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Abstract

Due to the rapid growth of the internet, there are more and more graph-structured
datasets such as social networks, co-purchase graphs, citation networks, and so
on. The combination of both the numerical features and the graph structure
of these datasets can improve the classification abilities. In the last few years,
convolutional graph Neural Networks have shown encouraging results for semi-
supervised classification on graph-structured datasets. However, we show through
a theoretical analysis and a series of experiments that part of these models are
not able to correctly classify nodes when the graph structure does not meet the
autocorrelation hypothesis and suggest this is due to the low-pass behavior of these
models. Only the Graph Wavelet Neural Network successfully predicts the class
of the graph nodes on both feature-driven and graph-driven datasets. We present
a novel approach that further improves the model by working at different wavelet
scales. We demonstrate in a number of experiments that our approach outperforms
the one scale approach on challenging datasets by a significant margin. Our work
also shows that model regularization does in general not improve the generalization
capabilities of convolutional graph Neural Networks, despite being heavily used in
practice. We exhibit, however, that graph based regularization might help.
Additionally, we provide an open-source toolbox to help implement and compare
classification models on graph-structured data. The toolbox is available at: https:
//github.com/pfdp0/graph-classification-TF2-toolbox.
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Chapter 1

Introduction

With the emergence of the world wide web, more and more data/knowledge has
been collected and made easily available: millions of images, text messages, videos
and articles are uploaded on the web every day. One of the challenges coming with
such large sets of data is the task of classifying them. That is, to give label to each
element to tell what it is about. As an example, suppose we want to identify what
each new image uploaded on social media represents. A straightforward way of
doing it would be to ask someone to look at the images one by one and to tell what
each one is about. This approach could maybe work for about a thousand of images
but would be infeasible for trillions of them. Therefore, many researchers have tried
to build computer programs able to perform classification tasks. Starting in 2005,
an image recognition competition called Pascal VOC and later ImageNet [31] was
organized every year to reward the best improvements in that field. In 2012, a huge
improvement has been made by a model called AlexNet [49]. The model used a
Machine Learning model called Convolutional Neural Network (CNN) to classify the
images. At that time, the model outperformed the next best model by a margin of
40%, being able to correctly classify about 85% of the images. Since then, research
in Machine Learning and in particular in deep networks such as CNNs has gained
interest and evolved quickly.

On the internet, many elements can be modelled by pairwise relations. Take for
example a scientific publication: in addition to its text, its author and its publication
date, the publication is also linked to other ones through citations. The normal
way to represent such pairwise relations is to use a mathematical structure called a
graph [84]. Consider now the task of classifying the publications by subject. That
is, build a model which predicts the subject of the articles. The model uses both
the articles’ content and the graph structure. The motivation behind the use of the
graph structure is that it could provide some useful additional information about
the publications. In particular, it is assumed that linked articles are more likely
to belong to the same class [27]. This hypothesis is called autocorrelation [88] and
plays an important role in the design of the studied models.

In this work, we investigate the task of classifying nodes of a graph using models
built using CNN-like structures since these models have shown outstanding results in
many different Machine Learning tasks. Furthermore, we will see that the convolution
operation of CNNs has the effect of spreading information to neighbouring pixels of an



image, which is a desired effect under the autocorrelation hypothesis. Unfortunately,
the extension of convolution to graph-structured data is not straightforward. Indeed,
the convolution operation of CNNs works only on grid-like structures, whereas graphs
typically have way more complex structures on which the convolution operation
is not applicable. Therefore, models like the Graph Convolutional Network, the
Wavelet Graph Neural Network and the Diffusion Convolutional Neural Network
have taken different approaches to extend the notion of convolution to graphs.

We compare state of the art graph node classification models by using a rigorous

methodology and provide an easy to use open source toolbox to compare them with
any other model. By doing so, we get a good overview of which model performs
best, whatever the size and the nature of the graph. From there, we highlight a
necessary property for models to systematically achieve a good accuracy. Also, we
expect to help researchers by providing an efficient and easy to use comparison tool
in which multiple models are already implemented.
We then investigate different ways of improving the models using regularization
and other loss functions. With these experiments, we show that the frequently
used cross-entropy is a reasonable choice but that other choices may lead to better
performances for the Graph Diffusional Neural Network. We also show that model
regularization of CNN-like models on graphs do not improve the models, whereas a
well chosen smoothing regularization based on the underlying structure of the graph
can help reaching better performance.

From the conclusions drawn from the different experiments, we suggest an
improved version of the Graph Wavelet Neural Network that further improves the
accuracy on the most challenging dataset of this work and give directions to improve
it further.

This work fulfills the following goals:

» Provide a fair comparison and clear insights about convolutional models on the
task of semi-supervised classification of graph-structured data. This comparison
answers the following questions: which convolutional model performs the best?
What is the complexity of these models? How do these models compare to
simpler models? What is the influence of the nature of the graph on the
classification accuracy? Can we highlight desired properties for convolutional
models on graph-structured data?

o Answer to research questions that are too often left aside: is the softmax-
cross entropy loss always the best choice? Do model and graph regularization
improve the generalization capabilities of convolutional models? We then
improve each of the three studied convolutional models using the answers
to the previously stated questions and answer the question: which improved
convolutional model performs the best?

o Introduce a novel model that gives encouraging results on challenging classifi-
cation tasks and suggest further research directions. The model is referred as
Multiscale Graph Wavelet Neural Network (M-GWNN).



« Provide an open-source toolbox to help researchers fairly compare models on
a large set of datasets with multiple already implemented models and an easy
guide to implement new ones.

The document is structured as follows: in the first chapter, we formally introduce
the notion of classification using Machine Learning as well as three of the most used
models, namely the Support Vector Machine, the Multilayer Perceptron and the
Convolutional Neural Network. The second chapter is dedicated to the theory behind
training a Neural Network. Different loss functions are studied along with their
main properties. The end of the chapter introduces the main model regularization
techniques proposed in the literature. From there, we introduce the main question
that this work addresses and present the investigated models. From these models, we
also introduce a new model, namely the Multiscale Graph Wavelet Neural Network.
This model provides both a new structure and new basis to perform convolutions.
From there, the fourth chapter answers the main question of this work: which model
performs the best and why ? The question is answered through a set of experiments
comparing the models and we draw several conclusions on the models performances.
These conclusions motivate the interest of the Multiscale Wavelet Neural Network
(M-GWNN). The M-GWNN is then compared to the one scale Graph Wavelet Neural
Network. In the penultimate chapter, we motivate the utility of the toolbox to help
researchers to compare efficiently different graph node classification models and
provide useful information about the toolbox features. The last chapter concludes
the work and provides further research directions.



Chapter 2

Basics of Machine Learning

In the computer science field [67, 72], artificial intelligence (AI), sometimes also
referred as computational intelligence [67], is the study of the design of intelligent
agents. An intelligent agent is a system that takes appropriate decisions in its envi-
ronment to reach its goals. These choices are constrained by perceptual limitations
and must be made within a finite computation time and memory. For example, an
algorithm playing chess by comparing possible moves and choosing which one to
play with pre-defined heuristics is an artificial intelligence [56, 41].

Machine Learning (ML) is a sub-field of Al in which the agents will improve a
part of their components automatically by learning from data and from experience
(60, 72]. A Machine Learning algorithm will thus learn to perform a task without
being explicitly told how to do so. If we take again the example of an Al playing
chess, the Al will now learn by looking at a large sample of games from which it will
try to learn which moves are the most effective to reach its goal, winning the game
[26, 78]. There are many different types of learning algorithms [62]. These can be
arranged into different categories, depending on the task for which the models are
built and the type of data they learn from. In this work, we will focus on the family
of semi-supervised classification algorithms.

2.1 Supervised and Semi-supervised Learning

First, let us introduce supervised learning. A supervised learning algorithm [40, 72]
builds a mathematical model from a set of training data which consists of data points
and a desired output for each data point. In particular, supervised classification is a
task in which the possible outputs, also called labels, are a finite set of classes. The
goal is thus to build a model that best maps the data points to the corresponding
classes. Ideally, the model should then be able to predict accurately the class of new
data points for which the output class is unknown.

Semi-supervised classification algorithms [72] are, like for supervised learning,
models that learn from a set of training examples but for which part of the desired
outputs are missing. Typically, only a small part of the labels are available. The
goal of semi-supervised classification is thus to build a model using all the training



data as well as the few known labels. Indeed, one could hope that the information
added by the unlabelled data points could help improve the results.

More formally, the task of semi-supervised classification can be defined as follows
[35, 43]: given a training set, which consists of a set of N data points or features of
dimension Np and a set of L < N known labels assigned to a few features:

{(zs,y) Ly C RV x {0, 1} (2.1)

where N is the number of classes. Find a function ¢ : RN* — {0, 1}"¢ that assigns
a class to each data point and such that the classification accuracy is maximal®.
The set of features is often represented by a so-called features matrix X € RV*VNr,

As an example, let us consider we have certain information about a group of
people (e.g. their age, income, marital status and living place) as well as the voting
intentions of some of them. A semi-supervised classification task could be to train
a model that will aim to predict the voting intentions of the others, given all the
information and the few known voting intentions.

There is a large variety of models that can be trained to accomplish classification
tasks. In the following sections, we will first introduce the notion of Artificial Neural
Network. We will then present two of them (the Multi-Layer Perceptron and the
Convolutional Neural Network) as well as a third model, namely the Support Vector
Machine. These models will be the basis for chapter 4, in which we will present
algorithms that perform semi-supervised classification on graphs.

2.2 Neural Networks

An Artificial Neural Network (ANN) or simply a Neural Network, is a computing
model inspired by the human brain [72, 55]. The ANN model is composed of a
collection of neurons which are linked by connections. Like in the biological brain,
the connections transmit the information between two neurons. An artificial neuron
is thus a unit that receives a signal, processes it by doing basic computations and
then sends it to other neurons through its connections.

In the following, we will present two ANN’s in which the signal flows one-way from
the input of the model to the output of the model. This family of ANN’s is called
feed-forward Artificial Neural Networks [60].

2.2.1 Multi-Layer Perceptron (MLP)

A Multi-Layer Perceptron (MLP) is an ANN [55, 60, 40] composed of successive
layers of neurons. The network has three types of layers: the input layer, the hidden
layers and the output layer. The information flows one-way from the input layer of
the network to the output layer. An example of the structure of a MLP with one
hidden layer in shown on Figure 2.1.

!Note that getting a perfect accuracy for the known data points is not sufficient, since it could
poorly generalize to the unlabelled data points. This will be further discussed in Section 3



Input Hidden Output
layer layer layer

Figure 2.1: Example structure of a Multi-Layer Perceptron with one hidden layer.
[lustration inspired from [38].

A neuron receives signals from the previous layer through the connections, sums
the received values and then applies a function called activation function. Activation
functions are presented in Section 2.2.3. Each connection of the network, also called
edge, links two neurons of successive layers. Each edge has a weight. The values of
the weights control the importance of the connection between two neurons.

More formally, each neuron of a MLP applies a nonlinear weighted combination
of the values of the neurons in the previous layer [55]. Let h;,; be the output of the
i'" neuron of the [*" layer, its value is then given by:

N,
hiji1, =0 (Z wy il + bz;z) (2.2)

J=1

where w j; is the weight of the edge between node j of layer [ and node 7 of layer
[+ 1, b; is the bias term of the neuron and o : R — R is an activation function.
The Multi-Layer Perceptron is trained by changing the weights and the biases so
that the output of each labelled data closely matches the desired values. The way
the updates are done is discussed in Section 3.

2.2.2 Convolutional Neural Network (CNN)

In this section, we now introduce the Convolutional Neural Network. This model is
the basis of the three main graph node classification methods that are introduced in
Section 4.

So far, we have seen that a MLP neuron takes as input a weighted average of all
the neurons of the previous layer and that the input of the model (i.e. the input
layer) is a vector. Suppose now we want to classify images composed of a grid of
N x M pixels. The input of a MLP is then a vector of size N x M, which is a
flattened version of the image. This approach requires many weights and thus a
large amount of images to train the model as well as a very long training time since
the more weights a model has, the more training data it needs to fit these weights
[1]. Furthermore, this method does not take advantage of the image structure. To
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overcome these issues, let us take inspiration from digital image processing. One of
the main operations in digital image processing is the image convolution [81, 79].
The (2D) convolution of a N x N image f by another K x K image h, often called
kernel, is defined by [79]:

K K
(f*9)(i,5) = Z Zf(i—i',j—j’)g(z”,j') foralli,j=1,...,N (2.3)
—1

i'=1j

Intuitively, this means that a new image is formed by shifting the kernel g all over the
image f and performing an element-wise multiplication at each position. One step
of the 2D convolution of an image with a 3 x 3 kernel is illustrated on Figure 2.2. By
doing so with well chosen kernels, it is then possible to apply many transformations
to the image, as for example blurring the image or detecting edges. Furthermore, the
combination of such kernels could allow to detect more and more complex shapes or
textures in the image [8].

Input Image Kernel Output Image

(0,0) | (0,1) | (0,2) | (0,3) | (0,4) | (0,5) | (0,6)

(1»0).(1,2) (1,3) [ (1,4) | (1,5) | (1,6) .

(2,0) | (2,1) | (2,2) [ (2,3) | (2,4) | (2,5) | (2,6) (0,0) | (0,1) | (0,2)
(3,00 (3,1)] (3,2) | (3,3) | (3,4) | (3,5) | (3,6) X (1,0) | (1,1) | (1,2) =
(4,0) [ (4,1) | (4,2) | (4,3) | (4,4) | (4,5) | (4,6) (2,0) [ (2,1) | (2,2)

(5,0) | (5,1) | (5,2) | (5,3) | (5,4) | (5,5) | (5,6)

(6,0) | (6,1) | (6,2) | (6,3) | (6,4) | (6,5) | (6,6)

Figure 2.2: Application of one step of the image convolution. Illustration inspired
from [8].

From there, one could build a model for image classification by using multiple
convolution kernels. This is the main idea behind the Convolutional Neural Network
(CNN). Let the neurons of the input layer be an image stored as a tensor of shape
N x M x D, where N x M is the shape of the image (i.e. its number of pixels) and
D are its different channels. An image has typically 3 channels (Red, Green and
Blue). The CNN structure is composed of three main types of layers [3]:

1. Convolutional layer: this layer convolves the input tensor with a kernel
of learnable weights. It then applies an eventual bias and passes the output
of each neuron through an activation function. Formally, the operation of a
convolutional layer is given by:

Hip=0(H.« Wi+ Biy) (2.4)

where H;; are the neurons of channel £ of layer {, H;. are all the neurons of
all channels of layer [, W, and B, are respectively the kernel and the bias

7



associated to the k* channel of layer [ and ¢ is an activation function applied
separately on each neuron. Note that two consecutive layers might have a
different number of channels and that kernels can be designed to take only a
subset of the channels of the previous layer into account by fixing some of its
weights to zero.

If we compare this operation to the one performed by a MLP, the input of
the neuron is now dependent only of neighbouring neurons (i.e. neighbouring
pixels) of the previous layer and the weights of the kernel are the same for
all the neurons of a given layer. By doing so, the spatial relations between
the features are taken into account and the number of learnable weights is
reduced.

2. Downsampling layer (or pooling layer): this layer reduces the size of the
image by dividing the image into small clusters of neighbouring neurons (for
example of size 2 x 2 each) and then combining the neurons into one neuron.
Typical operations are max-pooling (taking the max value along each cluster)
and average-pooling (taking the average value of each cluster). The operation
can be denoted by: Hyy1 = down (Hyy).

Intuitively, the goal of the pooling layer is to summarize the image information
into a smaller image by merging the information of neighbouring pixels.

3. Fully connected layer: in the last layers of the network, the neurons are
flattened and fully connected together using typically one or two MLP layers.
This is done to map the layers to the output classes.

A simple example of CNN structure for image classification is given on Figure
2.3. This example takes as input a vehicle image, applies two times a convolutional
layer followed by a pooling layer and then one fully connected layer. The classes of
the output layer then give the type of vehicle the image represents. The model uses
two different activation functions, a Rectified Linear Unit (ReLU) and a Softmax.
We will present these two activation functions as well as other common ones in the

next section.
— CAR
— TRUCK
E — VAN
O |

' — BICYCLE

FULLY
INPUT CONVOLUTION + RELU  POOLING CONVOLUTION + RELU  POOLING FLATTEN O ep SOFTMAX
FEATURE LEARNING CLASSIFICATION

Figure 2.3: Typical CNN structure. Illustration from [82].

