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Summary

Portfolio Selection is a critical process for investors and portfolio managers seeking to

optimise returns while managing their risks.

We provide an in-depth analysis of four different portfolio optimisation strategies that
uses principal components. The strategies are: the Bounded-Noise portfolio, the PC-
Mean-Variance and PC-Minimum-Variance portfolios, the portfolios of Severini and fi-

nally the PC-Variance-Parity portfolio.

In first instance, we compare the performance of the different strategies to each other.
We have found that the Bounded-Noise portfolio performs significantly better than the
other portfolios. But closely followed by the PC-Mean-Variance portfolio. We also saw

that the second portfolio of Severini yield very poor performance.

In second instance, we compare the PC-based strategies to the classical strategies. The
Mean-variance portfolio, the Minimum-Variance portfolio, the equally weighted portfolio
and the Asset-Variance-Parity portfolio. We saw that most of PC-based strategies out-
performed the classical strategies at the exception of the second portfolio of Severini that

performs significantly worse.

Finally, we highlight the positive impact of an optimal selection of principal compo-

nents on the performance of the PC-based strategies.

Overall, the thesis contributes to the understanding of portfolio optimization strategies

and provides recommendations for investors based on empirical analysis.
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Chapter I
Introduction

Portfolio selection is a critical process that allows investors and portfolio managers to
distribute their investments across a range of assets to optimize returns while effectively
managing risk. Despite extensive literature in this field, gaps remain, particularly con-
cerning the role of Principal Component Analysis (PCA)-based strategies and how they
compare to more traditional methods. This research aims to fill these gaps by providing
a comprehensive examination of different optimization strategies, their theoretical foun-

dations, advantages, and limitations.

The main research question that this thesis addresses is: “What is the empirical
performance of different portfolio optimization techniques based on principal component
analysis (PCA) compared to simpler strategies?” . The significance of this question lies
in its potential to shape future investment strategies and portfolio management practices.
It serves to improve the decision-making process of portfolio managers and investors and

contributes to the academic discourse on portfolio optimization strategies.

This master thesis starts with a theoretical review of different PCA-based optimization
strategies presented by [Meucci (2010)| [Chen and Yuan (2016)} [Zhao et al. (2019) and

ISeverini (2022). The study will then compare the performance of the discussed strategies

on real data. The statistical significance of the different Sharpe ratios resulting from the

strategies will be assessed with a specific hypothesis test.

Key findings from this study reveal that the bounded-noise portfolio of
consistently outperforms other strategies, with most of the Sharpe ratios of the
strategies being significantly different from the bounded-noise portfolio at a 95% con-
fidence level. The study also underscores the crucial role of selecting the appropriate
number of principal components and shows that the use of a biased covariance matrix

estimator enhances the performance of the mean-variance and minimum-variance strategy.



Chapter 11

Literature Review & Research

Question

This chapter provides the theoretical background needed to analyse the portfolio optimiza-
tion methods. It provides a general overview of portfolio theory, and it then discusses
the Principal Component Analysis (PCA) and the techniques based on it. The literature
on this topic has been developed over the last seven decades and forms the basis for the

knowledge that we have today.

1 Portfolio Theory

1.1 Foundational Concepts

For this work, let denote:
e 1;: The vector of the returns of NV assets for observation ¢ out of T’
e 1: The mean of the returns
e 3: Covariance matrix of the returns
e w: The vector of the weights of the portfolio such that 17w =1

The portfolio return is then, RY = w”x, with average expected return ; and variance

wlYw.

Markowitz (1952)| explains that often two assumptions are considered. The first as-

sumption assumes that investors tend to maximise their expected returns. The second
assumption is based on the fact that investors do consider expected return a desirable
thing and variance of return an undesirable thing. This creates a trade-off between risk

and expected return. Investors are well aware of this balance, the higher the risks taken,
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the greater the potential for return |(Hull, 2018)|

IMarkowitz (1952) was among the first to understand this. A further development of

this analysis has been made by [Sharpe (1964) who introduced the capital asset pricing

model. This model describes the relationship between the expected return of an asset,

the risk-free rate of return, and the expected return of the market portfolio.

When using the expected return and standard deviation to describe each investment
option, a graphical representation of all the investments can be created . This
can be seen in figure II.1 below. In addition, a linear relationship can be witnessed be-
tween risk and return. Indeed, an increase in the risk often leads towards an increase in

mean return.

Expected
return

Standard deviation of return

Figure II.1: Linear relationship between Risk and Return (Hull, 2018)

1.2 Mean-Variance portfolio

A well-known portfolio-selection framework is the mean-variance portfolio. It was pre-

sented by [Markowitz in the Journal of Finance in 1952 He saw that often the portfolio-

selection framework did not imply diversification. And this, no matter how the expected
returns were formed, or which different discount rates were used. The hypothesis was
that the investor always placed his funds in the security yielding the highest discounted
expected return. Diversified portfolios were, under any circumstances, never preferred

over all non-diversified portfolios.
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To overcome this obstacle Markowitz (1952)|assumed that there is an efficient portfolio

leading to efficient asset-selection which are almost all diversified.

Expected
return

Efficient frontier

Individual risky
* investments

Standard deviation of return

Figure I1.2: Efficient Frontier of Markowtiz (Hull, 2018)

The efficient frontier can be witnessed on figure I1.2 above and is a combination of
every possible portfolio of the available risky investments. There is no investment that
dominates on the efficient frontier but the area under the curve is not attractive since

for any of these points, there is a point on the efficient frontier that has higher expected

return and lower variance |[(Hull, 2018)|

In addition, Markowitz (1952)| find that the Mean-Variance Portfolio also implies di-

versification between industries. This is due to the fact that generally firms within the

same industry tend to do poorly at the same time while firms in different industry less.

The so-called mean-variance portfolio maximizes the expected returns while minimis-
ing the risk (variance), in other words, it finds a trade-off between expected return and

risk.

w’
VwTXw (IL.1)

subject to  1Tw =1

max

with A being the parameter determining the weight of the risk in the optimisation.

The solution to this optimisation problem is given by the equation that follows.
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Yy
WMSR = 751, (11.2)
Or when estimated on a dataset:
) 10
WMSR = —le]—lﬂ (IL.3)

The efficient portfolios produce a combination of (op, up) that leads to the creation of

the efficient frontier.

But the mean-variance portfolio has several problems. A first drawback is that it is
very difficult to estimate fi. [Black (1993)] [Michaud (1989)| and [Broadie (1993 )| argue that

historical returns are not reliable predictors to estimate expected returns. There are too

many factors that can impact returns beyond the historical record which can result in
significant errors. And even if returns are independent and identically distributed over
time it is hard to estimate them. These issues can lead to instability in the portfolio
optimization. Of course, alternative methods using robust estimators of ji can be more
dependable in specific situations. But generally, expected returns are by nature uncertain

and investors should be careful when relying on estimation of expected return.

A second drawback is that the mean-variance portfolio has a high sensitivity to ji.

This sensitivity arises because the mean-variance approach searches for the portfolio with

the highest expected return for a given level |(Best and Grauer, 1991)|

These two drawbacks result in poor out-of-sample performance of the mean-variance
approach (DeMiguel, 2009 [Chen and Yuan, 2016)).

