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Abstract

A commonly studied problem in the context of Algorithmic Game Theory is the
problem of behavior optimization in infinitely repeated games. While the compu-
tation of equilibria in the case of non-repeated games is generally a well-defined
problem, the computation of equilibria in infinitely repeated games can be quite
difficult. Multiple methods have however been developed in order to tackle this
problem, notably in the context of repeated online ad auctions, but most of them
require strong assumptions about the behavior of the other players.

In this thesis, we propose a method for behavior optimization in repeated ad
auctions basing ourselves on the assumption that the highest adverse bids for an ad
slot are independent realizations of unknown random variables. This assumption is
used to show that our problem of behavior optimization can be seen as a problem
of censored regression of these unknown random variables. We use our estimation
of the different distributions to formulate a probabilistic optimization problem.
Finally, we validate the performance of our algorithm using simulated data and
conclude this thesis by providing numerical results proving the convergence of our
algorithm to the optimal bid.
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1 | Introduction

1.1 Context
Since the beginning of the 2000’s, online advertising has become an increasingly
important part of the global economy. With $269 billion being spent yearly for
online ads1, this sector has become an important part of the advertising industry,
making it unavoidable for the launch of any marketing campaign. This growing
interest in the sector has led to the emergence of an important literature on the
subject and to an increasingly precise model for online ad auctions, generally using
models from Game Theory.

This thesis will focus on the problem of the computation of equilibria in
infinitely repeated auctions. While the problem of computation of equilibria in the
case of non-repeated games is generally a well-defined problem, the same problem
in infinitely repeated games can be quite difficult to solve. Multiple methods have
however been developed in order to tackle this problem, but they generally require
strong assumptions about the behavior of the other players. We will here introduce
a model based on the assumption that the highest adverse bids in repeated auctions
are all realizations of an unknown random variable. This assumption is analogous to
some classical models in finance, where, despite strategic behavior at the individual
level, stochastic models of the stock prices have shown to be quite efficient for
decision-making (see [1] by Amin et al.).

In this thesis, we will focus on two main contributions: the use of censored
estimators for equilibrium computation and the formulation of our problem as a
problem of probabilistic optimization in order to reach equilibrium behavior in re-
peated auctions. This is not a thesis about fundamentally developing new methods
for censored estimation: the different methods we are going to use in this thesis
are taken straight out of the literature on the subject, as we believe it is already
sufficient for the application we have in mind. The goal of this thesis is mostly to

1https://www.statista.com/statistics/237974/online-advertising-spending-worldwide/
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show how these methods of censored estimators, that are, to our knowledge, mostly
used in the context of life insurance models, can also be applied in other contexts
and how they can help improve our knowledge about the convergence properties of
repeated games from a Game Theoretical point of view.

While we are not the first to study the use of censored estimation for adverse
bid estimation, we found that the two papers already written on the subject (see
the works of Amin et al. in [1] and Wu et al. in [2]) could be improved: in fact,
both papers focused on second-price auctions, even though they represent the
easiest study case, and only the paper by Amin et al.[1] explain how the estimation
of the clearing price can be used in bid optimization, even though this is a non
trivial task. We found as well that the method developed by Amin et al. could be
improved by viewing the problem as a probabilistic optimization problem (also called
chance-constrained optimization problem in the literature) and not as a Markov
Decision Process, since the latter requires a discretization that becomes more and
more computationally expensive if we take part in a large number of auctions
and does not allow for more complex constraints than a basic budget constraint.
The objective of this thesis is thus to give a complete framework for the problem
of probabilistic optimization in repeated auctions using censored estimation, to
develop an algorithm using this framework and to prove the convergence of this
algorithm. This is, to our knowledge, the first paper on the subject viewing the
problem of bid optimization in repeated auctions as a probabilistic optimization
problem and developing methods allowing to solve the problem efficiently.

1.2 Structure of the thesis and contributions
This thesis will be divided into multiple chapters.

In Chapter 2, we will introduce multiple concepts of Game Theory and then
model online ad auctions as infinitely repeated Bayesian games. We will then
explain in detail how these Game Theoretical models relate to real-life online
ad auctions and how advertisers can use them in order to better understand the
game they are playing in. This is mostly a state of the art of the mechanisms be-
hind online ad auctions and of the equilibrium properties these auctions might have.

In the chapters following Chapter 2, we will present the new methods we
have developed and our contributions to the literature on the subject. The specific
contributions of this thesis to the literature on the subject are the following:
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• Censored estimation of the distributions of the highest adverse bids.
In Chapter 3, we will explain in detail our methodology for the estimation
of the distributions of the highest adverse bids and how this methodology
can be used for behavior optimization in repeated Bayesian games. In fact,
it is possible as an advertiser to estimate the distribution of the highest
adverse bids using only the results of the auctions he has taken part in. The
methodology used in this chapter is to consider the results of repeated ad
auctions as censored observation of random variables, which makes it then
possible to estimate the distributions of these random variables using censored
estimation methods. As we have said before, our contributions in this chapter
are not the algorithms used (they are taken straight from the literature) but
the adaptation of these algorithms to our problem and empirical results using
simulations.

• Probabilistic Optimization. In Chapter 4, we model our problem of
behavior optimization in repeated auctions as a probabilistic optimization
problem and develop some algorithms that can be used in order to solve
efficiently this optimization problem using the estimation of the highest
adverse bids developed in Chapter 3. This model of our problem as a
probabilistic optimization is part of our contribution to the literature: to our
knowledge, we are the first to formulate the problem of bid optimization in
repeated auctions as a probabilistic optimization problem.
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2 | Game theoretical model

2.1 Basic concepts of Game Theory
Since this thesis is devoted to the use of Game Theory principles for the optimiza-
tion of the behavior of an advertiser in online ad auctions, we are going to need to
define some concepts of Game Theory first. In order to do so, we will use some
reference works on the subject. For the definition of concepts purely related to
Game Theory, we will use the reference work on the subject by Myerson in [3] and
the course notes written by Jungers et al. in [4], based on Myerson’s work. For
the definition of the concepts more related to mechanism design and Algorithmic
Game Theory in general, we will use the reference work on the subject written by
Nisan et al. in [5]. These three works on the subject will be used during the course
of this chapter in order to introduce all the necessary concepts.

We can start by explaining the concept of auctions. We use the following
definition given in [4].

Definition 2.1.1: Auctions

An auction is a method of allocating resources among selfish agents by
offering items for bid, taking bids, and then selling them to the highest
bidder. There exist two participating sides in an auction: the side of
the seller, which is the agent selling the resources and the side of the
buyers or bidders, which are the agents submitting bids to the sellers
in order to get one of multiple resources.

The intrinsic idea behind the concept of auctions is that every bidder in an auction
has a valuation of the items that are sold. We use the definition given in [4].
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Definition 2.1.2: Valuation

The valuation of an item for a bidder is the highest price a bidder is
willing to purchase an item for.

In order to introduce some new properties, we will first need to introduce a
rigorous model of repeated auctions. In order to do so, we introduce the concept of
a game with strict incomplete information as defined in [5].

Definition 2.1.3: Game with strict incomplete information

A game with strict incomplete information is a game with n players
with the following ingredients:

• Each player has a set of actions Xi

• Each player has a set of types Ti. A value ti ∈ Ti is the private information
i has

• Each player has an utility function ui : Ti × X1 × ... × Xn → R, where
ui(ti, x1, ..., xn) is the utility achieved by player i if his type is ti and the
profile of actions taken by all other players is x1, ..., xn

• Each player is a strategy, which is a function si : Ti → Xi

Now that we have described the concept of games with strict incomplete information,
we can introduce the concept of Bayesian games, which is closely related. The
definition used originates from [5].

Definition 2.1.4: Bayesian games

Bayesian games are games with strict incomplete information where
each player has beliefs with known probability distribution about the
private information of each other player.

While this version of the definition is intuitive, it is a bit insufficient when it comes
to the full modelling of a repeated Bayesian game. To be able to precisely model
repeated Bayesian games, we are going to introduce a more formal definition based
on the works of Jungers et al. in [4] and of Forges et al. in [6].
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Definition 2.1.5: Repeated Bayesian game

A repeated Bayesian game is a structure of the form

Γr = (E,Θ, (Xi, Si, Ti, ui, si, pi)i∈E, q),

where
• E is the set of players

• Θ is the set of states of the world

• Xi is the set of actions available to player i

• Si is the set of signals that player i may receive

• Ti is the set of types of each player. A value ti ∈ Ti is the private information
i has

• ui is the utility function of player i. The function for each player is
ui : Ti ×X1 × ...×Xn → R, where ui(ti, x1, ..., xn) is the utility achieved by
player i if his type is ti and the profile of actions taken by all other players
is x1, ..., xn

• si : Ti → Xi is the strategy of each player

• pi ∈ ∆(Θ|Si) is the probability distribution over the states of nature. Each
player has different views of the probability distribution over the states of
the nature given the signal send to them but the exact state of nature is
generally unknown to them

• q : X ×Θ→ S ×Θ is the transition function between each distribution for
each player

This is thus the general definition that we are going to use in order to model the
auctions described in this thesis.

In the definition of repeated Bayesian games, we use the concept of the
strategy of a player. We can further explain this concept using the definition given
by Polak in [7].

Definition 2.1.6: Strategy of a player

A player’s strategy is any of the options which he chooses in a setting
where the outcome depends not only on their own actions but also on
the actions of others.

The strategies of players are heavily dependent on the type of games used. Strategies
of players can have a lot of different properties. One of the important properties of
player’s strategies is the concept of weakly-dominant strategies, defined in [3] in the
following way.
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Definition 2.1.7: Weakly-dominant strategy

A weakly-dominant strategy is a strategy that earns a player a payoff
at least as high as any other strategy, regardless of the moves of the
other players.

