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Abstract

As volatility becomes a structural feature of modern economies, uncertainty affects actors at every
level, from policymakers to businesses and households. Anticipating macroeconomic risks has
thus become a cornerstone of informed decision-making (Adrian et al., 2019; Furno and Giannone,
2024).

This master’s thesis investigates whether fluctuations in WTI crude-oil improve rolling-window,
one-day-ahead forecasts of the variance of 10-year breakeven inflation rate daily change. Using
daily series from the St. Louis Fed, we estimate ARMA-GARCH models with five innovation struc-
tures (ARMA(1,1)-GARCH(1,1) model compared with its longer-memory variants ARMA(1,2)-
GARCH(1,2); ARMA(1,1)-GJR-GARCH(1,1); AR(1)-EGARCH(1,1), and MA(1)-EGARCH(1,1))
all with a Student’s t distribution and include energy-price variables in the conditional mean,
variance, or both.

This study shows that including the log-return of crude oil prices in the model does not lead to a
statistically significant reduction in the mean-squared error and the mean average error of variance
forecasts, as confirmed by the Diebold-Mariano (Diebold and Mariano, 1995) test.
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Introduction
In contemporary economies, price instability has become a persistent reality. Uncertainty weighs on
every actor, from central banks setting monetary policy to firms planning investments and households
adjusting consumption decisions. Energy-price shocks, driven by geopolitical conflicts (Liu et al.,
2019), technological innovations (Baumeister, 2022) and the accelerated shift to renewables (Liu
et al., 2022), constantly test our ability to maintain price stability. By directly raising production
costs for goods and services, sudden spikes in oil and gasoline prices can generate significant
inflationary pressures (Coibion and Gorodnichenko, 2015; Gorodnichenko et al., 2018; Hasenzagl
et al., 2022), while sharp declines tend to dampen overall price dynamics.

In this context, inflation expectations are crucial for monetary credibility and economic planning, as
they guide wage negotiations, pricing strategies, and investment decisions (Adrian, 2023; Blanchard
and Gali, 2007; Bernanke, 2004). Well anchored expectations help to preserve monetary value
and support growth, but large energy shocks such as the 1973 oil embargo or the post COVID
commodity surge can unanchor them, triggering wage price spirals and costly monetary tightening
(Bernanke, 2004; Kilian and Zhou, 2022d).

Because agents react asymmetrically to energy price changes with stronger responses to increases
than to decreases and non-linear effects depending on shock size (D’Acunto et al., 2021a) it is
therefore crucial to model and forecast the full predictive distribution. Focusing solely on its mean
would fail to capture both moderate and extreme outcomes as well as evolving uncertainty (Furno
and Giannone, 2024).

It is against this backdrop that the central question of our study arises: Do energy price variations
affect the volatility of inflation expectations? We address this question through the specific prism of
our own approach.

To develop this approach, we relied on the existing literature, which revealed three key lessons.
First, GARCH-type models are effective at capturing persistence and asymmetry in the volatility
of macroeconomic series (Bollerslev, 1986; Nelson, 1991; Glosten et al., 1993; Ding et al., 1993).
Second, numerous studies show that adding exogenous variables, such as WTI returns or financial
uncertainty indices, significantly improves volatility-forecasting accuracy (Bonnier, 2022; Batten
et al., 2024). Third, despite these advances, most research focuses on the volatility of energy prices
or financial indices, while few or none of them examine how oil shocks differentially impact the
conditional variance of the 10-year breakeven inflation rate. These insights led us to refine our
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research problem into a more targeted question: To what extent does incorporating variations in
energy price (WTI) as exogenous variables, enhance the performance of GARCH-type models in
predicting the volatility of the 10-year breakeven inflation rate ? Throughout this paper, we will
strive to answer this question by following three main steps. First, we perform exploratory data
analysis, assess stationarity via KPSS and ADF tests, and examine tail behavior, skewness, volatility
clustering and autocorrelation to guide model selection. Second, we verify residual white noise
using the ACF and Ljung-Box test, then conduct an In-Sample evaluation, comparing AIC, BIC
and Log-likelihood across candidate models. Third, we forecast the final 1245 observations of the
sample (Jan 3, 2020-Dec 31 2024) with a rolling-window one-day-ahead procedure, compute MSE
and MAE, and apply Diebold-Mariano tests on both loss functions (Diebold and Mariano, 1995).

The empirical findings indicate that incorporating daily WTI shocks into the conditional mean
substantially enhances In-Sample performance, evidenced by a higher Log-likelihood, improved
AIC and BIC scores, and reduced residual autocorrelation. Whereas their inclusion in the variance
equation yields no appreciable gain. In the Out-of-Sample tests, none of the WTI-augmented speci-
fications outperforms the ARMA(1,2)-GARCH(1,2) benchmark: forecast accuracy (MSE, MAE)
and Diebold-Mariano (Diebold and Mariano, 1995) statistics remain statistically indistinguishable,
underscoring the modest predictive contribution of oil price shocks for ten-year volatility.

The remainder of this dissertation is structured as follows ; The first section provides a clear review
of the literature on inflation expectations and details the main GARCH models used to study them.
The second section describes the reseach objective and the methodology used. The third section
present the data and preliminary analyses underpinning our study. The final sections present our
results and respond to key insights regarding hypotheses, limitations and opportunities for future
research before concluding.
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1 Literature Review

1.1 History and significance of inflation expectation

In developed countries, major central banks generally aim to stabilize prices and support economic
growth. Price stability, often regarded as maintaining stable and low inflation, is a key objective of
monetary policy. One way to assess whether central bank actions are aligned with this objective is to
examine whether inflation expectations are in line with central banks’ targets. Inflation expectations
refer to the beliefs of market participants and investors about future inflation.

According to Fisher (1911), inflation corresponds to the rate of increase in prices over a given
period. It is generally a global measure, reflecting changes in the general price level or cost of living
in a country. In addition, the European Central Bank, since its conception, has emphasized the
importance of both inflation stabilization and inflation expectations. These expectations significantly
influence decisions on consumption, savings, investment and wage-setting.

Historically, inflation expectations were not always integrated into economic models, as illustrated
by the original Phillips curve (Adrian, 2023). However, the era of the Great Moderation underscored
their significance, particularly during major energy shocks like those in the 1970s (Bernanke, 2004)
and in the more recent post-Covid period (Kilian and Zhou, 2022d).

For instance, during the 1973 oil shock, the surge in oil prices led to a steep rise in inflation
(Bernanke, 2004). In response to the anticipated long-term reduction in purchasing power, house-
holds demanded higher wages (Blanchard and Gali, 2007), while firms increased their prices to
offset the growing production costs (Gordon, 1975). This resulting inflationary spiral, fuelled
by self-sustaining expectations, caused a challenging price-wage cycle (Alvarez et al., 2022). To
counteract these inflation expectations, the Federal Reserve, led by Paul Volcker in the late 1970s,
implemented stringent monetary policies, including significant interest rate hikes (Bernanke, 2004;
Blanchard, 2016). These measures led to a severe recession in the early 1980s, underscoring the
substantial economic consequences of central banks losing credibility in their inflation control
efforts (Bernanke, 2004; Kozicki and Tinsley, 2005).

Inflation expectations play a key role in the management of oil shocks as they directly impact the
reactions of households and businesses to fluctuations in energy prices. According to Lorenzoni
and Werning (2023) and Alvarez et al. (2022), a loss of confidence in central banks’ ability to keep
inflation under control can lead to a de-anchoring of expectations, thereby reinforcing inflationary
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pressures. These dynamics underscore the importance of both long-term and short-term inflation
expectations as key indicators of central bank credibility (Adrian, 2023; Bernanke, 2004). According
to Adrian (2023) and other economists (Kozicki and Tinsley, 2005; Bernanke, 2004), this credibility
is fundamental as it affects the views of households and firms on current and future economic
stability (Bernanke, 2004; Blanchard and Gali, 2007), guiding their consumption, investments, and
wage-setting decisions.

As a result, central banks closely monitor long-term inflation expectations (Adrian, 2023) through
surveys and financial market analyses. These tools provide essential insights into the credibility of
monetary policy and its transmission through financial channels (Adrian, 2023). However, since the
2008 financial crisis, the ECB and many economists have been concerned that long-term inflation
expectations might become too low. This would reduce current inflation and limit central banks’
ability to act, potentially resulting in an economic depression, comparable to that of 1929 (Lagarde,
2024).

Businesses and households’ expectations have a crucial impact on the economy. Firms use their
predictions about inflation to set prices, make investments and manage hiring to maximize profit
(Gorodnichenko et al., 2018). Meanwhile, households base their consumption, saving, and financing
decisions on their own inflation expectations (Andrade et al., 2020; Duca-Radu et al., 2021). These
expectations also affect wage negotiations and labour supply. Market behavior can be further
influenced by differences in beliefs among economic actors (Andrade et al., 2020). The post-
COVID inflation crisis (2021-2023) clearly demonstrates the impact of inflation expectations on
the economy. Households adjusted their spending habits, fearing a loss of purchasing power, while
companies raised prices and reduced investments. Rising wage demands have fueled this inflationary
spiral, compelling central banks to hike interest rates, which discourages investment and slows
economic growth (Aldama et al., 2024).

Additionally, consumers’ reactions to price fluctuations play a pivotal role in shaping inflation
expectations. When prices of essential goods, like food or energy, go up, consumers tend to react
more strongly than when they go down. This asymmetry in price perception further anchors inflation
expectations (D’Acunto et al., 2021a,b). Therefore, policymakers need to closely monitor both
short-term and long-term inflation expectations, as these are crucial for the credibility of central
banks and the effectiveness of monetary policy. The swift disinflation of the 1980s following the
Great Inflation period demonstrates how a credible policy can influence expectations and support in
achieving price stability.
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1.2 Review of existing literature and theoretical framework

Fluctuations in energy prices, particularly those of oil and gasoline, play a key role in the analysis
of contemporary economic dynamics. These variations influence not only production costs and
consumption, but also inflation expectations (Aidala et al., 2024), which is a key factor in monetary
policymaking (Neri et al., 2023; Vatsa and Pino, 2024). Inflation expectations, whether short,
medium or long term, significantly influence the decisions of households, businesses and central
banks (Alcidi et al., 2022; Adrian, 2023). While the existing literature focuses on how external
shocks affect energy prices (Vatsa and Pino, 2024; Kilian and Zhou, 2022d; Hammoudeh and
Reboredo, 2018), our study adopts the opposite perspective: we examine how changes in energy
prices affect the volatility of inflation expectations (10-year breakeven inflation rate). In other
words, instead of measuring the variability of prices themselves, we study the impact of these energy
price changes on the degree of uncertainty surrounding economic agents’ inflation forecasts. This
innovative approach makes it possible to determine whether rises or decreases in energy prices
increase or reduce the instability of inflation expectations, a key factor in monetary policy and
investment decisions. This literature review aims to explore the different frameworks, methods, and
conclusions that have emerged around this topic, highlighting both the empirical results and the
theoretical implications.