1.3 Minimum-variance portfolio

To get around the problem of estimating i and therefore, enhance the out-of-sample per-
formance, a modification can be applied to the mean-variance portfolio. By assuming that
the sample mean of all assets is equal, an alternative strategy known as the “Minimum-

Variance Portfolio” can be implemented.

The minimum-variance portfolio is the strategy which minimises the portfolio variance,

where the solution is given by the following.

WMy = (11.4)
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It is interesting to note that the minimum-variance portfolio represents the most left

point on the efficient frontier.

By removing the expected returns out of the optimisation constraints, the strategy is

inevitably less subject to estimation error. Nothing is lost when omitting [i since estima-

tion errors in the sample mean are so large [((Ma and Jagannathan , 2002)|

The minimum-variance portfolio has generally better out-of-sample performance than
the mean-variance portfolio (DeMiguel and Nogales, 2007} |Clarke et al., 2006]). Indeed,
next to the problem the strategy solves, [Haugen and Heins (1972)| have shown that stock

portfolios with lower variance achieved higher average returns than their riskier counter-

parts over the long term.

The fact that low-risk stocks provide greater returns than high-risk stocks is called
the low-risk anomaly. In addition, the portfolio can also be an attractive strategy for

risk averse people. Overall, the minimum-variance portfolio is in many cases better a

alternative to the mean-variance optimization |(Clarke et al. 2006)|

However, there are some challenges associated with the minimum-variance portfolio.
The main challenge is that the minimum-variance portfolio is still sensitive to estimation

error in the covariance matrix

1.4 Equally weighted portfolio

Another well-known portfolio is the equally weighted portfolio. [DeMiguel et al. (2009)|

explain that this portfolio is a naive diversification strategy which involves investing equal

weights in all assets. The solution to this strategy is given by:

1

IDeMiguel et al. (2009)| find that the mean-variance strategy has a tendency to over-

fitting and instability when applied to real-world data. In addition, the strategy also has
high transaction costs and estimation error. The naive diversification does not have those
problems due to its simplicity. This makes the strategy more robust and sometimes a

better choice for investors.
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The equally weighted portfolio, thus, often outperforms the mean-variance portfolio

out-of-sample. But the drawback is that if individual risks are significantly different the

strategy can lead to a very limited diversified portfolio [(Maillard et al., 2008)|

1.5 Asset-Variance-Parity portfolio

The asset-variance-parity portfolio (AVP) constitutes a middle-ground between minimum-

variance and equally weighted portfolio. The goal of this strategy is to create a portfolio

where each asset contributes equally to the portfolio-return volatility (Maillard et al|
12008; [Bai et al., 2015]).

The volatility of the portfolio o(w) = Vw'Xw can be decomposed as follows using

Euler’s theorem:

w; (Xw);
Z N (IL.6)

The risk contribution (RC) from the ith asset to the total risk o(w) can then be

calculated as:
RC; = —2——2 (IL.7)

The asset-variance-parity portfolio (AVP) equalises the risk contributions:

RC; = —o(w) (IL.8)

When the correlation between the assets is 0, Maillard et al. (2010) find that the

solution to this strategy can be given by the following formula.

0—1

If the correlation is non-zero, no closed-form solution can be found. Indeed, an opti-

misation has to be made to find the right weights.

N
min w’ Yw — Z In(w;) (I1.10)

i=1

The variance of this portfolio is smaller than that of equally weighted. [Ji and Lejeune]
(2018)| suggest that this strategy can provide a useful benchmark for portfolio optimiza-
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tion. However, assets are often correlated which can distort the results. Therefore, it is
often not the best strategy to create a portfolio with optimal risk diversification and re-
turns. This is where the PCA-Risk-Parity portfolio comes into play, by using decorrelated

principal components. This strategy will be discussed more in detail in section 4.2.

2 Robust estimation for covariance matrix

In this subsection we will review how to create a robust estimation of the covariance ma-
trix to obtain better out-of-sample results. We will first focus on the shrinkage estimator
of Ledoit-Wolf and then we will briefly discuss the estimation of the covariance matrix

with principal components.

2.1 Definition robustness

The definition of robustness is given by [Markowitz (1952)| and goes as follows.

Definition 1 (Robustness). Robustness in portfolio optimization refers to the port-
folio’s ability to maintain performance and stability despite changes in market conditions

and uncertainties.

The robustness of a portfolio strategy can be assessed with in-sample and out-of-sample

tests using rolling-windows strategies (See Section II1.2).

2.2 Covariance Estimation with Ledoit-Wolf

One way to reduce error in the covariance matrix is to use shrinkage methods. In-
deed, these methods can significantly improve the out-of-sample performance of portfolio
strategies. For example, the mean-variance portfolio can be more robust to estimation
errors and tail risks |(Best and Grauer, 1991)|

A common method consists of shrinking the sample covariance matrix towards a target
covariance matrix. The shrinkage of the covariance Matrix with the estimator of
land Wolf (2004)|is well-known. This method is considered to be more stable and robust

and is given by the following formula.

SV = (182 46T (I1.11)



Chapter II. Literature Review & Research Question 9

YEW being the linear combination of the unbiased-high-variance sample estimate 5
and a biased-low-variance target estimate 7'. For the target estimate one can use the

average variance of the returns, T' = o%1,,.

d being the shrinkage intensity which minimises the distance between ©*" and ¥ and

where the distance is calculated as the sum of all the distances a;; between each other or

N «—N
as: \/Zi:l Zj:l a?j

2.3 Covariance Estimation with PC’s

It can be challenging to estimate the covariance matrix in a high-dimensional database.
Therefore, the principal component analysis can be used to reduce the dimensions and

create a more robust estimation of the covariance matrix (See section 4.1).

3 Principal Component Analysis

This section will introduce the concept of PCA that will be usefull in section 4. We will
first define what a PCA and the principal components are and we will then analyse how
they are computed. Second, we will analyse the main criticisms and limitations of this
strategy in detail. And third, we will present methods to define the optimal number of

principal components to select.

3.1 Conceptual framework and mathematical formulation

It becomes increasingly difficult to interpret large datasets. Thus, it is important to
use methods to reduce their dimensionality in a way that most of the information of the
data is preserved. The most widely used technique is called the principal component
analysis (PCA) and was conceived by Pearson in 1901 and later developed by
. Its goal is to find a low dimensional representation of the dataset that preserves
most of the information or “variability” (Jolliffe and Cadima, 2016} [Mishra et al. , 2017)|

PCA is widely used, and its main idea is that a dataset is defined in a p-dimensional
space, but these dimensions are often not all useful. The principal component analysis
will only look at a small number of dimensions that are useful. Indeed, it creates new vari-
ables (or dimensions) that are linear combinations of the prior variables in the datasets,

that maximises variance and which are not correlated. Those can then be used for other
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purposes |(Jolliffe and Cadima, 2016)|

The new variables are called principal components (PCs) and they can be defined,

here by [Lassance et al. (2021), as follows:

Definition 2 (PCA). The principal components are the standardized projection of

the asset returns X onto the first K eigenvectors:

Y i=A:V'X (11.12)

Note that the covariance matrix of X can be written as ¥ = Var(X) = VAV. With the
diagonal matrix A representing the variance of Y, containing all the K eigenvalues (\,)

sorted in a decreasing order and with matrix V' containing all the K associated orthonor-

mal eigenvectors (v,,) (Dray, 2008} |Jolliffe and Cadima, 2016} [Jolliffe, 2002)).