This leads to the definition of Dominant Strategy Incentive Compatible (or DSIC)
auction mechanisms, defined in [5] in the following way.

Definition 2.1.8: Dominant Strategy Incentive Compatible
mechanism (DSIC)

An auction is Dominant Strategy Incentive Compatible if truth-telling
is a weakly-dominant strategy. In other words, this means that it is in
your best interest to bid your true valuation in the auction.

The concept of DSIC mechanisms is interesting for the design of auctions: since we
consider as the best outcome to an auction the outcome where the highest bidder is
the one receiving the object, we might want the bidders to tell their true valuations
in order to give the highest bidder the object at a "fair" price.

2.2 Types of online ad auctions
Now that we have talked in detail about the concept of auctions in the context of
Game Theory, we can come back to our case of sponsored-search and online ad
auctions. The process of selling ads on the internet can be viewed as an auction,
where the items sold are ad slots on a website and where buying an ad slot gives
you the permission of putting an ad in it. These ad auctions have a number of
different agents participating in it. We are going to group these agents into three
categories: the publishers, the advertisers and the customers.

The publishers are the sellers in our auction: they possess a number of ad
slots on their website and are selling these ad slots to other companies who might
be interested in them. An example of publishers in the context of online ad auctions
are social networks and search engines, such as Google or Facebook.
The advertisers are the bidders in our auction: they have ads they want to be
published on different websites and they are willing to pay money in order to have
the possibility to do so.
Finally, the customers are the people who see the ads while browsing the internet
and that sometimes click on it. While the customers do not have a direct role in
ad auctions, they play an indirect role in them; in fact, they are the one giving
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the value to an ad slot, by occasionally clicking on it and buying products on the
advertised website.

Now that we have described the different agents taking part in the auctions,
we can try to describe how these agents interact together. This section will thus
be devoted to the study of the different types of auctions that can be used by
the publishers to bill their customers. For each auction described, we will follow
the same structure: we will first model the auction as a Bayesian repeated game
using the definition used in the previous section, then describe the properties of the
auction. We will focus on the properties that are relevant to our thesis: whether
the auction is DSIC or not and the types of equilibrium that exist for the auction
in the infinitely repeated case.

2.2.1 Single-item auctions
Single-item auctions are not the most used type of auctions for online ads (see
following sections); they are however a good introduction to the subject as they are
easier to understand than multiple-item auctions. In this section we will detail the
two types of single-item auctions used in the context of online advertising: first-
and second-price auctions.

Second-price auctions

We can intuitively describe the mechanism of the second-price auction using the
work done in [4].

Definition 2.2.1: Second-price auctions

Let there be N bidders competing for a single item. Let us define
the set of bidders as E = {1, ..., N}. and the set of bids received as
B = {b1, ..., bN} (supposing the bids and the bidders are ranked in
decreasing order of bids). Then the highest bidder receives the item at
price b2.

As a repeated Bayesian game, the second-price auction can be modelled in the
following way.
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Definition 2.2.2: Second-price auctions as repeated Bayesian
game

The second-price auction can be modelled as a repeated Bayesian game
with a structure of the form:

Γr = (E,Θ, (Xi, Si, Ti, ui, si, pi)i∈E, q),

where
• E = {1, ..., N} is the total set of bidders to the auctions

• Θ = {firstTurn,win(1), ..., win(N), stop} represent all the states where the
world might be. The state firstTurn represents the state where the game
has just begun and therefore has no previous winner. The states win(i)
represent the state where the previous auction was won by the player i

• Xi = xi ∈ (0,∞) represent the set of moves that each player can play, which
is the bid he makes for an item

• Si = {firstTurn,win, lose, stop} represent the signal send to each player
after an auction, which is whether the game stops next turn or not and
whether the player has won or lost last turn

• Ti = ti ∈ (0,∞) represent the private information of player i which is the
valuation he has for the item being sold

• ui represent the utility function of each player and can be expressed by the
following formula: ui(ti, x1, ..., xN ) = (ti − maxj 6=i xj)1{xi ≥ maxj 6=i xj},
where 1{A} represents the indicator function for the set A.

• si is the strategy of player i. Since we want to keep the model of the auction
general, we are not going to make any particular assumption on this function

• pi is the belief in the state of nature. If the state of nature is firstTurn
or stop then each player knows the state of nature with certainty, in other
words pi(firstTurn|si = firstTurn) = 1 or pi(stop|si = stop) = 1 for all
players. If a player loses then he does not know exactly which player is the
winner. We do know as well than pi(win(i)|si = win) = 1

• q is the transition function. It can be expressed as:

q(x1, ..., xN , θ) =


(firstTurn, ..., firstTurn) if first turn
(stop, ..., stop, stop) if θ = stop

(lose, ..., win, ..., lose, win(i)) if xi = maxj 6=i xj

Once we have defined the auction formally as a Bayesian repeated game, we can
try to state its properties. For that we are going to introduce some new concepts.
The following definitions originates from [5].
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Definition 2.2.3: Allocation rule

An allocation rule is the per auction dependent rule of the distribution
of the items between the different bidders (for instance, the highest
bidder win). A payment rule is a per auction dependent rule of the
payments associated with the distribution of the items to the different
bidders (for instance, the winner pays the price of the second highest
bidder).

Definition 2.2.4: Implementable allocation rule

An allocation rule is implementable if there exists a payment rule such
that the sealed-bid auction is DSIC.

Definition 2.2.5: Monotone allocation rule

An allocation rule is monotone if, for each bidder and each bid by
the other bidders, the allocation is non decreasing in its bid. In other
words, bidding higher in a monotone allocation rule can only lead you
to win more items.

Now that we have defined some properties of allocation rules, we can use them to
introduce Myerson’s lemma, as it is defined in [3].

Lemma 2.2.1: Myerson’s lemma

For a given environment:

1. An allocation rule is implementable if and only if it is monotone

2. If an allocation rule is monotone then there is a unique payment
rule such that the sealed-bid mechanism is DSIC

Myerson’s lemma has important corollaries for every type of auction. For that we
are going to need the concept of quasilinear utility functions, as it is defined is [5].
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Definition 2.2.6: Quasilinear utility function

A quasilinear utility function is a utility function such that, if the
outcome is x and the payment is pi, then the total utility of agent i is:

ui(x) = vi(x)− pi

This definition leads us to conditions for the second-price auction to be DSIC, as
proven in [3].

Corollary 2.2.1

Assuming quasilinear utility functions and private values for the agents,
the second-price auction is DSIC.

This means that a dominant strategy in the case of repeated second-price auctions
is simply for each player to bid its true valuation, regardless of the bids of the other
players. This has consequences for the existence of equilibria in the case of infinitely
repeated auctions. In order to describe the equilibrium properties of second-price
auctions, we will introduce during this thesis multiple formal definition of equilibria
in the case of infinitely repeated auctions. We will start by introducing the most
well-known type of equilibrium in Game Theory, the Nash equilibrium, as defined
in [3].

Definition 2.2.7: Nash equilibrium

Let Γr be a repeated Bayesian game with N players. A strategy profile
σ = (σ1, ..., σN) is a Nash equilibrium of Γr iff

ui(σ) ≥ ui(σ−i, τi) ∀i ∈ N, τi ∈ ∆(si)

where (σ−i, τi) denote the strategy profile in which the ith component
is τi and all the other components are as in σ and ∆(si) represents the
set of all possible strategies for player i.
In other words, a strategy profile is a Nash equilibrium if and only if
no player could increase his expected payoff by unilaterally deviating
from the prediction of the randomized-strategy profile.

This definition can thus be used to prove the existence of an equilibrium in repeated
second-price auctions. In fact, since it is a dominant strategy for each player to
bid its true valuation, it is possible to see that for each player to bid its true
valuation is a Nash equilibrium, since no player can improve his expected payoff by
unilaterally deviating from this strategy. While this may seem like an interesting
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property, we will show here that this property is actually quite trivial, because of
the consequences of a so-called Folk theorem. We will thus introduce this theorem.
In order to do that, we are going to need some new concepts. We will use the
definitions from [4].

Definition 2.2.8: Minimax value

The minimax value of a player is the highest value that the player can
be sure to obtain without knowing the actions of the other players. In
other words, if vi

¯
is the minimax value of player i ∈ E, then

vi
¯

= min
x−i∈X−i

max
xi∈Xi

ui(x−i, xi)

where X−i = X1 × ...×Xi−1 ×Xi+1 × ...×XN .

Definition 2.2.9: Enforceable payoff profile

A payoff profile (u1, ..., uN) is enforceable if ∀i ∈ E, ui ≥ vi
¯
.

Definition 2.2.10: Feasible payoff profile

A payoff profile (u1, ..., uN) is feasible is ∀i ∈ E, ∃αx ∈ Q+ such that∑
x∈X αxui(x) = ui and

∑
x∈X αx = 1.

These definitions can then be used to introduce a Folk Theorem for infinitely
repeated games, as summarized in [4].

Theorem 2.2.1: Folk Theorem

In an infinitely repeated game, every payoff profile that is both enforce-
able and feasible is a Nash equilibrium.

This thus means that in an infinitely repeated game, the set of Nash equilibria is
very large, possibly infinite! However, all Nash equilibria in an infinitely repeated
game are not equivalent for all the players: a player might obtain a higher utility
in some Nash equilibrium than in another. This observation confirms the need for
methods for behavior optimization in repeated auctions, which is the main subject
of this thesis.

Now that we have talked about the main properties of second-price auctions,
we can start to talk about the second type of single-item auctions majoritarily used
on the internet: first-price auctions.