Given the many geopolitical and economic events of recent years, such as the Covid-19 pandemic
(Batten et al., 2024) and Russia’s invasion of Ukraine (Kilian and Zhou, 2023), global economies
have been strongly affected. The consensus that emerges in most research is that increases in energy
prices are a key driver of inflation expectations, especially in the short and medium term (e.g. Boeck
and Zörner (2025); Hammoudeh and Reboredo (2018); Abdallah and Kpodar (2023); Kilian and
Zhou (2022d)). These fluctuations also have a significant impact on monetary policy, as indicated
by several central banks (on Inflation Expectations, 2021). However, understanding how energy
variables influence the volatility of these expectations, especially over a long period and across
different economic phases, remains a complex topic and is relatively unexplored by peers.

Regarding the impact of energy price shocks on inflation expectations, Neri et al. (2023) show that
energy price shocks directly influence inflation and can affect inflation expectations, thus changing
economic behaviors and monetary policy decisions (Neri et al., 2023). Since 2021, rising energy
prices, amplified by geopolitical factors, have been a major contributor to inflation, accounting for
60% of headline inflation in Q4 2022 depending on the model used (Neri et al., 2023). Furthermore,
the high visibility of energy prices increases the responsiveness of households, as they perceive
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them as one of the most immediate and tangible indicators of inflation (Binder, 2018).

Kilian and Zhou (2022d) take a significantly different approach by demonstrating that oil price
increases are also the result of fluctuations in demand in the United States, not just of supply shocks
(e.g., (Kilian and Zhou, 2022d; Kilian, 2009; Kilian and Murphy, 2014; Kilian and Zhou, 2020).
Understanding this distinction is crucial for central banks to manage inflation expectations and
mitigate long-term de-anchoring risks.

More recently, Boeck and Zörner (2025) studied the impact of natural gas price fluctuations in the
euro area. Their analysis reveals that gas price rises lead to an instantaneous increase in inflation
expectations, peaking about a year after the initial shock. They highlight the indirect effects, where
the increase in inflation expectations amplifies the economic repercussions of energy shocks, which
consequently reinforce headline inflation and its anchoring in price-wage dynamics.

Interest in a link between oil prices and inflation began in the 1970s due to two major oil shocks
and persistent consumer price inflation (Bernanke, 2004)). The two oil shocks of the 1970s refer
to the OPEC oil embargo in October 1973 as well as the Iranian revolution of 1979, that led to a
sharp fall in oil production in Iran and was aggravated by the Iran-Iraq war in 1980 (Blanchard and
Gali, 2007). At the time, it was widely accepted that this persistent inflation was a direct result of
sharp increases in oil prices, following events unprecedented in post-war history (Blinder, 1982).
This assumption held that oil prices were primarily driven by exogenous supply shocks related to
geopolitical events, thereby influencing U.S. inflation. However, subsequent research, including that
of Kilian (2009) and, Kilian and Murphy (2014), has challenged this assumption by incorporating
the impact of demand and supply changes on global oil markets. These studies show that oil price
fluctuations are not exclusively due to supply shocks but are also the result of complex dynamics
involving macroeconomic factors.

An alternative explanation, proposed by Barsky and Kilian (2004) and elaborated on by Kilian
(2010), links the oil price increases of the 1970s to changes in global monetary policy regimes.
According to this approach, expansionary monetary policies would have led to an increase in global
demand for commodities, including oil, that would have supported higher headline inflation. Thus,
rather than being a cause of inflation, the rise in oil prices would be more a symptom of an economic
period marked by excessive monetary expansion. This assumption is supported by the observation
that inflation had already started to rise before the oil shocks, partly due to regulatory and contractual
constraints that delayed the adjustment of oil prices (Kilian, 2010).
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Although not directly included in the basket of goods consumed by households, the price of crude oil
plays a central role in the evolution of inflation (Kilian and Zhou, 2023). Indeed, these fluctuations
directly influence the costs of goods and services, contributing to changes in consumer price indexes
(Chudik and Georgiadis, 2022).

An unexpected and persistent rise in oil prices can cause a broad-based increase in prices, but its
impact on inflation is mostly temporary (Vatsa and Pino, 2024). However, some economists, such as
Blanchard (1986), warn of the risk of persistent inflation caused by a wage-price spiral as introduced
in 1.1 This phenomenon occurs when workers demand wage increases to compensate for the loss of
purchasing power due to inflation, prompting companies to raise prices to absorb these additional
costs Alvarez et al. (2022); Bernanke (2004). This inflationary dynamic was particularly noticeable
in the United Kingdom in the 1970s, where the role of trade unions exacerbated this inflationary
loop. However, the wage-price spiral has only been observed to a limited extent in the United States
because the protection of workers is much less important (Blanchard and Gali, 2007).

Variations in oil prices undoubtedly influence inflation directly and indirectly, impacting households,
businesses and global economic expectations. Managing these fluctuations is therefore a major
challenge for economic policymakers and central banks, which must adapt their policies to the
dynamics of the oil market in order to ensure price stability and economic growth (Abdallah and
Kpodar, 2023).

In our study, we implemented the GARCH model (Bollerslev, 1986) as it is widely recognized
in finance and economics for capturing market fluctuations and predicting financial instabilities
(Batten et al., 2024; Byun and Cho, 2013). GARCH-type specifications, notably the EGARCH
(exponential GARCH) model (Nelson, 1991) and the GJR-GARCH (Glosten et al., 1993) model,
extend the basic framework by allowing asymmetry in the transmission of positive and negative
volatility shocks. These extensions are particularly useful for modelling energy markets, where price
increases and decreases can have very different effects. In addition, we incorporate an ARMA(p,q)
(Yule, 1927; Slutsky, 1937; Box and Jenkins, 1970) component into the averaging equation to
capture the possible linear autocorrelation of returns and prevent volatility estimates from being
contaminated by persistent non-volatile dynamics. This ARMA-GARCH framework, enriched by
exogenous variables such as WTI, follows the methodology of Bonnier (2022) and Batten et al.
(2024), who show that including these external indicators significantly improves the accuracy of
energy price volatility forecasts. This exogenous approach makes it easier to capture the effect of
external shocks such as geopolitical tensions or financial crises on market dynamics. However, as
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no previous study has explored this perspective, we will be able to rely only on their methodology
but not on their findings that greatly differ from ours (Bonnier, 2022; Kilian and Zhou, 2022d;
Hammoudeh and Reboredo, 2018; Vatsa and Pino, 2024).

1.3 Hypotheses

H1: Energy price fluctuations significantly influence the volatility of 10-year breakeven inflation
rate daily change. This hypothesis reflects the idea that oil price shocks have immediate effects on
inflation expectations, due to their direct impact on production costs and household consumption
(Neri et al., 2023; Kilian and Zhou, 2022d; Neri et al., 2023).

H2: Including energy prices (WTI) as exogenous variables simultaneously in both the conditional
mean and the conditional variance equations in our model will yield superior In-Sample fit and Out-
of-Sample forecasting accuracy compared to specifications that include these exogenous regressors
only in the mean equation or only in the variance equation (Diop and Kengne, 2021; Batten et al.,
2024).

H3: The impact of energy price volatility on 10-year breakeven inflation rate daily change, varies
across economic regimes (e.g. crisis vs. growth periods). The correlation is stronger during periods
of high macroeconomic uncertainty (e.g. post-COVID, financial crises) and weaker during stable
growth periods (Batten et al., 2024; Kilian and Zhou, 2023).
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2 Methodology

2.1 Research Objective

The objective of this master’s thesis is to highlight the contribution of energy price shocks to the
dynamics of volatility on the 10-year breakeven inflation. More specifically, it aims to determine
the extent to which the inclusion in the GARCH models of daily variations in the prices of crude oil
(WTI) as exogenous variables improves the quality of volatility forecasts at ten-year horizons.

Our empirical approach starts with data diagnostics and feature transformation, followed by station-
arity testing and distributional diagnostics. It then deals with residual autocorrelation checks and
white-noise validation, proceeds to In-Sample model estimation and comparison, and culminates in
Out-of-Sample forecasting and accuracy evaluation.

2.2 GARCH Models

In this study, we adopt the GARCH (Generalized Autoregressive Conditional Heteroskedasticity)
model to capture the conditional volatility of the daily change in the 10-year breakeven inflation rate.
The specification of the GARCH model is based on Engle (1982) ARCH model by allowing the
conditional variance to depend not only on past squared shocks but also on its own lagged values,
hereby limiting the amount of coefficients to estimate and preventing overfitting.

The standard GARCH(p,q) model specifies
rY
t = µ + εt ,

εt = σt zt , zt ∼ D(0,1),

σ2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j,

(1)

subject to the stationarity condition

p

∑
i=1

αi +
q

∑
j=1

β j < 1. (2)

Here,
rY
t = (Yt −Yt−1), Yt ∈ {T10YIE}. (3)
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with ω > 0, αi ≥ 0, β j ≥ 0. Where µ represents the constant mean of the first differences series
in our case, the daily change of 10-year breakeven inflation rate, while the innovation εt = rY

t −µ

captures the unpredictable deviation of the actual first differences from this mean. The term ω

serves as the baseline level of conditional variance, and the coefficients αi and β j quantify how past
squared innovations and past variances, respectively, feed into today’s volatility. Finally, zt is an
i.i.d. standardized random variable drawn from a distribution D(0,1), representing the innovation
distributions considered in our study (Student’s t).

However, the Ljung-Box test highlights that our sample shows a non-negligible autocorrelation,
which indicates that the constant average was not able to capture all of the observed time dy-
namics. We have therefore included the AR (autoregressive), MA (moving average) and ARMA
(Autoregressive-Moving Average) component in our mean, in order to reduce the autocorrelation of
the residuals εt (Tsay, 2010; Hamilton, 1994; Box et al., 2008).

To capture the linear dependence of past first differences in our mean forecast, we introduce the
autoregressive component. Define the one-step-ahead forecast,

r′t = µ +
p

∑
i=1

φi rY
t−i, (4)

so that the innovation is,
εt = rY

t − r′t . (5)

The full AR-GARCH(p,q) is defined as:
rY
t = r′t + εt ,

εt = σt zt , zt ∼ D(0,1),

σ2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j.

(6)

In this AR-GARCH specification, the AR extension introduces two new elements: the one-step-
ahead forecast r′t , which replaces the constant mean in the prediction of inflation expectation first
differences, and the autoregressive coefficients φi, which link past first differences rY

t−i to today’s
forecast.
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The full MA-GARCH(p,q) is defined as:

rY
t = µ +

Q

∑
ℓ=0

θℓ εt−ℓ, where θ0 = 1,

εt = σt zt , zt ∼ D(0,1),

σ2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j.

