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1 Introduction
The Atlantic Meridional Overturning Circulation (AMOC) and the Greenland
Ice Sheet (GIS) are two major and critical components of the climate system.[43]
The AMOC, an ocean circulation in the Atlantic driven by differences in water
temperature and salinity between the South and North Atlantic, results in a
significant heat transport from the South Atlantic basin to the North.[26] As for
the GIS, it contains enough ice to potentially raise sea levels by approximately
7.42 meters if all the ice were to melt.[55]
However, due to climate change, these two systems are susceptible to collapse[76]
because they are tipping elements. Tipping elements are critical components
of the climate system that have tipping points within their dynamics. These
tipping points are critical thresholds concerning certain forcings (such as atmo-
spheric temperature increase), beyond which these systems can undergo abrupt
and irreversible state changes.[31] These points are states where "small changes
make big differences".[44] In the case of the AMOC, this would mean a collapse
to another equilibrium state where the AMOC is halted. For the GIS, it would
mean reaching a stable state where all the ice has melted.[43]
A collapse of the AMOC and GIS into their respective collapse states would
have disastrous consequences for human societies and biodiversity. Specifically,
an AMOC shutdown would lead to a decrease in the average annual tempera-
ture by nearly 7◦C in cities like London and cause severe disruptions in marine
ecosystems, impacting fish stocks among other things.[76, 79] With its potential
sea level rise, a complete melt of the GIS would inundate cities such as Bangkok,
Jakarta, and New York, as well as parts of Bangladesh, not to mention numer-
ous islands and peninsulas. Due to the significant impacts that the collapse
of these systems would have, the literature on tipping points and tipping ele-
ments has rapidly expanded in recent years, starting from a seminal study by
Lenton et al.[43] in 2008. As highlighted by the Global Tipping Point Report of
2023[76], this has become one of the most extensively published fields of study
over the past decade, with more than 25 Earth System tipping elements already
identified.[76]

In addition to their individual collapse dynamics, tipping elements have phys-
ical interactions that can either stabilize or destabilize each other, potentially
leading to tipping cascades or domino effects.[18, 87, 38] The AMOC and the
GIS are among the tipping elements with a significant probability of irreversible
collapse under current emission scenarios.[82] Furthermore, they are connected
by two important interactions that could lead to cascading collapses.[87]
As the GIS melts, it releases significant quantities of freshwater into the North
Atlantic. The North Atlantic is where the North Atlantic Deep Water (NADW)
forms. NADW consists of salty, dense waters from the South Atlantic that, once
cooled in the North Atlantic, become considerably denser than the surrounding
waters and sink into the depths. This process is the primary driver of the
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AMOC, which subsequently transfers these waters in depth toward the South
Atlantic.[26] Therefore, the addition of freshwater (which is less dense compared
to the salty water from the South Atlantic) decreases the surface water density
at the NADW formation sites. This reduction in density decreases the sinking of
these waters into the depths and increases stratification in the North Atlantic.
Consequently, the melting of the GIS reduces the intensity of the AMOC.[32, 1]
Conversely, a weakening of the AMOC will have a stabilizing effect on the
melting of the GIS. As the AMOC’s intensity decreases, it transports less heat
to the North Atlantic, leading to significant cooling in the region. This cooling
will naturally reduce the melting rate of the GIS. In the case of a complete
AMOC shutdown, this cooling effect could even locally counterbalance regional
climate warming.[76]

Despite knowledge of these interactions, the literature is not yet able to satis-
factorily constrain the trajectories of the GIS and the AMOC or predict their
potential collapses.[76] Even the most complex climate models, which aim to
simulate the physical processes in great detail, are not the best tools for this
analysis. These models often have systematic biases that tend to make tipping
elements too stable and are limited by high computational costs, rendering the
study of tipping elements incomplete.[46] As a result, there is significant un-
certainty in the literature regarding the critical thresholds associated with the
tipping points of various tipping elements.[1, 76]
Therefore, another growing methodological approach in the literature[87, 88,
90, 68] involves using simplified models, simplified models that aim to capture
the essential first-order dynamics necessary to produce collapse behavior. Due
to their very low computational cost and use of dynamical systems theory, these
models allow for more efficient exploration of the forcing and collapse space of
tipping elements. They also leverage mathematical concepts and tools from
nonlinear dynamics, such as equilibrium and bifurcation notions, which are
useful for better studying these phenomena.
To investigate the cascading collapse dynamics between the AMOC and the
GIS, we are adopting the latest methodological approach of studying systems
through dynamical systems theory. A recent model has been developed for this
purpose by V. Couplet[14, 12, 15], a PhD student under Professor Crucifix,
which is based on the latest developments in the literature[68, 87, 89] on this
topic. However, a primary limitation of this model is that it does not account
for the destabilizing effect of GIS melt on the AMOC, thus omitting one of
the key mechanisms in the potential cascading collapse behavior between the
GIS and the AMOC. Furthermore, a major limitation of this model, as well as
the literature on modeling tipping cascades with simplified dynamics, is the ab-
sence of a rigorous and precise methodology for calibrating the coupling terms
that encode the interactions between tipping elements within their respective
equations. Currently, these coefficients are determined partly arbitrarily and
adjusted post hoc based on the results they produce.[14] Given the high sen-
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sitivity in the calibration of nonlinear systems such as tipping elements, and
particularly in their coupling terms, it is crucial to better constrain the possible
trajectories of collective collapses within the climate system for the purposes of
realistic climate projections and to inform desirable mitigation and adaptation
policies.
Therefore, the methodological challenge of this thesis is to develop a new model
of simplified dynamics for the AMOC and GIS that not only incorporates their
coupling processes but also establishes a method for calibrating these simplified
dynamics based on hysteresis experiments derived from process-based mod-
els. In other words, we aim to construct a cascading collapse emulator for the
AMOC and GIS. This emulator will be referred to as AGTCCM, standing for
AMOC-GIS Tipping Cascade Calibration Model, and represents an original and
unprecedented development in the literature. As the results will demonstrate,
this methodology proves to be effective and promising, paving the way for appli-
cations to other tipping elements in the study of additional cascading collapse
phenomena.
To enhance the utility for analyzing the trajectory of these systems under likely
future emission scenarios, we plan to integrate the AGTCCM into SURFER,
a conceptual and partially process-based climate model.[52] SURFER features
a simplified yet well-calibrated carbon cycle model, allowing for simulations
with low computational time over extensive temporal scales. By coherently
integrating AGTCCM into SURFER, through a consistent parameterization of
the impact of an AMOC collapse on the carbon cycle, we will be able to analyze
the collapse dynamics of the AMOC and GIS across a vast array of future
simulations. Ultimately, this thesis will produce a new version, noted as v3.2,
of SURFER that combines the efficiency and robust validation of SURFER’s
climate simulations with a calibrated emulator for the AMOC and GIS. As
an example of its application, we will calibrate the simplified dynamics of the
AMOC in the AGTCCM using three hysteresis experiments from cGenie, an
Earth Model of Intermediate Complexity (EMIC).
Finally, with SURFER v3.2, we aim to explore the dynamics and trajectories of
cascading collapses of the AMOC and GIS that can emerge when realistically
accounting for their coupling through the calibration performed using cGenie
by the AGTCCM. To achieve this, we will compare the collapse trajectories
from 15 simulations between the previous version of SURFER, which lacked
the AGTCCM and thus did not include the destabilizing effect of GIS on the
AMOC or a robust calibration of coupling terms, with the new version v3.2 of
SURFER. Moreover, through the parameterization of the impact of an AMOC
collapse on the carbon cycle within SURFER, we will be able to investigate
the existence of non-linearities in the carbon cycle resulting from an AMOC
shutdown.

To address the primary scientific research question of determining the effect of a
realistic coupling between the AMOC and the GIS on their collapse dynamics,
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several subsidiary scientific questions have been identified. These not only serve
to motivate the research topic but also to lay the groundwork for the knowledge
and methodological tools necessary to tackle the main research question. As
mentioned earlier, the main research question of this thesis is translated into
a primary methodological research question, which is to construct a simplified
dynamic model of the AMOC and GIS that accounts for their interactions and
allows for the calibration of their couplings and dynamics based on complex
models. A second fundamental scientific research question concerning the im-
pact on the carbon cycle of an AMOC shutdown will also be addressed due to
the need to develop a consistent parameterization of the carbon cycle in relation
to the AMOC during the development of SURFER v3.2. Here are the scientific
questions posed in this thesis, which have served as a guiding thread throughout
the underlying research and the structure of this thesis.

1. What is the effect of a realistic coupling between the AMOC and the GIS
on their collapse dynamics?

(a) What are tipping points, tipping elements, and tipping cascades?

(b) What is the importance of the AMOC and the GIS on future climate?

(c) What are the important physical coupling phenomena to consider for
their potential cascading collapses?

(d) How to construct a simplified emulation of the AMOC-GIS dynamics
that can be calibrated on hysteresis from complex models ?

(e) How can we coherently integrate this calibration module for AMOC-
GIS couplings into the SURFER model?

(f) What cascade collapse dynamics can we create with these couplings?

2. What is the effect on the carbon cycle of an AMOC collapse ?

In terms of structure, this thesis is organized as follows: Chapter I provides a
comprehensive review of the state of the art, explaining the necessary knowl-
edge, concepts, and tools that motivate our primary scientific research question.
Scientific questions 1(a), 1(b), and 1(c) will be posed and addressed. Chapter II
represents the technical core of this thesis, where we will develop the AGTCCM
and describe its integration into SURFER with a carbon cycle parameteriza-
tion that depends on the state of the AMOC, culminating in the new version,
SURFER v3.2. This will address scientific questions 1(d) and 1(e). Finally,
Chapter III presents and discusses the results, analyzing them across three
main categories of studies. The first category of results focuses on the question
of discontinuities in the carbon cycle following an AMOC collapse, addressing
scientific question 2. The second category examines potential AMOC-GIS cas-
cade collapses in SURFER v3.2, and the last category explores phenomena of
overshoot without tipping.[62, 61] Thus, this chapter responds to sub-scientific
question 1(f) and, more broadly, to the primary research question 1. Finaly,
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we will conclude by explicitly revisiting each of the scientific questions outlined
above and responding to them based on the findings of this thesis.



Chapter I - The Dynamics of
Cascade Collapse in AMOC and

GIS: Understanding the
Knowledge
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2 Chapter I - The Dynamics of Cascade Collapse
in AMOC and GIS: Understanding the Knowl-
edge

2.1 Tipping in the Earth Climate System

2.1.1 Tipping point, Tipping Element and Tipping Cascade

This thesis focuses on the Atlantic Meridional Overturning Circulation (AMOC)
and the Greenland Ice Sheet (GIS), which are referred to as tipping elements
capable of exhibiting cascading collapse behavior. The terms tipping point,
tipping element, and tipping cascade have become increasingly prevalent and
widely used in climatology, to the extent that they have become some of the
most popular themes in publications [76], but what do they mean? Before
delving into the study of potential cascade collapses between the thermohaline
circulation and the GIS, and their modeling through an original methodology,
we must address this initial scientific question (1a) to grasp the big picture
within which our scientific research question fits.

Tipping Point

Here is the definition provided by the IPCC Glossary [31] of a tipping point.

Tipping point: A critical threshold beyond which a system reorga-
nizes, often abruptly and/or irreversibly. See also Tipping element,
Irreversibility and Abrupt change.

While these definitions may appear theoretical, everyday examples illustrate the
notion of tipping points. Consider a chair. Common experience tells us that a
chair is in a state of equilibrium when resting on its four legs. Even without
a rigorous mathematical definition, we are inclined to intuitively say that this
equilibrium is stable. By stable, we mean that unless someone deliberately lifts
and tips the chair by making a very large movement, the chair will never fall.
However, in addition to this initial equilibrium, we are all aware of another
of a distinctly different nature with which we sometimes engage. This is the
one where we create an angle between the chair’s backrest and the vertical by
pushing with our legs once seated on the chair. Once on these two back legs,
it is possible to achieve a new equilibrium. Yet, any slight movement forward
or backward moves us away from this equilibrium. Although this has not yet
been formally defined, we are inclined to characterize this latter equilibrium
as unstable because we have the intuition that, once in this position, even a
tiny change in the force we exert with our legs could cause us to tip backwards
or forwards. Finally, if we lean a bit too much on our legs once we are in
this unstable equilibrium with the tilted chair, we will fall backward until we
painfully reach the ground. We will have reached the third equilibrium of the
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system, which is the chair lying on the ground with the backrest touching the
floor. If we revisit our notion of stability defined intuitively earlier, we would
similarly say that this latter equilibrium is stable because only a significant and
substantial effort to lift the chair will be able to move it out of this equilibrium.
The critical force exerted in our legs, causing us to fall backward when we de-
part from this unstable equilibrium to reach another equilibrium (stable in our
case), aligns with the concept of a tipping point as defined earlier and also in
the dynamical systems literature. Drawing an analogy from Tim Lenton[43],
we understand that the tipping point is the critical threshold at which a small
perturbation can fundamentally alter the state or trajectory of a system. In
essence, it represents the juncture where "small things can make a big differ-
ence".
Moreover, the IPCC defines a tipping point as a critical threshold from which
the system can reorganize in an abrupt manner. Formally, a change is considered
abrupt when it significantly outpaces historical rates of change in the system.
Drawing from our chair analogy, we can interpret this as the rapid descent of the
chair’s backrest compared to its gradual movement into an unstable equilibrium
on its back legs.
Another crucial aspect emphasized by the IPCC is irreversibility. In the IPCC
glossary, irreversibility refers to a perturbed state of a dynamical system that
persists longer than the timescale of interest, indicating that natural processes
take substantially longer to restore equilibrium. Returning to our analogy, irre-
versibility means that once the chair has fallen (our perturbed state), without
intervention, it will remain in that state indefinitely, unable to return to its pre-
vious equilibrium. In this specific scenario, the recovery time from the collapsed
state is infinite.
Beyond our office chair, tipping points are present in many places in nature
[39, 86]. One area where tipping points are also prevalent, and which is of
significant importance and consequences for us, is in the climate, as captured
by the concept of tipping elements.

Tipping Element

But what relevance does this analogy with chairs have for our climate system?
As highlighted in a highly influential paper by Tim Lenton et al. in 2008 [43],
there are large components of the Earth System that may reach a tipping point.
These components are referred to as tipping elements.
In 2023, a comprehensive synthesis directed by T. Lenton of all our knowledge
on tipping points was published. Tipping elements are present in all major com-
ponents of the climate (see Figure (1)), including the atmosphere, hydrosphere,
biosphere, and cryosphere. In total, more than 25 Earth system tipping elements
were identified in this synthesis report, the Global Tipping Point Report 2023
[76], based on evidence of past changes, observational records, and computer
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models. In the cryosphere, six Earth system tipping points were identified, in-
cluding large-scale tipping points for the Greenland Ice Sheet and Antarctic ice
sheets. In the biosphere, 16 Earth system tipping points were identified, while
in ocean and atmosphere circulations, four Earth system tipping points were
identified: the AMOC, the North Atlantic Subpolar Gyre (SPG), the Southern
Ocean Overturning Circulation, and the West African monsoon.
However, despite their abundance, each tipping element is unique and possesses
its own dynamics leading to critical thresholds beyond which collapse may be-
gin to occur. To understand this, another key concept for studying tipping
elements is that of feedback mechanisms. A feedback mechanism (or feedback
loop) is a closed loop of causality whereby a change in a system feeds back to
amplify or dampen that change. Feedback mechanisms can be mathematically
positive or negative, depending on whether they amplify or dampen the effects
of a change. Tipping can occur when amplifying/reinforcing (positive) feedback
mechanisms overwhelm damping/balancing (negative) ones and become strong
enough to support self-perpetuating change.[76] Feedback mechanisms are spe-
cific to the physics of the tipping element under consideration, and it is through
the identification and study of these mechanisms that we are able to attribute,
as shown in Figure (1), critical warming thresholds beyond which collapse is
highly probable.

Figure 1: The location of climate tipping elements in the cryosphere (blue), biosphere
(green), and ocean/atmosphere (orange), and global warming levels at which their tipping
points will likely be triggered. Figure from Armstrong McKay et al.[1]

Indeed, as illustrated in Figure (1), certain tipping elements such as the West
Antarctic Ice Sheet (WAIS) and the Greenland Ice Sheet (GIS) could collapse
with a global average temperature warming of less than 2◦C, while for oth-
ers such as the East Antarctic Ice Sheet (EAIS), a global average temperature
anomaly exceeding 4◦C would be required. Figure (2) from the paper by Wang
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et al. [82] in 2023, based on the most recent scientific knowledge, illustrates
approximate time frames over which some tipping elements might be expected
to respond to climate forcings. However, as this latter figure already demon-
strates, significant uncertainties remain regarding many tipping elements, and
their collapse strongly depends on emission scenarios and thus on the societal
choices we will make in the future. Furthermore, beyond the issue of the in-
ability to currently obtain a very precise value of the critical threshold in terms
of temperature anomaly, and thus of CO2 emissions, it is not only the forcing
of CO2 that matters. For example, tipping elements such as the Indian sum-
mer monsoon, as well as the Amazon rainforest and the Sahel, are sensitive to
localized aerosol pollution. Therefore, a thorough investigation using observa-
tions, past climate data, models, and numerical simulations is fundamental to
understanding the collapse dynamics specific to each tipping element.

Figure 2: Approximate time frames over wich some tipping elements might be expected
to respond to climate forcings. Horizontal lines to the left of some bars indicate that while
the majority of large-scale system response may be projected to occur at some point in the
future for certain Earth system elements, some shifts are already underway and are expected
to continue. Figure from Wang et al.[82]

Lastly, the term tipping point has suffered from its growing popularity and
widespread dissemination beyond academic circles. As demonstrated earlier,
the assessment of whether a component of the climate system is indeed a tipping
point can sometimes be subject to debate. As emphasized by Milkoreit et al.
[54], there is a risk of abusive labeling of the term tipping point, particularly
in the social sciences. A common pitfall is to consider situations where big
changes make significant differences to a system as tipping points. As reiterated
in the Global Tipping Point Report 2023, it is crucial to evaluate the strength
of amplifying feedback loops and consider the presence of damping feedback
loops before asserting the potential existence of a tipping point [76]. To avoid
falling into these notational abuses and improve the quality of our analysis,
we will establish the foundations of the mathematical framework in subsection
(2.1.3), enabling a rigorous analysis and understanding of the physics of tipping
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elements. In the specific case of interest in this dissertation, which focuses on
AMOC and the GIS, we will then meticulously examine the inherent physics of
these systems that confer upon them the status of tipping elements.

Tipping Cascade

Beyond the collapse behaviors specific to each tipping element, they can also in-
teract with each other, leading to what is called a tipping cascade phenomenon.
The phenomenon of tipping cascades, sometimes presented as akin to the domino
effect[38, 45], arises from interactions across space and time among tipping el-
ements, whereby the collapse or even the onset of collapse of one element can
facilitate the collapse of others. Due to these interactions, tipping cascades
cannot be ruled out on centennial to millennial timescales at global warming
levels between 1.5 and 2.0◦C, or on shorter timescales if global warming exceeds
2.0◦C [90].

Figure 3: Interactions between climate tipping elements and their roles in tipping cascade.
Where tipping casade arise, the relative size of the dominoes illustrates how many ensem-
ble members the respective climate component initiates tipping cascade (red domino) or how
many tipping cascades the respective climate component occurs in (blue domino). Figure from
Wunderling et al.[87]

The known interactions to date between major tipping elements of the climate
are represented in Figure (3). As observed, there exist both physical interactions
between tipping elements that can be stabilizing, such as, for example, a weak-
ening of the AMOC, which would diminish heat transport towards the North
and thereby favor Arctic sea ice growth, as well as destabilizing interactions.
An example of this is a weakening of the AMOC, which, by retaining more
heat in the South Atlantic, would promote the melting of the West Antarctic
Ice Sheet (WAIS). Behind each of these interaction arrows, however, lie some-
times complex dynamics, the effects of some of which are not yet fully captured
and understood. Thus, caution must be exercised regarding the conception of
a clear critical threshold capable of mechanically producing multiple collapses.
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Contrary to the notion of a distinct threshold, the coupling between subsys-
tems, competing feedbacks, and spatial heterogeneity may promote subtle yet
abrupt reorganizations of geophysical flows before a catastrophic tipping point
[48]. What is important to understand is that these interactions occur between
tipping elements with highly diverse spatiotemporal dynamics and extensions,
which can lead to complex collective collapse dynamics. Therefore, as con-
cluded by Wunderling et al. [90], tipping elements should not only be studied
in isolation, but also more emphasis has to be put on potential interactions.

2.1.2 Why should we care about Tipping Elements, what are their
impacts?

Human activities push Tipping Elements out of equilibrium

The primary reason for paying attention to tipping elements is that contempo-
rary human activities and the consequent emissions of greenhouse gases intro-
duce an additional forcing factor on tipping elements by raising average tem-
peratures, potentially displacing these systems from their present equilibrium
state [43]. Thus, while the collapse of certain tipping elements may be char-
acterized as improbable events, this characterization no longer holds if future
global warming exceeds 2◦C, and certainly not if warming exceeds 4◦C [45, 42].
Therefore, the Global Tipping Point Report 2023 concludes that: "Global warm-
ing is rapidly approaching levels that could trigger individual tipping points in
systems that can interact with and destabilize other tipping systems" [76]. In-
deed, it is particularly the assessments of tipping point thresholds that have
partly led to the societal aspiration to limit global warming to low levels, such
as 2◦C or even 1.5◦C above pre-industrial levels.[66, 44]

Past evidences of Tipping Points

Furthermore, even though we have seen the critical importance of greenhouse
gas emissions in potential future tipping point collapses, it is important to
note that the disturbance leading to the collapse of a tipping element may not
necessarily be anthropogenic forcing. Indeed, critical conditions may be reached
autonomously, without human interference, and natural variability could trigger
a qualitative change [43]. Climate history is already filled with several cases of
tipping element collapses, as demonstrated by paleoclimate data and global
climate models [2].

The Hothouse narrative

Based on these considerations, the concept of planetary scale tipping has been
developed. Planetary scale tipping is a phenomenon of global cascading col-
lapse in the climate involving the collapse of multiple key systems due to global
warming. Explored in the seminal paper by Steffen et al. [69], they investigate
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Figure 4: Stability landscape showing the pathway of the Earth System out of the Holocene
and thus, out of the glacial–interglacial limit cycle to its present position in the hotter An-
thropocene. Figure from Steffen et al.[69]

in this study the risk that self-reinforcing feedbacks could push the Earth Sys-
tem toward a planetary threshold at approximately 2◦C, which, if crossed, could
prevent stabilization of the climate at intermediate temperature rises and cause
continued warming on a "Hothouse Earth" pathway even as human emissions
are reduced. Crossing this threshold would result in a much higher global aver-
age temperature than any interglacial period in the past 1.2 million years and
significantly higher sea levels than at any time in the Holocene. This trajectory
is depicted in Figure (4), with the stability landscape showing the pathway of
the Earth System out of the Holocene and thus, out of the glacial–interglacial
limit cycle. The fork in the road shows the two divergent pathways of the
Earth System in the future: one leading to the Hothouse Earth pathway and
the other to the Stabilized Earth pathway. What, then, is the current trajec-
tory, and where do we stand ? As stated by the IPCC in AR6 [25]: "There is no
evidence of such non-linear responses at the global scale in climate projections
for the next century." However, the potential of tipping points to drive a tran-
sition to a hothouse climate state within centuries remains unclear, according
to Wang et al.[82]. The hothouse narrative is relevant to this thesis because
the new version of SURFER that we will create, integrating a more improved
and realistic dynamics of the coupling between the AMOC and the GIS, help to
better constrain the regimes of emission scenarios that could lead to a hothouse
narrative in the future.

Impacts on Global Mean Temperature

In the case of planetary scale tipping, Steffen et al. [69] conclude that if the
threshold is crossed, the resulting trajectory would likely cause serious disrup-
tions to ecosystems, society, and economies [69]. More specifically, what are
some examples of impacts resulting from the collapse of tipping elements?
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On the global average temperature, tipping elements such as the Amazon rain-
forest, permafrost, or Arctic sea ice melt will have significant effects on this key
climatic variable. Indeed, a collapse of the permafrost, which represents a vast
carbon reservoir releasing methane as it thaws, could release an amount equiv-
alent to ten years of current carbon emissions by 2300, making a substantial
contribution to global warming [82]. As for the Amazon rainforest, it has been
simulated that the Amazon rainforest dieback scenario under moderate emis-
sions produced an additional 0.3◦C of global warming due to enhanced carbon
emissions [3]. This is attributed to differences in the role of the Amazon rain-
forest, which, although currently acting as a carbon sink in the carbon cycle,
could become a source if it collapses into a savanna-like ecosystem. This col-
lapse, partly already observed, will result from an irreversible threshold where
the forest is no longer able to sustain the regional water cycle, leading to drying
and a shift toward a savanna-like ecosystem [51, 22]. As for the impact of Arc-
tic sea ice melt on the global average temperature, this is due to a significant
decrease in the albedo of the surface of regions currently covered by sea ice.
By altering the radiative balance towards more absorption of solar radiation,
additional warming of the atmosphere compared to the current state will occur.
Thus, Wang et al. [82] show that by 2100, the additional warming from these
tipping elements is approximately 0.13◦C (low: 0.06◦C, high: 0.23◦C) under
SSP2-4.5 and approximately 0.21◦C (low: 0.10◦C, high: 0.36◦C) under SSP5-
8.5 relative to the original scenarios. By 2300, they find that the selected tip-
ping elements may produce additional warming of approximately 0.24◦C (low:
0.11◦C, high: 0.49◦C) under SSP2-4.5 and approximately 0.52C (low: 0.24◦C,
high: 1.09◦C) under SSP5-8.5 relative to the original scenarios. Hence, it is
more readily understood that if these tipping elements collapse and thereby in-
crease the global average temperature, they will also contribute to the forcing
of other tipping elements that may further promote their cascading collapses.

Impacts on Human Societies

During the 22nd century, under middle-of-the-road emissions scenarios, there
is a significant probability that the Amazon rainforest, AMOC, and permafrost
will reach their critical thresholds and irreversibly collapse [1, 82]. Such collapses
of these systems have the potential for severe impacts on water, food and energy
security, health, ecosystem services, communities, and economies [76]. In a more
general sense, regardless of the tipping point considered, as concluded by the
Global Tipping Point Report 2023, the full damage caused by negative tipping
points will be far greater than their XXIst century impact. Indeed, the effects
will cascade through globalized social and economic systems, and could exceed
the ability of some countries to adapt. Tipping points indicate that the threat
posed by the climate and ecological crisis is far more severe than commonly
understood and is of a magnitude never before faced by humanity [76].
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Figure 5: Qualitative two-dimensional organization of individual candidate tipping elements.
Candidate tipping elements are organized vertically according to expected negative global-scale
climate impacts upon human societies considering added warming potential, sea-level rise,
ecosystem shifts, and atmospheric and oceanic circulation changes (y-axis) and horizontally
based on the timeframe over which those impacts are expected to manifest under a middle-of-
the-road to high-end emissions scenario. Figure from Wang et al.[82]

In terms of impacts, however, it should be noted that significant changes in the
state of the considered tipping element may occur either directly after the trigger
or much later [43]. As detailed further in section (2.2.4), this is typically the
case for cryospheric components such as the Greenland Ice Sheet or Antarctic
Ice Sheet, with their potential sea level rise of approximately 70 meters.[55]
Indeed, for the Greenland Ice Sheet (GIS), its critical threshold is likely to be
reached within decades as the literature associates its critical threshold with a
global mean warming of 1.5◦C, but its total melt will not occur for over 1000
years due to the significant inertia involved in melting such a large amount of
ice. However, once this threshold is reached, collapse may be irreversible, or in
other words, unstoppable.[76] Thus, as shown in Figure (5), we must consider
the impacts implied by each tipping element based on the characteristic time
scales inherent in its dynamics.

Therefore, given the critical proximity of certain tipping elements due to climate
change, the past existence of cascading collapses, and the considerable impacts
such collapses would have on human societies, studying tipping elements is fun-
damental. While there is still much uncertainty about the exact state of certain
tipping elements and the location of their critical collapse thresholds, as T.
Lenton et al. [44] assert, tipping elements are "Too risky to bet against." In ad-
dition to advancing our broader understanding of tipping phenomena in nature,
beyond just climate, it is essential, for the purpose of guiding and constraining
mitigation and adaptation policies, to have an excellent research paradigm on
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tipping points. This is certainly true for the AMOC and the GIS, which, as
we will later present, are the prime candidates for tipping elements capable of
triggering cascading collapses, making their study highly relevant and necessary.

2.2 The mathematical and physical dynamics behind tip-
ping

It is now clear that tipping elements are a fundamental and urgent subject of
study. In this subsection, we aim to explain the research paradigm used thus far.
We will discuss the limitations of the approach of high-resolution models, such
as Earth System Models (ESMs), to introduce the most commonly used research
methodology, which provides the best results: the theory of nonlinear dynamical
systems. This, along with the numerous concepts that will be introduced, will
be essential to address our main scientific question (1.4) : how to model, in a
simplified and realistic manner, the dynamics of cascade collapse phenomena
between the AMOC and the GIS.

2.2.1 The limitations of the Earth System Models (ESM) approach

Earth system models tend to integrate representations of several components
of the climate system. While they are the ideal candidates for quantifying
the complex interactions between tipping elements ([69, 76]), so far, cascade
collapse simulations have only been conducted in models of reduced complexity
or conceptual models[68]. There are two reasons for this. The first is due to a
lack of integration in the latest generation of Earth System Models of essential
process modeling capabilities related to tipping elements, such as the Amazon
rainforest, primarily due to the absence of dynamic vegetation models. Thus, by
not achieving sufficient parameterization of the interactions between the tipping
elements, current Earth System Models are suspected to exhibit a bias towards
excessive stability concerning tipping elements.[46] The second reason for the
lack of their use in studying tipping elements is due to operational constraints.
Running fully coupled simulations of Earth System Models with all the climatic
components they contain is excessively computationally intensive. However, in
the case of tipping elements, and this is particularly true for those arising from
the cryosphere, the time scales involved span several centuries to thousands of
years. However, within the couplings, for instance, between components of the
cryosphere and the atmosphere, certain dynamics may occur on considerably
smaller time and space scales. Therefore, it is practically almost impossible with
Earth System Models to study these various time scales at the same time. This
is why, in contrast to the methodology of achieving the finest possible description
of the physics of the climatic components supported by Earth System Models,
research on tipping points has turned more towards conceptual models.
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2.2.2 The Dynamical System Theory

The approach used by conceptual models aims primarily to describe the inter-
actions among tipping elements and the first-order dynamics that create their
potential collapse behavior. The mathematical framework employed for this
purpose is that of dynamical system theory, and more specifically, nonlinear
dynamics. In this type of model (cfr. Eq.(2.1)), each tipping element xi with
its own typical time scale τi is described by an ordinary differential equation
(ODE), within which is also the variable associated with other tipping elements
xj [88, 89]. Thus, with a system of coupled ODEs, the aim is to describe the
state and interactions among the tipping elements using coupling coefficients
sij for interaction calibrations. To describe the forcings, such as the difference
in global mean temperature (∆GMT ) on the tipping elements, prescribed func-
tions can be added, or an Energy Balanced Model can be used. In this case
Tlimit,i, encodes the critical bifurcation threshold specified for each tipping ele-
ment. Typically, the ODE associated with a tipping element takes the following
form in this type of approach:

dxi

dt
=

{
−x3

i + xi +
∆GMT

Tlimit,i

+ d
∑
j,j ̸=i

sij(xj + 1)

}
1

τi
(2.1)

The first obvious advantage of this approach is that we have a generic represen-
tation of each tipping element, making the model for each tipping element much
simpler to construct than if we had to model the actual physical interactions
occurring in the dynamics of the system under consideration.[14] A second, no
less important advantage relates to the operational use of this type of model.
Being a simple network of ODEs, these models are extremely lightweight to run
on computers, allowing for a large number of simulations in a short amount of
time. Finally, and this is what we will develop further in the remainder of this
subsection, this type of model allows us to use tools and concepts from nonlin-
ear dynamics analysis, which enable us to better understand what is happening
in our tipping element and tipping cascade model.
With this type of model, we aim to investigate the occurrence of tipping element
collapse if, for a family of forcing scenarios of our system (we can consider a
family of functions ∆GMT encoding different scenarios in our equation (2.1),
a certain climatic metric denoted as Ψ exhibits a discontinuity in response
to the model output. This is illustrated in Figure (6). The climatic metric
used can vary, such as, for example, sea level rise (SLR), the globally averaged
temperature, or the state of a tipping element.

Concepts of Non-Linear Dynamics

To understand why the canonical form of the model described in equation (2.1)
takes the specific form of a third-order polynomial, one must delve into the
theory of nonlinear dynamics. This theory also provides numerous concepts for
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Figure 6: Response of a conceptual model to a family of forcing which shows a discontinuity
in a specific climate metric Ψ. Figure V.Couplet.[14]

the analysis of these systems; we will introduce those essential for us within the
scope of this thesis, for constructing our simplified model of AMOC-GIS dy-
namics and analyzing our results. This introductory section to the key concepts
of nonlinear dynamics is primarily based on S. Strogatz.[73]

Dynamical System, Trajectory, and Phase Space

Figure 7: Representation of a trajectory and
phase space for a two-dimensional system. Fig-
ure from S.Strogatz.[73]

A dynamical system is a system whose
temporal evolution is governed by a
specific law. In this discussion, we
will focus solely on deterministic sys-
tems, where knowledge of an initial
condition corresponds to a unique fu-
ture state at every subsequent mo-
ment. There are two primary cate-
gories of dynamical systems: differen-
tial equations and iterated maps. We
will concentrate on differential equa-
tions since they describe the evolution
of systems in continuous time, as op-
posed to iterated maps which operate
in discrete time. Therefore, a general
dynamical system with n variables xi

takes the following form:

dxi

dt
= f(x1, . . . , xi, . . . , xn) (2.2)

where the function f encodes the law or dynamics of the system under consider-
ation. A major challenge in the laws governing climate physics is that they are
predominantly nonlinear. Even the first-order descriptions of tipping elements
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can be nonlinear functions of the states of the considered tipping elements.
The fact that the function f is generally a nonlinear function of the variables
xi complicates the analytic solution of these equations, often rendering them
insoluble without resorting to approximation techniques and linearization. Con-
sider, for example, the description of the motion of a simple pendulum, where
x1(t) encodes its position and x2(t) its velocity. Constructing an abstract space
with coordinates (x1, x2), the solution to the pendulum’s equations of motion,
(x1(t), x2(t)), corresponds to a point moving along a trajectory in this space
(Figure (7))[73].
The curve is called a trajectory and the space is called the phase space for the
system. The phase space is completely filled with trajectories, since each point
can serve as an initial condition. The goal of the nonlinear dynamics approach
is to perform this construction in reverse; given the system, we aim to sketch the
trajectories, thereby extracting information about the solutions. In many cases,
geometric reasoning will allow us to sketch the trajectories without actually
solving the system![73] This is the strength of dynamical systems theory.

Fixed Points and Stability

One of the most fruitful analytical techniques for this purpose is to interpret
differential equations as vector fields. Thus, a general differential equation ẋ =
f(x) can be depicted as in Figure (8).

Figure 8: Interpretation of the Differential
Equation ẋ = f(x) as a Vector Field. Figure
from S.Strogatz.[73]

The equation ẋ = f(x) represents a
vector field on the line, which dictates
the velocity vector ẋ at each point
x. A useful convention is to repre-
sent the sign of the velocity vector at
each point x with an arrow on the x-
axis. The arrows point to the right
when ẋ > 0 and to the left when
ẋ < 0. A more physical way to in-
terpret this vector field is to imagine
a fluid flowing steadily along the x-
axis, with a velocity that varies from
place to place, according to the rule
ẋ = f(x). As shown in Figure (8),

the flow is to the right when ẋ > 0 and to the left when ẋ < 0. At points where
ẋ = 0, there is no flow. Such points are therefore called fixed points. There are
two main types of fixed points, both represented in Figure (8). The solid black
dots represent what are called stable fixed points, also sometimes referred to
as attractors or sinks, because the flow moves toward them. Conversely, open
circles represent unstable fixed points, also called repellers or sources, as the flow
moves away from them.
Semantically, Figure (8), which displays the various qualitative trajectories of
the system, is also known as a phase portrait. It is understood that the appear-
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ance of this phase portrait is controlled by the position and nature of the fixed
points it contains. Mathematically, for the original differential equation, fixed
points represent equilibrium solutions. Thus, we understand why the paradigm
of dynamical systems theory becomes a theory of dynamic equilibria, as it is
the study of the nature and position of these equilibria that allows for a quali-
tative reasoning-based intuition of the actual evolution of the system, without
the need to explicitly solve the overly complex equations.
An equilibrium is said to be stable if all sufficiently small disturbances away from
it damp out in time. Thus, stable equilibria are represented geometrically by
stable fixed points. Conversely, unstable equilibria, in which disturbances grow
in time, are represented by unstable fixed points.[73] It is important to note that
when we speak of disturbances, we consider "reasonably small" disturbances.
Hence, to emphasize this, we sometimes refer to points as locally stable compared
to globally stable points, for which even a very large disturbance does not cause
them to change equilibrium points after some time. To have an analytical
criterion for analyzing equilibrium stability, a common technique is to linearize
the system near its equilibrium point. Indeed, if we linearize the nonlinear
system near a fixed point x∗ based on a small disturbance η(t) = x(t) − x, we
obtain, using the fact that x∗ is a fixed point, η̇ ≈ ηf ′(x∗) at first order. Thus,
we understand that a disturbance η(t) grows exponentially if f ′(x∗) > 0 and
decays if f ′(x∗) < 0. This allows for a quantitative measure of the stability
of a fixed point based on the magnitude of f ′(x∗). This magnitude plays the
role of an exponential growth or decay rate. Moreover, its reciprocal 1/|f ′(x∗)|
serves as a characteristic time scale; it determines the time required for x(t) to
significantly vary in the neighborhood of x∗.
Another way to visualize the dynamics of systems of the form ẋ = f(x) is based
on the physical idea of potential energy. As described in S. Strogatz [73], we can
picture a particle sliding down the walls of a potential well, where the potential
V (x) is defined by,

f(x) = −dV

dx
. (2.3)

The negative sign in the definition of V follows the standard convention in
physics; it implies that the particle always moves “downhill” as the motion
proceeds. Using the chain rule, we can compute that,

dV

dt
= −

(
dV

dx

)2

≤ 0. (2.4)

Thus, V (t) decreases along trajectories, and so a particle describing this dy-
namics always moves toward lower potential. Of course, if the particle happens
to be at an equilibrium point where dV/dx = 0, then V remains constant. This
is to be expected since dV/dx = 0 implies ẋ = 0; equilibria occur at the fixed
points of the vector field. Note that local minima of V (x) correspond to stable
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fixed points, as we expect intuitively, and local maxima correspond to unsta-
ble fixed points. Figure (9) depicts the graph of the potential of the system
ẋ = x − x3, on which we can intuitively identify two local equilibrium points.
This equation is not incidental as it represents the generic form of the model
described earlier in equation (2.1).

Figure 9: Potential of the ẋ = x−x3 system.
Figure from S.Strogatz.[73]

Furthermore, revisiting Figure (4), we
can better understand it based on this
newly introduced concept. Stability
on the vertical axis is defined here as
the inverse of the potential energy of
the system. Systems in a highly sta-
ble state (deep valley) have low poten-
tial energy, and considerable energy
is required to move them out of this
stable state. Systems in an unstable
state (top of a hill) have high poten-
tial energy, and they require only a
little additional energy to push them
off the hill and down toward a valley
of lower potential energy.

Bifurcations and the Saddle-node

What we have described so far in the general form of a system ẋ = f(x) can
be used to represent the internal dynamics of a tipping element. However, how
can we account for additional terms of external forcings such as temperature?
This involves adding into the dynamics of our system the dependence on certain
parameters. As one might expect, and as we will see with simplified dynam-
ics, the qualitative structure of the flow can change as parameters are varied.
In particular, fixed points can be created or destroyed, or their stability can
change. These qualitative changes in the dynamics are called bifurcations, and
the parameter values at which they occur are called bifurcation points. Bifurca-
tions will be fundamental in our analysis as they provide models of transitions
and instabilities as some control parameter is varied.
The saddle-node bifurcation is the basic mechanism by which fixed points are
created and destroyed. As a parameter is varied, two fixed points move toward
each other, collide, and mutually annihilate. In addition to illustrating the con-
cept, this type of bifurcation will be useful for understanding the bifurcation
model by which we will approximate the first-order dynamics of the tipping ele-
ments, which will heavily rely on the saddle-node bifurcation. The prototypical
example of a saddle-node bifurcation is given by the first-order system

ẋ = r + x2 (2.5)
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where r is a parameter that may be positive, negative, or zero. As shown in
Figure (10), when r is negative, there are two fixed points, one stable and one
unstable. As r approaches 0 from below, the parabola moves up and the two
fixed points move toward each other. When r = 0, the fixed points coalesce
into a half-stable fixed point at x∗ = 0. This type of fixed point is extremely
delicate—it vanishes as soon as r > 0, and now there are no fixed points at
all. In this example, we say that a bifurcation occurred at r = 0, since the
vector fields for r > 0 and r < 0 are qualitatively different. Another important
concept that will be reused in this case is that of normal forms. In the case
of the saddle-node bifurcation, the equation ẋ = r ± x2 actually generically
describes all saddle-node bifurcations on the line. The idea is that near the
bifurcation point, the dynamics locally around the equilibrium points typically
resemble a form r ± x2.