13



First-price auctions

We can describe intuitively the mechanism behind first-price auctions using the
definition given in [4].

Definition 2.2.11: First-price auctions

Let there be N bidders competing for a single item. Let us define the
set of bidders as E = {1, ..., N} and the set of bids as B = {b1, ..., bN}
(supposing the bids and the bidders are ranked in decreasing order of
bids). Then the highest bidder receives the item at price b1.

As a repeated Bayesian game, the first-price auction can be modelled in the following
way.

Definition 2.2.12: First-price auctions as repeated Bayesian
game

The first-price auction can be modelled as a repeated Bayesian game
with a structure of the form:

Γr = (E,Θ, (Xi, Si, Ti, ui, si, pi)i∈E, q),

where
• E = {1, ..., N} is the total set of bidders to the auctions

• Θ = {firstTurn,win(1), ..., win(N), stop} represent all the states where the
world might be. The state firstTurn represents the state where the game
has just begun and therefore has no previous winner. The states win(i)
represent the state where the previous auction was won by the player i

• Xi = xi ∈ (0,∞) represent the set of moves that each player can play, which
is the bid he makes for an item

• Si = {firstTurn,win, lose, stop} represent the signal send to each player
after an auction, which is whether the game stops next turn or not and
whether the player has won or lost last turn

• Ti = ti ∈ (0,∞) represent the private information of player i which is the
valuation he has for the item being sold

• ui represent the utility function of each player and can be expressed by the
following formula:
ui(ti, x1, ..., xN ) = (ti − xi)1{xi ≥ maxj 6=i xj}

• si is the strategy of player i. Since we want to keep the model of the auction
general, we are not going to make any particular assumption on this function

• pi is the belief in the state of nature. If the state of nature is firstTurn
or stop then each player knows the state of nature with certainty, in other

14



words pi(firstTurn|si = firstTurn) = 1 or pi(stop|si = stop) = 1 for all
players. If a player loses then he does not know exactly which player is the
winner. We do know as well than pi(win(i)|si = win) = 1

• q is the transition function. It can be expressed as:

q(x1, ..., xN , θ) =


(firstTurn, ..., firstTurn) if first turn
(stop, ..., stop, stop) if θ = stop

(lose, ..., win, ..., lose, win(i)) if xi = maxj 6=i xj

Now that we have formally defined first-price auctions as a repeated Bayesian game,
we can start by talking about its properties. We will start by talking about whether
or not first-price auctions are a DSIC mechanism. This property can be studied by
using Myerson’s lemma (Lemma 2.2.1) to prove that under certain conditions, the
first-price auction is not DSIC, as proved in [3].

Corollary 2.2.2

Assuming quasilinear utility functions and private values for the agents,
the first-price auction is not DSIC.

It is thus not a dominant strategy in the first-price auction to bid its true valuation.
Even worse, while the first-price auction is quite popular in a number of settings, the
computation of equilibrium is extremely hard in the general case, and require strong
assumptions about the valuations of the players. For instance, Roughgarden has
shown in [8] that in certain cases we could observe a phenomenon of bid inversion
with respect to the valuations, where the bidders with the lowest valuation wins
the auction in the equilibrium case (if the valuations are drawn from different
distributions for instance). In the same paper, it has also been shown that the
repeated first-price auction is not guaranteed to converge to an equilibrium.

2.2.2 Multiple-item auctions
Now that we have detailed the main properties of single-item auctions, we can
start talking about multiple-item auctions. As shown by a paper on the subject
by Grece [9], multiple-item auctions are the most common type of auctions on the
internet today. This dominance of multiple-item auctions make sense; in fact on
a typical website, we are going to have multiple ad slots and the website would
prefer to sell all its ads at the same time in order to reduce the latency.
The two types of auctions that will be studied in this section are the General
Second-Price auction and the Vickrey-Clarke-Groves auction.
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General Second-Price auction

Let us first describe intuitively the mechanism behind the General Second-Price
(GSP) auction, as defined in [5].

Definition 2.2.13: General Second-Price (GSP) auctions

Let there be M items sold and N bidders. Let us define the set of
items as O = {1, ...,M}, the set of bidders as E = {1, ..., N}. and the
set of bids as B = {b1, ..., bN} (supposing the bids and the bidders are
ranked in decreasing order of bids). Then the bidder i (when i ≤M)
receives the item i at the price bi+1 and the bidders j (when j > M)
receives nothing.

As a repeated Bayesian game, the GSP auction can be modelled in the following
way.

Definition 2.2.14: GSP auctions as repeated Bayesian game

The GSP auction can be modelled as a repeated Bayesian game with a
structure of the form:

Γr = (E,Θ, (Xi, Si, Ti, ui, si, pi)i∈E, q),

where
• E = {1, ..., N} is the total set of bidders to the auctions

• Θ = {firstTurn,wink(i), stop} represent all the states where the world
might be. The state firstTurn represents the state where the game has just
begun and therefore has no previous winner. The states wink(i) represent
all the states corresponding to the fact that the bidder i has won the item k.
Each of these state correspond to a combination of m winners

• Xi = xi ∈ (0,∞) represent the set of moves that each player can play, which
is the bid he makes in the auction

• Si = {firstTurn,win(1), ..., win(M), lose, stop} represent the signal send
to each player after an auction, which is whether the game stops next turn
or not and whether the player has won the ad slot k last turn

• Ti = {t(1)
i , ..., t

(M)
i } ∈ (0,∞) represent the private information of player i

which is the valuation he has for the items being sold

• ui represent the utility function of each player and can be expressed by the
following formula:
ui(ti, x1, ..., xN ) =

∑M
k=1(t(k)

i −maxj∈Uk+1 xj)1{xi ∈ Uk}
Uk is defined recursively in the following way:
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Let us define B1 = E, U1 = {x ∈ B1 : x ≥ b ∀b ∈ B1}. Then you have
Bi+1 = Bi \ Ui and Ui+1 = {x ∈ Bi+1 : x ≥ b ∀b ∈ Bi+1}

• si is the strategy of player i. Since we want to keep the model of the auction
general, we are not going to make any particular assumption on this function

• pi is the belief in the state of nature. If the state of nature is firstTurn
or stop then each player knows the state of nature with certainty, in other
words pi(firstTurn|si = firstTurn) = 1 or pi(stop|si = stop) = 1 for all
players. If a player loses then he does not know exactly which other players
are winners. We do know as well than pi(wink(i)|si = win(k)) = 1

• q is the transition function. It can be expressed as:

q(x1, ..., xN , θ) =



(firstTurn, ..., firstTurn, firstTurn) if first turn
(stop, ..., stop, stop) if θ = stop

(
∑M

k=1 1{x1 ∈ Uk}wink(1)
+1{x1 ∈ X \ ∪M

k=1Uk}lose, ...
,
∑M

k=1 1{xN ∈ Uk}wink(N)
+1{xN ∈ X \ ∪M

k=1Uk}lose, wink(i)) else

An important property of GSP auctions is that they are not DSIC, as proved in
[3].

Corollary 2.2.3

Assuming quasilinear utility functions and private values for the agents,
the GSP auction is not DSIC.

A consequence of this property is that it is not a dominant strategy to bid your
true valuation for an item. As a consequence, the paper [10] by Edelman et al. has
shown that the use of that system has lead to the emergence of bidding robots
developed by advertisers in order to pay less for impressions, something that is
detrimental for the revenues of the publishers. In the same paper, however, it was
shown that the repeated GSP auction does have some interesting properties. In
order to introduce these properties, we first need to introduce some new concepts.
We start by introducing the concept of best-response as defined in [5].

Definition 2.2.15: Best-response

Consider a player i ∈ E and his strategy si. We say that the strategy
si is a best-response if it maximizes the player utility on the set of
possible strategies.

Using the concept of best-response, we can then define the concept of of an ex-post
Nash equilibrium, as defined in [5].
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Definition 2.2.16: Ex-post Nash equilibrium

A profile of strategies s1, ..., sN is an ex-post Nash equilibrium in a
game with incomplete information if for every t1, ..., tN we have that
actions the actions s1(t1), ..., sN(tN) are in Nash equilibrium in the
full information game defined by the ti. This requires that si(ti) is a
best-response to si(t−i) for every possible value of ti.

In other words, this concept of equilibrium consists to say that if at each turn in
a repeated auction the strategy of all the players is a best-response against the
strategy of all the other players, then we can say that the repeated auction has
reached an ex-post Nash equilibrium. The concept of ex-post Nash equilibrium has
been studied multiple time for online ad-auctions, both for GSP auctions and for
VCG auctions. In [10] by Edelman et al., the authors have also proved that the
GSP auctions converged to an ex-post Nash equilibrium under certain conditions
and that the expected revenue of the seller in this equilibrium was at least as high
as in the dominant-strategy equilibrium of the Vickrey-Clarke-Groves auction. All
these properties make the GSP auction very interesting to the seller, which explains
its popularity in the world of online ad auctions.

Vickrey-Clarke-Groves auction

Now that we have explained the mechanism behind the GSP auction, we are
going to introduce the Vickrey-Clarke-Groves (VCG) auction. We are first going
to describe it intuitively then describe it more formally as an infinitely repeated
Bayesian game, using the definition given in [5].

Definition 2.2.17: Vickrey-Clarke-Groves (VCG) auctions

Let there be M items sold and N bidders. Let us define the set of
items as O = {1, ...,M} and the set of bidders as E = {1, ..., N}. Let
UO
E be the utility the group the group of bidders E has for the items

O. Then the items are allocated in order to maximize the total utility
of the bidders and the price for each bidder i who wins the item k is
equal to UO

E\{i} − U
O\{k}
E\{i}

Since the utility of an item is very dependent on the type of item being sold, we
will restrict ourselves to a model of VCG auctions for online ad auctions. In order
to do so, we will thus need to first find a way to formally define the valuation
of a bidder for an ad slot k. To do that, we will first introduce the concept of
Click-Through Rate of an ad slot as defined by Zhu et al. in [11].

