singular strata:

Outcome =


Success if ∥Xfinal − A∗∥F < 10−4,

Apocalypse (Rank 0) if ∥Xfinal∥F < 10−4,

Apocalypse (Rank k) if rankτ (Xfinal) = k with 0 < k < r.

(3.21)

The rank of a matrix A is computed as the number of singular values that exceed
a prescribed threshold τ = 10−4 in our case. More precisely, if σ1(A) ≥ · · · ≥
σmin(m,n)(A) denote the singular values of A ∈ Rm×n, we set

rankτ (A) := #
{
i : σi(A) > τ

}
.

This classification is set to reflect the hierarchical structure of the singular set:
the algorithm may be trapped at the origin (rank 0) or on a singular stratum of
intermediate rank (rank 1 in this case), where the norm of the projected gradient
(i.e. the stationarity measure) goes to zero despite the objective function not being
minimized.
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3.4.3 Numerical Results and Analysis
The results of the simulations for n = 5 and n = 10 (both for r = 2) are presented
in Figure 3.5.

(a) n = 5, r = 2 (b) n = 10, r = 2

Figure 3.5: Distribution of convergence outcomes for P2GD on S≤2(n) as a function
of the step size α.

Persistence of the Step-Size phenomenon. The data demonstrates that the
correlation between step size and convergence stability remains consistent with
observations in lower dimensions. For both n = 5 and n = 10, small step sizes
(α ≤ 0.2) lead to a failure of the algorithm in most cases, with a 100% probability
of convergence toward the rank-0 apocalypse as α decreases.

Emergence of Intermediate Rank Apocalypses. Higher-rank experiments
reveal rank-one apocalypses. Unlike the r = 1 case where only the origin was a
singular trap, the variety S≤2(n) contains a singular stratum S1(n).

• For α ∈ [0.04, 0.2], a non-negligible proportion of trials (approximately 10-
15%) converging to a rank-1 matrix is observed.

• This suggests that the algorithm can be trapped not only at the origin but
also on any lower-rank manifold where the tangential geometry prevents
further descent.

Convergence Regime for Large Step Sizes. For α ≥ 0.2, the success rate
continues to increase with the step-size and reaches around 96% for n = 5 and
around 99% for n = 10. The remaining 4% (or 1%) of trials predominantly converge
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to rank-1 singular points. The proportion of rank-0 apocalypses almost disappear
as α increases, suggesting that larger steps enables the iterates to overshoot the
most severe singularities, although intermediate traps can still be an obstacle. The
similarity between the results for n = 5 and n = 10 suggests that the dimension of
the ambient space has a secondary effect compared to the rank r and the step size
α.
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Chapter 4

Apocalypse Analysis: a
Continuous-Time Perspective

Building on the work of [15, Section 1], this chapter develops a continuous-time
surrogate of the projected projected-gradient descent algorithm (P2GD) on the
variety S≤1(2). Extending the research of [19, Section 4.2], the goal is to explain
analytically the apocalyptic behavior observed numerically in Chapter 1. The
surrogate is the differential inclusion obtained as the α → 0 limit of P2GD. On
the upper nappe of the double cone, it reduces to a planar autonomous system in
cylindrical coordinates (θ, z).

Main results. We obtain two main contributions. First, in Section 4.3, we
construct an iterative scheme of integral bounds on z and cos θ, yielding a sufficient
condition (Corollary 4.5) on the initial angle θ0 for the trajectory to be trapped
near the apex. Second, in Section 4.5, the result is strengthened into a necessary
and sufficient statement: for every initial condition (θ0, z0) ∈ (0, 2π)× (0,∞), the
maximal solution is global in time and satisfies z(t) > 0 for all t ≥ 0 (Theorem 4.7).
The trajectories of the continuous model therefore never reach the apex in finite
time, which explains why the apocalyptic basin of P2GD covers nearly the entire
domain as α→ 0.

4.1 The Projected Projected-Gradient Descent
(P2GD)

4.1.1 A Continuous-Time Model for P2GD
Let E be a Euclidean space, C ⊆ E a nonempty closed set, and f : E → R a
differentiable function with locally Lipschitz continuous gradient. The projected
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projected-gradient descent (P2GD) algorithm 2 selects, at each iterate x ∈ C, a
descent direction

g(x) ∈ PTC(x)
(
−∇f(x)

)
, (4.1)

and then updates the iterate by a step followed by a projection onto C:

x+ ∈ PC

(
x + α g(x)

)
, (4.2)

where the step size α > 0 is chosen by a backtracking line-search satisfying an
Armijo-type decrease condition.

To gain analytical insight into the behavior of P2GD, we consider its small-step-
size regime α→ 0. Interpreting the update (4.2) as an explicit Euler step for the
vector field x 7→ g(x), one obtains the continuous-time surrogate presented in [19]

ẋ(t) = PTC(x(t))
(
−∇f(x(t))

)
. (4.3)

On a smooth stratum, for instance, the fixed-rank manifold Sr(n), the set C
locally coincides with a C2 submanifold M ⊆ E, in order that TC(x) = TM(x) is
a linear subspace. In this case, the metric projection PM is locally single-valued
and differentiable around any x̄ ∈ M , with derivative DPM(x̄) = PTM (x̄) ([26,
Lemma 4]). Therefore, for any u ∈ TM(x) and for α > 0 sufficiently small, a
first-order Taylor expansion of PM at x yields

PM(x+αu) = PM(x)+αDPM(x)[u]+o(α) = x+αPTM (x)(u)+o(α) = x+αu+o(α).

Applied to the P2GD iteration

xk+1 = PM

(
xk + αg(xk)

)
, g(x) = PTC(x)

(
−∇f(x)

)
,

and noting that g(xk) ∈ TM(xk) on the smooth stratum, this shows that

xk+1 = xk + αg(xk) + o(α),

in order that the discrete-time update is a first-order (explicit Euler) discretization
of the continuous-time dynamics (4.3).