Images as graphs Intuitively, an image can be seen as a graph that has a grid-like
structure in which neighbouring pixels are connected. The convolution with a 3 x 3



kernel is thus equivalent to performing a weighted linear combination of a node value
with the ones of its neighbours, this is illustrated on Figure 2.4. Indeed, the next
layer’s value of a node at position 7, ;7 will be determined by the values of the nodes
at positions (i + '), (j + j') with i’ € {—1,0,1} and j' € {—1,0, 1} in the case of a
3 x 3 kernel. The effect of the convolution operation is thus to spread the information
of each node to its neighbouring nodes and the way the information is spread is
controlled by the weights of the kernel. This observation is the fundamental for the
building of convolutional methods on graphs that are presented in Section 4.3.

Figure 2.4: Application of one step of the image convolution with a 3 x 3 kernel.
The image is represented as a graph in which the nodes are pixels and the edges are
the neighbouring relations between the pixels.

2.2.3 Activation functions

In Neural Networks, an activation function ¢ : R — R is a function that applies a
transformation to each node of a layer [72, 3]. The goal of most activation functions
is to introduce non-linearities in the Neural Network so that it can approximate any
function. Indeed, it can be proven that a two-layer neural network with non-linear
activation functions can approximate arbitrary well any continuous function [19].
This property is commonly mentioned as Universal Approximation Theorem.

The most widely used activation functions in Machine Learning are the following:

o Identity: this activation function just takes the input as output. Its equation
is given by: 0;4(x) = x. Note that this activation function has no effect on the
node output, we define it so that any layer can be defined with an activation
function at its output.

» Logistic (sigmoid): the logistic is an activation function of the family of the
sigmoids. According to [37], a sigmoid is a function that has the following
properties: it is bounded, differentiable, has a non-negative derivative at each
point and one inflexion point. Intuitively, sigmoids are functions that have a
"s"-shape.

The logistic activation function maps any real value to a [0, 1] value and is

defined by: Usigmoid<x> = 1+i—x'




« Hyperbolic tangent (tanh) the hyperbolic tangent is also a sigmoid func-
tion, it maps any real value to the [—1, 1] interval and is defined by: oy (z) =

x —x

» Rectified Linear Unit (ReLU): the ReLU is defined by: 0ye, () = max(0, ).
It is mainly used in deep networks like CNNs for its ability to introduce non-
linearities while being computationally cheaper to derive than a sigmoid.
Indeed, its derivative is simply given by:

00 relu (2) = forxz >0
ox ~ 10, otherwise

These activation functions shapes are shown on Figure 2.5. The performances of
the different activation functions will depend of the model and of the type of input
data. Even if certain activation functions are known to perform better in some cases,
their influence on the efficiency of a classification task is difficult to predict. For this
reason, the activation function choice is one of the model hyper-parameters that will
need to be tuned.

—— Sigmoid
1.5 1 Tanh

—— ReLU
1.0 4

0.5 '/

E 00

705 -

—1.0 1

—1.51

72.0 T T T T T T
-20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
T

Figure 2.5: Shape of the different activation functions on interval [—2,2]. Note
that both sigmoid functions (blue and orange curves) are bounded.

Finally, there is the softmax activation function. It is a generalization of the
logistic activation. It takes as input a full layer and outputs a probability distribution
where the outputs are proportional to the exponential of the inputs. This activation
function is typically applied to the output of a Neural Network. The softmax
activation function for a layer of N; neurons is defined by o fimas : RN — [0, 1]
with ot

O-softmaz(xi) = N, . (25)
Dy €7

Now that we introduced Neural Networks, let us present another type of model

that will be used as a baseline in the experiments of Chapter 5.
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2.3 Support Vector Machine (SVM)

A Support Vector Machine [40, 72, 60] is a supervised learning algorithm that can
be used for classification. To introduce SVMs, let us begin with a very simple
linearly separable set of 2 classes and then progressively generalize to any supervised
classification task.

Linear SVM  Suppose we have a set of L data points X = {z;}~; C RY which all
belong to one of two classes: Y = {y;}1; C {—1,1} and that these two classes are
linearly separable. Which means we can find a hyperplane that perfectly separates
the data points of the two classes. A linear SVM is an algorithm that separates the
two classes by finding the hyperplane with a maximal margin [40]. In other words, a
hyperplane such that its distance to the closest point of each class is maximal. The
problem can be formulated as follows [2]:

w,b | (2.6)
st. (wai—l—b) >k fori=1,2,...,L

where the equation of the hyperplane is given by w’z + b = 0 and k is the margin.
A two dimensional example is shown on Figure 2.6.

X2

“-._wa+b:0

Figure 2.6: Linear SVM hyperplane for 2 dimensional linearly separable problem.
Mustration from [2].

Without loss of generality, let us suppose the data is scaled such that & = 1, the
problem is then equivalent to the following quadratic formulation [2]:

min  |jw||?
W (2.7)
s.t. yi<wai+b>21 fori=1,2,...,L

Let us now consider two classes that are not linearly separable because of a small
number of outliers. The problem can be relaxed by allowing data points to fall

11



within the margin, but by penalizing them by a factor  in the objective function.
The problem then becomes:

L
min [l + 83 €2
w,b i=1
T , (2.8)
s.t. oy (w xl-—i—b) >1-¢ fori=1,2,... L,

&E>0 fort=1,2,...,L

This formulation, often referred as soft-margin (linear) SVM, is convex. This
implies that there is a unique global minimum and that it can be efficiently solved
by a quadratic optimization solver [40].

Nonlinear SVM Consider now more complex sets of data points for which a
linear decision surface would be inefficient. The nonlinear SVM solves this issue
by mapping the data points into a high-dimensional space in which the points are
linearly separable. The formulation of the optimization problem remains the same
as in formulation 2.8 but with data points: z} = 1 (z;), where ¢ : R? — R is a
nonlinear mapping function.

Explicitly mapping each data point to the new space is computationally expensive
when 1) is high dimensional. Fortunately, the Wolfe dual formulation of this problem
gives a form in which the mapping only appears as an inner product ¥(z;, z;) =

(i) (x;):
1

min o> sy, V(e o)) = 3 e
v i, i
st. 0<aq<pB fori=1,2,... L, (2.9)

Z%‘yz‘ =0

Therefore, the problem reduces to finding a function W(x;,x;) which gives the
inner product of two points in the new space. Furthermore, it turns out that
sign (wTw(:C) + b) = sign (3; a;y; ¥ (s, ) + b) and b can thus be found by solving
a; (y; 2 uy ¥V (x;, xj) + b — 1) = 0 for any j such that a; # 0. This trick thus allows
to classify without explicitly mapping the data points into the high-dimensional
space when training the SVM, which highly reduces the computation cost.

Multiclass SVM An approach to extend binary SVMs to multi-class problems
is to decompose the problem into multiple binary problems using a one-vs-one
approach, i.e. build a binary classifier for every pair of classes [22]. The assigned
class for a data point is then the most selected one.

12



Chapter 3

Training a Neural Network

In the previous section, we have seen that the classification task in Machine Learning
consists of building a model that best predicts the output class of a set of data
points. The model is trained by passing multiple times through at a set of data
points, of which a few or all of them are labelled. In particular, we presented two
Neural Networks which can learn by updating their weights. There still remains
a question: how are the weights updated? The weights of a Neural Network are
updated so that these minimize the error between the true class of each data point
and the value predicted by the output of the network. In short, the idea is to feed
one by one each training example into the Neural Network. The output is then
compared with the true label using a so called loss function. Then, the weights are
updated by propagating the gradient of the loss backwards into the network using
a chain rule called backpropagation of the gradients. Intuitively, backprogapation
aims to tell in which direction each weight has to be updated so that the model
better predicts the training examples. The training phase ends when a minimum is
reached. Unfortunately, there is no guarantee of reaching a global minimum and to
have built a model that generalizes well to new data points.

This chapter is organized as follows. Firstly, we present the most common loss
functions and their properties. Then, we see how to update the weights of a model
using the gradient of the loss. Finally, we present ways to asses how a model will
generalize to new data points and how to avoid learning too much by using different
regularization techniques.

3.1 Loss Functions

In Neural Networks, a loss function is a function that measures the difference between
the desired output Y and the output of the network V. In that sense, the prediction
error can be measured by any function that maps these two values onto a real
number, which value is minimal when these two values are equal. Such a function is
commonly named loss function and can be defined by:

L:RYe x RNe R (3.1)

The goal of a loss function is to give information about how to update the weights
of the network. Like we will see in Section 3.2, the weights are updated using
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back-propagation of the gradients. Therefore, a loss function needs to be at least one
time differentiable. Moreover, some loss functions have other interesting properties
that will be presented in this section.

Let a set of Ng training examples S = {(V;, Y;)}Ys where Y; € {0, 1}"¢ is the
target class as binary indicator vector and Y; € {0, 1}"¢ is the output of the Neural
Network. The loss over the set S is computed as the sum of the individual losses:

L(9) = NZ LY, Y)

In the following, we present different loss functions as well as their main properties.

Notations

For the rest of this section, we will use the following notations:

« Y €{0,1}"e is the target class as binary indicator vector. Its i-th element is
denoted by ;.

e Y € {—1,1}7¢ is the target class as —1/1 encoding.

« Y € RMc is the output of the Neural Network. Note that in general, the
elements of this vector can take any real value. Its i-th element is denoted by

Ui-

As an example, if the item belongs to class number two, its binary indicator encoding
is given by: Y = [0,1,0,0,---,0]7, its —1/1 encodingis: ¥ = [-1,1,—1,—1,--- , —1]%.

3.1.1 [P losses

The LP-losses are loss functions that come from the family of p-norms. For any
p > 1, the LP-loss of vectors Y and Y is given by:

N¢
LY Y) =Y =Y[5 =219 —wl’ (3.2)
i=1

Note that the L'-loss and the L2-loss are respectively the mean absolute error (MAE)
and the mean squared error (MSE).

When p approaches oo, the p-norm approaches the maximum norm. Therefore,
we define the L*-loss as follows:

Lr=(YY) =Y = Y|, = max|j; —yi (3.3)
Main properties

LP-losses, despite being used almost only for regularization, present interesting
properties for classification purposes. The main property is the following:
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Proposition 3.1.1 L'-loss applied to the probability estimates p(y | x) leads to
minimisation of expected misclassification probability. Similarly L? minimises the
same factor, but reqularised with a half of expected squared L* norm of the predictions
probability estimates.

Another property of L' and L? losses might cause slow convergence rate of such
losses:

Proposition 3.1.2 L' and L? losses applied to probabilities estimates coming from
sigmoid (or softmax) have non-monotonic partial derivatives wrt. the outputs of
the final layer (and the loss is not convex nor concave wrt. last layer weights).
Furthermore, they vanish in both infinities, which slows down learning of heavily
misclassified examples.

Proofs for propositions 3.1.1 and 3.1.2 can be found in [43].

Proposition 3.1.1 shows that L, and Ly losses have interesting probabilistic
interpretations for classification and can therefore be reasonable loss function choices,
despite usually being used almost only for regularization purposes [43]. One could
expect that this should lead to higher robustness to outliers, as we try to maximise
the expected probability of good classification as opposed to the probability of
perfect prediction. Unfortunately, Proposition 3.1.2 shows that these losses vanish
in both infinities, which slows down learning of heavily misclassified data points.
This slow convergence might be one of the reasons for the unpopularity of these
losses as main objective function.

3.1.2 Cross-entropy loss

Cross-entropy is a measure of the difference between two probability distributions.
It comes from information theory, in which measures the the average number of
bits needed to encode data coming from a source with distribution p when we use a
model ¢ [63].

Formally, cross-entropy loss is defined as the opposite of the log-likelihood of
conditionally independent samples [24]:

No
= —log(y;) where j is the true label (3.5)

Cross-entropy loss is commonly preceded by a softmax activation function, which
maps values a probability estimate. Cross-entropy loss for two classes, as a function
of the probability estimate, is drawn on Figure 3.1. The illustration shows that
cross-entropy loss highly penalizes data points that are heavily misclassified.

Cross-entropy loss is by far the most common choice for both image classification
[4, 45] and classification of graph-structured data [47, 87, 5]. We will check in Section
5.4.1 whether or not this choice is reasonable.
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Figure 3.1: 2-classes cross entropy loss of probability estimate z.

Focal loss

Experiments [54] have shown that large class imbalance can be an issue when training
using the cross-entropy loss. Focal loss is a solution to this issue. Focal loss reshapes
the cross-entropy loss function to down-weight well-classified examples and thus
focus training on hard negatives. Formally, focal loss is defined by:

L'focalv(f/, Y):=(1—9;)" log (9;) where j is the observed label (3.6)

where v > 0 is the focusing parameter. Higher values of « will increase the down-
weighting effect, whereas v = 0 is equivalent to the cross-entropy loss.

3.1.3 Multiclass hinge loss

Recall the definition of a linear SVM presented in Section 2.3: a linear SVM is
an algorithm that separates two classes by finding the hyperplane with a maximal
margin. An alternative formulation to the optimization problem 2.7 for one point is
the following:

Lsyar(t,§) = max (0,1 — t§) (3.7)

where ¢ € {—1,1} is the true label of point z and § = w”z + b is the distance
between point z and the hyperplane defined by equation w?z + b = 0.
This loss will be zero when the predicted label § has the same sign as the true label
t and has a value of at least 1. On the other side, the loss will grow linearly when it
is within the hard margin or on the wrong side of the margin. Minimizing this loss
will therefore lead to a margin such that the point x is correctly classified.

This alternative formulation leads to the definition of the multiclass hinge loss for
Neural Networks. Let the true class be represented by a vector Y in —1/1 encoding.
The multiclass hinge loss for a predicted output Y can then be defined as:
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Nc¢
Ehmge(f/, Y) = Z (max(0,1 — g;0;) (3.8)

i=1
The loss is commonly preceded by a softmax activation when used for Neural
Networks. Note that such a choice restricts the values of the outputs ¢; to the
interval [0, 1], which has for consequence that the loss is still minimal at V= Y, but
that this minimum is no more equal to 0. Therefore, one might want to redefine the

loss using the transformation 2; = 20(g;) — 1:

N¢

Loninge(Y,Y) 1= (max(0, 1 — §i(20(3;) — 1))

i=1

N¢
— 3 (max(0,1 - 3:%))
i=1

Squared and Cubed Hinge Losses The multiclass hinge loss is not differentiable
around Z; = 1. Therefore, one could take the square of each term of the sum, which
gives the following loss:

N¢

Lhinge (Y, V) := " (max(0,1 — ;%)) (3.9)

i=1
In the same way, one can also define the cubed hinge loss.

As an illustration, the contribution of the term ¢ of the sum that corresponds to
the true label §; = 1 for the hinge, squared hinge and cubed hinge losses are shown
on Figure 3.2.

—— Hinge
Squared hinge
—— Cubed hinge

Lhinger (9:)
[y
1

0.00 025 050 075 1.00 1.25 1.50 1.75 2.00
Model output 3;

Figure 3.2: Contribution of the i-th term of the loss that corresponds to the true
label ; = 1 for the hinge, squared hinge and cubed hinge losses.
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3.2 Backpropagation

The objective is now to minimize the output of the loss function by updating the
weights of the neural network. This task is achieved by using backward propagation
of the errors, or in short backpropagation.

Backpropagation is one of the most efficient learning procedures for multi-layer
neural networks [52]. It uses a well chosen chain rule and a gradient descent to
update the weights of the network in order to minimize the loss function. Like
detailed in [71], the algorithm works by first computing the gradient of the loss
function with respect to each weight of the last layer and then by iterating the same
process backward layer-wise.

There are many ways to derive backpropagation. In the following, we will present
an approach first introduced by [52] in which backpropagation is seen as an optimal
control problem, using Lagrangian formalism.

Let us use the followmg notation: the state of layer [ for an input feature vector
x, is denoted H - [hl L hl(p;, ey hl(zz,l] and the corresponding weights of the layer
are denoted by W, := [wlvl, Wi, . .. ,wl,Nl]T. The global state of the network (i.e. in
all layers) for feature vector z, is H® : [H(p) HP. . ,H ]T forp=1,---,P.
We denote by H the Concatenated H v for all feature vectors p =1,--- | P. The
inputs of layer [ are denoted by A, 2 . Using these notations, we rewrite the forward
propagation rule of a Multi- Layer Perceptron (recall Equation 2.2) as follows:

Y = o (WH?,) =0 (A7) (3.10)

From there, we show that backpropagation can be viewed as a constrained minimiza-
tion problem involving not only the trainable weights W, but also the state H of
the network. The Lagrange function [44] corresponding to the problem is the sum of
the loss function and a constrained term which describes the structure of the Neural
Network. The constrained term is multiplied by a so called Lagrange multiplier.
The Lagrange function of the problem for a single feature vector z,, is given by:

L
L(p)(m H(p)’B(p)) =LY y (®) H ) + Z B(p ( e (W-lHl(f)l)) (3.11)
1=1

where Bl(p )is a Lagrangian multiplier and £(Y ®), Hép )) is the loss of the output of
the last layer L of the neural network. In the following, let us take the squared
output error as loss function, i.e. £(Y®) H,gp)) =(Y® — ngp))T(Y(p) — Hép)). Note
similar results can be obtained for any diferentiable loss function [52].