18



Definition 2.2.18: Click-through rate (CTR)

The click-through-rate (CTR) of an ad is the number of clicks for an
ad normalized by the number of times this ad was printed. In this
thesis, we will suppose that the CTR is only dependent on the position
of the ad: we will write the CTR of an ad at position k as βk.

This concept will thus be useful in order to model the valuation of a bidder for an
ad slot. In this thesis, we will suppose that an advertiser has an intrinsic valuation
for a visit on his website, that we will write as v. The valuation for ad slot will
thus be dependent both on the intrinsic valuation and on the CTR of the ad slot.
In other word, the valuation of an advertiser for ad slot k will be equal to vk = βkv,
and that valuation represents the utility obtained by the advertiser in this auc-
tion. We will explain further in this chapter how these parameters can be estimated.

Now that we have described these concepts, we can model the VCG auction
as a repeated Bayesian game.

Definition 2.2.19: VCG auctions as repeated Bayesian game

The VCG auction can be modelled as a repeated Bayesian game with
a structure of the form:

Γr = (E,Θ, (Xi, Si, Ti, ui, si, pi)i∈E, q),

where
• E = {1, ..., N} is the total set of bidders to the auctions

• Θ = {firstTurn,wink(i), stop} represent all the states where the world
might be. The state firstTurn represents the state where the game has just
begun and therefore has no previous winner. The states wink(i) represent
all the states corresponding to the fact that the bidder i has won the item k.
Each of these state correspond to a combination of m winners

• Xi = xi ∈ (0,∞) represent the set of moves that each player can play, which
is the bid he makes in the auction

• Si = {firstTurn,win(1), ..., win(M), lose, stop} represent the signal send
to each player after an auction, which is whether the game stops next turn
or not and whether the player has won the ad slot k last turn

• Ti = {t(1)
i , ..., t

(M)
i } ∈ (0,∞) represent the private information of player i

which is the valuation he has for the items being sold

• ui represent the utility function of each player and can be expressed by the
following formula:
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ui(ti, x1, ..., xN ) =
∑M

k=1(t(k)
i −

∑M+1
j=k+1 maxl∈Uj+1 xl(βj−1−βj))1{xi ∈ Uk},

where βj is a known parameter for ad slot j (see Definition 2.2.18).
Uk is defined recursively in the following way:
Let us define B1 = E, U1 = {x ∈ B1 : x ≥ b ∀b ∈ B1}. Then you have
Bi+1 = Bi \ Ui and Ui+1 = {x ∈ Bi+1 : x ≥ b ∀b ∈ Bi+1}

• si is the strategy of player i. Since we want to keep the model of the auction
general, we are not going to make any particular assumption on this function

• pi is the belief in the state of nature. If the state of nature is firstTurn
or stop then each player knows the state of nature with certainty, in other
words pi(firstTurn|si = firstTurn) = 1 or pi(stop|si = stop) = 1 for all
players. If a player loses then he does not know exactly which other players
are winners. We do know as well than pi(wink(i)|si = win(k)) = 1

• q is the transition function. It can be expressed as:

q(x1, ..., xN , θ) =



(firstTurn, ..., firstTurn, firstTurn) if first turn
(stop, ..., stop, stop) if θ = stop

(
∑M

k=1 1{x1 ∈ Uk}wink(1)
+1{x1 ∈ X \ ∪M

k=1Uk}lose, ...
,
∑M

k=1 1{xN ∈ Uk}wink(N)
+1{xN ∈ X \ ∪M

k=1Uk}lose, wink(i)) else

Now that we have modelled repeated VCG auction formally, we can list its properties.
Historically, the VCG auction was designed in order to create a DSIC mechanism
for multiple item auctions: it has thus the property of being DSIC under certain
conditions, as proved in [3].

Corollary 2.2.4

Assuming quasilinear utility functions and private values for the agents,
the VCG auction is DSIC.

Now that we have shown that the VCG auctions is a DSIC mechanism, we can
study the equilibrium properties associated with it. In [12], Holzman et al. have
shown that under certain conditions, an infinitely repeated VCG auction converged
to an ex-post Nash equilibrium. Myerson has also shown in [13] that under certain
conditions, the VCG auction with a reserve price was the optimal auction in terms
of revenue maximization for the seller.

However, if these properties are not satisfied, VCG auctions can have some
undesirable properties. In [14], Ausubel et al. have proved that under certain
conditions, the VCG auction brings no revenue to the seller, which is obviously
a big problem since the seller is generally the one designing the auction. In the
same paper, it is also shown that the revenues are in general not monotonic and
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that the bidders could improve their wins by siding together against the seller. All
these undesirable properties are the main reasons why the VCG auction is still so
underused today: in fact, as shown by Grece in [9], there does not seem to exist a
major ad publisher using VCG auctions for ad allocations outside of Facebook.

2.3 Platforms for online ad auctions
Now that we have described in detail the different auctions used, we are going to
show in detail how these auctions are used in real online ad auctions. As different
publishers might use different types of auctions and different billing methods, we
will do a short review in this chapter on the different methods used in function of
the advertiser.

2.3.1 Biggest publishers and multiple-item auctions
As we have discussed before, there exists a large number of different types of
auctions and billing methods that can be used in order to rank the different bids
made by the advertisers. While the system used by the advertisers might seem to
be quite difficult to understand, there exists a lot of literature talking about the
different pricing schemes used by the publishers and the publishers themselves are
in general quite open about the type of auctions they use. In this section we will
thus explain the type of auctions used by the biggest publishers on the internet.

We can first start by describing the market of online ad auctions by comparing
their share of the market. Sadly, there does not seem to exist exact data on the
subject, as it can be quite difficult to estimate. There however exists estimations
of the share of net digital ad revenue by company, notably one done by Grece in
[9]. The data obtained is presented in Figure 2.1.
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Figure 2.1: Net digital ad revenues worldwide by company[9]

While we can see that there exists a clear domination at the top by Facebook
and Google, there exist quite a lot of other ad companies with significant market
shares. We can obviously not detail the auction mechanism for each website indi-
vidually, but we are going to explain and source the auction mechanism used by all
the companies with a share bigger than 1%.

The mechanism that is the most used by the biggest online publishers seems
to be the GSP auction. In fact, this type of auction is being used by Google (see
[15] by McLaughlin et al. and [16] by Lucier et al.), by Baidu (see [17] by Chen
et al.), by Alibaba (see [18] by Bai et al.), by Tencent (for Soso.com) (see [19] by
Wang et al.), by Yahoo! (see [20] by Cary et al.), Microsoft (for bing.com) (see [16]
by Lucier et al.) and by Linkedin (see [21] by Agarwal et al.). This thus makes it
the most used type of auction in the market of online ad auctions by far.

The other main auction used by online publishers is the VCG auction. While
we have shown before that the VCG auction has a lot of interesting properties,
it seems to be used only by one major publisher: Facebook (and Instagram by
extension) (see [22] by Varian et al. and [23] by Bjorner et al.). Since Facebook has
shown to be such a major online publisher, the VCG auction has still its importance
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in the landscape of online ad auctions, but it seems that it stays at the moment
the only big publisher interested in the VCG auction.

Finally, we are going to talk about a last type of auction that seems to be used
exclusively by one big publisher: the second-price auction. In fact, the second-price
auction seems to be used exclusively by one big publisher: Twitter (see [24] by
Li et al. and [25]). It thus seems from the documentation available that Twitter
exclusively uses the second-price auction by permitting a bid per type of ad, and
then allocating the bids using second-price auction rules. Twitter seems thus to be
the only major publisher using single-item auctions for its ad allocation.

2.3.2 Ad exchanges and single-item auctions
We have now talked in detail about the functioning of ad auctions for major
publishers, we can now start to talk about the functioning of ad auctions for Ad
exchanges (AdX). As we have seen in Figure 2.1, even by taking into account all
the major publishers of online ads, there is still a big share of online ad auctions
done by other companies than the major publishers. Even if some of these ads are
still done by other smaller publishers, an increasingly big amount is being sold in
real time. We will thus detail the functioning of these ads sold in real time and
describe the mechanism used by these small publishers.

We are first going to start by introducing the concept of Ad Exchanges or
AdX. Ad Exchanges were studied by Balseiro et al. in [26], by Sayedi in [27] and
by Muthukrishnan in [28]. AdX were described in [26] as online services that can
be seen as spot markets for the real-time sale of online ad slots. In a generic Ad
Exchange, publishers post an ad slot with a reservation price, advertisers post bids,
and an auction is run; this happens between the time a user visits a page and the
ad is displayed. Some examples of Ad Exchanges are the Rubicon Project Exchange
or DoubleClick.

The concept of AdX is thus quite useful for advertisers who want to target
specific individuals. The concept of AdX is intrinsically linked to the concept of
Real Time Bidding or RTB. This concept was best described by Sayedi in [27], we
will do here a quick summary of his paper. Historically, online ads were sold in
reservation contracts, pre-negotiated contracts between publishers and advertisers
where the price for each impression and the number of impressions were decided
in advance in the contract and no dynamical changes were made in prices during
the duration of the contract. While this approach might seem interesting, it lacks
flexibility: neither publishers nor advertisers could react to changes in ad slots
prices during the duration of the contract. This is what lead to the emergence
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of RTB. As the technology only improved in efficiency, it became more and more
feasible for publishers to sell their leftover inventory to advertisers through AdX
platforms in real time, and for the interested advertisers to use bots to be able to
bid in real time: this is what is called Real Time Bidding. The method used was
to send at each customer’s visit of the web page the information to an AdX, to
let the AdX do an auction in real time and then publish the ad on the website for
the customer. This was very interesting for publishers, which could then easily sell
their leftover inventories easily without having to look for pre-negotiated contracts.