At a singular point of C, such as the origin of the double cone, the tangent
cone TC(x) is in general nonconvex and the projection PTC(x)(·) may be set-valued.
In this case, (4.3) is more appropriately interpreted as the differential inclusion

ẋ(t) ∈ PTC(x(t))
(
−∇f(x(t))

)
.
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4.1.2 The Projected Gradient Flow on the Double Cone
This section specializes the continuous-time dynamics (4.3) to the setting analyzed
numerically in the previous chapter. Specifically, the variety S≤1(2) is locally
identified with the double cone C, defined as:

C := {x ∈ R3 : x2
3 = x2

1 + x2
2}. (4.4)

The quadratic objective function f(x) = 1
2∥x− x∗∥2 with the specific target point

x∗ = (−1, 0,−1)⊤ as presented in Chapter 3 is considered. The negative gradient
of f is given by:

−∇f(x) = x∗ − x =

−1− x1
−x2
−1− x3

 . (4.5)

The continuous-time P2GD dynamics is defined as the projection of this negative
gradient onto the tangent space TC(x), expressed as ẋ = PTC(x)(−∇f(x)). Using
the relation PTC(x)(g) = g − PNC(x)(g), the projection onto the normal space

PNC(x)(−∇f(x)) = ⟨n(x), x∗ − x⟩
∥n(x)∥2 n(x). (4.6)

Since x ∈ C, it follows that n(x) = (x1, x2,−x3)⊤ and ∥n(x)∥2 = x2
1 +x2

2 +x2
3 = 2x2

3.
The inner product yields:

⟨n(x), x∗ − x⟩ = x1(−1− x1) + x2(−x2) + (−x3)(−1− x3)
= −x1 − (x2

1 + x2
2) + x3 + x2

3

= x3 − x1,

where the terms x2
3 and −(x2

1 + x2
2) cancel due to the cone constraint. Thus, the

dynamics in Cartesian coordinates is:

ẋ =

−1− x1
−x2
−1− x3

− x3 − x1

2x2
3

 x1
x2
−x3

 . (4.7)

On the upper nappe C+ = {x ∈ C : x3 > 0}, the cone constraint x2
3 = x2

1 + x2
2

implies x3 =
√

x2
1 + x2

2, so a single non-negative coordinate z := x3 doubles as the
cylindrical radius. We therefore parameterize C+ by

x1 = z cos θ, x2 = z sin θ, x3 = z, z ∈ (0, +∞), θ ∈ [0, 2π). (4.8)

Note that the target x∗ = (−1, 0,−1)⊤ lies on the lower nappe, so every trajectory
considered here is, by construction, separated from the global minimum by the
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apex—the question is whether it reaches the apex. First, the vertical coordinate z
satisfies ż = ẋ3:

ż = (−1− z)− z − z cos θ

2z2 (−z)

= −1− z + 1− cos θ

2
= −z − cos2 θ

2 ,

using the trigonometric identity 1−cos θ
2 = 1−cos2 θ

2 . Next, for the angular coordinate
θ, using the relation zθ̇ = ẋ2 cos θ − ẋ1 sin θ

zθ̇ =
(
−z sin θ − z − z cos θ

2z2 z sin θ

)
cos θ −

(
−1− z cos θ − z − z cos θ

2z2 z cos θ

)
sin θ

= −z sin θ cos θ + sin θ + z cos θ sin θ

= sin θ,

where the projection terms 1−cos θ
2z

(x2 cos θ − x1 sin θ) vanish because x2 cos θ −
x1 sin θ = z sin θ cos θ − z cos θ sin θ = 0. Consequently, the dynamical system
reduces to the following planar ODE found in [19]:θ̇ = sin θ

z

ż = −z − cos2 θ
2

, z ∈ (0, +∞) and θ ∈ (0, 2π) (4.9)

Existence and uniqueness of a maximal solution. Define U := (0, 2π) ×
(0, +∞) and

F (θ, z) =
(

sin θ

z
, −z − cos2

(
θ

2

))
.

Since z > 0 on U , the map (θ, z) 7→ 1/z is smooth on U , and therefore F ∈
C∞(U,R2). In particular, F is locally Lipschitz on U . By the Cauchy–Lipschitz
theorem ([27, Chapter6]), for every (θ0, z0) ∈ U there exists a unique maximal
solution

(θ, z) : Imax → U, Imax = (t−, t+), (4.10)
such that (θ(0), z(0)) = (θ0, z0).

Two qualitative properties of (4.9) are immediate. First, since d
dt

cos θ(t) =
− sin2 θ(t)/z(t) ≤ 0, the quantity cos θ(t) is monotonically nonincreasing along any
trajectory. Second, the inequality ż = −z − cos2(θ/2) ≤ −z implies z(t) ≤ z0e

−t,
so z(t) decays at least exponentially. The central question, and the subject of the
remainder of this chapter, is whether z(t) can reach zero in finite time (i.e. escape
the singular point).

37



4.2 Exact Integral Equations
The analysis of (4.9) rests on two exact integral representations, which transform
the differential system into a form amenable to comparison arguments.

Proposition 4.1 (Exact integral equations). Let (z, θ) be the maximal solution of
(4.9) with initial data z0 > 0 and θ0 ∈ (0, 2π) \ {π}. On its interval of existence,
the following identities hold:

z(t) = z0e
−t − e−t

∫ t

0
es cos2 θ(s)

2 ds, (4.11)

cos θ(t) = tanh
(

artanh(cos θ(0))−
∫ t

0

ds

z(s)

)
. (4.12)

Proof. For (4.11): the ODE ż = −z − cos2(θ/2) is linear in z. Multiplying both
sides by the integrating factor et gives

żet + zet = d
dt

(zet) = −et cos2(θ/2);

integrating from 0 to t and rearranging yields

z(t)et − z0 = −
∫ t

0
es cos2 θ(s)

2 ds

dividing the expression by et results in (4.11).
For (4.12): compute

d
dt

cos θ = −sin2 θ

z
= −1− cos2 θ

z
.