IMishra et al. (2017)| explains that PCA was in previous days not very popular due

to its computational complexity. But, with the advent of electronic computers, reducing

the dimensionality of a dataset has become costless and very quick (Xu et al., 2016)|

Therefore, PCA has become widely used in data analysis and more specifically in portfo-

lio optimisation.

Another advantage of PCA is that it aims to extract the most important information

from the data while reducing the size of the data. This makes the interpretation and the

analysis of the structure of the observations and variables simpler and faster
al., 2017)

IAbdi and Williams (2010)| and |Jolliffe and Cadima (2016 )| explain that the first eigen-

vector vy used to form the first principal component Y; can be found by solving:

Definition 3 (Eigenvector 1) . Define V1 as the maximisation of the variance of

the combination:

vy = argmax Var(v'X) = argmax v'3v (I1.13)

v'v=1 v'v=1

An additional restriction has been imposed to have a well-defined solution for this prob-

lem. Using unit-norm vectors is one of the most common restrictions |(Makamo, 2020)|

Note that a second restriction is added to find the second eigenvector vy. Indeed,



Chapter II. Literature Review & Research Question 11

eigenvector 1 and 2 have to be uncorrelated [(Abdi and Williams, 2010)l The conditions

required for the second eigenvector can be written as:

vivg =1, vlvy =0

Repeating this process K times yields the matrix of eigenvectors V which can be

plugged in formula I1.12.

Going in the other direction is also possible. This is called reconstruction of variables.

The matrix X is reconstructed using the principal components.

X=VYy=vvlx

3.2 Criticisms and limitations

Despite the utility of PCs to reduce the dimensions of a data set, the method suffers

from several issues.

To perform a PCA, a complete dataset is needed. If any data is missing, special meth-
ods, such as deletion, imputation or modelling techniques, will have to be used to handle
this. This can heavily impact the accuracy of the covariance and correlation matrices,
resulting in bias or distortion |(Tabachnick and Fidell, 2013)|

In addition, the PCA is limited by the fact that it produces only uncorrelated, rather
than truly independent outputs, which presents certain drawbacks. Sometimes, corre-
lation may not be enough. For instance, when assuming a linear relationship and a

multivariate Gaussian distribution, the risk associated with joint extreme events may be
underestimated. In such cases, the use of PCs can prove to be suboptimal

al. 2022)|

3.3 Optimal number of Principal components

Since the number of principal components have a huge impact on the analysis, an impor-
tant task is to estimate the right number of components to retain. This choice can be
seen as a bias-variance trade-off. It is crucial because it could lead to a loss of information
(underestimation) or to the introduction of random noise (overestimation). This can be
problematic for the interpretation of the results or for other analyses . Thus,
the number of PCs (K') should be chosen such that the K first PCs are relevant, whereas

all the ones after K are irrelevant.
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To compute the quality of a K-dimensional approximation, the variability that the
selected PCs retain can be measured. A simple method is the use of the percentage of
explained variance. This is simple and intuitive but reliant on the choice of «
land Cadima, 2016)|

K
SN
ZlN—l (I1.14)

==l > q,

Zi:l Ai

where « € [0, 1] and normally quite close to 1.

A common practice is to use 95% as predefined percentage of total variance explained
to compute the number of selected PCs. Often the first few PCs retain most of the vari-
ance but there are circumstances where the last ones may be interesting, for example
outlier detection |(Jolliffe and Cadima, 2016)|

Another method consists of plotting the eigenvalues based on their size. Then, it be-
comes easy to see if there is a point such that the slope of the graph goes from “steep” to
“flat”. The PCs before this change are then kept. This is called the “elbow test”
land Williams, 2010)|

A last method developed by [Bai and Ng (2002)| permits to select K that is consistent
in high dimension (N, T'— oo) by using the formula:

N T
) , 1 ) N+T NT
K = arg KGH}}?MX] {ln (W E E %) + K ( NT ) In (N n T)} (I1.15)

=1 t=1

wheree =X — X =X —VVTX and K., < N.

4 Portfolio optimization techniques based on PCs

4.1 PC-subspace portfolio

In high-dimensional databases, the sample estimator of the covariance matrix can be a

poor estimator of the true estimator. [Chen and Yuan (2016) proposed to reduce the

dimensions of the dataset. By using only the first K Principal components we obtain
a more robust estimation of the covariance matrix than can alleviate estimation error
and improve out-of-sample performance. explains that a robust estimation
of ¥ can be estimated by the covariance matrix of the reconstructed asset returns X.

Remember the following formula:



Chapter II. Literature Review & Research Question 13

Sk = Var(X*) = Var(VY) = VVar(Y)V' = VAV’

where A = diag(Ay, ..., Ak) is a diagonal matrix of the variances of the K PCs Y3, ..., Y.
Based on how many principal components are retained, the covariance matrix will account
for more or less variance. This robust estimation of the covariance matrix can then be

used in a portfolio optimization technique.

For example, this robust covariance matrix can be plugged into the mean-variance and
the minimum-variance portfolio. The formula to obtain the PC-mean-variance portfolio
is then:

o Sta o VATV

= = I1.16
WSk 1/2_1[[ 1/(VA_1V,/:L ( )

And for the minimum-variance portfolio, it is:

K ST VATV
WMy = oL = —
1/2K11 1'VA-V']

(I1.17)

It is important to note that reducing the dimensions does not help in estimating /i.
Nevertheless, by removing the last small eigenvalues, it should reduce the sensitivity of
the portfolio optimization strategies to changes in ji. Therefore, the PC-mean-variance
portfolio should work well in cases where T is low or N is large and thus the optimal
Sharpe ratio can be achieved by restricting to a number of leading eigenvectors
land Yuan, 2016)|

4.2 PC-Variance-Parity portfolio

While the concept of risk parity based on assets can be attractive, it is often not the
best approach to optimise diversification. Indeed, the issue is that asset returns are of-
ten correlated, making diversification across assets suboptimal. Alternative methods that

consider the underlying correlation of the assets can be used.

IMeucci (2009)| introduces in his article “Managing diversification” the PC-variance-
parity (PCVP) portfolio, which is the portfolio for which each of the N PCs contributes
equally to the portfolio-return volatility. In other words, the PCVP portfolio diversifies

across the underlying risk factors instead of the individual assets, creating a more diver-

sified portfolio.
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Starting from the PCA representation of asset returns: X = VNA}fY. We know we
can represent the portfolio returns as: RY = w’X = @w’Y. With the weights of the

portfolio being equal to w = A}V/QV](,UJ.
The portfolio-return variance is given by
%y = 07 Sy
Note that Xy = I because of the use of the PCA.

Now, the PCVP portfolio is such that w? = IDJQ for all 7 and j. It is given by:

VA /21t }

— N I1.18
1TV A 1% (IL18)

Wpovep = {w S RNH w =
Note that 1* = sign(A~'/2V"1) is chosen to minimise the variance of the portfolio.

4.3 Bounded Noise Portfolio

When a minimum-variance portfolio is constructed using the sample estimates, estima-
tion errors in the covariance matrix are often blamed for the poor portfolio performance.
But instead of trying to improve the estimation or using norm-constraints,
found that by separating the well-estimated aspects from the poorly estimated
aspects of the covariance matrix excellent performance could be achieved. This is done

by using a single parameter which is constant through the datasets and time periods.