The method was then extended to multiple AdX. The methodology was
summarized by Sayedi in [27] and by Qin et al. in [29]. The two methods that
are used are waterfall auctions and header auctions. In waterfall auctions, the
publisher calls one ad-exchange site at a time, in descending order of importance,
and accept the bid if it is higher than a certain threshold. In header auctions
however, the publisher calls multiple AdX at the same time. Each AdX runs an
auction and returns a clearing price. If the AdX replies with an offer quick enough,
the offer is accepted and the publisher compares the clearing prices of the different
accepted AdX. It can then decide to publish the ad proposed if the price is high
enough or to show the ad of a reservation contract if that is not the case. The
difference between the two systems is illustrated in Figure 2.2.

Figure 2.2: Comparaison between waterfall auctions and header auctions

Now that we have described how these exchanges work, we can talk about
the type of auctions they use. As shown in [27] and in [29], AdX generally use
single-item auctions. From a theoretical point of view, we can see that there
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are reasons why an AdX might want to use both types of single-item auctions:
second-price auctions for the property of incentive compatibility and first-price
auctions for their generally higher revenues. This shows us the importance of
studying first- and second-price auctions in models for ad auctions.

2.4 Estimation of the valuations and of the click-
through rate

While we have talked before about the valuations and click-through rates for each
advertiser, we did not model in detail how these can be modelled and estimated.
In fact, it is not always obvious for advertisers what exactly they should expect
as CTR and how many of these clicks might lead to conversions, which make the
evaluation of their valuations for an ad quite difficult. However, our algorithm
requires to have at least an estimation of the different CTR and of the different
valuations. This section is a quick description of the state of the art when it comes
to estimation of the valuations and of the CTR.

A model of the CTR is given in [30] by Richardson et al.. This model was
later improved by Dave et al. in [31] by using the fact that similar queries tend to
follow similar CTR distributions. One final amelioration was made in [32] by Kitts
et al. by using the fact that clicks decrease exponentially with position and thus
that βk = αeγk, with α and γ parameters to be determined.

Once we have estimated the CTR, we can find the valuation using a simple
formula. The general model to use is the following: let us write βk for the average
click-through rate of the ad k that we defined earlier (see Definition 2.2.18), CV R
as the conversion rate of our website (the rate of people who buy something on
our website compared to those who visit it) and R as the average revenue we make
when one consumer buys something on our website. The model for the valuation
for the ad slot k developed in [32] and by Lee et al. in [33] is the following:

vk = βk · CV R ·R

In the following chapters, we will use v to denote the intrinsic valuation behind an
ad slot (in other words v = CV R ·R) and vk to denote the real valuation for an ad
slot, taking into account the CTR. In the case of a single-item auctions, v1 will
simply be written as v.
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A method that can be used in order to find the conversion rate is described
by Lee et al. in [33]. While the model is pretty simple, Bax et al. have shown in
[34] that the main disadvantage of the method is the large expected error of the
approximation, even for large samples. Another improved method can be found
in the same paper. This method does not have an error as large as the method
described earlier, but is way more costly in computational time, the choice between
the two methods should be thus a compromise between the need for precision and
the computational time required for the method.
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3 | Censored estimation of adverse
bids

3.1 Behavior optimization in repeated games
The problem of behavior optimization in repeated games has been extensively
studied in the literature. Some of the most used learning dynamics in repeated
games are best-response dynamics and no-regret dynamics. We have already talked
about the concept of best-response before (see Definition 2.2.15), we can therefore
derive the concept of best-response dynamics, using the definition given in [5].

Definition 3.1.1: Best response dynamics

Best-response dynamics are procedures by which players search for an
equilibrium of a game by deviating from the current strategy to an
arbitrary beneficial deviation strategy until it converges to an equilib-
rium.

The other type of algorithms that help us to converge to an equilibrium are no-regret
dynamics, using the definition in [35].

Definition 3.1.2: No-regret dynamics

No-regret dynamics are procedures by which players search for an
equilibrium of a game by trying to minimize the difference between the
actions made by the player and the single best action in retrospect.

These two methods of optimizing the behavior of a player in repeated games each
have their advantages and problems. However, this thesis will be devoted to the
development of a third method for behavior optimization in repeated games (and
most specifically in repeated auctions) that we are going to call bid estimation
dynamics. These dynamics are based on the following strategy: use probabilistic
estimation techniques in order to obtain a probability distribution of the kth highest
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adverse bid and then use these probability distributions in order to formulate an
optimization problem. This is thus the method that we are going to describe in
this thesis.

3.2 Hypotheses for the model
Since we want to develop a method for the estimation of the probability distributions
of the highest adverse bids in repeated auctions, we are going to need to make
some assumptions about the auctions we are taking part in. The assumptions we
are going to make are the following:

1. Online auctions can be modelled as repeated Bayesian games

2. The highest adverse bids in the repeated auction are stationary: they are all
realizations of a random variable with a probability distribution that does
not change over time

3. In the case of multiple-item auctions, the highest adverse bids are either
considered independent or we consider that we know the relation between
the marginal distributions and the joint probability distribution

The assumptions we made here seem pretty restrictive and they are. We are
here going to give some justifications on these hypotheses and show how they relate
to the framework of Game Theory.

We start by talking about the assumption of modelling auctions as repeated
Bayesian games. This is an hypothesis that is central to our model and central
to Game Theory in general, however, one could argue that the Game Theoretical
framework is too limited for online ad auctions. An example of its limitations is
the assumption that the number of players is constant over time (see Definition
2.1.5). This is extremely debatable in the case of repeated ad auctions: since the
entry costs are low and the number of internet users is growing over time, the
number of advertisers in an auction will then logically increase with the number of
consumers. The assumption is however central to Game Theory: to our knowledge,
there is not any paper existing in Game Theory where the number of players is
not constant. Therefore, since the goal of this thesis is to analyze ad auctions
in a Game Theoretical framework, we will consider that the assumptions made
in Definition 2.1.5 are satisfied and that online ad auctions can be modelled as a
repeated Bayesian game.
The second assumption is the assumption about stationary probability distribu-
tions. This assumption is also pretty restrictive, but we believe it is a reasonable
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assumption to make in the context of online ad auctions. In fact, as we have
studied before in Chapter 2, Section 2.2, repeated online ad auctions converge to
equilibrium prices in a lot of cases. As some papers have shown that this is however
not always the case (see [8] for instance), we believe that a natural extension of
this assumption is to assume that the highest adverse bids in the auction are a
sample of an unknown random variable and thus that the equilibrium prices are
also samples from random variables, since they are a direct function of these highest
adverse bids. This assumption is going to be discussed later and we will explain in
the conclusion of this thesis how this assumption could possibly be relaxed to a
less strict assumption on the bidding behavior of the adverse advertisers.
Finally, we can talk about the last assumption, which is also pretty debatable. In
fact, in the general case, it would make a lot of sense for the highest adverse bids
to be correlated with each other, as the behavior of one bidder would probably
be influenced by the behavior of the others. The reason behind this assumption
is however quite simple: to our knowledge, while there exists multiple paper on
the subject of censored estimators for dependent random variables (see [36] by
Van Keilegom, [37] by Huang et al. and [38] by Uña Alvarez et. al.), the methods
developed are not general enough for our case, where we need to find a general
estimator for the joint distribution of interval-censored observations. As the main
objective of this thesis was not the development of a new estimator in the general
case, it seemed to make sense to restrict ourselves to the case of independent highest
adverse bids.

Now that we have talked about our hypotheses, we can show a special case
where both the second and third assumptions are satisfied. This is the case where
the bids made by an advertiser are all realizations of a random variable. In order
to show that, we are going to talk about a specific field of statistics, the field of
order statistics. We use here the definition given by Bapat et al. in [39].

Definition 3.2.1: Order statistics

Let X1, ..., XN be N independent random variables. Then we can write
the order statistics of X as Yi, with Y1 ≤ Y2 ≤ ... ≤ YN . In other
words, the nth order statistic of X1, ..., XN is nth minimum value of
X1, ..., XN .

An important theorem of order statistics is their independence for independent
random variables, as proved in [39].
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Theorem 3.2.1: Independence of order statistics

Let X1, ..., XN be N independent random variables and Y1, ..., YN be
the N associated order statistics. Then Y1, ..., YN are independent
random variables.

This property of order statistics has some important consequences: if the bids made
by all advertisers are all realizations of random variables, then all our assumptions
are satisfied. We are not going to suppose that this assumption is always satisfied
in the development of our algorithm; however, this case represents an example of a
case where our assumptions are satisfied.

This is thus our needed hypotheses about the highest adverse bids in the
auction. We also need to make hypotheses about our knowledge of the auction we
are taking part in:

• We have knowledge about the type of auction used for selling the ad slots
(see Chapter 2, Section 2.2)

• At each auction we have taken part in, we have knowledge of the previous
bids we made, whether we won the auction or not and of the price we paid
for each previous auction won

• We have an estimation of the click-through rate of each ad slot and of our
valuation for a given ad slot (see Chapter 2, Section 2.4)

3.3 Censored estimators
In order to simplify the notations, we will use starting from this section some
abbreviations. Let us suppose we have a random variable X. We will write the
cumulative distribution function (cdf) of X as F (x) = P [X ≤ x] and the probability
distribution function (pdf) of X as f(x) = dF (x)

dx
.