Separating variables and integrating from 0 to t∫ cos θ(t)

cos θ(0)

dx

1− x2 = −
∫ t

0

ds

z(s)

using
∫ dc

1−c2 = artanh(c) yields

artanh(cos θ(t)) = artanh(cos θ(0))−
∫ t

0

ds

z(s)

Applying tanh on both sides results in (4.12).
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4.3 Bounds on the Trajectory
Proposition 4.1 cannot be used directly to bound z(t) and cos θ(t), since each
integral depends on the other unknown. To evaluate whether the system reaches
the origin in finite time (which would signify the capacity to bypass the apocalypse),
we must rigorously quantify the trajectory’s behavior near the singularity. We
therefore construct monotone sequences of upper and lower bounds by alternately
refining estimates on z and cos θ, using (4.11)–(4.12) at each step.

4.3.1 Iterative Refinement of the Bounds
Starting from obvious initial bounds, an improvement can be systematically ob-
tained by iterating the coupling between z and cos θ. Let c

(n)
L , c

(n)
U denote lower

and upper bounds on cos θ(t) at step n, and let z
(n)
L , z

(n)
U denote the corresponding

bounds on z(t). Initialize

z
(0)
L (t) := −∞, z

(0)
U (t) := +∞, c

(0)
L (t) := −1, c

(0)
U (t) := 1.

For n ≥ 0, define the refined bounds by

z
(n+1)
L (t) := z0e

−t − e−t
∫ t

0
es 1 + c

(n)
U (s)
2 ds, (B1)

z
(n+1)
U (t) := z0e

−t − e−t
∫ t

0
es 1 + c

(n)
L (s)
2 ds, (B2)

c
(n+1)
L (t) := tanh

(
artanh(cos θ0)−

∫ t

0

ds

z
(n+1)
L (s)

)
, (B3)

c
(n+1)
U (t) := tanh

(
artanh(cos θ0)−

∫ t

0

ds

z
(n+1)
U (s)

)
. (B4)

The rationale is as follows. A tighter upper bound c
(n)
U (t) on cos θ yields a tighter

(larger) lower bound z
(n+1)
L (t) on z via (B1), since a smaller cos2(θ/2) reduces the

integral subtracted from z0e
−t. Conversely, a larger z

(n+1)
L (t) makes 1/z

(n+1)
L (t)

smaller, reducing the integral in (B3) and yielding a tighter lower bound on cos θ.

Proposition 4.2 (Monotone enclosure). For all n ≥ 0 and t ≥ 0,

z
(n)
L (t) ≤ z(t) ≤ z

(n)
U (t), c

(n)
L (t) ≤ cos θ(t) ≤ c

(n)
U (t).

Proof. Proceeding by induction on n. The base case is immediate for z
(0)
U (t) ≥

z(t) ≥ z
(0)
L (t). The bounds on cos θ(t), c

(0)
L (t) = −1 ≤ cos θ(t) ≤ 1 = c

(0)
U (t) holds

trivially.
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Assume the inequalities hold at step n. We prove them at step n + 1.
Lower bound on z ( (B1)). Using the identity cos2(θ/2) = (1 + cos θ)/2 and the
induction hypothesis cos θ(s) ≤ c

(n)
U (s), one has

cos2 θ(s)
2 = 1 + cos θ(s)

2 ≤ 1 + c
(n)
U (s)
2 .

Substituting into (4.11) yields z(t) ≥ z
(n+1)
L (t).

Upper bound on z ( (B2)). By the induction hypothesis cos θ(s) ≥ c
(n)
L (s), the

integrand (1 + cos θ(s))/2 ≥ (1 + c
(n)
L (s))/2, so the subtracted integral in (4.11) is

larger, giving z(t) ≤ z
(n+1)
U (t).

Lower bound on cos θ (B3). Suppose that z
(n+1)
L (s) > 0 for all s ∈ [0, t] (this

holds, for instance, under the sufficient condition of Corollary 4.5). From the lower
bound on z just established, z(s) ≥ z

(n+1)
L (s) > 0, hence 1/z(s) ≤ 1/z

(n+1)
L (s).

Substituting into (4.12):

cos θ(t)) ≥ c
(n+1)
L (t) = tanh

 artanh(cos θ0)−
∫ t

0

ds

z
(n+1)
L (s)

.

Upper bound on cos θ (B4). Since z
(n+1)
U (s) ≥ z(s) > 0 by the induction hypothesis

and the positivity of z, we have 1/z(s) ≥ 1/z
(n+1)
U (s) > 0. Substituting into (4.12):

cos θ(t)) ≤ c
(n+1)
U (t) = tanh

 artanh(cos θ0)−
∫ t

0

ds

z
(n+1)
U (s)

.

4.3.2 First Level Bounds
The level n = 1 gives the first nontrivial bounds.

Lower bound on z: Substituting c
(0)
U (t) = 1 in (B1) yields

z
(1)
L (t) = z0e

−t − e−t
∫ t

0
es ds

= z0e
−t − e−t(et − 1)

= e−t(z0 + 1)− 1.
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Upper bound on z: Substituting c
(0)
L (t) = −1 in (B2) yields

z
(1)
U (t) = z0e

−t − e−t
∫ t

0
0 ds

= z0e
−t.

Lower bound on cos θ: Substituting z
(0)
L (t) = e−t(z0 + 1)− 1 in (B3) yields

c
(1)
L (t) = tanh

artanh(cos θ0)−
∫ t

0

ds

e−t(z0 + 1)− 1

.