Figure 10: Illustration of a saddle-node bifurcation. Figure from S.Strogatz.[73]

Figure 11: Bifurcation Diagram of a saddle-
node bifurcation on the line. Figure from
S.Strogatz.[73]

In addition to the graphical conven-
tions of arrows already introduced, as
well as filled or unfilled points to ex-
press the stability of the considered
fixed point, the most common way to
depict the bifurcation is to invert the
axes and plot the bifurcation parame-
ter r as a variable. This type of figure
is depicted in Figure (11) and repre-
sents what is called a bifurcation di-
agram. We will extensively use this
concept later to analyze and under-
stand the cascade collapse dynamics
of the AMOC and the GIS.
Based on all these concepts, we can vi-
sually understand a tipping point by

representing the potential landscape or the attractor associated with the under-
lying dynamical system as shown in Figure (12). By attractor, we mean the
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topological variety around an equilibrium point such that if the trajectory lies
on it, after some time the system’s state will return to the equilibrium point.
A general sufficient definition in our case is therefore to say that an attractor
is the set of points in the phase space to which all neighboring trajectories
converge.[73] On Figure (12), we understand that the system starts in blue on
the left in one of the two stable equilibrium states represented by the ball in
the left valley. Under external forcing over time (left to right), which is a bifur-
cation parameter, this state loses stability (purple), represented by the valley
getting shallower, lowering the hilltop. Past a tipping point, the initial stable
state disappears, and the system undergoes an abrupt, self-propelling change
into the alternative, remaining stable state (red).[76]

Figure 12: Schematic representation of the forcing of a dynamic system until a tipping point
is reached. Figure from Global Tipping Report 2023.[76]

Double-fold Bifurcation and Tipping Elements

Figure 13: Energy Surface of the double well
potential associated to a double-fold bifurca-
tion. Figure from S.Strogatz.[73]

Although there are mathematically
different possible combinations of bi-
furcations, the most common one
that appears to best model the ob-
served dynamics of tipping elements is
known as the Double-Fold Model.[43]
In this model, a slowly varying con-
trol/bifurcation parameter causes the
system to evolve in a quasi-adiabatic
manner, leading to an abrupt tran-
sition when a critical threshold is
crossed.[14]. We introduced the fold
bifurcation because the principle of the double-fold model is simply, as its name
suggests, having two possible fold bifurcations based on the existence of two
equilibria instead of one. To achieve this, the potential function of a generic
double fold is described in Figure (9) and the normal form of this type of dy-
namics is the following equation:

dx

dt
= −x3 + x. (2.6)
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Of course, the dynamics of natural systems and, in our case, tipping elements
that we will need to model are often more complex than one-dimensional dy-
namics as presented so far. However, the framework of nonlinear dynamics with
concepts of fixed points, stability, or even normal forms easily extends to the
case of multiple dimensions. Moreover, adding dimensions allows for much more
complex dynamics such as oscillations or limit cycles. From a three-dimensional
system, chaotic behavior can even emerge. The complexification of possible dy-
namics can be understood by the fact that trajectories then have "more room"
than on a simple line. The advantage of two-dimensional systems is that they
still allow for some graphical interpretation. For example, in the case of the
normal form of a double-fold bifurcation described by equation (2.6), one can
analytically compute its double well potential V (x) = −1

2
x2 + 1

4
x4. In the case

of a generic two-dimensional system of the form,

ẋ = y, (2.7)

ẏ = x− x3 (2.8)

We can thus compute an energy function of the system as E(x, y) = 1
2
y2− 1

2
x2+

1
4
x4, whose trajectories will follow curves of equal energy due to the conservation

of energy principle. We can thus visually understand the dynamics of this two-
dimensional system through Figure (13).

The success of modeling tipping elements with double-fold bifurca-
tions

In the pursuit of describing tipping elements using the theory of dynamical
systems, they are often represented by double-fold bifurcations because tipping
elements are systems to which two physically distinct stable equilibrium states
can typically be attributed. The first state, known as the nominal state, repre-
sents, for example, the pre-industrial condition of the Amazon rainforest, where
nearly the entire geographical area considered is associated with rainforest. The
second stable equilibrium is termed the collapse state, which, in the case of the
Amazon rainforest, signifies the collapse of the forest, giving way to a savanna-
like ecosystem. In reality, the initial example illustrating a tipping point with
an office chair taken at the very beginning of this chapter is an example of bista-
bility. There existed two alternative states of stable equilibrium: one with the
chair on all four legs and one where it had fallen over. Between the two lay an
unstable equilibrium where a minute alteration in the force we exert with our
legs, which serves as our bifurcation parameter, can lead to the critical point
of tipping our system of attractors and, thus, stable equilibrium, resulting in a
fall.
What physically justifies describing the simplified dynamics of tipping points
using double-fold bifurcations? Numerous simulations based on process-based
models, as well as observations, show that the complex dynamics of tipping
elements can, to a first approximation, resemble those of a dynamical system
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with two stable equilibria and one unstable equilibrium, whose bifurcations can
be explained by a double-fold. Near a critical point, the system is dominated by
its most unstable modes. Therefore, locally, it behaves like a low-dimensional
system. However, once the instability is triggered, more complex behaviors can
emerge. This is where the limitations of simple models become apparent. For
example, if we examine bifurcation diagrams generated for Antarctica using
process-based models by Garbe et al. (2020), we indeed observe dynamics that,
to a first approximation, resemble those of a double-fold. This can be seen
in Figure (14), where the percentage of ice volume of the Antarctic ice sheet
relative to its pre-industrial level is displayed in this bifurcation diagram as
a function of the bifurcation parameter, which is the forcing by global mean
temperature. This reinforces the epistemological validity of approximating the
first-order dynamics of tipping elements by double-fold bifurcations.

Figure 14: Hysteresis of the Antarctic Ice Sheet. The Sea-level relevant ice volume (in
meters sea-level equivalent, mSLE) for the quasi-static reference simulations performs (blue
curve) as well as the corresponding equilibrium states at discrete temperature levels (blue
triangles). Figure from Garbe et al.[23]

Therefore, it is common in the literature to represent the dynamics of a tipping
element with a double fold. The generic ordinary differential equation describing
the dynamics of the tipping element in question then takes the following form:

dx

dt
= −x3 + x+ µ =

−∂V

∂x
(2.9)

with,

V (x) =
1

4
x4 − 1

2
x2 − µx (2.10)
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In this form, the bifurcation dynamics take the form shown in Figures (15). The
temporal evolution of the generic forcing parameter µ is depicted in the bottom
right plot. In the top right figures, potential landscapes are shown along with
their qualitative changes as a function of the bifurcation parameter value. When
it reaches a critical threshold, a bifurcation occurs. The bifurcation diagram on
the left illustrates this, depicting the evolutions of the positions of stable and
unstable equilibria as a function of the forcing at a given time.

Figure 15: Bifurcation diagram and potential landscape for modeling a tipping element with
a double fold. Figure from V.Couplet[15]

Hysteresis behavior

Another concept with significant implications in the behavior of nonlinear sys-
tems and observed in many tipping elements is what is called hysteresis. Figure
(16) shows a schematic representation of this phenomenon. Hysteresis occurs
when a system has alternative stable states (attractors). Describing a sys-
tem as exhibiting hysteresis means that the system’s state depends on its past
history. More explicitly, when the system is forced in one direction, it may tra-
verse a tipping point, transitioning from one stable state (attractor) to another.
However, if the direction of the forcing is subsequently reversed to the original
magnitude, the system might persist in its new state (attractor), necessitating a
further decrease in forcing to reach an alternative tipping point. This hystere-
sis phenomenon exemplifies a critical source of irreversibility associated with
crossing tipping points.[76] In other words, hysteresis can be seen as the lack of
reversibility of a system as a parameter is varied.[73] For instance, the Greenland
Ice Sheet may be driven towards irreversible loss by a certain degree of global
warming. Should the ice sheet be lost, it would not regenerate at the same level
of warming, nor would it reform at preindustrial temperature levels; rather, a
significant global cooling would be required. Hysteresis thus demonstrates path
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dependence, wherein historical events shape and constrain future possibilities.
The current presence of the Greenland Ice Sheet is a consequence of conditions
established during the last ice age. Consequently, accurately predicting future
transformations in such systems necessitates a comprehensive understanding of
their historical evolution.[76] Now that this concept is introduced, we can revisit
Figures (14, 15), which show, whether for data from a process-based model of
Antarctica or in the very nature of double-fold dynamics, a hysteresis behavior.

Figure 16: A simple representation of hysteresis. A system starts in one of two alternative
stable states (red) at position (i). Forcing the system in one direction (red arrow from left
to right) causes it to pass a tipping point into the other stable state (blue). Then when the
forcing is reversed (blue arrow from right to left), there is a path dependence: The system
remains in the alternative stable state, passing through position (ii). An alternative tipping
point has to be passed to tip the system back into the original stable state. Figure from Global
Tipping Report 2023.[76]

To conclude this subsection presenting key concepts of nonlinear dynamics, we
will finish with two examples of applications of what has been discussed. The
first is the analysis framework of cascade tipping by Dekker et al. [18], and the
second is the phenomenon of overshoot without tipping by Ritchie et al. [61].
These two articles use the framework of dynamical systems theory to introduce
phenomena that will be essential for our examination of the results from our
model.

The framework of Dekker et al. for Cascade Tipping

To investigate cascade tipping, Dekker et al.[18] established a mathematical
framework for elementary deterministic cascading tipping points in dynamical
systems containing the double-fold process. In this study, they highlight the
significance of one of the considered tipping elements for the global cascade
phenomenon, providing a background state for the evolution of another tipping
element. When one subsystem undergoes a transition, altering the background
state of another subsystem, it may induce a transition in that second subsystem
as well. This offers an original perspective on the cascade collapse phenomenon
or the domino effect.[38] They particularly focus on B-Tipping and consider,
among others, the double-fold dynamics of bifurcation. They demonstrate that
mathematically, coupling two systems introduces a direction to the cascade,
which can be accounted for by defining the leading system. During its transition,
the leading system changes a parameter (shared coupling terms) in the following



2.2 The mathematical and physical dynamics behind tipping 22

system. It is this parameter change in the following system that can bring
it closer to a bifurcation point, potentially resulting in a second transition.
Therefore, transitions in the leading system lead to changes in the coupling
term that may induce transitions in the following system. To achieve these
results, they employ the following mathematical model.{

dx
dt

= a1x
3 + a2x+ ϕ

dy
dt

= b1y
3 + b2y + γ(x)

Figure 17: Stable (solid), unstable (black dot-
ted) regimes of double-fold cascading bifurca-
tion. Red dots indicates fold bifurcation. Fig-
ure from Dekker et al.[18]

In this equation, x represents the
state vector of the leading system, y
represents the state vector of the fol-
lowing system, and ai, bi, i = 1, 2 are
calibration constants. ϕ is the forcing
parameter in the leading system, but
the key element is the γ(x) function,
which serves as a forcing parameter
in the following system, depending on
the state of the leading system. It is
important to note that the forcing ϕ
does not directly affect y, and y is only
influenced through a change in x.
In Figure (17), bifurcation diagrams
are shown for the two systems, along
with the state of the following system
as a function of ϕ. Figure (18) depicts
the transient response of the leading
system (in black) and the following
system (in red). Dashed lines indi-
cate time before the critical threshold
in the forcing ϕ and γ is reached, while
solid lines indicate time after this. An
interesting observation from the study
by Dekker et al.[18] is that in bifurca-

tion diagrams versus forcing, the bifurcation points (for deterministic systems)
can overlap. However, the transitions are distinguishable in transients because
the following system always tips after the completion of the first transition, as
shown in Figure (18).
Based on these couplings between the two systems, there exist four stable states
in the following system corresponding to the bistable regime of the leading sys-
tem, two per state of the leading system. Thus, the state of the leading system
serves as a background condition modulating the position of the equilibria in
the following system; consequently, in the event of a transition, the state of
the leading system may significantly reposition the equilibria of the following
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Figure 18: Example simulations for double-fold cascading tipping are illustrated. Dashed
lines represent the evolution of the systems before they reach their critical bifurcation values.
The transient response of the leading system is depicted in black, while that of the following
system is shown in red. Figure from Dekker et al.[18]

system.[18] This is evident in Figure (18), where a time series illustrates a cas-
cading tipping event. When the leading system (black) is forced (by changing
ϕ) to transition from a bistable to a monostable regime, it moves towards a
new equilibrium. During this transition, the following system (red) is influ-
enced and departs from the regime in which it had four possible equilibria, also
transitioning to a different state.
In conclusion, this mathematical model by Dekker et al. [18] highlights the
importance of timescale separation and the existence of multistability in the
dynamics of tipping elements, which can lead to cascade collapses among them.
Far from being merely theoretical, an example of a double-fold cascade in the
climate could be the impact of a bistable AMOC on the bistable land ice for-
mation on the Antarctic continent. This assertion finds support in paleoclimate
data.[18] In addition to providing a relevant analysis of cascade collapse mech-
anisms, it is on this methodological basis that we will construct our cascade
collapse model using two coupled double-folds for the AMOC and the GIS.

The overshoot without tipping phenomena

The last intriguing phenomenon for our future analysis that we wish to present
is that of overshoot without tipping. In a impactful paper, Ritchie et al.[61]
further investigated the dynamics of a tipping element once the bifurcation pa-
rameter has crossed its critical value. A classical scenario for tipping is when
a dynamical system undergoes a bifurcation once the critical value of the bi-
furcation parameter exceeds the critical threshold, the tipping point. However,
they demonstrated, by finding an analytical relationship, that it is possible for
a system representing a tipping element not to tip even as its bifurcation pa-
rameter exceeds its critical value. They derived a criterion that relates how
far the parameter exceeds the tipping threshold maximally and how long the
parameter stays above the threshold to avoid tipping in an inverse-square law
to observable properties of the dynamical system near the fold. The techni-
cal details are not inherently interesting in our case since Ritchie’s criterion is
based on assumptions that are too restrictive compared to the model we are
developing. Furthermore, the criterion does not work when considering forc-
ings that are rapid compared to the characteristic time scale of the internal
dynamics of the system under consideration.[14] Thus, the analytical results of
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Ritchie et al.[61] are not relevant to our research, but the studied phenomenon
of overshoot without tipping is.

Figure 19: Flow strength versus global warming in an
AMOC-fold model. The blue trajectory represent a slow and
small overshoot while the red is a fast but much larger over-
shoot. The AMOC ’on’ state is the upper solid black curve
while the ’off’ state is the lower solid black curve. The unsta-
ble branch is the dashed line. Figure from Ritchie et al.[62]

What the phenomenon of
overshoot without tipping
demonstrates is the im-
portance of separating the
characteristic timescales
of forcing, denoted as d,
and those of the inter-
nal dynamics of the sys-
tem, denoted as τ . In-
deed, if the forcing occurs
over a time span suffi-
ciently short compared to
the response time of the
perturbed system, even if
the forcing surpasses the
tipping point of the sys-
tem for a significant dura-
tion, it is possible that the
system does not bifurcate
due to its dynamic iner-
tia.
This result has practi-
cal implications because
in terms of mitigation pol-
icy, it implies that it
might be possible for certain tipping elements to emit too much greenhouse gas
for a period of time, but if significant reductions are achieved later on, these
systems may not tip. This type of forcing would then be what is called meteoric
shock types of forcing.[14] In subsection (2.3), we will present a model of the
AMOC based on the double-fold, which illustrates this overshooting behavior.
Finally, in the simplified cascade collapse model that we will develop for the
AMOC and the GIS in Chapter II, we will also incorporate this phenomenon
in the analysis of the results in Chapter III. With this result, we conclude this
subsection aimed at presenting the key concepts and phenomena of dynamical
systems theory upon which we will base our model and analyze its output to
address our scientific questions (1d) and (1).

2.3 AMOC, role in climate, dynamics and impact of its
collapse

In this section, we motivate our main topic of analysis, the Atlantic Meridional
Overturning Circulation (AMOC), also known as the thermohaline circulation.
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First, we will explain the significance of this oceanic circulation in climate dy-
namics, and then describe why and how the AMOC constitutes a tipping ele-
ment. Subsequently, we will discuss the impacts that a collapse of the AMOC
would entail to further justify its study. Finally, we will detail the specific cou-
pling between the AMOC and the Greenland Ice Sheet (GIS), which may result
in cascading collapse dynamics. Thus, we will address scientific questions (1b)
and (1c). Based on these considerations, we will motivate in the last section
of this chapter the foundation for constructing a model of simplified nonlinear
dynamics for the cascading collapse of the AMOC and GIS.

2.3.1 The AMOC and its role in climate

The Atlantic Meridional Overturning Circulation (AMOC) is a key component
of the climate system that effectively transports heat and salt through the global
ocean, exerting a strong influence on regional and global climate dynamics.[78]
A commonly used metaphor to illustrate the global oceanic circulation is that
of a conveyor belt, which is driven by both wind stress and buoyancy fluxes
at the ocean-atmosphere interface.[27, 19] In reality, the AMOC manifests as
a complex three-dimensional flow pattern in the Atlantic Ocean (see Figure
(20)), wherein warm, salty surface waters are transported northward from the
vicinity of Southern Africa to the North Atlantic. Upon reaching the northern
latitudes, these waters cool, sink, and then return southward as cold, deep
currents, constituting the lower branch of the AMOC.
The driver of the AMOC is what is known as the ocean advective feedback or
salinity advection feedback. It is a positive feedback mechanism with a rela-
tively simple mechanism. As mentioned earlier, the thermohaline circulation
has the effect of transporting relatively warm and salty waters from the South
Atlantic to the North Atlantic. Furthermore, it is the differences in water den-
sity which underlie this advective driver and fuel the formation of deep-water
convection at high northern latitudes and their resurgences at the surface in the
South Atlantic. Therefore, the AMOC is also referred to as the thermohaline
circulation1 At first order, water density differences are described by the tem-
perature and salinity of the water volume under consideration. If the circulation
decreases due to a disturbance (whether in temperature or salinity), the trans-
port of salinity towards high latitudes is reduced. This results in a decrease
in density there, and thus in the intensity of the flow, which will amplify the
initial disturbance.[26] Based on this fundamental feedback, we will see in the
following section that the AMOC exhibits tipping element behavior.
Therefore, based on this dynamic, this circulation system plays a pivotal role in
transferring heat from the Southern to the Northern Atlantic. To understand

1A subtle distinction between the two terms is that the thermohaline circulation is the
more generic term that describes the global oceanic circulation driven by differences in tem-
perature and salinity. When referring to the AMOC, the focus is on specific branches of this
thermohaline circulation in the Atlantic. In this thesis, however, we will use both semantics
without any real difference in meaning.
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Figure 20: Schematic representation of the oceanic thermohaline circulation illustrating
the surface (red), deep (blue) and bottom (magenta) flow. The main regions of deep water
formation are indicated by a small yellow circle while the areas characterized by a sea surface
salinity higher than 36 are in green and lower than 34 in light blue. Figure from Goosse et
al.[26]

this circulation, Figures (21(a,b)) show the absolute value of the streamfunc-
tion Ψ. Its maximum measures the intensity of the AMOC. In Figure (21(a)),
the AMOC operates as it does currently, while in Figure (21(b)), it has ceased.
Hence, the AMOC’s crucial function in maintaining meridional heat transport
is vital for the Earth’s climate system. Due to the AMOC, the Atlantic basin is
the only ocean basin that transports northward heat across both the Southern
and Northern Hemispheres. The amounts of energy associated with AMOC
transport are indeed impressive, as nearly 0.8 PW is transported northward at
30◦N latitude.[26] This is more than twice the estimated amount of oceanic heat
transport in the wider Pacific at the same latitude! Consequently, the AMOC
has a profound influence on global climate patterns, including a 1−2◦C temper-
ature differential between the Northern and Southern Hemispheres and the dis-
tribution and intensity of tropical rainfall.[6] Additionally, the AMOC is largely
responsible for the temperate climate of Western and Northern Europe.[76] As
we will see later in this section, a complete collapse of the AMOC would have
colossal consequences on the global and regional climate in the North Atlantic,
further motivating the study of its potential tipping point.

2.3.2 The AMOC as a Tipping Element

Due to its importance, the future development of the AMOC under climate
change is a hot topic of research.[20] To measure the intensity of the AMOC, a
metric commonly used in both observations and models is a stream function[7],
which represents the zonally integrated meridional volume transport. In depth
coordinates, it takes the following form,

Ψ(y, z) =

∫ η

z

∫ xe

xw

vdxdz, (2.11)
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Figure 21: Atlantic Streamfunction Intensity Ψ from cGenie experiments con-
ducted for this thesis. (a) AMOC in its present state. (b) Collapsed AMOC.
Further details on these simulations can be found in Section (3.4).

where v is the meridional velocity, z is a vertical coordinate increasing up-
ward, η is the height of the free surface, and xw(z) and xe(z) are the westward
and eastward positions of the bathymetry at a particular depth.2 Based on
Equation (2.11), the strength of the AMOC at each latitude is defined as the
maximum of the stream function over the water column. It is this maximum
value that we will use to diagnose and analyze the state of the AMOC there-
after. There is evidence that the AMOC has slowed down since the early 20th
century with inferred reconstructions showing a decrease of 15% over the past
≈ 50 years.[9] Although this longterm declining trend of AMOC strength is
subject to great uncertainty.[7]. In addition, simulations using state-of-the-art
Earth System Models (ESMs) from the Climate Model Intercomparison Project
Phase 6 (CMIP6) project suggest that the strength of the AMOC will gradually
decrease by the end of this century, with relatively little difference between the
various Shared Socioeconomic Pathway scenarios.[84] Furthermore, paleodata
and simulations indicate that significant slowdowns of the AMOC have occurred
in the past.[50] Finally, numerous simulations have already demonstrated col-
lapses of the AMOC[70, 47, 37], but why are those weakening occurring ?

Thermal Forcings Slowing Down the AMOC

As explained, the maintenance of the AMOC relies on differences in water den-
sity between the South Atlantic and the North Atlantic, which are in turn due
to differences in temperature and salinity. Thus, any forcing that contributes
to modifying the surface water temperature in the North Atlantic, near the re-
gions of deep convection formation (NADW), and any forcing that reduces the
salinity of surface waters arriving at NADW sites will have the effect of reducing
the intensity of the AMOC. This is why climate warming tends to slow down

2There is a standard sign convention : a positive stream function is a clockwise circulation,
with northward flow at the surface and southward flow at depth.[7]
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the intensity of the AMOC due to the increase in the average atmospheric tem-
perature, which subsequently affects the temperature of surface waters. As a
result, the surface water transported by circulation in the North Atlantic, being
less dense, will reduce deep convection at NADW sites and consequently slow
down the circulation as a whole.

Cryospheric Haline Forcings Slowing Down the AMOC

In the case of haline forcings, they can have various sources, and their charac-
terization is more complex than that of the thermal branch of the thermohaline
circulation. The physical nature of haline forcings involves freshwater fluxes
that decrease the salinity of the water, thereby reducing its density. This effect
promotes stratification of water in the North Atlantic, consequently slowing
down convection and the sinking of surface waters to deeper levels. To simulate
these effects in models, it is necessary to introduce what are termed hosing ex-
periments, which we will need to utilize in Chapter II to calibrate our simplified
model of the AMOC. A hosing experiment is a numerical simulation in which
a freshwater flux is artificially added. This flux is used to emulate a physi-
cal freshwater flux that may originate from various sources that we will now
explain.
The primary physical source of these freshwater fluxes, which is the most stud-
ied, originates from the melting of cryospheric components such as the GIS.
The additional input of freshwater into the North Atlantic, near the sites of
NADW formation, has an even more significant impact on the AMOC and is
destabilizing.
However, there is a strong dependence on where freshwater is added and the
timescale considered. Indeed, while the GIS may have a destabilizing effect
on the AMOC due to its melting (further discussed in subsection 2.3.4), the
West Antarctic Ice Sheet (WAIS) can have either a stabilizing or destabilizing
effect on the AMOC, depending on the timescale and the flux considered.[68, 74]
Regarding the stabilizing effect, this outcome arises from the fact that, in the
case of the WAIS, freshwater is introduced into the Southern Atlantic, thereby
it can promote upwelling in these regions due to the creation of less dense water.
In a conceptual model, Sinet et al.[68] investigate the response of the AMOC to
WAIS melting. Although the tipping element dynamics of the WAIS are less well
understood than those of the GIS, it is demonstrated that freshwater input into
the Southern Atlantic has a stabilizing effect on the AMOC, especially in the
case of relatively fast and early WAIS tipping.[68] Additionally, this stabilizing
effect on the AMOC is a behavior shared by many box model representations of
the AMOC.[11, 57] However, a study using an EMIC shows that for substantial
but prolonged freshwater fluxes, this freshwater addition to the South Atlantic
can also have a destabilizing effect.



2.3 AMOC, role in climate, dynamics and impact of its collapse 29

P − E Haline Forcings Slowing Down the AMOC

A second source of freshwater flux that can influence the AMOC, though less
studied than those from cryospheric components, is a change in the precipitation-
evaporation balance. Indeed, as surface water is transported across ocean
basins, it alternates between regions characterized by higher evaporation and
others where precipitation predominates. When water evaporates, it is the pure
water, H2O, that transitions to a gaseous state, while the salt contained in sea-
water remains in the ocean, meaning that the evaporation process increases the
salinity of the water volume under consideration. Conversely, precipitation con-
sists of pure water, which decreases the salinity of oceanic waters by increasing
the volume of unsalted water in the ocean.

Figure 22: Zonal and annual-mean projected long-term changes in the atmospheric wa-
ter budget from CMIP6 models. Coloured lines represents the water budget over both land
and ocean while black lines for land only. Shading denotes confidence intervals estimated
from the CMIP6 ensemble under a normal distribution hypothesis. Colour shading denotes
changes over both land and ocean. Grey shading represents internal variability derived from
the pre-industrial control simulations. All changes are estimated for 2081–2100 relative to the
1995–2014 base period. Figure from IPCC WG1[30]
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This net precipitation-evaporation P −E balance has been, and will continue to
be, affected by regional variations due to global warming and basic thermody-
namic processes. Although evaporation is measured at very few locations across
the global ocean, making direct assessments of P − E over the ocean is highly
challenging and dependent on indirect reanalysis estimates[63], the AR5 from
the IPCC has presented robust evidence of an intensified oceanic P −E pattern
since the 1960s, evidenced by both regional and global surface and subsurface
salinity measurements and reanalyses.[30] The AR5 also concluded that globally
averaged precipitation is virtually certain to increase with rising temperatures,
particularly within the Arctic, which will result in bringing water directly close
to the critical sites of the NADW.[1] Even though evaluating evaporation is thus
more difficult, CMIP6 projections for long-term changes in P −E (cf. Fig.(22))
indicate that, across all scenarios, P −E is expected to increase over the tropics
and high latitudes and decrease over the subtropics, a result of the thermo-
dynamically driven amplification of P − E patterns.[30] However, it should be
noted that studies on the P −E balance over the Atlantic remain very limited
and the data involve significant uncertainties.
Nevertheless, studies highlight the impact that variations in the P-E balance
over the Atlantic Basin could have on the AMOC.[56, 46] In a 2023 study, Nobre
et al.[56] report that in AMOC sensitivity experiments using a process-based
model with quadrupled CO2 concentrations, the global mean surface salinity
steadily decreases. They hypothesize that this freshening in various regions
results from enhanced upper ocean convection driven by increased evaporation
due to higher sea surface temperatures. Although its implications are not yet
fully understood, the potential contribution of a future P-E anomaly over the
Atlantic Basin appears to be a significant factor in the dynamics of AMOC
collapse, albeit playing a secondary role that may enhance or reduce the primary
mechanism, which is ice melt.[65]

The dominant thermal forcing

Ultimately, concerning the two branches of forcings, the thermal and the haline,
it should be noted that the AMOC shutdown under global warming is primar-
ily caused by thermally induced buoyancy reduction.[46] Moreover, the collapse
signatures from models for the AMOC vary depending on the type of forcing
applied. Salinity differences can be attributed to advective dynamics, whereas
temperature-related changes are due to convective processes. Due to these dy-
namic differences, data show that forcing through the thermal branch results in
a less abrupt decrease in AMOC compared to the haline branch. Furthermore,
the literature[58] that simulates AMOC collapses using models that realistically
incorporate a substantial amount of physical processes indicates a less abrupt
collapse of the AMOC, thus substantiating that the dominant forcing is primar-
ily on the thermal branch. This justifies, when necessary, the choice to prioritize
thermal forcing in the optimization decisions in Chapter II on our AGTCCM
model due to its increased significance in the dynamics of AMOC collapse.



2.3 AMOC, role in climate, dynamics and impact of its collapse 31

A Tipping Element

Therefore, while the weakening of the AMOC due to rising average surface water
temperatures and freshwater input is one aspect, can we classify the AMOC as
a tipping element?

Figure 23: Hysteresis curves. The bottom panel shows
coupled models with 3-D global ocean models, the top
panel those with simplified ocean models. Circles show
the present-day climate state of each model. Figure from
Rahmstorf et al.[58]

Unfortunately, yes. Refer-
ring to the definition pro-
vided by the Global Tipping
Point Report 2023, once a
critical threshold of Atlantic
water stratification is sur-
passed, this forcing becomes
self-perpetuating, leading to
substantial and widespread
impacts on the Earth system.[76]
Indeed, at least two sta-
ble states have been clearly
identified: one in which the
AMOC is active in a nomi-
nal state, as it is currently,
and another stable equilib-
rium where the AMOC is in
a collapsed state. In more so-
phisticated and process-based
climate models, evidence sug-
gests the existence of multiple
equilibrium states of the At-

lantic Meridional Overturning Circulation (AMOC) attributable to hysteresis
effects. Studies, including one of the first and most famous by Rahmstorf et
al.[58] in 2005, have demonstrated that when freshwater forcing in the North
Atlantic is increased incrementally, allowing the AMOC to maintain near-
equilibrium conditions, it tends to collapse in numerous Earth System Models
of Intermediate Complexity (EMICs). Conversely, when this freshwater forcing
is reversed, recovery of the AMOC is observed at significantly lower levels of
freshwater forcing compared to the levels that initially triggered its collapse,
indicative of pronounced hysteresis behavior (cfr. Figure (23)). These results
are consistent across different model complexity ranges, demonstrating the pos-
sibility of producing hysteresis typical of tipping elements in both EMICs and
more conceptual models.
Moreover, this hysteresis phenomenon for the AMOC has also been documented
in relatively coarse climate models, including the FAMOUS model as reported
by Hawkins et al.[28] and in an early iteration of the Community Climate System
Model as per Hu et al.[29]. Hence, the AMOC has been recognized as a climate
tipping element.[1, 76]
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However, in contemporary global climate models (GCMs), simulating hystere-
sis behavior associated with the AMOC is a resource-intensive process. Un-
til recently, only transient experiments involving significant freshwater distur-
bances have been conducted to induce collapses in the AMOC ([33, 83]). These
experiments have demonstrated markedly weaker or even collapsed states of
the AMOC.[36, 53, 72] A possible rate-induced tipping of the AMOC for a
quickly changing, time-dependent freshwater forcing in a three-dimensional
ocean model has also been recently demonstrated.[49] In addition, establish-
ing a specific freshwater forcing regime or temperature forcing that triggers
hysteresis has proved challenging.[35] Consequently, it might be argued that
AMOC tipping phenomena are absent in advanced GCMs, as these models in-
corporate a broader range of feedback mechanisms, particularly negative ones,
unlike more simplified climate models such as EMICs and FAMOUS.[24] Fur-
thermore, some CMIP models neglect meltwater forcing from rapid Greenland
Ice Sheet (GIS) melt [49]. In a recent paper published in the journal Science,
van Westen et al. [79] demonstrated for the first time in a state-of-the-art Earth
System Model (CESM2) a tipping event of the AMOC under realistic forcing
projections rather than idealized hosing experiments. This once again confirms
that the AMOC is indeed a tipping element and that this can be demonstrated
across the full spectrum of possible model categories.

Figure 24: AMOC strength at 1000m and 26◦N where the
yellow shading indicates observed ranges. The cyan-colored
lines indicate the magnitude of FHn the hosing forcing ap-
plied. Figure from van Westen et al.[79]

Despite these numerous sim-
ulations, precise estima-
tions of the current state of
the AMOC on its hystere-
sis loop and when it could
tip are still elusive. Sim-
ulations based on CMIP
suggest that a full collapse
is unlikely within the 21st
century, while other stud-
ies estimate a collapse of
the AMOC to occur around
mid-century under the cur-
rent scenario of future emis-
sions [20]. Therefore, it
is not straightforward to
identify the precise critical
thresholds at which an in-
crease in global mean tem-
perature or freshwater in-
put would trigger an irre-
versible collapse of the AMOC, due to significant differences between models.
Hence, for temperature forcing, Armstrong and McKay et al. [1] provide an
estimation of the critical threshold at a 4◦C anomaly in global mean atmo-
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spheric temperature relative to the pre-industrial period, with a low estimation
at 1.4◦C and a high estimation at 8◦C. Furthermore, estimating the timescale
of an AMOC tipping is also complex. The study by Armstrong McKay et al.[1]
takes the most probable value range to be 15 to 300 years. However, this range is
very dependent on the strength of the freshwater forcing applied in experiments,
which in many cases is unrealistically large compared to projected melting of
the Greenland Ice Sheet and increases in precipitation and river runoff.[76]

Capturing tipping with low order dynamics

Finally, and this is highly relevant to our methodological objective, conceptual
models are designed to capture the primary dynamics of the AMOC and illus-
trate this nonlinear behavior. Indeed, initial ideas regarding the tipping of the
Atlantic Meridional Overturning Circulation (AMOC) were first proposed in
the early 1960s, notably by Stommel in 1961[71], utilizing a highly conceptual
model in which the ocean circulation was represented merely by the flow be-
tween two compartments. In this simplified framework, the contemporary state
of the AMOC is recognized as being particularly sensitive to alterations in the
North Atlantic surface freshwater flux, driven by the so-called and previously
introduced salt-advection feedback mechanism. Anomalies in freshwater within
the North Atlantic can diminish the AMOC’s strength, consequently reducing
the northward transport of salinity and thereby exacerbating the initial fresh-
water anomaly. In these conceptual models, tipping of the AMOC is triggered
by an increase in freshwater flux forcing, leading to transitions between mul-
tiple equilibrium states of the AMOC that coexist under identical freshwater
forcing conditions.[10] Moreover, these simple models allow for the separation
of constraints in terms of computational time and the analysis of physical pro-
cesses compared to complex models. This motivates our desire to also develop
a conceptual model to simulate the AMOC.

2.3.3 What could be the impacts of an AMOC collapse ?

Impacts on Temperature

Numerical simulations suggest that changes in the thermohaline circulation can
have major impacts on climate, particularly around the northern Atlantic, due
to its fundamental role in the global and regional climate by transporting such
large quantities of heat into the North Atlantic and its nature as a tipping el-
ement [58]. A complete collapse of the AMOC would result in a decrease in
the global mean temperature of −0.5◦C.[1] However, the most significant im-
pact would occur in the North Atlantic. As shown by van Westen et al.[79], a
complete halt of the AMOC would result in a mean temperature decrease of
nearly 15◦C in cities like Bergen and around 7◦C for London. These projec-
tions are also supported by paleodata. Indeed, strong fluctuations in AMOC
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strength have occurred in the geological past, such as during the Dansgaard-
Oeschger events, leading to local temperature variations of more than 10°C in
Greenland.[50]

Figure 25: Temperature difference (with respect to model
year 1600) for five different cities, including the AMOC
strength. The trends are determined over model years 1750
to 1850 (yellow shading) during which the AMOC strength
strongly decreases. Figure from van Westen et al.[79]

Impacts on Carbon Cy-
cle

The AMOC’s significant
impact on the carbon cy-
cle cannot be overlooked.
Through this circulation,
substantial amounts of at-
mospheric carbon are ab-
sorbed by the ocean’s sur-
face waters and subse-
quently sequestered deep
into the NADW’s convec-
tive sites. If the AMOC
were to cease, this ocean
ventilation, along with the
resurgences of water in the
Southern Atlantic, would
be greatly affected. Thus,
assuming a steady-state
natural carbon cycle, it has

been estimated that a reduction in ventilation, coupled with cooling of sur-
face waters in the North Atlantic, can diminish the ocean’s CO2 uptake by as
much as about 30%.[70] In a study, Zickfeld et al.[91] quantified the equilib-
rium impact on atmospheric CO2 concentration following an AMOC shutdown
and found an increase of approximately 20 ppm. Indeed, the rise in atmospheric
CO2 ranges from 13 ppm to 34 ppm by 2500, depending on the degree of AMOC
weakening, the magnitude of anthropogenic CO2 perturbation, and the future
CO2 fertilization effect. Relative to the total increase in atmospheric CO2 since
pre-industrial times, these numbers represent an increase of 1.6% to 6%.[91]
Although modest, this increase is significant. Indeed, in the contrary scenario,
a decrease in CO2 concentration resulting from AMOC activation could have
triggered Antarctic Ice Sheet (AIS) glaciation in the past. This is a potential ex-
planation considered for the rapid glaciation of the Antarctic continent around
the Eocene-Oligocene boundary 34 million years ago.[21] We thus address the
first part of the second scientific question (2) regarding the impact on the car-
bon cycle of an AMOC shutdown. At the end of Chapter II, we will address
the second part of this question concerning how to realistically account for this
effect in SURFER.
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Impacts on ITCZ, Monsoon, SLR, Sea Ice and Marine Ecosystems

Furthermore, an AMOC collapse would result in significant redistribution of
heat within the ocean and atmosphere, with less warmth reaching the North
and a southward shift of the Intertropical Convergence Zone (ITCZ). This would
impact monsoon systems globally and cause substantial changes in storminess
and rainfall patterns.[34] Additionally, a collapse of the AMOC would affect
sea level rise (SLR) along the boundaries of the North Atlantic, alter Arc-
tic sea ice and permafrost distribution[67, 8], and potentially lead to ocean
deoxygenation[40] and severe disruption of marine ecosystems, impacting North
Atlantic fish stocks.

Impacts on other Tipping Elements

Lastly, and perhaps most significantly, due to multiple interactions that exist
between the AMOC and other tipping elements, an AMOC collapse could either
promote or inhibit the collapse of other tipping elements. For instance, when
the AMOC collapses, precipitation patterns may change, altering the equilib-
rium structure of vegetation cover in the Amazon rainforest, potentially leading
to another transition related to forest growth or dieback.[90, 18] An AMOC
collapse, by preventing a portion of the Southern Hemisphere’s heat from being
transported northward, could also accelerate the melting of the WAIS. Finally,
although not strictly considered a tipping element but rather a nonlinear earth
system component with global feedback on global mean temperature, ENSO
could be amplified due to a connection via the trade winds with the AMOC.[18]
Ultimately, as we will explore in the following subsection, another tipping ele-
ment whose interaction with the AMOC is critical for our future is the GIS.

2.3.4 An AMOC-GIS Cascade Collapse

GIS as a tipping element

The Greenland Ice Sheet (GIS) is the second-largest ice cap after Antarctica and
is currently melting at an increasing rate due to global warming.[1] Moreover,
it is a tipping element because there is a melting threshold beyond which the
melt-elevation feedback becomes strong enough to support self-propelling melt
(as an ice sheet surface loses height, it is exposed to warmer air and thus melts
faster).[43] Again, determining the critical threshold is not straightforward, but
the accepted value of the tipping point is approximately 1.5◦C, with a proba-
ble range between 0.8◦C and 3.0◦C.[64, 1] Thus, it is one of the first tipping
elements that could see its critical threshold exceeded in the years to come.
However, due to the enormous amount of ice that must melt, the timescale of
ice sheet meltdown becomes shorter the greater the temperature threshold is
exceeded,[77] with a minimum of approximately 1000 years.[1]
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Impacts of a Melting

A complete melting of the Greenland Ice Sheet (GIS) would result in a sea level
rise (SLR) of 7.42 meters[55], which would simply erase many cities including
Jakarta, New York, or Bangkok from the map, as well as large parts of countries
like Bangladesh. Furthermore, recent observations and modeling have suggested
that the contribution of ice caps to future SLR has been underestimated in re-
cent IPCC reports. Defrance et al.[17] examined the worst-case scenario where
these additional freshwater fluxes could induce megadrought episodes in the Sa-
hel region, akin to those experienced during the last glacial/interglacial period.
They combined these climatic projections with demographic projections and an
analysis of impacts on regional agriculture, concluding that without adaptation
policies, tens to hundreds of millions of people could be compelled to migrate
from the Sahel by the end of this century.