When the constraints are met (i.e. when the constraint term is equal to zero), we
have: H; = o (W,H,_) for all l € {1,---, L}, which is nothing more than the layer
propagation rule. Thus, the constraint term just defines the MLP forward dynamics.
In that sense, the constraint term only defines the dependencies between the state
of the network H for all input data-points and the network weights .

The constrained minimization problem is to find weight values Wy, Wy, --- | W,
that minimize the loss function £ while satisfying the constraints. A necessary
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condition for reaching a local minimum is VL(W, X, B) = 0 or equivalently [52]:

= =0

OLOVILB) _ ) (3.12)
0

Each condition can be decomposed into one condition per layer. Furthermore, after
some developments, system 3.12 can be rewritten as:

Hz(p) = 0y (WzHl(f)l) vie{l,---,L}and Vp e {1,---, P}
ZZ(P) = Vo (Al(p)> M/lalzz(ﬁ)l Vie{l,--- , (L—1)}and Vpe {1,---,P} (3.13)
21103:1 Zz(p)(Hz(ﬂ)T =0 Vie{l,---,L}

with boundary conditions:

H® — x®
2y = 2Voy, (AP) (Y — H)

where Z) = Vo, (Al(p )) B is a gradient variable and X®) is the input vector of
pattern p. The full development can be found in [52].

The equations of System 3.13 can be understood as follows:

 the first condition corresponds to the forward pass of the input vectors through
the Neural Network

o the second condition describes the backward pass, i.e. the backpropagation of
the gradient of the inputs. Indeed, it provides the chain rule for computing
the gradient values Z."

 the last condition gives an optimality condition on the weights’ values W but
does unfortunately not give a direct method for computing them. However, it
can be shown [52] that minimizing the output loss function with respect to
the weights W is equivalent to finding a minimum of the Lagrange function
L(W, H, B) while satisfying the constraints. If we do so with the method of
steepest descent, the procedure takes the form:

OL(W,H,B
Or equivalently:
P
W, W+ 1Y 2P (HP)T (3.14)
p=1

where A\ is the step size. The formulation of Equation 3.14 gives a weights
update formula for backpropagation.

In that sense, we derived backpropagation of the gradients and an update rule for
the weights as a constrained optimization problem in the Lagrange formalism.
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In practice, the weights are updated using a stochastic gradient descent [29]
(SGD), which can be regarded as a stochastic approximation of gradient descent
method [86], as it only considers a random subset of the data points at a time. This
allows for a quicker computation for large datasets since the gradients are computed
over smaller samples.

3.3 Evaluation and Model Regularization

Up to now, we have seen how to train a Neural Network by optimizing a criterion
called the loss function. In an ideal world, the trained model should perform very
well both on the examples is has been trained with and on new examples. In practice
however, it is difficult to train the model such that it performs well in both cases.
Indeed, training data often includes noisy or misclassified points. Trying to perfectly
fit these points would therefore poorly generalize for new data points. This is called
overfitting. On the other side, when a model performs badly on both training and
new data, the model is told to underfit. Figure 3.3 illustrates these two concepts on
a single example of two classes classification. Figure 3.3a is underfitting since it tries
to explain a complex boundary by a linear model whereas Figure 3.3c fits perfectly
each point of the training set, which is likely to generalize poorly to new points.

E 5 ®%e o m %6 @ B wle o
1O ® ‘o, ® Lo
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" "a e e " "a e e " "a e e
| \ ’
"a"a, e "a"uge "a"u e
m® o o Ne o o 0 o @
| | u .ll [ ] Y o ] n I,/ [ J ® [ ] ™ .—!// ( ] P [
[} g [ ] /o \ ¢ [ J
" e Yy e " °
= m e LIPS o mie LIPS LI N I LIPS
mL = ‘b ° - m\ o ° .- °
n P n \ P [ \ o ©
. n N a u\®
(a) Underfitting (b) Compromise (c) Overfitting

Figure 3.3: Example of underfitting and overfitting for classification of two dimen-
sional data points. The classes are labelled by red squares and blue circles and the
decision boundary is represented by a dotted line.

To avoid such situations, it is therefore a good practice to test the Neural Network
on labelled data points on which it has not been trained. This set of data points is
called the test set. By doing so, one can hope to fairly evaluate the generalization
capabilities of the trained model and verify if it is overfitting.

Furthermore, most models have a set of parameters called hyper-parameters that
can not be tweaked during the training phase. Take a MLP as example. One needs
to choose how many hidden layers it will have as well as the number of neurons
per layer. Obviously, it seems difficult to change these parameters dynamically
during the training phase. Therefore, the optimal value for these hyper-parameters
is chosen by trying different values and evaluating the accuracy for each value. The
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hyper-parameters leading to the highest accuracy are then taken. Like for the model
evaluation, the accuracy has to be computed on data on which the model has not
been trained. Indeed, the set of hyper-parameters values that will lead to the best
generalization capabilities is often different from the one leading to the highest
training accuracy. This set of labelled examples is called the validation set.

Suppose we have one set of labelled examples. A common practice to train,
validate and evaluate a model on these examples is to use k-fold validation: first,
shuffle the examples and then divide them into a training and a test set. Then,
further divide the train set into k& equally sized subsets. Take one of the k£ subsets as
validation set and the k — 1 remaining subsets as train set. Then, train the Neural
Network for all combinations of these k£ equally sized subsets. The hyper-parameters
are then fixed by taking the set of hyper-parameters that led to the best validation
accuracy. The model is finally evaluated on the test set. The division of the labelled
data points for 5-fold validation is illustrated on Figure 3.4. In this example, the data
is divided in 10 equally sized sets, of which 5 are for testing and all combinations of
the 5 others are used for the 5-fold validation of the hyper-parameters.

Fold 4 -
Fold 5 -

~v-

Train and validation sets Test set

Figure 3.4: Example of 5-fold cross-validation. Each rectangle respresents a set of
labelled samples. The training set is in light blue, the validation test in blue and
the test set in grey.

From there, we are now able to check whether or not a model is overfitting. In
the following sections, we will now present three techniques to avoid a model from
fitting too much during the training phase.

3.3.1 Early stopping

Early stopping [68] works by stopping the training phase when the validation accuracy
or validation loss begins respectively to decrease or to increase. The validation set
is thus used to detect when the model begins to overfit. One way of implementing
early stopping is the following. Fix a stopping window size S. After each full pass
through the training data, compute the validation accuracy. If the mean validation
accuracy is worse or the same as for the last S passes, stop the training phase. The
evolution of the train and validation accuracy as well as the stopping epoch for a

21



MLP and a stopping window of size S = 10 is illustrated on Figure 3.5. The example
suggests that after 125 epoch, the validation loss begins to increase while the train
loss still decreases. This suggests that the model begins to overfit after around 125
epoch and that early stopping is in this case a good way to avoid overfitting.

2.00 —— Train loss
\ Validation loss
175 1 Early stopping point
1.50
£1.25 1
M
© 1.00 A
0.75 4
0.50 4
0.25 T T T T
0 100 200 300 400
Epoch

Figure 3.5: Evolution of the train and validation loss through 400 epoch of the
training phase. The model is a MLP with one hidden layer and an early stopping
window size 10, trained on Cora dataset using only the binary word vectors. More
details about the dataset can be found in Section 5.1.

3.3.2 Weight Decay

Weight decay [30] is another regularization technique. The idea is to penalize the
weights of the Neural Network that have large values by introducing a regularization
cost to the loss function. Typical regularization techniques take the L1 or L2 norm
of the NN weights. The loss for LP regularization of the set of model weights W is
given by:

ﬁ(Y, ?, W) = Ebase(Y7 }A/> + P)/W‘CTEQU(W)
= Ebase(Y7 ff) + O‘HWH;IZ

where )y is the weight decay parameter.

The motivation behind weight decay is to decrease the complexity of the Neural
Network by limiting the growth of its weights. Indeed, it should prevent the weights
from growing too large unless it is really necessary. Paper [50] suggests it has two
effects. On the one hand, it suppresses any irrelevant components of the weights by
constraining the choice to the smallest vector that solves the learning problem. On
the other hand, it could suppress part of the effect of statistic noise on the model,
which will improve the generalization capabilities of the Neural Network.
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3.3.3 Dropout

Deep Neural Networks like CNNs often suffer from overfitting. A common regulariza-
tion technique on such types of networks is to randomly drop a given proportion of
the neurons during the training phase. According to [80], this prevents the weights
from co-adapting too much since dropout has the effect of bypassing part of the
weights during the learning phase. Technically speaking, dropout is applied as
follows. Drop randomly a proportion p of the weights of the network at each forward
pass of the learning phase. Typically, inputs not dropped are scaled up by a factor
of ﬁ such that the sum over the layer input remains unchanged. All the neurons
are used during the evaluation phases. Dropout with a rate of p = 4/9 for the MLP
of Figure 2.1 is illustrated on Figure 3.6.

Input Hidden Output
layer layer layer

—»Oﬁ Output 1

Figure 3.6: Dropout with a rate of p = 4/9 on a MLP with one hidden layer. The
neurons with a white background have been dropped.
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Chapter 4

Graph Node Classification

Now that we have defined what a Neural Network is and how to train such a model,
let us introduce the notion of semi-supervised classification on graph-structured
data and the models to perform this task. First, we define the notion of graph
and present basic tools and properties of graphs. Then, we present four models
based on the convolution operation as well as a model derived from the Support
Vector Machine. Finally, we will investigate how graph regularization can help in
the learning process of these Graph Neural Networks [74].

4.1 Graph Theory and Fourier Transform

In the nature, humans or objects are sometimes linked by pairwise relations. A
convenient way to represent these relations is to draw links between the objects.
Such a mathematical structure is called a graph, and is studied by the field of graph
theory [66, 34, 84]

In this section, we will first see the definition of a graph and the different ways
to represent it. Then, we will investigate important properties of graphs. Formally,
an undirected graph, or simply a graph [84], is defined as an ordered set G = (V, €)
where:

e Vis a set of nodes
o & C{{vi,v;}|vi,v; € V}is aset of edges

The degree of the node is the number of edges connected to the node. A self-loop
counts for two in the degree. The definition of a graph can be extended by adding a
weight to each edge. Such weights might for example represent a distance or model
the strength of the relation between two connected edges. The degree of a node is
then the sum of the weights of its edges.

Let us take an example to illustrate this definition. Consider the cities of Belgium
and the roads between these cities. This could be represented as a graph in which
the cities are the nodes and each road between two of these cities is represented as
an edge [10]. A weight can be added to the edges to model the duration it takes to
travel from one city to another.
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Note that the edges are defined by an unordered set of two nodes, which means
that the node relations are symmetrical. A graph in which the edges have a direction
is called a directed graph and the set of edges is then defined by: £ C {(v;,v;) |
v;, v € V}, where (v;,v;) is an ordered pair.

In the following sections, consider a graph that is undirected, has no self-loops
and no multiple edges. Which means that the set of edges is unordered, with no
duplicates and with no edge that go from one node to the same node. Such a graph
is called a simple graph. Furthermore, consider the graph to be connected, which
means there exists a path between any pair of nodes. The graph of Belgian cities is
a connected simple graph if there exists at most one direct road between any pair of
cities, there are no one-way roads and if one could always find a path of roads from
one city to another.

A graph can be fully defined by a matrix called adjacency matrix [84]. An
adjacency matrix A is a square matrix of size Ny, x Ny in which the value of
element ¢j is the number of edges between node v; € V and node v; € V. It
is a mathematically convenient way to represent the graph structure. Note that
adjacency matrix of an undirected graph is symmetrical since if there exists a path
between node v; and node v; then there also exists a path between node v; and
v;. Another convenient matrix representations of the graph is the graph Laplacian
matrix [84]. For a simple graph, the Laplacian matrix is defined by L := D — A
where A is the adjacency matrix and the degree matrix D is a diagonal matrix such
that D;; = deg(v;) = 3, ag; for all v; € V.

The following example shows the different but equivalent representations of a
simple graph: let the graph defined by: G = (V,€) with V = {v;|i = 1,2,--- .6}
and € = {{v1, v2}, {v1,v3}, {va, v3},{vs, v}, {vs,v5}}. Its adjacency and Laplacian
matrices are given by:

011000 29 -1 -1 0 0 0
101000 1 2 -1 0 0 0
110110 1 -1 4 -1 -1 0

A=1g 01000 ™ML= 09 o 1 1 0 o0 (4.1)
001000 0 0 -1 0 1 0
(00000 0] 0 0 0 0 0 0

Graph G is illustrated on Figure 4.1. This graph is simple but not connected, since
there are no paths to node vg. If the graph is weighted, the adjacency matrix takes
then the form A € R¥W*M where each entry is either a real-valued weight or zero if
there is no edge. The degree of a node 7 is then the sum of the weights of its edges:
deg(i) = > jev Aij.

Graph node classification models will rely on properties of the adjacency matrix
and the graph Laplacian matrix. Let us introduce the main properties.
Recall the definition of the unweighted adjacency matrix: entry a;; encodes the
number of paths of length one between node v; and node v;. One can show that the
powers of the adjacency matrix share a similar property:
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Figure 4.1: Representation of graph G = (V,€) with V = {v;]i =1,2,--- ,6} and
g - {{Ula UQ}a {Ula U3}a {UZa Ug}, {US7 ,04}7 {US7 /05}}'

Theorem 4.1.1 The (i, 7)™ entry of the k-th power of the adjacency matriz A*
counts the number of walks of length k having start and end vertices © and j respec-
tively. Proof in [23].

This Theorem gives a straightforward way of transmitting information between
nodes to a certain distance in the graph. It will be the foundation of the Diffusion
Convolutional Neural Network that will be introduced in Section 4.3.3.

Consider now a simple graph G with n nodes on which we define a graph signal
or feature x : V — R. The graph signal is a function that maps every node of graph
G to a real number. One will define the Graph Fourier Transform & = F(x) as the
projection of a signal on the eigenvectors of the Laplacian matrix L. Similar to
the classical Fourier transform, the graph Fourier transform provides an equivalent
representation of the signal in a graph spectral domain [15].

Take the eigenvalue decomposition of the Laplacian matrix. Since the matrix is
symmetrical, it can be expressed by:

L = Udiag(Ai, Ag, ..., A UT

where U is a unitary matrix with the eigenvectors of L and diag(A1, Aa, ..., A,) is a
diagonal matrix with the eigenvalues ordered in ascending order: A\ < Ay < --- < A\,

From this decomposition, the graph Fourier transform [73] of a signal f on graph
G is defined as the projection of a signal on the eigenvectors of the Laplacian matrix:

n

B(N) = Fa(\)) = (wu) = > w(vp)ui(k)

k=1
where u;(k) is the k-th entry of the i-th eigenvector of the Laplacian matrix L. The
inverse graph Fourier transform is defined by:

n

w(v;) = F (@ (vi)) = D 2 (A )ur(i)

k=1

As previously stated, the graph Fourier transform provides an equivalent rep-
resentation of the signal in a so called graph spectral domain. In that sense, the
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eigenvalues of the Laplacian matrix can be seen as the frequencies of the graph.
For seek of intuition about the graph Laplacian matrix, let us write z; = x(v;) and
consider the following quantity:

1
I‘TLiL' = — Z Z Az](xz — ZE]‘)Q
2 SAIS%
1
=5 2 Aylei—a)”

{i,j}€€

The development highlights that 27 Lz quantifies the local variations of signal x on
the edges of the graph and that the Laplacian matrix L is positive semi-definite for
any x # 0, which means all the eigenvalues of the Laplacian matrix are nonnegative.
By a similar development, we have 37y Lijz; = Y ey Aij(z; — ;) for all i € V.
Since an eigenvector of L is a vector for which the quantity y; = >=;cy Lijz; is the
same for any node i, one can interpret the eigenvectors of the Laplacian matrix
as values for which the variation is constant on all nodes of the graph, which can
therefore be interpreted as graph frequencies.

Finally, the constant vector 1 is an eigenvector of the Laplacian matrix associated
with eigenvalue 0 since it is a signal for which there are no variations between
edges!. From there, the smallest eigenvalue is \; = 0 (since we have shown that
the eigenvalues are non-negative) and its multiplicity is the number of connected
components of the graph [73].

Now that we have defined graphs and that we showed some of their properties,
we can introduce the task of semi-supervised classification on graph-structured data.