As we have explained in the previous section, we will suppose in this thesis
that the highest adverse bids in each auction are all realizations of the same random
variables. However, we clearly do not observe directly the highest adverse bids in
each auction, instead we observe a censored realization of a random variable. The
concept of censored realization of a random variable is defined by Hainaut in [40]
in the following way.
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Definition 3.3.1: Censored data

A sample of a random variable T is said to be right-censored if instead
of observing a realization Ti we observe the couple (Xi, Di), where
Xi = inf(Ti, Ci) and Di = 1{Ti ≤ Ci}, where Ci is a constant or a
positive random variable.
A sample is right censored if we observe the couple (Xi, Di), with
Xi = sup(Ti, Ci) and Di = 1{Ti ≥ Ci}.
A sample is interval censored if we observe the couple (Li, Ri), where
Ti ∈ [Li, Ri].

This concept is thus going to be useful in the context of highest adverse bid
estimation for auctions since we have in general censored observations of the highest
adverse bids in an auction. Let us describe for instance the example of second-price
auctions and the problem of the estimation of the distribution of the highest adverse
bids of the auction. We remember by our hypothesis that the adverse bids in
an auction are viewed as random variables. We write X for the highest adverse
bid, and each auction represents a (possibly censored) observation of this random
variable.

• If we win the auction, we pay the highest adverse bid. This is thus an
uncensored observation of the highest adverse bid

• If we lose the auction, we do not know the highest adverse bid, but we know
that it is higher than the bid we have made. This is thus a right-censored
observation of the highest adverse bid

We thus have possibly censored observations of the highest adverse bid and we
can then use different algorithms in order to estimate the distribution of these
adverse bids. This method can also be extended to other type of auctions. Let us
start by extending the concept to first-price auctions. We thus have the following
observations of this random variable.

• If we win the auction, we know that the bid made by the second highest
bidder is necessarily lower than our bid, but higher than 0. This is thus an
interval censored observation of the highest adverse bid

• If we lose the auction, we do not know the highest bid made by an adverse
bidder, but we know that it is higher than the bid we have made. This is
thus a right-censored observation of the highest adverse bid

This can also be extended to multiple-item auctions. Let us suppose that we have
auctions with M items. Instead of considering that we have only one random
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variable X to estimate, we suppose that we have M random variables to estimate
X(1), ..., X(M), where each random variable X(k) represents the kth highest adverse
bid. We can now talk about the observation we have of these random variables at
each auctions.
Let us start by talking about the GSP auction. We have the following observations
of the random variable X(k)

• Every time we win a slot higher than the slot k, we know that the kth highest
adverse bid is lower than the price we paid, but higher than 0. This is thus
an interval censored observation of the kth highest adverse bid

• Every time we win the slot k, we have a realization for the kth highest adverse
bid. This is thus an uncensored observation of the kth highest adverse bid

• Every time we win a slot lower or we win nothing at all, we know that the
kth highest adverse bid is higher. This is thus an right-censored observation
of the kth highest adverse bid

We can do the same for VCG auctions. However, thanks to the formula
for the clearing price of the VCG auctions, we can have a bit of a more precise
estimation. Let us use the same notations as before and let us denote the random
variables denoting theM highest adverse bids as X(1), ..., X(M). The variable we are
observing in this case is a linear combination of the highest adverse bids. Because
of the definition of VCG auctions for ad slots (see Definition 2.2.19), we have that
we observe the random variable P (k), which is equal to:

P (k) =
M∑
j=k

X(j)(βj − βj+1)

This random variable can be interpreted as the clearing price of the slots behind
the slot we have won, considering we have participated in the auction. We can
then use this formula to deduce information about the random variable P (k). We
are going to subdivide the information we have of this random variable in function
of the different cases.
Let us suppose we have won the slot i in the auction. We then have an exact
realization of the random variable P (i). We can then also use this realization in
order to gain information about all the P (k), for k 6= i.
Let us start by studying the case i < k. By the definition of P (i), this is given by:

P (i) = (βi − βi+1)X(i) + ...+ (βk−1 − βk)X(k−1) + P (k)
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We clearly do not know the exact value of X(i), ..., X(k−1). However, we do know
that X(i), ..., X(k−1) ≥ b. We can use that in the following way:

P (k) = P (i) − (βi − βi+1)X(i) − ...− (βk−1 − βk)X(k−1)

≥ P (i) − (βi − βi+1)b− ...− (βk−1 − βk)b
≥ P (i) − (βi − βi+1 + βi+1 − ...+ βk−1 − βk)b
≥ P (i) − (βi − βk)b

We have as well that P (k) ≤ P (i) and we thus know that the realization of P (k) will
be in the interval [P (i) − (βi − βk)b;P (i)].
We can do the same in the case where i > k. By definition we have that P (k) = (βk−
βk+1)X(k) + ...+ (βi−1− βi)X(i−1) +P (i). We know as well that X(k), ..., X(i−1) ≥ b.
We thus have that:

P (k) = (βk − βk+1)X(k) + ...+ (βi−1 − βi)X(i−1) + P (i)

≥ (βk − βk+1)b+ ...+ (βi−1 − βi)b+ P (i)

≥ (βk − βk+1 + ...+ βi−1 − βi)b+ P (i)

≥ (βk − βi)b+ P (i)

We thus know in this case that P (k) is in the interval [(βk − βi)b+ P (i),+∞[ and
we can use this information to improve our knowledge of the clearing price. Our
full knowledge of P (k) is thus the following.

• Every time we win a slot i higher than the slot k, we know that P (k) is in the
interval [P (i) − (βi − βk)b;P (i)]. This is thus an interval censored observation
of the kth highest clearing price

• Every time we win the slot k, we have a realization of P (k). This is thus an
uncensored observation of the kth highest clearing price

• Every time we win a slot i lower than the slot k or we win nothing at all
(P (i) = 0), we know that P (k) is higher than (βk − βi)b+ P (i). This is thus a
right censored observation of the kth highest clearing price

Once we have managed to estimate the distributions of P (1), ..., P (M), we can use
them to estimate distributions of X(1), ..., X(M). This can be done by using the
following recurrence relation:X

(M) = P (M)

βM

X(k) = P (k)−P (k+1)

βk−βk+1
∀k ∈ {1, ...,M − 1}
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We have thus fully described the observations we make at each auction and
how they relate to the random variables we are trying to estimate.

3.4 Parametric censored estimation

3.4.1 Maximum likelihood estimation
Now that we have described how the problem of censored estimation of a random
variable relates to auction theory, we can explain different methods that can be
used in order to estimate the distribution of random variables using censored data.
One of the ways to do that is by using parametric maximum likelihood estimation.
We are first going to introduce the concept of parametric models as defined by
Zhang in [41].

Definition 3.4.1: Parametric models

Let us suppose we have a random variable X with a pdf f(x) and a
cdf F (x). We say that the pdf and cdf of X follow a parametric model
if there exists a vector of parameters θ ∈ Rn such that f(x) and F (x)
are fully determined by θ.

A good example of a random variable following a parametric model is a normally
distributed random variable: the pdf and the cdf of X are fully determined by the
two parameters of the normal distribution, which are the mean µ and the standard
deviation σ.

Now that we have described the concept of parametric models, we can describe
a common method of estimating these parameters given a set of data: maximum
likelihood estimation. The method was summarized by Myung in [42].

Definition 3.4.2: Maximum likelihood estimation

Maximum likelihood estimation is a method of determining the param-
eters of a parametric model using samples from the distribution and
knowledge about the pdf and cdf of the random variable to estimate. It
consists of determining a likelihood function using the different samples
and of maximizing this function in function of the parameter θ defining
the parametric model.

The likelihood function of the distribution is dependent on the form of the samples.
In the case of general censored data, we can find the likelihood function by using
the definition by Zhang in [41].
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Definition 3.4.3: General likelihood function for censored
data
Let us denote by D the set of direct observations, L the set of left
censored observations, R the set of right censored observations and I
the set of interval censored observations (where each observation is in
[Li, Ri] ∀i ∈ I). Let also suppose that the random variable studied a
parametric model of parameter θ, with pdf fθ(x), cdf Fθ(x) and survival
function Sθ(x).
Then the general likelihood function for parametric estimation of cen-
sored data is given by

L(θ) =
∏
d∈D

fθ(xd)
∏
r∈R

Sθ(xr)
∏
l∈L

Fθ(xl)
∏
i∈I

[Sθ(Li)− Sθ(Ri)]

We can thus see that all the specific cases of MLE estimation for the different type
of auctions are all just specific cases of this formula; we can thus detail the different
log-likelihood functions to maximize for each type of auction.

Let us start by talking about single-item auctions. Let us suppose we have
already played in T sequential single-item auctions of the same type. We will define
three variables related to our data for each auction t ∈ {1, ..., T}: ut, representing
whether or not we won auction t, pt representing the price paid at auction t and bt
the bid made at auction t. We can then give the two likelihood functions for first-
and second-price auctions.
For second-price auctions we have:

L(θ) =
T∏
t=1

(fθ(pt))ut(Sθ(bt))1−ut

For first-price auctions we have:

L(θ) =
T∏
t=1

(Fθ(pt)− Fθ(0))ut(Sθ(bt))1−ut

We can then do the same for multiple-item auctions. We suppose we play in
T sequential multiple-item auctions of the same type with M items. We denote
by ut,k a binary variable representing whether we won item k in auction t and vt,k
a binary variable representing whether we won an item better than k (so one of
the items in {1, ..., k − 1}). We also write down as f (k)

θ (x) the pdf of the random
variable on the kth highest slot, F (k)

θ (x) the cdf of this random variable and S(k)
θ (x)

the survival function.
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We can then define a likelihood function for each of the M items for GSP
auctions. It is given by:

L(θ)(k) =
T∏
t=1

(f (k)
θ (pt))ut,k(F (k)

θ (pt)− F (k)
θ (0))vt,k(S(k)

θ (bt))1−ut,k−vt,k k ∈ {1, ..,M}

In the case of VCG auctions, the method is similar. The general likelihood
function in this case is given by:

L(θ)(k) =
T∏
t=1

(f (k)
θ (pt))ut,k(F (k)

θ (pt)− F (k)
θ (pt−(βi − βk)bt))vt,k

(S(k)
θ ((βk − βi)bt + pt))1−ut,k−vt,k

for k ∈ {1, ..,M}, where i represent the position of the ad slot won in the auction.