Destabilizing Effect of the GIS on the AMOC

Figure 26: Hosing fields selected in the NAH-
MIP. Figure from Jackson et al.(2023)[32]

A melting of the GIS thus pro-
duces an associated freshwater flux
that will be released into the North
Atlantic, with a significant portion
directly impacting NADW sites.
Therefore, the GIS has a negative
effect on the stability of the AMOC
as it increases water stratification by
reducing the density of surface wa-
ters, thereby bringing the AMOC
closer to its tipping point. However,
the extent of this slowdown and the
quantity of associated freshwater re-
main unclear due to limitations in
model parameterizations and where
the freshwater is effectively added.
In a 2023 hosing experiment, Jack-
son et al. [32] established the North
Atlantic Hosing Model Intercom-
parison Project (NAHMIP), where
they introduced varying amounts of
freshwater into the North Atlantic
in two different geographical man-
ners. One approach involved uni-
form freshwater addition across the zonal band between 50◦N and 66◦N lati-
tude (see Fig.(26a)), referred to as the UH experiment for Upper Hosing, while
the other employed a more realistic detour around the sides of Greenland (see
Fig.(26b)), termed the GH experiment for Greenland Hosing, aimed at simulating
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the freshwater flux associated with Greenland’s melting. In these experiments,
they apply a uniform freshwater flux of 0.1Sv, which is already considered to be
on the high end of what could realistically occur from rapid Greenland melting.
Compared to the UH experiment, the GU hosing experiments show a much smaller
decrease in AMOC intensity. One of the early conclusions of their study is that
there is a considerable variation in model responses to this more realistic hos-
ing around Greenland. Indeed, some models show no slowdown of the AMOC,
while others experience a slowdown of several Sverdrups over 50 years. Further-
more, the AMOC exhibits no hysteresis behavior in the hosing experiments GH,
although a significant slowdown, even without complete collapse, would already
have very significant impacts on the climate [78]. In addition, Jackson et al.
find that for nearly half of the CMIP6 models participating in these NAHMIP
experiments, states of the AMOC where it does not recover after a hosing of
0.3Sv are simulated. It is important to recall that a freshwater flux of 0.3Sv for
Greenland is a physically unrealistic flux, even considering very rapid melting.
This seems to indicate that an AMOC tipping solely based on a Greenland
freshwater flux is highly improbable. Additionally, regardless of the physical
source of the freshwater fluxes, the results of Jackson et al.[32] imply unrealistic
freshwater fluxes, with values larger than what could actually occur even un-
der the most extreme warming scenarios. Regarding the melting profiles, these
fluxes also do not take into account the non-linear melting characteristics of
a tipping ice sheet in Greenland.[64] Finally, their simulations are pure hosing
experiments, meaning they only force through freshwater flux, while greenhouse
gas concentration is held constant. These experiments should not be viewed as
plausible future scenarios but serve the purpose of studying the sensitivity and
behavior of the AMOC in CMIP6 models under a freshwater flux forcing.
In another study, Swingedouw et al.[75] conducted a sensitivity analysis of the
AMOC to a freshwater flux originating from Greenland Ice Sheet (GIS) melt-
ing using a high-resolution ocean model (1/24°). This ocean model has much
higher resolution than the Earth System Models (ESMs) used in the study by
Jackson et al. [32] derived from CMIP6. Due to its improved representation of
diffusion and advection phenomena at the mesoscale, freshwater fluxes and their
transport to critical deep convection zones are better captured in the study by
Swingedouw et al.[75] This results in a larger freshening of the Labrador Sea
in the high-resolution model, which then strongly influences deep convection
activity. In the simulation incorporating Greenland melting, the AMOC weak-
ens by about 2 Sv after only 13 years, much more pronounced than what is
observed in the CMIP6 model. Consequently, according to them, this differ-
ence raises serious concerns about the ability of CMIP6 models to accurately
assess the potential impact of Greenland Ice Sheet melting on AMOC changes
over recent decades and its future trajectory. They suggest that urgent progress
should be made in the parameterization of mesoscale processes in ocean models
to enhance confidence in Greenland Ice Sheet freshwater impacts on climate
simulations and, consequently, AMOC projections.



2.3 AMOC, role in climate, dynamics and impact of its collapse 38

Thus, the literature indicates that melting of the GIS has a destabilizing effect
on the AMOC, but modeling and projecting the impact of AMOC on Greenland
hosing is far from precisely understood. Improvements in the parameterizations
of very high-resolution ocean models, as well as more realistic parameterizations
of freshwater fluxes that could be produced by the GIS under realistic emission
scenarios, are necessary and crucial to determine the response of the AMOC.
However, the literature demonstrates that tipping the AMOC solely through a
realistic freshwater flux associated with Greenland melting is not feasible.

Stabilizing Effect of the AMOC on the GIS

It is acknowledged that a weakening or complete collapse of the AMOC will have
a stabilizing effect on the GIS.[34] Indeed, by ceasing a significant portion of
heat transport to the North Atlantic, an AMOC shutdown will significantly re-
duce atmospheric temperatures around Greenland, as explained in the preceding
subsection. Thus, an AMOC shutdown represents a potentially strong negative
feedback, which may result in a safe overshoot of the GIS tipping point.[62]
This will be a key interaction phenomenon that we aim to incorporate into our
model and analyze its consequences.

The couplings to be considered

In conclusion, we can provide an answer to our sub-scientific question (1.c)
regarding which important coupling phenomena to consider between the AMOC
and the GIS. To account for the destabilizing interaction of GIS melting on the
AMOC, our dynamic model of the AMOC must include a term that considers
the freshwater flux originating from the GIS. Physically, this term should be
proportional to the derivative of the GIS volume. To incorporate the stabilizing
effect of an AMOC collapse on the GIS, the dynamic model of the GIS must
encode a dependence on the intensity of the AMOC, such that as the AMOC
collapses, a stabilizing forcing term emerges. Furthermore, in addition to this
positive-negative feedback loop, we have discerned that concerning the AMOC,
the primary forcing terms that should be incorporated into our model are those
related to the global mean temperature and an additional contribution from the
P − E balance. Conversely, for the GIS, we encapsulate the core dynamics by
integrating solely a forcing term based on the global mean temperature into our
model.

The first relevant tipping cascade to study

It is due to the approach of the AMOC and the GIS towards their tipping points,
as well as the mechanisms of interactions between them, and the colossal im-
pacts that their collapses could produce on the climate, that they represent one
of the first coupled tipping element systems fundamental to further study in the
phenomenon of tipping cascade. It is also recognized that cascade effects in the
climate are predominantly initiated by the polar ice caps[68], and the AMOC
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serves as a mediator between them, with interactions also affecting other tip-
ping elements. Furthermore, the effect of the positive–negative feedback loop
between the AMOC and GIS on the overall stability of the coupled system of
climatic tipping elements is largely unknown.[37] Moreover, gaining a better un-
derstanding of the mechanisms of cascading collapse between the AMOC and
the GIS would also benefit paleoclimatology by providing insights into events
such as Dansgaard-Oeschger and other abrupt changes due to ice-ocean inter-
actions that may have occurred in the past as suggested by paleoevidence.[5]
All of this motivates prioritizing the study of interactions between the AMOC
and the GIS in tipping cascade phenomena.
In conclusion, the preceding sections have addressed the sub-scientific question
(1.b) of the importance of the AMOC and the GIS on future climate and have
outlined possible cascading collapses between them. However, we now seek to
go further by posing our main scientific question (1) of this thesis, which is to
understand the implications of the effects of a realistic coupling between the
AMOC and the GIS on their collapse dynamics.

2.4 An AMOC-GIS Cascade Model

In this final section of this literature review, we present the AMOC-GIS cascade
model by V. Couplet, which will heavily inform the construction of the model
used in this thesis. Our model will primarily aim to address the calibration
limitations of the coupling coefficients present in V. Couplet’s model and, im-
portantly, integrate it within SURFER, a climate and carbon cycle model, to
further analyze the impact of interactions between the AMOC and the GIS on
their cascading collapse dynamics.

2.4.1 The Couplet model for the AMOC-GIS Cascade

To identify the interaction regimes of cascading collapses of two tipping ele-
ments, V. Couplet[14] developed the following model,
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This model is based on the modeling approach of Wunderling et al.[89], as in-
troduced in Equation (2.1). It incorporates the normal form of two dynamic
systems, each undergoing a double-fold bifurcation. The terms τ1 and τ2 repre-
sent the characteristic timescales of collapse for the systems under study. The
term q(t) denotes a generic forcing, such as the global mean temperature, pa-
rameterized by a Gaussian with a characteristic time τf . Assuming that index
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1 represents the GIS and index 2 the AMOC, the coefficient c21 encodes the
coupling from the AMOC to the GIS.

Figure 27: Time evolution of Eq.(2.12,2.13) with a = 4◦C. Figure from V.Couplet[14]

By adopting reasonable values from the literature, with critical temperatures
qcrit,1 = 1.5◦C for the GIS and qcrit,2 = 5◦C for the AMOC, a Gaussian max-
imum representing the temperature forcing a = 4◦C, and timescales τf = 500
years, τ1 = 1000 years, and τ2 = 100 years, V. Couplet obtains the results shown
in Figure (27). It is observed that under this temperature forcing de maximum
4◦C, neither tipping element undergoes a transition, even though the bifurca-
tion point is exceeded at times for each of them. Indeed, the forcing reaches
values significantly above the critical temperature for Greenland, but because
τ1 > τf , the GIS does not have time to tip before the forcing begins to decline.
This results in an overshoot without tipping. Interestingly, the AMOC crosses
its bifurcation point not due to the direct forcing but because of its coupling
with the GIS, even though the time spent beyond its bifurcation point and the
maximum distance reached are not sufficient to ultimately tip the AMOC. In
Figure (28), the same simulation is run but with a higher maximum intensity
of the temperature forcing at a = 4.3◦C. In this scenario, the GIS still does not
tip, however, it melts sufficiently to tip the AMOC.[14]
Thus, these two experiments utilizing a simplified nonlinear dynamics model
already serve to illustrate intriguing interaction phenomena. The interactions
allow for the lowering of their critical tipping temperatures, even without ob-
serving cascades in the latter case where the AMOC tips even though the GIS
has not, and the critical temperature of the AMOC was not reached. Conse-
quently, a significant distinction between the AMOC and GIS is observed, as
the GIS may remain stable even with lower critical temperatures due to their
long tipping time scales, whereas the AMOC, through its interactions with the
GIS, can collapse before reaching its critical threshold due to destabilizing in-
teractions with the GIS.[14]
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Figure 28: Time evolution of Eq.(2.12,2.13) with a = 4, 3◦C. Figure from V.Couplet[14]

2.4.2 The limitations of the model

Based on this model and the findings, we aim to construct our AMOC-GIS
Tipping Cascade Calibration Model (AGTCCM) in the following chapter to ad-
dress the question of the effects of realistic couplings between the AMOC and the
GIS on their cascade collapse dynamics. The advantage of V.Couplet’s model
(2.12,2.13) is that by utilizing the framework of nonlinear systems dynamics,
it effectively captures the essential dynamics necessary for modeling cascade
collapses. With the array of concepts and phenomena developed in subsection
(2.2.2), this allows us to analyze the possible cascade collapses between the
AMOC and the GIS efficiently.

Lack of stabilizing feedback from the AMOC on the GIS

However, three significant limitations to this model exist that we aim to address
in this thesis. The first is of a physical nature, namely, that the stabilizing feed-
back of the AMOC on the GIS is not accounted for in the equations (2.12,2.12).
This was also the case in the conceptual model of Sinet et al. [68], which did
not incorporate the stabilizing effect on GIS melting from cooling in the north-
ern hemisphere due to a halt or weakening of the AMOC. As concluded in
that study, this strong negative feedback may result in significant qualitative
differences in collapse dynamics, allowing for a safe overshoot of the GIS.

Calibration of coupling coefficients

In subsequent work by V. Couplet, which was communicated to me via personal
communication, a new coupling term incorporating this stabilizing feedback of
the AMOC on the GIS has been added to his model. However, the greatest
methodological challenge of these models remains, and this is the lack of cali-
bration of these couplings. Indeed, the coupling coefficients c12 (impact of the
GIS on the AMOC) and c21 (impact of the AMOC on the GIS) were found in
part arbitrarily by resorting to qualitative judgements based on the literature
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and posterior calibration to reproduce results deemed probable given the state
of the art. However, the possible cascade collapse dynamics are highly sensi-
tive to the values assigned to these coefficients. Therefore, constraining them
based on data from process-based models is important, especially considering
the nonlinear impacts that different collapse combinations may create in the
future.

Integrating the tipping model into a climate model

Finally, conceptual models such as that of V. Couplet (2.12,2.12) or those of
Sinet et al.[68] and Klose et al.[37] use ad-hoc parameterizations for temperature
forcing. Due to the critical dependencies of possible cascade collapse dynamics
on the forcing scenarios imposed, it would be highly relevant to integrate a sim-
plified model of AMOC and GIS cascade collapse into a fast-running climate
model. Indeed, testing numerous realistic emission scenarios would be very
useful given the time constraints of computation and analysis of Earth System
Models (ESMs), the uncertainties that remain regarding the exact positions of
critical thresholds, and those concerning the current positions of tipping ele-
ments in their hysteresis loops. Version 3.1 of SURFER, incorporates a tipping
element module, notably for the AMOC and GIS. However, this module suffers
from the aforementioned limitation regarding how the coupling coefficients are
calibrated. Furthermore, the AMOC is built independently of the carbon cy-
cle of the model, whereas, as we have seen, an AMOC collapse would have a
significant impact on the distribution of carbon within the various oceanic and
atmospheric reservoirs.

Conclusions

In conclusion, based on all that has been presented in this Chapter I, we have
provided the rationale for addressing sub-scientific question (1d), which aims
to create a simplified emulation of the AMOC-GIS dynamics that can be cal-
ibrated against hysteresis in complex models. In the next chapter, we will
explore how to achieve this. Subsequently, the second challenge will be to ad-
dress sub-scientific question (1e) of how to integrate this model into SURFER
to enable, notably, coherent integration with the carbon cycle. The following
Chapter aims to answer these questions by developing the AMOC-GIS Tipping
Cascade Calibration Model (AGTCCM) and the new version v3.2 of SURFER
that incorporates it. With SURFER v3.2, we will be able to address the main
scientific question (1) regarding the effect of a realistic coupling between the
AMOC and the GIS on their collapse dynamics in Chapter III.
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3 Chapter II - Integrating an AMOC-GIS Cas-
cade Model into a Climate Model

This chapter constitutes the technical core of this thesis, focusing on the de-
velopment of an innovative and original approach to address our fundamen-
tal scientific question regarding the effects of a realistic coupling between the
AMOC and the GIS on their collapse dynamics. After identifying the utility
of modeling with a simplified nonlinear dynamics model that retains only the
leading terms of interactions, we aim to create such a model that encodes these
interactions but remains realistic by being calibrated as closely as possible to
sensitivity data derived from more complex models. Subsequently, in order to
examine the implications of these couplings between the AMOC and the GIS
on future climate, we seek to integrate this simplified, yet effective, cascade-
collapse model into a climate model. The methodological challenge is therefore
to construct a model that maintains the flexibility and mathematical under-
standing of a simplified model while offering the quality of results derived from
more complex models.
This chapter is structured as follows. Firstly, we will provide a rationale
for linking a tipping cascade model of the AMOC and the GIS to a climate
model. Subsequently, we will introduce SURFER v3.1, a conceptual and par-
tially process-based climate model that offers numerous advantages and is highly
relevant as a tool for our scientific inquiry. Thirdly, and central to this chap-
ter, the AMOC-GIS Tipping Cascade Calibration Model (AGTCCM) will be
presented. This original model encapsulates, in a simplified manner, the cou-
pling dynamics between the AMOC and the GIS. Importantly, the AGTCCM
incorporates a calibration method for the simplified AMOC-GIS model using
hysteresis curves derived from more complex models. Following the presenta-
tion of the AGTCCM, an example of its calibration application with hysteresis
curves derived from cGenie will be provided. This will serve as the initial eval-
uation of our model’s quality. Subsequently, we will discuss the limitations of
this model. Finally, the last section will detail the technical process of merging
between the AGTCCM and SURFER v3.1. To achieve this, a parameterization
and calibration of the impacts on the biogeochemical cycle of SURFER v3.1 by
the AMOC will be introduced. The resulting SURFER v3.2 model, arising from
the fusion of SURFER v3.1 and the AGTCCM, will enable us in Chapter III
to address the primary scientific question of identifying the effects of a realistic
coupling between the AMOC and the GIS on their collapse dynamics.

3.1 Motivation for Linking a Tipping Cascade Model with
a Carbon Cycle-Climate Model

Choosing and developing a model to address a scientific question necessarily
entails considering which phenomena one aims to simulate and what dynam-
ics are essential to incorporate for simulation. This deliberation is particu-
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larly crucial in climatology, given the significant hierarchy among existing mod-
els. Indeed, there are considerable differences between Energy Balance Models
(EBMs), which describe temperature evolution within a layer through a simple
ordinary differential equation, and high-resolution models that solve, with very
fine grids on the order of a few hundred meters, the fluid dynamics equations
within the atmosphere or oceans. As depicted in Figure (29) by Von Der Heydt
et al. [80], depending on the number of processes one intends to model and
their scales, a spectrum of models is available, ranging from Conceptual Models
to Earth System Models (ESMs).

Figure 29: Classification of climate models according to the two model traits: number of
processes and number of scales. Figure from Von Der Heydt et al.[80]

In our case, we aim to simulate the potential cascade collapse dynamics between
the AMOC and the GIS. As discussed in Chapter I, the AMOC and the GIS
are two distinct dynamic systems with very long timescales. The characteristic
timescale for the AMOC is on the order of centuries, while for the GIS, it
is on the order of millennia. Furthermore, the literature review in Chapter I
demonstrated that for our goal of investigating the coupling effects between
the AMOC and the GIS, it is not necessary to have a detailed description and
simulation at very small spatial scales of their dynamics. Indeed, both for
their individual dynamics and their coupling dynamics, the simplified research
paradigm aiming to capture dominant effects at first order proves to be very
satisfactory. This is particularly evident in the work of Sinet et al. [68] and V.
Couplet with his model of nonlinear dynamics (Eq.(2.12-2.13)). Additionally,
as stated in subsection (2.2.1), it has been demonstrated that Earth System
Models (ESMs) and High-resolution Climate Models exhibit a lack of integration
of essential processes regarding tipping dynamics, which generally induces a
stabilizing bias in these models. These initial considerations already allow us to
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eliminate the need to use, in our specific case, High-resolution Climate Models
or ESMs.
Moreover, sensitivity experiments and collapse of tipping elements such as the
GIS and the AMOC are quite complex to conduct. Indeed, due to the time
scales involved, there is a computational cost associated with calculating quasi-
equilibrium hysteresis curves in models that are at least Earth Models of In-
termediate Complexity (EMICs).[58]. Therefore, there is a genuine interest in
being able to produce hysteresis loops for these tipping elements at a lower
computational cost, which is the major advantage of simplified models.
In addition to the success of first-order simplified dynamics and the difficulty of
producing realistic hysteresis loops, we face operational constraints regarding
the computational time required to effectively probe the potential cascade col-
lapse dynamics over long time scales. Indeed, even if irreversible collapse may
be imminent, the GIS would likely take nearly a thousand years to fully melt.
Therefore, we need climate models with computational times sufficiently low
to allow simulations over large time scales, while also capturing the necessary
physical processes to provide a coherent description of the climate over such pe-
riods. Moreover, phenomena such as overshoot without tipping or rate-induced
tipping may also occur. These phenomena depend on the emission scenarios
considered, and for the purpose of providing useful projections for society, hav-
ing a climate model available that can simulate the climate while accounting
for these tipping points under many probable emission scenarios is highly ben-
eficial. For computational efficiency reasons, we are therefore leaning towards
EMICs, Conceptual Models, or Climate Box Models.
In addition to their collapses, these phenomena would have significant impacts
on the remaining climate, which are important to capture. A collapse of the
GIS would notably have a significant impact on Sea Level Rise, while that of
the AMOC would have important consequences on the biogeochemical cycle as
well as temperature distributions around the Atlantic. It is thus understood
that having a reliable climate model capable of simulating plausible emission
scenarios to then make coherent projections of possible tipping element collapse
scenarios and their consequences is a necessity. This is both necessary for the
scientific exploration of potential dynamics in themselves and as an exploration
aimed at suggesting mitigation and adaptation policies to climate warming.
For all these justifications regarding the objectives of our scientific research,
we have decided to construct a simplified model capable of simulating cascade
collapses of the AMOC and the GIS (AGTCCM). This model can serve as an
emulator by calibrating itself to hysteresis loops of more complex models and
then integrating this model into a carbon cycle-climate model. The carbon cycle
model that we need must, based on the requirements of the scientific objectives
presented here, be a conceptual model but still requires effective parameteriza-
tions and calibrations that allow it to be used as a tool for projecting various
relevant future climates over long timescales.
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3.2 A Reduced Climate Model Named SURFER

Figure 30: Conceptual diagram of SURFER v2.0. The state variables are indicated by the
boxes, interactions and sources are depicted by black and dark orange arrows respectively.
Figure from Martinez-Monteiro et al.[80]

SURFER is a reduced model designed to estimate global mean temperature
increase, sea level rise, and ocean acidification in response to CO2 emissions and
aerosol injections based on only nine differential equations. Due to its simplicity,
SURFER is capable of simulating these data over time scales of several thousand
years. It is fast, easy to understand, and modify, making it appropriate for use in
policy assessments as well as for our personal modifications. The model is based
on a combination of conservation laws for the masses of atmospheric and oceanic
carbon and for oceanic temperature anomalies, and ad hoc parameterizations for
different contributors to sea level rise: ice sheets, glaciers, and ocean thermal
expansion. Despite its simplicity, SURFER is efficiently calibrated and can
replicate the results of more sophisticated, high-dimensional ESMs over time
scales up to millennia[52].

3.2.1 The evolutions of SURFER

Although SURFER is a recent model (2022), it has already undergone signifi-
cant development. To facilitate understanding, we define the following seman-
tics among different versions. Specifically, we will refer to SURFER v2.0, v3.0,
v3.1 and v3.2. The differences between these three versions are summarized in
Table (1).
The most significant and notable differences between SURFER v3.0 and SURFER
v2.0 aim to address the limitations of SURFER v2.0, which stem from its ab-
sence of key processes in the carbon cycle over time scales of several millennia.
Indeed, SURFER v2.0 can only reliably simulate carbon-related quantities for
up to two or three millennia and only considers carbon dioxide emissions in
the carbon cycle. In SURFER v3.0, Couplet et al. [16] introduced several en-
hancements, including a representation of atmospheric methane, a distinction
between land-use and fossil emissions, an additional oceanic layer, a dependency
of solubility and dissociation constants on temperature and pressure, a dynamic
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SURFER Version Key Features
SURFER v2.0 - Basic Carbon Cycle Model

- Two-layer Model
- 2 Tipping Elements (GIS,AIS).
- Basic SLR Model
- Basic Climate Model

SURFER v3.0 SURFER v2.0 +
- Upgraded Oceanic Model, Climate Model and
Carbon Cycle Model with the addition
of an intermediate layer.
- Upgraded Carbon Cycle Model with
the addition of a sediment layer
- Addition of a CH4 Model.

SURFER v3.1 SURFER v3.0 +
- Tipping Cascade Module (AMOC,GIS,
WAIS,EASB,EAIS,AWSI,AMAZ,PERM)

SURFER v3.2 SURFER v3.1 +
- AMOC/GIS Tipping Cascade
Calibration Model (AGTCCM)
- Impacts of an AMOC collapse on the Carbon Cycle

Table 1: Definition of the semantics used to describe the different versions of the SURFER
model utilized in this thesis.

representation of alkalinity, a 65 sediments box, and weathering processes. The
conceptual diagram of SURFER v3.0 is depicted in Figure (31).

Figure 31: Conceptual diagram of SURFER v3.0. The state variables are indicated by the
boxes, interactions and sources are depicted by black arrows. Figure from Couplet et al.[12]
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3.2.2 The Tipping Element Module in SURFER v3.1

However, these improvements in SURFER v3.1 regarding the modeling of the
carbon cycle are not what interests us the most in relation to our scientific
inquiries. The most significant aspect for us is the version v3.1 of SURFER
with the addition of a tipping element module within the philosophy of nonlin-
ear dynamical models presented in subsection (2.3.4), with all the advantages
described.3 Indeed, this version of SURFER includes a modeling of 8 tipping el-
ements listed with their acronyms in Table (2)4. Each of these tipping elements
is described by the following ODE,

dxi

dt
=

−x3
i + aix

2
i + b1xi + ci︸ ︷︷ ︸

Internal Dynamics

+ diT︸︷︷︸
Temperature Forcing

−
8∑

j=1

eijLj︸ ︷︷ ︸
Couplings with other TE


1

τi

(3.1)
where i = 1, 2, 3, 4, 5, 6, 7, 8, depending on the tipping element considered.

1 GIS Greenland Ice Sheet
2 AMOC Atlantic Meridional Overturning Circulation
3 WAIS West Antarctic Ice Sheet
4 EASB East Antarctic Subglacial Basins
5 EAIS East Antarctic Ice Sheet
6 AWSI Artcic Winter Sea Ice
7 AMAZ Amazon rainforest
8 PERM Permafrost

Table 2: of the 8 Tipping Elements modeled in SURFER v3.1

We thus find a third-order polynomial with the normal form of a double fold
to describe the internal dynamics of each tipping element. In addition to this,
a forcing term is systematically imposed by the anomaly of global mean tem-
perature, which will be calculated in SURFER. The coefficients ai, bi, ci, di are
constants specific to each tipping element, which are calibrated based on the
critical coordinates of the bifurcation points of the tipping elements under a
temperature forcing. The method used to determine the values of these coeffi-
cients is described in Martinez-Monteiro et al. [52] and will be further developed

3The v3.1 version of SURFER does not yet have an official paper published to describe
it. I personally gained access to the code for this version through personal communication
with Victor Couplet. However, the original version of this model is available on the GitHub
repository associated with this thesis.

4In SURFER v3.1, the indices of the tipping elements are actually different, but we have
redefined them to have the GIS as number 1 and the AMOC as number 2. In the numerical
code of the new version of the SURFER v3.2 model presented at the end of the chapter, this
facilitates modeling and understanding of the model.
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later in this chapter. The entire dynamics of the tipping elements is multiplied
by the inverse of a characteristic time scale specific to each, in order to ac-
count for the diverse time scales between the tipping elements. Furthermore,
the tipping element module already present in SURFER v3.1 incorporates pa-
rameterizations of feedbacks in terms of emissions of CO2 and CH4, as well as
additional radiative forcing that may occur following tipping events of certain
tipping elements.
The most interesting term for us, on which we will indeed focus in the case of
AMOC-GIS, is that of couplings with the other tipping elements. This model-
ing of coupling effects that may exist between the tipping elements themselves
allows the model to illustrate the effects of cascade collapse that can occur in the
climate system. The matrix Smoy encodes all coupling coefficients eij between
the tipping elements and is provided in Table (3).

GIS AMOC WAIS EASB EAIS AWSI AMAZ PERM
GIS 0 -1,1 0,3 0,3 0 0 0 0

AMOC 0 0 0 0 0 0,3 0 0
WAIS 1,1 0,25 0 0 0 0 0 0
EASB 1,1 0,25 0 0 0 0 0 0
EAIS 0 0 0 0 0 0 0 0
AWSI 0 -0,3 0 0 0 0 0 0
AMAZ 0 0,1 0 0 0 0 0 0
PERM 0 0 0 0 0 0 0 0

Table 3: Matrix Smoy that lists all coupling coefficients between the tipping elements.

The latest modeling of tipping elements in SURFER v3.1 includes the incor-
poration of parameterizations for climate feedbacks resulting from the collapse
of certain tipping elements. As noted in Chapter I, a complete melting of the
Greenland Ice Sheet (GIS), for instance, exposes a previously ice-covered conti-
nent with high albedo, significantly impacting the Earth’s radiative balance by
altering the surface albedo. This albedo feedback is similarly applicable to other
components of the cryosphere. Additionally, tipping elements such as the Ama-
zon rainforest and permafrost, upon collapse, are modeled to emit significant
quantities of CO2 and CH4. Therefore, in SURFER v3.1, these consequences,
which also impact other tipping elements, thereby promoting cascade dynam-
ics, are parameterized. Although these parameterizations are simplified using
a unique coefficient for each tipping element, they nonetheless contribute to
enriching the dynamics of potential collapses.

3.2.3 The Shortcomings of SURFER v3.1 in Modeling the Cascade
Collapses of AMOC and GIS

The primary limitation in the tipping element module of SURFER v3.1, as
presented in equation (3.1), resides in the method used for calibrating the co-
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efficients eij. Indeed, these coefficients are partially determined in an arbitrary
manner, based on comparing orders of magnitude between the expected coupling
effects of the tipping elements, as suggested by the literature, and subsequent
adjustments made according to the outcomes from the fixed values. Referring
to Table (3), we can see that there is already (with the aforementioned flaws) a
parameterization of the stabilizing effect of the AMOC on the GIS with a value
e21 = −1.1. However, for the destabilizing effect of the GIS on the AMOC, no
parameterization exists in SURFER v3.1.
Therefore, building on the insights described in Chapter I, we aim to explic-
itly model the respective dependencies of the AMOC and the GIS to illustrate
the cascade collapse dynamics that can occur between these two tipping ele-
ments. We seek to enhance the physical modeling of their dynamics beyond
equation (3.1). Specifically, we intend to incorporate, for each of these two tip-
ping elements, a forcing term that directly depends on the state of the other.
Consequently, we are developing a new model of simplified nonlinear dynamics
for the AMOC and GIS that accounts for their mutual coupling. Subsequently,
we need to devise an effective calibration method for their coupling coefficients
from the GIS to the AMOC, denoted as e12, and from the AMOC to the GIS,
denoted as e21. This model, referred to as the AGTCCM, is presented in the
following section.

3.3 AMOC-GIS Tipping Cascade Calibration Model (AGTCCM)

We aim to develop a new dynamic model capable of simulating the states of
the AMOC and GIS, incorporating their coupling to underscore potential cas-
cade collapse behaviors. The goal is to develop a simplified model of nonlinear
dynamics in line with that described in section (2.3) to take advantage of math-
ematical benefits and interpretations of results while maintaining a model as
realistic as possible in the values it produces. To do so, the AGTCCM incor-
porates an algorithm for calibrating the dynamics of the AMOC and the GIS
using hysteresis loops produced by any more complex model. Each part of the
AGTCCM will be described and explained, and the big picture of this method-
ological approach is illustrated in Figure (32). In this section, we will explore
the fourth scientific sub-question, which focuses on creating an emulator that
captures the simplified dynamics of the AMOC and the GIS, thereby illustrat-
ing their cascading collapse dynamics. As introduced at the beginning of the
chapter, the AGTCCM will serve as an essential tool to address our primary sci-
entific inquiry of studying the effects of a realistic coupling between the AMOC
and the GIS on their collapse dynamics.
Contrary to the oceanic component of the carbon cycle model and the climate
model employed by SURFER, the tipping element model we aim to construct is
not directly derived from physical processes. This decision is deliberate for two
reasons: firstly, as motivated in Section (2.3.1), there is a significant efficiency
provided by the nonlinear dynamics paradigm in understanding and analyzing



3.3 AMOC-GIS Tipping Cascade Calibration Model (AGTCCM) 9

dynamic systems by capturing only the first orders of their complex dynam-
ics. Secondly, as motivated in Section (3.1), the ultimate goal is to integrate
AGTCCM into the SURFER model to produce a climate, carbon cycle, and
tipping element model that is both robust and computationally efficient. This
methodological necessity is crucial to effectively address our scientific questions.
Thus, the AGTCCM model should be capable of either being directly simu-
lated in SURFER or introducing parameterizations that enable the connection
of these new variables to what is calculated within SURFER.

Figure 32: Methodology for Utilizing the AMOC-GIS Tipping Cascade Calibration Model
(AGTCCM)

Thus, the AGTCCM adopts the form of a general dynamic system, namely
a coupled system of ODEs, based on the concept of a double-fold bifurcation
introduced earlier. In addition to finding a modeling approach that effectively
captures the first-order effects of the intrinsic dynamics as well as the coupling
between the AMOC and the GIS, the second and primary technical challenge of
this model lies in devising the most effective method to calibrate the simplified
dynamics based on hysteresis from more process-based models, such as cutting-
edge ESMs or EMICs. These models are particularly valuable for simulating
the complex hysteresis dynamics of the AMOC based on advanced physical
principles. In this regard, our model functions as an emulator.
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3.3.1 The AMOC-GIS Model in AGTCCM

The coupled ODE system representing the dynamics of the AMOC and the GIS
in the AGTCCM is formulated as follows5:

dΨ

dt
= (−Ψ3+a1Ψ

2+b1Ψ+c1+d1T+e12FGIS(V )+fFO)µΨ(Ψ) = h(Ψ, T, FGIS, FO)

(3.2)
dV

dt
= (−V 3 + a2V

2 + b2V + c2 + d2T + e21(1−Ψ))µV (V ) = g(V, T,Ψ). (3.3)

As anticipated, we maintain the form of a third-order polynomial to generalize
the normal form of a double fold given by −x3 + αx. To the normal form of a
double fold, we add a term of the form βx2 in order to better fit the simplified
model to the bifurcation diagram of experiments derived from more complex
models. We emphasize that we are engaged in conceptual modeling aimed at
emulating the dynamics of the tipping elements under study, based on insights
from more complex models. Thus, the various coefficients ai, bi, ci, di are not
included because they represent specific physical processes, but rather because
collectively they generate a state space structure that aligns with that of reality,
or at least, that of the future emulated model. The functions h and g serve to
explicitly present the dependencies and what the dynamics of the AMOC and
GIS in our model depend on.

The State Variables Ψ and V

The state variable Ψ represents the state of the AMOC, while the state variable
V pertains to the GIS. We might opt to express Ψ in units of Sv (Sverdrups) as
a measure of circulation intensity and V in cubic meters as a unit of volume for
the Greenland ice sheet, but we will adhere to the philosophy already present
in SURFER v3.1. This involves normalizing the state variables of the tipping
elements on an interval from [0, 1] to more easily compare their relative states
to their pre-industrial equilibrium states. Thus, the state variables Ψ and V
are dimensionless.

The characteristic timescale function µ

The functions µΨ(Ψ) and µV (V ) represent the characteristic time scales of the
AMOC and GIS, respectively. These time scales are crucial to consider, as de-
scribed earlier in the context of cascade collapse dynamics, to acknowledge the
fact that coupled systems can have very different characteristic collapse time
scales. This is indeed the case for the AMOC and GIS, where the characteristic
time scale for the AMOC is τ+Ψ = τ−Ψ = 10 years , while for the GIS, it is
τ+V = τ−V = 700 years. These are the values obtained from SURFER v3.1 that

5The term FGIS(V ) in equation (3.2) is explicitly written with the dependence on V to
emphasize the coupling between the dynamic equation of the AMOC and that of the GIS. In
subsequent notations, this dependence will be omitted to streamline the notation.
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we will not alter in order to compare subsequent results with the AGTCCM.
The distinction between τ+ and τ− serves to encode the fact that physically,
there can be characteristic times associated with the dynamics of tipping ele-
ments that differ depending on whether the tipping element has tipped (denoted
by a "−") or has not tipped (denoted by a "+"). Although the mathematical
framework as well as the numerical framework will allow for this generaliza-
tion, we will initially consider these time scales to be identical for each tipping
element. Mathematically, these µ functions are defined as follows:

µΨ(Ψ) = 1/τ+Ψ if Ψ < 1,
dΨ

dt
> 0 (3.4)

µΨ(Ψ) = 1/τ−Ψ if Ψ > 0.01,
dΨ

dt
< 0 (3.5)

µV (V ) = 1/τ+V if V < 1,
dV

dt
> 0 (3.6)

µV (V ) = 1/τ−V if V > 0.01,
dV

dt
< 0 (3.7)

The temperature forcing T

In both equations (3.2) and (3.3), we find the first forcing term to be due to
temperature T .6 As described in more detail in Chapter I, it is important to
recall that temperature forcing is the primary driver in terms of magnitude
to consider in the dynamics of AMOC and GIS collapse. Physically, the dy-
namic of the AMOC is influenced by ocean stratification, where an increase in
atmospheric temperature increases the buoyancy of surface waters, leading to
reduced convection into the depths at NADW sites. Similarly, for the GIS, it
is evident that a rise in surface temperature will lead to more significant ice
melting and consequently, a decrease in its volume.

The freshwater flux forcings

Upon closer examination of equation (3.2) for the AMOC, we note additional
terms beyond the temperature forcing term d1T introduced in Couplet’s model
(refer to section (2.3.4)): FGIS and FO. These terms represent freshwater flux
forcings, indicating that the primary-order dynamics of the AMOC are in-
fluenced by the stratification of the Atlantic Ocean, which depends not only
on temperature but also on salinity. Similarly, a change in salinity corre-
sponds to a change in freshwater flux that can enter the considered water basin.
FGIS encodes the freshwater flux associated with the melting of the GIS, while
FO includes both the freshwater fluxes7 associated with the melting of other

6To avoid overburdening the equations, I have decided not to denote, despite the conven-
tion for anomalies, δT instead of T for example.

7The O in FO stands for "Others"
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cryospheric components simulated in SURFER v3.1 and the freshwater flux as-
sociated with the variation of the P − E balance over the Atlantic basin. As
described in Chapter I, these are the essential forcings to be considered at the
first order to describe the dynamics of AMOC collapse. We will now detail the
parameterizations of FGIS and FO.

The FGIS forcing

FGIS represents the freshwater flux associated with the melting of the Green-
land ice sheet. As described in Chapter I, melting of the Greenland ice sheet
releases freshwater, which can, to a non-negligible extent, reach the deep wa-
ter formation sites of the AMOC. Thus, by increasing the buoyancy of surface
waters, it enhances the stratification of the water column and reduces deep con-
vection. Therefore, we force Equation (3.2) with the term FGIS. The natural
parameterization chosen for FGIS is as follows:

FGIS = αGISV̇ . (3.8)

The rate of melting of the GIS, and thus its freshwater contribution, is evidently
proportional to the temporal variation of its volume, in other words, its deriva-
tive V̇ . What should be the units of the constant αGIS? It is used to relate the
temporal variation of the (dimensionless) fraction of the GIS volume relative to
its pre-industrial reference state to a freshwater flux. In the SURFER model
that we will be using, the default temporal resolution is one year. Therefore,
we have that [V̇ ] = [yr−1]. For simplicity of comparison with the literature,
we want to be able to express FGIS in Sverdrups. Therefore, the units of αGIS

must be in [Sv.yr] so that,

[FGIS] = [Sv] = 106[
m3

s
] = [Sv.yr][yr−1] = [αGIS][V̇ ] (3.9)

Beyond its units based on dimensional analysis, through physical reasoning we
realize that αGIS must be expressed in [Sv.yr], which is a volume representing
the maximum freshwater flux volume associated with the complete melting of
the Greenland ice sheet. By converting the units appropriately, we obtain the
following equality,

αGIS = κSGIS
pot (3.10)

with,

κ = 11, 47. (3.11)

SGIS
pot represents the Sea Level Rise (SLR) potential from a complete melting of

the GIS. In a recent paper by Morlighem et al.[55], they estimate that Spot
GIS =

7.42m, which is a significantly different and more precise value than the one
initially present in SURFER v3.1. The factor κ is utilized for unit conversions
and does not have any real physical meaning; however, it encodes the global



3.3 AMOC-GIS Tipping Cascade Calibration Model (AGTCCM) 13

ocean surface area in square meters and facilitates numerical conversions to
ensure the results are expressed in the correct units. Based on the values of κ
and SGIS

pot , it is found that,

αGIS = 85, 1074 Sv.yr (3.12)

One might rightly wonder whether our parameterization should also take into
account a so-called "geographical" correction factor, namely that not all the
meltwater from Greenland will necessarily reach the critical deep water forma-
tion zones of the NADW. In other words, not all the water melting from the
GIS will impact the AMOC in the same critical manner. However, in our ex-
perimental protocol, which will be further developed in Section (3.4), we will
calibrate the model Eq.(3.2) using a sensitivity experiment that directly adds
freshwater to the critical convection zones of the AMOC. Therefore, due to the
chosen calibration methodology, we should not introduce such a geographical
correction factor.