This approach is called the bounded noise (BN) portfolio and consists of 4 steps. First,
the BN portfolio looks at the covariance matrix and it turns out that some eigenvectors
are easier to estimate than others. Thus, a split is needed between the well estimated
(signal) and the wrongly estimated (noise) eigenvectors. The split at the k' eigenvector
is dictated by the impact of the estimation errors on the portfolio objective. In the
following graph (figure 11.3) the distribution of the true and the estimated eigenvalues

can be witnessed.
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Figure I1.3: Difference between True & Estimated Eigenvalues Zhao et al. (2019)

It is obvious that the largest estimated eigenvalues, and thus their related eigenvec-
tors, are close to the true values. However, when examining the smallest eigenvalues, a

significant estimation error can be observed, which also affects their related eigenvectors.

It is important to note the realised variance RV (w) = w?Yw and the estimated
variance EV (w) = wT%w. When the ratio between both is taken in function of the the
split k, a huge difference between the top-k eigenvectors and the others can be witnessed.

The difference is clear in figure I1.4 below.

RY 404 RV 404
BV BV
) J )
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split index k split index k
(a) The top-k eigenvector portfolio i} (b) The bottom (p — k)-eigenvector portfolio

Figure 11.4: g—“; for Signal-Only and Noise-Only portfolios Zhao et al.(2019)

We see that the ratio is rising when more eigenvector are added to the portfolio. This
indicates that the portfolio variance is poorly estimated. This is particularly true for the
noise-only portfolio (right). It is also interesting to see that the two graphs are giving
a good explanation of why the bounded-noise portfolio is a good idea. We see that the
first k eigenvectors are doing a great job. In contrast, the noise-only portfolio has a lower
estimated variance. Nevertheless, it is stable until a certain point, so this stable part is

useful for computation.
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Second, a signal-only portfolio is constructed from the well-estimated eigenvectors
from index 1 to k. Mathematically speaking, this portfolio is equivalent to a PCA-based
portfolio that ignores a certain number of the low eigenvalues and their corresponding

eigenvectors.

Third, a conservative noise-only portfolio is constructed from the upper bound of the

poorly estimated eigenvectors. [Zhao et al. (2019)| argue that the space spanned by the

poorly estimated eigenvectors taken together is well-estimated. This can be explained by
the fact that this space is orthogonal to the space spanned by the signal eigenvectors.
Thus, a portfolio from index k+1 to p from the noise space can improve the performance
when combined with the signal-only portfolio. Indeed, the estimated variance of a port-

folio from the noise space might be low, its realized variance might be much higher.

The conservative noise-only portfolio (w%y) is found by minimising the upper-bound

of the realised variance.

min BRV(w)
subject to wl1 =1, (I1.19)
w € /\7

With BRV(w) = EV(w) + m|jwl||3, where m is the largest eigenvalue of the matrix
NT(2 — £)N and where N is the matrix containing the noise eigenvectors of 3 in the
space generated by the same eigenvectors N. Not that m can be estimated via cross-

validation or bootstrapping.

Finally, in the fourth step the signal-only and the conservative noise-only portfolio are
combined to form the bounded-noise portfolio. The BN portfolio is given by the following
optimisation:

min w? (3 + M)w

w

subject to w1 =1, (I1.20)
where M = mNN”

B

The solution w?" is the following formula

K o1 . N o1 .
gy = im0t Diaent S (IL.21)

K oT1 2+ZN 071\ 2
i=1 \ &, i=Kk+1 \ Xom

And estimating K and m is done with bootstrapping or cross-validation.
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It is important to note that the portfolio is created by using the same split defining
scalar threshold parameter for all datasets. This ensures that the performance of the

portfolio does not rely on the fine-tune of a very sensitive parameter.

4.4 PC-Portfolio of Severini

V = (vy,...,vy) are the respective eigenvectors. The eigenvectors define a set of N un-
correlated portfolios, the principal portfolios, whose returns are decreasingly responsible
for the randomness in the market. Indeed, the eigenvalues A correspond to the variances

of these uncorrelated portfolios, and are all sorted in a decreasing order.

If the elements of v; have a non zero sum, we can define one principal component

portfolio per eigenvector |(Severini, 2022)} The weights of the i portfolio can be found

as follows.
(%
;= 11.22
W 1/1)1' ( )

Note that these portfolio do not consider p thus this portfolios could be undesirable

as potential investments.

4.5 Research question

A limited number of papers are effectively comparing the different portfolio strategies
different selected in this paper. Consequently, no consensus on the optimal method for
portfolio optimisation has been found in the financial literature. As mentioned in the
previous sections each strategy has its benefits but also its drawbacks. This master thesis
aims at filling this gap by providing a systematic comparison of the different strategies

and lining up the different strengths and weaknesses of those strategies.

For all those reasons the following research question will be analysed and answered in

this paper.

Research question: What is the empirical performance of different portfolio optimiza-
tion techniques based on principal component analysis (PCA) compared to simpler strate-

gies?

This research question can be divided into two sub-questions.
Sub-questions 1: How does the empirical performance differ across different PCA-based

portfolios?
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Sub-question 2: How does the performance of PCA-based portfolios compare to that

of strategies without dimension reduction but with similar objectives?

Portfolio selection is often seen as an essential task for investors. This research question

provides practical relevance for investors seeking guidance in their investments.
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Data & Methodology

1 Description of the financial data

To perform the analysis, datasets from the Kenneth French’s library are considered. Four
datasets are used, the 25 portfolios formed on size and book-to-market, the 100 portfolios
formed on size and book-to-market, the 10 industry portfolios and the 48 industry port-
folios. The industry portfolios are build on the returns of different sectors that fairly well
represent the US economy. The size and book-to-market portfolios are constructed based
on the size of the company yielding the return. The returns are value-weighted monthly

returns from January 1970 to January 2023.
In the following graphs (figure III1.1) the distribution of the returns of the different

datasets can be seen. Note that each histogram represents all the returns of one particular

dataset.

19
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Figure II1.1: Distribution of the returns of each dataset

Upon examining the descriptive statistics, it is easy to see that the average monthly
return is close to 1% for the four datasets. However, in the datasets with higher dimen-
sions extreme returns can be witnessed during crisis periods. The standard deviation also
points in that direction with a value slightly above 5% for the datasets with 10 and 25
variables but respectively 7 and 8% for the P48 dataset and the P100. Important outliers

can also be seen in those datasets.

Here the kurtosis and the skewness for each asset in each data set can be seen (See

figure I11.2).
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Figure I11.2:  Skewness (left) and Kurtosis (right) of each dataset

When analysing the skewness, negatively skewed values for the four datasets can be
witnessed. In other words, this indicates that the extreme returns are more often negative

than positive.

Note that on figure I11.2 the Kurtosis has already been adjusted with regards to the
Normal distribution by substracting 3. The Kurtosis values are for all the datasets (P10,
P25, P48 and P100) larger than 3 which indicates it is leptokurtic, this means that the

dataset will have more extreme returns than the normal.

2 Implementation of the portfolios

Eight types of portfolios will be considered during this master thesis. Four well-known
portfolios are presented and four other portfolios which use principal components to opti-
mise their weights. All the eight portfolios are presented in the first part of this work. The
first four portfolio strategies are: mean-variance, minimum-variance, equally weighted and
asset-risk-parity portfolio. The other four portfolios are pc-variance-parity, pc-subspace,

bounded-noise and Severini’s portfolios.
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In the first instance we will implement four types of pc-portfolios, and their perfor-
mance will be compared to each other. After that, we will implement the four methods
without dimension reduction, and their performance will be compared to the pc-based

portfolios.