A change of variable is performed using u = e−s(z0 + 1) and ds = −du
u

the integral
becomes∫ t

0

ds

e−t(z0 + 1)− 1 =
∫ z0+1

e−t(z0+1)

du

u(u− 1) =
∫ z0+1

e−t(z0+1)

( 1
u− 1 −

1
u

)
du.

Solving the integral gives ln
∣∣∣∣u− 1

u

∣∣∣∣
z0+1

e−t(z0+1)

= ln
∣∣∣∣∣∣ z0

z0 + 1− et

∣∣∣∣∣∣.
Substituting in the initial equation yields

c
(1)
L (t) = tanh

artanh(cos θ0)− ln
∣∣∣∣∣∣ z0

z0 + 1− et

∣∣∣∣∣∣
.

Upper bound on cos θ: Substituting z
(0)
U (t) = z0e

−t in (B4) yields

c
(1)
U (t) = tanh

artanh(cos θ0)−
∫ t

0

ds

z0e−t

.

Solving the integral yields

c
(1)
U (t) = tanh

artanh(cos θ0)−
et − 1

z0

.
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This expression is equivalent to the expression found in [19, Proposition 4]:

c
(1)
U (t) = AE(t)− 1

AE(t) + 1 , (4.13)

where
A := 1 + cos θ0

1− cos θ0
, E(t) := exp

(
2 1− et

z0

)
. (4.14)

Note that A > 0 for θ0 ∈ (0, π), and E(t)→ 0 as t→ +∞, so the right-hand side
of (4.13) converges to −1 from above, consistently with θ(t)→ π.

Proposition 4.3. The two following expressions for the upper bound of the cosine
of the angle, c

(1)
U (t), are equivalent:

c
(1)
U (t) = tanh

(
artanh(cos θ0)−

et − 1
z0

)
= AE(t)− 1

AE(t) + 1 (4.15)

where A := 1+cos θ0
1−cos θ0

and E(t) := exp
(
21−et

z0

)
.

Proof. Using the subtraction formula for the hyperbolic tangent, tanh(a − b) =
tanh(a)−tanh(b)

1−tanh(a) tanh(b) , let a = artanh(cos θ0) and b = et−1
z0

. Noting that tanh(a) = cos θ0:

c
(1)
U (t) = cos θ0 − tanh(b)

1− cos θ0 tanh(b)

Substituting tanh(b) = 1−E(t)
1+E(t) into the equation using the exponential definition of

tanh:

c
(1)
U (t) =

cos θ0 − 1−E(t)
1+E(t)

1− cos θ0
(

1−E(t)
1+E(t)

) = cos θ0(1 + E(t))− (1− E(t))
(1 + E(t))− cos θ0(1− E(t))

Rearranging terms with respect to E(t) yields:

c
(1)
U (t) = E(t)(cos θ0 + 1)− (1− cos θ0)

E(t)(cos θ0 + 1) + (1− cos θ0)

Dividing the numerator and denominator by (1− cos θ0) leads to the final form:

c
(1)
U (t) =

E(t)
(

1+cos θ0
1−cos θ0

)
− 1

E(t)
(

1+cos θ0
1−cos θ0

)
+ 1

= AE(t)− 1
AE(t) + 1
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4.3.3 Refined Lower Bound on z(t)
Using c

(1)
U (t) the upper bound on cos θ(s) (4.13) yields

1 + cU(t)(1)

2 = AE(s)
AE(s) + 1 =: H(s). (4.16)

Evaluating the integral via the substitution u = E(s), which gives du = −2es

z0
E(s) ds,

one obtains∫ t

0

AE(s)
AE(s) + 1 es ds = −z0

2

∫ E(t)

E(0)

A

Au + 1 du = z0

2 ln
(

A + 1
AE(t) + 1

)
.

This yields the following explicit lower bound.

Proposition 4.4 (Lower bound on z(t)). Under the notation of (4.14), for all
t ≥ 0,

z(t) ≥ z
(2)
L (t) = z0e

−t

[
1− 1

2 ln
(

A + 1
AE(t) + 1

)]
. (4.17)

Proof. Substituting the upper bound (4.16) into (B1):

z
(2)
L (t) = z0e

−t − e−t
∫ t

0
es 1 + c

(1)
U

2 ds = z0e
−t − e−t

∫ t

0
H(s) es ds.

The explicit evaluation of the integral above then yields (4.17).

4.3.4 Refined Lower Bound on cos θ

Substituting the lower bound (4.17) for z(s) in (4.12) (which increases the integral
since the denominator is now smaller) gives a lower bound on cos θ(t) involving
zmin(s):

cos θ(t) ≥ tanh
(

artanh(cos θ0)−
∫ t

0

ds

zmin(s)

)
, (4.18)

where zmin(s) denotes the right-hand side of (4.17). The integral in (4.18) can be
expressed in closed form via the substitution u = E(s):∫ t

0

ds

zmin(s) =
∫ t

0

es

z0
[
1− 1

2 ln
(

A+1
AE(s)+1

)] ds = 1
2

∫ 1

E(t)

1
u
[
1− 1

2 ln
(

A+1
Au+1

)] du. (4.19)
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4.3.5 Initial-Angle Criterion
The first-level lower bound z

(1)
L provides the first rigorous analytical certificate

of global existence for the P2GD continuous-time model. This bound allows to
identify a specific set of initial conditions (z0, θ0) for which z(t) is guaranteed to
remain strictly positive for all t ≥ 0, (i.e. remaining trapped by the apocalypse).
Since E(t)→ 0 as t→ +∞, the logarithmic term in (4.17) converges to ln(A + 1).
The lower bound on z(t) therefore remains positive for all t ≥ 0 whenever

1− 1
2 ln(A + 1) ≥ 0 ⇐⇒ A + 1 ≤ e2. (4.20)

To express this in terms of the initial angle θ0, the half-angle identity cot(θ0/2) =√
(1 + cos θ0)/(1− cos θ0) is used, which gives A = cot2(θ0/2). Substituting into

(4.20):

cot2 θ0

2 + 1 < e2 ⇐⇒ 1
sin2(θ0/2) < e2 ⇐⇒ sinθ0

2 >
1
e

.