The FO forcing

As explained in Chapter I, studies have shown that solely perturbing the AMOC
through the freshwater flux from the GIS appears rather idealistic; such an oc-
currence is only plausible under extreme thresholds [32], at the limits of phys-
ically achievable values. Conversely, other studies[68, 56, 65, 46] have demon-
strated that significant contributions to freshwater flux in a warming climate,
such as contributions from other ice caps like Antarctica, and the effect of the
difference between precipitation and evaporation over ocean basins P −E, play
a substantial role in the freshwater balance reaching the Atlantic Ocean. There-
fore, to enhance the physicality of the AMOC model, I introduce the freshwater
flux forcing term FO, which is modeled as follows:

FO = FW + FP−E. (3.13)

The freshwater forcing from other components of the cryosphere FW

FW represents all contributions of freshwater flux from the cryosphere, exclud-
ing those from the GIS, which has its dedicated parameterization through the
term FGIS. The model does not account for the contribution of glaciers to the
freshwater flux impacting the AMOC. This exclusion is justified by the min-
imal quantity of freshwater flux attributed to glaciers compared to that from
the Greenland and Antarctic ice sheets. Additionally, the spatial distribution of
glaciers suggests that even if they were to completely melt, the resulting freshwa-
ter flux into critical AMOC zones would be negligible. However, the Antarctic
ice sheet represents a significant potential source of freshwater that we will in-
clude in the parameterization of FW . The advantage lies in SURFER v3.1’s
existing simulation of the WAIS, EASB, and AWSI. Consequently, we adopt a
similar methodology for parameterizing FW as we did for FGIS, namely,
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FW = FWAIS + FEASB + FEAIS, (3.14)

with,

FWAIS = αWAISV̇WAIS, (3.15)

FEASB = αEASBV̇EASB, (3.16)

FEAIS = αEAISV̇EAIS, (3.17)

Again, the significance of the coefficients αWAIS, αEASB, and αEAIS is the same
as that for αGIS. These coefficients do not inherently have a physical meaning
but are used for unit conversions in order to obtain associated freshwater fluxes
in Sverdrups. These coefficients are defined as follows,

αWAIS = βκSWAIS
pot , (3.18)

αEASB = βκSEASB
pot , (3.19)

αEAIS = βκSEAIS
pot . (3.20)

The unit conversion factor κ always takes the same value as defined in equation
(3.11), while the values of the potential sea level rise associated with the melting
of the different components of Antarctica are as follows,

SWAIS
pot = 5 m, (3.21)

SEASB
pot = 9 m, (3.22)

SEAIS
pot = 45 m. (3.23)

However, there are two significant differences and complications in the parame-
terization and calibration of FW compared to that of FGIS. The first originates
from an epistemological standpoint, while the second is methodological in na-
ture. The first challenge is that, as explained more extensively in Chapter I,
the effect of a freshwater forcing from the Southern Atlantic on the AMOC is
less clear than that of the GIS. The second challenge is that we have not been
able to access a cGenie sensitivity experiment for hosing added in the Southern
Atlantic near Antarctica, so as to provide emulation of the impact of Antarctic
melting on the AMOC. Indeed, as will be detailed in Section (3.3.6), our second
hosing experiment involves introducing a freshwater flux forcing between 20°N
and 50°N within the Atlantic. Consequently, it becomes imperative to intro-
duce a "geographical" reduction factor to account for the fact that not all the
freshwater associated with the melting of Antarctic components will reach this
region.
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This reduction factor in this overly simplistic linear parameterization is primar-
ily intended to be adjusted later to produce freshwater flux values comparable to
those from the GIS. Indeed, it is not reasonable to reduce a complex circulation
from an addition of freshwater from the South Atlantic to the NADW forma-
tion regions by a scalar amount. Swingedouw et al.[74] identify three response
processes to a freshwater addition in the South Atlantic that affect NADW pro-
duction. These are (i) a deep water adjustment which enhances the NADW cell,
(ii) the salinity anomaly spread from the Southern Ocean, which weakens the
NADW cell, and (iii) the increase in Southern Hemisphere wind stress, which
enhances the NADW cell. Depending on the timescales considered after the
freshwater addition, these three physical processes will have distinct impacts on
the AMOC. However, Swingedouw et al.[74] study shows that for substantial
freshwater fluxes, process (ii) dominates and limits NADW production after a
few centuries. Therefore, as an initial estimate, we define a reduction factor of
β = 0.1. In essence, we assume that only 10% of the freshwater flux linked to the
melting of Antarctic components will exert a significant hosing effect in the zone
between 20◦N and 50◦N of the Atlantic. Admittedly, reducing the dynamics of
Atlantic circulation transport in this manner is complex, and furthermore, ob-
taining plausible values from the literature presents significant challenges. We
are aware of the complex distribution of ocean currents originating from the
Atlantic, starting with the Antarctic Circumpolar Current, and recognize that
the northward circulation reality does not consist solely of surface advective
flow but involves a much more complex dynamic. This includes, notably, the
upwelling zones in the Southern Atlantic. Additionally, as discussed in Chapter
I, a freshwater input in the Southern Atlantic could potentially enhance the
stability of the AMOC [68]. Thus, the choice of the value for this coefficient
is primarily dictated pragmatically to ensure it generates freshwater fluxes in
physically plausible quantities comparable to those of FGIS.
Therefore, considering all these epistemological challenges, in the SURFER
model v3.2, it is straightforward to set FW = 0Sv to focus the investigation on
FP−E, which is recognized as the second major source of freshwater flux essential
for the dynamics of the AMOC that we aim to examine in depth. Nonetheless,
despite its potentially limited validity, we have opted to parameterize FW in
order to assess whether its inclusion produces qualitatively interesting findings
in the subsequent chapter. At the end of this section, the limitations of the
AGTCCM will be discussed, and concrete avenues for improvement will be pro-
posed. Even though the epistemic validity of this parameterization is seriously
questionable, we will not base all our analyses on it; at the very least, this
modeling lays the groundwork and establishes the mathematical and numerical
framework for future improvements, some of which are readily achievable.

The freshwater forcing from the P − E anomaly FP−E

Subsequently, parameterizing the third AMOC forcing term through a fresh-
water flux, FP−E, poses an even more significant challenge. Once again, we
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aim to relate this quantity to variables simulated within SURFER v3.1. As
discussed in Chapter I, it is physically reasonable to parameterize the anomaly
of the evaporation minus precipitation balance over the global ocean basin as
a function of the temperature anomaly. This is why we opt for the following
equation:

(P − E) = (P − E)∗ + θδT (3.24)

with (P − E)∗ representing the value of this balance at pre-industrial equilib-
rium, which can be expressed in terms of anomalies as follows,

δ(P − E) = θδT. (3.25)

We must introduce a new coefficient, θ, which encapsulates the relationship be-
tween the temperature anomaly and the anomaly in the evaporation-precipitation
balance across the global ocean basin. The standard units for an P −E balance
in the literature are mm

day
, where mm denotes millimeters of precipitation over a

square meter. The coefficient of proportionality between an anomaly of P − E
in [mm

day
] and an anomaly of temperature in ◦C is denoted by the letter γ. As

mentioned earlier, the nominal temporal resolution used in SURFER is annual.
Thus, we intend to use the coefficient θ to perform the unit conversion so that
δ(P −E) represents the anomaly in cumulative precipitation in millimeters re-
sulting from a change in the evaporation-precipitation balance over a year, per
square meter, relative to the pre-industrial period. In other words, we aim for
the units of δ(P −E) to be [mm

year
]. Given that δT is the global average tempera-

ture anomaly relative to the pre-industrial level, its units are ◦C. A dimensional
analysis thus indicates that the units of θ are,

θ =

[
mm

◦C.year

]
. (3.26)

Thus, Equation (3.25) accurately calculates, for a temperature increase, the
amount of freshwater in millimeters over a surface of 1 square meter that will
be added over a year, stemming from a change in the evaporation-precipitation
balance. The coefficient θ represents the constant of proportionality between
these two quantities in this linear model. However, as discussed in Chapter I,
obtaining a reliable estimate for this value is highly challenging, as a linear pa-
rameterization masks a reality far more complex, with a significantly important
spatial dependency. Indeed, the sensitivity of the evaporation-precipitation bal-
ance to a global average temperature increase varies greatly in both magnitude
and qualitative effect, depending on whether it is over continents, oceans, and
especially according to latitude. In the region of interest for our calibration,
which is between 20°N and 50°N in the Atlantic, Section (2.3.2) has shown that
the best linear regression we can perform on the value of γ yields the following
value,
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γ = 0.089
mm

◦C.day
(3.27)

We then elaborate on the definition of θ as follows,

θ = ζγ (3.28)

Where ζ is a dimensionless coefficient that will translate the unit conversions
between γ and θ. After calculation and based on the unit differences described
previously, we find,

ζ =
1

150
(3.29)

Similarly to the explanations provided at the end of the presentation of the
parameterization of FW , we encounter here a likely oversimplified modeling ap-
proach with a very limited domain of validity. As described in Chapter I and re-
iterated above, the dynamics of the evaporation-precipitation balance anomaly
as a function of the temperature anomaly is a highly complex science with which
our knowledge is still very limited. Since the literature[46, 56, 65] emphasizes the
importance of freshwater flux balances on the state of the AMOC, we deemed
it useful to provide a more comprehensive parameterization of these fluxes than
just FGIS. However, we acknowledge, and this will be clearly delineated in the
next analysis chapter, that the results we can obtain by considering the forcings
of FW and FP−E must be interpreted with great caution. Therefore, we will not
focus our analysis on these, and as with FW , the code of SURFER v3.2 has
been developed so that it is easily configurable before launching simulations to
deactivate the forcing term FP−E in order to avoid contaminating the results
with potentially problematic dynamics. However, for pragmatic purposes, we
find a value of ζ to obtain freshwater fluxes associated with FP−E that are of
comparable magnitude to those of FGIS. By developing an initial parameteriza-
tion framework for FP−E, whether mathematically or numerically in SURFER
v3.2, we provide the opportunity to improve this dynamics subsequently, with
concrete avenues for improvement to be presented at the end of this chapter.
One might also wonder why it was necessary to still allow for an explicit repre-
sentation of the forcing FP−E, linked to the temperature anomaly, rather than
implicitly including this forcing in the term c1T . Two reasons underlie the
decision to explicitly specify the forcing FP−E. The first reason pertains to
the significance of distinguishing this freshwater flux, which originates funda-
mentally differently from that originating from the cryosphere. As mentioned
earlier, it also represents a significant source of freshwater flux variations that
will destabilize the AMOC in the future. The second reason is methodologi-
cal. As we will illustrate in the subsequent section, through specific sensitivity
experiments conducted, in our case, with cGenie, we can isolate the effect of a
freshwater input directly into the NADW zone from that at the equatorial level
of the Atlantic basin. In other words, we can conduct experiments that allow
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us to isolate and then calibrate the distinct effects of FGIS from those of FP−E,
thereby enabling a more comprehensive physical analysis of the mechanisms of
AMOC collapse in the AGTCCM.

The dual coupling of AMOC-GIS

After introducing the chosen models for the forcings FGIS and FO, we can
understand the bi-directional coupling that occurs between the ODEs (3.2)
and (3.3), simulating the AMOC and the GIS. In the case of the AMOC, the
dependence is implicit in the forcing term by the freshwater flux from the GIS,
FGIS, while in the model (3.3) of the GIS, its state is explicitly impacted by
the state of the AMOC. Thus, the term e21(1 − Ψ) qualitatively ensures that
a decrease in the intensity of the AMOC will result in a greater formation of
ice on the GIS due to the diminished heat transport resulting from a weaker
Atlantic oceanic circulation.
Due to the challenges outlined in parameterizing FW and FP−E, we will denote
two different variants of the AMOC model to clarify the distinct methodological
choices we will make in the analysis of results. The first, which we will refer
to as Param B, is the most comprehensive one with the explicit forcings of FO

written in equation (3.2). The second parametrization, called Param A, does
not consider the term FO to focus solely on the freshwater flux forcing from the
GIS. In Param A, the AMOC model takes the following form:

dΨ

dt
= (−Ψ3+a1Ψ

2+ b1Ψ+ c1+d1T +e12FGIS(V ))µΨ(Ψ) = hA(Ψ, T, FGIS, FO).

(3.30)
There is a significant difference impacting calibration techniques and the results
that can be produced. In Param A, we have only two forcing variables on the
AMOC (T, FGIS), whereas in Param B, we have three (T, FGIS, FO). However,
whether it is Param A or Param B, we retain two forcing variables on the GIS
(T,Ψ).
After detailing the AMOC and GIS models and their coupling in the AGTCCM,
we will now elaborate on the calibration algorithm that will be used to find the
optimal values of the coefficients ai, bi, ci, di, e12, f, e21. Depending on the choice
of Param A or B for the AMOC, the details of the calibration method will be
substantially different, although the methodology will remain the same.

3.3.2 The Calibration Algorithm in AGTCCM

Now that we have introduced the simplified dynamic models of the AMOC and
the GIS that we will be using, in other words, their evolution over time based
on the different forcings that govern them at first order, we need to calibrate the
effect of the chosen forcings and the model against empirical data. As explained
in the introduction, we lack empirical data on the hysteresis of the AMOC and
the GIS. Therefore, we must rely on simulations with more complex (detailed)
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models, which are process-based and built upon the best understanding of the
physical equations that govern the dynamics of these natural systems. Mathe-
matically, the objective of the calibration algorithm is to find the values of the
coefficients ai, bi, ci, di, e12, f, e21, (i = 1, 2) that best adjust the two double-folds
corresponding to the dynamics of the AMOC and the GIS described by (3.2,3.3)
to hysteresis curves derived from process-based models.

The Martinez-Monteiro method

In the paper describing the SURFER v2.0 model, Martinez-Montero et al.[52]
develop a mathematical framework that allows, in the case of the Antarctic and
Greenland ice sheets modeled by ODEs with a canonical double-fold form, to
calibrate these models against bifurcation diagrams derived from more physi-
cally realistic experiments. The idea is to extract the coordinates of the bifurca-
tion points from hysteresis loops originating from a complex model and to fit the
simplified double fold dynamics so that it passes through these critical points.
From an epistemological standpoint, the significant advantage of the Martinez-
Monteiro et al. method [52] is that it provides semantics with both physical
coherence and meaning to our calibration parameters. By defining these pa-
rameters in terms of the coordinates of the critical bifurcation points of the
system under study, with respect to a physical forcing such as temperature, we
constrain our simplified dynamics to the leading orders of the system’s response
in process-based experiments that more accurately reflect reality. This is crucial
for subsequent theoretical analysis, as it allows us to test our strong hypothesis
that the leading-order dynamics of tipping elements such as the AMOC and the
GIS, and their bifurcation points, can be captured by a double-fold. Equipping
ourselves with this semantics and the framework of nonlinear dynamics anal-
ysis, as introduced in Chapter I, opens up a range of questions for which we
will have the mathematical tools to address, such as the concept of overshoot
without tipping. These are the reasons why we wish to adhere to the calibration
framework proposed by Martinez-Monteiro et al. [52].
However, the mathematical framework of Martinez Montero et al.[52] for de-
scribing each individual ice sheet consists of a single ODE with only one forcing
parameter, which is temperature (cf. section 3.2.3). It is reminded that the
model chosen to describe the dynamics of the ice sheets is as follows,8

dV

dt
=≡ fMont(V ) = µ(V )(−V 3 + aV 2 + bV + cT + d) (3.31)

Nevertheless, in our case, we need to calibrate our model (3.2,3.3), which is
a system of two coupled ODEs with respectively three (in the case of Param
B) and two forcing parameters for each. To find a mathematical and then

8The function µ in the case of the SURFER v2.0 model by Martinez Montero et al.[52]
is not detailed here, but it refers to the term that encodes the characteristic time scale for
the ice sheet considered, in a manner analogous to that described earlier for µV and µΨ (cf.
(3.4,3.6).
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algorithmic framework allowing us to calibrate the coupling coefficients e12, e21
as well as the coefficients ai, bi, ci, di, f, (i = 1, 2), we will start by developing the
mathematical framework of Martinez Montero et al.[52] to be able afterwards
to generalize it.

Figure 33: Ice sheet steady states for model defined in Eq.(3.31). Figure from Martinez
Montero et al.[52]

The double fold described by equation (3.31) is depicted in Figure (33), where
((T−, V+)(T−, V−)) denotes the critical coordinates of bifurcation points of a
GIS hysteresis derived from a process-based model. The calibration model
of coefficients by Martinez Montero et al.[52] where the constant coefficients
a, b, c, d are defined based on the coordinates of critical bifurcation points is the
following,

a =
3(V− + V+)

2
, (3.32)

b = −3V−V+ (3.33)

c = − (V+ − V−)
3

2(T+ − T−)
(3.34)

d =
T+V

2
−(V− − 3V+)− T−V

2
+(V+ − 3V−)

2(T− − T+)
(3.35)

As requested, one can observe in Figure (34) that this calibration methodology
allows the simplified double-fold dynamics of Equation (3.31) to pass through
the critical bifurcation points obtained from a hysteresis of a more complex
model. In the case of Figure (34), it is an hysteresis for the sensitivity of the
GIS to the temperature anomaly derived from a more advanced physics model
by Robinson et al.[64]
One issue is that the calculations and the method to arrive at these latter
equations are not developed in Martinez-Montero et al.’s work [52]. It is yet
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Figure 34: SURFER v2.0 Greenland ice sheet against the work of Robinson et al.[64]. Figure
from Montero et al.[52]

necessary in our case to derive these equations, understand their origins, and
then be able to generalize and apply them to our model (3.2,3.3). To illustrate
the mathematical intuition behind this calibration, it is useful to plot (cfr.
Fig.(35)) the phase portrait of g(V, T,Ψ) described by equation (3.3). The
Figure (35) remains qualitatively valid for our AMOC model (3.2) as well as for
the Martinez-Monteiro model (3.31), it is solely aimed at capturing the phase
space associated with a double fold.
We observe that the dynamics follow approximately those of a cubic function,
which tends toward g(V ) → −∞ as V → ∞ and g(V ) → ∞ as V → −∞.
Since g(V ) is a third-order polynomial, we know it has three roots. Through
mathematical insights and graphical analysis, we can derive the calibration
coefficients a, b, c, d based on the coordinates of the critical bifurcation points
V+, T+, V−, T−. Recalling the basic concepts and definitions of nonlinear dy-
namics outlined in Chapter I, we know that by definition, V ∗ is an equilibrium
point if,

g(V ∗) =
dV

dt
|V=V ∗ = 0. (3.36)

Furthermore, we know that by definition, at T = T+ and T = T− these equilib-
rium points change stability.
Mathematically, we understand that the effect of an increase in a forcing (whether
it be that of temperature or the intensity of the AMOC for equation (3.3) is
inconsequential) is to vertically shift the blue curve in Figure (35). For sim-
plicity, in the following thought experiments, we will only consider a forcing on
temperature, in other words, we will only consider the bifurcation parameter as
the variable T and assume Ψ constant. Formally, the fold bifurcation will oc-
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Figure 35: Phase portrait of the equation for the GIS (3.3).

cur when the bifurcation parameter T reaches a critical value denoted T c
1 ≡ T+

such that the stable equilibrium point on the right and the unstable equilibrium
point merge. This result is visible in Figure (36). Indeed, as the bifurcation pa-
rameter increases, the curve of g(V ) will shift downward, which will bring these
two equilibrium points closer together on the V axis. By definition, the exact
location on the V axis where these equilibrium points merge is the coordinate
V +. A similar reasoning holds in the case of a decrease in the forcing parameter
T , which could reach its second critical value denoted T c

2 ≡ T−. In this case,
the curve g(V ) will shift upward, leading to the bifurcation point which is the
fusion of the stable equilibrium point on the left with the unstable equilibrium
point. The value of V at which this bifurcation occurs is by definition that of
V−. In both bifurcations, we are indeed dealing with cases explained in Chapter
I as a saddle-node bifurcation or fold bifurcation. Indeed, we have two equi-
librium points that, for a critical value of a bifurcation parameter, collide and
annihilate each other.
How can we now calculate analytically the values of V±? Since we are here
aiming to derive the values of the coefficients in the equation of Martinez-
Monteiro et al.[52], we will apply the calculations to the function fMont(V ).
From Figure (36), it is apparent that the points V± are the values of V such
that,

dfMont(V )

dV
|(T,V )=(T±,V ±) = 0. (3.37)

However, we calculate using equation (3.31),
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Figure 36: Phase portrait of the equation for the GIS (3.3) at the bifurcation point T = T+.

dfMont(V )

dV
= (−3V 2 + 2aV + b)µ(V ) + f(V )

dµ(V )

dV
(3.38)

In our case of the AGTCCM model, the term µ(V ) in equation (3.31) is merely
a constant that does not depend on V . Thus, to find the values of V±, we reduce
the problem to finding the roots of the following second-order polynomial:

−3V 2 + 2aV + b = 0. (3.39)

We calculate the discriminant,

∆ = 4a2 + 12b. (3.40)

To obtain real roots, we need 4a2+12b ≥ 0, in which case we find the following
two real roots,

V+ =
a

3
+

1

6

√
4a2 + 12b = V+(a, b), (3.41)

V− =
a

3
− 1

6

√
4a2 + 12b = V−(a, b). (3.42)

We have here two functions of a and b that give the values of V±. To solve this
system of linear equations, we can start by adding equations (3.41) and (3.42),
which allows us to isolate and obtain,

a =
3(V− + V+)

2
. (3.43)
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With a bit more algebra, if we subtract equation (3.41) from equation (3.42)
and isolate b with a substitution of the value found for a from equation (3.162),
we finally obtain,

b = −3V−V+. (3.44)

How can we now find the expressions for c and d as given by equations (3.34-
3.35)? To do this, we use the fact that the bifurcation points (V+, T+) and
(V−, T−) are also equilibrium points. In other words, we have that fMont(V+, T+) =
0 = fMont(V−, T−). By evaluating the function fMont at these points, we obtain
the following two equations,

−V 3
+ + aV 2

+ + bV+ + cT+ + d = 0 (3.45)

−V 3
− + aV 2

− + bV− + cT− + d = 0 (3.46)

By substituting the values of the coefficients a and b found earlier (3.32-3.33)
into equations (3.45-3.46), we obtain a system of two linear equations with
two unknowns to express c and d in terms of (V+, T+, V−, T−). After several
lines of elementary algebra that we will not detail further here as they are not
particularly instructive, we obtain the following value for c,

c = −(V+ − V−)
3

2(T+ − T)

. (3.47)

Finally, by substituting this last equality into equation (3.45), we obtain after
simplification,

d =
T+V

2
−(V− − 3V+)− T−V

2
+(V+ − 3V−)

2(T− − T+)
. (3.48)

Thus, based on mathematical intuition, we have reconstructed the calibration
methodology of Martinez-Monteiro et al.[52]

Generalizing the Martinez-Monteiro Method to multiple forcings

Now that we have understood how to derive an efficient calibration method for
the coefficients of the Martinez-Monteiro et al.[52] double-fold model based on
the critical coordinates of bifurcation points, we can generalize this method. We
need to generalize it because in the case of the AGTCCM, we no longer have just
one forcing variable (which is a bifurcation parameter in the nonlinear dynamics
jargon) but two in the case of the GIS and the AMOC in Param A, and even
three forcing variables for the AMOC in Param B.
Our generalized calibration methodology is based on two assumptions. The first
epistemological assumption is that our equations (3.2,3.3) accurately represent
reality, or at least the models we aim to emulate. This assumption is reasonable
because, as developed in Chapter I, we can understand the hysteresis dynamics
of many tipping elements such as the AMOC and the GIS to first orders through
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a double-fold structure. Furthermore, previous works such as the ice sheet
model in SURFER v2.0 illustrated in Figure (34) have demonstrated the validity
of this approach. The second methodological assumption is that the models
we will use to calibrate the hysteresis of the AMOC and the GIS allow for
independent forcing of the AMOC and the GIS. In other words, if we take our
AGTCCM model for the AMOC (3.2), we should be able to access hysteresis
models that can force the AMOC solely through temperature while keeping
the two freshwater forcings constant, and vice versa. Fortunately, due to the
construction of the vast majority of climate models, this is technically entirely
feasible, as will be illustrated in the case of cGenie later in this chapter.
Although we aim to calibrate a system of coupled ODEs, we can independently
calibrate the AMOC and the GIS in the sense that Equation (3.2) and Equation
(3.3) can be calibrated separately. Of course, each of these equations includes a
coupling term with the other, but this calibration of their coupling is performed
within the same model using different experiments. Specifically, to calibrate the
AMOC, we need a model that can produce hysteresis loops of AMOC intensity
Ψ as a function of anomalies in global mean temperature and freshwater fluxes.
To calibrate the GIS equation, we need a model that can produce hysteresis
loops of sensitivity experiments of GIS volume as a function of anomalies in
global mean temperature and AMOC intensity.
If we consider our AGTCCM model with Param B (3.2-3.3), we need in our case
to find a way to calibrate the coefficients a1, b1, c1, d1, e12, f for the AMOC and
the coefficients a2, b2, c2, d2, e21 for the GIS. We aim to express all these coeffi-
cients, where the coefficients e12, e21 are considered as the coupling coefficients
linking the dynamics of the AMOC to that of the GIS and vice versa, in terms
of the following critical coordinates for the AMOC,{

Ψ+, T+
Ψ , F+

GIS, F
+
O ,Ψ−, T−

Ψ , F−
GIS, F

−
O

}
, (3.49)

and the following critical coordinates for the GIS,{
V +, T+

V ,Ψ+
V , V

−, T−
V ,Ψ−

V

}
. (3.50)

We emphasize that T±
Ψ ̸= T±

V just as Ψ± ̸= Ψ±
V . Indeed, in the case of temper-

ature forcing, the AMOC and the GIS are two different dynamic systems, each
with its own critical thresholds for temperature anomalies that trigger system
transitions. As for the values of Ψ, one should not confuse the critical values
at which the AMOC transitions, denoted Ψ±, due to temperature or freshwater
forcing, with the critical values of the AMOC that may trigger the GIS collapse,
denoted Ψ±

V . Similarly, despite the chosen parameterization for the freshwater
flux of the GIS (3.8), it is important to understand that,

F±
GIS = αGISV̇

±
Ψ (3.51)

with V̇ ±
Ψ ̸= V̇ ± as the critical freshwater fluxes from the GIS that trigger the

AMOC transition are not associated with the critical volume values of the GIS
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at which the GIS undergoes a transition. These are two distinct dynamics,
albeit not independent.
We will now use our methodological assumption that we can access independent
sensitivity experiments in our complex models of the AMOC and the GIS. In
the following, we will detail our calibration algorithm in the case of the AMOC,
but the method is identical for our GIS model. In practice, this assumption
implies that, for the AMOC, we can conduct sensitivity experiments where we
keep the freshwater fluxes constant and only vary the temperature. Similarly,
it implies that we can conduct sensitivity experiments on freshwater fluxes in
isolation while keeping the other forcings of our simplified dynamics constant.
The recipe for our calibration, which is generalizable to N forcings, is as follows.
To calibrate the coupling coefficients associated with the N forcing variables,
we perform N independent sensitivity experiments to independently calibrate
the associated bifurcation diagrams by systematically reducing the calibration
to a Martinez-Monteiro et al.-type model with only one forcing variable, as the
other N − 1 variables become constants.

Calibration of the AMOC for Param B

Here we aim to calibrate the coefficients a1, b1, c1, d1, e12, f of the following ODE,

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + d1T + e12FGIS + fFO)µΨ(Ψ), (3.52)

based on the knowledge of the following critical bifurcation points,{
Ψ+, T+

Ψ , F+
GIS, F

+
O ,Ψ−, T−

Ψ , F−
GIS, F

−
O

}
, (3.53)

which are provided by hysteresis experiments from more complex models.
Let us denote EXPA as the first sensitivity experiment using an AMOC model
that measures the variation of AMOC intensity (Ψ) as a function of a forcing
by the global mean temperature T . EXPA provides us with the critical values

(Ψ+, T+
Ψ ), (Ψ−, T−

Ψ ). (3.54)

In this sensitivity experiment, the values of the other forcings, namely FGIS and
FO, are kept constant at arbitrary values denoted as FA

GIS and FA
O . In this case,

Equation (3.52) can be written as:

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + e12F
A
GIS + fFA

O + d1T )µΨ(Ψ). (3.55)

Since the terms e12F
A
GIS + fFA

O are now constants, we are effectively dealing
with a single forcing parameter, similar to Martinez-Monteiro et al. We can
thus find the values of the coefficients in a similar manner:

a1 =
3(Ψ− +Ψ+)

2
= a1(Ψ

+,Ψ−), (3.56)
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b1 = −3Ψ−Ψ+ = b1(Ψ
+,Ψ−), (3.57)

c1 + e12F
A
GIS + fFA

O =
T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
, (3.58)

d1 = −(Ψ+ −Ψ−)3

2(T+
Ψ − T−

Ψ )
= d1(Ψ

+, T+
Ψ ,Ψ−, T−

Ψ ). (3.59)

Let’s now denote EXPB as the second sensitivity experiment for the AMOC,
where we measure the dependence of the AMOC intensity on the freshwater
flux FGIS while keeping the other two forcing variables, denoted by TB and
FB
O , constant at arbitrary values. The chosen model we wish to emulate now

provides us with the values of the following bifurcation points:{
(Ψ+, F+

GIS), (Ψ
−, F−

GIS)
}
. (3.60)

In this case, Equation (3.52) is rewritten as:

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + d1T
B + fFB

O + e12FGIS)µΨ(Ψ). (3.61)

Again, by term-by-term identification, Martinez-Monteiro et al.’s methodology
yields:

a1 =
3(Ψ− +Ψ+)

2
= a1(Ψ

+,Ψ−), (3.62)

b1 = −3Ψ−Ψ+ = b1(Ψ
+,Ψ−), (3.63)

c1 + d1T
B + fFB

O =
F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
, (3.64)

e12 = − (Ψ+ −Ψ−)3

2(F+
GIS − F−

GIS)
= e12(Ψ

+, F+
GIS,Ψ

−, F−
GIS). (3.65)

Finally, let’s call EXPC the sensitivity experiment of the AMOC to the freshwater
flux FO, in which we keep the other two forcings, denoted TC and FC

GIS, at
constant and arbitrary values. EXPC provides us with the coordinates of the
following bifurcation points:

{(Ψ+, F+
O ), (Ψ−, F−

O )} (3.66)

and allows us to rewrite Equation (3.52) as follows:

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + d1T
C + e12F

C
GIS + fFO)µΨ(Ψ) (3.67)

Once again, by term-to-term identification, the methodology of Martinez-Monteiro
et al. provides us with9:

9It might have been thought necessary to differentiate the coupling coefficients to the
forcings according to the sensitivity experiment. For example, to write d1 ̸= dA1 ̸= dB1 ̸= dC1 .
However, between the sensitivity experiments, we do not physically change the impact of a
forcing, in this case, temperature, on the system.
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a1 =
3(Ψ− +Ψ+)

2
= a1(Ψ

+,Ψ−), (3.68)

b1 = −3Ψ−Ψ+ = b1(Ψ
+,Ψ−), (3.69)

c1 + d1T
C + e12F

C
GIS =

F+
OΨ−2

(Ψ− − 3Ψ+)− F−
OΨ+2

(Ψ+ − 3Ψ−)

2(F−
O − F+

O )
, (3.70)

f = − (Ψ+ −Ψ−)3

2(F+
O − F−

O )
= f(Ψ+, F+

O ,Ψ−, F−
O ). (3.71)

We have implicitly made the following assumption:

Ψ+
A = Ψ+

B = Ψ+
C ≡ Ψ+,Ψ−

A = Ψ−
B = Ψ−

C ≡ Ψ− (3.72)

Physically, this assumption implies that in our simplified model, the critical
value at which the AMOC collapses (Ψ+) or recovers (Ψ−) is the same whether
the AMOC is triggered solely by temperature, freshwater flux from the GIS, or
freshwater fluxes from other components of the cryosphere and the precipitation-
evaporation balance (P −E). While we understand that ultimately what mat-
ters for an AMOC collapse is a critical level of stratification, and in this sense,
reaching this critical stratification through temperature increase or freshwater
addition, or a combination of both, may not matter much, it is not certain
whether this assumption is entirely valid based on the literature. Moreover, as
we will directly observe in the data from cGenie experiments, our model falsifies
this assumption. However, if we remain within the framework of our mathe-
matical model in Equation (3.52) and revisit the intuition developed in Figure
(36), namely that mathematically, a temperature or freshwater input merely
shifts our curve in phase space until critical values are reached where there is a
stability change, it is reasonable to adopt this assumption. Indeed, this critical
threshold at which a bifurcation of Ψ occurs is the same whether the forcing
involves T ,FGIS, or FO. However, since these forcings each have a distinct im-
pact on the AMOC, which is encoded by their coefficients d1, e12 and f hence
the values that T, FGIS and FO must assume to reach this critical threshold will
differ but not the threshold for the bifurcation set by Ψ+ and Ψ−. Moreover,
as seen in our simplified model (3.52), the temporal dynamics of Ψ dependent
on its state are calibrated using the coefficients a1 and b1, whose values de-
termined by calibrations depend solely on Ψ+ and Ψ−. Finally, from a more
pragmatic standpoint, even if we accept that this assumption is simplifying and
introduces error (which will be analyzed in a subsequent section), abandoning
this assumption would make the Martinez-Monteiro et al. calibration algorithm
unpractical. The number of variables would then be too large to find solutions
in such a manner.
Taking this hypothesis into account moving forward, we now have data from our
three sensitivity experiments, each of which has provided us with 4 equations.
On paper, we have a total of 12 equations, but the equations for a1 and b1 are
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redundant in each of the experiments. Therefore, we are left with 8 equations.
However, we still have 6 unknowns, which are:

a1, b1, c1, d1, e12, f (3.73)

The different calibrations by reducing them to the method of Martinez-Monteiro
et al. give us the values of:

a1, b1, c1+e12F
A
GIS+fFA

O , e12, f, d1, c1+d1T
B+fFB

O , c1+d1T
C+e12F

C
GIS. (3.74)

Of the 6 unknowns, the only one that remains and is not directly explicit in the
previous equations is the coefficient c1, which is the term independent of any
forcing. However, this quantity is over-determined by the following equations:

c1 =
T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
− e12F

A
GIS − fFA

O , (3.75)

c1 =
F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
− d1T

B − fFB
O , (3.76)

c1 =
F+
OΨ−2

(Ψ− − 3Ψ+)− F−
OΨ+2

(Ψ+ − 3Ψ−)

2(F−
O − F+

O )
− d1T

C − e12F
C
GIS. (3.77)

Therefore, we have calibrated all coefficients using this generalized method,
which aims to systematically reduce, thanks to the assumption of independent
sensitivity experiments, to the well-known single forcing parameter case.

Calibration of the AMOC for Parameterization A

We now aim to calibrate the AMOC model in the case of Param A to enable
the use and comparison of this model with that of Param A. Therefore, we seek
to calibrate the coefficients a1, b1, c1, d1, e12 of the following equation:

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + d1T + e12FGIS)µΨ(Ψ), (3.78)

whose bifurcation points’ coordinates are given by:

{(Ψ+, T+
Ψ , F+

GIS), (Ψ
−, T−

Ψ , F−
GIS)}. (3.79)

The procedure to follow is similar but simpler than Param B because we have
only two forcing variables (T, FGIS) instead of three (T, FGIS, FO). We denote
EXPA as the first sensitivity experiment of the AMOC with respect to the global
mean temperature performed with a constant but arbitrary freshwater flux forc-
ing FGIS = FA

GIS. We denote EXPB as the second sensitivity experiment which
provides the AMOC intensity response to an increase in freshwater flux from
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the GIS but under a constant global mean temperature at an arbitrary value
T = TB. EXPA provides the coordinates of the following critical points:

{(Ψ+, T+
Ψ ), (Ψ−, T−

Ψ )}, (3.80)

and the following equations for the calibration coefficients:

a1 =
3(Ψ− +Ψ+)

2
= a1(Ψ

+,Ψ−), (3.81)

b1 = −3Ψ−Ψ+ = b1(Ψ
+,Ψ−), (3.82)

c1 + e12F
A
GIS =

T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
, (3.83)

d1 = −(Ψ+ −Ψ−)3

2(T+
Ψ − T−

Ψ )
= dA1 (Ψ

+, T+
Ψ ,Ψ−, T−

Ψ ). (3.84)

The second experiment EXPB gives us the knowledge of the following bifurcation
points:

{(Ψ+, F+
GIS), (Ψ

−, F−
GIS)}, (3.85)

which in turn allow us to determine the values of the following coefficients:

a1 =
3(Ψ− +Ψ+)

2
= a1(Ψ

+,Ψ−), (3.86)

b1 = −3Ψ−Ψ+ = b1(Ψ
+,Ψ−), (3.87)

c1 + d1T
B =

F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
, (3.88)

e12 = − (Ψ+ −Ψ−)3

2(F+
GIS − F−

GIS)
= eB12(Ψ

+, F+
GIS,Ψ

−, F−
GIS) (3.89)

In this case with two forcing parameters, we have a system of 6 equations (again,
the ones fora1 and b1 are redundant) with 5 unknowns.

a1, b1, c1, e12, d1. (3.90)

As previously, only one unknown is not uniquely defined by the Martinez-
Monteiro et al. method, which is the coefficient c1, which is overdetermined
by the equations:

c1 =
T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
− e12F

A
GIS (3.91)

c1 =
F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
− d1T

B
Ψ . (3.92)
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Calibration of the GIS

For the GIS, we must calibrate the coefficients a2, b2, c2, d2, e21 of the following
model.

dV

dt
= (−V 3 + a2V

2 + b2V + c2 + d2T + e21(1−Ψ))µV (V ) = g(V, T,Ψ). (3.93)

Given that this is once again a model with two forcing parameters, the calibra-
tion methodology is analogous to that presented for the AMOC in the case of
Param A. In this case, the coordinates of the bifurcation points are given by,{

V +, T+
V ,Ψ+

V , V
−, T−

V ,Ψ−
V

}
. (3.94)

We denote EXPC in the case of the GIS as the first sensitivity experiment of the
GIS volume in relation to temperature, in which the forcing from the AMOC
intensity is held constant at an arbitrary value ΨV = ΨC

V . In this case, equation
(??) is written as,

dV

dt
= (−V 3 + a2V

2 + b2V + c2 + e21(1−ΨC) + d2T )µV (V ) (3.95)

This first sensitivity experiment provides us with the data for the following
bifurcation points,

{(V +, T+
V ), (V −, T−

V )}. (3.96)

In this case with a single forcing variable, the method of Martinez-Monteiro et
al. gives us,

a2 =
3(V − + V +)

2
= a2(V

+, V −), (3.97)

b2 = −3V −V + = b2(V
+, V −), (3.98)

c2 + e21(1−ΨC) =
T+
V V −2

(V − − 3V +)− T−
V V +2

(V + − 3V −)

2(T−
V − T+

V )
, (3.99)

d2 = −(V + − V −)3

2(T+
V − T−

V )
= d2(V

+, T+
V , V −, T−

V ). (3.100)

Finally, we refer to EXPD as the second sensitivity experiment in which we fix the
global mean temperature TV = TD

V at an arbitrary value but vary the intensity
of the AMOC ΨV . This sensitivity experiment provides us with the coordinates
of the following bifurcation points,

{(V +,Ψ+
V ), (V

−,Ψ−
V )} (3.101)

while equation (3.3) takes the following form:
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dV

dt
= (−V 3 + a2V

2 + b2V + c2 + d2T
D + e21(1−Ψ))µV (V, T,Ψ). (3.102)

We cannot apply exactly the same calculation procedures for the coefficients
due to the formulation of the AMOC forcing, which has a different form than
those encountered before. We need to slightly adjust the calculation for the
coefficients c2 + d2T

D, e21, although the methodology to find them remains the
same as above. Therefore, we obtain:

a2 =
3(V − + V +)

2
= a2(V

+, V −), (3.103)

b2 = −3V −V + = b2(V
+, V −), (3.104)

c2 + d2T
D = V +3 − a2V

+2 − b2V
+ − e21(1−Ψ+

V ), (3.105)

e21 = − (V + − V −)3

2(Ψ−
V −Ψ+

V )
= e21(V

+,Ψ+
V , V

−,Ψ−
V ). (3.106)

So, we finally end up with the following 5 unknowns:

a2, b2, c2, e21, d2, (3.107)

and 6 equations, with the only coefficient not explicitly determined being c2.
However, a closer look reveals that it is doubly determined by,

c2 =
T+
V V −2

(V − − 3V +)− T−
V V +2

(V + − 3V −)

2(T−
V − T+

V )
− e21(1−ΨC) (3.108)

c2 = (V +3 − a2V
+2 − b2V

+ − e21(1−Ψ+
V ))− d2T

D
V . (3.109)

Therefore, we have once again determined all the coefficients through this
method.

Conclusion of this calibration method

Theoretically, we have the necessary and sufficient mathematical framework to
calibrate our simplified nonlinear dynamical models on the hysteresis loops of
more complex models. Whether for the AMOC or the GIS, and regardless of
the number of forcings, we have been able to generalize the methodology of
Martinez-Monteiro et al. through the assumption of the technical feasibility
of conducting independent sensitivity experiments. This strong assumption,
although realistic for many existing models with more advanced physics, sys-
tematically allows us to reduce to the case of a model with a single forcing
parameter.



3.3 AMOC-GIS Tipping Cascade Calibration Model (AGTCCM) 33

Model # Forcing # Equations # Unknows # Overdetermined
equations

Martinez-Monteiro 1 4 4 0
et al.
GIS and AMOC 2 6 5 1
ParamA
AMOC ParamB 3 8 6 2
Other Model N 4N − 2(N − 1) 4 + (N − 1) (N − 1)

Table 4: Number of equations, unknowns, and overdetermined equations as a function of
the number of forcings for the different calibrations.

With hindsight, we understand what generalizing of Martinez-Monteiro et al.’s
methodology for dynamics with multiple forcing variables implies. With Martinez-
Monteiro et al., we had a single forcing parameter. In our modeling of the GIS
(3.3) and that of the AMOC in Param A, we had two, while in the AMOC
modeling with Param B, we had three. In Table (4), we have summarized the
algebraic constraints in each case.
When adding a forcing variable, if we follow this calibration methodology through
independent sensitivity experiments, we add 4 additional equations per addi-
tional forcing variable. However, there are systematically those regarding the
coefficients ai and bi, which are redundant because they describe the inter-
nal dynamics of the tipping element and are therefore identical regardless of
the independent sensitivity experiments conducted. Thus, in reality, we have
4N − 2(N − 1) equations for N forcing variables. Moreover, the introduction of
a new forcing variable introduces an additional unknown, which is the coupling
coefficient of this new forcing variable. In the case of Param B of the AMOC,
for example, this is the coefficient f for FO, which did not exist in Param A.
In other words, by adding one forcing variable to our model, we add one un-
known and two equations. With N = 2 forcings, we find ourselves in a situation
with one overdetermination on the coefficient ci. This coefficient ci, being the
shared constant across all calibrations of different sensitivity experiments, is the
component of our model that must adjust to each sensitivity experiment while
being common to all. Unlike coefficients ai and bi, which encode the internal
dynamics of the model, these, although common to all sensitivity experiment
calibrations, do not depend on the forcing parameters. One may wonder if the
new constraints on the ci are redundant, if they yield the same values and thus
produce over-determinations. We will see in the next section, using the example
of calibration on cGenie data, that this is not always the case. Indeed, if we
take, for example, equations (3.75-3.77), we understand that these depend on
the a priori arbitrary values of the forcings kept constant in each sensitivity
experiment. Using the results of the calibration on cGenie data as a basis for
discussion, we will develop in the section on the limitations of the calibration
model the operational consequences of these constraints.
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3.3.3 Validation Test : Calibration with the model itself

The AGTCCM model was numericaly translated into Python code in two Jupyter
Notebooks, namely Tipping Module Calibration ParamA.ipynb and Tipping
Module Calibration ParamB.ipynb, representing Param A and Param B of
the AMOC, respectively. These two notebooks, along with all numerical data
and scripts used for this thesis, are available on the GitHub repository created
for this purpose.10

To verify the coherence and proper functioning of our calibration methodol-
ogy, we will perform a validation test. We will calibrate our model on itself.
In other words, we will generate hysteresis loops from the model described
by the AGTCCM Eq. (3.2,3.3) by arbitrarily fixing values of the coefficients
a∗i , b

∗
i , c

∗
i , d

∗
i , e

∗
ij, f

∗. Subsequently, we will calculate the coordinates of the crit-
ical bifurcation points associated with these hysteresis loops and use these co-
ordinates in the calibration algorithm to retrieve the values of the coefficients
ai, bi, ci, di, eij, f and compare these values to the initially arbitrarily fixed ones.
Ideally, these values should correspond if our calibration algorithm is well con-
structed mathematically and numerically.
These validation tests were conducted for both Param B and Param A. However,
due to the increased complexity of Param B, only the results of the latter will
be comprehensively presented here. The validation test methodology is identi-
cal in both parameterization cases and also in both systems to be calibrated,
whether it is the AMOC or the GIS. Therefore, it has been decided to provide
comprehensive results only for the AMOC in the case of Param B.