In a second instance, we will assess the impact of the use of a robust estimation of the
covariance matrix on the performance of the optimisation strategy. In addition, we will

assess the choice of principal components on the performance of the strategies.

The performance of the different strategies will be backtested by generating out-of-
sample returns. Those will be generated with a rolling window of 6 months. This proce-

dure goes as follows.

First, a selection of the length of the estimation window 7 out of the T" observations
is made. Here 10 years or 120 months is used. Second, by using the first 7 returns in
the sample, a computation of the optimal portfolio weights is done. Then those weights
are used to the out-of-sample portfolio return on the next 6 months after the estimation
window. Third, the latest 6 months are removed from the estimation window 7, and the
next 6 months are added. By repeating this until the end of the dataset, T" — T weight
vectors and out-of-sample returns are generated. In the fourth and last step it becomes

possible to compute out-of-sample performance metrics.

Three main performance metrics will be used in this paper. The average annual re-
turn, obtained by multiplying the monthly portfolio returns R by 12, will be used to
compare the strategies. RY . = mean(R!) * 12

The annualised volatility, obtained by multiplying the standard deviation of the port-
folio returns RY by the square root of 12. The annualized volatility of the portoflio is
given by: o = oP\/12

And finally, the Sharpe ratio (SR) will be used. The Sharpe ratio is a metric that
takes into account the risk a return entails, the measure is thus risk-adjusted. It was de-
veloped by Sharpe in 1966 to help investors understand the trade-off between return and
risk. The SR can be calculated by dividing the portfolio average return by the associated
standard deviation of the portfolio. If some portfolio strategy has a higher Sharpe ratio
than another, this indicates that the portfolio yields a higher return for a given level of
risk or that the portfolio yields a lower risk for a given return. This measure is thus very

useful to compare the performance of the different strategies selected in this paper. The
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Sharpe ratio is given by:

P
~“annual

Sharpe Ratio = —%

annual

To be able to determine if differences in the ratios are statistically significant a statisti-
cal test is used specifically, designed to work with Sharpe ratios. This test was developed

by Ledoit and Wolf (2008) to overcome the limitations of classic tests which do not perform

well in the case of non-normal distributed returns.



Chapter IV

Results & Analysis

1 Presentation and interpretation of the results

In this section the different results of the portfolio strategies will be presented. The

metrics are all computed on out-of-sample data.

1.1 Performance comparison of PC-based optimisation techniques

The K used for each dataset was select via explained variance at a level of 90% as ex-
plained in section I11.3.3. For the P10, P25, P48 and P100 dataset we used the rolling
window method described in section III.2 and we obtained on average respectively K
equal to 5, 17, 3 and 12.

PC-Variance-Parity portfolio.

This strategy performs at reasonably well out-of-sample. While it achieves a stable av-
erage return which is always above 11%, we see that the volatility is also not very high.

Indeed, we see that the volatility is kept under 20% in most of the cases.

It is important to note that even though, the PCVP was not designed to maximise
the Sharpe ratio or the returns it does not achieve bad results. Instead, the strategy
was developed to minimise the variance and this can be seen in the results in table IV.1.
Note, however, that there is a high estimation risk linked to the covariance matrix when
estimating in a high dimensional dataset. This can explain the poor performance in the
P100 dataset.

In the following table (table IV.1) the exact results of the strategy in function of the
different datasets (P10, P48, P25 and P100) can be found.

24
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Table IV.1: Performance Metrics of PCVP

PCVP Ann Return Ann Volatility SR

P10 0.111 0.147 0.751
P48 0.156 0.169 0.926
P25 0.133 0.207 0.642
P100 0.1148 0.183 0.627

We see that the best risk-adjusted return is achieved in the P48 dataset, mainly due

to its higher return.

When looking at the boxplot (figure IV.1) of the weights from the first 10 assets for
the different datasets we see that they are not very different from a dataset to another.

In addition, we see that the weighs are stable in most of the cases.
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Figure IV.1: Boxplot of the weights obtained by PCVP for each dataset

PC-Mean-Variance portfolio.

We see in table IV.2 that results of this strategy are heavily dependent on the dataset
used. Indeed, we see a large difference between the Sharpe ratios of the P100 and the P48
dataset. This can also be witnessed when considering the returns of the strategies on the
datasets which are more than four times higher for the P100 than for the P48. Of course

this higher return has a price, a higher volatility is generated by those returns. This
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balances the Sharpe ratios. The strategy thus delivers very volatile returns. A similar

conclusion can be made for the annualised volatility, extreme results are achieved.

Since the PC-Mean-Variance portfolio strategy reduces the dimensionality of the datasets,
it can simplify the optimisation process and give good results. However, this can also lead
to extreme results in the annual volatility and the average annual return. The strategy
is thus heavily dependent on the choice of K which can incorporate more or less extreme

returns.

We see in the table (Table IV.2) below that the best risk-adjusted return is achieved
by using the P100 dataset. Mostly due to its very high return.

Table IV.2: Performance Metrics of PC-MSR
PC-MSR Ann Return Ann Volatility SR

P10 0.108 0.163 0.660
P48 0.110 0.247 0.443
P25 0.174 0.252 0.690
P100 0.442 0.403 1.097

When looking at the boxplot of the first 10 assets of the datasets we see that the
weights tend to be very stable. This is particularly true for the P48 and the P100.
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Figure IV.2: Boxplot of the weights obtained by PCMSR for each dataset (P10 and P48
are in the top of the firgure).

PC-Minimum-Variance portfolio.

The PC-

minimum-variance provides high Sharpe ratios. This is mainly due to its very low annual

We see in table IV.3 that this strategy performs very well out-of-sample.

volatility.

Note that the extremely low annual volatility makes totally sense since the strategy
was designed to minimise the variance. Interestingly, even though the strategy does not
take care of optimising the returns, significantly high annual returns are achieved. It is

also important to note that those average annual returns are very stable.

Table 1V.3: Performance Metrics of PC-MV

PC-MV Ann Return Ann Volatility SR

P10 0.123 0.125 0.984
P48 0.142 0.130 1.089
P25 0.126 0.173 0.728
P100 0.153 0.152 1.008

In the table above, most of the Sharpe ratios are high. The best results are obtained
by using the P48 dataset, with an SR of 1.068.
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The boxplot in figure V.2 is interesting since it shows for each dataset how stable the

portfolio is over the first 10 assets.
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Figure IV.3: Boxplot of the weights obtained by PCMV for each dataset

The weights do not change drastically.

Severini’s portfolios.

When using the first eigenvector as input for the portfolio strategy, it achieves average
results in general. Indeed, the strategy has a low annual volatility with average returns

which are consistent in most of the cases except when its used on the P100 dataset.

In table IV.4 you can see the different results obtained by using the first eigenvector.

Table IV.4: Performance Metrics of Severini E1
Severini E1 Ann Return Ann Volatility SR

P10 0.129 0.162 0.797
P48 0.129 0.176 0.730
P25 0.133 0.183 0.726

P100 0.003 0.222 0.013
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In the table above we can see that the strategy achieves the best risk-weighted results
when used on the P10 dataset.