We have thus fully defined our algorithm for parametric censored estimation
applied to auctions.

3.4.2 Choice of the parametric model
While we have now detailed the functioning of the maximum likelihood estimation
for the censored parametric case, we can see that we have until now assumed that
we knew in advance the parametric model that was going to be used. In reality,
that is in general not the case, since we do not assume we have a priori information
on the model that should be used. What we can do however is maximizing the
log-likelihood for different parametric models and then derive the best parametric
model to use using concepts derived from information theory in order to be able to
compare the goodness-of-fit.

Generally, in order to check whether a model is a good fit using maximum
likelihood estimation, we can use criteria such as the Bayesian Information Criterion
or BIC. The BIC was introduced by Shwarz in [43] and is defined in the following
way.
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Definition 3.4.4: Bayesian Information Criterion (BIC)

Let θ ∈ Rk be a vector of size k representing the parameter to estimate,
θ∗ be the optimal parameter obtained by maximizing the likelihood
function, l(x) be the log of the likelihood function and T the number
of observations. Then the BIC of the model is equal to:

BIC = k log(T )− 2l(θ∗)

Shwarz has proven in [43] that the BIC has the advantage of being consistent
under certain conditions, which means that as T becomes large, with probability
approaching 1, choosing the model with the lowest BIC will give us the best model.
However, while the consistency of the BIC is proved for non-censored models, the
consistency is way more debatable for censored models. The consistency of BIC
has been extensively studied for survival analysis, notably by Volinsky in [44] and
by Dirick et al. in [45]. However, the conclusion drawn in these two papers cannot
be directly applied in our case, since they rely on the knowledge of the size of the
population studied at a given time, a parameter that cannot be directly found
in our problem. The conclusion of Volinksy in [44] was however that even if the
convergence results only holds using the size of the population studied, using T
in the BIC model gives relatively good results. We are thus going to use this
hypothesis in our model for the estimation of the distribution of the adverse bids.
Our algorithm is thus the following:
Algorithm 1: Parametric censored estimation algorithm
Data: p,b,u
Result: Best parameter choice θ∗ and best parametric model associated to it
Optimize the log-likelihood for a number of parametric distributions using
censored data.
Compute the BIC for each distribution studied.
Choose the distribution with the lowest BIC and return the parameter θ∗.

3.4.3 Hypothesis testing
While we have now found a way to deduce the best fit of distribution for a parametric
estimator, nothing is guaranteeing that the best parametric fit for our distribution
is in fact good enough. For instance, we might have a random variable with a
probability distribution that cannot be fitted using classical parametric models.
What we are going to do now is to try to test whether our sample is in fact generated
for a given distribution using the Anderson-Darling test, as introduced by Anderson
et al. in [46].
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Definition 3.4.5: Anderson-Darling test

Let us have the sample Y1 < ... < Yn. The Anderson-Darling test
check whether the sample Y comes from the cdf F by studying the test
statistic A that is defined by A2 = −n− S where S is given by

S =
n∑
i=1

2i− 1
n

(log(F (Yi))− log(F (Yn+1−i)))

The test statistic can then be compared to the critical value for the
specific distribution studied.

We will thus use this statistic to test whether our fit is good using a significance level
of 5%, since it seems to be the standard significance level for such goodness-of-fit
test that was used in [46]. The logic will be the following: if the fit is good enough
to reject the null hypothesis at our significance level, we consider that we have
found a good enough parametric fit for our distribution. If the fit is not good
enough, we continue further by using nonparametric estimators, as we are going to
detail in the following section.

While this method is interesting and easy to understand, we remember that we
do not have direct observations of our data but that our observations are censored.
In order to circumvent this problem, we are going to use a simple method inspired
by the method of Alharpy et al. in [47]. In order to understand the method we
are going to need to introduce the concept of truncated distributions, as defined by
Greene in [48].
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Definition 3.4.6: Truncated distributions

Let us define a general random variable X with cdf F (x) and pdf
f(x). Then the truncated distribution of X to [a, b] is the part of the
distribution of X that belongs to the interval [a, b]. The truncated pdf
and cdf of X to [a, b] are written in the following way:

F (x|a ≤ X ≤ b) =


0 if x < a
F (x)−F (a)
F (b)−F (a) if a ≤ x ≤ b

1 if x > b

f(x|a ≤ X ≤ b) =


0 if x < a

f(x)
F (b)−F (a) if a ≤ x ≤ b

0 if x > b

Now that we have described the concept, we can describe our method: we simulate
a sample of our distribution using the distribution estimated by log-likelihood
truncated by Li and Ri. Our algorithm is thus the following:
Algorithm 2: Parametric censored hypothesis testing
Data: θ∗: distribution with lowest BIC from before
F̂ : optimal distribution associated to θ∗
L,R: vectors of size n of the left and right bounds of the samples
X: exact samples
Result: Accept/Reject parametric distribution
for i ∈ {1, ..., n} do

if F̂ (Li) > F̂ (Ri) then
Reject parametric distribution: impossible that sample in interval

else
Generate Yi from F̂ truncated to [Li, Ri]

X = X ∪ Y
Use Anderson-Darling hypothesis test on X using F̂
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3.5 Nonparametric censored estimation
Now that we have talked about the concept of censored estimation for parametric
models, we remember that the model has its limits. In fact, while we can use
log-likelihood maximization techniques in order to try to best fit censored data
to a specific family of parametric distribution, we have to compute one likelihood
function for each type of parametric distribution. However the number of types of
parametric distribution is infinite and the computation of the parametric maximum
likelihood estimator can be costly in computational time. Therefore, what we are
going to do in this case is to try to maximize the likelihood function for a number
of common distributions and then move on to nonparametric estimators, estimators
that do not require any knowledge about the distribution of the data. We are now
going to detail the methods to be used in this context.

3.5.1 Right-censored estimation and the Kaplan-Meier es-
timator

It is first important to realize that we have two types of censored observations in
the different types of auctions studied:

• In the case of second-price auctions we only have uncensored and right-
censored observations

• In all the other cases we have a mix of uncensored, right-censored and
interval-censored observations

We are thus going to study the two different cases independently as different
techniques might be used for the different types of censorship. We are going to
start by studying second-price auctions, where the observations of the data are
either uncensored or right-censored. In that case, we can use a well-known type of
estimator: the Kaplan-Meier estimator. The definition we are going to use is the
definition given by Van Keilegom in [36], summarizing the work of Kaplan et al. in
[49].
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Definition 3.5.1: Kaplan-Meier estimator

Let us suppose we have Y1, ..., Yn i.i.d. distributed non-negative random
variables with unknown cdf F (x). Let us suppose that the observations
of the random variables are possibly right-censored by Ci, a constant.
In other words, instead of observing realizations of Y we observe the
pair (Ti,∆i), where Ti = min(Yi, Ci) and ∆i = 1{Yi ≤ Ci}. Then the
Kaplan-Meier estimator of the cdf of Y is given by:

F (t) = 1−
{

ΠT(i)≤t

(
1− 1

n− i+ 1

)∆(i)
}
1{t ≤ T(n)}

where T(1), ..., T(n) are the ordered Ti and ∆(1), ...,∆(n) are the corre-
sponding indicators.

This estimator can thus directly be applied in the case of non-parametric
estimation of the highest adverse bid for second-price auctions. In order to do that
we are going to need to use the variable mt defined in the following way:

mt =

pt if we win the auction
bt otherwise

Let us also suppose we have the mt ranked in increasing order such that m(1) ≤
m(2) ≤ ... ≤ m(T ) . Then the expression of the Kaplan-Meier estimator in the case
of second-price auctions is given by:

Fn(p) = 1−
{

Πm(t)≤p

(
1− 1

T − p+ 1

)ut}
1{p ≤ m(T )}

An important remark made in [36] is that the Kaplan-Meier estimator is a step
function and is thus not differentiable. In certain cases it can be problematic and it
can be needed to have to smooth it in order to have a multiple time differentiable
cdf. We are here going to present a method for smoothing the cdf obtained by the
Kaplan-Meier estimator using Kernel Density Estimation. A method for Kernel
Density Estimation for cdf was introduced by Baszczyńska in [50].
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Definition 3.5.2: Kernel Density Estimation

Let us suppose we have a sample X1, ..., Xn of a random variable X
and that we want to use this sample in order to find a smooth estimate
of the cdf of X. Then a method to estimate a smooth cdf for X is to
write the cdf of X as:

F (x) = 1
N

N∑
n=1

W (x−Xi

h
)

where h is a smoothing parameter and W is called a kernel function.