Corollary 4.5 (Sufficient condition for apocalyptic trapping). Let (θ0, z0) ∈(
(0, 2π) \ {π}

)
× (0, +∞). If

2 arcsin
(

1
e

)
< θ0 < 2π − 2 arcsin

(
1
e

)
, (4.21)

then z
(2)
L (t) > 0 for all t ≥ 0, and consequently z(t) ≥ z

(2)
L (t) > 0. The trajectory

therefore does not reach the apex z = 0 in finite time, and the maximal solution is
global.

The threshold 2 arcsin(1/e) ≈ 0.753 rad ≈ 43.17◦ delimits two regimes: initial angles
sufficiently far from 0 and 2π are guaranteed to remain trapped by (2.17), while
angles close to these values may, a priori, escape. The numerical experiments of
Chapter 1 are consistent with this picture: the basin of attraction of the apocalypse
was found to concentrate around θ = 0 as α → 0. Theorem 4.7 below will show
that, in fact, every non-degenerate initial condition is trapped, so (4.21) is sufficient
but far from necessary.

4.4 Numerical Illustration of the Iterative Scheme
Analytical refinement of the bounds beyond level n = 1 becomes intractable, owing
to the nesting of the integrals and the transcendental form of the dynamics. We
therefore evaluate the higher-order bounds numerically and assess the convergence
of the iterative scheme (B1)–(B4).
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Validity interval of the bounds. As established in Section 4.3, the lower bound
c

(n+1)
L on cos θ derived from (B3) is valid only on intervals where z

(n+1)
L (t) > 0.

Outside this regime z
(n+1)
L remains a valid lower bound on z, while c

(n+1)
L ceases to

be guaranteed. To ensure that the two-sided enclosure is well defined across all
iterations, we define the validity horizon

T := sup
{

t ≥ 0 : z
(n)
L (s) > 0 for all s ∈ [0, t] and all n ∈ {0, . . . , 4}

}
,

and restrict the nested enclosure to [0, T ], on which the bounds at every iteration
n ≤ 4 are simultaneously valid.

Numerical setup. The exact solution (z(t), θ(t)) of (4.9) is computed by adaptive
Runge–Kutta integration (RK45) with absolute tolerance 10−10. The bounds
z

(n)
L , z

(n)
U , c

(n)
L , c

(n)
U are evaluated by computing the integrals (B1)–(B4) with the

trapezoidal rule on a uniform grid of 104 points. The scheme is iterated up to
n = 4. We fix z0 = 1 and consider three initial angles,

θ0 ∈ {π/10, π/5, π/4} ≈ {0.31, 0.63, 0.79},

two of which lie below and one above the threshold θ⋆ := 2 arcsin(1/e) ≈ 0.75 of
Corollary 4.5.

Convergence of the scheme. Figure 4.1 displays the successive enclosures of
z(t) and cos θ(t) over [0, T ] for θ0 = π/10 and θ0 = π/5. The bands [z(n)

L , z
(n)
U ]

and [c(n)
L , c

(n)
U ] contract around the exact solution at each iteration, the tightest

enclosure (n = 4) coinciding visually with the RK45 reference curve. Figure 4.2
quantifies this contraction: the enclosure width maxt∈[0,T ]

(
z

(n)
U (t)− z

(n)
L (t)

)
(and

its analogue for cos θ) decreases geometrically with n. After four iterations the
maximum uncertainty on z falls by roughly four orders of magnitude (from ∼ 101

to ∼ 10−3), and that on cos θ by three orders of magnitude.

Pointwise-best bounds on a long horizon. The enclosure of Figure 4.1 is
confined to the short common horizon [0, T ], on which every order n ≤ 4 is
simultaneously valid. This horizon is too short to expose the asymptotic behaviour
of z, and in particular whether z stays positive as t grows. To reach the long-time
regime we drop the requirement that a single order be valid throughout and retain,
at each time t, the tightest bound among the orders still valid at t. With N = 4
fixed, define the envelope bounds

ẑL(t) := max
{
z

(n)
L (t) : 0 ≤ n ≤ N, z

(n)
L valid on [0, t]

}
, ẑU(t) := min

0≤n≤N
z

(n)
U (t),
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Figure 4.1: Successive enclosures of z(t) (left) and cos θ(t) (right) produced by
the iterative scheme (B1)–(B4), restricted to the validity horizon [0, T ]. Top:
θ0 = π/5 ≈ 0.63. Bottom: θ0 = π/10 ≈ 0.31. Solid bands denote the enclosure at
iteration n; the dashed black curve is the RK45 reference solution.

Figure 4.2: Maximum width of the enclosure (log scale) for z and c = cos θ,
measured on [0, T ], as a function of the iteration index n, for (z0, θ0) = (1, π/10).
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where “z
(n)
L valid on [0, t]” means that the positivity condition underlying (B3) has

not failed on [0, t] for any order feeding the recursion. By Proposition 4.2, each
retained bound satisfies z

(n)
L (t) ≤ z(t) ≤ z

(n)
U (t), hence ẑL(t) ≤ z(t) ≤ ẑU(t) for all

t ∈ R+.
Two elementary members of the family govern the envelope at large t. The

order-one upper bound, obtained from c
(0)
L = −1, is

z
(1)
U (t) = z0 e−t;

it carries no positivity condition, is valid for all t ≥ 0, and forces ẑU(t) ≤ z0e
−t, so

the upper envelope stays positive and decays to zero on the whole horizon. The
order-one lower bound, obtained from c

(0)
U = 1, is

z
(1)
L (t) = (z0 + 1) e−t − 1,

also valid for all t, but positive only for t < ln(z0 + 1). Past this time the lower
envelope can be held above zero only by higher-order iterates, which remain valid
exactly when the sufficient condition of Corollary 4.5 is met.