When considering the portfolio based on the second eigenvector the results do not
particularly stand out. Indeed, the strategy gives returns that are very volatile, some-
times reaching more than 100% return but sometimes yielding negative returns. A very
high volatility can also be witnessed in table IV.5. The Sharpe ratios are very poorly
performing and are each time worse compared to the ones generated by the portfolio on

the first eigenvector.

These results can be seen in the table IV.5 below. Note that the strategy achieves the
highest Sharpe ratio when used on the P25 dataset, with a SR of 0.165.

Table IV.5: Performance Metrics of Severini E2
Severini E2 Ann Return Ann Volatility SR

P10 —0.343 1.466 —0.234
P48 0.693 5.875 0.118
P25 1.445 8.755 0.165
P100 —1.657 9.584 —0.173

The impact of the eigenvector considered to build the portfolio on, can be witnessed

in the four graphs below (figure IV.4).
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Figure IV.4: Impact of number of eigenvectors on the SR when using Severini

We see that in the first three data sets dataset the highest Sharpe ratio is achieved
when using the first eigenvector. This is not surprising since most of the information is
carried by those vector. After the first eigenvector the Sharpe ratios stay relatively stable.

Interestingly the optimal eigenvector for the P100 dataset is the 84",

Bounded-Noise portfolio.

The bounded-noise portfolio has very good results. It achieves extremely low variance in
combination with high returns. This creates Sharpe ratios which are very impressive and
all close or above one. Note that this is the only PC-based strategy that achieves lower

and stabler volatility than the PC-minimum-variance.

Table IV.6: Performance Metrics of BN
BN Ann Return Ann Volatility SR

P10 0.122 0.122 0.998
P48 0.131 0.122 1.078
P25 0.168 0.132 1.275

P100 0.185 0.141 1.319
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In table IV.6 we can see that the highest Sharpe ratio is achieved when applying the
strategy to the biggest dataset. This makes sense since a larger dataset will provide a
broader and more precise choice in where to separate the signal portfolio from the noise
portfolio. In addition, the upper bound of the noise portfolio will also be easier to deter-

mine thanks to a broader choice.

Performance comparison of the PC-based strategies.

Now that the results of each strategy have been reviewed we will analyse how they com-

pare to each other.

The following table (Table IV.7) summarises the out of sample (OoS) Sharpe ratios
of the strategies. Each result being coloured in function of its out-of-sample ranking,
green represents the best Sharpe ratio and red represents the worst Sharpe ratio when

considering a specific dataset.

Table IV.7: SR of PC-based Strategies
SR OoS P10 P48 P25 P100

PCVP 0.751 0.926 0.642 0.627
PCMV 0.984 1.089 0.728 1.008
PCMSR 0.660 0.443 0.690 1.097
Severini 1 0.797 0.730 0.726 0.013
Severini 2

BN 0.998 1.078 1.275 1.319

The table shows that the Bounded-Noise performs better than any other strategy. In-
deed, the BN portfolio consistently outperforms other portfolios regardless of the datasets
chosen. The combination of a signal only and a conservative noise only portfolio shows
great results. This superiority is even more evident when considering the dataset with

the largest amount of assets (P100).

The PC-minimum-variance portfolio also performs very well out-of-sample. In most
of the datasets, the strategy yields better results than the other strategies. Also, when
comparing the portfolio with the PC-mean-variance, it is interesting to see that it achieves
a higher Sharpe ratio. This is not surprising since the PC-MSR suffers from estimation
errors in the mean. By removing the mean from the strategy we obtain the PC-MV port-

folio which alleviates this estimation error, yielding better results.

When comparing both portfolio of Severini we see a large difference. Indeed, while the

first portfolio performs fairly well the second portfolio yield very poor results and by far.
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More generally, it is not surprising that the portfolios of Severini does not perform very
well compared to the other PC-based strategy since they were not designed to maximise
the Sharpe ratio. Indeed, the strategies only invest in the assets that compose the first
(or second) eigenvector that explains most of the variance. This yields weights that are
higher for assets that contribute a lot to the firsts eigenvectors and low for those that do
not contribute significantly to the first eigenvector. Making it subject to extreme results

sometimes.

However, when considering only the PC-MSR, the PCVP and the first portfolio of
Severini, much less disparities between the strategies are to find. We see that Severini’s
first portfolio and the PCVP portfolio perform quiet well, followed by the PC-MSR. The
first portfolio of Severini and the PC-variance-parity portfolio show, in most of the cases,
good and stable results. However, they are often outperformed by the PCVP. This is

interesting since the portfolio does not optimise the Sharpe ratio.

We also see that the first portfolio of Severini encounters some problems when applied
to high dimensional datasets. This bad Sharpe ratio is obtained due to particularly low

returns generated by the strategy.

The hypothesis test of Ledoit and Wolf (2008) is now applied on the Sharpe ratios
shown above to determine if the results are significantly different from each other. The
obtained results can be seen in the tables 8 and 9 below, where we use 5% as significance
level. Each column represents a strategy which is then compared to another. If it is
significantly different from a strategy in a row, the cell will be coloured in green if the
portfolio in the column performs better than the portfolio in the row. Conversely, if the

portfolio performs worse than the strategy in the row it will be coloured red.

Table IV.8: P-values P10
P-values P10 PCVP PCMV PCMSR Severini 1 Severini 2 BN

PCVP 0.015 0.92 0.603 0.001 0.016
PCMV 0.027 0.14 0.001 0.586
PCMSR 0.92 0.525

Severini 1 0.603 0.14

Severini 2 0.001 0.001

BN 0.016 0.586
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Table IV.9: P-values P48
P-values P48 PCVP PCMV PCMSR Severini 1 Severini 2 BN

PCVP 0.232 0.005 0.24 0.001 0.283
PCMV 0.232 0.001 0.007 0.001 0.891
PCMSR 0.005 0.001 0.108 0.226 0.001
Severini 1 0.24 0.007 0.108 0.024 0.008
Severini 2 0.001 0.001 0.226 0.024 0.001
BN 0.283 0.891 0.001 0.008 0.001

The p-values for the P25 and P100 are similar to the one showed above.

In the P10 and the P48 dataset we see that the bounded-noise portfolio has several
p-values smaller than 5% this means that the Sharpe ratio obtained by the strategy is
significantly different from that of the corresponding strategy.

The PC-minimum-variance portfolio is also significantly different from most other
portfolios. This is in line with the Sharpe ratios we have seen previously. It is interest-
ing to see that the null hypothesis between the PC-MSR and the PC-MV is easily rejected.

In contrast, we see that all of the portfolios yield significantly different results from

the second portfolio of Severini.

We also see when comparing the PC-MSR, the PCVP and the first portfolio of Severini
that they are on average not statistaclly significantly different from each other at a level
of 5%.

In conclusion, the Bounded-Noise portfolio strategy yields, by far, the best results
out-of-sample. It yields the best Sharpe ratios based on the highest returns and the low-
est variance. The PC-Minimum-Variance portfolios are generating very attractive results
too. They achieve low variance with high and consistent returns. The PC-MSR, the first
strategy of Severini and the PCVP yield good results. Nevertheless, those results are
sometimes less stable compared to the top perfromers, the BN nad the PC-MV portfolios.
Ultimately, the last strategy, the Severini’s second portfolio do not show good returns at
all. This leads to poor performing Sharpe ratios. In addition, the portfolio is not stable

over time in function of the dataset used.

1.2 Performance comparison of PC-based and classical optimi-

sation techniques
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Classical strategies.