4.2 Problem statement and autocorrelation

Semi-supervised graph node classification is defined as follows: let a graph G = (V, €)
with Ny, nodes and a set of feature vectors X; of size Ny defined on the nodes of
the graph. The features are stored in a Ny, X N matrix denoted by X. Typically,
the features will be binary or real-valued features. The task of semi-supervised
node classification consists of predicting the labels Y of all the nodes of the graph,
knowing a small subset Y eeq C Y of labels as well as the full graph and set of
features. That is, finding a function f :V — {1, ..., Niapers } that maps each node of
the graph to a label, with the highest possible accuracy.

The motivation behind the use of the graph structure information is that it could
improve the accuracy of the classification models by providing useful information in
addition to the one provided by the node features. From this idea, many models
[47, 87, 5] rely on the assumption that neighbouring nodes are more likely to belong
to the same class [27]. This hypothesis is often referred as autocorrelation [88].
Autocorrelation is high when nodes with similar labels are clustered together.

Moran’s I [61] is a statistical test for which the null-hypothesis states there is no
autocorrelation or homophily in a given graph. Moran’s I for a given quantity x on

'Proof: [L1]; =3 ¢y Aij(1—1) =0 forany i€V
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the graph is a value in the interval [—1, 1] defined as [61]:

Ny > ;'V:‘ﬁ Aij(r; — 7) (2 — 7)

Ny —N N —
> j:Vl Aij i (i — )2

(4.2)

where Z is the mean of quantity . Moran I expected value under the null-hypothesis
is: E[I] = N;il ~ 0, which is very small. The null hypothesis states that the
data is randomly distributed, that is when I(z) # E[I] ~ 0. Larger values means
autocorrelation is high and lower values mean there is negative autocorrelation. In
this work, we compute autocorrelation on the binary class indicators as the average

Moran I over the different classes:

In the following sections, we will first present three models that propagate the
node features to neighbouring nodes through the use of well chosen generalized
convolution operations. Then, we will suggest an improvement of one of the three
models, namely the Graph Wavelet Neural Network. We will also present an
adaptation of the SVM that takes graph information into account. Finally, we will
present a regularization technique that aims to improve the learning process by
penalizing predictions for which neighbouring nodes are predicted to have different
labels.

4.3 CNN-Based Models

In the last few years, Convolutional Neural Networks (CNNs) have outperformed
the other methods on the task of image classification [31, 49]. Like we have seen
in Section 2.2.2, the strength of a CNN is that the convolution operation allows to
learn patterns while reusing the same kernel weights for all the nodes of a given
channel, which highly reduces the complexity of the model. Furthermore, we have
shown that the convolution operation can be seen as a diffusion of node information
to neighbouring nodes. In that sense, convolution seems well suited for graph node
classification under the autocorrelation hypothesis since neighbouring nodes are more
likely to belong to the same class when autocorrelation is high [27]. Spreading their
information to neighbours in a trainable way could therefore improve the learning
abilities of the models.

Multiple attempts have been made to build CNN-like models on graphs by
generalizing the convolution operation to any graph. This generalization step is not
straightforward since graphs in general do not have a fixed number of neighbouring
nodes, which makes the use of a unique kernel of fixed size not possible. Two families
of approaches exist to overcome this issue: the spatial and the spectral methods.
Spatial methods try to still work in the graph domain by rewriting the convolution
operation in a way that allows to keep the weight sharing property. Whereas spectral
methods define the convolution operation in the spectral domain of the graph, which
solves the neighbours issue since the Fourier domain of a graph is continuous. These
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models will also take advantage of the convolution theorem [59], which states that a
convolution of two signals in the spatial domain is equivalent to a product of the
signals in the Fourier domain.

Let us present three of these models: one is spatial, one is spectral and one is
in-between.

4.3.1 Graph Convolutional Network (GCN)

The propagation rule of the GCN model is based on a 1%%-order approximation of
the spectral graph convolution [47]. Working in the spectral domain instead of the
spatial domain allows to define a kernel that maintains the weight-sharing property
of CNNs as it is no more defined on the nodes of the graphs (i.e. graph spatial
domain).

Approximation of the spectral graph convolution

The spectral graph convolution, or graph Fourier convolution, of a signal z € R™
with a diagonal kernel gy = diag(f) parameterized by # € R™ in the Fourier domain
is given by:

goxx =U(ge(UT)) (4.3)

where U an A are respectively the eigenvectors and eigenvalues of the normalized
Laplacian matrix L' = Iy — D 2AD 3. Using the properties of the Laplacian
matrix of a graph (recall Section 4.1), Uz is the graph Fourier transform of x and
go can be understood as a function of the eigenvalues of L’. The spectral domain is
thus the space spanned by the eigenvectors of the graph Laplacian matrix L'.

Unfortunately, the computation of the eigendecomposition of L’ and the applica-
tion of matrix multiplications with U are expensive operations. An approximation
of the kernel in the spatial domain, suggested by [36] is to use a truncated expansion
in terms of Chebyshev polynomials? T}, (z):

gy = fj 0,7k (A) (4.4)
k=0

where ¢’ ENRNV is a vector of Chebyshev coefficients, K is the order of approximation
and with A = <2-A — Iy where A4, is the largest eigenvalue of L.

By further limiting the approximation to K = 1 and by taking A, =~ 2 (since
the neural network parameters will adapt to this change of scale during the training
phase), equation 4.3 can be approximated by

K
Jor *x T =~ Z H;Tk <El> T
k=0
~ Oy + 0] (L' —Iy)x

= Or— 0D ZAD g

2Chebyshev polynomials Ty (x) are defined by the recursion: Ty (z) = 22Ty_1 — Tx—2(x) with
initial conditions Tp(z) = 1 and T (z) = «.
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Note that this expression depends on nodes that are K steps away from the central
node (since it is a K'™-order polynomial in the Laplacian). Taking K = 1 does
therefore limit the approximation to the 15*-order neighbours of the central node and
gives an operation that is linear w.r.t. the normalized Laplacian L’. This 1%*-order
approximation still allows to build a rich class of convolutional filter functions by
stacking multiple layers of this kind with an added nonlinear activation function
at the output of the layer. The authors of [47] justify this choice by the fact that
it could alleviate the problem of overfitting on local neighborhood structures for
graphs with very wide node degree distributions and by that it allows to build deeper
networks for a same computation cost, which commonly improves performance on

CNN models.

To further address overfitting issues, the model is simplified by limiting the
number of weights using 6 = 6, = —6/, which finally leads to:

g+ x~0|Iy+ D 2AD |z (4.5)

A final issue is that the matrix Iy + D"2AD™2 has eigenvalues in [0, 2], which
could lead to numerical instabilities when usmg a deep NN ThlS 1ssue is solved by
the following renormalization trick: Iy + D~ AD™: ~3AD~% with A is the
adjacency matrix with added self loops and D is the degree matrix of A. The final
operation is then defined by:

Jor * T = 0 D_%A.D_%} X (46)

The GCN model

The form given in Equation 4.6 can be generalized to the full set of feature vectors
X € RWXNF by rewriting it: Xnew = D" 2AD ™2 X0 where © € RV7*Noew are the
filter parameters. This operation will be the basis for the information propagation.
From there, the GCN layer is defined by:

Hiyy =0 (D72 AD™2 H,W)) (4.7)

where W, € RN >*Nit1 are the filter parameters of layer [, o is an activation function
and the input of the first layer is the features matrix: Hy = X. An illustration of
the network structure is given on Figure 4.2.

For seek of intuition, each GCN layer can be seen as a new representation of the
node features. The new sets of features are built by spreading the features to the
neighbouring nodes and then taking a well chosen transformation of the resulting
set of features. The kernel size is thus independent of the number of nodes since is
transforms the set of features of each node in the same way.

As a final point, let us discuss the nature of GCN. The Graph Convolutional
Network is a model that is built on the idea of defining the convolution (propagation)
operation in the graph spectral Fourier domain, it can therefore be seen as a spectral
method. However, the Fourier and inverse Fourier transforms are two expensive
operations. Therefore, the model relies on a first order approximation of the kernel
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input layer output layer

Figure 4.2: Illustration of the GCN model on a graph composed of four nodes, Ng
features and N¢ output classes. Figure adapted from [47].

directly in the spatial domain, which induces that GCN could also be seen as a
spatial method, since the layer propagation rule of Equation 4.7 is defined only in
the spatial domain.

Model Complexity

Scalability of Graph Neural Networks is an important factor to take into account
when designing a model. Indeed, many graphs involve thousands of nodes. Any
model of practical use should therefore have a reasonable computation cost even
for large graphs as well as a number of weights that is smaller than the size of the
adjacency matrix (i.e. than the square of the number of edges). The most expensive
operations are often matrix multiplications with the adjacency matrix. Fortunately,
most graphs have a low average node degree and the operations can therefore be
implemented as a sparse matrix multiplication.

GCN layer propagation rule involves two operations: a matrix multiplication
between the renormalized adjacency matrix and the features set and then the
filtering operation. Since the renormalized matrix D~Y2AD~1/2 has Ny + 2Ng
nonzero elements and since the filtering operation involves matrices of size Ny x N,
and N n, X Njou, the computation cost is:

O ((Ne + Ny)Niin) + O (NyNyin Nyour) = O ((d + 1) Ny Nyin + Ny Nyin Niout)

where d is the average node degree. Since the layers sizes are typically decreasing:
Nt = Niin > Niowt = Nojn > -+ > Npoue = N, and by assuming that the average
node degree is smaller than the number of features, the time complexity of the layer
propagation is finally reduced to:

O (NyN?)

Each layer has a filtering matrix W, of size N; x N;;;. By taking the same
hypothesis as for the time complexity, the number of weights of a L layers GCN is
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bounded by the quantity LN]%, which is independent of the number of nodes. This
means that like for the convolution on images, the convolution kernel of GCN is
independent of the number of input nodes.

4.3.2 Graph Wavelet Neural Network (GWNN)

The GWNN model does, like GCN, generalize the convolution operation by working in
the spectral domain. However, unlike GCN, the convolution is this time performed in
the wavelet domain [64, 69, 14]. This trick allows to drastically reduce the transform
step since graph wavelet transform is sparse, whereas the Fourier transform is dense
[87]. By doing so, it is possible to work in the spectral domain without needing to
make huge approximations like GCN.

Graph Wavelet Transform

The graph wavelet transform employs a wavelet basis, defined by a set of wavelets:
s = {Ps1, Ps2,**+ , Osn}. Wavelet element ¢g; corresponds to a signal on the graph,
diffused away from node 7 at a given scale s.

Because of the discrete nature of a graph, the set of possible scales would be
restricted to the set of natural numbers. Indeed, the distance between two nodes
of an unweighted graph only takes integer values. To overcome this limitation,
Wavelets ¢, are defined in the Fourier domain [36]:

¢s = UGSUT (48)

where U is the matrix formed by the eigenvectors of the graph Laplacian matrix
and G is a diagonal scaling matrix, also called wavelet kernel matrix. In [87], the
scaling matrix is chosen to be G4 = diag (e)‘ls, eM2s ... ,e)‘st). However, this is not

the only possibility and other design choices will be discussed in Section 4.4.

Using this wavelet basis, the graph wavelet convolution of a signal x by a filter
gp is defined by:

9o * T = ds(g0(9; 7)) (4.9)

This operation is highly localized in the vertex domain since each wavelet corresponds
to a signal on graph diffused away from a central node [87].

The GWNN model

Now that the graph wavelet convolution has been properly defined, it is possible to
define the layer propagation rule. The output of layer [ + 1 is given by:

o N .« . .7; .
Y = o <¢>5 S Wi HE 1) j=1,--,N (4.10)
=1

where ¢! is the graph wavelet transform matrix at scale s, H }:’j Vi the 7-th column
of layer [ (i.e. the j-th feature of each node at layer 1), W, is a diagonal kernel
matrix in spectral domain and ¢ is an activation function.
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Each layer is thus composed of V; x N1 diagonal kernel matrices to train, which
leads to Ny, x N; x N1 weights per layer. Such a large number of parameters requires
typically huge training data to learn the weights without overfitting. To avoid this
issue, [87] suggests to divide the layers in two parts: the feature transformation and
the graph convolution. This idea leads to the following formulation:

Hipy = o (0. Wio, (HW)) (4.11)

where W¢ € RMW>XM and W? € RV>*Nit1 are respectively the diagonal kernel and the
feature transformation matrix. Indeed, W¢ allows to map the number of features of
layer [ from the input size N; to the output size N;,;. By splitting the computation
in two parts (see Equation 4.11), the total number of weights to train is reduced to
Nv -+ Nl X Nl+1-

The successive layers of GWNN have the same structure as in the GCN model
and can therefore again being illustrated by Figure 4.2. The Graph Wavelet Neural
Network is similar to GCN in the sense both models build successive representations
of the node features through the application of a convolution which is defined in the
spectral domain. The model differs from GCN in the way it handles the computation
cost. GCN reduces the computation cost by taking an approximation of the kernel
in the spatial domain whereas GWNN kernel is truly defined in the wavelet domain
while still having an affordable computation cost thanks to the high sparsity of the
wavelet basis. Let us now take a closer look at the complexity of GWNN.

Model complexity

The layer propagation rule of GWNN involves four steps: a feature transformation,
a diagonal filtering operation in the wavelet domain, the wavelet transform and
inverse wavelet transform operations. Let us suppose the matrices of the wavelet
transform and inverse transform have a number of nonzero elements bounded by a
certain value v € R such that yNy, < N3, then the transforms can be implemented
as sparse matrices multiplications and the total layer complexity is given by:

O (NyN7) + 20 (YNyNy) + O (NyNy)
Which simplifies to:
O (NvN¢(Ny +7))

This shows that the time complexity bounds of one layer of GCN and GWNN are
the same when the sparsity level of the wavelet transform is such that v ~ Ny.
However, the computation time of GWNN is in general higher than GCN because it
has higher hidden constants and because there are datasets for which the sparsity
value 7 is high.

The number of learnable weights of GWNN is bounded by L(Ny + NJ%), which
is higher than for GCN. Note that while not being independent of the number of
nodes anymore, the kernel size grows only linearly with the number of nodes.
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4.3.3 Diffusion Convolutional Neural Network (DCNN)

Unlike the two previous models, DCNN redefines the convolution operation directly
in the graph (spatial) domain. The propagation rule of the DCNN model [5] is based
on a so called "diffusion-convolution" operation using a diffusion tensor, which is
built using power series of the probability transition matrix of the graph. Intuitively,
this tensor can be thought as a measure of the connectivity between nodes when
taking the paths of all lengths, but with shorter paths counting for more [25, 5].

The model works in two steps. Firstly, the diffusion-convolution operation
builds multiple representations of the features by spreading the node features to
neighbouring nodes at different distances. Then, a fully-connected layer classifies
the nodes using the multiple feature representations as input.

Diffusion convolution

Let P be the degree-normalized transition matrix defined by [84]: P;; = g’; Entry
17 gives the probability of jumping from node ¢ to node j in one step. From there, let
P* be a Ny, x Ny x Ny tensor containing the power series of the degree-normalized
transition matrix:

ihi = ‘Pzijl (4.12)
Intuitively, the power series tensor P* encodes the probabilities of jumping from
a node to any other node in any number of steps between 1 and Ny steps (proof
is straightforward from the definition of P and Theorem 4.1.1). In addition, the
0-th power P% = I, will be encoded in the tensor so that node also takes its own
features into account.
This tensor will be the basis for the diffusion in the graph domain.

The DCNN model

From this simple diffusion kernel, the diffusion convolutional layer is defined by [5]:
H =0(W°0 PX) (4.13)

where the © operator represents element-wise multiplication, W¢ is a weight matrix
of size Ng x Nr and o is an activation function. Note that this diffusion kernel
allows to maintain the weight-sharing property of CNNs. Indeed, the same weight
matrix W€ of the layer propagation rule defined in Equation 4.13 is applied to each
node of the graph. Its size is thus independent of the number of nodes in the graph.

This layer builds a latent representation Hy of the graph of size Ny x Ny X
Np. This representation can be seen as a new set of features for each node,
inherited from its neighbouring nodes and weighted through weights W¢. Indeed, the
representation gives a set of x Ny x Np features for each node. Then, the neurons
of the representation are flattened and mapped to the output classes using a MLP
layer with weights W% € R(NuNr)xNc.