(7)

The full ARMA-GARCH(p,q) is defined as:

rY
t = r′t +

q

∑
ℓ=1

θℓ εt−ℓ+ εt ,

εt = σt zt , zt ∼ D(0,1),

σ2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j.

(8)

The daily logarithmic return1 of the exogenous variable is defined as

xP
t = ln

( Pt

Pt−1

)
. (9)

where Pt is the series price at time t Bollerslev (1986); Engle and Patton (2001).

In addition, to analyse the impact of 10-year breakeven inflation rate daily change on energy prices
(WTI), we extend the usual ARMA-GARCH framework by introducing the exogenous variable into
both the mean and variance equations. Concretely, following the approach of several authors (Engle,
2001; Kur et al., 2021; Diop and Kengne, 2021; Tsay, 2010), we consider three specifications:

• ARMA-X-GARCH, where xP
t enters only the conditional-mean equation, aiming to quantify

the direct impact of energy shocks on inflation expectations;

• ARMA-GARCH-X, where xP
t enters only the conditional-variance equation;

• ARMA-X-GARCH-X, where xP
t appears in both the conditional-mean and conditional-

variance equations.

1see appendix section 5.3 for further explanations
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Compared to the baseline ARMA-GARCH specification, the ARMA-X-GARCH, ARMA-GARCH-
X and ARMA-X-GARCH-X models introduce the exogenous series xP

t in different parts of the
system:

ARMA-X-GARCH (mean-augmented):

rY
t = µ +

p

∑
i=1

φi rY
t−i +

q

∑
ℓ=1

θℓ εt−ℓ+δ xP
t + εt . (10)

where xP
t enters only the conditional mean via δ , and the variance equation is unchanged from the

standard GARCH.

ARMA-GARCH-X (variance-augmented):

σ
2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j +ψ xP

t , (11)

where xP
t enters only the conditional variance via ψ , and the mean equation remains the AR-GARCH

baseline.

ARMA-X-GARCH-X (mean and variance augmented):
rY
t = µ +∑

p
i=1 φi rY

t−i +
q

∑
ℓ=1

θℓ εt−ℓ+δ xP
t + εt ,

σ2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j σ
2
t− j +ψ xP

t ,
(12)

where xP
t influences both the conditional mean (through δ ) and the conditional variance (through

ψ).

2.3 Other GARCH Models

In order to test for asymmetry (the leverage effect), we will employ two extensions of the standard
GARCH model: the GJR-GARCH (Glosten et al., 1993) in which we incorporate an ARMA
component in the mean equation, and the EGARCH model (Nelson, 1991), for which we specify
separate AR and MA components.

Firstly, the GJR-GARCH model extends the standard GARCH model by an asymmetry term γi

18



via an indicator variable (Glosten et al., 1993), which multiplies the square of the error term of
the previous period in the variance equation. This indicator equals to 1 when the previous shock
is negative, thereby activating an additional variance component, and 0 otherwise, that effectively
capturing the leverage effect.

The GJR-GARCH(p,q) model is defined as:

h2
t = ω +

p

∑
i=1

αi ε
2
t−i +

q

∑
j=1

β j h2
t− j +

p

∑
i=1

γi ε
2
t−i I{εt−i<0} (13)

Where the indicator variable:

I{εt−i<0} =

1, if εt−i < 0,

0, otherwise.
(14)

Here, if I{εt−i<0} = 1 and γi > 0, the model places extra weight on the impact of a negative shock
amplifying its effect on future volatility and thus capturing the leverage effect.

Secondly the EGARCH model, makes it possible to take into account the leverage effect where
negative shocks have a greater impact on volatility than positive shocks of the same intensity
(Nelson, 1991). A key characteristic of the EGARCH model is that, rather than directly modelling
the conditional variance, it models the logarithm of this conditional variance.

The EGARCH(p,q) model is mathematically defined by:

logh2
t = ω +

p

∑
i=1

αi

(
εt−i

ht−i

)
+

q

∑
j=1

β j logh2
t− j +

p

∑
i=1

γi

[∣∣∣∣εt−i

ht−i

∣∣∣∣−E
(∣∣∣∣εt−i

ht−i

∣∣∣∣)] (15)

Here, if γi < 0, negative shocks increase log-variance more than positive shocks of equal size.

2.4 Model Specifications

In the light of the different autocorrelation dynamics between the daily change in 10-year breakeven
inflation rate and additionnal changes caused by adding the log returns of exogenous energy price
variables, we estimate four tailored GARCH models. For each case, we change the way and the
place where the exogenous variable xP

t enters the system (mean equation, variance equation, or
both):

• ARMA(1,1)-GARCH(1,1): we estimate three specifications in which the exogenous log-
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return xP
t is included: only in the conditional mean, only in the conditional variance, or in

both equations.

• ARMA(1,2)-GARCH(1,2): based on the previous model, we extend the GARCH component
to order (1,2) to allow for longer memory in conditional variance, The exogenous regressor
xP

t is tested in the mean and joint mean-variance setups.

• ARMA(1,1)-GJR-GARCH(1,1): this variant replaces the GARCH term with a GJR-GARCH
specification to accommodate potential asymmetry (leverage effects) in volatility. As ARMA(1,1)-
GARCH(1,1), xP

t may enter the mean, the variance, or both.

• AR(1)-EGARCH(1,1): here, the conditional mean is simplified to an AR(1) component
because the ARMA component did not offer significant results for this model. In this case,
like for ARMA(1,2)-GARCH(1,2), the exogenous regressor xP

t is tested in the mean and joint
mean-variance setups.

• MA(1)-EGARCH(1,1): similar to the AR(1)-EGARCH(1,1) model, this specification uses
a MA(1) process for the conditional mean, combined with EGARCH(1,1) for the variance.
Again, the inclusion of xP

t follows the same scenarios as the AR(1)-EGARCH(1,1) model.

By comparing these four specifications, we assess not only the direct effects of energy shocks on
inflation expectations but also how they propagate through conditional volatility under different
dynamic assumptions.

2.5 Estimation

2.5.1 Ljung-Box Tests and ACF Diagnostics

During the In-Sample period, we complement residual diagnostics with Ljung-Box tests (Ljung
and Box, 1978) on standardized residuals and their squares (up to lag 20) to detect any remaining
autocorrelation and confirm that the residuals behave like white noise. In parallel, we inspect the
sample autocorrelation function ACF (Box et al., 2008) of both series to visually verify the absence
of significant serial dependence and white-noise characteristics after model fitting.

2.5.2 Log-likelihood, AIC and BIC

We report the maximized Log-likelihood for each fitted model to assess absolute fit. To balance
goodness-of-fit against complexity, we compute the Akaike Information Criterion (AIC; Akaike,
1974) and Bayesian Information Criterion (BIC; Schwarz, 1978) where a lower AIC and BIC values
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indicate a more parsimonious model that still adequately explains the data.

ℓ(θ̂) = max
θ

ℓ(θ) , AIC =−2ℓ(θ̂)+2k , BIC =−2ℓ(θ̂)+ k ln(n) (16)

2.5.3 Forecast Accuracy: MSE and MAE

Our Out-of-Sample performance is evaluated via Mean Squared Error (MSE; Gauss, 1823) and
Mean Absolute Error (MAE; Armstrong and Collopy, 1992) between the variance forecasts σ2

t+1

and the predicted first difference r′Yt+1. Then the MAE and MSE for the variance forecasts are
computed as:

MAEvar =
1

|T | ∑
t∈T

∣∣(rY
t+1)

2 −σ
2
t+1

∣∣ , MSEvar =
1

|T | ∑
t∈T

(
(rY

t+1)
2 −σ

2
t+1

)2
. (17)

Where T = {4237,4238, . . . ,5281} designates the set of time indices for which forecasts are made.

2.5.4 Diebold-Mariano Test

To formally compare predictive accuracy between competing models on an Out-of-Sample dataset
of T = 1245 observations, we apply the Diebold-Mariano (DM; Diebold and Mariano, 1995) test to
the loss-differential series. Denoted by

d(i, j)
t = L

(
e(i)t

)
− L

(
e( j)

t
)
, (18)

where e(i)t is the forecast error of model i at time t and L(·) is a loss function (e.g. L(e) = e2 for
MSE or L(e) = |e| for MAE). The DM statistic for comparing model i (row i in our result matrix :
see Figure 18) against model j (column j) is then

DMi, j =
d(i, j)√

V̂ar
(
d(i, j)

) ≈
1
T ∑

T
t=1 d(i, j)

t√
1
T ∑

T
t=1

(
d(i, j)

t −d(i, j)
)2
, (19)

which under the null hypothesis of equal predictive accuracy follows approximately a standard
normal distribution. In our implementation, we organize the DM statistics and corresponding
p-values into a 4×4 matrix, where the entry in row i, column j reflects the comparison of model i

versus model j.
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3 Data Collection

Following the methodological approach, we present here the data and preliminary analyses under-
pinning our study. We start by describing the dependent variables, 10-year breakeven inflation rate
(section 3.1). Next, we introduce the exogenous regressor, WTI crude oil (section 3.2). Finally,
we conduct descriptive and statistical diagnostics, including measures of tail behavior, skewness,
volatility clustering, and autocorrelation, and perform stationarity tests to guide model selection
(section 3.3.1).

To ensure robust modeling and proper alignment between variables, our analysis is based on two
slightly offset time ranges to enable the calculation for the exogenous variable while securing perfect
alignment with the first differences of our dependent variables.

• Dependent variables (10-year breakeven inflation rate) span from January 2, 2003 trough
December 31, 2024, i.e. 5482 observations and therefore 5481 first differences,

• Exogenous variable (spot price: WTI) covers the same period, so that its daily log-return
series aligns exactly with the 5 481 changes in the breakeven rate.

These aligned and high-frequency datasets consequently provide a comprehensive foundation for
our GARCH analysis of the volatility of inflation expectations.

3.1 Dependent Variables

As the dependent variable, we adopt the 10-year break-even inflation rate (T10YIE), which is a
market-derived indicator of average annual inflation expectations over the coming decade. Specif-
ically, it measures the difference, in percentage points, between the yield on a nominal 10-year
Treasury security with a constant maturity (BC_10YEAR) and the yield on a 10-year Treasury
security with a constant maturity indexed to inflation (TC_10YEAR). By definition, this measure
represents the average inflation rate that would equalise the yields on nominal bonds with those on
real bonds. From this series, we calculate the daily change in breakeven (in percentage points) as
the main time series for volatility modelling, hereby isolating short-term fluctuations and avoiding
the trend and unit root problems inherent in level data.