In table IV.10 we clearly see that the Mean-Variance portfolio systematically outperforms
the other strategies in most of the datasets. This was to expect, and this is in line with
what has been seen in chapter 2. It is interesting to note that in many cases the Mean-
Variance portfolio underperforms the other strategies except in the P25 dataset where it

outperforms the rest. This also shows the inconsistency of the MSR portfolio.

Table IV.10: SR OoS of Classical Strategies
SR OoS P10 P48 P25 P100

EW 0.866 0.778 [JONI6ON 0.609
MV 110047019507 0.839 10763
MSR  [0:670 0372 1.183

AVP 0.915 0.825 0.782 0.667

The Equally Weighted portfolio performs quiet well in the four datasets, but we see
that its performance decrease in function of the number of assets considered. This could
be explained by the fact that not all assets are equal. A larger dataset will include more
less profitable investments, and we have seen that this proportion is higher for the P100
dataset. Since the strategy will give the same weight to any asset, they will not be filtered
out the portfolio.

The same argument can be used for the Asset-Variance-Parity portfolio. The strategy
performs reasonably well but its performance decreases when higher dimensional datasets
are considered. Since the AVP portfolio tries to invest the same risk in each asset it
will have to incorporate the stable bad performing asset in the same measure as the well

performing stable assets.

Comparison with the PC-strategies.

Here a comparison of the performance of the different PC-based strategies with the simpler

strategies will be done. The statistical significance of those results will also be analysed.

When we compare the Sharpe ratios obtained from the classical strategies and their
principal component counterpart, we see that in most of the cases the principal component
strategies outperform the classical strategies. Indeed, in table IV.11 we see the actual

Sharpe ratios generated by each strategy.
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Table IV.11: SR OoS - PC/Classic
SR OoS P10 P48 P25 P100

MV 1.004 0.950 0.889 0.763
PCMV 0.984 1.089 0.728 1.008

MSR 0.670 0.372 1.183 0.098
PCMSR  0.660 0.443 0.690 1.097

AVP 0915 0.825 0.782 0.667
PCVP 0.751 0.926 0.642 0.627

The use of principal components generally enhances the overall results of the strategies.
This is particularly true for the PC-minimum-variance portfolio. This portfolio performs
in most of the cases better than the its classical counterpart. It is also important to
note that this better performance is best reflected in the P100 dataset. This is totally
predictable since the use of principal components in portfolio optimisation was developed

to reduce the dimensionality of datasets with a high number of variables.

When a look is given at the significance of the results, we see that most of the results
of the PC portfolios are significantly lower. Table 12 summarises this observation and
colours the cells with a significant p-value in red if the PC-strategy underperforms and in

green when the PC-strategy outperforms the classical strategy.

Table IV.12: P-Value/ PC
P-Value/ PC P10 P48 P25 P100
MV - PCMV 0.423 0.179 0.933 0.141

MSR - PCMSR 0.761 0.708 0.009 0.001
AVP - PCVP 0.179 0.496 0.720 0.782

For the PC-MV and the PCVP strategies it is difficult to reject the null hypothesis
with the MV and the AVP portfolios. Indeed, even if most of the Sharpe ratios are higher
no p-value falls under the 5% even for the large datasets. The null hypotheses concerning
the PCMSR portfolio can be reject in the two last datasets.

The first portfolio of Severini generates considerable results. Nevertheless, compared to
the classical portfolio strategies, Severini’s first portfolio do not significantly outperform.
Actually, Severini portfolio is often outperformed by the classical strategies. In table

IV.13 we see the out-of-sample Sharpe ratios of the different strategies.
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Table IV.13: SR OoS - Severini/Classic
SR OoS P10 P48 P25 P100

EW 0.866 0.778 0.760  0.609
MV 1.004 0.950 0.889 | 0.763
MSR 0.670 0.372 | 1.183 0.098
AVP 0915 0.825 0.782 0.667

Severini 1 0.797 0.730 0.726  0.013

We see that in most of the cases the minimum-variance portfolio yields the best re-
sults. The AVP and the equally weighted portfolios are yielding good results too. They
are closely followed by the mean-variance portfolio and the portfolios of Severini which
are not yielding very good results compared too the other strategies. Then comes the
second portfolio of Severini which yield very bad results. It is interesting to know that
the portfolio strategy of Severini, particularly the one base on the first eigenvector, is in
fact very close to the equally weighted portfolio. Indeed, most of the first eigenvector in
a dataset tend to incorporate the same amount of explained variance through the esti-
mation windows. This creates a stable nominator when computing the weights with the
portfolio strategy of Severini. This resemblance can be witnessed when looking at the

Sharpe ratios of both strategies which are often not fare away from each other.

To see if this results are significant we performed a hypothesis test that can be find in
the table 14.

Table IV.14: P-Value/ SEV1
P-Value/ SEV1 P10 P48 P25 P100

MSR 0.475 0.108 1 0.036 0.798
MV 0.044 0.033 0.011 0.013
EW 0.001 0.002 0.015 0.001
AVP 0.001 0.002 0.012 0.475

We see that most null hypothesis are easily rejected in favor of the classical portfolios.

In red, every significant results in favor of the classical strategies can be witnessed.

When looking at Severini’s second portfolio, the conclusions is even more extreme.
The majority of the null hypotheses can be rejected. This can be seen in table IV.15

below.
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Table IV.15: P-Value/ SEV2
P-Value/ SEV2 P10 P48 P25 P100

EW 0.001 0.015 0.002 0.001
MV 0.001 0.002 0.001 0.001
MSR 0.001 0.329 0.001 0.293
AVP 0.001 0.009 0.001 0.001

Both strategies of Severini are on average performing worse than other strategies.

In table IV.16 we see that the BN-portfolio keeps performing systematically better than
the simpler strategies. The MV portfolio manages to surpass the BN on one occasion,
when used on the P10 portfolio. This is possible becasue the BN portfolio needs to
perform the right split between the signal and the noise principal components, this is

more difficult to do on a smaller dataset.

Table IV.16: SR OoS - BN/Classic
SR OoS P10 P48 P25 P100

EW 0.866 0.778 JONI6ON 0.609
MV 110047 0.950 0.889 0.763
MSR  [O670-N0S72N 1153 JNOI008N
AVP 0.915 0.825 0.782 0.667
BN 0.998 11078 1:275 1:319

When we look at the significance of the different Sharpe ratios in table IV.17 we see
that in most of the cases the BN portfolio generated out-of-sample Sharpe ratios that are
significantly higher than the ones obtained from the classic strategies. This is particularly
true for the results obtained from the P100 dataset.

Table IV.17: P-Value/ BN
P-Value/ BN P10 P48 P25 P100

EW 0.283 0.016 0.001 0.001
MV 0.919 0.098 0.001 0.001
MSR 0.008 0.001 0.615 0.001
AVP 0.459 0.03 0.001 0.001

The Bounded-Noise portfolio is thus performing significantly better than any other

strategy and in multiple datasets.
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2 Impact of the number of principal components

We computed the optimal number of principal components with the explained variance
method. This method yielded a K for each estimation window 7 with a mean of 5, 3,
17 and 12 for the datasets P10, P48, P25 and P100. When comparing these results with
the optimal results given by the method of Bai and Ng (2002) when applied on the whole
dataset some differences appear. Indeed, the Bai and Ng method yielded the optimal K
9, 4, 20 and 6. Note that the optimal K obtained by using Bai and Ng (2002) cannot be

find since it uses the whole dataset and is thus looking ahead of the windows.