AMOC Validation Test for Param B

To test Param B, we arbitrarily fix the following values for the coefficients:

a∗1 = 1.5, (3.110)
b∗1 = −0.5, (3.111)
c∗1 = 0.3, (3.112)
d∗1 = −0.2, (3.113)
e∗12 = −0.1, (3.114)
f ∗
1 = −0.15. (3.115)

Next, I conduct hysteresis experiments by simulating the EXPA, EXPB, EXPC ex-
periments, respectively. For each of them, simulations of a duration of 400 000
years are performed to produce a forcing slow enough to remain almost con-
stantly at equilibrium and to trigger the AMOC switch. The choice of the
parametrization of the forcings T, FGIS, FO is purely arbitrary in this numer-
ical experiment. Consistently, a forcing in the form of a "tent" function will

10https://github.com/AmauryLaridon/LPHYS2299-Master-s-Thesis

https://github.com/AmauryLaridon/LPHYS2299-Master-s-Thesis
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be parameterized. In these experiments, the arbitrary values of the constant
forcings were defined as uniformly zero. The plots of the bifurcation diagrams
include the hysteresis simulated by the model in dashed black lines and the
"exact" hysteresis calculated analytically based on our knowledge of the fixed
coefficients. Displaying both hystereses allows for comparison of the quality of
our simulation in its ability to reproduce the actual hysteresis.

FA
GIS = 0 Sv, FA

O = 0 Sv, TB = 0 ◦C,FB
O = 0 Sv, TC = 0 ◦C,FC

GIS = 0 Sv.
(3.116)

For the sensitivity experiment to the global mean temperature anomaly forcing,
EXPA, the hysteresis produced with the model (3.2,3.3) is shown in Figure (37).
The simulations of EXPB, EXPC are conducted in the same manner, and the
hysteresis loops are shown in Figures (38,39).

Figure 37: EXPA Hysteresis product for validation testing.

Based on this numerical hysteresis, the critical values of the bifurcation point
coordinates are identified. These coordinates are determined through visual
inspection; while a more sophisticated numerical method could have been de-
veloped, it was deemed unnecessary for the purposes of this validation test.
Here are the selected values of the bifurcation points11 based on the Figures
(37,38,39),

11In this case, we have exactly Ψ+ ≡ Ψ+
A = Ψ+

B = Ψ+
C et Ψ− ≡ Ψ−

A = Ψ−
B = Ψ−

C . This
is consistent with what was discussed in Section (3.3.2) regarding this assumption. Since
we are generating the hysteresis loops with our simplified model, this working hypothesis is
precisely valid. However, we will see that this is not the case for hysteresis loops originating
from more process-based models, which will result in an error term that we will optimize in
Section (3.4).
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Figure 38: EXPB Hysteresis product for validation testing.

Ψ+ = 0.79, (3.117)
Ψ− = 0.18, (3.118)
T+ = 1.76 ◦C, (3.119)
T− = 1.23 ◦C, (3.120)

F+
GIS = 3.55 Sv, (3.121)

F−
GIS = 2.5 Sv, (3.122)
F+
O = 2.33 Sv, (3.123)

F−
O = 1.63 Sv. (3.124)

Next, to calculate the coefficients a1, b1, c1, d1, e12, f , I input these values into
the created function,

calib_module_AMOC_ParamB(Ψ+,Ψ−, T+, T−, F+
GIS, F

−
GIS,

F+
O , F−

O , FA
GIS, F

A
O , T

B, FB
O , TC , FC

GIS)

= a1, b1, c1, d1, e12, f. (3.125)

This function calib_module_AMOC_ParamB is the numerical implementation of
Equations (3.56-3.77) described above. It should be noted, however, that the
value of c1 used is taken from Equation (3.75). The comparison between the
values of the coefficients arbitrarily defined initially and those calculated by the
AGTCCM is shown in Table (5).
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Figure 39: EXPC Hysteresis product for validation testing.

The values of c1 differ depending on whether they are calculated by EXPA, EXPB,
or EXPC. This arises from the fact that the term c1 is the independent term
present in all simulations of independent forcing. In other words, it is the
coefficient to be calibrated across three different hysteresis experiments. Con-
sequently, it is overdetermined, and an exact value cannot be assigned to it
for each of the three sensitivity experiments. Similarly, this holds true for the
coefficients c1 in the case of Param A or for the coefficient c2 for the GIS. In re-
ality, each equation overdetermining c1 defines a c1 coefficient that significantly
differs depending on the sensitivity experiment. The same holds true for c2.
Referring back to Equations (3.75,3.76, 3.77), it should be noted taking this
now into account that,

cA1 ≡ T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
− e12F

A
GIS − fFA

O , (3.126)

cB1 ≡ F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
− d1T

B − fFB
O , (3.127)

cC1 ≡ F+
OΨ−2

(Ψ− − 3Ψ+)− F−
OΨ+2

(Ψ+ − 3Ψ−)

2(F−
O − F+

O )
− d1T

C − e12F
C
GIS. (3.128)

In the calib_module_AMOC_ParamB model, and this will also be the case in the
calib_module_AMOC_ParamA model, we define that,

c1 ≡ cA1 . (3.129)
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Arbitrary Fixed AGTCCM Absolute Error12

Coefficients Coefficients (|xi − x∗
i |/xi)× 100

a1 1.5 1.455 3.09%
b1 -0.5 -0.427 17.21%
c1 0.3 0.306 1.86%
d1 -0.2 -0.214 6.6%
e12 -0.1 -0.108 7.48%
f -0.15 -0.162 7.48%

c1 from Eq.(3.76) 0.3 0.306 1.86%
c1 from Eq.(3.77) 0.3 0.3 0%

Table 5: Comparison between coefficients a∗1, b
∗
1, c

∗
1, d

∗
1, e

∗
12, f

∗ and the ones computed by
AGTCCM : a1, b1, c1, d1, e12, f.

In the analogous model for the GIS, numerically named calib_module_GIS, we
define that,

c2 ≡ cC2 , (3.130)

where cC2 represents the value of c2 as defined in Equation (3.108). This deci-
sion is motivated by the fact that, given the presence of an error, we aim to
minimize it primarily in relation to the temperature forcing, which serves as the
dominant primary forcing for both the GIS and the AMOC. Thus, to capture
the dynamics of the AMOC and the GIS as faithfully as possible to nature, it
is essential to model the temperature forcing accurately. In other words, our
priority is to optimize the hysteresis loops of the AMOC and the GIS based on
the temperature forcing, even if it means accepting a less precise calibration of
the AGTCCM for other forcings. Alternative approaches to this decision will
be explored in Section (3.5) on the Limitations of AGTCCM.
Once this initial reflection and observation are made, we realize that the AGTCCM
is very successful in recovering the arbitrary coefficient values that we initially
defined. The largest absolute error we obtain is 17.21% for the term b1, but we
are able to achieve absolute errors as low as 1.86% for c1, for example.
In Figures (40,41,42), the hysteresis simulated by the AGTCCM model with
the arbitrary coefficient values for the validation experiment is displayed in
solid black dashed lines. The exact bifurcation diagram calculated analytically
based on these known coefficients is plotted in dashed blue lines. The simu-
lated bifurcation diagram using the output model of the AGTCCM with the
coefficients calibrated by the method is shown in olive green lines. Lastly, the
critical bifurcation points are depicted in red. Thus, a very good calibration of
the hysteresis from the AGTCCM, which seeks to emulate that provided by the
initial model13, is observed.
However, this significant difference cannot be ignored without comment, espe-
cially since we had stated theoretically that it was possible to retrieve their

13which in this specific case is the same model but with "forgotten" coefficients
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Figure 40: EXPA Bifurcation Diagram product for validation testing.

Figure 41: EXPB Bifurcation Diagram product for validation testing.

exact values.14 The reason for the difference has already been mentioned; here,
we are merely conducting a "visual" calibration of the critical bifurcation point
coordinates. Several experiments have shown that the closer we refine the es-
timations of these coordinates towards their true values, the more we tend to
reduce the error term towards zero. Various avenues of numerical algorithm to
find the exact bifurcation points could be designed and implemented without

14By exact value, we mean a perfect calibration of the simplified model on itself. The
double-fold model is merely an approximation based on the normal form that locally describes
the behavior of a tipping element near its bifurcation, but it does not guarantee an equally
accurate global description of the real world.
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Figure 42: EXPC Bifurcation Diagram product for validation testing.

too much difficulty. However, regardless of the physical model used to produce
hysteresis loops, the exact bifurcation point is never an exact science but is
based on multiple experiments and cross-research that allow us to identify a
reasonable range where we can place the bifurcation points. We will indeed
see a manifestation of this difficulty in the following section where we will cal-
ibrate the AGTCCM on cGenie hysteresis loops. As explained in Chapter I,
obtaining precise values for the bifurcation points of the AMOC, the GIS, and
any other tipping element is very challenging. Depending on the model used,
discrepancies can sometimes be significant. Therefore, there is inevitably an
element of expert judgment that must be provided by the researcher to assign a
reasonable value to these bifurcation points based on the hysteresis loops. For
these two reasons, it did not seem necessary or useful to provide a numerical
implementation for calculating the bifurcation points. This operationally and
pragmatically allows for more flexibility in defining the "expert" chosen on the
coordinates of the bifurcation points from the hysteresis loops that we wish to
emulate.
Finally, from Figures (40,41,42), we can observe that the bifurcation diagram
provided by the AGTCCM does not exactly match the critical bifurcation point
coordinates. Although this is an unsatisfactory result, it is still a consequence
of the fact that we do not have identical c1 coefficients in each of the sensitivity
experiments. This is a weakness of the AGTCCM, inherent to its simplification
methodology, which will be even more pronounced in the next section but will
also be criticized and discussed in the final section on the limitations of this
method at the end of the chapter. Fortunately, however and as will be shown,
this does not prevent the AGTCCM from being able to produce simplified
hystereses calibrated in a usable and reasonable manner.
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As stated in the introduction to this sub-subsection, we will not extensively
present the results of this validation test for the GIS model as well as for the
Param A configuration of the AMOC. The results, observations, and conclusions
are identical, which is why it was not deemed necessary to present them in
order to make the exposition more concise and avoid unnecessarily burdening
this thesis. Based on these encouraging results, we will therefore proceed to
practically implement the AGTCCM by testing it in an operational framework,
for which it was designed: to emulate hysteresis of more complex systems.

3.4 Calibration with cGenie

Figure 43: Scheme of the cGenie model. Figure from cGenie documentation.[60]

What is cGenie and why using this model ?

cGenie is an Earth System Model of Intermediate Complexity (EMIC), which
is a type of climate model used to simulate Earth’s climate and its interactions
with different components of the Earth system, such as the atmosphere, hy-
drosphere, cryosphere, and biosphere, as shown in Figure (43). EMIC models
lie between complex General Circulation Models (GCMs) and simplified low-
resolution models (such as SURFER). They are designed to incorporate enough
detail to capture key climate processes while remaining faster and more easily
interpretable than GCMs. These models are often used to study large-scale cli-
mate interactions, long-term climate changes, and the responses of the climate
system to various forcing scenarios. Therefore, cGenie should be regarded more
as a tool that is not overly cumbersome to use, with physics sufficiently coherent
to serve as a "discovery and exploration" tool for understanding how the Earth
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system might operate, rather than necessarily as a detailed "simulation" tool.
[60]
We have chosen to use cGenie as the initial model with higher physical com-
plexity to calibrate the Atlantic Meridional Overturning Circulation (AMOC)
in the AGTCCM because it is recognized for its consistency in modeling the
AMOC. Additionally, it enables hysteresis experiments with relatively limited
computational time. This is indeed an important criterion because, in prac-
tice, generating AMOC collapse hystereses requires fairly long simulation times
to perturb the AMOC while maintaining proximity to equilibrium as much as
possible. The final reason is the expertise within Prof. Crucifix’s research team
regarding cGenie, particularly from PhD student Justin Gérard, who works
extensively with this model.

The hysteresis produced with cGenie

Our objective is therefore to conduct independent sensitivity experiments on
the AMOC that reflect the three sources of forcing specified in Param B of the
AGTCCM, namely global average temperature, a freshwater flux from GIS, and
a freshwater flux associated with an anomaly in the precipitation-evaporation
(P − E) balance over the Atlantic. Based on these experiments, the goal will
be to identify the coordinates of the critical bifurcation points, which will then
be supplied to the AGTCCM to calibrate our simplified dynamics accordingly.
In the calibration methodology, a fundamental assumption we rely on is the
independence of forcings and the capability to individually manipulate these
forcings in model simulations we aim to emulate. Considering the cGenie model,
it includes a representation of the water cycle with a parametrization of the P−
E (precipitation-evaporation) balance, which is temperature-dependent. In the
initial sensitivity experiment EXPA, it was not feasible to isolate this particular
contribution. In other words, in our EXPA, there is also an implicit consideration
of salinity variations induced by P −E. However, this effect is minimal enough
that we can consider the primary forcing to be almost exclusively on the thermal
branch of the thermohaline circulation. Thus, it is a reasonable approximation
to state that in cGenie, a forcing by atmospheric temperature on the AMOC
effectively creates a thermal forcing on the thermohaline circulation.

EXPA Temperature Forcing Sensibility Experiment

As part of EXPA, a sensitivity experiment for the AMOC under global aver-
age temperature forcing, we utilized a simulation spanning 40 000 years during
which a tent function forcing was artificially applied to atmospheric CO2 con-
centrations, increasing from pre-industrial levels of 280 ppm to 2800 ppm. This
forcing is depicted in Figure (44a), while the response in terms of global average
temperature anomaly at 2 meters above ground level is shown in Figure (44b).
It is important to note that the transition from an atmospheric CO2 concen-
tration anomaly to a global average temperature anomaly is quantified by the
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climate sensitivity inherent to the cGenie model we are using. Compared to the
existing literature and models, cGenie possesses a moderate climate sensitivity,
within the range of accepted values. Based on this moderate climate sensitivity,
it is observed that a tenfold increase in atmospheric CO2 concentration leads
to a global average temperature anomaly of approximately 10◦C. Additionally,
the response of the average surface ocean temperature, shown in Figure (45a),
is noteworthy. Due to the greater thermal inertia of the ocean compared to
the atmosphere, a more subdued response is observed, although a maximum
temperature anomaly of approximately 4.5◦C is still noted. The global average
ocean salinity is also displayed, where it is seen to vary insignificantly.

(a) (b)

Figure 44: (a) CO2 and (b) Global Mean Temperature forcing in the EXPA sensibility exper-
iment with cGenie.

Now let us delve into EXPA to explore what really interests us: the response
of the AMOC to this temperature forcing. To characterize the intensity of the
AMOC, we will use Ψ, which is the streamfunction of the Atlantic overturning
ocean circulation as defined in Chapter I. This is directly calculated by cGenie
as an output variable of the model. Figure (45b) depicts the bifurcation diagram
along with the hysteresis behavior resulting from the sensitivity experiment to
global mean temperature.
We indeed observe a collapse of the AMOC during this experiment solely due
to a temperature forcing. However, it is worth noting that we are forcing with
an extreme temperature anomaly reaching up to +10◦C in global mean tem-
perature. Nevertheless, the rate at which we warm up is very low, as we warm
by 10◦C over 20 000 years, resulting in a warming of 0.0005◦C per year. For
comparison, this represents a factor nearly ten times smaller than the ≈ 1.1◦C
increase since the industrial revolution, which corresponds to an average annual
warming of ≈ 0.003◦C.
We also observe the expected behavior, namely that after the ramp-up phase,
we can reach a cooling and a reduction of the anomaly significant enough to
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(a) (b)

Figure 45: (a) Mean Global Surface Oceanic Temperature and Salinity from EXPA. (b)
Bifurcation Diagram and Hysteresis from EXPA. The maximum of the AMOC’s streamfunction
Ψ is plotted against the anomaly of the mean global air temperature at 2 meters above the
surface.

recreate the AMOC and restore it to its initial state.
Furthermore, we encounter an initial difficulty, namely that hysteresis loops
from more complex models such as cGenie never allow for an explicit and direct
reading of the bifurcation points. Indeed, even if the AMOC collapses, deter-
mining the exact bifurcation point in Figure (45b) is not straightforward. In
reality, there is no canonical method to determine the exact bifurcation point
based on a complex hysteresis. The best technique remains a visual estimation
aided by expert judgement. Another simulation challenge is the difficulty in
estimating whether we are indeed at a stable equilibrium point or not, as due
to the limitations of available simulation times on more complex models, we
might not be precisely at equilibrium for the AMOC. In other words, it could
be that if we had access to a much longer integration time, we would realize
that we are still at a point of the hysteresis on a stable equilibrium.
To address these difficulties, I sought the expertise of J.Gérard who has been
working on cGenie for a long time and had conducted stability tests of the
AMOC in cGenie for his thesis. A first comment is that the oscillation ap-
pearing around ≈ 6◦C does not have a real physical meaning but is due to the
internal dynamics of the model; thus, it is not the marker of the beginning of
the bifurcation as one might have thought. Based on the stability tests con-
ducted by J. Gérard, the most faithful bifurcation point to what happens in the
simulations is the peak around T = 6.7◦C. Indeed, from his personal work, he
observed that if the AMOC was allowed to evolve for a sufficiently long time for
a temperature forcing lower than this value, it did not collapse. However, as will
be seen in the rest of this sub-subsection, the calibration with the AGTCCM
will require significant modification of this critical point artificially to optimize
the calibration.
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With this identification of the critical bifurcation point made, we can also con-
clude from the analysis of this first hysteresis that we distinctly observe the
hysteresis behavior announced in Chapter I. Indeed, the point at which the
AMOC returns to its initial state is reached for a temperature forcing value
significantly lower (approx. 1.5◦C) than that for its collapse. In other words,
we find that the evolution of the AMOC, as a dynamical system, depends on
its past history.

EXPB FGIS Sensibility Experiment

In both EXPB and EXPC, we apply the same parametrization of the freshwater
flux, namely a tent function that ranges from −0.2 Sv to 0.3 Sv over 10 000
years, and then decreases at the same rate back to the initial state. This
freshwater forcing15 is depicted in Figure (46). This quantity of freshwater flux
falls within the range of typical fluxes used for hosing experiments aiming to
approximate the typical idealized GIS freshwater forcing used in GIS hosing
studies.[41, 85] It is the same parametrization as that performed in the seminal
paper by Rahmstorf et al.[58] It constitutes a sufficiently slow forcing so that
the circulation can adjust to this change while remaining close to equilibrium.
Again, this is necessary because it is through the study of equilibrium states in
the model that we obtain the basis for understanding the response to transient
simulations.[58]

Figure 46: Parameterization of freshwater flux forcing in the hosing experiments EXPB and
EXPC.

The only, and significant, difference between EXPB and EXPC lies in the geo-
graphic location where this forcing in the Atlantic is applied. In EXPB, we

15Note that in reality, the simulations maintain a constant sea level, meaning that in the
model, we only add or remove salinity to the water and do not actually add freshwater. This
is a technical detail but does not pose any problem and does not lead to aberrant results.
This methodology is the standard one used in the vast majority of hosing experiments.
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aim to simulate a freshwater flux forcing originating from the melting of the
Greenland Ice Sheet (GIS). Therefore, the freshwater flux we add in this sen-
sitivity experiment will be applied within a rectangle between 50◦N and 70◦N
and between 45◦W and 5◦E. This forcing thus alters the large-scale freshwater
balance of the North Atlantic, without directly affecting the high-latitude con-
vection regions.[58] The area where the forcing is applied is depicted in Figure
(47). This serves as a good approximation to the areas where a freshwater input
from the GIS will have a primary impact, especially since we are directly forc-
ing in the critical zones for the AMOC, namely the deep convection formation
areas in the North Atlantic. It is important to note that this freshwater in-
put into the Atlantic is exactly compensated by increased evaporation, which is
parametrized in the Pacific, to maintain a constant salinity in the global ocean
and avoid inducing effects due to physically unrealistic imbalances within the
model. This was done for the sake of detail, although studies have shown that
compensating for this freshwater input in the Pacific makes little difference.[59]
Furthermore, consider land mask input in cGENIE, in dark gray on Figure (47).
We can observe the implications of EMICs models having an intermediate level
of spatial resolution, allowing for the representation of continents but with very
coarse estimation, leading, for example, to the fact that places like Madagascar
have a resolution lower than that of the grid and therefore cannot be represented.
In green are the grid elements considered as oceanic.

Figure 47: Geographical region where hosing forcing is applied in EXPB.

The bifurcation diagram of the AMOC for this sensitivity experiment to a fresh-
water flux representing the consequence of GIS melting is shown in Figure (48).
We observe a more abrupt collapse of the AMOC than in the case of temperature
forcing. The oscillation appearing in EXPA is not present in this case, and the
response of the AMOC is much smoother to freshwater forcing. Again, although
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Figure 48: Bifurcation diagram and hysteris from EXPB. The maximum of the AMOC’s
streamfunction Ψ is plotted against the anomaly of freshwater flux applied in the region de-
picted on Fig.(47)

the exact location of the stable-to-unstable state bifurcation remains difficult to
determine, a reasonable range based on the literature that reproduces these data
is between [0.02 Sv, 0.1 Sv]. By taking a value for the critical bifurcation point
within this interval, we distinctly observe again the hysteresis behavior and the
abrupt recovery of the AMOC for slightly negative freshwater flux anomaly
values of approximately −0.02 Sv.

EXPC FO Sensibility Experiment

For the last sensitivity experiment, a freshwater flux forcing similar to that
described in Figure (46) is used, but applied this time to the geographical
region between 20◦ N and 50◦ N and across the entire width of the Atlantic
basin. The geographical hosing area is shown in Figure (49). The reason for
this specific hosing application area is to emulate the effect of a modification
in the freshwater flux by altering the precipitation-evaporation balance around
the latitude of the Tropic of Cancer.
In Figure (50), the bifurcation diagram for this last sensitivity experiment is
depicted. Qualitatively, we observe the more abrupt and smoother response of
the AMOC in its collapse to the freshwater flux forcing, as described in EXPB.
Apart from a slightly more abrupt collapse in the intensity of the AMOC in
the case of EXPC, the bifurcation diagram is very similar to that of EXPB. The
hysteresis behavior is again pronounced. This likely stems from the fact that
the distinction between the hosing application areas is actually quite subtle.
Although freshwater is added a bit further south than in the most critical deep
water formation zones, applying freshwater across the entire width of the At-
lantic basin likely compensates for this difference and even slightly dominates
this effect.
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Figure 49: Geographical region where hosing forcing is applied in EXPC.

Figure 50: Bifurcation diagram and hysteresis from EXPC. The maximum of the AMOC’s
streamfunction Ψ is plotted against the anomaly of freshwater flux applied in the region de-
picted on Fig.(47)

Calibration and emulation of cGenie by the AGTCCM

Now that we have produced and detailed the three sensitivity experiments at
our disposal, we can extract the critical coordinates of the bifurcation points
to calibrate the AGTCCM accordingly. We will calibrate the AMOC by em-
ulating its behavior as described by cGenie. Taking into account the previous
considerations, the initial version of the critical bifurcation point coordinates
considered are displayed in Figures (51a, 51b, 52)16 and summarized in Table

16It should be noted that from now on, to facilitate comparisons with the literature and to
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Coordinates Values from
cGenie hysteresis

Ψ+ ≡ Ψ+
A 0.6

Ψ− ≡ Ψ−
A 0.022

T+ 5.5
T− 1.27
F+
GIS 0.045

F−
GIS -0.015
F+
O 0.065

F−
O -0.015

Ψ+
B 0.45

Ψ−
B 0.16

Ψ+
C 0.495

Ψ−
C 0.18

Table 6: Different critical coordinates retained from the cGenie hystereses for the calibration
of the AGTCCM

(6).
There are two challenges in selecting the best critical coordinates for bifurcation
points. The first, as previously described in more detail, is inherent in the
identification of bifurcation points based on hysteresis in climate components.
This involves the difficulty of simulating hystereses and accurately pinpointing
the exact location of the bifurcation point due to an inability to determine if the
system is truly at equilibrium at the considered location. The second challenge
is specific to our simplified calibration methodology. As we will see, the choice
of these coordinates fundamentally impacts the quality of calibrations that can
be performed with our simplified dynamics in relation to the more complex
hysteresis.
A primary challenge in the AGTCCM is that, as stated, we hypothesized that
Ψ+ ≡ Ψ+

A = Ψ+
B = Ψ+

C and Ψ− ≡ Ψ−
A = Ψ−

B = Ψ−
C . However, as observed in

Figures (51a, 51b, 52), although it is possible to identify critical forcing coordi-
nates for FGIS and FO that correspond to points on the hysteresis curve which
we might consider as bifurcation points under this working hypothesis, there
is no guarantee of its accuracy. Indeed, as illustrated in Table (6), the critical
values of AMOC at which it bifurcates are notably different across the three
experiments. This simplification results in an inherent error in our AGTCCM
methodology. Unfortunately, this is the price paid to maintain a mathemat-
ical framework that is as coherent, effective, and understandable as possible.

simplify the interpretation of results, we will systematically normalize the states of the AMOC
as well as those of the GIS. We thus redefine x → x/xmax, where x is any state variable of
the tipping element under consideration and xmax = x(t = tPI). This is solely a scaling
normalization aimed at eliminating the precise numerical values of the tipping element’s
state.
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(a) (b)

Figure 51: (a) Localization of the selected bifurcation points on the hysteresis of EXPA. (b)
Localization of the selected bifurcation points on the hysteresis of EXPB.

Without this working hypothesis, it would indeed be impossible to calibrate
the inter-hysteresis relationships with such a reduced set of equations. Once
this hypothesis is accepted, we must then consider which effective values to
take for Ψ+ and Ψ−. In other words, should we use the values from EXPA, EXPB,
or EXPC? This anticipates the broader and more synthetic discussion in the fol-
lowing subsection about the limitations of AGTCCM, namely, how should we
distribute the inherent modeling errors. In other terms, which forcing variable,
which hysteresis should we prioritize for refinement, and therefore, on which
are we willing to accept a greater calibration error? Motivated by literature
suggesting that temperature forcing is dominant in the dynamics of GIS and
AMOC collapse, we will always strive to minimize errors in the initial sensitivity
experiments in this work. Furthermore, the uncertainty surrounding freshwa-
ter flux forcing terms is also greater in the literature because they are more
challenging to simulate. Therefore, it seems more reasonable to accept a larger
margin of error in the sensitivity experiments EXPB and EXPC. Based on these
motivations, we decide that,

Ψ+ ≡ Ψ+
A, (3.131)

Ψ− ≡ Ψ−
A. (3.132)

A second important remark is that contrary to what we stated in the analysis
of the EXPA hysteresis, we have chosen bifurcation coordinates for T+ much
lower than the value of T+ ≈ 6, 5◦C which had been motivated by J.Gérard’s
research. Why this contradiction? Figures (53a, 53b) show the initial results of
calibrating the AGTCCM emulation on the cGenie hysteresis for EXPA. As seen
in Figures (53a, 53b), if we were to take the "true value" of T+ ≈ 6, 5◦C, we
would achieve a very poor calibration of the simplified model on the hysteresis.
Even if we were to use what would be a more accurate bifurcation point, the
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Figure 52: Localization of the selected bifurcation points on the hysteresis of EXPC

remaining dynamics leading to the bifurcation points would be of very poor
quality. Furthermore, and this is not a minor issue, we would have a very poor
calibration of the AMOC on the pre-industrial state, or at least on any state
without forcing with T = 0◦C.

(a) (b)

Figure 53: (a) Calibration of the AGTCCM on the EXPA from cGenie in the case where
Ψ+ = 0, 6. (b) in the case where Ψ+ = 0, 449.

What is the source of this latter problem? In the simplified double-fold model
with a single forcing parameter by Martinez-Monteiro et al.[52], an additional
algebraic constraint is developed to ensure that when the forcing is zero, the
state of the GIS is at its pre-industrial value. If we go back to Eq.(3.31), this
constraint is found by imposing that V (T = 0) = 1, and since V (t = tPI) is
also an equilibrium point, we have as a second condition that dV

dt
(t = tPI) = 0.

By combining these two constraints based on equation (3.31), we obtain that,
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−1 + a+ b+ c = 0. (3.133)

Next, we inject the values of a, b, c, d as functions of (V+, V−, T+, T−) and isolate
V− in order to express this last calibration constraint on the pre-industrial value
through the coefficient V−. Out of the four critical coordinates of the two
bifurcation points, the value of x− is consistently the least interesting of the four,
so we reasonably decide to significantly modify its value to achieve calibration
in the case of zero forcing, which is more important. After tedious algebra, one
can fall back on the constraints by Martinez-Monteiro et al., following this logic.

V− =
−2 + V+(1 +G1/3 +G−1/3)

−1 +G1/3 +G−1/3
, (3.134)

with,

G =

(
T+ + T− + 2

√
T−T+

T+ − T−

)
. (3.135)

We can then ask whether we can generalize this calibration method on the
pre-industrial value to our choices of parameterization with 2 and 3 forcing
variables. Analogously, we pose as a constraint for the Param B of the AMOC
that,

Ψ(T = 0, FGIS = 0, FO = 0) = 1, (3.136)

and that

dΨ

dt
(t = tPI) = 0. (3.137)

In equation (3.2), these two constraints yield,

−1 + a1 + b1 + c1 = 0. (3.138)

However, attempting to substitute the values of a1, b1, c1 in terms of the co-
ordinates (Ψ+,Ψ−, T+

Ψ , T−
Ψ , FA

GIS, F
A
O ) and then isolate and express this final

equation in terms of Ψ− has not been feasible in practice. Theoretically, we are
searching, without loss of generality, for a function l : R7 → R such that,

Ψ− = g(Ψ+,Ψ−, T+, T−, FA
GIS, F

A
O ), (3.139)

and that respects Eq.(3.138). Unfortunately, it has not been possible to find
such a function. Furthermore, it should be noted that if this function is found, it
will introduce a new dependence between the constant forcings in the sensitivity
experiments. In other words, not all possible sensitivity experiments will be
feasible anymore; only a narrower range will allow for calibrating the AMOC
while maintaining consistency with the pre-industrial value calibration.
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Given that the generalization of pre-industrial calibration in our case to multiple
forcing variables could not be achieved, we also need to ensure that the pre-
industrial equilibrium value is not aberrant. Based on Figures (53a,53b), it is
clear that artificially increasing the value of the critical bifurcation point Ψ+,
besides fitting the intermediate dynamics before the first bifurcation point much
better, has the merit of providing a fairly good calibration for the pre-industrial
value. This statement holds even more true when comparing with Figure (53b),
which would have given us a value of Ψ(t = tPI) = 0, 7, while the one chosen in
Figure (53a) yields a value of Ψ(t = tPI) = 0, 93.

(a) (b)

Figure 54: (a) Calibration of the AGTCCM on the EXPB from cGenie. (b) same for EXPC.

Finally, Figures (54a,54b) depict the calibrations of the AGTCCM on cGenie’s
hysteresis loops for the EXPB and EXPC experiments. The first notable obser-
vation is that our simplified hysteresis loops do not precisely pass through the
identified critical bifurcation points. This phenomenon is the same as observed
in the previous subsection on the validation test. Since we decide to take the
value of c1 determined by the EXPA experiment to maximize the calibration
accuracy on temperature, we do not have an exact value of c1 that allows cal-
ibration on the bifurcation points for EXPB and EXPC. This is regrettable, but
it is once again an inherent limitation of our extreme simplification logic of a
complex dynamics. However, to mitigate the impact of this error, given the
considerable variability in critical threshold ranges provided by the literature,
we actually have a difference of about ≈ 0, 02 Sv between the chosen bifurcation
point and where our simplified hysteresis loop actually passes. Considering the
literature itself is fraught with significant uncertainty, the result presented here
seems acceptable.
However, we observe that the calibration of the simplified dynamics remains
qualitatively correct; the simplified hysteresis manages to capture the shape of
the complex hysteresis relatively well. This is especially true for the sensitivity
experiment EXPC. Regarding the challenge of calibration on the pre-industrial
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value, we have acceptable results here since we find that Ψ(t = tPI) ≈ 0, 95 for
these last two sensitivity experiments.

Figure 55: Forcing space of Ψ in terms of forcing by temperature T and freshwater flux
from the GIS FGIS. Figure produced using AGTCCM calibration on cGenie

A graphical representation of the two-dimensional forcing space of Ψ as a func-
tion of T and FGIS is shown in Figure (55). The same figure depicting the
forcing space as a function of T and FO is presented in Figure (56). Such fig-
ures provide insight into a portion of the forcing space, which is actually three-
dimensional in the case of Param B, and importantly, they elucidate the utility
of the AGTCCM. While generating hysteresis loops using process-based models
like cGenie is time-consuming due to the preparation of experiments and com-
putational expenses, these two figures demonstrate that, once the AGTCCM is
calibrated, we possess an emulator that is fit-for-purpose and capable of explor-
ing other regions of the forcing space. Indeed, the three sensitivity experiments
conducted with cGenie only examined the evolution of AMOC intensity for spe-
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cific combinations of forcing parameters T , FGIS, and FO. As demonstrated in
the next chapter, by integrating the AGTCCM into SURFER, we gain access
to an AMOC emulation capable of responding to a much broader spectrum of
forcings, which are also dynamic as simulated within the model.

Figure 56: Forcing space of Ψ in terms of forcing by temperature T and freshwater flux
from the Other components FO. Figure produced using AGTCCM calibration on cGenie

Calibration for the GIS

Given the primary importance of the AMOC in the potential cascading collapse
dynamics of the AMOC-GIS system, as well as the time constraints, I focused
my efforts on using hysteresis experiments only for the AMOC. Indeed, it was
more feasible to do so due to access to simulations using cGenie provided by
J. Gerard. However, the calibration for the GIS relies on critical bifurcation
point values already present in SURFER v2.0, which are derived from hysteresis
studies in the literature.
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3.5 Limitations of the AGTCCM and Paths for Improve-
ment

Before presenting the numerical integration of the AGTCCM into SURFER
v3.1, which will form SURFER v3.2, it was deemed useful to revisit, in this
penultimate section of this technical chapter, the inherent limitations of the
AGTCCM, the difficulties encountered, and further justify the choices made re-
garding each of these challenges. Despite the identified limitations, this section
also serves as a defence of the relevance of the created model and the original
methodological paradigm it establishes. Paths for improvement will also be pro-
posed regarding several current challenges to provide clear perspectives based
on the innovative methodology presented here. We will divide the discussion
into two parts: first, on the limitations of the simplified model chosen for the
AMOC-GIS, and then on the calibration method. Before that, some general
remarks on the research paradigm are necessary.

3.5.1 Limitations of the Conceptual Approach

First, there are inherent limitations to the conceptual approach we have taken.
We recall that the primary objective here was to produce a methodology for
emulating the complex collapse dynamics of the AMOC and the GIS, derived
from process-based models, to calibrate a simplified dynamics. In concrete
terms, we aim to model as faithfully as possible physically complex dynamics
involving numerous physical processes on various spatiotemporal scales with a
third-order polynomial. We seek to reduce the range of forcing dynamics that
can occur on the AMOC and the GIS to a limited number of forcing variables.
Once the program is outlined in this way, it is evident that this methodology,
while having enormous advantages such as allowing the production of reliable
experiments at very low costs, will have significant limitations in precision.
These limitations and the fact that we would not be able to achieve perfect
calibration were, with a little common sense, already known results before even
putting this methodology on paper and into numerical code. The real challenge
that follows is to optimize the inherent errors of the methodology to produce
a calibration model that remains usable and relevant while staying within the
basic research paradigm of the most extreme reductionism possible and inte-
gration into the SURFER model for rapid simulations. As we will see, we can
certainly improve the AGTCCM at many levels by adding physical parame-
terizations, but that is not the scientific objective of this project. Thus, this
entire chapter and the work that has been done to write it are the result of a
continuous reflection to find the best trade-off between efficacy and scientific
validity.
Finally, the literature itself, even with the aid of higher-resolution models such
as GCMs, retains a fairly wide domain of uncertainty regarding the coordi-
nates of critical bifurcation points, the dynamics of the GIS and the AMOC to
and between these bifurcation points, or even the associated timescales. The
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AGTCCM is a model that allows for the emulation of the behavior of more
process-based models of the AMOC and the GIS, but as the literature shows
us, these more process-based models themselves are not truths in themselves.
Therefore, this reduces the epistemological necessity of having the most precise
calibration possible of our simplified AMOC dynamics on cGenie in our case
because cGenie remains just one model among others with a truncated AMOC
dynamics that produces values with their own uncertainty. Put another way, it
is not useful to have precision to the millimeter on an object that can only be
located in space to the meter. The AGTCCM should therefore not be seen as a
model to be used for precise quantitative projections; it is highly likely that the
model values are wrong, but it is also very likely that the values given by the
model are plausible. Indeed, as presented in the preceding sections, the results
obtained by the AGTCCM fall within the plausible value ranges given by the
literature and thus guarantee the relevance of this model.

3.5.2 The Hypothesis of Forcing Independence

One of the strongest assumptions underlying the logic of AGTCCM is that of
the independence of forcings and the capability within the models we wish to
emulate to independently manipulate the AMOC and GIS forcings. Like any
model based on assumptions, these obviously set limitations that are worth
discussing.
Firstly, from the perspective of the physical dynamics of the AMOC, we know
that any alteration in the deep ocean circulation of the Atlantic will signifi-
cantly impact both temperature and salinity patterns throughout the Atlantic
Ocean, and even beyond. In other words, even if we induce the collapse of the
thermohaline circulation solely by manipulating its thermal branch, during the
dynamics of collapse, we will also affect the salinity distribution in the ocean. It
is therefore overly simplistic to state that we are triggering the AMOC collapse
purely through temperature or solely through freshwater flux. What matters
for the collapse of the AMOC is reaching a critical level of stratification, which
indeed depends on both the temperature and the salinity of the water.
We aim to study the dynamics of the AMOC collapse by identifying its responses
to forcings through the two levers of action that can lead to critical stratification.
However, in reality and in more complex models, a temperature forcing will
ultimately induce a variation in salinity distribution, and a salinity forcing will
induce a variation in the temperature distribution of ocean water. Even if the
forcing is solely thermal or solely haline, the fact that the circulation changes
will impact these two variable fields to such an extent that after some time, the
original signal of the forcing will be lost.
Furthermore, concerning the models’ capacity to simulate forcings indepen-
dently, our experiences with cGenie have revealed that due to the incorporation
of a water cycle model that establishes a dependency of the P−E (precipitation-
evaporation) balance on temperature, asserting strict forcing of the AMOC
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solely through temperature in the case of EXPA is untenable. Implicitly, a ha-
line forcing will also manifest. However, in cGenie, as an initial approximation,
it can be posited that the atmospheric temperature forcing predominantly in-
duces a thermal forcing on the AMOC, with minimal impact on freshwater flux
caused by variations in P − E in this context.
Expanding upon the point made in the preceding paragraph regarding the mix-
ing of forcings, in the case of EXPA, a change in atmospheric temperature will
affect oceanic circulation, subsequently influencing ocean temperature. Subse-
quently, this same ocean temperature will also influence atmospheric tempera-
ture and thereby P −E. In other words, in EXPA, P −E will follow the thermal
forcing. However, according to J. Gérard’s expertise on cGenie, P − E will
never serve as a driver in these simulations due to the poor representation of
the atmosphere in cGenie.
Thus, in general, the sensitivity experiments we aim to conduct using our
process-based models that we seek to emulate will always remain highly ideal-
ized. Whether it concerns the AMOC, the GIS, or other tipping elements that
we wish to model with simplified dynamics, there is potential overlap of forc-
ings between them, and considering their strict independence is rarely correct.
Within the dynamics of tipping elements, all forcings interact. Nevertheless,
through our methodology, we seek to capture the signature of the response of
each lever of action to the collapse of the tipping elements of interest using
idealized, albeit unrealistic, experiments, in order to subsequently study the
dynamics when these forcings combine in more realistic situations.

3.5.3 Limitations of the AMOC-GIS Model and Paths for Improve-
ment

The primary limitations of the chosen AMOC-GIS model that warrant further
development pertain to the parameterizations of freshwater fluxes within the
AMOC model, specifically that of FO.