We obtain daily breakeven observations from the Federal Reserve Economic Data (Fred; Federal
Reserve Bank of St. Louis, 2025a), with the understanding that these yields have been directly
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supplied by the U.S. Department of the Treasury. The reason we adopt a daily sample frequency is
the requirement for a rich data set in volatility modelling. As demonstrated by Bollerslev (1986),
the GARCH model requires at least about 1,000 observations to ensure stable identification of the
dynamics of conditional heteroskedasticity. In addition, we focus on daily variations (rather than on
the level) as our interest lies in the variability of expectations and because the level of the series
may contain trends or unit roots.

The literature strongly supports the use of market-based ten-year breakeven inflation rates for the
analysis of long-term inflation expectations (e.g. Lejsgaard Autrup and Grothe (2014), Pincheira
(2013)). Unlike consumer price indices or survey measures, the ten-year breakeven inflation rate
provides real-time forward-looking information derived directly from transactions in both nominal
and inflation-indexed Treasury bills, and is less likely to be subjected to mechanical revisions or
anchoring biases (Kose et al., 2019). Autrup and Grothe (2014) furthermoreshow that a GARCH(1,1)
model applied to daily changes in the break-even point over ten years effectively captures both
volatility clustering and volatility spikes associated with macroeconomic shocks.

3.2 Indenpendent Variables

In addition to the 10-year break-even inflation rate, energy prices represent a key element in our
analysis, as they are potential exogenous factors in the volatility of inflation expectations. To capture
their influence and represent energy market mouvements, we apply the daily log return of the West
Texas Intermediate (WTI) crude-oil spot price from FRED (series DCOILWTICO; Federal Reserve
Bank of St. Louis (2025b)).

WTI is a key benchmark in the North American oil market. Its price influences both production and
transmission costs, as well as broader energy prices (Batten et al., 2024). It is widely referenced in
energy inflation literature due to its strong correlation with global inflationary shocks and its central
role in commodity markets (Bernanke et al., 1997; Harris et al., 2009; Peersman and Van Robays,
2009; Coibion and Gorodnichenko, 2015; Aastveit et al., 2023; Wong, 2015; Bjørnland et al., 2018).
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Figure 1: Daily time series of study variables, 2 Jan 2003 - 1 Jul 2024).

3.3 Additionnal Tests on Data

Following the presentation of the data and the description of the transformations applied, it is
crucial to understand the distribution and statistical properties of our variables before examining the
analysis results in section 4. The descriptive statistics offer a preliminary overview of the trends,
volatility and asymmetries found in the data studied.

The descriptive statistics for our independent variables (energy price: WTI) and dependent variables
(10-year breakeven inflation rate) are displayed in Table 10, corresponding to the gross and trans-
formed values descriptive statistics. The statistics are calculated across four sub-periods (2003-2006,
2007-2009, 2010-2019, 2020-2024) as well as for the full sample (2003-2024).

Our methodological approach is inspired by Batten et al. (2024), which explores the interplay
between inflation and energy price volatility. Our tables’ structure and content are based on their
framework, particularly when it comes to the relevance of specific distributional measures and
temporal segmentation of the data.

The division of the sample into four distinct periods is based on graphical evidence from the raw and
transformed series (see Figure 1). These visualizations reveal heightened variability, particularly
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during the 2007-2009 and 2020-2024 periods.

This segmentation enables the detection of potential volatility clusters through comparative analysis
of standard deviations across sub-periods. Such clustering is indicative of heteroscedasticity, an
important feature in financial time series, that justifies the application of conditional volatility
models. This analytical strategy, in line with Batten et al. (2024) position, offers insights into the
dynamic behavior of inflation expectations and energy prices.

We focus on six statistical descriptors (Min, Mean, Stdev, Max, Skew, Kurt) due to their usefulness
in identifying macro-financial data. The standard deviation that measures volatility, is particularly
interesting, as is Skewness and Kurtosis’ information on the asymmetry and tail behavior of the
distributions. Additionally, we conduct the Jarque-Bera test to formally assess deviations from
normality. These properties are critical when modelling non-linearities and asymmetries, especially
using GARCH-type models that account for fat tails and leverage effects. Furno and Giannone
(2024), recent literature aligns with these methodology choices., emphasizing the need to capture
such features for robust forecasting.

Finally, this comparison facilitates a preliminary assessment of whether fluctuations in energy price
volatility are mirrored in inflation expectation measures. In section 3.3.4.1 and 3.3.4.2, we will
formally test for stationarity using the Augmented Dickey-Fuller (ADF) and KPSS tests on all
transformed series to rule out unit roots, and in section 4 we will conduct ARCH effect tests to
detect volatility clustering and justify the use of GARCH models.

3.3.1 Summary Statistics

3.3.2 Volatility Clusters and Sub-Period Variability

Our analysis of Table 10 descriptive statistics reveals several critical insights into the volatility and
influence of energy prices.

In the first place, the analysis of standard deviations (Stdev) reveals significant variations across
the different sub-periods and the entire sample, confirming the presence of volatility clusters. This
insight validates the application of GARCH models, particularly for both variables, which exhibits
fluctuating volatility depending on the period.

For instance, the standard deviation of the T10YIE variable is notably higher in the 2020-2024
(0.60) and 2007-2009 periods (0.41) than between 2011-2019 (0.30), indicating a more volatile
environment. More specifically, the strong variability of inflation data during economic crises

25



or periods of instability (e.g. the 2008 financial crisis and post-2020 inflationary shocks) has
been identified. (e.g., the 2008 financial crisis and post-2020 inflation shocks). This pronounced
variability during economic crises or instability (e.g. such as the 2008 financial crisis and the
post-2020 inflation surge; see figure 1 ) illustrates temporal heterogeneity in volatility for both WTI
and T10YIE, underscoring the suitability of GARCH models to capture these dynamics.

3.3.3 Distributional Characteristics

We will add to this investigation an analysis of the higher-order moments (kurtosis and skewness)
for the transformed data (Log return WTI and Daily Change of 10-year breakeven inflation rate).

As shown in Table 10, across all four sub-samples, the analysis of kurtosis (Kurt)2 reveals clearly fat
tails for Log Return WTI (31.89), Daily Change T10YIE (12.61). We also applied the Jarque-Bera
test to confirm this result in the descriptive statistics, which show a p-value ≈ 0, which indicates
extreme tailing behaviour that is incompatible with normality.

We find that the WTI Log return series has a slight positive skewness (0.67) and extreme kurtosis
(31.89), while the daily T10YIE changes have a slight negative skewness (-0.37) and high kurtosis
(12.61). The positive skewness of Log WTI suggests that large upward shocks to oil yields are more
frequent than downward shocks, while the negative skewness of inflation changes indicates heavier
downward tails for equilibrium rate shocks. The high kurtosis of both series, however, confirms the
presence of fat tails.

In conclusion, the extreme flattening and asymmetry that we observe in the upward spikes in
oil yields and the heavier downward tails in inflation expectations demonstrate that occasional
large-scale shocks occur much more frequently than expected from a Gaussian distribution. To
account for this, our GARCH models use a Student t-distribution. In addition, we also perform a
rigorous stationarity test on each transformed series using ADF and KPSS tests prior to estimation,
ensuring that our volatility models produce reliable and unbiased results.

Variables N Skewness Kurtosis JB p-value

LOG WTI 5481 0.67 31.89 232701 <0.0001
Daily change T10YIE 5481 −0.37 12.61 36421.76 <0.0001

Table 1: Jarque–Bera test on full sample

2Note that the values reported in Table 10 correspond to excess kurtosis (i.e., raw kurtosis minus 3). Any positive
value indicates heavier tails than a Normal distribution.
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3.3.4 Stationarity of the Variables

The analysis of the descriptive statistics in our data series revealed the need of assessing their
stationarity, and verifying whether their transformation into first differences and Log returns
maintains this property. Stationarity is crucial for the application of GARCH models, which rely on
time series exhibit consistent statistical properties (mean, variance, and, autocorrelation) in the long
term.

To study the stationarity of our selected variables, we applied two complementary statistical tests:
the KPSS test (Kwiatkowski et al., 1992) and the ADF test (Dickey and Fuller, 1979), with its ADF
extension Augmented by Said and Dickey (1984)). Following the Statsmodels library manual’s
approach, we combined these tests to provide a compehensive analysis of the series’ stationarity.

3.3.4.1 KPSS

The KPSS test (Kwiatkowski et al., 1992) is used to determine whether a time series is stationary
around a mean or a deterministic trend. Unlike the ADF test, that checks the presence of a unit root
and tries to confirm non-stationarity, the KPSS test uses a contrasting approach. Its null hypothesis
asserts that the series is stationary, and tries to prove wrong. Therefore, if the test statistic exceeds
the critical values, the stationarity hypothesis is rejected, indicating that the series is non-stationary.
Conversely, if the statistic is below the critical values, the stationarity assumption holds, and the
series can be considered stationary.

In this study, we have applied the type µ variant of the KPSS unit root test to our series. The results
of this test give us KPSS statistics for Log WTI (0.052) and for daily variation T10YIE (0.032),
which are well below the critical values of 10%, 5%, 2.5% and 1% (0.347, 0.463, 0.574 and 0.739).
We therefore do not reject the null hypothesis of stationarity for the two series, which confirms that
the transformed data are stationary.

Variables Test statistic 10% 5% 2.5% 1%

LOG WTI 0.052 0.347 0.463 0.574 0.739
Daily change T10YIE 0.032 0.347 0.463 0.574 0.739

Table 2: KPSS unit root test on full sample (type: µ , 10 lags)

3.3.4.2 ADF

The Dickey-Fuller test (Dickey and Fuller, 1979) and its Augmented ADF version (Said and Dickey,
1984) examine the presence of a unit root in a time series, indicating non-stationarity Table 3. Unlike
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the KPSS test, which aims to verify stationarity, the ADF test starts null hypothesis that the series
is non-stationary and attempts to reject it. Therefore, if the test statistic is lower than the critical
values, the null hypothesis is rejected, confirming stationarity. Conversely, if the statistic exceeds
the critical values, the hypothesis of non-stationarity stands. We therefore use the drift specification
with 10 lags to integrate any autocorrelation in the residuals.

The results from ADF tests for both series (-51.90 for Log WTI and -51.62 for daily change T10YIE)
are significantly below the 1% critical values (-3.43). Consequently, we definitively reject the null
hypothesis of a unit root at all conventional levels of significance. These results are consistent with
those of the KPSS test, which also demonstrated the stationarity of both series. This therefore
confirms that both the Log-returns of WTI prices and the daily changes in the 10-year breakeven
inflation rate are stationary, justifying their direct use in GARCH-type volatility models and ensuring
robust, reliable estimation and forecasting.