Y=o (HW) (4.14)
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The DCNN model structure is illustrated on Figure 4.3. In comparison with
the two previously introduced models, DCNN builds a latent representation of the
features that encodes the graph structure, whereas the successive layers of GCN
and GWNN are composed of graph structured data. The power-series approach has
the advantage of needing only one convolutional layer for the building of the latent
representation since it is propagates the node features at different distances from 0 to
H in just one convolution. In comparison, we have seen that GCN only propagates
features to the one-hop neighbouring nodes and it therefore needs N;, = H successive
layers to propagate features to the same distance as DCNN.
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Figure 4.3: Illustration of the DCNN model on a graph composed of four nodes,
Np features and power series of P from 0 to H. Blue and grey arrows represent
respectively the diffusion-convolution operation and the MLP operation.

Figure 4.3 shows that the convolution operation has a very similar structure to
the one of a Convolutional Neural Network. Therefore, one could see the latent
representation of the features as a layer with one channel per hop. From there, the
diffusion convolution operation can be rewritten as:

Hyp =0 (Wf©P'X) (4.15)

where Hs, is the channel h of the latent representation of the graph features. From
there, the fully connected layer is:

Ny
V=0 (Z Hl,hW,gl> (4.16)
h=0

Note that this formulation of the two layers is equivalent to the previously intro-
duced one and will therefore give the same model output. However, this formula-
tion allows to implement the matrix multiplications with the power series of the
degree-normalized transition matrix in a sparse way, which reduces drastically the
computation cost. Let us now derive the computation cost for this formulation.
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Model Complexity

The Diffusion Convolutional Neural Network builds a latent representation of the
graph features and then classifies using a fully connected layer. Which means that a
difference with the previous models is that only one convolutional layer is needed.

Building the latent representation involves one sparse matrix multiplication and
an element-wise matrix multiplication for each hop. If we further assume that the
number of paths of length h is proportional to Ng for small values of h, then the
total complexity of this layer is given by:

(N +0)O (NeNy) + (Nyg + 1)O (NyNy) (4.17)

since the computation of P°X = X is straightforward.

The fully connected layer performs Ny + 1 sparse matrix multiplications and
then adds the resulting matrices. Its time complexity is therefore bounded by:

(Nu + DO (NyNyN,) + O((Ng + D)NuN,) = O (N + )NuNF) - (4.18)
From the previous results, one can bound total time complexity of the model by:
O (NuNyN}) (4.19)

It is interesting to notice that this upper bound is the same as the one of an L layers
GCN.

The model has two weight matrices W¢ and W of respective sizes (Ng + 1) Ny
and (Ny + 1)N7, so that there are (Ny + 1)(Ny + N7) trainable weights in total.

4.4 Multiscale Graph Wavelet Neural Network
(M-GWNN)

The Graph Wavelet Neural Network presented in Section 4.3.2 performs the con-
volution operation in a certain wavelet space, which depends on the choice of the
diagonal scaling matrix GG; and on the scale s at which this transformation is defined.
Paper [87] suggests using g,(\) = e ¢ as scaling function defined in the graph
Fourier domain, which therefore acts as a low-pass filter on the signal and with a
downsampling factor controlled by scale s. One could ask ourselves if combining
multiple scales could improve the model and if a low-pass filter is the best choice for
such a model or if other filters might be more suitable choices for the classification
task. In the following, we first present a clever structure choice that allows to work
at multiple scales. Then, we investigate other scaling function choices.

4.4.1 Multiscale Design

Taking inspiration from the Network structure of CNNs, the Multiscale Graph
Wavelet Neural Network (M-GWNN) is designed to build successive layers with
multiple channels. Each channel is associated with a different scale. In comparison
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with classical CNNs, each channel encodes information depending on its associated
kernel. Here, the kernels are each designed in a different space which depends on the
scale associated with the channel. Which means each channel will encode different
scale dependent information about the features. The general layer propagation rule
of a M-GWNN with Ng scales is defined as follows:

Ng
Hl—i—l,s =0 (Z gbsm/l?sgb;l(Hl,S'VVliis’))

s'=1

The computation cost and the number of weights can be drastically reduced by
building successive channels that depend only on the channel of previous layer which
is designed at the same scale. The model simplifies to:

Hiro = 0 (6705 (HL V) (4.20)

Like for GCN and GWNN;, the layers build successive sets of features for each node,
with a final layer of the size of the number of classes No. However, the Multiscale
needs one more layer to combine the predictions of the different channels of the last
layer. This layer takes the following form:

A NS
Y =0 (Z ozSHL’S)

s=1

where each o € R is a single combination weight. This formulation allows to diffuse
the features at multiple scales and then combine the different class predictions
through a small number of trainable weights.

4.4.2 Better Scaling Functions

The scaling functions suggested in [87] act like a low-pass filter since these scaling
functions g,(\) = e=** are defined in the Fourier domain, which means they decrease
the effect of high frequencies exponentially. The strength of this effect is controlled
by the scaling parameter s, Therefore, high scales will act as a discriminant filter
whereas the smallest scales will tend to act like no filter is applied (i.e. like a
band-pass filter with the full spectrum in the pass frequencies). The effect of the
scaling parameter for different scales ranging from 4= to 1 are displayed on Figure
4.4.

A recent study about the expressive power of Graph Neural Networks in a spectral
perspective [7] suggests through a theoretical and experimental study that low-pass
filters are efficient on citation networks but typically lead to bad performance on
other types of graph-structured data. They suggest that Graph Neural Networks
with band-pass frequency responses therefore behave better in these situations.
Therefore, we suggest using band-pass scaling functions in addition to the low-pass
scaling function. The initial paper which defined graph wavelets in the way they are
used in this work [36] suggested a set of scaling functions designed so that they are
invertible according to an admissibility condition and so that they are, like classical
wavelets, localized both in spectral and spatial domain and with a density that
depends on the frequency.
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Figure 4.4: Values of scaling functions g; }(\) = e~ for scales s = {474,472,0.5, 1}
on eigenvalues A ranging from 0 to 2. The scaling functions are defined in the Fourier
domain and act therefore as low-pass filters on signals.

The design of the scaling functions ¢ is motivated by the desire to achieve good
localization while having a limited number of scales. They show it can be ensured if
the functions behave as a monic power of the frequency near the origin. They suggest
a power law decay for large frequencies so that the functions act like band-width
filters. Finally, the values in between are set to be a cubic spline such that the
functions and their derivatives are continuous. By finally normalizing the function
since it can then be adapted by scale choices [36], the scaling function is:

xy %z forxz < x4
g(z;a, B, w1, 20) = q(x) for oy <o < x4 (4.21)
xga:_ﬁ for x > x,

where the values of the cubic spline ¢(x) are determined by ¢(z1) = q(z2) = 1,

¢ (x1) = = and ¢/(z2) = ;—f They suggest to take logarithmically equispaced

1

scales adapted to the upper eigenvalue A4z Smin = /\Z—?h, Smaz = 32 p where
ig sma
Ahigh = Amaz and Agpqn is proportional to the maximal eigenvalue: Agpan = ’\m—}g“”

The other parameters are set to K =20, a = =2, x1 =1 and x5 = 2.

In order to stably represent the low frequency content defined on the vertices of
the graph, they introduce a second class of wavelets which acts like a low-pass filter.
Its placement is determined by the low frequency parameter Ay, and is defined by:

h(}) = 7 exp (- <06AAM>4> (4.22)

where 7 is set such that h(0) has the same value as the maximum of the scaling
functions g. The full set of scaling functions is then composed of the low-pass filter
h and the band-pass functions g. This set of functions for parameters a = 5 = 2 is
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illustrated on Figure 4.5. We see from definition of the scaling functions gs(\) and
the illustration that the sharpness of the band-pass filters increases when taking
higher values for a and /.

0.0 T T T T T
0.00 025 050 075 100 125 150 175 2.00

Eigenvalue A

Figure 4.5: Values of scaling functions g{\) and h()) defined at Equation 4.21 and
4.22 respectively. The scaling functions are defined in the Fourier domain. One
can see that functions g act like a smoothed band-pass filter, centered at different

frequencies depending on the scale.

This family of scaling functions has been successfully applied to multiscale
community mining [83]. This result suggests that these filters are able to detect
communities at different scales in a graph, which could be a desired property to
implement adaptive information propagation on the graph.

Unfortunately, the inverse transform of the individual filters is unstable due
to the large amount of very small values outside the filtering region of each filter.
Therefore, we suggest using shifted filters for better problem conditioning. Let v > 0
be a small shift, the shifted scaling functions are then defined by gs,(A\) = v + g5(N)
and h,(A) = v + h(\). We suggest using a value of v = 0.05, so that the filters are
still highly discriminant.

In this work, we use three band-pass scaling functions and define the range of
scales such that the smallest nonzero eigenvalue which corresponds to the smallest
graph frequency is not discriminated by the low-pass filter. Indeed, the first nonzero
eigenvalue and its respective eigenvector capture important information about the
cheapest graph cut® and therefore about the graph main communities [77, 83]. We
therefore take Agnau = 5A2 and set Apign = pAmas wWhere p € (0,1] is a model
hyperparameter.

Note that both the Laplacian and normalized Laplacian can be used as basis for
the definition of the wavelet transforms matrices since both share similar properties

3The cheapest graph cut is defined here as the lowest number of edges that must be removed
from the graph so that it is not connected anymore.
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and are suitable to define a meaningful the wavelet transform [36]. We therefore
take the normalized Laplacian matrix since its eigenvalues are within the range
A € [0,2], see [15] for the proof. This fixed range allows to more easily tune the
hypermarameter p.

We also investigate another choice of scaling functions in which the band-pass
filters are defined in a way they decay less inside the frequency band. This choice is
motivated by the fact the scaling functions proposed by [36] have the drawback of
discriminating some frequencies whatever the scale, information that would reside in
these frequencies could therefore be lost. Indeed, one can see on Figure 4.5 that for
example frequencies A = 0.3 or A ~ 0.9 both lie between the peaks of two scaling
functions, so that all the scaling functions discriminate these frequencies.

Butterworth band-pass filters [11] seem to be a reasonable choice. Indeed,
these filters have a maximally flat frequency response within the low and high cut
frequencies and no oscillations outside of the interval [85]. The same scales choices
than before are taken: Agnay = 5X2 and Apigh = pAmas. An additional low-pass
Butterworth filter with a cut frequency at the first scale is added to take into account
the low frequencies. This set of functions for a butterworth filter of order five is
illustrated on Figure 4.6.
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Figure 4.6: Values of scaling functions g5(A) and hs(\) which are respectively
Butterworth bandpass and lowpass filters of degree five. The scaling functions are
defined in the Fourier domain. The low cut and high cut frequencies are given by
the successive scales.

Such a family of wavelet functions seems well suited for the task of semi-supervised
graph node classification since it combines both low and higher frequencies infor-
mation in a trainable way. Indeed, their influence can be controlled by the kernel
weights W), and by the combination weights ;. Results for these different models
will be presented in Section 5.5.
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4.5 Autologistic SVM (AutoSVM)

The Support Vector Machine presented in Section 2.3 is a supervised classifier,
which means it is trained by only taking the features of the labelled nodes and their
respective label into account. In this section, we will present the Autologistic SVM
6, 9, 32], an adapted SVM that takes the graph structure into account through the
use of a quantity called the autocovariate. Like the previous models, the AutoSVM
relies on the assumption that neighbouring nodes have a higher chance of belonging
to the same class (autocorrelation). Therefore, the autocovariate is defined as a
weighted average of the predicted class of the neighbouring nodes [51, 9]:

N
A9 =3 pygl” (4.23)
=1

where Pj; is the degree-normalized transition matrix and gjj(c) is the predicted class
membership estimate for node j in class c.

The model is built as follows [27, 51, 9]: it first predicts the class of the unlabelled
nodes using a simple SVM trained using the features X only. This gives a first
estimate for gjj(c) (the values for the labelled nodes are kept unchanged). Then, the
model iteratively trains a new SVM which takes into account both the features X
and the autocovariates Z that have been computed using the probabilities estimates.
This procedure is repeated until convergence of the predicted membership values.

A variant of this method could be to use the weighted average of the neighbouring
features into account instead of, or in addition to the class probability estimates.
This approach would be then be close to the one of DCNN since it would build a
set of features that takes the features of the neighbouring nodes into account.

4.6 Graph based regularization

Semi-supervised classification on graphs involves learning the labels knowing only
a small portion of the labels. One could aim to find a regularization term for the
loss function that would help the model improve its weights in the right direction
by providing some kind of prior knowledge about the unlabelled nodes. Recall the
main hypothesis on graph structured data, which states that neighbouring nodes are
more likely to share the same label. Using this hypothesis, we define a smoothness
penalty on the predicted labels [27], so that the loss favors predictions for which the
predicted class vector ¥ of a node is closer to the ones of its neighbouring nodes.
The smoothness penalty is added to the loss function with a smoothing parameter
vg > O: R R R
‘C(Yv Y; M) = ‘Cbase<Y> Y) + ’YQEM(Y)

where M is a matrix representation of the graph and £M(3A/) is the smoothness
penalty, which depends on the choice of M. There remains to find a matrix M that
best fits to the goal of penalyzing abrupt class changes.
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4.6.1 Laplacian matrix

Let us take as first choice the graph Laplacian matrix. Indeed, recall from Section
4.1 that the quantity Lz measures local variations of signal x between graph edges:

[La]; =) Aij (5 — )

JEV

And that the quantity 7 Lz is a least square error cost function defined on the
graph G [27]:

2l Lx =

N | —

> Ayl — )
{i,7}€€

If we take the predicted class vectors as signal on the graph: =z = f/, we get a
regularization which penalizes abrupt class changes. The Laplacian regularization is
defined by [27]: A X

Lrp(Y) =LY} (4.24)

Which is for the L1-norm:
1LY |7 =" Ay (2 — )
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4.6.2 Probability transition matrix

Consider now taking the following smoothing matrix: M = [ — P. We show this
matrix is a degree normalized Laplacian matrix:

D'L=D'YD-A)=I-D'A=1-P

The smoothing penalization £;_p,(Y) = ||(I — P)}Afﬂg will therefore have a similar
effect to the Laplacian regularization [27], but with penalties inversely proportional
to the node degree. This is suggested to make the regularization less sensitive to
class imbalance [12].
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Chapter 5

Experiments

The papers presenting the different models [47, 5, 87] all use a similar methodology
to evaluate the models: they are typically compared with baseline models on three
citation network datasets, namely Cora, Citeseer and Pubmed. Furthermore, these
Graph Neural Networks are always compared using the same folds and with models
already fine-tuned, without justifying all the hyperparameters choices: does the
features pre-processing increase the accuracy ? does the regularization used help
to avoid overfitting ? what is the influence of the learning rate ? and so on. It is
therefore difficult to asses the true performance of the models.

In this work, we overcome these issues by first comparing the models on a more

diverse set of datasets and by running each experiment 10 times with 5-fold cross-
validation. We only fit the main hyperparameters and set all the other parameters
to the same fixed values for all models. By doing so, we aim to provide a rigorous
comparison of all the models and to separate the influence of the models’ structures
with the influence of the models’ improvements.
Then, we investigate how to improve the models separately by conducting several
experiments: analyse the influence of model based regularization, graph based
regularization and better choices of loss functions. From there, the significative
models improvements are kept and the fine-tuned models are compared.

This set of experiments allows to get a clear overview of what are the relative
performances of each model depending on the nature of the dataset and to learn
from there a deeper understanding of the qualities needed for a convolutional model
to perform well, whatever the type of graph-structured data it learns from. By doing
so, we show that low-pass filtering is not always sufficient and present a model that
predicts the class through the use of convolutions performed at different well chosen
band frequencies, namely the Multiscale Wavelet Convolutional Neural Network.
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5.1 Datasets

The datasets are simple connected graphs. These are composed of an adjacency
matrix A € RMW*M and a feature matrix X € RN which associates Ny features
to each node of the graph. The datasets are the following:

Cornell, Texas, Washington and Wisconsin datasets [18, 17]. Each of the four
datasets consists of web pages from the computer science departments of the
respective university. The nodes of the graph are the web pages and two nodes
are linked when there is a hyperlink between the two web pages. Each node is
labelled into one of the categories: course, faculty, student or project. Each
web page is also characterized by a binary word vector indicating which words
are present on the web page.

Ego Facebook datasets [53]. Each of the three datasets consists of friend
communities from Facebook. The datasets have each two communities, the
classification task is thus to find the community of each user. In addition,
each node is characterized by a set of features which are information about
the Facebook user.

CiteSeer dataset [70]. The dataset consists of scientific publications divided
into six classes. Each node of the graph is a publication and two publications
are linked when one cites the other. Such a graph is often referred as co-citation
graph. In addition to the graph, each publication is also characterized by a
binary word vector indicating which words are present on the article.

Cora dataset [70]. Like CiteSeer, Cora is a co-citation graph with binary word
vectors indicating which words are present on the article. The publications
are divided into seven classes.