Parametrizations of freshwater flux

The same coupling coefficient f to both the FW forcings and the FP−E forcing.
If the goal is to maintain a distinction between the contributions from freshwa-
ter flux resulting from the melting of all cryospheric components excluding the
GIS and the contribution from an anomaly in the P −E balance, then it would
be advisable to differentiate between these two forcings. Beyond this, further re-
finement could enhance the physical consistency of the model by differentiating
the coupling coefficients among the cryosphere components as follows:

dΨ

dt
= (−Ψ3 + a1Ψ

2 + b1Ψ+ c1 + d1T

+ e12FGIS(V ) + e13F
WAIS
W + e14F

EASB
W + e15F

EAIS
W + fFP−E)µΨ(Ψ) (3.140)
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Indeed, the melting of the West Antarctic Ice Sheet (WAIS) does not generate
a freshwater flux that impacts the AMOC in the same way as a melt from the
East Antarctic Ice Sheet (EAIS) would, for example. A motivation for such de-
tailed discretization of forcings among cryosphere components is their dynamic
simulation within SURFER, which would allow for dynamic forcing. However,
operationally implementing this is mathematically feasible but would require,
in this extreme case of equation (3.140), access to no fewer than six sensitivity
experiments providing hystereses of AMOC responses to these distinct forcings.
The design and production of these experiments would undoubtedly be the most
challenging aspect, as already seen in the case of GIS, where hosing experiments
with realistic freshwater flux parameterization are not very common and require
preliminary work in simulation setup. This is even truer for the differentiation
of Antarctic ice sheet components, whose dynamics are less well understood and
subject to greater uncertainty than those of Greenland. Nevertheless, a distinc-
tion between the coupling to the AMOC of FW and FP−E forcing remains rele-
vant and would be easier to implement, as one could consider two distinct hosing
experiments: one in a subtropical latitude region and another with freshwater
addition around Antarctica. In this case, we could set e13 = e14 = e15 ≡ e,
leading to a model with explicit forcings of T, FGIS, FW , FP−E and coupling
coefficients on the AMOC of d, e12, e, f . This would highlight interesting cou-
pling phenomena given the different characteristic timescales between the P−E
anomaly and the melt from Antarctic components.
Another source of error, which is not an inherent limitation of the AGTCCM
but rather of the calibration performed using cGenie, stems from the choice of
hosing experiment used for FGIS. As described in Section (3.4), we conduct
a hosing experiment between 50◦N and 70◦N , and between 45◦W and 5◦E to
simulate a freshwater flux originating from the GIS. Although this is a coherent
approach, it remains a relatively imprecise region for reproducing a freshwater
flux from the GIS. More refined parameterizations using more complex models,
as demonstrated in studies by Lenaerts et al.[41] and Jackson et al.[32], are
of interest in this context. These more precise simulations of hosing, however,
could not be carried out due to time constraints.
Another limitation of the AGTCCM is our parameterization of freshwater fluxes
from cryospheric components other than the GIS. While in the case of the
GIS sensitivity experiment, we can avoid introducing a geographical correction
factor due to the hosing region, this is necessary for all sub-components of FW .
However, it is overly simplistic to reduce the dynamics of freshwater transport
from Antarctica to the region described in Figure (49) by a mere constant
reduction factor. To correct this error, a relatively straightforward solution is
to conduct a sensitivity experiment on AMOC hosing in a region surrounding
Antarctica. Thus, as we more reasonably did for the GIS, we could eliminate this
geographical correction factor to access the AMOC’s response in the emulated
model to a freshwater flux from the South Atlantic proximate to Antarctica.
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The specific case of FP−E

The parameterization choices for freshwater fluxes, namely FGIS, FW , and FP−E,
have all been decided based on simplicity, adopting a linear model. While lit-
erature suggests that this approach may be acceptable for FGIS and FW , re-
ducing the dynamics of the evaporation-precipitation balance in the Atlantic
basin to a linear relationship is more questionable. Therefore, the greatest lim-
itation within the AGTCCM lies in the parameterization of FP−E. Although
there is genuine scientific interest in studying and emulating the impact of a
precipitation-evaporation balance anomaly on AMOC intensity with the sim-
plest possible dynamics, this is a highly complex endeavor. As described in the
section outlining the parameterization of FP−E, the literature itself is sparse
on understanding the projections of the P − E balance over the Atlantic as it
relates to warming. We have not found access to precise data that would allow
us to easily reduce the dynamics of the P−E balance to our linear temperature-
dependent relationship. The data we have found allowed us to provide a likely
range in the calibration of this parameterization, but it must be acknowledged
that it remains inadequate. To more finely calibrate this relationship, further
research and experimentation on the specific projections of the P −E anomaly
are necessary. A solution that would undoubtedly allow for calibration based
on more data would be to develop a small hydrological module of the water
cycle in SURFER and calibrate it based on experiments conducted by more
process-based models. Indeed, studies[81] already exist in this methodological
framework. Nevertheless, in order to address the scientific questions and within
the allocated time for work, this path of developing a small hydrological model
in SURFER was not chosen.
Beyond calibrating the parameterization of FP−E, we must question the quality
of our calibration of the coupling between this forcing and the intensity of
the AMOC. To account for the global effect of the P − E balance across the
entire Atlantic basin, it would be beneficial to conduct a hosing experiment
throughout the Atlantic basin and thereby calibrate the coupling coefficient f
based solely on this experiment. Indeed, by calibrating in our case on a hosing
experiment between 20◦N and 50◦N across the entire width of the Atlantic,
we do not capture the full effect of hosing on the entire Atlantic basin from
a P − E anomaly. Moreover, our hosing experiment EXPC does not directly
capture the contribution of P − E (precipitation-evaporation). It involves an
idealized hosing forcing, which technically represents a freshwater flux but is in
fact not realistic. We merely apply a freshwater flux to a different region of the
Atlantic in an attempt to collapse the circulation, thereby trying to replicate
the idealized consequences that a variation in the P − E balance would entail.
Despite these inherent limitations in the parameterization of FP−E, it seemed
appropriate to nonetheless document and implement a preliminary version of
this parameterization, albeit unsatisfactory in many respects. Indeed, it has
the merit of allowing us to test our generalized methodology with three forcing
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variables and to understand the complex dynamics that can occur in the re-
sponse of the AMOC to an increase in temperature. As shown in the following
chapters presenting the results in SURFER v3.2 of this parameterization, the
numerical values of this forcing term should be taken with caution. Instead of
providing plausible quantitative values, this parameterization illustrates distinct
and relevant qualitative regimes for analysis. Finally, to avoid compromising
all simulations by this less well-determined forcing term, it is possible to simply
deactivate this freshwater flux in SURFER v3.2 and revert to the Param A of
the AMOC, which we will indeed do in Chapter III.

3.5.4 Limitations of the Calibration Module and the best trade-off

The decision to adopt the calibration methodology for our simplified dynamics
model was thus to adhere to the paradigm initially developed by Martinez-
Monteiro et al. [52] and to generalize it to multiple forcing parameters. As
stated earlier in this chapter, this approach allows us to provide semantics and
physical coherence to our calibration parameters. However, recognizing the
inherent limitations of any method, three sources of errors have been identified
that constrain the calibration capacity of our simplified double-fold dynamics
in relation to the hysteresis behaviors of process-based models. Each of these
sources will be presented, along with a discussion of the choices made to address
them as effectively as possible.

The overdetermination of the coefficient c1

The first source of error stems from the values of the independent terms c1,
which must be shared across each sensitivity experiment. As observed, there is
an over-determination of coefficients per sensitivity experiment available. The
direct effect of these over-determinations is that if we choose a specific value
of c1 precisely from one sensitivity experiment, we can then calibrate precisely
to the bifurcation points associated with that sensitivity experiment but not to
others.
Faced with the challenge of having as many different values of c1 as there
are available hysteresis experiments, several approaches have been considered.
Given that we have more constraints than unknowns, it is not possible to ana-
lytically solve this system for c1. Thus, it is necessary to resort to optimization
mechanisms for the value of c1. The first approach considered was to optimize
the value of c1 using the least squares method. Specifically, we could define a
distance or cost function, denoted by J , which we seek to minimize. Mathe-
matically, we are looking for J such that J = Ax− b, for which we aim to solve
by least squares to find the optimal solution x∗ such that17,

||Ax∗ − b||2 = minMSE(||Ax∗ − b||2) (3.141)
17In the following, I abandon explicit vector and matrix notations.
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The technical challenge afterwards is to find the form of the matrix A that
encodes the function with respect to which we seek to minimize the quantity
J . An intuitive choice can be made by starting from equations (3.75,3.76,3.77),
which can be rewritten as follows:

cA1 = cA1
∗ − e12F

A
GIS − fFA

O , (3.142)

cB1 = cB1
∗ − d1T

B − fFB
O , (3.143)

cC1 = cC1
∗ − d1T

C − e12F
C
GIS, (3.144)

by using the definitions of the terms cA1 , cB1 , and cC1 from equations (3.126,3.127,3.128)
and a new notation convention,

cA∗
1 =

T+
ΨΨ−2

(Ψ− − 3Ψ+)− T−
ΨΨ+2

(Ψ+ − 3Ψ−)

2(T−
Ψ − T+

Ψ )
, (3.145)

cB∗
1 =

F+
GISΨ

−2
(Ψ− − 3Ψ+)− F−

GISΨ
+2
(Ψ+ − 3Ψ−)

2(F−
GIS − F+

GIS)
, (3.146)

cC∗
1 =

F+
OΨ−2

(Ψ− − 3Ψ+)− F−
OΨ+2

(Ψ+ − 3Ψ−)

2(F−
O − F+

O )
. (3.147)

The goal then becomes to seek to express a function J such that the different
expressions of cA1 , cB1 , cC1 are as close as possible. Here, the coefficients, which
become variables with respect to which we will perform optimization, are e12, f ,
d1, FA

GIS, FA
O , TB, FB

O , TC , and FC
GIS. We then understand a problem, and not

the least, that this method would raise. By wanting to optimize the value of c1,
we would have to modify the values of e12, f , and d1, which would negate the
interest of their previous calibration performed using the hystereses. In reality,
we would only be shifting the problem by finding intermediate values for these
coefficients, which would also produce simplified hysteresis loops that are not
exactly calibrated. To remedy this, we could decide not to adjust the coefficients
e12, f , and d1 as adjustment variables in the optimization of c1, but rather the
constant forcings of the sensitivity experiments. In this case, the price to pay
for this optimization would be that we have a reduced range of experiments that
we can produce to calibrate our hystereses. However, in the vast majority of
cases, and except for exceptional cases in independent sensitivity experiments,
we will seek to observe the effect of a single forcing by generally considering the
others as being null. An intuitive way to define the function J would then be
as follows18:

18Please note that the expression of J proposed contains all terms under the same square
root. The fact that the display here is on two different roots stems from LaTeX’s inability to
break the line while preserving the root.
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J =

√
((cA∗

1 − e12FA
GIS − fFA

O )− (cB∗
1 − d1TB − fFB

O ))
2

+

√
((cB∗

1 − d1TB − fFB
O )− (cC∗

1 − d1TC − e12FC
GIS))

2 (3.148)

where we seek to minimize the distances between the values of cA1 , cB1 , and
cC1 . To solve this minimization problem of the function J , numerical libraries
such as SciPy or algorithms like the Trust-Region Constrained Algorithm or
the Sequential Least Squares Programming Algorithm (SLSQP) can be used.
However, due to the time constraints of this thesis and the fact that the priority
was first to produce a coherent integration of the AGTCCM into SURFER that
already provides relevant results, we did not further develop this approach.
However, further work could be pursued from this point onwards.
Least-square minimisation between the points of the simplified hysteresis and
those of the process-based model could also be used for for finding c1. This
implies the cost function,

J =
N∑
i=1

(yi − f(xi, θ))
2 (3.149)

where yi represents the set of discretized points of the process-based hysteresis
over an interval of size N , and f(xi, θ) represents the corresponding N points
on the hysteresis of the simplified model given by the function f of the con-
sidered model, where θ represents the configuration of the values of the cali-
bration and coupling coefficients. This approach, although practicable, was not
pursued because it is in complete contradiction with our research paradigm,
namely, through an identification of the critical coordinates of the bifurcation
points based on the method of Martinez-Monteiro et al., to provide an effec-
tive methodology that captures dynamics at the first order while maintaining a
physical understanding of calibration mechanisms. Furthermore, as stated ear-
lier, seeking to minimize the distance between the simplified and process-based
hysteresis, although necessary to make our model valid, is not the ultimate goal
in itself given the uncertainties present in models and literature on the exact
locations of bifurcations.
Finally, one could consider much simpler methods to find intermediate values
of the coefficients c1. For example, we conducted tests by simply taking the
average value of c1 from the three sensitivity experiments, in other words:

c1 =
cA1 + cB1 + cC1

3
. (3.150)

However, the results are not satisfactory because then we only achieve three
"moderately correct" calibrations instead of having one "very good" and two
"average" ones. As described earlier, it is preferable to obtain the best possible
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calibration for the temperature forcing, which remains the dominant term for
both the GIS and the AMOC.
This challenge of overdetermination of the coefficient c1 is the major obstacle
to this calibration methodology. As shown in the preceding subsection, making
the AMOC-GIS model more complex to achieve a physically faithful representa-
tion of reality is not inherently difficult. However, the price to pay will directly
manifest in this overdetermination of the coefficient c1. Indeed, remember that
making additional forcings explicit, beyond the necessity of additional sensi-
tivity experiments, will also increase the overdetermination of the coefficients
c1. In fact, as described in Table (4), each time we add a forcing variable, we
add two equations and one unknown, thus introducing an additional overde-
termination of the coefficient and independent term c1. The consequences of
these determinations have been demonstrated in the results of the validation
test and also in the calibration on cGenie, where we find the calibration be-
coming progressively less accurate for forcings taken separately. Furthermore,
this creates an inability of the double-fold approach to effectively pass through
the critical coordinates of the bifurcation points selected for all sensitivity ex-
periments other than those of temperature, if we adhere to the paradigm that
c1 ≡ cA1 . Any addition of forcing terms in this methodology presented in this
chapter must therefore be judged between the importance of obtaining an ad-
ditional explicit forcing and that of reducing the precision of the calibration on
the forcings.

Calibration on the pre-industrial value

The second major source of error lies in the calibration to the pre-industrial
value or, more generally, in the case of zero forcing. As described in the sub-
section on calibration using cGenie’s EXPB, it was not possible to generalize
the Martinez-Monteiro method directly and effectively. Furthermore, if such
a method were to be found, it would entail restricting the range of sensitivity
experiments that could be conducted by adding constraints, once again, on the
constant forcings in sensitivity experiments. Faced with the failure of this initial
attempt to generalize the Martinez-Monteiro method, another approach would
be to add an additional term in the equations (3.2,3.3) of the model to calibrate
using this value in the case of zero forcing. However, this approach would come
at the cost of significantly complicating the calibration methodology of other
coefficients and would therefore only further complicate the problem. A third
approach that was considered would have been to perform a global scaling of
the simplified double fold. However, this is not feasible in practice as it would
distort other parts of the simplified hysteresis, resulting in a final outcome worse
than before any operation.
For pragmatic and operational purposes, it was therefore decided to artifi-
cially adjust the double fold to obtain a reasonable value of Ψ for zero forcing
(Ψ = 0.93) by exploiting the uncertainty surrounding the coordinates of critical
bifurcation points. To compensate for this difference between the initial state
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of the AMOC in the ideal case (Ψ = 1) and the one actually considered in
the model (Ψ = 0.93), we numerically initialize the AMOC in our simulations
with SURFER v3.2 at Ψ(t = 0) = 0.93 to avoid creating a discontinuity. The
numerical implementation will therefore take into account this particularity in
the impacts of the AMOC on SURFER’s carbon cycle, which will be discussed
in the following section to maintain coherence.

The Ψ ≡ ΨA hypothesis

Finally, the third limitation and a source of error in the AGTCCM is the fol-
lowing assumption:

Ψ+ ≡ Ψ+
A = Ψ+

B = Ψ+
C and Ψ− ≡ Ψ−

A = Ψ−
B = Ψ−

C . (3.151)

As explained in the previous section, in practice, we are forced to operate under
this assumption because differentiating the various values of Ψ± per sensitivity
experiment would render our calibration methodology impossible by introducing
too many variables. Faced with the necessity of accepting it to stay within our
research paradigm, we must again consider the best way to distribute the error
it produces.
A first option would be to take an average value for Ψ± or apply a different
relative weighting between the three sensitivity experiments. Simulations were
conducted, but the results are inconclusive. Once again, we find ourselves in
the discussion of where our priority lies in calibration. As motivated several
times already, the most important first-order dynamics in the collapse of the
AMOC and the GIS is that of the temperature forcing. Thus, regarding this
third error, we prefer to also minimize the discrepancies in EXPA. Hence, our
choice is to set,

Ψ+ ≡ Ψ+
A and Ψ− ≡ Ψ−

A. (3.152)

A third option to address this issue was to fix only Ψ+ ≡ Ψ+
A and allow more

flexibility in defining Ψ−. For example, one could take an average value from
the three sensitivity experiments for this variable. This could be motivated by
the fact that the most important bifurcation point is the one denoted by a +,
the one that transitions from the nominal state to the collapsed state. Thus, one
might be more willing to accept that calibration at the lower bifurcation point,
even for the temperature forcing, is less precise. However, tests conducted did
not show significant improvement when considering this intermediate solution.
This is because the values of Ψ− in the three experiments are, unlike the values
of Ψ+, very close to each other, so the impact is barely visible.

Other Development Avenues

To conclude this section, we comment on other calibration algorithm philoso-
phies that could be developed, as well as suggestions for analysis and presenta-
tion of results.
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Looking at the bi-dimensional forcing space, which corresponds to the plane
Ψ = 0 in Figures (5556), it could be interesting to represent in this plane
the experiments that, for a given constant forcing pair (T ∗, F ∗

GIS, F
∗
O), result

in an AMOC that has collapsed or not at equilibrium. This would involve
projecting onto the Ψ = 0 plane the system’s state Ψ for specific values of the
forcings. Based on the simplified hysteresis curves that have been calibrated,
we understand that these projections would form a cloud of points in the Ψ =
0 plane, which could be divided into two domains: one for combinations of
forcing variables that result in a collapsed AMOC at equilibrium, and another
for combinations that result in a sustained AMOC. Without loss of generality,
we denote by Wc : (T, FGIS, FO) → R3 the critical variety in the Ψ = 0 plane
that separates these two regions. Indeed, we can understand the simplified
dynamical system used in the AGTCCM by writing it as follows,

dx

dt
= −x3 + ax2 + bx+ c+W (3.153)

where x = V,Ψ depending on the model used, a, b, and c are the calibration
coefficients encoding the internal dynamics of the system, and W is the set of
forcings related to the chosen parameterization and model. For example, in the
case of the AMOC and Param A, we have that,

W = d1T + e12FGIS. (3.154)

From a strictly mathematical point of view, the dynamical system we simulate
is sensitive to its potential bifurcation only at the critical value of the linear
combination of the forcing terms. Mathematically, the forcings will be only a
constant term in equation (3.153) that can imply a sufficiently critical shift in
phase space to change the nature and number of equilibria. This has already
been described in section (3.3.2).

A schematic illustration of this variety is presented in Figure (57) for the forcing
pair (T, FGIS) in the plane Ψ = 0. In essence, what we have accomplished with
EXPA and EXPB is to obtain two points (represented by the red dots in Fig.
(57)) and, as a representation of the critical variety Wc, draw a line between
these points due to the form of the AGTCCM model. However, each calibration
performed with different models will delineate a unique critical variety Wc by
yielding new calibration points, which can be regarded as the "identity card"
indicating the location of the unstable variety for the specific AMOC model.
Comparing these critical varieties Wc also offers a method for comparing the
inherent sensitivities of each model to AMOC collapses.
Furthermore, once the AGTCCM model has been calibrated against a process-
based AMOC model (and ideally a process-based GIS model), we could then
leverage the low computational cost of simulations in SURFER v3.2, as outlined
in the following chapter, to generate a cloud of points in the (T, FGIS) plane
depicted in Figure (57). This demonstrates the usefulness of the AGTCCM
as an exploratory tool for parameter configurations, highlighting regions where
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Figure 57: The Critical Variety Wc in the forcing space (T, FGIS) delineates the region
where the AMOC collapses at equilibrium from the region where it maintains deep convection.
The specific cases of EXPA and EXPB are also depicted.

tipping may occur following the emulator. Consequently, it could function as a
pre-diagnostic tool prior to embarking on more resource-intensive simulations
using process-based models, especially when approaching the boundary delin-
eated by the variety Wc. If successful, significant time savings in terms of
computation and experimental design could be realized.
A final interesting avenue for using this representation in forcing space would be
to plot the trajectories of Ψ(t). This would notably highlight phenomena such
as overshoot without tipping, where we might observe temporal evolutions of the
AMOC that briefly enter the tipping region but do not remain there long enough
to fully tip the system to equilibrium by the end of the simulation. Extending
this reasoning to the (Ψ, T, FGIS) space, as depicted in Figure (58), reveals
that the critical variety Wc, which appeared as a line in Figure (57), is actually
nothing more than the projection of the plane passing through the tipping point
position for each pair of forcing parameters. Once again, it could be insightful,
for the purpose of illustrating the phenomenon of overshoot without tipping, to
represent trajectories in this space, denoted as (Ψ(t), T (t), FGIS(t)). This would
allow for observing overshoot phenomena not only in the bifurcation diagrams
but also in the (FGIS, T ) plane, indicating a time spent by the system in the
tipping region at equilibrium.

Finally, these graphical representations also enable us to explore other avenues
of algorithmic calibration methods that could be developed and subsequently
compared to those described in this chapter. For instance, one could devise an
algorithm known as an "incremental method" which would operate as follows:
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Figure 58: The Critical Variety Wc in the forcing space (Ψ, T, FGIS) with the two calibrated
hystereses depicted in the (FGIS ,Ψ) and (T,Ψ) planes. Experiments with other combinations
of forcings are shown by the gray points.

(i) Random values are sampled for the forcings, which are then held constant,
and an experiment is conducted with SURFER v3.2 under this configuration.
(ii) It is determined whether the AMOC has tipped into equilibrium or not. (iii)
If the AMOC has tipped, one of the two forcings is decreased by an amount
δ while the other is held constant. (iv) If the AMOC does not tip into equi-
librium, the value of the free forcing term is increased by an amount δ while
the other forcing is kept constant. (v) A specified number N of random draws
and simulations of this nature are executed. (vi) A method to find the optimal
bisector separating these two regions is conducted on the scatter plot depicted
in Figure (57), which would allow for determining the analytical equation of
variety Wc. To refine the determination of this variety, once it is observed that
we are in the vicinity of Wc, experiments are no longer randomly sampled for
the initial values of the forcings. Instead, starting intentionally close to what
appears to be this variety, the increment step is systematically reduced by a
constant factor to enhance the resolution of the critical variety.

Conclusion

In conclusion, we have presented the AGTCCM, an innovative and original
method for emulating dynamic systems such as the AMOC and GIS through a
first-order dynamics described by a double fold based on process-based models.
Although inherent limitations of the reductionist research paradigm used in this
work are present, calibration on cGenie hystereses demonstrates the utility and
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validity of such an approach. Even though the calibration is far from perfect,
the uncertainties that persist in the literature concerning the exact positions of
tipping points in complex models are still so significant that they render our
approach both realistic and valuable. The enormous advantage of producing an
efficient emulator of the AMOC with simplified dynamics becomes apparent be-
cause, through low-cost simulations made possible after calibration, a valuable
pre-diagnostic tool is created for further in-depth research with the process-
based model that has been emulated. Moreover, clear avenues for development
are identified, allowing continued research on this useful path in studying tip-
ping element collapse dynamics. Here, we focused on the study of the AMOC
and GIS due to their relevance in the near-future climate regarding tipping
points and potential cascading collapses. However, this mathematical and nu-
merical framework can certainly be adapted to other tipping elements. We will
now conclude this chapter by describing how the coupling of the AGTCCM
was achieved with the latest version of SURFER to produce a new operational
version of SURFER useful for more precisely studying the risks of cascading
collapse between the AMOC and GIS.

3.6 SURFER v3.2, coupling AGTCCM with SURFER
v3.1

In this concluding section of the technical chapter delineating the development
of the AGTCCM, we will proceed with the ultimate phase of constructing a
model capable of simulating the cascading collapses of the AMOC-GIS system
for climate projection purposes. We aim to incorporate our simplified model
of collapse dynamics between the AMOC and the GIS into a climate model,
thereby addressing our fifth scientific subsection. Specifically, we will integrate
the AGTCCM into SURFER v3.1. This new version, named SURFER v3.2
according to the convention described in Table (1), is located in the Jupyter
Notebook SURFER_v3.2.ipynb within a specific folder in the GitHub repository
of the thesis already presented.
How to consistently integrate the AGTCCM into SURFER v3.1? Given the sci-
entific aim of ultimately comparing the results of our new version of SURFER,
which incorporates the AGTCCM, with the previous version that does not, we
have integrated the AGTCCM into the numerical model SURFER_v3.2.ipynb
in a modular manner. Specifically, we have retained the entire structure of
SURFER v3.1 while clearly organizing the code and providing comments, al-
lowing us to decide, in specific sections called ’Setting-Up’, by means of boolean
variables, whether to activate the AGTCCM in the simulations or not.
In the case where we activate the AGTCCM in SURFER v3.2, we maintain the
double fold dynamics already present in SURFER v3.1, except for the AMOC
and GIS. Indeed, for these two tipping elements, we will obviously retrieve the
dynamics defined by equations (3.2,3.3). Furthermore, we calibrate the coeffi-
cients of the AMOC and GIS using the calibration module described in Tipping
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Module Calibration ParamB.ipynb, which has been added to the SURFER
code in SURFER_v3.2.ipynb. An additional boolean option, controlled by a
variable called cGenie_calib, allows us to decide whether to use critical data
from bifurcation points obtained from cGenie hysteresis, as presented, or to use
other values, for instance, from future additional data from other models that
we might want to emulate.
For ease of implementation and analysis, we have redefined the state vector by
changing the position of the GIS and AMOC, placing the GIS as the first tipping
element and the AMOC as the second. Furthermore, to facilitate analysis, we
have added the time integration of freshwater fluxes, denoted respectively with
lowercase letters fGIS, fW , fP−E and fO, to the state vector. Thus, the state
vector, which contains the quantities to be integrated with their respective
dynamics in SURFER v3.2, is as follows:

y = [MA,ML,MU ,MI ,MD, QU , QI , QD,MS, TU , TI , TD,MCH4 ,ML, Vgl,

GIS,AMOC,WAIS,EASB,EAIS,AWSI,AMAZ,PERM,

fGIS, fW , fP−E, fO] (3.155)

For further information on the meaning of the various variables, other than
those related to tipping elements and freshwater quantities, the reader may
refer to the paper by Couplet et al. [16].
Lastly, as seen in section (3.2.2), coupling effects between tipping elements are
already accounted for in version 3 of SURFER. However, the values taken for
these couplings between AMOC and GIS, in both directions, were partly set
arbitrarily. In SURFER v3.2, we adopt the idea of having a matrix that encodes
coupling effects between tipping elements, except now we explicitly incorporate
into the dynamic equations of AMOC and GIS their respective coupling through
the terms e12FGIS et e21(1−Ψ). With the AGTCCM, the coupling coefficients
e12 and e21 will be calibrated via cGenie hysteresis. To avoid double counting,
we set the entries AMOC→GIS and GIS→AMOC to zero in the matrix Smoy

that was showed in Table (3).

3.6.1 Modification of the carbon cycle model of SURFER

The greatest task and challenge in integrating the AGTCCM into SURFER v3.2
is to enable a consistent modeling of the AMOC and its impact on SURFER’s
carbon cycle. As emphasized in the literature review in Chapter I, an AMOC
collapse will have significant effects on ocean ventilation and hence on the At-
lantic Ocean’s capacity to absorb CO2 from the atmosphere. Moreover, by
nearly halting vertical advection at the NADW site and in upwelling areas in
the South Atlantic, the entire carbon transport engine from the upper ocean
to the lower ocean in the North Atlantic and from the lower ocean to the up-
per ocean in the South Atlantic is halted. Phenomenologically, one expects an
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AMOC collapse, and hence increased stratification of the Atlantic Ocean, to
create a carbon bottleneck in the ocean surface layer since carbon transport
between the surface and bottom layers will be greatly reduced.
The challenge is thus to implement a dynamic modeling of these carbon trans-
ports within the ocean layers of SURFER v3.1 that takes into account the state
of the AMOC at each simulation time step. Clearly, SURFER v3.1 is merely
a three-layer ocean model with no representation of ocean currents, let alone
an explicit representation of the AMOC. The only way material transport be-
tween vertical layers is considered is through carbon and sediment exchanges.
Our goal will therefore be to significantly change the parameterizations of these
carbon transports to make them dependent on the state of the AMOC. What
we aim to achieve is an equilibrium scenario, wherein an AMOC collapse leads
to a rise in atmospheric CO2 concentration, denoted as MA, by 20 ppm. As
demonstrated by Stocker et al.[70] and Zickfeld et al.[91], this is a typically
expected value in response to an AMOC shutdown.

The Experiment of an AMOC Shutdown in SURFER

Before conceptualizing a dynamic parameterization of carbon transport coeffi-
cients between layers in SURFER, we conducted an initial series of experiments
aimed at identifying the responses of carbon reservoirs to a modification of these
coefficients k, which were introduced in Section (3.2.1). The objective is to ar-
bitrarily change the values of the coefficients k to roughly emulate an AMOC
shutdown initially and then identify whether we can quantitatively reproduce
the desired effect on the respective increases and decreases of different carbon
reservoirs. We carried out this initial sensitivity experiment of SURFER to
carbon transport coefficients with version v2.0 because v3.0 was not already
accessible at that time. In this case, there are only two ocean layers, and thus,
we can only adjust the parameters of carbon flux intensities between the upper
and lower ocean layers, denoted as kUD and kDU respectively. We also conduct
sensitivity tests on the coefficient kAU , which represents the intensity of carbon
exchanges between the atmosphere and the surface ocean.
The experimental protocol was as follows. A control simulation, denoted CTL,
based on an SSP scenario is run from year 1750 to 4000 AD. At an arbitrary
time, in our case, tc = 2050 AD, the state of the control simulation is retrieved
to initiate a new sensitivity simulation, denoted EXP , in which the values of
the coefficients kij with i, j = U,D,A are significantly modified.
We expect that in the case of a collapsed AMOC, we would have a value of
the transport coefficients kEXP

UD < kCTL
UD , kEXP

DU < kCTL
DU . Indeed, due to the

increased stratification, both upward and downward transport within the ocean
are expected to decrease. However, the effect is different for the carbon trans-
port coefficient between the atmosphere and the surface ocean kAU . In fact,
since the dynamics of carbon transfer between the atmosphere and the surface
ocean occur proportionally to the differences in partial pressure (cfr Martinez-
Monteiro et al.[52]), the timescales associated with these equilibrations between
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Figure 59: Sensitivity experiment of kUD in SURFER v2.0. From top left to bottom right
are respectively represented: (i) Atmospheric CO2 concentration MA, (ii) Amount of carbon
in the surface ocean MU , (iii) Amount of carbon in the deep ocean MD, (iv) Surface ocean
temperature anomaly δTD (also representing the atmosphere in SURFER), (v) Deep ocean
temperature anomaly δTD, (vi) Surface ocean pH. The chosen baseline scenario is SSP2-4.5,
to which in the sensitivity experiment, denoted as EXP , we reduced the value of kUD by 30%
compared to its value in the control run denoted as CTL i.e, kEXP

UD = 0, 7kCTL
UD

the atmosphere and the ocean are very short compared to those between the
ocean layers. Indeed, around 6 months, equilibrium is achieved.[26] Simulations,
not shown here, confirm this assertion, namely that a modification of the coef-
ficient kAU is not significantly visible in the variations of carbon contents in the
different reservoirs due to the very rapid equilibration between the atmosphere
and the surface ocean. Moreover, even though during an AMOC shutdown,
the physics of carbon exchanges between the atmosphere and the ocean itself
do not change, what induces an increase in atmospheric CO2 concentration is
the carbon bottleneck that forms in the ocean and the loss of ventilation of the
carbon contained in the surface ocean. Therefore, there is actually no reason
to modify the coefficient kAU in our emulation of an AMOC shutdown.
Figure (59) presents the results of this sensitivity experiment to carbon flux
coefficients. Arbitrarily, the value of kUD in the sensitivity experiment, denoted
k∗
UD, was reduced by 30% of its nominal value in the control run. We observe

the expected effects, namely an increase in atmospheric CO2 concentration MA,
an increase in the amount of carbon stored in the upper ocean layer MU , and
a decrease in that of the deep ocean MD due to less transport between the
two ocean layers. This increase in CO2 in the atmosphere naturally leads to
a temperature increase, which then distributes evenly within the ocean layers.
These results confirm that emulation of the impacts of an AMOC shutdown on
the carbon cycle can be achieved through parameterization of carbon transport
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coefficients between oceanic layers.

Parameterization of an AMOC Shutdown on the Carbon Cycle in
SURFER v3.2

Now we will construct and test a dynamic parameterization, thus dependent
on the state of the AMOC, of the variations in carbon transport coefficients
between ocean layers in SURFER v3.2. We aim to reproduce the suggested
increase of 20 ppm in atmospheric CO2 concentration as suggested by the
literature.[70, 91]
In version v2.0 by Martinez-Monteiro et al., the transport coefficients between
different carbon reservoirs are fixed and constant. They are calibrated based
on the values of carbon reservoirs at the pre-industrial time. The exchange of
carbon between the two layers of the ocean (in version v2.0) depends on the
total amount of inorganic carbon dissolved in each layer.

FUD(t) = kUDMU(t)− kDUMD(t). (3.156)

As described in Martinez-Monteiro et al.[52], it is considered that the different
carbon reservoirs were in equilibrium during the pre-industrial period, and thus,

FUD(t = tPI) = 0 = kUDMU(tPI)− kDUMD(tPI). (3.157)

From this last equation, we have a simple relationship between the two coeffi-
cients,

kDU = kUD
MU(tPI)

MD(tPI)
. (3.158)

We can substitute this last equality into equation (3.156), yielding,

FUD(t) = kUD

(
MU(t)−

MU(tPI)

MD(tPI)
MD(t)

)
. (3.159)

In SURFER v3.1, the modeling of carbon flux, this time between the upper
layer U and the intermediate layer I, denoted as FU→I(t), is rather expressed
as follows,

FU→I(t) = k∗
UI

[
MU(t)−

M∗
U

M∗
I

MI(t)

]
︸ ︷︷ ︸

≡FUI

+sed(F ∗
CaCO3

+ F ∗
CaSiO3

)
MI(t)

M∗
I

(3.160)

with kUI = kUI(t = tPI) ≡ k∗
UI and kIU = kIU(t = tPI) ≡ k∗

IU . To simplify
notation, we also denote M∗

U ≡ MU(t = tPI) and M∗
D = MD(t = tPI). What

we denote as FUI is exactly the analogue in the 3-layer model of SURFER v3.0
to the term FUD in SURFER v2.0, which we have re-derived to understand its
origin in equation (3.159). The second term in equation (3.160) is a novelty in



3.6 SURFER v3.2, coupling AGTCCM with SURFER v3.1 74

SURFER v3.0 that takes into account sediment burial (cfr Couplet et al.[16]).
For the purpose of simplifying the model, we aim here to represent the impact
on the carbon cycle of an AMOC shutdown, so we will not modify this term in
our dynamic parameterization.
To develop our dynamic parameterization, we aim to stay within the paradigm
of the carbon cycle model already present in previous versions of SURFER.
Thus, we maintain and do not challenge the assumption that,

FUI(t) = kUI(t)MU(t)− kIU(t)MI(t). (3.161)

We have now added a time dependence for the carbon flux coefficients kUI(t)
and kIU(t), which we will characterize to encode the impact of the AMOC state
on carbon fluxes. For the parameterization of the coefficients kUI(t) and kIU(t),
I choose a linear parameterization as a function of the AMOC state Ψ(t) in the
following form,

kUI(t) = k∗
UI + cUIk

∗
UI(1−Ψ(t)), (3.162)

kIU(t) = k∗
IU + cIUk

∗
IU(1−Ψ(t)). (3.163)

Therefore, we consider that our transport coefficient will decrease from its initial
equilibrium state of the pre-industrial period linearly with a weakening of the
AMOC. Thus, we understand physically with this parameterization that when
the AMOC is in its ON state at the pre-industrial equilibrium, i.e Ψ(t = tPI) =
1, then the second term of equations (3.162) and (3.163) vanishes to retrieve
the initial constant value. In the other extreme case where the AMOC has
completely collapsed, i.e Ψ = 0, we then add to kUI(t) a quantity cUIk

∗
UI to its

initial state k∗
UI .

We know from Stocker et al.[70] that we can consider an AMOC shutdown
to diminish the uptake flux of CO2 from the atmosphere to the surface ocean
by approximately 30%. Therefore, we will decompose the parameterization
coefficient cUI as follows,

cUI = cStoχ. (3.164)

The coefficient cSto = −0.3 encodes the 30% decrease in ventilation as given
by Stocker et al.[70], while the coefficient χ will be our calibration parameter
to achieve the expected increase in atmospheric CO2 concentration when the
AMOC collapses.
Note that it is not physically necessary to introduce a time dependence in the
coupling coefficients between the state of the AMOC and the carbon transport
coefficients, in other words, we should not introduce cUI(t) and cIU(t). Phys-
ically and phenomenologically, we consider that there is a linear dependence
between the state of the AMOC and the carbon transport coefficient between
layers, but that the coupling between the state of the AMOC and its impact
on the transport coefficient itself is fixed. In terms of the level of physics we
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aim to capture while remaining within the paradigm of the simplest possible
model, this is a coherent choice. Introducing this additional dependence would
technically require more development and would further delay the question of
where to stop the parameterization.
If we directly insert the parameterizations described in (3.162) and (3.163), we
find that the equation for the flux FUI (3.161) becomes,

FUI(t) = (k∗
UI + cUIk

∗
UI(1−Ψ(t)))MU(t)− (k∗

IU + cIUk
∗
IU(1−Ψ(t)))MI

(3.165)
We now seek to express equation (3.165) by highlighting terms to bring it to the
form (3.160) for a better understanding of the model. We revisit the analysis and
development from SURFER v2.0 described in equations (3.156-3.159), except
that here, since kUI and kIU are now dynamic variables, we will have only,

F ∗
UI = 0 = k∗

UIM
∗
U − k∗

IUM
∗
I (3.166)

At pre-industrial equilibrium, equation (3.166) gives us that,

k∗
IU = k∗

UI

M∗
U

M∗
I

. (3.167)

If we substitute the result (3.167) into the parameterization (3.163) and insert
the parameterizations (3.163) and (3.162) into equation (3.161), after some
algebra we obtain that the carbon flux from the upper ocean layer U to the
intermediate layer I is given by,

FUI(t) = k∗
UI

[
MU(t)−

M∗
U

M∗
I

MI(t)

]
+ k∗

UI(1−Ψ(t)) [cUIMU(t)− cIUMI(t)] .

(3.168)
So far, we have assumed that cUI ̸= cIU . However, it seems reasonable from a
physical standpoint to consider that the slowdown induced on the carbon fluxes
from the upper layer to the lower layer is identical to that from the lower layer
to the upper layer. Considering the AMOC as a predominantly advective cir-
culation, it is correct to assume that over an initial range of slowdown, material
exchanges will be slowed down uniformly in both vertical directions. When the
AMOC is close to complete collapse, diffusive orders will become dominant, and
in this case, the previous justification becomes incorrect. However, given the
purpose of the parameterization here to provide a conceptual model allowing for
a signature of non-linearities in the carbon cycle due to AMOC collapse rather
than exact flux values, it does not seem unreasonable to make this assumption.
Thus, with the assumption that cUI = cIU , equation (3.165) becomes,

FUI(t) = k∗
UI

[
MU(t)−

M∗
U

M∗
I

MI(t)

]
+k∗

UIcUI(1−Ψ(t)) [MU(t)−MI(t)] (3.169)
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Finally, we must consider whether this dynamic parameterization is mathe-
matically and physically consistent. First, we have the coherence that if the
coupling between the AMOC and the transport coefficients were non-existent,
i.e., if cUI = 0, we would indeed revert to equation (3.161). With the temporal
dependence in the coefficients contained in the second term of the parameter-
ization, nullifying it is equivalent to the base case with static coefficients. At
pre-industrial equilibrium, we also have that for t = tPI , the second term of
equation (3.169) cancels out, and again, we revert to equation (3.160). Finally,
this parameterization highlights the importance of the carbon content gradient
between the layers because the second term, multiplied by the coupling coeffi-
cients with the AMOC, has the following physical significance. What matters
in the flux is indeed the gradient, the difference in carbon content between the
ocean reservoirs. The greater this difference, the greater the flux. The more
significant the impact of the AMOC on the flux, the more this gradient will be
modulated.

Following the same logic, we must also parameterize the carbon fluxes between
the intermediate layer I and the deep layer D of the ocean. In SURFER v3.0,
the equation for FI→D(t) is as follows,

FI→D(t) = k∗
ID

[
MI(t)−

M∗
I

M∗
D

MD(t)

]
︸ ︷︷ ︸

≡FID

+sed(F ∗
CaCO3

+ F ∗
CaSiO3

)
MD(t)

M∗
D

. (3.170)

It seems physically coherent to consider that if deep convection and upwelling
are reduced due to a weaker AMOC, this will affect transfers between all ocean
layers, not just between the upper and intermediate layers. Thus, it is also nec-
essary to implement a parameterization that allows for the carbon flux between
the intermediate (I) and deep (D) layers, denoted as FID(t), to account for a
potential slowdown of the AMOC. To do this, we will simply use the same pa-
rameterization methodology as for FUI(t) to model this homogeneous slowdown
effect. Therefore, analogous to the previous reasoning for FUI(t), we adopt the
dynamic postulate from SURFER v3.0 for FID(t).