Variable Test statistic 1% 5% 10%

LOG WTI −51.90 −3.43 −2.86 −2.57
Daily change T10YIE −51.62 −3.43 −2.86 −2.57

Table 3: Augmented Dickey–Fuller test on full sample (drift, 10 lags)

3.3.4.3 ARCH Effect Test

Finally, to check for conditional heteroskedasticity, we apply the Engle ARCH test to the squared
residuals of the daily change 10-year breakeven inflation rate series. This involves regressing ε2

t on
a constant and its own lags, then testing whether all lag coefficients are jointly zero.

The results presented in Table 4 indicate that both the LM statistic and the F-statistic exceed the
usual 5% or 1% critical thresholds, meaning that we can reject the null hypothesis of no ARCH
effect (constant conditional variance). This implies that the squared residuals display significant
autocorrelation, in other words that large shocks tend to be followed by large shocks and small
shocks by small shocks, resulting in a clustering characteristic of volatility.

28



Test Value

LM statistic 881.40
LM p-value 0.00
F-statistic 87.36
F-test p-value 0.00

Table 4: Results of ARCH Effect Test

4 Results

4.1 In-Sample

Before delving into the In-Sample results, please note that the data and figures corresponding to
each section of this analysis are provided in the Appendix (from Figures 3 to Figure 17), organized
in the same order as they appear in the main text.

4.1.1 ARMA(1,1)-GARCH(1,1)-Student

The estimation of the four model variants demonstrates that the AR(1) coefficient φ1 and the MA(1)
coefficient θ1 are consistently significant (p < 0.05) across all specifications. In the base model, φ1=
-0.28 (p=0.047) and θ1= 0.34 (p=0.014). When the exogenous variable is introduced into the mean
equation (models “XM” and “XM_XV”), these estimates become φ1= -0.3871 (p=0.023) and θ1 =
0.42 (p=0.011), indicating an improved fit; the exogenous term itself has a coefficient of δ= 0.37
(p=0), underlining its high significance. Conversely, including the exogenous variable in the variance
equation (models “XV” and “XM_XV”) yields a coefficient of zero with p=1.000, indicating no
detectable effect on conditional volatility. This consistent significance of the ARMA coefficients
confirms our decision to extend the model in order to minimize any residual autocorrelation.

When we apply the Ljung-Box test to the standardized residuals and their squares at 20 lags, the
base model shows no significant autocorrelation in the residuals themselves (Q(20)=25.75, p=0.17)
but strong autocorrelation in the squared residuals (Q(20)=51.17, p=0.0002), revealing persistent
volatility clustering. As we introduce exogenous regressors, the test statistic on squared residuals
steadily falls, reaching (Q(20)=33.18, p=0.0322) in the “XM” model and (Q(20)=33.13,p=0.0327)
in “XM_XV”, approaching the threshold of non-significance. This pattern highlights that each
additional exogenous variable brings us closer to the theoretical limit of a perfectly “whitened”
series.

All models confirm a robust GARCH(1,1) structure. The constant term ω is extremely close to zero
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yet remains significant (p≈0.0), indicating a low baseline volatility. The ARCH parameter α1 ≈
0.06 and the GARCH parameter β1 ≈ 0.93 add up to approximately 0.99, reflecting high volatility
persistence. The shape parameter ν ≈ 8 under the Student-t distribution highlights the presence of
heavy tails, that captures extreme movements in the series and confirms our choice of the Student-t
distribution for this model.

The Log-likelihood and information criteria for each model are as follows: the base model yields
a LogLik = 11733.9, AIC = -4.28, and BIC = -4.27. Introducing the exogenous variable in the
mean (“XM”) improves the Log-likelihood to 11986.6 and lowers AIC and BIC to -4.32 and -4.36,
respectively. The “XV” model remains identical to the base model in AIC and BIC, confirming
the ineffectiveness of the variance exogenous. The combined “XM_XV” specification does not
outperform “XM” alone, as the exogenous in the variance remains insignificant.

Given the consistent parameter significance, the improvements in information criteria, and the
satisfactory residual diagnostics, the ARMA(1,1)-GARCH(1,1) model with the exogenous variable
included only in the mean equation (“XM”) emerges as the best-performing In-Sample specification.
It combines a significant additional mean adjustment (δ= 0.37, p=0) with high volatility persistence
(α1 +β1 ≈ 0.99), and the “XM” specification further brings the standardized residuals closer to
white noise. This makes it a strong candidate for our Out-of-Sample analysis.

Model Log-likelihood AIC BIC

ARMA(1,1)-GARCH(1,1) : Base model 11733.86 −4.28 −4.27
ARMA(1,1)-X-GARCH(1,1) : XM 11986.58 −4.37 −4.36
ARMA(1,1)-GARCH(1,1) -X : XV 11733.86 −4.28 −4.27
ARMA(1,1)-X-GARCH(1,1) -X : XM_XV 11986.58 −4.37 −4.36

Table 5: In-Sample Performance of the
ARMA(1,1)–GARCH(1,1)–Student

4.1.2 ARMA(1,2)-GARCH(1,2)-Student

The estimation of our ARMA(1,2)-GARCH(1,2) variants confirms that the AR(1) coefficient φ1

and both MA terms θ1 and θ2 are highly significant in every specification. In the base model, we
find φ1 = 0.60, θ1 = -0.54 and θ2 = -0.067 for which each p-value≈0, underlining the importance of
a richer moving-average component. When the exogenous regressor is added to the mean equation
(“XM” and “XM_XV”), the ARMA part remains significant and the exogenous coefficient itself
is δ = 0.37 (p≈0.001), demonstrating that it continues to bring substantial explanatory power; the
exogenous variable in the variance equation of the “XM_XV” model, however, remains always
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insignificant (p = 1).

Turning to the Ljung-Box tests at 20 lags, the base ARMA(1,2)-GARCH(1,2) model shows no
remaining autocorrelation in its residuals (Q(20) = 26.64, p=0.15) but still strong autocorrelation in
the squared residuals (Q2(20) = 48.25, p = 0.0004), indicating persistent volatility clustering. Once
we include the exogenous regressor in the mean equation (“XM”), the statistic on squared residuals
falls to (Q2(20)=29.94 p = 0.071), thus satisfying the white-noise criterion. This demonstrates that
the combination of the additional MA(2) term and the external regressor is sufficient to “whiten” both
the levels and the conditional variance In-Sample. Compared with the ARMA(1,1)-GARCH(1,1)
specification, this richer MA structure and extra GARCH coefficient capture heteroscedasticity
more effectively.

The GARCH(1,2) volatility specification remains robust: in the base model α1=0.072, β1 = 0.66, β2

= 0.26 (all p = 0), and ν ≈ 8.22 under the Student-t law. These values testify to a highly persistent
and heavy-tailed volatility process, closely mirroring what we observed for the simpler GARCH(1,1)
and GJR-GARCH(1,1) models.

Information criteria are little changed compared to the ARMA(1,1)-GARCH(1,1) case: the base
ARMA(1,2) model yields LogLik = -11737.87, AIC = -4.28, BIC = -4.27, whereas the “XM”
version improves to LogLik = -11992.45, AIC = -4.37, BIC = -4.36. The “XV” and “XM_XV”
variants deliver virtually identical criteria to the base and “XM” models, respectively, since the
variance exogenous remains non-significant (p = 1).

Overall, the ARMA(1,2)-GARCH(1,2) with exogenous in the mean (“XM”) stands out as our
favorite In-Sample specification. It retains all the strengths of the ARMA(1,1)-GARCH(1,1)
specification parameter significance, volatility persistence, heavy tails. While the additional MA(2)
term and the mean exogenous variable jointly succeed in fully removing autocorrelation from both
the residuals and their squares. The “XM_XV” version does not confer any further advantage, as
the exogenous regressor in the variance equation remains irrelevant.

Model MAE MSE

ARMA(1,1)-GARCH(1,1) :Base model 0.2710 0.0015
ARMA(1,1)-X-GARCH(1,1) : XM 0.2710 0.0015
ARMA(1,2)-GARCH(1,2) : Base model 0.2640 0.0014
ARMA(1,2)-X-GARCH(1,2) : XM 0.2640 0.0014

Table 6: Out-Sample Performance of the Models
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4.1.3 ARMA(1,1)-GJR-GARCH(1,1)-Student

In our four ARMA(1,1)-GJR-GARCH(1,1) specifications (base, XM, XV, and XM_XV), we observe
that the asymmetry coefficient γ1 is consistently very close to zero and not significant (p-value
between 0.47 and 0.70). In other words, we detect no leverage effect: positive and negative shocks
have the same impact on the volatility of our series.

In the absence of any contribution from the asymmetry term, the variance equation of our GJR-
GARCH collapses to the symmetric form: our variance equations and parameter estimates exactly
match up with those of a standard GARCH(1,1) model.

Since γ1 provides no additional adjustment, the GJR extension does not alter the volatility dynamics:
our GJR-GARCH models yield the same parameter estimates, information criteria and diagnostics
as their GARCH counterparts.

Model Log-likelihood AIC BIC

ARMA(1,1)-GJRGARCH(1,1): Base model 11734.11 −4.28 −4.27
ARMA(1,1)-X-GJRGARCH(1,1): XM 11986.66 −4.37 −4.36
ARMA(1,1)-GJRGARCH(1,1)-X: XV 11734.11 −4.28 −4.27
ARMA(1,1)-X-GJRGARCH(1,1)-X: XM_XV 11986.66 −4.37 −4.36

Table 7: In-Sample Performance of the
ARMA(1,1)-GJRGARCH(1,1)-Student

4.1.4 AR(1)-EGARCH(1,1)-Student and MA(1)-EGARCH(1,1)-Student

For the MA(1)-EGARCH(1,1), AR(1)-EGARCH(1,1) and their extensions with exogenous re-
gressors, all mean coefficients (AR and MA) as well as the volatility parameters (ω , β1 and the
asymmetry parameter γ) are significant, and the Student-t distribution remains fully justified (ν ≈
8, p = 0). Adding the exogenous variable in the mean confirms its contribution (δ = 0.367, p = 0),
whereas the exogenous variable in the variance is systematically non-significant (p ≈ 1.000) in the
“XM_XV” versions.