Wikipedia dataset [75]. The dataset consists of Wikipedia articles that ap-
peared in the featured list between the 7th and 21st October of 2009. An edge
between two articles represents a hyperlink. The node features are the words
present in the article and are encoded as a tf/idf-weighted vector. Note that
this dataset is the only one for which the features are non-binary.

Amazon Photos and Amazon Computers. These datasets are segments of the
Amazon co-purchase graphs [76, 58]. Nodes represent goods and their class is
given by the product category. There are eight categories for Amazon Photos
and ten for Amazon Computers. Products are linked when frequently bought
together. The features are binary word vectors of the product reviews.

Details about the datasets can be found in Table 5.1.

For seek of more intuition about the underlying structure of the graphs, we
present four of the datasets graphs on Figure 5.1. The visualizations for all datasets
at a larger scale can be found in Appendix C.
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Nonzero

Dataset Nodes Edges Classes Moran’s [
Features
Cornell 183 277 4 18.43 % 0.0486
Texas 183 279 4 17.44 % -0.0283
Washington 215 365 4 17.45 % -0.0257
Wisconsin 251 450 4 18.90 % 0.0521
Facebook 1 756 30,780 2 7.24 % 0.9549
Facebook 2 793 14,816 2 4.69 % 0.8142
Facebook 3 1,045 27,791 2 4.89 % 0.4929
CiteSeer 1,392 2,302 6 466 % 0.1070
Cora 2,485 5,069 7 4.12 % 0.1168
Wikipedia 3,254 33,218 14 21.44 % 0.0082
Amazon 1 7487 119,043 8  33.05% 0.0750
Amazon 2 13,381 245,778 10 3317 % 0.0630

Table 5.1: Datasets statistics.

5.2 Experimental Setup

Pre-processing The following pre-processing steps are applied to each of the
graphs:

o The graph is symmetrized by applying the following transformation to the

adjacency matrix: A+2AT. This gives an undirected graph with weights two

times stronger for nodes that were mutually pointing to each other.

o Self-loops are removed by setting the diagonal of the adjacency matrix to zero.

A feature selection is also applied on each dataset. Only the one-hundred most
relevant features for classification are kept, according to a Chi-square statistical
test [16]. The test is performed as follows: (1) Take each vector X.; corresponding
to the value of the i-th feature at each node. (2) Apply a chi-square test to each
pair (X.;,Y) where Y € {0,1}**"¢ is the binary class matrix. The null-hyopthesis
states that the variables are uncorrelated. (3) Select the one-hundred features
with the lowest p-value, i.e. the features that are the most correlated to the class
memberships.

Train-validation-test splits We assess the accuracy of the models with 5-fold
cross-validation. The node labels are divided into two equally sized train and test
sets. The train set is then further divided into five sub-sets of the same size. Four
are used for training and the last one is the validation set. This methodology is the
one described in Section 3.3 and is illustrated on Figure 3.4. Each experiment is run
ten times with 5-fold cross-validation, the train-validation-test splits are different at
each of the ten runs but are the same for the different models.
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(a) Cora graph. (b) Facebook 2 graph.

(c) Wikipedia graph. (d) Amazon Photos graph.

Figure 5.1: Graphs of the different datasets, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by circles
which color represents the class membership and edges are represented by grey edges.
On this illustration, one can see the datasets have different types of structures. The
full-size illustrations are available in Appendix C.

5.3 Fair Model Comparison

We compare the CNN-based models against the baseline models SVM, MLP and
AutoSVM on the task of graph node classification on the twelve datasets presented
in previous section. The models are summarized in Table 5.2. Each experiment is
run ten times with 5-fold cross-validation, following the methodology of Section 5.2.
We select the set of best hyperparameters for each model on each dataset by taking
the combination of hyperparameters that most frequently gives the best accuracy
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across the ten runs.

Abbreviation Model Features Papers
MLP Multi-Layer Perceptron X [55, 60, 40]
SVM Support Vector Machine X [40, 60, 72
AutoSVM Autologistic Support Vector Machine X, P [51, 9]
GCN Graph Convolutional Network X,D 2AD"z [47]
GWNN Graph Wavelet Neural Network X, L [87]
DCNN Diffusion Convolutional Neural Network X, P [5]

Table 5.2: Summary of the compared models.

For a fair comparison, all the Neural Networks are trained using the same
pre-processing steps (see Section 5.2) and without any further preprocessing or
normalization. These models are trained for a maximum of 200 epochs using a
softmax cross-entropy loss with Adam optimizer [46] and with an early stopping
window of size ten. No other form of regularization is applied to the models.

For each Neural Network, the combinations of following hyperparameters are
tested: the initial learning rate (0.01 and 0.001) and the activation function of all
layers except the output layer (ReLU, Tanh and Sigmoid). In addition, some model
specific parameters are tuned: for the Neural Networks with a variable number
of layers (i.e. MLP, GCN and GWNN), a fixed number of two layers is taken
and different number of hidden units are considered (16, 32 or 64 hidden units).
For DCNN, we tested the model with one to three hops. For GWNN, a wide
range of scaling factors are considered (ranging from 4=* to 1). Indeed, contrary
to what is suggested in [87] about the interesting range of values for the scaling
parameter, way smaller values sometimes give outstanding results. The influence of
this hyperparameter choice will be further discussed in Sections 4.4 and 5.5. For
SVM and AutoSVM, two different kernels are tested (RBF and sigmoid).

5.3.1 Statistical Tests and Results

The mean accuracy of the ten runs is summarized in Table 5.3. From these results,
some models seem to perform better in general. In particular, GWNN is the only
Neural Network that performs well both on the small datasets and on the larger ones.
Nevertheless, none of the models systematically outperforms the others. Therefore,
let us present statistical tests to assess if some of the models are better than the
others.

Friedman test [28] is a statistical test which assesses if all models are statistically
equivalent without making the assumption of normality of the distribution. The
null-hypothesis states that the average ranks of the models should be equal since
they are equivalent [21]. The Friedman statistic is distributed according to the
chi-square distribution y% with M — 1 degrees of freedom (when N and M are large
enough) [28]:
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SVM AutoSVM MLP GCN DCNN GWNN

Cornell 81.8 £ 1.9 835023 83.9+18 658+15 755£42 82822
Texas 882+16 90.3+18 88319 643+£22 844+26 89=+19
Washington 81.3 + 2.4 83.1+21 86.0+12 652+20 781+£21 848+1.1
Waisconsin 8§77+ 20 88.9+20 84=£16 59738 83.0+36 87.1+£22
Facebook 1  92.5 + 1.0 96.50 £0.7 922+£08 968 0.5 96.8=+05 96.9+0.7
Facebook 2 92.6 + 0.8 974 +£04 919+£06 983+04 984=+06 98.4+04
Facebook 3  81.2 + 0.8 83.8+13 796+11 84.1+10 837=x£15 83615
CiteSeer 72.0 £ 1.0 747+10 718+£09 773+06 T764+£11 7T7.8+08
Cora 722 £ 1.0 81.7+0.7 727+£08 8.1+0.7 86.5£06 87.2+0.7
Wikipedia 54.1 £ 1.0 541 +10 604+10 487+06 65.2=+£08 604=+0.6
Amazon 1 90.3 £ 0.3 934 £02 896+03 936+03 95.1£02 93902
Amazon 2 83.9 £ 0.2 88.7+0.2 822+£03 8.0£05 89.1+03 89.7+0.2

Table 5.3: Results of 10 runs with 5-fold cross-validation. Mean accuracy and
standard deviation over the 10 runs are shown in percent. For each dataset, the best
accuracy is shown in bold.

12N

2 M(M + 1)
szi _—
M(M +1)

ZRJQ'_ 4

J

(5.1)

where R; is the average rank of model i, N is the number of datasets and M is the
number of methods.

Iman and Davenport [42] showed that this statistical test is undesirably conser-
vative and derived a corrected Friedman test, which is distributed according to the
F-distribution with M — 1 and (M — 1)(NN — 1) degrees of freedom:

(N —1)x%
N(M —1) - x%

Using the previously found accuracies, we compute a Friedman and corrected
Friedman statistics of respectively 16.62 and 4.21. The critical values for p < 0.05 are
respectively given by 11.07 and 2.38 and correspond to p-values of 0.53% and 0.26%,
which means that both tests have a probability of rejecting the null hypothesis while
it is true of less than 5%.

Fp = (5.2)

Since the null-hypothesis is rejected, let us conduct a post-hoc test which finds
if groups of models are significantly different. Nemenyi’s test [65] makes pairwise
comparisons between all the models. Two models are considered statistically different
if the difference between their average ranks is higher than the critical difference,
defined by [21]:

M(M +1)
12N
where ¢, is the Studentized range statistic with a probability of a. The critical

difference at p < 0.1 and p < 0.05 is respectively of 1.977 and 2.176. The results for

p < 0.1 are illustrated on Figure 5.2.

KeD = (a (5.3)
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Figure 5.2: Results of Nemenyi’s test on the six models for p < 0.1. Critical
difference value of 1.98. Connected models means they are not statistically different
according to Nemenyi’s test.

5.3.2 Discussion of Results

From these first results, one can see that GCN and DCNN give poor results on the
four university datasets and on Wikipedia dataset. We also note that the models
using only the features perform systematically worse than the other models on the
Facebook datasets, citation networks and Amazon datasets. These observations
suggest that the university datasets are feature-driven datasets whereas the graphs of
the other datasets seem to provide useful additional information [51]. This hypothesis
is verified by the close to zero Moran’s I statistics of the four university datasets
(see Table 5.1). Still, AutoVSM outperforms SVM on all datasets except Wikipedia,
which shows that all graphs seem to carry additional information. The Wikipedia
dataset gives intriuging results: the best performing model is by far DCNN and
then MLP and GWNN, whereas GCN performances are really poor on the dataset.
One could try to explain these result by the fact that the Wikipedia graph provides
additional information but that this information is difficult to correctly spread along
the graph. Indeed, if we compare Wikipedia graph to the other main families of
graphs (i.e. citation networks, friends networks and Amazon graphs) on Figure 5.1,
one can observe that the classes are more mixed up. Still, by taking a closer look
to the graph structure, one can see on Figure 5.3 that the dataset still provides
useful information about the class memberships of neighbouring nodes. In that
sense, Wikipedia dataset seems to be a tough but interesting dataset for model
performance assesment.

Nemenyi’s test suggests that GWNN, DCNN and AutoSVM are not statistically
different one from another and that only GWNN is statistically different from the
three worse performing models. Indeed, GWNN, DCNN and AutoSVM perform
relatively well on most datasets, but GWNN is the only model that systematically
ranks in the top three best accuracies, both on feature-driven datasets and on
graph-driven datasets.
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Figure 5.3: Closer look at Wikipedia graph structure. This illustration shows the
graph structure seems to provide useful information about the class membership of
the nodes.

5.4 Model Improvements

Many research papers [20, 47, 5, 87] do not discuss hyperparameters choices when
testing a new model. In particular, the loss function choice and the regularization
techniques are often fixed without any justification or experiments to assess their
effect on the model accuracy. In the following, we investigate different loss functions
and draw conclusions on which performs the best in general. Then, we assess the
influence of model and graph regularization on the generalization capabilities of the
models.

5.4.1 Is Softmax Cross-Entropy the Best Choice ?

The loss function of the previous experiments was the softmax cross-entropy. This
loss is by far the most used in the literature of Graph Neural Networks [47, 5, 87],
but is this a reasonable choice ? In the following, we will investigate the performance
of the Neural Networks on semi-supervised graph node classification when using the
different losses presented in Section 3.1.

The models are trained and evaluated using the same methodology as in the

30



previous section. The hyperparameters are set to the optimal values found during
the initial models comparison, which can be found in Appendix A.

The Friedman and corrected Friedman critical statistics for the nine different
loss functions on the twelve datasets are respectively 15.51 and 2.05. The p-values
on each of the four Neural Networks are given in Table 5.4 and the full accuracy
results are available in Appendix A.

MLP GCN  GWNN DCNN

Friedman 1.1-107% 1.8-107® 4.6-107% 6.6-1073
Corrected Friedman 1.0-107% 7.1-107%* 1.2-1077 3.7-1073

Table 5.4: The Friedman and corrected Friedman p-values for the different loss
functions of Section 3.1 on the twelve datasets. The results suggest the null-
hypothesis can be rejected for all models.

The values for both statistical tests reject the null-hypothesis for the different
models, which means we can reject the hypothesis which states that the losses are
all equally efficient for the learning process.

In these experiments about the loss functions, the improved losses are compared
with a control loss, namely the softmax cross-entropy. In such a situation, we use
the Bonferroni-Dunn test instead of the Nemenyi test. The test is generally more
conservative than Nemenyi’s test, but is more powerful in the specific case of pairwise
comparisons [21]. The test statistics for comparing the i-th and j-th classifier using
this method is given by:

M(M +1)

z= (R — Rj)/ N

where R; is the average rank of model ¢, N is the number of datasets and M — 1 the
number of compared improvements. The z value is used to find the corresponding
probability from the normal distribution, which is then compared with value «
divided by the number of comparisons made [21]. An alternative way to compute
the same test is to calculate the critical difference using the same equation as for
the Nemenyi test, but using the critical values for 2.

The softmax cross-entropy loss systematically outperforms the other loss functions
on MLP, GCN and GWNN. Also, despite its interesting properties, L1 losses are
considered statistically worse than the baseline loss for all models except DCNN.
This is illustrated for MLP on Figure 5.4. The Bonferroni-Dunn intervals for the
other models can be found in Appendix B. This could be explained by the fact that
the derivative of the L1 loss is not continuous, which therefore makes the learning
process more difficult.
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cubed hinge loss softmax L2 loss
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Figure 5.4: Results of Bonferroni-Dunn’s test on MLP with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. MLP with Softmax Cross-Entropy loss (C.E.)).

On Figure 5.5, one can see that the squared and cubed hinge losses perform in
general better than the cross-entropy for DCNN and that the hinge loss has a worse
average rank. We assume that it is due to the non-differentiability of the hinge
loss around y = 1 and due to its linear behavior elsewhere. The cubed hinge loss
increases the accuracy by 2% to 5.5% on the university datasets and gives similar
results to the cross-entropy loss on the other datasets. We therefore consider its
improvements as interesting despite Bonferroni-Dunn’s test. We further justify this
decision by the fact this statistical test does not take the improvement magnitudes
into account and because the statistical test is conservative [21].

L 1 : : |
softmax L1 loss —— L———— cubed hinge loss
L1 loss — squared hinge loss
hinge loss softmax C.E.
softmax L2 loss softmax focal loss
L2 loss

Figure 5.5: Results of Bonferroni-Dunn’s test on DCNN with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. DCNN with Softmax Cross-Entropy loss (C.E.)).

5.4.2 Improving Generalization Through Regularization

Since the emergence of Machine Learning and in particular Deep Neural Networks,
regularization has become an important technique to improve the ability of Neural
Networks to generalize to unknown data points [33, 39, 80, 68]. In the following,
dropout and weights regularization (with both L1 and L2 norms) will be investigated.
By doing so, we asses the effect of these regularization techniques on semi-supervised
classification of graph-structured data. This set of experiments is motivated by the
fact that performance of most Graph Neurals Networks [47, 87, 5] are evaluated
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using regularization but usually without assessing the effect of such techniques. We
also investigate the effect of graph based regularization on the different Graph Neural
Networks and on the MLP. Recall these techniques penalize non-smooth neighbouring
class predictions, which is aimed to provide some kind of prior knowledge about the
unlabelled nodes because of autocorrelation.

The models are trained and evaluated using the same methodology as in Section
5.3. Dropout is applied only during the training phase. The hyperparameters are
set to the optimal values found during the initial models comparison, which can be

found in Appendix A. The combinations of values that are investigated are given in
Table 5.5.

Experiment Parameters
Dropout p=1{0.2,0.3,0.4}
Weight regularization %V(\)}r; {:0?(1)’15?01}
Laplacian regularization KTgo;n{i 0{011’720};01}
Transition probability regularization KTgo;n{i 0{011’,20}.01}

Table 5.5: Range of investigated hyperparameters values for the regularization
experiments.

Model improvements are again evaluated using Bonferroni-Dunn statistic test
on pairwise comparisons with the baseline models. The experiments show both
dropout and weight regularization do not significantly improve the test accuracy
for the investigated models. The test accuracy confirms these results, since the
variations are not greater than one and a half percent on the small datasets and one
percent on the larger ones, which are therefore smaller variations than the standard
deviation of the test accuracy. Full results including the test accuracy of each model
improvement on each dataset and the related Bonferroni-Dunn test can be found in
Appendix B.