FID(t) = kID(t)MI(t)− kDI(t)MD(t) (3.171)

For the parameterizations of kID(t) and kDI(t), we adopt a similar linear mod-
eling approach.

kID(t) = k∗
ID + cIDk

∗
ID(1−Ψ(t)), (3.172)

kDI(t) = k∗
DI + cDIk

∗
DI(1−Ψ(t)). (3.173)

Once again, we choose that,
cID = cStoχ. (3.174)
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Indeed, the physical rationale behind this choice is that if surface ventilation
is reduced by 30%, we assume that the slowdown in vertical convection is the
same throughout the water column. If this assumption later proves to be too
simplistic, a modification of the coefficient cSto in the case of layers I and D
would allow for its consideration.
If we directly insert the parameterizations described in (3.172) and (3.173), we
obtain that the flux equation (3.171) becomes:

FID(t) = [k∗
ID + cIDk

∗
ID(1−Ψ(t))]MI(t)− [k∗

DI + cDIk
∗
DI(1−Ψ(t))]MD(t).

(3.175)
Again, we seek to make some rearrangements for better analysis. To do so, we
consider the pre-industrial equilibrium. Equation (3.171) yields:

F ∗
ID = 0 = k∗

IDM
∗
I − k∗

DIM
∗
D, (3.176)

k∗
DI = k∗

ID

M∗
I

M∗
D

. (3.177)

If we substitute the result (3.177) into the parameterization (3.173) and insert
the parameterizations (3.173) and (3.172) into equation (3.171), we obtain, after
a little algebra, that the carbon flux from the intermediate ocean layer I to the
deep layer D is given by:

FID(t) = k∗
ID

[
MI(t)−

M∗
I

M∗
D

MD(t)

]
+ k∗

ID(1−Ψ(t)) [cIDMI(t)− cDIMD(t)]

(3.178)
Once again, the physical intuition as well as the mathematical coherence are
exactly the same as for FUI(t) described earlier. In the next chapter presenting
the results of SURFER v3.2, we will demonstrate that it is possible to find
a precise value of χ that enables us to achieve the intended outcomes of the
AMOC collapse’s impact on the carbon cycle.

Finally, to provide a comprehensive justification for our parameterization, we
must consider whether it would have been necessary to distinguish between
the different carbon fluxes within the ocean layers to achieve a more physically
realistic representation of the impact of an AMOC slowdown. As we know,
there are various physical mechanisms that vertically transport matter within
the ocean. Among the downward fluxes are those associated with the soft-tissue
pump, the carbonate pump, or the solubility pump, while an upward flux can
be associated with diffusive ocean mixing. Therefore, the question arises as to
whether we should distinguish the carbon flux from the surface to the ocean
floor as follows:

FUD = Fsoft tissue + Fcarbonate + Fresidual (3.179)
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avec,

Fresidual = Foceanmixing + Fsolubility. (3.180)

Even though this approach might be more physically realistic, personal work by
V. Couplet has shown that it was not necessary to push this parameterization
to that level. In fact, the first-order dynamics of a linear decrease in vertical
material transports as described by our parameterization (3.162, 3.163, 3.172,
3.173) already captures the expected effect.

Parameterization Calibration: Results and Analysis

After presenting and justifying the parameterization choices made on the carbon
cycle of SURFER to account for the impact of an AMOC collapse, we seek to
calibrate this parameterization. Specifically, we aim to find the value of the
coefficient χ that reproduces, in the case of AMOC shutdown at equilibrium,
an increase in atmospheric CO2 concentration of ≈ 20 ppm, as suggested in the
literature from Zickfeld et al.[91, 70].

Figure 60: Values of the coefficients kUI , kIU , kID, kDIcontrolling the carbon flux in the two
sensitivity experiments for a value of χ = 0, 5535.

To do this, we employ the following experimental protocol. We use SURFER
v3.2 with the carbon flux parameterizations dependent on the AMOC as pre-
sented above, and we conduct two simulations, each with a constant CO2 emis-
sion scenario.19 In the first experiment, denoted as carb_calib_amoc_on, we
artificially maintain the AMOC in its pre-industrial state, thus keeping it ac-
tive. In the second sensitivity experiment, denoted as carb_calib_amoc_off,

19We arbitrarily chose to use historical emissions from 1750 to 2010 AD, followed by an
emission scenario that results in a total of 2000 PgC emissions.
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we artificially maintain the AMOC in a collapsed state by initializing it with
Ψ(t = t0) = 0. By doing so, we produce two distinct regimes for the values of
the coefficients kij, where i, j = U, I,D as depicted in Figure (60).

Figure 61: State of the AMOC and concentration of CO2 in the atmospheric reservoir MA

for the two sensitivity simulations. The points on the bottom figure correspond to the chosen
equilibrium points against which concentrations are compared to conduct the calibration of χ.

Figure 62: Evolution of atmospheric CO2 con-
centrations for two different emission scenarios (red
and black). The dashed lines represent simulations
where the AMOC was halted. Figure from Zickfeld
et al.[91]

Next, we compare the differences
in atmospheric CO2 concentra-
tions at equilibrium and repeat
the experiment by adjusting the
value of χ until we obtain a
value that allows us to repro-
duce the expected ≈ 20 ppm in-
crease in CO2. The points on
Figure (61) correspond to the ref-
erence points against which we
compare concentrations for cali-
bration. This reference point is
marked at the peak of concentra-
tions before the ocean’s uptake of
atmospheric carbon becomes sig-
nificant enough to decrease atmo-
spheric CO2 concentration. Using this experimental protocol, we find that
for a value of χ = 0, 5535, we obtain a CO2 concentration difference of
∆CO2 = 20, 5 ppm, precisely within the range suggested by the literature.
Thus, considering the cSto factor as well, we realize that in our calibrated pa-
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rameterization, an interruption of the thermohaline circulation implies a 17%
homogeneous decrease in vertical carbon transports between the ocean layers
of SURFER. Furthermore, the manner in which atmospheric concentration in-
creases is consistent with the study by Zickfeld et al. [91] (cfr. Figure (62)),
where they utilized a General Circulation Model (GCM) to investigate the im-
pact of an AMOC shutdown on the carbon cycle.

Conclusion

We have presented the AGTCCM, a model of nonlinear dynamics capable of
capturing the primary-order dynamics necessary to simulate potential collapses
and the coupling effects between the AMOC and the GIS that may lead to cas-
cades. The AGTCCM also provides a calibration methodology for the simplified
hysteresis it produces, which can be based on critical coordinates of bifurcation
points derived from hystereses of more complex models, as demonstrated with
cGenie. Limitations and avenues for further development, have been outlined,
along with the methodology chosen to integrate the AGTCCM into the carbon-
cycle and climate model SURFER. New parameterizations have been introduced
into SURFER’s carbon cycle to enable a coherent integration of the impacts on
the biogeochemical cycle resulting from an AMOC shutdown.



Chapter III - Results and
Discussion
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4 Chapter III - Results and Discussion
We are now be able to utilize SURFER v3.2, our new tool that has been de-
veloped and introduced in the preceding chapter, to address our fundamental
scientific question. With the assistance of the AGTCCM, a simplified nonlin-
ear dynamics model capturing the primary-order dynamics of the AMOC and
the GIS and offering an innovative calibration method based on process-based
models, we will investigate the effect of a realistic coupling between the AMOC
and the GIS on their collapse dynamics.
Three distinct categories of results will be discussed and analyzed. The first
will focus on the impact on the carbon cycle of potential AMOC collapses. Sec-
ondly, we will present key findings regarding the cascade-collapse dynamics of
the AMOC and the GIS, comparing the results obtained using the AGTCCM
with those achievable with SURFER v3.1. Thirdly, we will demonstrate and
analyze results illustrating the phenomenon of overshoot without tipping that
can be generated using SURFER v3.2. For each of these three categories, re-
sults will first be presented descriptively, followed by a comprehensive analysis
incorporating concepts and critical comparisons with the literature introduced
in Chapter I.

4.1 Methods

Emission Scenarios

Figure 63: Spectrum of CO2 emission scenarios used in the various result chapters. From
1750 until 2010, historical emissions are used, followed by 15 scenarios, which are interpo-
lations of total emission quantities between SSP1-2.6 and SSP5-8.5. The slight discrepancy
between the historical emissions for the SSP scenarios and those utilized is attributed to minor
differences in the datasets employed. A color gradient ranging from light blue for low-emission
scenarios to red for those with the highest emissions is employed for identification purposes.
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Before presenting these results, we must introduce the range of forcing scenar-
ios that will be systematically used. Given that we aim to conduct simulations
using SURFER for the purpose of realistically projecting possible futures, we
will consistently initiate our simulations from the pre-industrial period in 1750
and consider historical greenhouse gas emissions until 2010. From 2010 on-
wards, we will consider a spectrum of 15 emission scenarios of CO2, which are
interpolations derived from the SSP scenarios. These are illustrated in Figure
(63). These 15 scenarios are constructed to produce carbon emissions ranging
from 1000 PgC to 5000 PgC, roughly corresponding to the limits defined by
the SSP1-2.6 and SSP5-8.5 scenarios. However, it is observed that even in the
most aggressive emission scenario, we assume that by 2500, there are no further
CO2 emissions. Note that we will not utilize methane emission scenarios in all
configurations chosen for the experiments in this chapter. Methane emissions
may occur, however, only in the event of an Amazon forest collapse and particu-
larly the permafrost collapse as parameterized in SURFER v3.1. It was deemed
unnecessary to add methane emission scenarios to those of carbon dioxide as
it would only unnecessarily complicate the analysis, which aims to focus on
cascade collapses between the AMOC and the GIS.
The interest of utilizing 15 forcing scenarios will be shown in the presentation
of the various AMOC-GIS cascade collapse dynamics, but it can already be
stated that they enable us to explore a sufficiently broad spectrum of forcing to
effectively map the responses of the climate system of interest. Indeed, between
a scenario of lower emissions, akin to SSP1-2.6, and the most aggressive scenario,
akin to SSP5-8.5, having numerous cases of intermediate emissions allows for
illustrating the complexities of interaction between AMOC and GIS behaviors.

Coupling Scenarios

Lastly we must introduce two different configuration scenarios for SURFER
v3.2. As previously mentioned, SURFER v3.1 has the advantage of already
modeling 8 different tipping elements through equations (3.1) and also intro-
duces a parameterization of their couplings (cf. Table (6)).
In the first configuration, referred to as CONF1, we will retain the parameter-
izations of interactions between tipping elements as chosen in SURFER v3.1
and defined in Table (6). In the second configuration, named CONF2, we will
disable all interactions between tipping elements, thus technically defining a
matrix Smoy from Table (6) as identically null, and retain only the interactions
between the AMOC and the GIS denoted as e12, e21 derived from the AGTCCM
and the calibration with cGenie. However, indirect interactions such as the im-
pacts of tipping elements on the Earth’s radiative balance with a modification
of albedo, or the emissions of greenhouse gases that may occur with the Amazon
forest and the permafrost, will remain active. These latter implicit interactions
between tipping elements via temperature forcing will only serve as a backdrop
to the interactions.
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Thus, CONF2 will allow us to study collapse dynamics with greater precision and
simplicity, without direct impacts from other tipping elements besides the GIS
and the AMOC. Even though no results with CONF1 will be presented here as
they do not pertain to the data relevant to address our main research question,
simulations with CONF1 are also available on the GitHub repository. These
simulations are particularly useful for complementary research purposes on the
differences created in hothouse narratives - where the interactions between all
tipping elements is relevant - through improved calibration and consideration
of the couplings between the AMOC and the GIS provided by the AGTCCM.

4.2 Discontinuities in the carbon cycle

Since capturing consistently the impact of an AMOC collapse on the carbon
cycle can have critical consequences for the evolution of other key climatic
variables and thus other tipping elements, we begin the presentation of the
results of this thesis with those pertaining to the impact on the carbon cycle
of a shutdown of the thermohaline circulation. This will serve as a response to
the second main scientific question of this thesis.

4.2.1 Results

Dynamic Variation of the Carbon Flux in Response to the AMOC

To investigate the impact of the AMOC on carbon fluxes using SURFER v3.2,
we conducted simulations across 15 predefined forcing scenarios spanning from
the pre-industrial period to 5000 AD. For the production and analysis of these
results, we utilize CONF1 to capture the most realistic response of the AMOC,
considering all potential interactions with other tipping elements available to
us. The state of the AMOC during these simulations is illustrated in Figure
(64). We rely on the AMOC modeling integrated into SURFER v3.2 by the
AGTCCM, calibrated against cGenie’s hysteresis. As depicted, a complete col-
lapse of the AMOC occurs in eight out of the 15 simulations. Remarkably,
these collapses correspond to the eight highest emission scenarios. In the sce-
nario with the highest emissions, this collapse transpires around 2240 AD, while
for the last scenario associated with an AMOC collapse, it occurs around 4000
AD. Conversely, in the remaining seven simulations, which represent the low-
est seven emission scenarios, the thermohaline circulation does not collapse, at
least not by 5000 AD. Although there is an initial weakening over the first few
centuries, the five lowest emission scenarios ultimately seem to converge to a
complete recovery of the AMOC. For the sixth and seventh lowest emission
scenarios, they appear to converge towards a full recovery of the AMOC; how-
ever, these trajectories still exhibit a slight tendency toward a collapsed state
of the AMOC by 5000 AD. Nonetheless, experiments spanning 500,000 years
demonstrate that these trajectories do converge towards the nominal state of
the AMOC. In terms of nonlinear dynamics, these trajectories approach the



4.2 Discontinuities in the carbon cycle 4

boundary of changing attractors and the basin of attraction of the stable equi-
librium associated with collapse but do not enter it. Instead, these trajectories
remain within the attractor of the stable equilibrium of the nominal state, im-
plying that for an infinite time, these trajectories will converge towards this
equilibrium.

Figure 64: Temporal evolution up to 5000 AD of the AMOC state Ψ for the 15 selected
emission scenarios in SURFER v3.2 CONF1

The causes and couplings of these AMOC dynamics with the GIS will be stud-
ied in the following section, but we are currently considering how these AMOC
trajectories impact carbon fluxes within the ocean in SURFER v3.2. In Fig-
ure (65), the temporal evolution of the carbon transport coefficients between
the ocean layers of SURFER v3.2 is shown. As observed, these coefficients
kUI , kIU , kID, kDI follow the same dynamics derived from the parameterization
described in Section (3.6), namely that of the AMOC. Each coefficient varies
within a domain such that, in the case where each of these coefficients takes its
minimum value, an increase of 20, 5 ppm of CO2 in the atmosphere is created
at equilibrium.

The signature of the AMOC shutdown on the carbon cycle

We now seek to understand how these changes in carbon fluxes within the
SURFER ocean have affected the different carbon reservoirs and thus the entire
carbon cycle. Figure (66) displays the temporal evolutions of the four carbon
reservoirs of interest, namely the atmosphere reservoir MA, as well as the three
reservoirs of the three oceanic layers MU ,MI and MD.
A first common observation across all four reservoirs is the clear signature of
non-linearity just before 4000 AD, with a significant distinction in the content
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Figure 65: Temporal evolution of kUI , kIU , kID, kDI , the carbon flux coefficients.

of all reservoirs between the seventh and eighth emission scenarios.20 Indeed, at
equilibrium in 5000 AD, this difference is significant, as there is a 23, 58 PgC
disparity in storage within the surface ocean reservoir MU between these two
scenarios, whereas between the ninth and eighth emission scenarios, this differ-
ence is only 10, 38 PgC. However, between these emission scenarios, a constant
step of 285 PgC of total emissions separates them. In other words, we observe
a nonlinear response in the quantity of carbon stored in the MU reservoir. The
same applies to the quantities of carbon stored in the intermediate ocean layer
MI or the deep layer MD. For the atmosphere, the results are shown here in
terms of atmospheric CO2 concentration, but the same nonlinear response is
observed, with a difference of 195 ppm between the seventh and eighth sce-
narios, while there is only a 76 ppm difference between the eighth and ninth
scenarios. This response exemplifies the type of non-linearity we aim to analyze,
as described in Section (2.2). Confronted with a range of forcing scenarios, we
observe a discontinuity in the model output; in this instance, it manifests in the
carbon content of various reservoirs.
In addition, we observe the usual signatures of carbon storage in these various
carbon reservoirs. Following an increase in emissions into the atmosphere, this
concentration gradually decreases due to carbon absorption by the ocean. Pri-
marily, the surface ocean captures this carbon, which is then transferred to the
intermediate ocean and, finally, with even greater inertia due to the time re-
quired for this transfer, to the deep ocean. It is also interesting to note that the

20Hereafter, when referring to the "nth" emission scenario, it will always be counted starting
from the one with the smallest amount of emitted carbon.
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Figure 66: Temporal evolution of the 4 carbon reservoirs of interest, namely the atmosphere
MA, and the three associated with the ocean layers MU ,MI ,MD.

three layers of the SURFER ocean encode significant differences in the orders of
magnitude of carbon storage capacities. Indeed, the intermediate ocean, which
constitutes the oceanic layer between 150m and 500m, stores nearly three times
more carbon than the surface ocean. The difference is even more pronounced
with the deep ocean, which in SURFER lies between 500m and 2500m and
stores nearly 18 times more carbon than the surface ocean. At the peak of its
concentration around 2300 AD, the atmosphere contains 3500 PgC, ten times
less carbon than the deep ocean for comparison.

4.2.2 Discussion

The responses between the oceanic and atmospheric reservoirs described earlier
reflect the SURFER model’s encoding of behaviors expected from more complex
model literature. Moreover, at this level, as described in Couplet et al. [16],
SURFER possesses a carbon cycle that reproduces the results of more process-
based models with high accuracy.
Let us now analyze and attempt to understand the origins of the non-linearities
observed in the carbon reservoirs. The emergence of non-linearity in the car-
bon reservoirs begins to occur between the 7th lowest emission scenario and
the 8th. Furthermore, as seen in Figure (64), these trajectories also approach
the threshold for a collapse of the AMOC in the 8th lowest emission scenario.
Between the 7th and 9th lowest emission scenarios, a collapse of the AMOC
occurs by the end of the simulation. Due to the parameterization of carbon flux
coefficients between the layers, these results are also transmitted to the carbon
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cycle as shown in Figure (65).

Figure 67: Temporal evolution up to 5000 AD of the 8 Tipping Elements in SURFER for
the 15 selected emission scenarios.

Can we conclude that the collapse of the AMOC is responsible for these nonlin-
earities in the carbon cycle? No, at least not in such a significant way. Indeed,
Figure (67) displays the trajectories of all tipping elements. As can be observed,
under the same critical trajectories identified for the thermohaline circulation,
two other tipping elements collapse: the Amazonian rainforest and the Per-
mafrost. As explained in Subsection (3.3.2), SURFER features a simplified
parameterization of feedbacks on the radiative balance and also on greenhouse
gas emissions that can result from the collapse of certain tipping elements. Tak-
ing this into account, we analyze that the nonlinearities visible in the carbon
cycle, previously identified, are actually due to collapses of the Amazon rain-
forest and permafrost. Indeed, if we conduct the same simulations (cf. Figure
(68)), with the same emission scenarios but disabling the feedback effects of
these two tipping elements, we do not reproduce the observed nonlinearities.
However, as shown in the last section of the previous chapter and in Figure
(65), the dynamic parameterization of the impact of an AMOC collapse on the
carbon cycle is effectively implemented. What actually occurs is that even in
the case of an AMOC collapse, given that it results in a steady-state increase of
20, 5 ppm of CO2 in the atmosphere, this difference is too minor to be detected
in the resolution of the emission scenarios conducted here. Further experiments
conducting two simulations for quantities of greenhouse gas emissions closer
to the critical threshold for tipping the AMOC have been carried out, but
we qualitatively observe the same behavior as described in Figure (61). The
variation in carbon transport coefficients is relatively mild compared to the
absolute effects of a 20, 5 ppm increase it can produce, thus there is no clear
signal of nonlinearity in the carbon cycle in SURFER v3.2 resulting from an
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AMOC collapse. However, this accurately replicates the expected results from
the literature, as demonstrated in Section (3.6.1) (cf. Figure (62)). Indeed,
beyond the absolute amount of additional carbon in the atmosphere that this
entails, the response in SURFER v3.2 replicates the dynamics of the expected
response, similar to those observed in General Circulation Models (GCMs) such
as the one used in the study by Zickfeld et al. [91]. However, it is worth
mentioning that it is entirely possible that this increase of approximately 20 ppm
of CO2 in the atmosphere could lead to surpassing a tipping point in terms of
the temperature forcing associated with another tipping element. This absolute
increase, although occurring gradually and being small compared to emissions
in the scenarios, remains non-negligible in absolute terms.

Figure 68: Temporal evolution of the four carbon reservoirs of interest—the atmospheric
reservoir MA and the three associated with oceanic layers MU ,MI ,MD—in cases where feed-
backs on greenhouse gas emissions from permafrost and the Amazon rainforest are disabled.

4.3 Cascade collapse of the AMOC-GIS in SURFER v3.2

We now address the main scientific question of this study, namely, understand-
ing the cascade collapse dynamics between the AMOC and the GIS that can
be created with this simplified model paradigm of nonlinear dynamics. In or-
der to focus on the analysis of interactions between the AMOC and the GIS,
all simulations in this subsection will be conducted in CONF2, retaining only
the coupling terms between the AMOC and the GIS. Once again, we present
all relevant results pertaining to our research question before discussing and
analyzing them further.
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4.3.1 Results

Experimental protocol and Bifurcation Diagrams

Figure 69: Bifurcation Diagrams for the tipping elements in SURFER v3.1

To understand the effects of a realistic coupling between the AMOC and the
GIS on their collapse dynamics, we will throughout this chapter compare the
results produced by SURFER v3.1 with those by the AGTCCM embedded in
SURFER v3.2.
Figure (69) depicts the bifurcation diagram of the AMOC and the GIS asso-
ciated with the existing model in SURFER v3.1. As explained in subsection
(3.2.3), the limitation of this model for tipping elements is that they have cali-
bration coefficients that are partly arbitrary, not rigorous, and based retrospec-
tively on the effects they produce. They are not directly calibrated on a specific
process-based model experiment. Furthermore, while a parameterization exists
(albeit with the flaws mentioned) for the stabilizing effect of an AMOC collapse
on the GIS, no parameterization is available to represent the coupling of a GIS
collapse on the AMOC. However, as discussed in Chapter I, this destabilizing
effect of the GIS on the AMOC, which can provide a forcing through freshwater
flux, may be crucial in weakening the AMOC.
Figure (70) shows the bifurcation diagram of the AMOC and the GIS de-
rived from SURFER v3.2. The AMOC diagram is directly derived from the
AGTCCM and the calibration on cGenie introduced in Chapter II. Since we
did not have access to hysteresis from process-based models for the GIS, we
retrieved critical bifurcation point data from SURFER v3.1. Therefore, it is
normal that in the bifurcation diagram with respect to temperature forcing, we
obtain the same result between SURFER v3.1 and SURFER v3.2. It is impor-
tant to note that in the case of the AMOC, the one modeled in SURFER v3.1
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(cfr. Fig.(69)) has a critical bifurcation threshold with respect to temperature
that is smaller, T+

Ψ = 4◦C compared to T+
Ψ = 5.5◦C in SURFER v3.2. Regard-

ing the downward shift of the AMOC bifurcation diagram in SURFER v3.2, it
is due to the calibration limit on the pre-industrial value developed in Chapter
II.
The six additional bifurcation diagrams of the other tipping elements in SURFER
v3.2, inherited from SURFER v3.1, are also presented. These simplified dynam-
ics of the other tipping elements remain the same in both SURFER v3.1 and
SURFER v3.2. They are illustrated to demonstrate significant differences in
collapse dynamics among the various tipping points, as these will be relevant in
the subsequent analyses. However, Figure (70) illustrates significant differences
in terms of critical collapse thresholds and collapse dynamics among tipping
elements. For instance, extreme cases such as the East Antarctic Ice Sheet
(EAIS) exhibit a tipping point at T+

EAIS = 7.5◦C and a critical volume value for
the bifurcation from the nominal state to the collapse state at VEAIS = 0.44.
On the other hand, contrasting behaviors can be observed, for example, in the
West Antarctic Ice Sheet (WAIS), which is also a component of the cryosphere.
WAIS shares a tipping point temperature of TWAIS = 1.5◦C with the GIS, but
possesses a value of V +

WAIS = 0.75, thus leading to a much quicker transition to
the collapse state under the same temperature forcing compared to EAIS.

Figure 70: Bifurcation Diagrams for the tipping elements in SURFER v3.2 with the ones
for AMOC and GIS obtained with AGTCCM

The collapses of the AMOC

We will present and compare the collapse dynamics produced between SURFER
v3.1 and SURFER v3.2. In Figure (71), trajectories for the 15 emission sce-
narios presented previously in the forcing space of the AMOC in ParamA of the
AGTCCM, namely T and FGIS, are depicted. These simulations extend until
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Figure 71: Trajectories of the AMOC in the forcing space (FGIS , T ) in the ParamB of the
AGTCCM in SURFER v3.2

5000 AD. Despite the somewhat complex perspective of the third dimension
on a 2D plane, it is already noticeable that for the eight lowest emission sce-
narios, the AMOC does not collapse by the end of the simulations. It is also
observed that freshwater fluxes from the GIS reach higher values in the case of
the lowest emission scenarios, with a maximum value around 0, 014 Sv. The
atmospheric temperature forcing, on the other hand, reaches maximum values
of almost 8◦C anomaly on a global average in the case of the highest emission
scenario of 5000 PgC. Finally, it is observed that in scenarios where there is a
collapse of the AMOC, it appears to be quite abrupt.
In Figure (72), the state of the AMOC until 5000 AD is depicted along-
side its forcing variables, namely the atmospheric global mean temperature
anomaly (denoted in SURFER as δTU , which is also the global mean temper-
ature anomaly of the upper ocean by construction of SURFER), as well as
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the two freshwater fluxes FGIS and FO. Due to the inherent limitations of the
parameterization of FO described in subsection (3.3.1), it will be deactivated ini-
tially, thus reverting the model used in the AGTCCM from the ParamB choice
to the ParamA choice with two forcing variables on the AMOC. The results
shown in the forcing space in Figure (71) are more distinctly observed. In 7
simulations, the AMOC undergoes a collapse, corresponding to the 7 forcings
with the highest CO2 emissions. Subsequently, it is observed that the critical
threshold for temperature forcing is reached at least temporarily for the six
highest-emission scenarios. For the highest emission scenario, the critical tem-
perature threshold is surpassed from 2175 AD onwards, which, coupled with
a freshwater flux forcing FGIS peaking at Fmax

GIS = 0, 014 Sv also in 2175 AD,
triggers the first complete collapse of the AMOC in 2260 AD.21 In 2260 AD,
the global mean temperature anomaly reaches T = 6, 8◦C, well beyond the
threshold of T+

Ψ = 5, 5◦C. However, in none of the emission scenarios does a
forcing term associated with FGIS exceed the critical threshold found in the
cGenie experiments.

Figure 72: States of the AMOC Ψ as well as forcing variables (T, FGIS , FO) across 15
simulations until 5000 AD in SURFER v3.2. The critical values of the forcings for FGIS and
T are displayed as black dashed lines.

In Figure (73), the same simulations with the same forcing scenarios are de-
picted, but this time using SURFER v3.1. In this case, only the six lowest
emission scenarios do not trigger an AMOC collapse. However, as mentioned
earlier, the critical threshold for the sole temperature forcing is 4◦C in this case.

21On the GitHub repository of this thesis, numerous additional figures associated with
simulations over other time spans, such as up to 2300 AD, facilitate a more localized analysis
of the trajectories of various variables.
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As a result, in the case of SURFER v3.1, the 10 most significant forcing scenarios
with respect to temperature exceed the critical temperature threshold at least
at some point. The first collapse of the AMOC under the highest emission sce-
nario occurs in SURFER v3.1 in 2340 AD, whereas the temperature-associated
tipping point T+

Ψ = 4◦C (which is the sole forcing of the AMOC in this ver-
sion of SURFER) is already exceeded from 2100 AD onwards. At the time of
the initial collapse of the AMOC in 2340 AD, the global mean temperature
anomaly reaches 7◦C.

Figure 73: States of the AMOC Ψ as well as forcing variables (T, FGIS , FO) across 15
simulations until 5000 AD in SURFER v3.1. The critical values of the forcing for T is
display with a black dash line.

The collapses of the GIS

In the same simulations, using the identical 15 forcing scenarios, the trajecto-
ries of the GIS until 5000 AD are illustrated in Figure (74) in SURFER v3.2.
Even though no total collapse of the GIS occurs by 5000 AD, it is noteworthy
to observe that scenarios associated with the most significant global mean tem-
perature forcings are not necessarily those leading to the greatest melting of the
GIS. The scenario inducing the most extensive GIS melting is the eighth most
impactful greenhouse gas emission scenario. Additionally, it is observed that
only the six lowest emission scenarios do not lead to a decrease in the AMOC
intensity to the point of reaching its associated upper tipping point critical
value related to the GIS. However, in terms of temperature forcing, all emission
scenarios, including the lowest, surpass the critical value of T+

V = 1, 52◦C for a
significant period (two centuries).
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Figure 74: States of the GIS V as well as forcing variables (T,Ψ) across 15 simulations
until 5000 AD in SURFER v3.2. The critical values of the forcing for T and Ψ are displayed
with a black dash line.

Figure (75) depicts the evolution of the GIS under the same 15 emission sce-
narios in SURFER v3.1. A similarly intriguing phenomenon is observed as
in SURFER v3.2, namely, that the most significant emission scenarios do not
necessarily lead to the greatest decrease in the GIS. However, it is noted that
the decrease in GIS volume by 5000 AD is more substantial in SURFER v3.2
(V = 0, 73) compared to SURFER v3.1 (V = 0, 94). Furthermore, whereas
the most significant emission scenarios led to a decrease followed by growth
in ice volume in SURFER v3.2, Figure (75) demonstrates that the ice melt in
SURFER v3.1 is both smaller in volume and faster in time. The subsequent
growth phase of ice is also shorter. Moreover, the nine most significant emission
scenarios in SURFER v3.1 result in a return to pre-industrial levels of GIS vol-
ume within a few centuries, and even slightly higher volumes in some scenarios.
Obviously, in SURFER v3.1, there is no calibrated coupling. As explained in
subsection (3.2.3), an arbitrarily chosen value was used to encode the stabiliz-
ing effect of an AMOC collapse on the GIS, but this is not from process-based
model experiments. The evolutions of AMOC forcing are the same as those
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described in Figure (73). Concerning the temperature forcing tipping points
for the GIS, similar results are naturally obtained as in SURFER v3.2, with
all emission scenarios crossing this tipping point at least at some point. This
is because the forcing scenarios are identical, and especially because the criti-
cal threshold T+

V is the same in both the GIS model of SURFER v3.1 and the
AGTCCM of SURFER v3.2.

Figure 75: States of the GIS V as well as forcing variable (T,Ψ) across 15 simulations until
5000 AD in SURFER v3.1. The critical values of the forcing for T and Ψ is display with a
black dash line.

The impacts of FO

The final results we wish to present in this section are simulations where the
forcings by FP−E and thus the term FO are activated (Figure (76)). For the
reasons discussed in subsection (3.5.3), no simulations with the flux FW are
presented due to the lack of objective knowledge that would allow us to cal-
ibrate e12 in a plausible manner, taking into account freshwater fluxes in the
Southern Atlantic associated with Antarctic cryosphere components. In Figure
(76), it is observed that the dynamic behavior of the AMOC is generally the
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same as in Figure (72), where freshwater fluxes FP−E were disabled. Indeed,
no further AMOC collapse is produced in this case with the additional forcing
of FP−E and we still observe very rapid AMOC collapses for the seven highest
emission scenarios. However, a notable difference is found for the seventh lowest
emission scenario, which already exhibited a more significant oscillation and a
lower drop in the AMOC state before rebounding in Figure (72). In these sim-
ulations with freshwater forcing resulting from variations in the precipitation-
evaporation balance, a more pronounced overall weakening of around fifteen
percent of the AMOC is obtained. For the other lower emission scenarios, a
weaker but still notable weakening is observed when this additional freshwater
flux forcing is included. However, as observed in Figure (76), the freshwater
flux forcing FP−E, which by its parameterization exactly follows the dynam-
ics of the temperature anomaly T , takes very low values even in the highest
emission scenario. Indeed, at maximum, a flux of FP−E = 0, 005 Sv is applied,
which remains well below the critical threshold identified in the cGenie hosing
experiment, which was F+

GIS = 0, 065 Sv.

Figure 76: States of the AMOC Ψ as well as forcing variables (T, FGIS , FO) across 15
simulations until 5000 AD in SURFER v3.2. The critical values of the forcings for FGIS , FO

and T are displayed as black dashed lines.

4.3.2 Discussion

Collapses of the AMOC

In order to address the primary research question regarding the impact on
cascade collapse dynamics that can be simulated by realistically considering the
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couplings between the AMOC and the GIS, we will analyze the results between
version v3.1 of SURFER and version v3.2, which incorporates the AGTCCM.
To streamline the analysis, we will first focus on the collapse dynamics of the
AMOC and then on those of the GIS.
Before analyzing the effect of the coupling coefficients, it is important to note
that the calibrations of the simplified AMOC dynamics between SURFER v3.1
and SURFER v3.2 are not the same. As seen in Figures (69) and (70), the
AMOC in the AGTCCM has a tipping point with respect to temperature forcing
that is significantly higher than in SURFER v3.1. This a priori has the effect of
making the collapse of the AMOC seemingly easier in SURFER v3.1. However,
in SURFER v3.2, an additional forcing term with the freshwater flux from the
GIS is included, whereas in SURFER v3.1, even in the form of an arbitrary
coefficient, this parameterization does not exist.
Despite an additional forcing term with FGIS, the AMOC in the AGTCCM thus
produces 7 collapse scenarios (see Figure (72,73)) compared to 9 in SURFER
v3.1. The difference is therefore due to the lower tipping point in the case of
SURFER v3.1, and these results also underline a first conclusion, namely that
the forcing by the freshwater flux from the GIS, while having an impact, is not
strong enough to counteract the increase in the critical forcing threshold of the
AMOC in the AGTCCM.
Additionally, we also reproduce the scenarios expected by the literature[34, 75],
namely that it is not possible to tip the AMOC solely through forcing associated
with GIS melting. Indeed, at the peak of the decline in ice volume that occurs
with the highest emission scenario, only a freshwater flux of Fmax

GIS = 0, 014 Sv
is produced, which remains well below the tipping point associated with this
forcing, which is F+

GIS = 0, 045 Sv.
As demonstrated in Figure (72), the collapses of the AMOC are primarily due
to the exceeding of the tipping point associated with temperature forcing. In
SURFER v3.2, under the highest emission scenario, it takes the AMOC 85
years to collapse once the global mean temperature anomaly alone exceeds the
tipping point. Conversely, in SURFER v3.1, under the same emission scenario,
the collapse of the AMOC takes 240 years from its crossing of the tipping point.
When examining the specific year in which the AMOC collapses, there is a
gap of ∆tCollapse

Ψ = 155 years between the first collapse in SURFER v3.1 and
the first in SURFER v3.2, despite operating under identical emission scenarios.
Yet, in both versions of the model, the characteristic time of the AMOC col-
lapse dynamics is set to τ = 10 years in both cases. The fact that the AMOC
in SURFER v3.1 takes longer to collapse once its tipping point is surpassed
is a consequence of the shape of the stable manifold of the collapse state, as
seen in Figure (69) compared to that of Figure (70). Indeed, we observe that
in SURFER v3.2, calibration on the hysteresis of cGenie implies that once the
tipping point is reached, the bifurcation occurs abruptly onto the collapse state
with an AMOC value Ψ = 0. In the case of the AMOC model in SURFER
v3.1, once the tipping point is reached for T+ = 4◦C, the AMOC first transi-
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tions to a collapse state with an intensity of Ψ = 0, 17, which then decreases
further to reach only a value of Ψ = 0 for T = 7, 8◦C. This demonstrates the
consequences, also in terms of complete collapse time, of a simplified AMOC
dynamics calibrated in a significantly different manner.
The significant differences in terms of duration and timing of the collapse of the
AMOC between SURFER v3.1 and SURFER v3.2, and thus, the differences in
terms of climatic and societal futures that these discrepancies create, underscore
the need for further research to more accurately identify the tipping points
associated with the various forcings of tipping elements and to better calibrate
models based on them. Indeed, as seen in the literature review in Chapter
I, critical thresholds still have considerable uncertainty with wide confidence
intervals. This is the case for the AMOC, where the lower bound of its tipping
point with temperature is set at 1, 4◦C while its upper bound is set at 8◦C
[1]. It is clear from the presented results and their significant differences for
a variation of T+

Ψ of "only" 1, 5◦C between SURFER v3.1 and SURFER v3.2
that currently, it is only possible to provide AMOC collapse scenarios with
differences sometimes spanning several centuries regarding the exact timing of
the collapse.
Furthermore, these results also allow us to support the nuances discussed re-
garding the limitations of the calibration methodology of the AGTCCM high-
lighted in Section (3.5). Indeed, due to the significant differences in potential
future collapses that can be obtained based on current uncertainties even in
process-based models regarding the exact positions of tipping points, having
a calibration method with simplified dynamics that produce differences of the
order of ten percent, while unfortunate, does not negate the epistemological
utility of this approach. It is also important to recall that the purpose of the
AGTCCM and SURFER v3.2 is to produce a coherent model for exploring pos-
sible collapse scenarios. This model does not currently have the scope to serve
as operational and strategic decision support, which would invalidate the model
due to these significant uncertainties.

Significance of Calibrating the Coupling Coefficient from the GIS to
the AMOC e12

Even though it has a second-order effect compared to temperature forcing, the
forcing by FGIS can be decisive in certain collapses. In fact, for the 9th lowest
emission scenario in SURFER v3.2, it is very interesting to observe that even if
the temperature tipping point is not reached, the AMOC still transitions under
this scenario. The reason for this is the freshwater flux from the GIS, which
acts as an additional forcing and allows the sum of these two forcings to exceed
the tipping point associated with both forcings simultaneously.

Wc = (d1T
c
Ψ + e12F

c
GIS) = d1T

+
Ψ . (4.1)

Indeed, as presented in sub-subsection (3.3.2), in our mathematical model of
nonlinear dynamics, it is only when the independent term of the third-order
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polynomial reaches a certain critical value, causing a phase space shift until
the merging of two equilibrium points, that a fold bifurcation occurs. In the
parlance of nonlinear dynamics, our variables T and FGIS act as our bifurcation
parameters, allowing the system to reach one of its bifurcation points when T
and FGIS take values such that their sum, modulated by the intensity of their
couplings with the AMOC dynamics (d1T + e12FGIS), reaches the critical value
of the tipping point denoted in terms of temperature as d1T

+
Ψ .

In this experiment depicted in Figure (72), this threshold is therefore exceeded
significantly and for a sufficient duration to completely tip the AMOC due to
the forcing of FGIS in addition to that of temperature. We must therefore
conclude that the consideration of the second dominant forcing for the AMOC,
namely the freshwater flux from the GIS, can be decisive in the possible collapse
trajectories of the AMOC. If this additional forcing term can be decisive, it
demonstrates the importance and utility of having, through the AGTCCM, the
most precise calibration possible of our simplified dynamics based on process-
based models of the coupling coefficient from the GIS to the AMOC, denoted
as e12.

Collapses of the GIS

How to explain the fact that it is not the highest emission scenarios that cause
the most melting of the GIS by 5000 AD, whether in SURFER v3.1 or SURFER
v3.2? The answer to this lies in the stabilizing feedback of an AMOC collapse
on the GIS. As explained in Chapter I, a slowdown of the AMOC will lead to
a significant decrease in average temperature in the North Atlantic and thus
notably over the GIS. This decrease can reach an average of −12◦C in cities
like Reykjavik at the same latitude as Greenland. Thus, an AMOC collapse
will allow for regional cooling in the Northern Hemisphere, which can be more
intense than the temperature increase associated with climate warming. In
other words, under climate warming scenarios that leads to a collapse of the
AMOC, it is possible that in certain regions of the Northern Hemisphere, we
observe not warming but rather cooling of average temperatures.
This physical reality is translated into our simplified GIS dynamics model with
the term e21(1 − ΨV ) (see Eq. (3.3)), both in SURFER v3.1 and SURFER
v3.2. This is why we observe that the most significant emission scenarios lead
to GIS collapse until the point where the stabilizing effect of the AMOC is
strong enough to reproduce ice volume growth for some scenarios. In SURFER
v3.1 (see Fig. (75)), we observe that the stabilizing feedback is much stronger
than in SURFER v3.2 (see Fig. (76)). Indeed, in SURFER v3.1, even the
highest emission scenarios are capable of restoring the pre-industrial level of
ice volume after the AMOC collapse well before 5000 AD. For some high
emission scenarios, the ice volume even finds a new stable equilibrium with a
value higher than the initial condition. We realize that the intensity of the
stabilizing interaction is likely excessively strong in SURFER v3.1. Indeed,
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even in the highest emission scenario, which creates a nearly 8◦C global average
temperature anomaly and persists well beyond the GIS tipping point set at
1.5◦C for thousands of years, the GIS will never melt again.22

In SURFER v3.2, the stabilizing effect of the AMOC on the GIS is present but
to a more realistic extent. Indeed, even though the most significant emission
scenarios significantly reduce the rate of GIS melting after an AMOC collapse,
they are unable to completely halt the melting due to the very substantial
temperature anomaly that is created. Longer simulations up to 10 000 AD,
available on GitHub, show that a cessation of GIS melting, even for the highest
emission scenario, is achieved by 5800 AD due to a decrease in the temperature
anomaly. This decrease in the temperature anomaly is attributed to the gradual
absorption of atmospheric CO2 by the ocean over long timescales, which suffi-
ciently reduces the anomaly so that shortly after 10 000 AD, the GIS returns
to its initial state in SURFER v3.2 under the highest emission scenario.
The intermediate emission scenario, which causes the most long-term melting of
the GIS, is critical in the sense that itcombines a temperature anomaly (T = 5◦C
at its maximum in 3800 AD) without an AMOC collapse, which would stabilize
the GIS melting. This dynamic result is crucial because it demonstrates that
due to the interactions between tipping elements, the AMOC indirectly increases
the forcing value of the GIS tipping point.
If we revisit the GIS model (cf. Eq.(3.3)), we have that the critical bifurcation
parameter can be expressed as follows,

Wc(T,Ψ) = d2T
c
V + e21(1−Ψc). (4.2)

We know that a bifurcation occurs when this parameter W , which combines
the two forcings, takes the value Wc, which can be easily calculated in the case
where there is only one forcing on temperature,

Wc = d2T
+
V . (4.3)

In doing so, we can calculate T equiv;Ψ
V , the equivalent in terms of temperature

forcing of a complete AMOC collapse on the GIS. This is simply given by the
ratio e21/d2, which based on the values of these coefficients calculated in the
AGTCCM, allows us to find that,

T equiv Ψ
V = −6.06◦C. (4.4)

In other words, an AMOC collapse in the AGTCCM increases the GIS tipping
point by 6.06◦C, shifting it from T+

V = 1.5◦C to T+
V = 7.56◦C. This is observed

in the highest emission scenario of SURFER v3.2, where shortly after 2500 AD,
the temperature anomaly exceeds 7.56◦C. However, since the AMOC has col-
lapsed, even with a maximum temperature anomaly of 8.1◦C in 2700 AD, the
GIS only exceeds its tipping point by δT = 0.54◦C. Although significant, this

22Simulations up to 500 000 AD with SURFER v3.1 confirm this.
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temperature reduction effect23 for the GIS of T equiv;Ψ
V = −6.06◦C falls within

the expected value range for this location, as demonstrated in the study using
an ESM by van Westen et al.[79].
Moreover, due to the subsequent decrease in temperature anomaly, the GIS
actually surpasses its tipping point, but with sufficiently low intensity and
especially over a period of time short enough compared to the characteristic
timescales of the internal dynamics of the GIS, such that the GIS does not bi-
furcate towards its collapse state. We are facing an overshoot without tipping
phenomenon induced by the interaction of the AMOC on the GIS. This will be
studied in more detail in the following section.