Behaviour across the critical angle. Figure 4.3 reads directly through the
threshold θ⋆. For θ0 = π/4 > θ⋆, the sufficient condition of Corollary 4.5 holds,
the higher-order lower bounds stay valid for all t, and the two envelopes remain
glued together and strictly positive over the entire horizon [0, 5]; the enclosure is
consistent with z(t) > 0 at every computed time. For θ0 = π/5 and θ0 = π/10, both
below θ⋆, the envelopes coincide until the order-one lower bound loses positivity
near t = ln(z0 + 1) = ln 2 ≈ 0.69; past this time the lower envelope detaches,
dips below zero, and then recovers towards zero as t grows, the forcing cos2(θ/2)
vanishing as θ → π, while the upper envelope keeps tracking the decay z0e

−t. The
dip is deeper for the smaller angle (ẑL ≈ −0.2 at θ0 = π/10 against ≈ −0.04 at
θ0 = π/5), which quantifies the degradation of the lower bound as θ0 moves further
below the threshold.

Interpretation. The envelopes separate what the elementary bound machinery
can and cannot certify. Above the critical angle the lower envelope stays positive,
so the order-four enclosure certifies z(t) > 0 on the full horizon, independently
of Theorem 4.7. Below it the certificate is only partial: the region of uncertainty
contains zero past t = ln(z0 + 1), so the lower envelope alone does not exclude
z = 0 even though it looks like z is going to stay strictly positive. That exclusion is
supplied by Theorem 4.7, which guarantees z(t) > 0 for every initial condition; the
upper envelope, positive and decaying as z0e

−t, is consistent with this and confines
z to a shrinking neighbourhood of the apex it never reaches.
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(a) θ0 = π/10 ≈ 0.31 (below θ⋆).

(b) θ0 = π/5 ≈ 0.63 (below θ⋆).

(c) θ0 = π/4 ≈ 0.79 (above θ⋆).

Figure 4.3: Envelope bounds ẑL and ẑU on z(t) over [0, 5], obtained at budget
N = 4 by retaining the tightest valid bound at each time, with z0 = 1 and three
initial angles. The threshold is θ⋆ = 2 arcsin(1/e) ≈ 0.75. The shaded band is the
region of uncertainty [ẑL, ẑU].
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4.5 Global existence
The analytical bounds derived in Section 2.3 certify global existence only for a
subset of initial conditions. Numerical experiments, however, consistently suggest
that no trajectory of the continuous-time system reaches the singular apex z = 0
in finite time. We prove this fact here: for every initial condition (θ0, z0) ∈ U , the
maximal solution is defined for all t ≥ 0 and satisfies z(t) > 0.

4.5.1 Continuous-time system and basic properties
We recall the autonomous system on U = (0, 2π)× (0, +∞):

θ̇ = sin θ

z
,

ż = −z − cos2
(

θ

2

)
,

(θ(0), z(0)) = (θ0, z0) ∈ U. (4.22)

By (4.10), for every (θ0, z0) ∈ U there exists a unique maximal solution (θ, z) :
Imax → U, with Imax = (t−, t+) and (θ(0), z(0)) = (θ0, z0).

The line M := {(θ, z) ∈ U : θ = π} is forward invariant. Indeed, if θ0 = π, the
system reduces to θ̇ = 0 and ż = −z, yielding the explicit global solution θ(t) ≡ π
and z(t) = z0e

−t > 0 for t ≥ 0. By uniqueness, no trajectory with θ0 ̸= π can
meet M. The involution θ 7→ 2π − θ further preserves (4.22). We may therefore
restrict, without loss of generality, to θ0 ∈ (0, π). The invariance of M then forces
θ(t) ∈ (0, π) for all t ∈ [0, t+), and consequently

θ̇(t) = sin θ(t)
z(t) > 0, ż(t) = −z(t)− cos2(θ(t)/2) < 0,

so θ is strictly increasing and z is strictly decreasing on [0, t+).

4.5.2 Global existence (t+ =∞)
We first record a trigonometric inequality used in the proof of the main theorem.

Lemma 4.6. For every ϵ ∈ (0, π] and every x ∈ [0, ϵ],

sin x ≥
(
1− ϵ2

6

)
x.

Proof. The inequality holds at x = 0. For x > 0, it is equivalent to sin(x)/x ≥
1 − ϵ2/6. The map f(x) := sin(x)/x is strictly decreasing on (0, π]: indeed
f ′(x) = (x cos x − sin x)/x2, and g(x) := x cos x − sin x satisfies g(0) = 0 and
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g′(x) = −x sin x ≤ 0 on [0, π], so g ≤ 0 and f ′ ≤ 0. For x ∈ (0, ϵ] we therefore have
sin(x)/x ≥ sin(ϵ)/ϵ, and it suffices to prove

sin ϵ ≥ ϵ− ϵ3

6 .

By Taylor’s theorem applied to sin at 0 with Lagrange remainder of order 4, there
exists ξ ∈ (0, ϵ) such that

sin ϵ = ϵ− ϵ3

6 + sin ξ

24 ϵ4.

Since ϵ ≤ π, ξ ∈ (0, π), hence sin ξ > 0 and the inequality follows.

Theorem 4.7. For every initial condition (θ0, z0) ∈ U , the maximal time of
existence satisfies t+ = +∞ and z(t) > 0 for all t ≥ 0.