Smoothing the predicted labels gives a better rank on all models with the
regularization based on the row-normalized Laplacian matrix. This regularization
always outperforms the regularization of the Laplacian matrix. For seek of an
explanation, this could be due to the high variability in the average node degree
of the dataset’s graphs, which therefore makes the row-normalized Laplacian a
smoothing that is proportional for all nodes whereas the Laplacian penalizes more
nodes with a high degree. The most significant rank improvements occur on GWNN
and DCNN, but the improvements are statistically significant only on DCNN
according to Bonferroni-Dunn’s test. This is illustrated on Figure 5.6. Finally, note
that GCN is the only Graph Neural Network for which none of the regularization
techniques seems to have an effect. This could be the consequence of the already
included regularization and approximation in the model structure. Recall indeed
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that GCN limits the information propagation of one layer to one hop neighbours
and that the model further addresses overfitting by reducing the number of weight
parameters’.

DCNN —— L DCNN+Regu P
DCNN+Weights regu DCNN+Regu L
DCNN+Dropout

Figure 5.6: Results of Bonferroni-Dunn’s test on DCNN with the different model
improvements for p < 0.1. Connected models are not statistically different to the
baseline model (i.e. DCNN without any improvements).

5.5 Multiscale Graph Wavelet Neural Network

The development of the Multiscale Graph Wavelet Neural Network is motivated by
the conclusions drawn in [7] which state that low-pass filtering is not sufficient for
classification of graph-structured data on graphs different from citation networks.
We verify this idea and show the suggested scales in [87] are too narrow by drawing
the mean test accuracy of GWNN as a function of the scale parameter. Results on
Figure 5.7 for Texas and Cora dataset go in this direction. Indeed, scales close to
one give very good results on Cora, which is a citation network. When the scales
approach zero, the model accuracy falls to values close to the results of a MLP,
which is explained by the fact that very low scales are close to no filtering. Results
on Texas dataset are the best for small scales, which can be explained by the fact
the dataset is features-driven (since its Moran I is close to zero).

From these observations, let us investigate a multiscale approach. In the first
experiment, we will use the exponentially decreasing scaling functions at multiple
scales: S = {0,47%,472 0} using the multi-scale design presented in Section 4.4.1.
Then, we reiterate the experiments with the two different band-pass filtering solutions
that were presented in Section 4.4.2. Mean and standard deviation of the test
accuracy for the first and third experiments are presented in Table 5.6.

The multi-scale approach with low-pass filters (M-GWNN Exp) shows very
similar mean test accuracy as the initial GWNN with a well chosen scale (i.e. tuned
using cross-validation). Nevertheless, the accuracy highly increases on the Wikipedia
dataset. We suggested in Section 5.3 that Wikipedia is a challenging dataset in the
sense it is mainly features-driven but still provides additional information in the
graph, like illustrated on Figure 5.3. In that sense, the combination of a band-pass
filter with less discriminant filters through the use of multiple scales seems to provide
additional information to the model and therefore perform better on this challenging

Tndeed, the convolution operation is approximated by the simplification of the convolution
parameters to: 0 := ) = —0.
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Figure 5.7: Influence of the scaling parameter of GWNN on the test accuracy for
Texas and Cora datasets. The blue line represents the mean test accuracy and the
light blue border is the standard deviation over ten runs. The maximal accuracy is
at s = 2710 for the Texas danaset and at s = 0.5 for the Cora dataset.

GWNN M-GWNN Exp M-GWNN Butterworth

Cornell 82.8 £ 2.2 82.5 £ 2.3 785 £ 1.9
Texas 88.9 £ 1.9 88.5 £ 1.9 84.4 4+ 1.9
Washington 84.8 + 1.1 84.3 +£ 1.6 76.4 + 2.7
Wisconsin 87.1 £ 2.2 87.2 £+ 2.2 80.4 £+ 3.1
Facebook 96.9 £ 0.7 96.5 £+ 0.6 91.2 £ 2.1
Facebook 98.4 £ 0.4 97.9 £ 0.4 94.9 £ 1.6
Facebook 83.6 £ 1.5 82.9 + 0.8 72.3 £ 2.7
Citeseer 77.8 £0.8 77.3 £ 0.5 74.7 £ 0.8
Cora 87.2 £ 0.7 87.7 £ 0.5 81.8 £ 0.8
Wikipedia 60.4 £+ 0.6 65.2 + 0.6 56.1 + 0.7
Amazon 1 93.9 £ 0.2 94.5 +£ 0.2 69.4 £+ 3.7
Amazon 2 89.7 + 0.2 90.0 £ 0.2 67.8 &+ 2.9

Table 5.6: Results of 10 runs with 5-fold cross-validation. Mean accuracy and
standard deviation over the 10 runs are shown in percent. Improvements larger
than the standard deviation are shown in bold. There is a notable improvement on
Wikipedia dataset.

dataset. Also note that the accuracy increased by about 0.6% and 0.3% on Amazon
1 and Amazon 2, which are improvements higher than the standard deviation and
suggests again some more information has been learned by the model.

The Multiscale Graph Wavelet Neural Network with Butterworth low-pass and
band-pass filters gives decent results but below GWNN baselines. These decreased
results are mostly explained by the model instability, as we can see in the high
standard deviation the model suffers from. We therefore suggest that a better tuning
of the hyperparameters could lead to better performance. In particular, the choice
of the shift parameter v and of the Butterworth filter order seem to be crucial in
the model stability.
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5.6 Fine Tuning and Discussion

In this section, we will compare the fine tuned models together and compare them
with the Multiscale Graph Wavelet Neural Network. The results of Section 5.4
suggest that:

1. Other losses are statistically worse or equivalent to the softmax cross-entropy
on all models except DCNN, on which a cubed hinge loss improves the accuracy
(especially on the small datasets).

2. A graph-based regularization with the degree-normalized Laplacian matrix
seems to improve the generalization capabilities of DCNN and GWNN.

3. None of the model regularizations show significative effects on the accuracy,
which suggests these methods do not improve generalization capabilities of
convolutional graph Neural Networks.

From these conclusions, we train the DCNN model again with a softmax cross-
entropy loss and with a cubed hinge loss and apply in both cases a degree-normalized
Laplacian regularization. The fine-tuned DCNN model hyper-parameters can be
found in Table A.7. The same regularization is also used for GWNN and no
improvement is applied to the other models since none of the experiments showed
statistically significant improvements. The mean accuracy of the ten runs on the
fine-tuned models and over M-GWNN (with no improvements) is summarized in
Table 5.7. SVM is not shown since it is systematically outperformed by AutoSVM.

AutoSVM MLP GCN DCNN GWNN M-GWNN
Cornell 83.56+23 839+18 658+15 792+£37 828+22 82.5 £ 2.3
Texas 90.3 £18 83+£19 643+22 875£26 89+19 88.5 £ 1.9

Washington 83.1+21 86.0+12 652+20 80.0£17 848=+1.1 84.3 £ 1.6
Wisconsin 88.9+£20 884+£16 59738 8.3=£15 87l1+22 87.2 £ 2.2
Facebook 1 96.5 £ 0.7 922+£08 968 =+0.5 96.9+05 96.9 0.7 96.5 + 0.6
Facebook 2 9744+ 04 919+£06 983+04 983+04 984+04 979 £ 0.4
Facebook 3 83.8+13 796+11 84.1+10 838=*£12 836+1.5 82.9 £ 0.8

CiteSeer 74710 71809 773+£06 T76.6+£10 7T7.8=+0.8 77.3 £ 0.5
Cora 81.7+0.7 72.7+£08 8.1+0.7 8.3+£06 87.2+£0.7 87.7 £ 0.5
Wikipedia 541 +10 604+1.0 487+£06 65.9+07 60.4=+0.6 65.2 £ 0.6
Amazon 1 934 +02 896+£03 936+03 95.0£02 939+£0.2 94.5 £ 0.2
Amazon 2 88.7+0.2 822+£03 8.0+05 892+£03 89.7+£02 90.0 £ 0.2

Table 5.7: Results of 10 runs with 5-fold cross-validation on the fine-tuned models.
Mean accuracy and standard deviation over the 10 runs are shown in percent. For
each dataset, the best accuracy is shown in bold.

Nemenyi’s test for p < 0.1 gives a critical difference of 1.77. Results of Nemenyi’s
test are shown on Figure 5.8.

The results show that after the models improvements, GWNN still has a better
average rank than DCNN. Also, the average rank of M-GWNN is worse than the
one of GWNN. This is mainly explained by a large rank differences on the Facebook
datasets, where the models are all very close and a slightly worse accuracy therefore
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Figure 5.8: Results of Nemenyi’s test on the fine-tuned models for p < 0.1. Critical
difference value of 1.77. Connected models means they are not statistically different
according to Nemenyi’s test.

induces a huge penalty in the rank. Nevertheless, we observe that M-GWNN
outperforms GWNN on the four largest datasets, whereas its accuracy is on average
lower on smaller datasets. A possible explanation could be that M-GWNN is
overfitting on small datasets, due to its way larger number of trainable weights.
Therefore, we suggest that regularization could improve its results.

Which convolutional model performs the best? The experiments suggest
that the Graph Wavelet Neural Network with a graph regularization using the degree-
normalized Laplacian matrix is the best choice for semi-supervised classification on
graph-structured data. Indeed, the model successfully predicts the class membership
of the graph nodes, whatever the size and the structure of the graph, i.e. even
on datasets on which the autocorrelation hypothesis is not met. Furthermore,
it outperforms both DCNN and GCN on all the datasets except Wikipedia and
Amagzon 1. It also outperforms AutoSVM and MLP by a significant margin on the
graph-driven datasets (i.e. datasets with a high Moran’s I ).

The model still has limitations: it does significantly worse than DCNN on the
challenging Wikipedia dataset. The multiscale approach of M-GWNN improves the
accuracy on the Wikipedia dataset and on other large datasets, but comes with a
higher risk of overfitting and a longer training time.

5.7 Limitations and Further Work

In the following, we describe several limitations of our experiments and of the
multiscale approach. We also outline some future research directions.

Scalability of convolutional models Through the complexity analysis of the
convolutional models, we have shown that the sparse implementations of GCN,
GWNN and DCNN share similar time complexity bounds (see Table 5.8). However,
the hidden constants are different. Therefore, DCNN and GWNN are slower and
these models might therefore present limitations on very large datasets. Furthermore,
GWNN involves an expensive precomputation step (eigendecomposition of the
Laplacian matrix) and the sparsity (i.e. the number of nonzero elements) of the
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wavelet transform might be high for some graphs, which then further increases the
training time. An approximation of the graph wavelets using a truncated expansion
in terms of Chebyshev polynomials highly decreases the precomputation cost of
GWNN;, one should investigate the accuracy trade-off of this approximation.

Limitations of the multiscale approach The Multiscale Graph Wavelet Neural
Network comes with a higher time and memory complexity, which linearly increases
with the number of considered scales. It has also more trainable weights and therefore
a higher risk of overfitting. One could ask ourselves if the increased complexity
is worth the accuracy improvements on the large datasets. Limiting the model to
two scales might allow to get a both low-pass and band-pass filtering effect while
reducing the complexity and the risk of overfitting.

One should also mention the Butterworth approach. Despite being theoretically
promising, the model is very unstable (i.e. its accuracy has a large standard
deviation) and performs worse than the approach with exponentially decreasing
scaling functions. Further work could investigate how to improve the Butterworth
approach by fine-tuning the scale choices and the model hyper-parameters.

Cost-benefit tradeoff In comparison with AutoSVM, the convolutional ap-
proaches increase the accuracy on most datasets and in particular on the citation
networks and on Wikipedia dataset. This however comes with a larger complexity.
For practical use, one could ask ourselves if the better accuracy of the convolutional
models is worth the higher training time.

Time complexity Number of weights

GCN  O(LNyN?) LN?
GWNN  O(LNyN; (N +7))  L(Ny + N3?)
DCNN  O(NyNyN?) (N + 1)(Ny + N3)

Table 5.8: Time and memory complexities of the different models sparse implemen-
tations for a dataset with Ny nodes, Ny features and a Wavelet transform sparsity
coefficient bounded by 7. L and Ny are respectively the number of layers (for GCN
and GWNN) and the number of hops (for DCNN).
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Chapter 6

Toolbox

We provide an open-source Tensorflow [57] toolbox for semi-supervised classification
on graph-structured data. The toolbox includes four CNN-based models (GCN,
GWNN, M-GWNN and DCNN) as well as three comparison models (SVM, AutoSVM
and MLP). The goals of the toolbox are:

Provide an automated script to fit the hyperparameters of a model and to
evaluate its accuracy on a large number of datasets. The results of the
experiments are automatically saved (accuracy on each run and set of best
hyper-parameters).

Allow to easily implement new models by providing an adapted Keras [13]
model structure for the task of semi-supervised classification on graph-structured
data.

Quickly compare models. The implementations of the convolutional models
are sparse and parallelizable, which allows to run the experiments on very
large graphs. A summary of the time and memory complexities of the models’
implementations is provided in Table 5.8

Visualize the datasets. We provide a visualization of the graphs. These
illustrations aim to help better understand the links between nodes and
visualize the inter and intra class connections. Illustrations for the datasets
used in this work can be found in Appendix C.

The toolbox is available at
https://github.com/pfdp0/graph-classification-TF2-toolbox.
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Chapter 7

Conclusion

Through the analysis of the performance of convolution-based Graph Neural Net-
works on the task of semi-supervised classification on graph-structured datasets,
we highlighted possible reasons for the good or bad performance of these Neural
Networks and suggested that models with a band-pass frequency response in addition
to low-pass frequency response might lead to an improved accuracy. From these
observations, we suggested how to improve the Graph Wavelet Neural Network
by working at different well chosen scales and with a set of scaling functions that
behaves like a band-pass filter in the graph Fourier domain. Our model with four
scales outperformed the GWNN by a significant margin on the challenging Wikipedia
dataset. This result suggests the multiscale approach might help in the classification
task on challenging datasets. Unfortunately, the approach using Butterworth filters
as scaling functions showed encouraging but worse results. This provides however
interesting directions to develop new state-of-the-art graph-structured classification
models.

In addition, we showed that model regularization does not seem to be an impor-
tant tuning aspect of Graph Neural Networks whereas graph based regularization
might help. We also perform a series of experiments on loss functions and high-
light that the softmax cross-entropy loss is in general a reasonable loss function
choice, while the cubed hinge loss might be a better alternative for the Diffusional
Neural Network. By a comparison of the fine-tuned models, we conclude that the
Graph Wavelet Neural Network with graph regularization is the best choice for
semi-supervised classification on graph-structured data, as it provides state-of-the-art
predictions even on datasets on which the autocorrelation hypothesis is not met.

As a final contribution, we provide an open-source toolbox that allows to include
any new semi-supervised classification model on graph-structured data and to easily
compare and tune the models on a variety of datasets.
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Appendix A

Optimal Hyperparameters

The optimal hyperparameters for the parameters fitting of Section 5.3 and Section
5.6 are the following.

A1l SVM A.2 AutoSVM

Kernel Kernel
Cornell rbf Cornell rbf
Texas rbf Texas rbf
Washington rbf Washington rbf
Waisconsin sigmoid Waisconsin rbf
facebook 1 rbf Facebook 1 rbf
facebook 2 rbf Facebook 2 rbf
facebook 3 rbf Facebook 3 rbf
CiteSeer rbf CiteSeer rbf
Cora rbf Cora rbf
Wikipedia rbf Wikipedia rbf
Amazon 1 rbf Amazon 1 rbf
Amazon 2 rbf Amazon 2 rbf

Table A.1: Best hyperparameters for Table A.2: Best hyperparameters for
SVM. The best hyperparameters are AutoSVM. The best hyperparameters are
the combination of hyperparameters that the combination of hyperparameters that
gave the most times the best accuracy on gave the most times the best accuracy on
ten runs. ten runs.
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A.3 MLP

Activation Learning Rate Hidden

Cornell Sigmoid 0.01 16
Texas ReLLU 0.01 16
Washington tanh 0.01 16
Wisconsin ReLU 0.01 32
Facebook 1 tanh 0.001 16
Facebook 2 Sigmoid 0.01 16
Facebook 3 tanh 0.001 16
CiteSeer tanh 0.001 64
Cora Sigmoid 0.001 32
Wikipedia Sigmoid 0.001 64
Amazon 1 Sigmoid 0.001 32
Amazon 2 Sigmoid 0.001 32

Table A.3: Best hyperparameters for MLP. The best hyperparameters are the
combination of hyperparameters that gave the most times the best accuracy on ten
runs.