However, when we examine the Ljung-Box tests on the squared standardized residuals, none of
the EGARCH specifications, even those augmented with exogenous regressors, attain the required
threshold of insignificance (all Q2(20) p-values remain below 0.05). In other words, conditional
variance remains autocorrelated In-Sample despite the model extensions.
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Model Log-likelihood AIC BIC

AR(1)-EGARCH(1,1) :Base Model 11732.72 −4.28 −4.27
AR(1)-X-EGARCH(1,1) :XM 11986.06 −4.37 −4.36
AR(1)-X-EGARCH(1,1) -X :XM_XV 11998.85 −4.38 −4.36
MA(1)-EGARCH(1,1) :Base Model 11733.36 −4.28 −4.27
MA(1)-X-EGARCH(1,1) :XM 11986.24 −4.37 −4.36
MA(1)-X-EGARCH(1,1) -X :XM_XV 11999.02 −4.38 −4.36

Table 8: In-Sample Performance of the AR(1)&
MA(1)-EGARCH(1,1)-Student

4.1.5 Conclusion

Across all specifications, we consistently find that incorporating the exogenous regressor in the
mean equation (“XM”) substantially improves In-Sample fit and brings the standardized residuals
closer to white noise. In particular, the ARMA(1,1)-GARCH(1,1)-Student “XM” model combines
significant AR and MA coefficients, a highly persistent GARCH structure (α1 +β1 ≈ 0.99), and a
meaningful exogenous effect (γ ≈ 0.37, p≈0.01). Extending to ARMA(1,2)-GARCH(1,2) further
“whitens” the squared residuals (Ljung-Box Q2(20) = 29.94, p=0.071), thanks to the extra MA(2)
term alongside the regressor. Neither GJR-GARCH nor EGARCH variants, however, deliver any
additional In-Sample benefit: the asymmetry (only GJR) and variance exogenous terms remain
insignificant, and volatility clustering in the squares cannot be eliminated.

These In-Sample findings guide our choice of models for the Out-of-Sample exercise. We will
compare following models in order to assess their forecasting performance and robustness:

• ARMA(1,1)-GARCH(1,1)

• ARMA(1,1)-X-GARCH(1,1) (exogenous in mean)

• ARMA(1,2)-GARCH(1,2)

• ARMA(1,2)-X-GARCH(1,2) (exogenous in mean)

This selection reflects the clear In-Sample advantage of mean exogenous extensions and, in the case
of ARMA(1,2), the added value of a richer moving-average component in mitigating autocorrelation.

4.2 Out-of-Sample

Out-of-Sample evaluation begins on January 1, 2024, covering the final 1 245 observations of our
5 482-point series. At each step, we re-estimate the models on a fixed rolling window of 4 000

33



observations and produce a one-step-ahead forecast. This design ensures a constant amount of
recent history and spans both high- and low volatility regimes, allowing us to assess the contribution
of exogenous variables. A fixed-length window also simulates a true “real-time” environment
and maintains comparability across models, while limiting the sensitivity of GARCH parameter
estimates to sample size (cf. Ng and Lam, 2006).

With this framework being set, we compare the predictive performance of our four candidate
specifications. The models ARMA(1,1)-GARCH(1,1), ARMA(1,1)-X-GARCH(1,1), ARMA(1,2)-
GARCH(1,2) and ARMA(1,2)-X-GARCH(1,2) present virtually identical MAE (0.2710 vs. 0.2640)
and MSE (0.0015 vs. 0.0014) (see Table 9). Diebold-Mariano tests on the MSE show ARMA(1,1)-
GARCH(1,1) vs. ARMA(1,1)-X-GARCH(1,1): tDM=-1.074 (p = 0.2826) and ARMA(1,2)-GARCH(1,2)
vs. ARMA(1,2)-X-GARCH(1,2): tDM=-1.227 (p = 0.2197), while Diebold-Mariano tests on the
MAE do not reveal any significant differences (all p > 0.18) (see Figure 18). Notably, the only
statistically significant difference across all pairwise comparisons is observed between ARMA(1,1)-
GARCH(1,1) and ARMA(1,2)-GARCH(1,1), indicating that increasing the ARMA order can
improve predictive accuracy. In other words, adding the exogenous input has no significant impact
on Out-of-Sample MSE or MAE, and model order of the ARMA component is the primary driver
of any detectable performance change.

To sum up, while exogenous variables can have a positive effect on In-Sample benefits by whitening
squared residuals, they do not improve, and even slightly worsen, quadratic forecast accuracy
Out-of-Sample. Their practical impact on day-to-day point forecasts is therefore limited, and one
should be cautious about relying on them to reduce quadratic loss beyond the estimation sample.

Model MAE MSE

ARMA(1,1)-GARCH(1,1) :Base model 0.2710 0.0015
ARMA(1,1)-X-GARCH(1,1) : XM 0.2710 0.0015
ARMA(1,2)-GARCH(1,2) : Base model 0.2640 0.0014
ARMA(1,2)-X-GARCH(1,2) : XM 0.2640 0.0014

Table 9: Out-Sample Performance of the Models

34



5 Discussion

5.1 Key findings

The aim of this thesis was to highlight the contribution of energy price shocks to the dynamics
of ten-year breakeven inflation volatility, by examining more precisely whether the inclusion of
daily WTI crude oil price changes as an exogenous variable in GARCH models improved long-term
volatility forecasts.

In the In-Sample analysis, adding WTI to the mean equation resulted in an increase in Log-likelihood
and a simultaneous decrease in the AIC and BIC, demonstrating a better fit-complexity trade-off, and
produced a clear reduction in residual autocorrelation according to the Ljung-Box test. Including
WTI in the variance equation, in constrast, had no significant effect on Log-likelihood or on the
AIC/BIC, nor did it reduce the autocorrelation of the conditional variance. A comparison between
simpler and richer ARMA structures underscored the joint benefit of an additional MA(2) term and
the exogenous variable in approaching white noise. Asymmetric extensions (GJR-GARCH and
EGARCH) brought no further improvement: neither shock asymmetry (only GJR) nor a variance
exogenous term enhanced the model.

Out-of-Sample, it was precisely the ARMA(1,2)-GARCH(1,2) specification, with its extra MA(2)
term and second GARCH coefficient β2, that delivered a slight improvement in forecast quality,
while the inclusion of the oil price did not significantly reduce forecasting errors.

In sum, daily WTI shocks clearly improve In-Sample fit by shifting the conditional mean, but they
neither modify volatility persistence nor enhance Out-of-Sample forecast accuracy. Our approach,
however, remains fairly limited, having tested only two ways of incorporating the exogenous
oil price (in the mean and in the variance). Alternative specifications or additional channels of
transmission would most probably have yielded different insights. These methodological limitations
are discussed in the Limitations section.

5.2 Hypotheses discussion

We now evaluate our empirical findings in light of the three hypotheses established at the beginning.

5.2.1 H1:

Energy price fluctuations significantly influence the volatility of 10-year breakeven inflation rate

daily change. Our In-Sample results provide clear support for H1: introducing WTI price changes
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as an exogenous regressor in the mean equation consistently improved model fit (higher Log-
likelihood, lower AIC/BIC) and reduced residual autocorrelation. This effect, however, does not
fully translate Out-of-Sample, where the inclusion of WTI in the mean yielded no significant
reduction in forecasting errors. This suggests that, while oil shocks clearly shape historical volatility
dynamics, their real-time predictive power for daily breakeven inflation changes at a ten-year
horizon is more limited (Boeck and Zörner, 2025; Hammoudeh and Reboredo, 2018; Abdallah and
Kpodar, 2023; Kilian and Zhou, 2022d).

5.2.2 H2:

Including energy prices (WTI) as exogenous variables simultaneously in both the conditional mean

and the conditional variance equations will generate superior In-Sample fit and Out-of-Sample

forecasting accuracy. Our evidence does not validate H2. While the “XM” specification (exogenous
in the mean) delivered significant In-Sample gains, adding WTI to the variance equation (“XM_XV”)
neither improved information criteria nor reduced variance autocorrelation. Out-of-Sample, models
with dual inclusion did not outperform those with mean-only exogenous terms. Thus, contrary to
Diop and Kengne (2021) or Batten et al. (2024), the variance channel of oil shocks appears inactive
in our framework (Hamilton, 1989).

5.2.3 H3:

The impact of energy price volatility on daily changes in 10-year breakeven inflation varies across

economic regimes, being stronger in high-uncertainty periods. In principle, mean squared error
(MSE) is particularly sensitive to large forecast deviations, often arising during crisis episodes, mak-
ing it a useful proxy for assessing model performance under high-uncertainty regimes (Patton and
Timmermann, 2010). In our Out-of-Sample tests, however, we observed no significant differences
in MSE between models with or without WTI exogenous terms, even though crises should amplify
large errors. Consequently, we cannot claim support for H3: the absence of MSE improvements
suggests that our models do not capture a stronger oil-price effect in turbulent periods. A dedicated
regime-switching or time-varying framework would be required to further explore this hypothesis.
This limitation will be discussed below.

5.3 Limitations

Several limitations should be acknowledged to contextualize our conclusions and guide future
research.

First, our analysis was constrained by the availability of freely accessible databases, limiting us
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to ten-year breakeven inflation expectations. However, existing literature indicates that energy
price shocks have a more pronounced effect on shorter horizons (one- and five-year expectations)
because they more immediately affect production costs and household consumption (Kilian and
Zhou, 2022d). We therefore attempted to extend our GARCH specifications to these shorter
maturities using monthly data (approximately 500 observations). This allowed us to include a
wider range of energy-related exogenous regressors, such as natural gas prices, composite energy
indices, and oil production measures, available only at a monthly frequency, alongside daily WTI
oil prices. Nonetheless, these estimations remained statistically weak, demonstrating that the
dataset’s frequency and size, rather than the GARCH framework itself, limited our ability to validate
horizon-dependent effects.

Second, our non-exogenous GARCH benchmarks failed to fully “whiten” the squared residuals,
leaving significant autocorrelation that indicates persistent volatility clustering (Engle, 1982).
As a result, Out-of-Sample comparisons rely on reference models that do not satisfy the white-
noise condition, complicating the attribution of performance differences solely to the inclusion of
exogenous energy variables. We also attempted to estimate FIGARCH models to capture long-
memory effects, but standard optimization routines in Python (arch) and R (rugarch) returned NaN
parameter estimates, preventing convergence.

Finally, the linear incorporation of WTI Log-returns into the conditional variance equation may
oversimplify the transmission of energy shocks. Alternative specifications, such as Markov regime-
switching models, may more effectively capture nonlinear and state-dependent dynamics.

Future studies that addresses these data and model limitations may offer deeper insights into the
influence of energy price shocks on inflation expectations across different time horizons.
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Conclusion
This dissertation aimed at answering the central question: “To what extent do daily WTI oil price
shocks influence the daily volatility of ten-year breakeven inflation expectations ?” To address
this, we employed a range of GARCH-type models (both symmetric and asymmetric), comparing
specifications with and without the inclusion of daily WTI returns in the conditional mean and vari-
ance equations, and evaluating performance both In-Sample and Out-of-Sample using information
criteria, autocorrelation tests, and forecast metrics (MSE, MAE, Diebold-Mariano test).

The results show that adding the oil shock to the mean equation markedly improves In-Sample fit
(higher Log-likelihood, lower AIC/BIC, reduced residual autocorrelation), whereas its insertion
into the variance equation yields no significant effect. Out-of-Sample, no WTI-augmented model
consistently outperforms the ARMA(1,2)-GARCH(1,2) benchmark: forecast errors and Diebold-
Mariano statistics remain comparable, underscoring the limited predictive power of oil shocks for
long-term volatility.