Significance of Calibrating the Coupling Coefficient from the AMOC
to the GIS e21

As observed between SURFER v3.1 and SURFER v3.2, having a precise value
of the coupling coefficient of the AMOC on the GIS, e21, which encodes the
intensity of the stabilizing effect of an AMOC collapse on the GIS, is crucial.
Indeed, this determines which future greenhouse gas emission regimes, although
they trigger the collapse of the AMOC and have significant effects on other
components of the climate and thus society, can prevent the GIS from collapsing
itself. Considering the potential 7 meters of sea-level rise attributed to the
GIS if it were to collapse entirely, the importance of accurately calibrating this
stabilizing effect of the AMOC is well justified.
In SURFER v3.2, due to the absence of hysteresis from process-based models of
the GIS in relation to the intensity of the AMOC within the time constraints of
this thesis, the calibration of e21 had to be partially arbitrary. Therefore, even
though we kept the coordinates of the critical bifurcation points associated
with temperature present in SURFER v3.1, we had to set the values of Ψ+

V and
Ψ−

V based on qualitative judgement informed by the literature. In doing so,
we partially arbitrarily modify the value of e21 as shown in Equation (3.106).
Different personal experiments for other values of Ψ+

V and Ψ−
V (whose figures are

available on the GitHub of this thesis) have demonstrated the high sensitivity
of these values in the intensity of the stabilizing interaction of the AMOC on
the GIS. However, given the good results of the AGTCCM for the AMOC with
the calibration of the cGenie experiments, this motivates us to further push
future work once hysteresis from process-based models of the GIS with regard
to AMOC intensity becomes available.

23The impact of an AMOC collapse on the GIS can be understood in two ways: either by
the fact that it raises the tipping point associated with the average global temperature of the
GIS by 6.06◦C, or by the fact that it reduces the actual temperature experienced by the GIS
by 6.06◦C. Both interpretations are correct.
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The Importance of Different Time Scales in Cascade Collapses

Similar to Dekker et al. [18] on cascading collapses, we observe that the coupling
of the two systems (cf. Fig. (17,18)), in our case the AMOC and the GIS,
introduces a direction to the cascade. In their study, only a unidirectional and
destabilizing interaction is examined between tipping elements, whereas in our
case, we have a bidirectional interaction between the AMOC and the GIS, with
the peculiarity that one is stabilizing and the other destabilizing. Furthermore,
the study by Dekker et al. [18] is limited solely to a forcing of the following
system by its interaction with the leading system. In our study, we have a
more complex situation where both systems share a temperature forcing, the
impacts of which on each of the tipping elements are differentiated by a distinct
calibration taking into account their internal dynamics.
However, we can adopt the expressions of the leading system and following
system introduced in the study by Dekker et al.[18] and generalize it by applying
it to our findings. If we consider the destabilizing interaction of the GIS on the
AMOC, we can view the GIS as the leading system and the AMOC as the
following system. Indeed, in the case of the 9th lowest emission scenario in the
simulations of SURFER v3.2 (cf. Fig. (72)), we previously observed that the
tipping point by temperature forcing is not reached. Instead, it is a critical
freshwater flux from the GIS that, together with the sum of these two forcings,
causes the AMOC to bifurcate towards complete collapse. It is the change in
the following system induced by the leading system that brings the following
system closer to its bifurcation point and ultimately leads to its collapse. In
the case of the stabilizing interaction of the AMOC on the GIS, the roles are
reversed. The AMOC becomes the leading system, and its collapse induces
a change in the bifurcation parameter of the GIS. In this particular case, it
prevents the GIS from bifurcating by moving it away from its bifurcation point.
In the context of this stabilizing interaction from the leading system (AMOC)
to the following system (GIS), we observe that the leading system (AMOC)
is capable of significantly repositioning the equilibrium point of the following
system (GIS), as seen earlier in equation (4.4), resulting in a shift of the tipping
point by 6.06◦C.
If we consider both interactions together, strictly speaking, we are dealing with
two systems that are both following and leading systems simultaneously. The
role they effectively play is determined by the form of the temperature forcing
that impacts both tipping elements. This dependency arises from the character-
istic differences in time scales between these tipping elements. In our collapse
results presented for the AMOC and the GIS, the differences between τ1 = 700
years and τ2 = 10 years play a fundamental role in the evolution of the trajec-
tories of the two coupled systems. These coefficients, which encode the physical
differences in time scales for significant variations in the intensity of the AMOC
and the volume of the GIS, create a strong dependence in the form of the
non-stationary background forcing[14], which is that of temperature. Different
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combinations of collapses, potentially cascading, can be created due to the spe-
cific form of the chosen temperature forcing. This is particularly evident for
the GIS, which, due to its very large inertia of several centuries, can withstand
significant overshoots on its temperature tipping point, thanks to the stabilizing
effect of the AMOC. In the opposite direction, it is the large melting inertia
of the GIS that allows, despite its considerable volume, for freshwater fluxes
to be produced that are sufficiently low to not exceed the tipping point of the
AMOC solely via the haline branch of the circulation. These differences in time
scales were also something missing in the study by Dekker et al.[18], and our
study thus shows that the separation of time scales between the coupled tipping
elements also leads to some of the rich behavior of collapse of the systems.

Conclusions on the AGTCCM’s Ability to Produce Tipping Cascades

Through these results and discussions, we have demonstrated the relevance, va-
lidity, and utility of the AGTCCM and the v3.2 version of SURFER developed
in this thesis for simulating the cascade collapses of the AMOC-GIS. Taking
into account, in a realistic manner yet within a framework of nonlinear dynam-
ics capturing the dominant mechanisms of AMOC and GIS evolution, allows
for a more accurate constraint on the possible collapse scenarios of these two
fundamental tipping elements in the climate system. Indeed, although we have
studied cascade collapses, given the nature of the AMOC and GIS and one of
the two interactions being stabilizing, no collapse scenario of the GIS followed
by the AMOC, or vice versa, has been produced. The most common scenario
encountered is that of an incomplete cascade, where the onset of GIS collapse
contributes to that of the AMOC but once the AMOC collapses, it in turn spares
the GIS due to a sufficiently rapid decrease in forcing.[13] Table (7) summarizes
the different collapse configurations that could potentially be simulated a priori
and what is produced in the AGTCCM. To streamline the synthesis, exceptions
related to the overshoot without tipping phenomenon will be discussed in the
following section.
In conclusion, we support the findings of the study by Sinet et al. [68], namely
that the stability of the climate system, particularly of the AMOC and the
GIS, is drastically altered when considering interactions between the tipping
elements, in agreement with the more abstract results of Wunderling et al.
[87]. Addressing our research question regarding the consequences of a realistic
coupling between the AMOC and the GIS on their collapse dynamics, we have
thus better constrained and illustrated the various possible trajectories under
15 plausible emission scenarios covering the spectrum of typical SSP scenarios.
Compared to SURFER v3.1, we have seen the utility of more realistic calibration
of the internal dynamics of the AMOC and the GIS, but especially of their
interactions. The main difference has been to illustrate a case of AMOC collapse
triggered by considering the freshwater flux FGIS in addition to the temperature
forcing. Furthermore, although SURFER v3.2 did not highlight a new collapse
configuration that could not already be illustrated in SURFER v3.1, the first
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First Second Results in
Tipping Tipping AGTCCM
AMOC GIS Not possible to tip GIS

thanks to AMOC because
stabilizing interaction.

AMOC No GIS Tipping Most common configuration,
call the incomplete cascade.
Appears for the highest emission scenarios
such that d2T + e21(1−Ψ) ≤ d2T

+
V

but T ≥ T+
V . Shown in Fig.(74)

GIS AMOC FGIS not sufficient for
tipping AMOC alone. Possible key role
of FGIS for tipping AMOC
if temperature forcing T near
T+
Ψ . Shown in Fig.(72).

GIS No AMOC Tipping Possible for a range of emission
scenarios such that T ∈ [T+

V , T+
Ψ ].

Shown in Fig.((74)
No GIS Tipping No AMOC Tipping Possible for emission scenarios

such that T ≤ T+
V ≪ T+

Ψ .

Table 7: Synthesis of the various combinations of potential dynamics and com-
mentary on their production in the AGTCCM.

added value of SURFER v3.2 was to more realistically constrain the possible
collapse scenarios. This is particularly useful when also considering possible
interactions with other tipping elements. Indeed, as the AMOC and GIS are key
tipping elements in the climate system capable of triggering cascading collapses
involving other tipping elements, better constraining their dynamics of potential
collapses helps to better constrain the regimes of emission scenarios that could
lead to hothouse narratives.
In addition, we were able to fully exploit the richness of the nonlinear systems
dynamics framework, namely the ability to conduct more in-depth analysis and
understanding of the results based on physical and mathematical intuitions.
Moreover, being a model composed solely of coupled ODEs, we benefit from very
significant computational savings with the AGTCCM. Indeed, with SURFER
v3.2, we have a tool for simulating AMOC and GIS collapses that can extend
over very long time scales up to 500 000 years, capable of running 15 simulations
over this time scale in approximately 11 seconds on a laptop24. This efficiency,
combined with the quality of the model, allows it to serve as an exploratory
emulator for possible collapse scenarios under various forcing conditions.
Finally, our study has highlighted the crucial role of the coupling coefficients

24CPU: 11th Gen Intel® Core™ i7-1165G7 @ 2.80GHz × 8, RAM: 16GB
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e12 and e21 in the possible worlds that can be created. We believe that further
work using this paradigm of emulation through simplified nonlinear dynamics
of process-based model hysteresis is important for better constraining these
possible worlds.

4.4 Overshooting phenomena in the bifurcation diagram

4.4.1 Results

We now wish to focus the overshoot without tipping, potentially crucial for
mitigation policies. Although some of the simulations already presented, ex-
tending up to 5000 AD, hinted at this phenomenon, we aim to investigate it
more thoroughly in this section. To do so, 15 simulations, still under the same
CO2 emission forcing scenarios, were conducted, but this time leveraging the
capabilities of SURFER v3.2 to extend the simulations up to 500 000 AD.

Figure 77: Trajectories of the AMOC and GIS and the global mean temperature forcing for
15 simulations up to 500 000 AD in SURFER v3.2.

The Figure (78) depicts the trajectories of the GIS and AMOC in their bi-
furcation diagrams relative to the forcing of global mean temperature. These
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trajectories in the bifurcation diagrams provide an alternative perspective for
understanding the results of the different collapse dynamics of the AMOC and
GIS discussed in the preceding section. To provide a comprehensive view, the
trajectories of the AMOC and GIS, along with the atmospheric temperature
anomaly, are also shown in Figure (77).

Evolution of the GIS and AMOC over 500 000 years

Noting that on this latter figure, the x-axis is on a logarithmic scale, we observe
the sequence of evolutions of the trajectories of the different variables from Fig-
ure (74). For the GIS, it is observed that the trajectories of scenarios with the
highest CO2 emissions stabilize completely beyond 5000 AD, reaching a new
stable equilibrium of the nominal state, which even has a value slightly higher
than that of the pre-industrial equilibrium. An interesting phenomenon occurs
with destabilizations that take place after 100 000 AD on these same trajec-
tories, resulting from a reformation of the AMOC transitioning from collapse
to its nominal state. Indeed, observing the temperature anomaly, it is noted
that around 100 000 AD, this anomaly drops below T−

Ψ = 1, 27◦C, and since
Ψ− = 0, 022, the tipping point associated with this stable equilibrium is sur-
passed, allowing the AMOC to bifurcate and reform. While the AMOC has a
stabilizing effect on the GIS when it collapses due to its regional temperature
anomaly reduction effect, the reformation of the AMOC, by transporting heat
back to the Northern Hemisphere, has a destabilizing effect on the GIS. This
physical reality is also mathematically reflected by the term e21(1 − Ψ) in Eq.
(3.3).
Additionally, Figure (77) and Figure (78), which depict the trajectories of the
AMOC bifurcating towards its nominal state at the end of the simulation, il-
lustrate the hysteresis effect introduced in Chapter I. The critical threshold
necessary for the reformation of the AMOC is significantly lower (T = 1.27◦C)
than that associated with its collapse (T = 5.5◦C), indicating that the AMOC
exhibits a loss of reversibility once the system has collapsed.
Moreover, Figure (77) confirms over longer time scales that only intermediate
scenarios of greenhouse gas emissions, which do not trigger AMOC collapse
but still produce a significant atmospheric temperature anomaly (≈ 5◦C), will
almost completely melt the GIS in the long term.
A final observation concerns the time scales required for the carbon cycle to
absorb the disturbance from anthropogenic emissions, as even after 500 000 AD,
the temperature anomaly is not completely absorbed for the most significant
emission scenarios.

Overshoot without tipping in the Bifurcation Diagrams

In Figure (78), by depicting the trajectories of the AMOC and GIS directly
within their bifurcation diagrams relative to the atmospheric temperature anomaly,
a clearer identification of bifurcations is facilitated. This is particularly evident
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Figure 78: Trajectories of the AMOC and GIS in their bifurcation diagrams with respect
to the forcing of global mean temperature for 15 simulations up to 500 000 AD in SURFER
v3.2.

for the AMOC, where it is observed that once the tipping point is surpassed con-
cerning temperature forcing, the AMOC bifurcates towards its collapse state.
The subtle differences between the actual trajectories, which surpass the tip-
ping point before bifurcating, are due to the forcing occurring "too rapidly" for
the system to remain in equilibrium. Conversely, trajectories that bifurcate just
before the temperature tipping point allow identification of the effect of the GIS
forcing, which occurs concurrently but is not represented in this two-dimensional
bifurcation diagram. Figure (78) represents only the projection onto the plane
FGIS = 0 Sv of the trajectories depicted in Figure (71). Furthermore, in Fig-
ure (78), the bifurcation from the collapse state to the nominal state for the
highest emission scenarios is distinctly observed once the temperature anomaly
surpasses the lower tipping point. It is noteworthy that in the reformation of
the AMOC, it is purely through temperature forcing that it occurs; however,
a destabilizing forcing by FGIS is subsequently created due to significant GIS
melting with the reformation of the AMOC. Nevertheless, this latter interaction
is of second order and cannot counterbalance the AMOC bifurcation. Lastly,
for the lowest emission scenarios, trajectories experiencing only a decrease in
AMOC intensity due to a decrease in the equilibrium value of the nominal state
are observed, but not sufficiently to reach the upper bifurcation point.
The findings in this section concern the trajectories of the GIS in the bifurcation
diagram relative to the temperature anomaly. Indeed, this enables us to dis-
tinctly observe that all trajectories surpass the GIS bifurcation point concerning
temperature for a sufficiently long period. The temperature forcing has the ef-
fect of displacing the GIS from its stable equilibrium for a very extended period.
Specifically, calculations based on simulation data reveal that the GIS spends
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nearly 50 000 years in a state outside of the stable equilibrium of the nominal
state and its normal evolution with temperature forcing. In other words, the
GIS remains out of equilibrium for 50 000 years, yet the intensity and dura-
tion of the forcing pushing it outside of its stable equilibrium are insufficient to
move the GIS away from this attractor. Lastly, it is evident how the collapse of
the AMOC, due to its stabilizing effect on the GIS, enables surpassing the GIS
tipping point by over 6◦C without triggering a shift.

4.4.2 Discussion

The results just mentioned for the GIS are indicative of overshoot without tip-
ping phenomena as described by Ritchie et al.[61, 62]. If we focus on emission
scenarios that do not trigger AMOC tipping initially, the sixth scenario from
the least intense produces a maximum temperature anomaly of 4◦C, well be-
yond the tipping point of T+

V = 1, 5◦C. However, despite the intensity of the
disturbance, the characteristic time scale for the change in forcing - denoted as
d following the notations of Section (2.2) - remains sufficiently small compared
to the characteristic time scale of the system’s internal dynamics, τ . Thus, the
GIS can still venture far from the bifurcation point without tipping. We have
thus identified global warming trajectories that permit a safe overshoot of the
prescribed thresholds. Therefore, we understand that while the critical temper-
ature of each tipping element is important as it determines the magnitude of
the possible overshoot of the tipping point, it is the characteristic time scale
of the internal dynamics τi that determines the critical time beyond which an
overshoot transforms into a bifurcation.[14, 62]
These results are not surprising for Greenland due to the fact that it takes a
considerable amount of time and energy to melt large quantities of ice, which
gives it a characteristic time scale of τ ≈ 700 years in SURFER v3.2. However,
climate change is occurring very rapidly, as evidenced by the interpolation of
SSP scenarios conducted here, with a duration of d ≈ 450 between 1750 AD, the
onset of the disturbance, and 2200 AD, the peak of the temperature anomaly
under this scenario.
Thus, cryospheric components such as the GIS or the WAIS may be resilient
to collapse even with relatively low tipping points in terms of temperature
anomaly because they have long tipping time scales. They are what Ritchie
et al.[62] call slow-onset tipping points while other tipping elements such as
the AMOC, permafrost, or the Amazon rainforest could be at risk due to their
shorter time scales.[14] These differences between tipping elements with the
earliest thresholds, which also possess the longest timescales, and faster tipping
elements, which tend to have higher thresholds (such as permafrost and the
Amazon rainforest), imply that the safe levels of peak warming are determined
by faster-onset tipping points, whereas the safe stabilization warming levels are
set by slower-onset tipping points.[62] These findings underscore the importance
of constructing the most precise mapping possible of safe overshoot domains for
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each tipping element, taking into account their interactions with others. By
doing so, based on the intersections of safe overshoot regions, we can determine
which warming trajectories are more desirable than others.
Moreover, given that SURFER is not a model for assessing the impacts of
climate warming, one should not underestimate the catastrophic impacts on
both human society and biodiversity from trajectories that, even if they do not
tip the Greenland Ice Sheet (GIS), do tip the Atlantic Meridional Overturn-
ing Circulation (AMOC). For instance, a scenario with an 8◦C global average
atmospheric temperature anomaly, even if an AMOC collapse leads to a lo-
cal decrease to approximately 2◦C in the Northern Hemisphere, would already
likely result in a significant increase in the frequency and intensity of extreme
weather events. Furthermore, while the temperature anomaly may be "only"
≈ 2◦C in the North Atlantic region, it would be ≈ 8◦C elsewhere in the world,
thus carrying devastating consequences.
Finally, this study of overshoot without tipping phenomena involving multiple
tipping elements and considering their interactions advances the characteriza-
tion of safe overshoot, a topic still insufficiently explored in that framework.
Indeed, research into the safe and unsafe boundaries of tipping elements has
thus far been conducted only for individual elements.[62] However, as we have
demonstrated, interactions can significantly lower but also raise (as in the case
of the GIS) individual tipping point thresholds, potentially drastically altering
the regions of safe and unsafe overshoot.
In conclusion, we observe that the AGTCCM effectively reproduces relevant
phenomena of overshoot without tipping while considering interactions between
tipping elements. Given the significance of these phenomena for human society
and life on Earth, this underscores the importance of continuing efforts to im-
prove methodologies such as the AGTCCM. This involves reducing calibration
errors and conducting more emulations using data from process-based models.
Constraining tipping point dynamics more realistically will enable a more accu-
rate identification of emission scenario regimes that not only overshoot tipping
points but also do so safely by avoiding the triggering of irreversible shifts in
underlying systems.
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5 Conclusion and outlook

5.1 Tipping Points, Tipping Elements and Tipping Cas-
cade

Our primary research question in this thesis was to understand the effect of real-
istically accounting for the couplings between the AMOC and the GIS on their
collapse dynamics. To address this, we began in Chapter I by motivating this
study through the definition of the concepts of tipping points, tipping elements,
and tipping cascades. It was explained that a tipping point is a critical threshold
beyond which a system reorganizes, often abruptly and/or irreversibly. Tipping
elements, on the other hand, are large-scale components of the Earth system
that may reach a tipping point. Each tipping element has its own internal
dynamics centered around feedback processes of specific physical phenomena.
Tipping can occur when amplifying/reinforcing (positive) feedback mechanisms
overwhelm damping/balancing (negative) ones and become strong enough to
support self-perpetuating change. Due to their interactions, these tipping ele-
ments can have stabilizing or destabilizing impacts on each other’s dynamics,
potentially creating tipping cascades, also known as domino effects.

5.2 The Importance of the AMOC and the GIS as Tipping
Elements

The AMOC and the GIS are tipping elements. In the case of the AMOC,
the source is the salinity advection feedback. The intensity of the AMOC is
determined by the advection of warm, salty water from the South Atlantic to
the North Atlantic, which, once cooled in the North Atlantic, becomes dense
enough to sink and form the North Atlantic Deep Water (NADW). The ocean
advective feedback is positive because if the intensity of the circulation decreases
due to any haline or thermal perturbation mentioned in Chapter I (such as an
increase in temperature or the addition of freshwater), the salinity transport
towards high latitudes is reduced. This induces a decrease in density there, thus
decreasing the intensity of the flow, which reinforces the initial perturbation.
Consequently, there exists a threshold in the intensity of the initial perturbation
beyond which the circulation system collapses into equilibrium.
The AMOC is identified as a tipping element because simulation data have
shown that, beyond a certain critical stratification threshold in the North At-
lantic waters, the circulation can collapse and reorganize within a few decades,
reaching a second stable equilibrium known as a collapse state, in which the cir-
culation ceases. These collapse experiments are conducted using various types
of models, ranging from conceptual models and EMICs to ESMs. In these
models, once a critical threshold of water warming or freshwater input (in hos-
ing experiments) is surpassed, the circulation collapses. When these forcings
are reversed, the recovery of the AMOC occurs at significantly lower levels of
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freshwater forcing compared to the levels that initially triggered its collapse,
indicating pronounced hysteresis behavior, a characteristic phenomenon of tip-
ping points.
In addition to its role as a tipping element, the AMOC is a key climate system
because it is a major mechanism for distributing heat from the Southern Hemi-
sphere to the Northern Hemisphere in the Atlantic, thereby having significant
consequences for the climate in this region. A complete collapse of the AMOC
would result in a reduction of the global mean temperature by −0.5◦C , and
locally, it could decrease temperatures by nearly 7◦C in cities like London. Fur-
thermore, the absence of surface water transport to the depths of the Atlantic
due to an AMOC collapse would reduce Atlantic ventilation by nearly 30%. A
recent study[91] quantified that the equilibrium impact on atmospheric CO2

concentration following an AMOC shutdown would range between 13 ppm and
34 ppm by 2500. Other impacts, such as a southward shift of the ITCZ, changes
in monsoon patterns, and effects on marine ecosystems, are also expected fol-
lowing an AMOC collapse.
Recent observations of AMOC intensity indicate a slowdown, with the critical
threshold associated with global mean temperature beginning at 1.4◦C in some
models, a temperature anomaly expected to be reached within a few years.
Moreover, AMOC collapses have occurred in the past. Consequently, Wang et
al.[82] consider the probability of its collapse during the 22nd century to be
significant under middle-of-the-road emission scenarios, underscoring the im-
portance of studying the AMOC for all the reasons mentioned.

The GIS is the second largest ice cap after Antarctica and is currently melting
at an increasing rate due to global warming. It is also a tipping element be-
cause models have demonstrated the existence of a critical warming threshold
beyond which the melt-elevation feedback becomes strong enough to support
self-sustaining melt. As the ice melts, its highest layers lose altitude, exposing
them to warmer air, which further accelerates melting and the loss of altitude.
Although complete melting would take centuries, the total melt of the GIS has
the potential to raise sea levels by 7.42 m, submerging cities like New York,
Jakarta, and parts of Bangladesh. As with other tipping elements, there is con-
siderable uncertainty in identifying the critical threshold, but the best estimate,
which has the most consensus in the literature, is 1.5◦C.

5.3 The Physical Coupling Mechanisms for the AMOC-
GIS Tipping Cascade

Beyond their respective collapse dynamics, the central focus of this thesis is
the study of their interactions that could lead to tipping cascade phenomena.
Indeed, the melting of the GIS produces freshwater that flows into the North
Atlantic and the NADW formation regions, exerting a destabilizing effect on the
AMOC by promoting surface water stratification and bringing the AMOC closer
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to its tipping point. Conversely, the interaction of the AMOC with the GIS is
stabilizing because a slowdown of the AMOC reduces heat transport to the
Northern Hemisphere, significantly lowering the average temperature around
the GIS. This, in turn, stabilizes the melting process. Thus, these two physical
mechanisms can produce a cascade collapse dynamic; specifically, a collapse
of the GIS could contribute to or trigger a collapse of the AMOC. Given the
crucial role of realistically accounting for the couplings between the AMOC and
the GIS in their future evolution, we sought to develop a model that better
evaluates these interactions.

5.4 A Simplified AMOC-GIS Model Capable of Emulat-
ing Complex Models

Complex models such as EMICs and ESMs have limitations in simulating the
cascade collapses of the AMOC and GIS due to their overly stabilizing sys-
tematic biases and operational constraints related to their computational time
requirements. Furthermore, even with process-based model identification, the
critical values of the tipping points associated with different tipping elements
remain highly uncertain. Consequently, a growing portion of recent literature
has begun to study tipping elements not by attempting to describe the physical
processes in their dynamics in the greatest possible detail, but by using dy-
namical systems theory to capture the essential first-order dynamics necessary
to produce the expected collapse phenomena. This reductionist approach has
the advantage of clearly identifying the different forcing terms and the various
collapse dynamics that can occur, especially with the concepts related to non-
linear dynamics introduced in Chapter I. To this end, the dynamics of tipping
elements are modeled using the canonical form of double-fold bifurcation. Sev-
eral studies have validated this assumption by demonstrating the existence of
at least two stable equilibria for the AMOC and GIS, separated by an unstable
equilibrium, along with the bifurcation dynamics associated with a double-fold.
Moreover, since these models consist of only fairly elementary coupled ODE
systems, they are very computationally efficient, allowing for easy exploration
of the different time scales associated with the tipping elements of interest.
In line with Wunderling et al. [87, 88, 90] and V. Couplet [15, 12, 14], we
decided in this thesis to adopt the model proposed by V. Couplet described in
Section (3.2.2). However, the limitations of this model included the absence of
the stabilizing interaction of the AMOC on the GIS and, most importantly, the
lack of a realistic methodology for calibrating the coupling coefficients between
the AMOC and the GIS.

The methodological challenge at the heart of this thesis was the development of
the AMOC-GIS Tipping Cascade Calibration Model (AGTCCM). This model,
using a simplified double-fold dynamics for the AMOC and the GIS, allows for
the consideration of their respective couplings while calibrating their dynamics
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based on hysteresis curves derived from any more complex model.
To this end, in the parameterization of the intensity Ψ of the AMOC, an ad-
ditional forcing term was added to Couplet’s AMOC model to account for the
freshwater flux FGIS, ensuring it is proportional to the temporal variation of
the GIS volume, denoted by V . A third forcing term (temperature anomaly
T already being present) was also added to model the second freshwater flux
FP−E, which can be crucial in the collapse of the AMOC and is physically as-
sociated with variations in P − E. For the GIS model, a term proportional to
the intensity of the AMOC was added to account for the stabilizing effect of
the AMOC on the GIS dynamics.
The calibration part of the AGTCCM was developed based on a generalization
of the method by Martinez-Monteiro et al.[52] used in SURFER v2.0 to calibrate
ice caps. Adhering to this methodology allows us to provide semantics and
physical coherence to our calibration parameters with regards to the coordinates
of the critical points of the system under study. This not only enables us to
test the validity of the hypothesis that bifurcation points can be effectively
captured by a double-fold but also opens up a range of research questions for
which the tools of nonlinear dynamics provide the keys to answer. However,
generalizing the Martinez-Monteiro et al. [52] calibration method to our model
posed certain challenges. In SURFER 2.0, only a temperature forcing term
was present in the double-fold dynamics, whereas in our parameterization of
the AGTCCM, we have two forcing terms for the GIS (T,Ψ) and three for
the AMOC (T, FGIS, FP−E). To address this issue, we assumed that we could
produce independent sensitivity experiments using process-based models of the
AMOC or the GIS. From an operational standpoint, many models allow for
this experimental design, thus making this assumption not overly restrictive.
Building on this working hypothesis, an original methodology for calibrating
the double-fold dynamics was developed.
After a preliminary validation test, this calibration methodology was success-
fully applied to the AMOC based on three hysteresis experiments from cGenie,
an EMIC. The first experiment involved a sensitivity test of the AMOC intensity
with respect to atmospheric CO2 concentration, thus representing a tempera-
ture forcing, while the other two simulations were hosing experiments aimed at
reproducing the effects of the FGIS and FP−E forcings.
Limitations of the AGTCCM and its original calibration methodology have been
identified. Firstly, it was a priori expected that it would not be possible to per-
fectly encode the richness of the complexity of hysteresis from process-based
models with a simplified dynamics that is mathematically only a third-order
polynomial. Errors between the real hysteresis of the emulated model and that
of the emulation will inevitably appear, but the approach has always been to
calibrate the temperature forcing hystereses as accurately as possible, given that
for both the AMOC and the GIS, these are the dominant forcing terms. Regard-
ing the AMOC and GIS models themselves, it concerns the parameterizations of
freshwater fluxes, especially P −E. In practice, the proposed linear parameter-
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ization is too simplistic and does not scientifically reproduce reality acceptably.
Furthermore, the literature lacks precise data on the evolution of P−E anomaly
over the Atlantic basin with climate warming, further limiting its calibration.
Therefore, in the numerical code of the AGTCCM, this FP−E flux forcing can
be easily deactivated. As for the calibration model of the AGTCCM, three lim-
itations have been identified: the overdetermination of independent terms ci,
calibration to pre-industrial values, and the equality of critical values of tipping
elements between sensitivity experiments. However, considering the significant
uncertainty present in the literature, even based on complex models, our results
from emulating the AMOC of cGenie with a simplified dynamic confirm the
validity and our methodology.

5.5 SURFER v3.2, the integration of the AGTCCM into
SURFER, and its impact on the carbon cycle

Next, for analysis purposes under future emission scenarios, we aimed to in-
tegrate the AGTCCM into a climate model. We chose SURFER, an efficient
conceptual and partly process-based climate model with a carbon cycle that
accurately reproduces results from more complex models even over long time
scales. Tipping element modelings, including the AMOC and the GIS, are al-
ready present in SURFER version v3.1. However, the GIS and AMOC suffer
from the same limitations as the preceding Couplet model. The destabilizing
feedback of the GIS on the AMOC is absent, and most importantly, coupling
coefficients are not calibrated based on complex model experiments.
The major task in integrating the AGTCCM into SURFER v3.1 (to form
SURFER v3.2) was to parameterize SURFER’s carbon cycle so that an AMOC
shutdown could reproduce an increase in atmospheric CO2 concentration as ex-
pected in the literature. To achieve this, a linear parameterization of the carbon
transport coefficients between SURFER’s three ocean layers was added, creating
a dependency on the intensity of the AMOC. In this way, an AMOC shutdown,
by emulating increased stratification of the ocean layers, reduces the carbon
transport between these layers, reproducing the expected carbon buildup in the
upper ocean layer and ultimately resulting in a 20.5 ppm increase in atmospheric
CO2.
In Chapter III, we presented results obtained with this new version of SURFER
v3.2 developed. We forced the model with 15 scenarios, ranging from histori-
cal emissions from 1750 to 2010, followed by Gaussian interpolations between
the SSP1-2.6 and SSP5-8.5 scenarios. Based on this spectrum of simulations,
various trajectories of AMOC collapses were simulated. However, no nonlinear
response in the different carbon reservoirs of SURFER was observed. While
an equilibrium increase of 20.5 ppm in atmospheric CO2 is indeed produced,
the linear parameterization of the dependency on the non-linear intensity of the
AMOC is not sufficiently abrupt to induce a non-linear response in the carbon
cycle reservoirs. The increase in atmospheric concentration and the bottleneck
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phenomenon in the upper ocean are quantifiable but not distinguishable from
background emissions associated with anthropogenic forcings. However, it is
worth noting that scenarios in which these 20.5 ppm of CO2 lead to crossing
the tipping point associated with GIS temperature could indeed be simulated.

5.6 Cascade Collapses of the AMOC-GIS

Finally, to address the question of the effect of a realistic coupling between the
AMOC and the GIS on their collapse dynamics, we conducted simulations up to
5000 AD of the AMOC and the GIS under the 15 emission scenarios described
above using SURFER v3.2, which we compared with the trajectories of these
systems under the same forcing scenarios in SURFER v3.1. Due to the absence
of hysteresis experiments found for the GIS within the time frame of this thesis,
the dynamics of the GIS in SURFER v3.1 and SURFER v3.2 with respect to
temperature forcing will be the same. In contrast, the dynamics of the AMOC
in SURFER v3.2 are calibrated to emulate as closely as possible the response
produced in the cGenie experiments. Thus, the AMOC in SURFER v3.2 has
a tipping point associated with temperature that is higher, T+

Ψ = 5.5◦C, than
that in SURFER v3.1, T+

Ψ = 4◦C. However, the AMOC in SURFER v3.2 has
an additional forcing term with the freshwater flux, which is coupled to the
state of the GIS.

5.6.1 AMOC collapses

It has been shown that this new destabilizing coupling of the GIS on the AMOC
can be decisive in scenarios where temperature forcing alone does not reach the
tipping point of the AMOC. Indeed, the additional forcing by FGIS is crucial in
a simulation, even if this FGIS forcing alone does not exceed the tipping point
associated with freshwater flux; it is the combination of these two forcings that
shifts the AMOC by crossing the critical threshold associated with the sum
of the two forcings. This result underscores the importance of considering the
destabilizing interaction of the GIS on the AMOC. Furthermore, our results
confirm those of the literature, namely that it is not possible to trigger the
AMOC solely by the freshwater flux from the GIS. To achieve this, values of flux
that are physically unattainable would be required, even in cases of maximum
melting rates of the GIS. However, it is indeed the temperature forcing that
dominates under future emission scenarios for the AMOC.
The comparison between the trajectories of the AMOC in SURFER v3.1 and
SURFER v3.2 reveals significant differences. Despite the addition of an addi-
tional forcing term FGIS in SURFER v3.2, the latter version, which incorporates
the AGTCCM, simulates 7 collapse scenarios of the AMOC, while 9 collapse
scenarios are simulated in SURFER v3.1. This is primarily due to the difference
in the position of the critical tipping point threshold between the two versions,
highlighting the importance of accurately identifying this value. Furthermore,
nearly 155 years separate the first collapse of the AMOC in SURFER v3.2
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compared to SURFER v3.1. This is a consequence of the shape of the stable
manifold associated with the stable equilibrium of the nominal state, which
differs between the two versions of SURFER. This supports the previous con-
clusion regarding the importance of fine calibration of the hysteresis, as even
slight differences can produce vastly different collapse outcomes.

5.6.2 GIS collapses

SURFER v3.2 effectively accounts for the stabilizing effect of an AMOC collapse
on the GIS. Indeed, it is not the most significant emission scenarios that cause
the GIS to melt the most, as for these scenarios, an AMOC collapse helps
maintain the trajectories of the GIS within the attractor of its nominal state,
even if the tipping point associated with the temperature T+

V = 1.5◦C is widely
exceeded. In fact, it is calculated that an AMOC collapse in the AGTCCM with
the specific critical point coordinates taken here has the effect of increasing
the GIS temperature tipping point by nearly T equiv Ψ

V = 6.06◦C. Based on
studies[79] of the cooling impact of an AMOC collapse around the GIS, this
result appears acceptable.
While the calibration of the stabilizing effect of the AMOC on the GIS is better
addressed in SURFER v3.2 with the AGTCCM, as this coupling was overly
stabilizing in SURFER v3.1, it must be acknowledged that due to the absence
of process-based model hysteresis for the GIS, this calibration, even in SURFER
v3.2, was partly arbitrary for the calibration with the AMOC forcing because
it still required defining values for Ψ+

V and Ψ−
V without data. However, the

emulation framework enabled by the AGTCCM has proven effective for the
AMOC, and once process-based model hysteresis data for the GIS based on the
intensity of the AMOC become available, the simplified dynamics of the GIS
can be efficiently and more realistically calibrated accordingly.

5.6.3 Overshoot Without Tipping

SURFER v3.2 also allows illustrating the phenomena of overshoot without tip-
ping. These phenomena emphasize the importance of considering interactions
between tipping elements and accurately parameterizing them as they prove de-
cisive in defining emission-safe pathways. Since trajectories with the same total
emission quantity but emitted over time in different ways produce significantly
different future climates, better parameterization of tipping element dynamics
is fundamental.

5.7 The innovative methodology of the AGTCCM and its
perspectives

In conclusion, it can be seen that the AGTCCM, along with SURFER and the
additional temperature forcing, allows for the generation of all possible combi-
nations of collapses between the AMOC and the GIS. Most importantly, the
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AGTCCM, through its emulation of process-based models, enables a more real-
istic constraint on collapse scenarios and thus on potential future climates. This
is crucial for adaptation and mitigation policies in response to climate change,
given the significant impacts that the collapse of these two tipping elements
would have on human society and biodiversity. Furthermore, these more real-
istic parameterizations allow for the simulation of a new dynamic that could
not be present in the previous version of SURFER, namely, a collapse of the
AMOC resulting from the combination of temperature forcing and freshwater
flux from the GIS. We observe an incomplete cascade for the highest emission
scenarios due to the stabilizing effect of the AMOC on the GIS. Indeed, the
AMOC collapses but then prevents the collapse of the GIS. All these results
demonstrate the importance of considering, in the most realistic manner pos-
sible, the interactions between tipping elements because they can significantly
alter their collapse trajectories.

In this thesis, we have developed and demonstrated an original and innova-
tive methodology for emulating simplified dynamics of tipping elements on
process-based models to study cascade collapse dynamics of the AMOC-GIS.
This methodology allows us to obtain the benefits of simplified dynamics in
terms of computational time, but more importantly, in terms of understanding
the physical processes and interactions by addressing the question of what the
minimal conditions are for distinct collapse phenomena to occur. The inspiring
results obtained with this methodology motivate its application to other tip-
ping elements as well, based on complex hysteresis from other models. More
broadly, SURFER v3.2, with its emulations of process-based models, can serve
as a pre-diagnostic tool in the future. It allows for the efficient sampling of
the forcing space, offering a preliminary step before launching simulations with
more complex models, thanks to its very limited computational time. Moreover,
conceptual models such as the AGTCCM have always been the basis for future
developments. The reductionist approach is one of the successes of science, and
simulations of the AGTCCM can provide insights into improving the parame-
terizations of collapse dynamics of tipping elements in more complex models.
Finally, coupling SURFER v3.2 with a spatial emulator such as MESMER[4] in
the future would enable the production of a coherent and efficient climate model,
which not only includes realistic tipping element emulation but also serves as
a basis for impact analysis on extreme events associated with the collapse of
these tipping elements. In addition to the consequences on the anomaly of
global mean temperature, key variables in terms of impact analysis such as sea
level rise are already simulated in SURFER and can subsequently serve as a ba-
sis for spatial impact assessments using emulators. Thus, given the importance
of tipping elements in potential future climates, further research, particularly
using tools like the emulator developed here, is crucial to fully illuminate the
long-term and non-linear consequences of the societal choices we make today.



REFERENCES 9

Code and Data Availability

The numerical codes of the various models used, including different versions
of SURFER and the AGTCCM in its various configurations, can be found on
the GitHub repository of this thesis: https://github.com/AmauryLaridon/
LPHYS2299-Master-s-Thesis
Due to their substantial size, the data from the three cGenie simulations are
available by contacting the author of this thesis. The Python script used to
analyze these simulations is available on the GitHub repository.
All figures produced using the simulation data from SURFER, cGenie, or the
AGTCCM are also available on the repository.
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