Proof. By the monotonicity established above, the limits

θ∗ := lim
t→t−

+

θ(t) ∈ (θ0, π], ℓ := lim
t→t−

+

z(t) ∈ [0, z0)

both exist. By the escape-from-compact property of maximal solutions [28,
Cor.2.16], it suffices to show that the trajectory is contained in a compact subset
of U . We distinguish two cases according to the value of θ∗.
Case 1: θ∗ ∈ (θ0, π). We show that z is bounded below by a positive constant on
[0, t+); the trajectory then remains in a compact subset of U , and the escape-from-
compact property yields t+ = +∞.

Since θ is monotonically nondecreasing, θ(t) ∈ [θ0, θ∗] for every t ∈ [0, t+), and

m := min
θ∈[θ0,θ∗]

sin θ > 0

because [θ0, θ∗] ⊂ (0, π).
Since z ∈ C1([0, t+)) and ż(t) < 0 for all t ∈ [0, t+), the map z is strictly

decreasing, hence bijective onto z([0, t+)). By the C1 inverse function theorem in one
dimension ([29, Theorem 9.24]), z−1 is C1 on z([0, t+)) with (z−1)′(s) = 1/z′(z−1(s)).
Denote z−1 : z([0, t+))→ [0, t+) and set θ̃ := θ ◦ z−1. The chain rule, together with
z(z−1(s)) = s, gives for every s ∈ z([0, t+))

−θ̃′(s) = −θ′(z−1(s))
z′(z−1(s)) =

sin
(
θ(z−1(s))

)
s
(
s + cos2(θ(z−1(s))/2)

) .

Using sin(θ(z−1(s))) ≥ m, cos2(·) ≤ 1 and s ≤ z0,

−θ̃′(s) ≥ m

s(z0 + 1) .
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Integrating from z(t) to z0 yields, for every t ∈ [0, t+),

θ(t)− θ0 = −
∫ z0

z(t)
θ̃′(s) ds ≥ m

z0 + 1 ln
(

z0

z(t)

)
. (4.23)

Inequality (4.23) embodies the following alternative: along the trajectory, z(t)
cannot become arbitrarily small without θ(t) growing arbitrarily large. Since
θ(t) ≤ θ∗ < π on [0, t+), the left-hand side of (4.23) is bounded by θ∗ − θ0, which
forces

ln
(

z0

z(t)

)
≤ (θ∗ − θ0)(z0 + 1)

m
=: C, i.e. z(t) ≥ z0e

−C =: δ1 > 0.

In particular ℓ ≥ δ1 > 0. The trajectory is therefore contained in the compact set

K1 := [θ0, θ∗]× [δ1, z0] ⊂ U.

It yields that if θ∗ ∈ (θ0, π) then t+ = +∞.
Case 2: θ∗ = π. Assume, for contradiction, that t+ < +∞. By the escape-from-
compact property and θ∗ = π ∈ (0, 2π), this forces ℓ = 0.

Set x(t) := π−θ(t), so x(t) > 0 on [0, t+) and x(t)→ 0 as t→ t−
+. System (4.22)

becomes
ẋ = −sin x

z
, ż = −z − sin2

(
x

2

)
.

Fix ϵ ∈ (0,
√

3) and set α := 1 − ϵ2/6 ∈ (1/2, 1). Choose t1 ∈ [0, t+) such that
x(t) ≤ ϵ for all t ∈ [t1, t+).

As in Case 1, z is a C1-diffeomorphism, and we set x̃ := x ◦ z−1 on z([t1, t+)).
The chain rule and z(z−1(s)) = s yield

x̃′(s) = x′(z−1(s))
z′(z−1(s)) = sin(x̃(s))

s
(
s + sin2(x̃(s)/2)

) .

By Lemma 4.6, sin(x̃(s)) ≥ α x̃(s), and since sin2(x̃/2) ≤ 1,

x̃′(s)
x̃(s) ≥

α

s(s + 1) = α
(1

s
− 1

s + 1

)
.

Integrating from z(t) to z(t1) gives

ln
(

x(t1)
x(t)

)
≥ α ln

(
z(t1)

z(t1) + 1 ·
z(t) + 1

z(t)

)
,
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and exponentiating, together with z/(z + 1) ≤ z for z ≥ 0,

x(t) ≤ K z(t)α, K := x(t1)
(

z(t1) + 1
z(t1)

)α

.

Since sin u ≤ u for u ≥ 0,

sin2
(

x(t)
2

)
≤ x(t)2

4 ≤ K2

4 z(t)2α.

Because 2α > 1, there exists δ > 0 such that K2

4 z2α ≤ z for every z ∈ (0, δ]. As
z(t)→ ℓ = 0, we may choose t2 ∈ [t1, t+) with z(t) ≤ δ for all t ∈ [t2, t+). For such
t,

ż(t) = −z(t)− sin2(x(t)/2) ≥ −2 z(t),
Thus, multiplying by e2t gives

d
dt

(
e2tz(t)

)
= e2t

(
ż(t) + 2z(t)

)
≥ 0,

so t 7→ e2tz(t) is monotonically nondecreasing on [t2, t+) and

z(t) ≥ z(t2) e−2(t−t2) ≥ z(t2) e−2(t+−t2) > 0 for all t ∈ [t2, t+).

The trajectory on [t2, t+) is therefore contained in the compact set

K2 := [θ(t2), π]×
[
z(t2) e−2(t+−t2), z(t2)

]
⊂ U,

contradicting the escape-from-compact property under the assumption t+ < +∞.
Hence t+ = +∞ in this case as well.

In both cases t+ = +∞, and consequently z(t) > 0 for all t ≥ 0.