In conclusion, this study offers a nuanced perspective on the transmission channels from energy
markets to long-term inflation: it confirms the historical impact of oil shocks on the level of
expectations while demonstrating their weak real-time predictive role for future volatility. These
findings pave the way for promising avenues of further research: testing nonlinear or regime-
switching specifications (e.g., Markov-switching, FIGARCH), examining shorter maturities (one-
and five-year breakevens), and incorporating composite energy indices (natural gas, broader energy
mix) to better capture the complex interaction between energy markets and financial stability.
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Appendix

Glossary

Term Definition
T10YIE 10-year Breakeven inflation rate.
WTI West Texas Intermediate crude oil price.
AR Autoregressive.
MA Mean Average.
ARMA Autoregressive - Mean Average.
ARCH Autoregressive Conditional Heteroskedasticity.
ARCH Generalised Autoregressive Conditional Heteroskedasticity.
MAE Mean Absolute Error.
MSE Mean Squared Error.
LogLik Log-likelihood
AIC Akaike Information Criterion.
BIC Bayesian Information Criterion.
KPSS Kwiatkowski–Phillips–Schmidt–Shin stationarity test.
ADF Augmented Dickey–Fuller unit-root test.
DM Diebold Mariano.
Base GARCH models without exogenous variable.
XM GARCH models with exogenous variable in conditional mean.
XV GARCH models with exogenous variable in conditional variance.
XM_XM GARCH models with exogenous variable in conditional mean and variance.
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Data

Explanation of Logarithmic returns of WTI

By taking logarithmic returns rather than price levels, we eliminate long-term trends and generate a
series that fluctuates around zero, which is necessary for reliable GARCH estimation. Logarithmic
returns also have a clear economic interpretation. This transformation makes the series stationary,
eliminating long-term trends in price levels. What’s more, thanks to the additivity property of
logarithmic returns, volatility over a multi-period horizon is simply calculated as the sum of
elementary returns. Finally, the logarithm dampens extreme price movements, making our volatility
models more robust and more in line with current financial practice (Campbell et al., 1997). This
approach is now a standard in financial econometrics in the GARCH literature (Bollerslev, 1986;
Engle and Patton, 2001).

Data - Additional Tests

Variable Min Mean Stdev Max Skew Kurt

2003–2006

WTI 25.25 48.81 14.49 77.05 0.10 1.67
T10YIE 1.57 2.34 0.28 2.76 −1.16 3.68
log(WTI) −0.15 0.00 0.02 0.12 −0.48 6.93
Daily Change T10YIE −0.18 0.00 0.03 0.10 −0.24 5.26

2007–2009

WTI 30.28 78.02 25.41 145.31 0.64 2.76
T10YIE 0.04 1.95 0.60 2.57 −1.43 4.16
LOG WTI −0.13 0.00 0.03 0.16 0.05 6.53
Daily Change T10YIE −0.36 0.00 0.05 0.33 −0.30 11.19

2010–2019

WTI 26.19 72.49 21.95 113.39 0.03 1.63
T10YIE 1.18 1.99 0.30 2.64 −0.12 2.29
LOG WTI −0.11 0.00 0.02 0.14 0.13 6.57
Daily Change T10YIE −0.17 0.00 0.03 0.17 −0.17 5.71

2020–2024

WTI −36.98 71.24 20.49 123.64 −0.52 3.80
T10YIE 0.50 2.18 0.41 3.02 −1.33 4.82
LOG WTI −0.28 0.00 0.04 0.43 1.17 36.70
Daily Change T10YIE −0.32 0.00 0.04 0.25 −0.57 10.41

Full sample (2003–2024)

WTI −36.98 68.68 23.07 145.31 0.23 2.56
T10YIE 0.04 2.09 0.40 3.02 −1.23 5.59
LOG WTI −0.28 0.00 0.03 0.43 0.67 31.89
Daily Change T10YIE −0.36 0.00 0.03 0.33 −0.37 12.61

Table 10: Descriptive statistics for WTI, T10YIE, log WTI, and daily
changes in T10YIE, by sub-period and for the full sample
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Figure 2: Daily Squared Changes of breakeven inflation rate over the full sample
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In Sample Results

ARMA(1,1)-GARCH(1,1)

Figure 3: ARMA(1,1)-GARCH(1,1) ACF
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Figure 4: ARMA(1,1)-GARCH(1,1) Specifications: (base) No Exogenous Variable; (xm) Exogenous in Conditional
Mean
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Figure 5: ARMA(1,1)-GARCH(1,1) Specifications: (xv) Exogenous in Conditional Variance; (xm_xv) Exogenous in
Mean and Variance
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ARMA(1,2)-GARCH(1,2)

Figure 6: ARMA(1,2)-GARCH(1,2) ACF
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Figure 7: ARMA(1,2)-GARCH(1,2) Specifications: (base) No Exogenous Variable; (xm) Exogenous in Conditional
Mean
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Figure 8: ARMA(1,2)-GARCH(1,2) Specifications: (xv) Exogenous in Conditional Variance; (xm_xv) Exogenous in
Mean and Variance

55



ARMA(1,1)-GJR-GARCH(1-1)

Figure 9: ARMA(1,1)-GJR-GARCH(1,1) ACF
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Figure 10: ARMA(1,1)-GJR-GARCH(1,1) Specifications: (base) No Exogenous Variable; (xm) Exogenous in
Conditional Mean
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Figure 11: ARMA(1,1)-GJR-GARCH(1,1) Specifications: (xv) Exogenous in Conditional Variance; (xm_xv)
Exogenous in Mean and Variance
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AR(1)-EGARCH(1,1)

Figure 12: AR(1)-EGARCH(1,1) ACF
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Figure 13: AR(1)-EGARCH(1,1) Specifications: (base) No Exogenous Variable; (xm) Exogenous in Conditional Mean
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Figure 14: AR(1)-EGARCH(1,1) Specifications: (xm_xv) Exogenous in Mean and Variance

61



MA(1)-EGARCH(1-1)

Figure 15: MA(1)-EGARCH(1,1) ACF
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Figure 16: MA(1)-EGARCH(1,1) Specifications: (base) No Exogenous Variable; (xm) Exogenous in Conditional
Mean; (xm_xv) Exogenous in Mean and Variance
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Figure 17: MA(1)-EGARCH(1,1) Specifications: (xm_xv) Exogenous in Mean and Variance
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Out-of-Sample

Figure 18: Performance of Diebold Mariano Test
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Code Used
1 # stationarity_tests_extended.R

2

3 install.packages("readxl")

4 install.packages("urca")

5

6 library(readxl) # pour lire Excel

7 library(urca) # pour ur.df() et ur.kpss()

8

9 fichier_excel <- "Downloads/DATA␣FINAL.xlsx"

10 df <- read_excel(path = fichier_excel , sheet = 1)

11

12 y_full <- df$LOG_WTI

13 y <- na.omit(y_full)

14

15 adf_urca <- ur.df(y, type = "drift", selectlags = "AIC")

16 cat("===␣ADF␣(ur.df)␣test␣sur␣LOG_WTI␣===\n")

17 cat("Statistique␣de␣test␣:", adf_urca@teststat , "\n")

18 cat("Valeurs␣critiques␣:\n")

19 print(adf_urca@cval)

20

21 kpss_urca <- ur.kpss(y, type = "mu", lags = "short")

22 cat("\n===␣KPSS␣(ur.kpss)␣test␣sur␣LOG_WTI␣===\n")

23 summary(kpss_urca)

24

25 plot.ts(y,

26 main = "Log -Return␣WTI␣(sans␣NAs)",

27 ylab = "LOG_WTI",

28 xlab = "Index")

29

30 z_full <- df$‘Daily Change T10YIE ‘

31 z <- na.omit(z_full)

32

33 adf_urca_z <- ur.df(z, type = "drift", selectlags = "AIC")

34 cat("\n===␣ADF␣(ur.df)␣test␣sur␣Daily␣Change␣T10YIE␣===\n")

35 cat("Statistique␣de␣test␣:", adf_urca_z@teststat , "\n")
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36 cat("Valeurs␣critiques␣:\n")

37 print(adf_urca_z@cval)

38

39 kpss_urca_z <- ur.kpss(z, type = "mu", lags = "short")

40 cat("\n===␣KPSS␣(ur.kpss)␣test␣sur␣Daily␣Change␣T10YIE␣===\n")

41 summary(kpss_urca_z)

42

43 plot.ts(z,

44 main = "Daily␣Change␣T10YIE␣(sans␣NAs)",

45 ylab = "Daily␣Change␣T10YIE",

46 xlab = "Index")

Listing 1: stationarity_tests_extended.R

1 # descriptives_subperiods_extended.R

2

3 required_pkgs <- c(

4 "readxl", "dplyr", "lubridate",

5 "moments", "knitr", "tibble", "tidyr"

6 )

7 for(pkg in required_pkgs) {

8 if (!requireNamespace(pkg , quietly = TRUE)) {

9 install.packages(pkg)

10 }

11 }

12

13 library(readxl)

14 library(dplyr)

15 library(lubridate)

16 library(moments)

17 library(knitr)

18 library(tibble)

19 library(tidyr)

20

21 fichier <- "Downloads/DATA␣FINAL.xlsx"

22

23 df_transformed <- read_excel(fichier , sheet = 1) %>%
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24 mutate(observation_date = as.Date(observation_date))

25 df_wti <- read_excel(fichier , sheet = 3) %>%

26 mutate(observation_date = as.Date(observation_date))

27 df_t10 <- read_excel(fichier , sheet = 4) %>%

28 mutate(observation_date = as.Date(observation_date))

29

30 periods <- tribble(

31 ~period , ~start , ~end ,

32 "2003 -2006", "2003 -01 -02", "2006 -12 -31",

33 "2007 -2009", "2007 -01 -01", "2009 -12 -31",

34 "2010 -2019", "2010 -01 -01", "2019 -12 -31",

35 "2020 -2024", "2020 -01 -01", "2024 -12 -31"

36 ) %>%

37 mutate(

38 start = as.Date(start),

39 end = as.Date(end)

40 )

41

42 calc_stats <- function(df, value_var) {

43 df %>%

44 crossing(periods) %>%

45 filter(observation_date >= start ,

46 observation_date <= end) %>%

47 group_by(period) %>%

48 summarise(

49 N = sum(!is.na(.data[[value_var]])),

50 mean = mean(.data[[value_var]], na.rm = TRUE),

51 sd = sd(.data[[value_var]], na.rm = TRUE),

52 skewness = skewness (.data[[value_var]], na.rm = TRUE),

53 kurtosis = kurtosis (.data[[value_var]], na.rm = TRUE),

54 min = min(.data[[value_var]], na.rm = TRUE),

55 q1 = quantile (.data[[value_var]], 0.25, na.rm = TRUE),

56 median = median (.data[[value_var]], na.rm = TRUE),

57 q3 = quantile (.data[[value_var]], 0.75, na.rm = TRUE),

58 max = max(.data[[value_var]], na.rm = TRUE),

59 .groups = "drop"
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60 )