The figures IV.5 and IV.6 below represent the explained variance for each of the
principal components of the P10 and P25 datasets, we see that most of the variance is

explained by the first component and even more by the first couple components.
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The two other figures below (figure IV.6 and IV.7) represents the explained variance
of the P48 and the P100 datasets.
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Like in the previous figure, the two larger datasets concentrate the variance in the first
principal components. However, an important difference can be seen, the smaller datasets
concentrate much more explained variance in the first PC than then the larger datasets
do. Indeed, more than 80% of the variance of the P25 dataset can be explained by the
first dimension. On the other hand, we see that the first principal component of the P100

dataset can only explain 40% of the variance.

To see the impact of the choice of the number of principal components, it is inter-
esting to see the evolution of the out-of-sample Sharpe ratio in function of the number
of principal components selected. For example, the mean-variance strategy can be used
to illustrated this. In figure IV.9 we see that by adding more principal components the
strategy’s SR increases rapidly but past a certain, optimal, point it will start to decrease.
It is compelling to see that change in SR is more important in high dimensional datasets.
This is a logical outcome since the use of PC’s in portfolio optimisation was design to

enhance the performance in high dimensions.
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Figure 1V.9: Evolution of SR in function of number of principal components for each
dataset

It is important to note that this method can not be used to estimate the number of
principal components to select since this uses out-of-sample data that an investor will not
have when investing. These figure just give additional information regarding the impact

of the number of principal components on the Sharpe ratio.

3 Impact of the biased covariance matrix estimator
of Ledoit-wolf

When the covariance matrix is shrunk by using the method of Ledoit-Wolf we obtain a
biased covariance matrix. After plugging this in the Mean-variance and the minimum-

variance strategy we obtain the results in table 18.



Chapter IV. Results € Analysis 41

Table IV.18: SR OoS
SR OoS P10 P48 P25 P100

MV 1.004 0.950 0.889 0.763
LWMV  1.011 0.959 0.887 0.774

MSR 0.670 0.372 1.183 0.098
LWMSR 0.716 0.447 1.273 1.720

It is interesting to see that a strategy using the covariance matrix of Ledoit-Wolf
outperforms their standard counterpart each time. But this performance is often only a
bit higher than the classical strategy. To see if these results are significant or not, we

performed a hypothesis test, which you can see in table 19.

Table IV.19: P-Value/, LW
P-Value/ LW P10 P48 P25 P100

MSR - LWMSR 0.089 0.326 0.270 | 0,001
MV - LWMV 0.442 0.565 0.897 0.406

We see that the LW-MSR portfolio performs better than its classical counterpart when
used on the P100 dataset. For the Minimum-variance it is nearly the same, at 5% certainty

we see that we are unable to reject the null hypotheses.

4 Interpretation and significance of the results

Most of the PC-strategies outperform their classical counterpart. The PC-MSR, the PC-
MV and the PCVP portfolios show results that are often slightly above the average of
the MSR, the MV and the AVP portfolios. Yet not all of these results are significantly
different at a level of 5%. Due to the small differences between the Sharpe ratios we have

difficulties to reject the null hypothesis.

The portfolios designed by Severini are not yielding very interesting results. The first
strategy fall somewhere in the middle in terms of performance, not ranking as the best
choice overall but also not consistently the worst. When we look at the significance of the
results for the first portfolio of Severini, we can argue that the strategy performs worse
than the classical strategies at a level of 5%. On the other hand, the second portfolio of
Severini shows very poor results, this makes it even easier to determine if the portfolio

performs better or worse than the classical strategies at a level of 5% certainty.

The Bounded-Noise portfolio is the only portfolio that out-performs any other strategy.

Most of these strong results are also significant at a level of 5%.
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Conclusion

This paper has reviewed the state-of-the-art strategies based on the use of principal com-
ponents. The goal was to analyse and understand how the PC-based strategies compare
to each other. In a second analysis this master thesis had as purpose to compare those

strategies with the more classical strategies which do not use PCs.

The portfolios based on the principal components have been compared to each other
and hypothesis tests have been performed to see if the results were significant or not.
The bounded-noise portfolio yields by far the best results, followed by the PC-minimum-
variance portfolio. They are then followed by the PC-mean-variance portfolio, Severini’s
first portfolio and the PCVP portfolio. Finally, the second portfolio of Severini comes as
last. Most of the Sharpe ratios of the strategies where significantly different from each
other at a level of 5%.

We then compared the PC-strategies with the so-called classical strategies, mean-
variance, minimum-variance, asset-variance-parity and equally weighted portfolio. The
MV, MSR and AVP performed slightly worse than their PC-counterparts in terms of
Sharpe ratios. But it was hard to reject the null hypotheses at a level of 5% for most of
them. For the portfolios of Severini, the conclusion was the total opposite. Indeed, the
two strategy are not top performer compared to the different classical portfolios. This is
confirmed by most of the null hypothesis on the Sharpe ratios which could easily be re-
jected at a level of 5%. We could thus demonstrate that the strategies yield significantly
different results. Finally, we compared the bounded-noise portfolio with the classical
strategies. Here the results were significantly higher that in any other strategy. It was

thus easy to reject the null hypothesis against any strategy and in any dataset.

We have seen that the number of selected principal components has an important im-
pact on the performance of the strategy. By selecting principal components achieving a

certain level of explained variance the Sharpe ratio can attain its highest level, but if the

42
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selection was poorly done it could yield results way under the optimal Sharpe ratio. Fi-
nally, we have seen that the performance of the mean-variance and the minimum-variance
strategy could be enhanced by using the biased covariance matrix estimator of Ledoit-
wolf. Nevertheless, most of the results could not be demonstrated to be significantly
different from each other at a level of 5%. This is due to the small performance difference

of the strategies.

Several recommendations can be given to investors. First, we encourage to use the
BN-portfolio based on his great and robust performances. Second, the portfolios of Sev-
erini are not an interesting alternative to the classical portfolios. Third, we encourage to
use the PC-MV, the PC-MSR and the PCVP instead of their classical counterpart even
if their results are only slightly higher. Fourth, the number of principal components has
a significant impact of the performance of the portfolio. It is important to carefully select
them. Fifth, the AVP portfolio performed very well while allocating the same risk to each
asset. This can be a good balance between risk and return. The equally weighted port-
folio can also be interesting for investors seeking to diversify without making to complex

calculations, thanks to its simplicity and effectiveness.

One of the most important limitations of the study is that is uses datasets with monthly
returns. These datasets do not incorporate a lot of information compared to datasets build

on daily observations.

In future research it could be interesting to improve the performance PCA-based
strategies by combining them with other techniques that are less sensitive to extreme re-
turns. This could for example explore machine learning approaches or robust optimisation
techniques. It could also be interesting to consider strategies that incorporate transaction
costs to penalise strategies that heavily re-balance their portfolio. A model considering
shocks or black swan events could also be interesting. The goal would be to construct
a portfolio specially designed to withstand those extreme events. Taxes and legislation
constraints could also be added to a future study. Finally, it could be interesting to
include the multiple eigenvectors in the strategy of Severini. Indeed, by summing up mul-
tiple eigenvectors the strategy could include more explained variance and thus probably

perform better.
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