4.5.3 Implication for the discrete algorithm
Theorem 4.7 concerns the continuous-time surrogate (4.9), which was obtained
in Section 4.1 as the small-step limit of P2GD: for α → 0, the iteration x+ ∈
PC(x + αg(x)) is a first-order (explicit Euler) discretization of (4.9). To the extent
that the discrete iterates track this flow at small step size, the continuous picture
transfers to the algorithm. Since the continuous trajectory never reaches the apex
(Theorem 4.7), it approaches the apex ever more closely—over an horizon that
grows as α→ 0—without ever escaping the upper nappe. This is consistent with
the central numerical observation of Chapter 3: the apocalyptic basin under P2GD
fills nearly the entire upper nappe as α→ 0, the sole exception being trajectories
initialised on the descent line x2 = 0, x1 > 0, which lead to the rank-one minimizer.
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Conclusion

This thesis asked whether the apocalypse afflicting the projected projected-gradient
descent method (P2GD) is a marginal pathology, tolerable in practice, or a structural
feature of low-rank optimization that genuinely warrants the corrective schemes
proposed in the literature. We addressed the question on the variety of symmetric
matrices of bounded rank, whose geometry is explicit enough to support both
quantitative experiments and a closed-form continuous-time analysis. The evidence
gathered along the way points consistently to the second answer: the apocalypse is
structural.

On the geometric side, we adapted the variational analysis of the rectangular
case to the symmetric variety, obtaining closed-form expressions for its tangent
cone and for the orthogonal projection onto it (Theorem 3.2, Proposition 3.4).
Beyond their role in making P2GD implementable in arbitrary dimension, these
formulas isolate the mechanism behind the apocalypse: as smooth iterates approach
a low-rank point, their tangent spaces omit directions of decrease that the tangent
cone at the singular point itself retains. Along the sequence, the projected anti-
gradient becomes increasingly orthogonal to these narrower feasible directions,
so the stationarity measure collapses toward zero; yet the singular point is not
stationary—a descent direction persists there—and the algorithm wrongly reports
convergence.

On the experimental side, we mapped the set of initial conditions driven to an
apocalypse, from the double cone up to the higher-dimensional varieties of rank at
most two in dimensions five and ten. Two regularities stand out. First, the step
size influences the phenomenon: as it decreases, the apocalyptic set grows until it
dominates almost the entire feasible domain, while the basin of the global minimizer
shrinks to a single descent line; at the smallest steps tested, the great majority of
trajectories are trapped by a singular point. Second, and more subtly, increasing the
step size does not cure the phenomenon uniformly across the singular strata. Larger
steps allow the iterates to bypass the origin, but once the singular set is stratified
a residual fraction of trajectories settles instead on an intermediate-rank stratum,
where the tangential geometry again prevents further descent. Nevertheless, the
proportion of intermediate-rank apocalypses decreases substantially as the step
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size grows past a threshold.
On the theoretical side, we analyzed the continuous-time limit of P2GD, its

projected gradient flow, which on the double cone decouples into scalar equations
for the height and the angle. We constructed a sequence of iteratively refined upper
and lower bounds on the trajectory (Proposition 4.2) and extracted from them an
explicit sufficient condition on the initial angle for the iterates to be driven toward
the apex (Corollary 4.5). Numerically, these enclosures contract at a geometric
rate: after a handful of iterations the certified band is visually indistinguishable
from a high-accuracy reference solution, and it does so even for initial angles that
lie outside the regime where the sufficient condition is guaranteed, confirming that
the practical reach of the scheme exceeds what the analysis alone certifies. We then
proved that the flow is globally defined for every initial condition and that its height
remains strictly positive for all finite time while tending to zero asymptotically
(Theorem 4.7), settling a question left open in [19]. The continuous trajectory is
thus trapped: it approaches the singular point without ever reaching it, and never
turns back toward the minimizer.

These three elements together give a coherent picture. The trapping established
in the continuous-time system explains the central empirical observation, that the
apocalyptic basin fills the domain as the step size tends to zero. Although a larger
step size appears to reduce the probability of an apocalypse, it is not sufficient on
its own to guarantee that the phenomenon is eliminated. The apocalypse is, in this
sense, intrinsic to non-smooth varieties such as the bounded-rank varieties, rather
than an accident of a particular implementation, and the corrective schemes of the
literature address a real problem.

These conclusions are nonetheless limited by the scope of this study. The
continuous-time analysis is carried out only on the double cone; the higher-
dimensional varieties are explored numerically, without an analogous closed-form
flow. The experiments use a single quadratic objective with a prescribed minimizer,
which isolates the role of the geometry but leaves the dependence on the cost
function open. Finally, the analysis lives in the idealized small-step limit, whereas
practical P2GD uses an Armijo line search, and the two are linked here only to first
order.

These limitations chart the work that remains. The main direction of interest
is to carry the analysis back from the continuous flow to the discrete algorithm
itself: to describe its convergence directly at the level of the iterates, rather than
through the continuous surrogate: delineating the apocalypse basin, characterizing
precisely which initial conditions and step sizes lead to failure, and turning that
characterization into a practical criterion. In particular, it would be valuable to
determine theoretically whether a sufficiently large step size can preclude apocalyp-
tic behaviour. Another natural question is the role of the objective: replacing the
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quadratic cost by a broader family of functions would test whether the step-size
dependence and the intermediate-rank traps are features of the geometry or artifacts
of this particular case. Lifting the closed-form analysis to higher-dimensions, above
the double cone, would, in turn, test whether the intermediate-rank apocalypses
observed numerically admit the same exact description as the rank-zero trap. Be-
yond P2GD, the apocalypse is shared by other feasible methods on bounded-rank
varieties, such as the retraction-free descent (RFD) of [15, Algorithm 4 and Sec 3.4];
determining whether the trapping mechanism identified here transfers to these
algorithms, and whether a single geometric remedy addresses them all, would clarify
how general the phenomenon really is.
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