61 }

62

63 full_stats <- function(df, value_var , label = "Full␣sample") {

64 x <- na.omit(as.numeric(df[[value_var]]))

65 data.frame(

66 period = label ,

67 N = length(x),

68 mean = mean(x),

69 sd = sd(x),

70 skewness = skewness(x),

71 kurtosis = kurtosis(x),

72 min = min(x),

73 q1 = quantile(x, 0.25),

74 median = median(x),

75 q3 = quantile(x, 0.75),

76 max = max(x)

77 )

78 }

79

80 stats_wti_sub <- calc_stats(df_wti , "DCOILWTICO")

81 stats_t10_sub <- calc_stats(df_t10 , "T10YIE")

82 stats_log_wti_sub <- calc_stats(df_transformed , "LOG_WTI")

83 stats_daily_t10_sub <- calc_stats(df_transformed , "Daily␣Change␣

T10YIE")

84

85 stats_wti_full <- full_stats(df_wti , "DCOILWTICO")

86 stats_t10_full <- full_stats(df_t10 , "T10YIE")

87 stats_log_wti_full <- full_stats(df_transformed , "LOG_WTI")

88 stats_daily_t10_full <- full_stats(df_transformed , "Daily␣Change␣

T10YIE")

89

90 cat("\n===␣Descriptives␣WTI␣(DCOILWTICO)␣par␣sous - p r i o d e ␣+␣full␣

sample␣===\n")

91 kable(bind_rows(stats_wti_sub , stats_wti_full), digits = 4)

92
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93 cat("\n===␣Descriptives␣T10YIE␣(T10YIE)␣par␣sous - p r i o d e ␣+␣full␣

sample␣===\n")

94 kable(bind_rows(stats_t10_sub , stats_t10_full), digits = 4)

95

96 cat("\n===␣Descriptives␣LOG␣WTI␣par␣sous - p r i o d e ␣+␣full␣sample␣===\n

")

97 kable(bind_rows(stats_log_wti_sub , stats_log_wti_full), digits = 4)

98

99 cat("\n===␣Descriptives␣Daily␣Change␣T10YIE␣par␣sous - p r i o d e ␣+␣full␣

sample␣===\n")

100 kable(bind_rows(stats_daily_t10_sub , stats_daily_t10_full), digits =

4)

101

102 jb_full <- function(x) {

103 x <- na.omit(as.numeric(x))

104 n <- length(x)

105 s <- skewness(x)

106 k <- kurtosis(x)

107 JB <- n/6 * (s^2 + k^2/4)

108 pval <- 1 - pchisq(JB, df = 2)

109 data.frame(

110 n = n,

111 skew = s,

112 kurtosis = k,

113 JB = JB ,

114 p.value = pval

115 )

116 }

117

118 jb_log_wti <- jb_full(df_transformed$LOG_WTI)

119 jb_daily_t10ie <- jb_full(df_transformed$‘Daily Change T10YIE ‘)

120

121 cat("\n===␣ J a r q u e Bera ␣sur␣l’ chantillon ␣complet␣===\n")

122 cat("\nLOG␣WTI␣:\n"); print(jb_log_wti)

123 cat("\nDaily␣Change␣T10YIE␣:\n"); print(jb_daily_t10ie)

Listing 2: descriptives_subperiods_extended.R
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1 # 1) Installer et charger les packages

2 install.packages(c("rugarch", "readxl", "forecast"))

3 library(rugarch)

4 library(readxl)

5 library(forecast)

6

7 # 2) Charger les d o n n e s

8 fichier <- "Desktop/RStudio/DATA␣FINAL.xlsx"

9 df <- read_excel(fichier , sheet = 1)

10 df <- df[complete.cases(df$Daily_Change_T10YIE , df$LOG_WTI), ]

11 y <- df$Daily_Change_T10YIE

12 x <- df$LOG_WTI

13 x_mat <- matrix(x, ncol = 1) # rugarch attend une matrice

14

15 stopifnot(all(complete.cases(x_mat))) # V r i f i e qu’il n’y a pas de

NA

16

17 # 3) Fonction pour c r e r une sp cific ation selon les options

18 create_spec <- function(xm = FALSE , xv = FALSE) {

19 mean_reg <- if (xm) x_mat else NULL

20 var_reg <- if (xv) x_mat else NULL

21 ugarchspec(

22 variance.model = list(model = "sGARCH", garchOrder = c(1, 1),

23 external.regressors = var_reg),

24 mean.model = list(armaOrder = c(1, 1), include.mean = TRUE ,

25 external.regressors = mean_reg),

26 distribution.model = "std"

27 )

28 }

29

30 # 4) Estimer les 4 m o d l e s

31 models <- list(

32 base = ugarchfit(spec = create_spec(FALSE , FALSE), data = y),

33 xm = ugarchfit(spec = create_spec(TRUE , FALSE), data = y),

34 xv = ugarchfit(spec = create_spec(FALSE , TRUE), data = y),
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35 xm_xv = ugarchfit(spec = create_spec(TRUE , TRUE), data = y)

36 )

37

38 # 5) Affichage des r s u l t a t s

39 print_model <- function(name , fit) {

40 cat(sprintf("\n---␣%s␣---\n", name))

41 coefs <- coef(fit)

42 se <- sqrt(diag(vcov(fit)))

43 z <- coefs / se

44 pval <- 2 * pnorm(-abs(z))

45 res <- data.frame(Estimate = round(coefs , 4),

46 StdError = round(se, 4),

47 z.value = round(z, 4),

48 p.value = round(pval , 4))

49 print(res)

50 cat(sprintf("LogLik␣=␣%.2f␣|␣AIC␣=␣%.2f␣|␣BIC␣=␣%.2f\n",

51 likelihood(fit), infocriteria(fit)[1], infocriteria(fit

)[2]))

52 }

53

54 # 6) Diagnostic Ljung -Box + ACF des r s i d u s s t a n d a r d i s s

55 print_diag <- function(name , fit) {

56 stdres <- residuals(fit , standardize = TRUE)

57 lb <- Box.test(stdres , lag = 20, type = "Ljung -Box")

58 cat(sprintf("%s:␣Ljung -Box␣Q(20)␣=␣%.2f,␣p␣=␣%.4f\n", name , lb$

statistic , lb$p.value))

59 }

60

61 # 7) ACF avec corrections

62 model_titles <- list(

63 base = " M o d l e ␣GARCH (1,1)␣de␣base",

64 xm = "GARCH (1,1)␣avec␣ r g r e s s .␣moyenne",

65 xv = "GARCH (1,1)␣avec␣ r g r e s s .␣variance",

66 xm_xv = "GARCH (1,1)␣avec␣ r g r e s s .␣moy.␣&␣var."

67 )

68
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69 par(mfrow = c(2, 2)) # Disposition des graphiques

70 for (name in names(models)) {

71 fit <- models [[name]]

72 print_model(name , fit)

73 print_diag(name , fit)

74

75 # ACF c o r r i g e : as.numeric + titre + taille du titre r d u i t e

76 acf(as.numeric(residuals(fit , standardize = TRUE)),

77 lag.max = 20,

78 main = model_titles [[name]],

79 cex.main = 0.9)

80 }

81 par(mfrow = c(1, 1)) # R i n i t i a l i s e la disposition

82

83 # 8) tude Out -of-Sample

84 n_forecast <- 100

85 y_in <- y[1:( length(y) - n_forecast)]

86 x_in <- x_mat [1:( length(y) - n_forecast), , drop = FALSE]

87 y_out <- y[( length(y) - n_forecast + 1):length(y)]

88 x_out <- x_mat[( length(y) - n_forecast + 1):length(y), , drop = FALSE

]

89

90 forecast_one_step <- function(spec , y_all , x_all , start_idx) {

91 if ((start_idx + 1) > nrow(x_all)) return(NA)

92

93 fit <- tryCatch ({

94 ugarchfit(spec , data = y_all[1: start_idx])

95 }, error = function(e) return(NA))

96

97 if (inherits(fit , "uGARCHfit")) {

98 pred <- tryCatch ({

99 ugarchforecast(fit , n.ahead = 1,

100 external.forecasts = list(

101 mregfor = x_all[start_idx + 1, , drop = FALSE

],

102 vregfor = x_all[start_idx + 1, , drop = FALSE]
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103 ))

104 }, error = function(e) return(NA))

105

106 if (!is.na(pred)) {

107 return(fitted(pred))

108 } else {

109 return(NA)

110 }

111 } else {

112 return(NA)

113 }

114 }

115

116 # P r v o i r avec chaque m o d l e

117 oos_results <- list()

118

119 for (model_name in names(models)) {

120 cat(sprintf(" P r v i s i o n s ␣OOS␣pour␣ m o d l e ␣%s\n", model_name))

121 xm <- model_name %in% c("xm", "xm_xv")

122 xv <- model_name %in% c("xv", "xm_xv")

123 spec <- create_spec(xm = xm, xv = xv)

124

125 forecasts <- numeric(n_forecast)

126 for (i in 1:n_forecast) {

127 idx <- length(y_in) - n_forecast + i

128 forecasts[i] <- forecast_one_step(spec , y, x_mat , idx)

129 }

130

131 errors <- y_out - forecasts

132 mse <- mean(errors^2, na.rm = TRUE)

133 mae <- mean(abs(errors), na.rm = TRUE)

134 oos_results [[model_name]] <- list(forecast = forecasts ,

135 error = errors ,

136 MSE = mse ,

137 MAE = mae)

138 cat(sprintf("MAE␣=␣%.4f␣|␣MSE␣=␣%.4f\n", mae , mse))
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139 }

140

141 # 9) Test de Diebold -Mariano entre m o d l e s

142 model_pairs <- combn(names(oos_results), 2)

143 cat("\nTest␣de␣Diebold -Mariano␣entre␣ m o d l e s ␣(MSE):\n")

144 for (i in 1:ncol(model_pairs)) {

145 m1 <- model_pairs[1, i]

146 m2 <- model_pairs[2, i]

147 e1 <- oos_results [[m1]]$error

148 e2 <- oos_results [[m2]]$error

149 valid_idx <- complete.cases(e1, e2)

150 dm <- dm.test(e1[valid_idx], e2[valid_idx],

151 alternative = "two.sided", h = 1, power = 2)

152 cat(sprintf("%s␣vs␣%s:␣DM␣Stat␣=␣%.4f,␣p-value␣=␣%.4f\n",

153 m1, m2, dm$statistic , dm$p.value))

154 }

Listing 3: ARMA-GARCH.R
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