A.4 GCN

Activation Learning Rate Hidden
Cornell ReLU 0.01 32
Texas ReLU 0.01 64
Washington ReLLU 0.01 16
Wisconsin ReLU 0.01 64
Facebook 1 ReLU 0.001 16
Facebook 2 ReLU 0.01 16
Facebook 3 ReLU 0.01 64
CiteSeer ReLU 0.001 64
Cora ReLU 0.01 16
Wikipedia ReLU 0.01 64
Amazon 1 ReLU 0.001 64
Amazon 2 ReLU 0.01 64

Table A.4: Best hyperparameters for GCN. The best hyperparameters are the
combination of hyperparameters that gave the most times the best accuracy on ten
runs.
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A.5 GWNN

Activation Learning Rate Hidden Wavelet Scale

Cornell ReLU 0.01 32 0.00390625
Texas ReLU 0.01 64 0.015625
Washington ReLLU 0.01 32 0.015625
Wisconsin ReLU 0.01 64 0.015625
Facebook 1 ReLU 0.001 64 0.0625
Facebook 2 ReLU 0.01 16 0.25
Facebook 3 ReLU 0.01 16 0.00390625
CiteSeer ReLU 0.001 32 0.25
Cora ReLU 0.001 64 0.5
Wikipedia ReLU 0.001 64 0.015625
Amazon 1 ReLU 0.01 32 0.0625
Amazon 2 ReLU 0.01 64 0.0625

Table A.5: Best hyperparameters for GWNN. The best hyperparameters are the
combination of hyperparameters that gave the most times the best accuracy on ten
runs.

A.6 DCNN

Activation Learning Rate Hops
Cornell tanh 0.01 2
Texas tanh 0.01 3
Washington tanh 0.01 3
Wisconsin tanh 0.01 3
Facebook 1 tanh 0.01 1
Facebook 2 tanh 0.01 3
Facebook 3 tanh 0.01 2
CiteSeer tanh 0.01 2
Cora tanh 0.01 3
Wikipedia tanh 0.001 3
Amazon 1 tanh 0.001 3
Amazon 2 tanh 0.001 3

Table A.6: Best hyperparameters for DCNN. The best hyperparameters are the
combination of hyperparameters that gave the most times the best accuracy on ten
runs.
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A.7 Fine-tuned DCNN

Activation LR Hops Loss Function Regularization
Cornell tanh  0.01 2 (hinge)? Graph [ — P
Texas tanh  0.01 3 (hinge)? Graph I — P
Washington tanh  0.01 3 (hinge)? Graph I — P
Wisconsin tanh  0.01 3 (hinge)? Graph I — P
Facebook 1 tanh  0.01 1 softmax C.E. Graph I — P
Facebook 2 tanh  0.01 3 softmax C.E. Graph I — P
Facebook 3 tanh  0.01 2 softmax C.E. Graph [ — P
CiteSeer tanh  0.01 2 softmax C.E. Graph I — P
Cora tanh  0.01 3 softmax C.E. Graph I — P
Wikipedia tanh  0.001 3 (hinge)? Graph [ — P
Amazon 1 tanh  0.001 3 softmax C.E. Graph I — P
Amazon 2 tanh  0.001 3 softmax C.E. Graph [ — P

Table A.7: Best hyperparameters, regularization and losses for DCNN. The best
hyperparameters are the combination of hyperparameters that gave the most times
the best accuracy on ten runs. "LR" and "C.E." refer respectively to Learning Rate
Cross Entropy.
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Appendix B

Full results for the models
improvements

B.1 MLP

MLP Corn  Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM?2
Baseline 83.89 88.33 86.04 88.42 92.17 91.92 79.63 71.82 72.67 60.37 89.60 82.16

Dropout 81.80 87.71 85.08 88.42 92.12 92.38 78.66 72.23 7229 61.17 88.63 81.42
Weights 82.68 88.20 85.44 88.22 91.88 91.96 79.64 71.86 72.56 60.59 89.67 82.23
ReguL 8275 8796 8542 8829 91.71 92.09 79.21 7224 7291 60.56 89.60 81.59
Regu P  82.79 87.85 85.59 87.87 91.94 9212 79.85 71.66 7297 60.68 89.61 82.26

Table B.1: Mean test accuracy for the different models improvements on MLP.
Average is taken over ten runs.

MLP Corn Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM?2
Baseline 83.89 8R8.33 86.04 88.42 92.17 91.92 79.63 71.82 72.67 60.37 89.60 82.16
Softmax focal loss 83.14 87.54 85.35 87.55 91.59 91.81 79.99 71.25 72.12 60.36 89.57 &81.97
L1 loss 78.92 74.35 8222 83.38 91.85 90.73 79.64 69.64 68.26 50.47 80.83 59.55
Softmax L1 loss 77.60 84.59 83.42 86.58 92.05 92.21 79.15 71.64 63.83 55.02 81.36 60.17
L2 loss 80.44 83.21 81.72 84.69 92.14 91.29 79.39 71.83 72.54 57.88 88.35 &1.13
Softmax L2 loss 82.48 87.65 85.38 &7.52 91.51 92.10 79.44 71.78 72.46 60.20 89.58 82.26
Hinge loss 79.78 88.00 85.03 8R8.06 91.64 92.33 79.88 72.34 73.19 59.19 89.00 82.05
(Hinge)? loss 81.76 87.25 85.38 88.35 91.46 92.06 79.90 72.33 72.98 59.34 89.09 82.25
(Hinge)? loss 81.71 86.46 85.42 87.82 91.46 92.01 79.54 71.76 72.79 58.63 88.83 81.76

Table B.2: Mean test accuracy for the different loss functions on MLP. Average is
taken over ten runs.
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L1 loss softmax C.E.
softmax L1 loss ———— —— hinge loss

L2 loss ——————— L squared hinge loss
cubed hinge loss softmax L2 loss

softmax focal loss

Figure B.1: Results of Bonferroni-Dunn’s test on MLP with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. MLP with Softmax Cross-Entropy loss (C.E.)).

MLP+Dropout MLP—+Regu P
MLP+Regu L MLP
MLP-+Weights regu

Figure B.2: Results of Bonferroni-Dunn’s test on MLP with the different model
improvements for p < 0.1. Connected models are not statistically different to the
baseline model (i.e. MLP without any improvements.

B.2 GCN

GCN Corn  Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM?2
Baseline 65.80 64.26 65.21 59.73 96.83 98.30 84.08 77.26 86.06 48.71 93.62 89.00

Dropout 66.04 65.14 64.73 58.16 96.26 98.30 84.23 77.30 86.48 49.02 93.62 89.44
Weights 65.93 64.04 64.86 59.98 96.79 98.22 84.34 77.21 85.96 48.94 93.64 89.10
ReguL 6547 64.59 64.64 58.61 96.09 98.27 84.64 7733 86.01 4875 93.74 90.03
ReguP 6556 6391 64.37 60.18 96.30 98.40 84.39 77.30 8598 4880 93.82 90.12

Table B.3: Mean test accuracy for the different models improvements on GCN.
Average is taken over ten runs.
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GCN Corn Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM 2

Baseline 65.80 64.26 6521 59.73 96.83 98.30 84.08 77.26 86.06 48.71 93.62 89.00
Softmax focal loss 65.23 61.82 64.71 59.14 96.83 98.24 84.58 77.34 8548 4576 93.55 57.54
L1 loss 57.69 61.27 59.87 57.04 96.86 98.30 82.99 77.52 51.23 17.16 91.62 85.45
Softmax L1 loss 55.67 63.60 62.50 55.31 96.84 98.36 83.06 77.37 85.19 31.96 79.44 59.98
L2 loss 61.76 61.52 63.16 59.33 96.83 98.24 84.17 77.61 85.83 35.10 93.93 90.03
Softmax L2 loss 63.01 65.65 63.91 59.33 96.81 98.29 84.16 77.10 86.03 48.01 93.20 89.12
Hinge loss 62.09 65.63 63.33 59.73 96.35 98.29 83.53 77.92 86.20 48.13 93.86 90.14
(Hinge)? loss 63.89 62.66 64.80 59.02 96.93 98.24 84.30 77.63 86.04 46.11 93.82 89.64
(Hinge)? loss 63.38 61.30 64.02 5795 96.80 98.16 83.79 77.47 86.17 41.53 93.48 88.10

Table B.4: Mean test accuracy for the different losses on GCN. Average is taken
over ten runs.

i
L1 loss —— ——— softmax C.E.
softmax L1 loss ——— ———— hinge loss
cubed hinge loss L squared hinge loss
softmax focal loss L2 loss

softmax L2 loss

Figure B.3: Results of Bonferroni-Dunn’s test on GCN with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. GCN with Softmax Cross-Entropy loss (C.E.)).

GCN+Weights regu GCN+Regu P
GCN GCN+Dropout
GCN+Regu L

Figure B.4: Results of Bonferroni-Dunn’s test on GCN with the different model
improvements for p < 0.1. Connected models are not statistically different to the
baseline model (i.e. GCN without any improvements.
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B.3 GWNN

GWNN Cormn Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM2
Baseline 82.77 88.88 84.80 87.10 96.92 9838 83.64 77.78 &87.21 60.44 93.89 89.72

Dropout 76.31 81.14 75.57 84.77 96.43 98.29 82.34 76.47 86.63 47.65 93.44 87.89
Weights 83.25 88.35 84.02 87.66 97.00 98.33 83.29 77.87 87.57 60.75 93.80 89.70
Regu L 8251 88.33 83.46 87.42 97.00 98.38 83.89 7798 87.70 59.80 93.71 88.74
ReguP 8299 88.84 83.70 87.30 97.07 98.33 83.75 7799 87.74 6044 94.03 90.34

Table B.5: Mean test accuracy for the different models improvements on GWNN.
Average is taken over ten runs.

GWNN Corn Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM2
Baseline 82.77 88.88 84.80 87.10 96.92 98.38 83.64 77.78 87.21 60.44 93.89 89.72
Softmax focal loss 81.98 88.13 83.83 86.67 97.12 9840 82.73 77.38 87.38 7.62 9355 87.79
L1 loss 76.00 84.75 81.31 8442 9720 97.24 8251 77.01 87.29 1231 65.08 78.95
Softmax L1 loss 79.89 84.22 80.04 84.67 97.19 95.69 82.89 77.23 87.01 4233 80.83 61.52
L2 loss 7897 83.96 82.84 84.86 97.14 98.30 83.02 78.09 87.53 13.18 93.57 89.20
Softmax L2 loss 83.01 88.48 8292 86.75 97.06 98.42 83.40 77.76 87.62 5888 93.77 89.57
Hinge loss 81.30 88.57 82.11 86.72 96.97 97.83 83.31 7827 87.66 59.97 94.15 90.71
(Hinge)? loss 81.87 88.59 82.56 87.30 97.06 97.85 83.45 7822 87.80 57.60 94.21 90.78
(Hinge)? loss 81.41 88.18 83.14 86.99 97.02 97.80 83.06 77.76 87.65 49.05 94.07 90.44

Table B.6: Mean test accuracy for the different losses on GWNN. Average is taken
over ten runs.

9 8 7 6 5 4 3 2 1
L 1 - F I I L L :
L1 loss —— L———— squared hinge loss
softmax L1 loss ———— ——— softmax C.E.
L2 loss —— softmax L2 loss
softmax focal loss hinge loss

cubed hinge loss

Figure B.5: Results of Bonferroni-Dunn’s test on GWNN with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. GWNN with Softmax Cross-Entropy loss (C.E.)).
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GWNN+Regu L L——— GWNN+Regu P
GWNN+Dropout GWNN+Weights regu
GWNN

Figure B.6: Results of Bonferroni-Dunn’s test on GWNN with the different model
improvements for p < 0.1. Connected models are not statistically different to the
baseline model (i.e. GWNN without any improvements.

B.4 DCNN

DCNN Corn Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM 2
Baseline 75.52 84.35 78.11 82.98 96.83 9836 &83.69 76.39 86.53 65.24 95.10 89.09

Dropout 75.41 81.30 75.72 83.50 97.01 98.39 83.57 76.86 87.01 65.02 94.86 89.24
Weights  76.53 85.71 77.85 83.30 96.98 98.31 83.62 76.52 86.59 65.54 95.12 89.10
Regu L. 76.97 85.87 78.26 83.50 97.06 98.35 83.63 76.79 86.55 65.34 94.56 88.65
ReguP 77.67 8519 79.01 8456 97.05 98.44 83.64 76.59 86.59 65.78 95.12 89.21

Table B.7: Mean test accuracy for the different models improvements on DCNN.
Average is taken over ten runs.

DCNN Corn  Tex Was Wis FB1 FB2 FB3 Cite Cora Wiki AM1 AM 2
Baseline 75.52 84.35 7811 8298 96.83 98.36 83.69 76.39 86.53 65.24 95.10 89.09
Softmax focal loss 78.90 87.41 78.45 84.64 97.04 98.44 83.63 76.05 85.99 64.90 95.08 88.88
L1 loss 7477 75.80 T74.22 75.78 97.32 98.40 82.22 7552 8241 51.31 90.09 78.04
Softmax L1 loss 50.22 63.89 64.00 63.42 97.02 98.49 8259 76.83 86.34 51.10 79.94 57.21
L2 loss 79.98 86.15 79.51 84.98 97.15 9831 83.58 76.49 85.44 66.06 93.90 87.80
Softmax L2 loss 77.80 84.00 76.58 82.67 97.02 98.41 83.61 76.59 86.62 65.58 95.07 88.89
Hinge loss 69.12 71.01 72.13 73.02 97.11 98.29 82.77 77.21 86.82 66.19 94.90 89.01
(Hinge)? loss 74.13 86.55 79.16 80.85 97.07 98.35 83.77 76.75 86.64 66.78 94.87 88.87
(Hinge)? loss 81.01 87.52 80.19 85.89 97.03 98.41 83.78 76.23 86.25 66.16 94.92 88.82

Table B.8: Mean test accuracy for the different losses on DCNN. Average is taken
over ten runs.
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L 1 : : P
softmax L1 loss ———— L———— cubed hinge loss
L1 loss —— squared hinge loss
hinge loss softmax C.E.
softmax L2 loss softmax focal loss
L2 loss

Figure B.7: Results of Bonferroni-Dunn’s test on DCNN with the different loss
functions for p < 0.1. Connected models are not statistically different to the baseline
model (i.e. DCNN with Softmax Cross-Entropy loss (C.E.)).

DCNN — L——— DCNN+Regu P
DCNN+Weights regu DCNN+Regu L
DCNN+Dropout

Figure B.8: Results of Bonferroni-Dunn’s test on DCNN with the different model
improvements for p < 0.1. Connected models are not statistically different to the
baseline model (i.e. DCNN without any improvements.
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Appendix C

Structure of the datasets

This appendix shows visualisations of the graph datasets’ structures. Such illustra-
tions aim to help better understand the links between nodes and visualize the inter
and intra class connections. The nodes are positioned using Fruchterman-Reingold
force-directed algorithm [48], which is an heuristic that does not take the class
information into account.

C.1 Cornell

®e
e

e Class1
o Class 2
Class 3
Class 4

Figure C.1: Graph of Cornell dataset, the nodes are positioned using Fruchterman-

Reingold force-directed algorithm [48]. Nodes are depicted by circles which color
represents the class membership and edges are represented by grey stripes.

79



C.2 Texas
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Figure C.2: Graph of Texas dataset, the nodes are positioned using Fruchterman-
Reingold force-directed algorithm [48]. Nodes are depicted by circles which color
represents the class membership and edges are represented by grey stripes.
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C.3 Washington
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Figure C.3: Graph of Washington dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-

cles which color represents the class membership and edges are represented by grey
stripes.
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C.4 Wisconsin
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Figure C.4: Graph of Wisconsin dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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C.5 Facebook 1

e Class1
o Class2

Figure C.5: Graph of Facebook 1 dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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C.6 Facebook 2

e Class1
e Class 2

Figure C.6: Graph of Facebook 2 dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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C.7 Facebook 3
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Figure C.7: Graph of Facebook 3 dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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C.8 CiteSeer
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Figure C.8: Graph of CiteSeer dataset, the nodes are positioned using Fruchterman-
Reingold force-directed algorithm [48]. Nodes are depicted by circles which color
represents the class membership and edges are represented by grey stripes.
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C.9 Cora
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Figure C.9: Graph of Cora dataset, the nodes are positioned using Fruchterman-
Reingold force-directed algorithm [48]. Nodes are depicted by circles which color

represents the class membership and edges are represented by grey stripes.
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C.10 Wikipedia
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Figure C.10: Graph of Wikipedia dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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C.11 Amazon 1

Figure C.11:
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Graph of Amazon 1 dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
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C.12 Amazon 2
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Figure C.12: Graph of Amazon 2 dataset, the nodes are positioned using
Fruchterman-Reingold force-directed algorithm [48]. Nodes are depicted by cir-
cles which color represents the class membership and edges are represented by grey
stripes.
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