This technique is thus interesting because it can be applied to the Kaplan-
Meier estimator in order to smooth the cdf. The method we are going to use is the
following:

• Use the Kaplan-Meier estimator to have an estimation of the cdf of the
random variable

• Use this estimator to compute the value of the cdf at certain chosen points

• Smooth the cdf using Kernel Density Estimation methods (if needed)

An important property of Kernel Density Estimation methods is that the form
of the cdf is heavily dependent on the type of kernel used. The most frequently used
kernel function is the Gaussian kernel (see [50]), this is thus also the kernel that we
are going to use in this case. This also means that our smoothing procedure will
be way more precise for "normal-like" distributions: if other types of distributions
are needed for smoothing, the kernel function should be adapted in consequence.
We have thus obtained a full procedure in order to obtain a smooth estimation of
the cdf of the highest adverse bid.

3.5.2 Interval-censored estimation and the Turnbull esti-
mator

Now that we have described the functioning of the Kaplan-Meier estimator, we
remember that it is only applicable to right-censored observations. However, as we
have described before, in some type of auctions we have interval-censored observa-
tions and the Kaplan-Meier estimator cannot be used anymore. For this type of
cases, we are going to need to describe a new type of estimator. This estimator can
be seen as the application of the Expectation Maximization algorithm (an algorithm
used for parametric estimation) to interval censored data and was first described
by Turnbull, in two papers on the subjects [51][52]. For this reason, we will call
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this estimator the Turnbull estimator. We are now going to briefly describe the
algorithm behind this estimator.

The first idea needed to describe Turnbull’s algorithm is the concept of
Turnbull’s intervals. In [53], Fay summarized the work done by Turnbull in [51]
and defined Turnbull’s intervals in the following way.

Definition 3.5.3: Turnbull’s intervals

Let us define as (Li, Ri] the observed censored interval for the ith
auction. Let us define as well I = ∪ni=1Li ∪ni=1 Ri and m as the
number of elements in I. Then Turnbull’s intervals are the intervals
(t0, t1], (t1, t2], ..., (tm, tm+1] such that t0 = 0, tm+1 = +∞ and ∀i, ti ∈ I,
with ti ≤ ti+1

Now that we have defined the concept of Turnbull’s intervals, we can describe how
these intervals can be useful for an estimator. In [51], Turnbull has proved that the
boundaries of Turnbull’s intervals are the only points where the density function
is non equal to 0. As such, we only have to find the probabilities associated to
the m+ 1 boundary points of the interval. In other words, we are trying to find a
vector of probabilities p = [p(t1), p(t2), ..., p(tm+1)]. Turnbull’s algorithm was best
described by Fay in [53] in the following way.
Algorithm 3: Turnbull’s algorithm
Data: n: the numbers of observations
(Li, Ri]: the censored intervals for each observation
I: the set of Turnbull intervals
t0, ..., tm+1: all the points in I
Result: p̂∗
p̂ = [ 1

m+1 , ...,
1

m+1 ]
while Not converged do

for j ∈ {1, ...,m+ 1} do
for i ∈ {1, ..., n} do

p̂i(tj) = p̂(tj)1{tj∈(Li,Ri]}∑
tk∈(Li,Ri]

p̂(tk)

p̂(tj) =
∑n

i=1 p̂i(tj)
n

p̂∗ = p̂

This is thus an algorithm for an estimation of the pdf of X at certain given
points t0, ..., tm. The cdf can then be obtained by simply integrating this pdf(and
then obtaining a step function). Gentleman et al. have then proven in [54] that the
empirical distribution function obtained using this algorithm is strongly consistent
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and converges to the true distribution of the observations. This algorithm was later
implemented by Fay et al. in R in the interval package: this is the implementation
we used for our simulations (see [55]).
Now that we have described Turnbull’s algorithm, we are going to describe how we
use it in our case. The method is the same as the one described in the previous
section: describe the left and right bounds for each observation using our knowledge
about the auction and then run Turnbull’s algorithm using these left and right
bounds.
Once we have obtained this estimator, we can see that it is once again not smooth.
If needed, depending on the application, it can be smoothed using Kernel Density
Estimation.

3.6 Log-concave interval-censored estimation and
the logconcens algorithm

We have now covered all the consistent nonparametric estimation methods that
could be used in order to estimate the distributions of a random variable using
censored estimation. In certain cases, however, it might be useful not to obtain
the most precise estimator but to obtain a slightly less precise estimator that
satisfies a certain property, in order to be able to formulate a problem having
more interesting properties. In our case, an interesting property that might be
used is the property of log-concavity. We are first going to introduce this property
and then later detail how it might be used in the context of probabilistic optimization.

We can first start by defining the concept of a log-concave function, as defined
by Wellner in [56].

Definition 3.6.1: Log-concavity of a function

A function f : R → R+ is log-concave if ∀t ∈ [0, 1],∀x ∈ dom(f), we
have:

f(tx+ (1− t)y) ≥ f(x)tf(y)1−t

Related to this concept, we can introduce the concept of a log-concave random
variable, using the definition in [56].

Definition 3.6.2: Log-concave random variable

A log-concave random variable is a random variable where the pdf is a
log-concave function.
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A direct consequence of the log-concavity of the pdf of a random variable, as shown
in [56], is that the a log-concave random variable also has a log-concave cdf, since
the primitive of a log-concave function is also log-concave.

One of the reasons why log-concave random variables are an interesting
concept is their applications in probabilistic optimization as a consequence of
Prékopa’s Theorem. In order to introduce this theorem, we will first introduce a
related concept: the concept of quasi-concave functions, as defined by Stoer et al.
in [57].

Definition 3.6.3: Quasi-concave functions

A function f : C → R with C convex is quasi-concave if

∀x, y ∈ C, ∀z ∈ [x, y] : f(z) ≥ min(f(x), f(y))

We can now introduce Prékopa’s Theorem, as proved by Prékopa in [58].

Theorem 3.6.1: Prékopa’s Theorem

Let X1, ..., Xn be continuous random variables with log-concave dis-
tributions, g : Rn × R → R be a quasi-concave function and p be a
known probability. Then the set C defined by P [g(X1, ..., Xn, y) ≥
0] ≥ p ∀y ∈ C is a closed convex set.

As we are going to talk about later in this thesis, the property of being closed and
convex for a set is quite useful in the context of optimization. We will come back
to this property later.

Now that we have described the concept of log-concave random variables
and their properties, we are going to study the problem of censored estimation
of the distribution of a random using log-concave pdf and cdf. The algorithm
that we will hereby describe to use an algorithm using nonparametric maximum
likelihood estimation, and was introduced by Dümbgen et al. in [59]. Since this
algorithm was later implemented in R using the name logconcens by Schumacher et
al. (see [60]), this is the name we are going to use in order to describe this algorithm.

To understand the mechanism behind the algorithm, we will first need to
introduce a likelihood function for nonparametric estimation, using the definitions
given in [59]. If the observations were not censored and we suppose that there
is a probability q that the random variable Xi is equal to +∞, an appropriate
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log-likelihood function is given by: [59]

l(φ, q) = 1
n

n∑
i=1

(1{Xi <∞}φ(Xi) + (1{Xi =∞} log(q))

where φ(x) is such that the pdf of X is given by f(x) = eφ(x).
Using that, we can derive an appropriate log-likelihood for censored observations:[59]

l(φ, q) = 1
n

n∑
i=1

(1{Li = Ri}φ(Xi) + 1{Li < Ri} log(Pφ,q([Li, Ri])))

The goal is thus going to be to maximize this function on the sets of concave
functions. In order to simplify this complex set, the algorithm only consider
functions linear by parts. The last thing we are going to need for this algorithm is
the concept of augmented log-likelihood Λ(φ, q) such that:[59]

Λ(φ, q) = l(φ, q)−
∫
eφ(x) dx− q + 1

We can then define the algorithm for the logconcens estimator using these con-
cepts. We use the description of the algorithm as given in [59] and in [60].
Algorithm 4: Logconcens algorithm
Data: Li: the left bound of each interval
Ri: the right bound of each interval
N : length of Li and of Ri

Result: φ(x): concave function linear by parts
Find q such that 1

N

∑N
i=1

1{Ri=∞}∫∞
Li

eφ(x) dx+q = 1
Use this parameter to define the augmented log-likelihood
Define {τ1, ..., τm+1} = {L1, ..., Ln} ∪ {R1, ..., Rn} ∪ {∞} with
−∞ < τ1 < ... < τm < τm+1 =∞
Maximize the augmented log-likelihood using the expectation-maximization
algorithm on the set of function linear by parts on [τi, τi+1].
In practice the logconcens estimator returns us the evaluation of F (x) at

the point t1, ..., tm+1. We can then use an interpolation method in order to ob-
tain a continuous function. As the algorithm also returns F (x) evaluated at the
ti, we are going to approximate the cdf by using these points, then using cubic
splines in order to interpolate the missing points. The method we are going
to use is the Fritsch-Carlson method, which has the interesting property of con-
serving monoticity of the interpolant and obtaining a differentiable curve. Since
F (x) must be monotone and differentiable, these are obviously two interesting
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properties. The Fritsch-Carlson algorithm for monotone interpolation was in-
troduced by Fritsch et al. in [61] and can be described in the following way:
Algorithm 5: Fritsch-Carlson algorithm
Data: x: vector of the points where the function is known
y: vector of the evaluation of the function
N : length of x
Result: ci(x): the cubic splines interpolating the data
for i ∈ {1, ..., N} do

hi = xi+1 − xi
δi = yi+1−yi

hi

mi = δi−1+δi
2

αi = mi
δi

βi = mi+1
δi

ci(x) = δi
h2
i
[(αi+βi−2)(x−xi)3−(2αi+βi−3)hi(x−xi)2 +αih2

i (x−xi)]+yi

Since the Fritsch-Carlson method is a method using cubic splines to interpolate
a monotone function, the function obtained is twice differentiable and we can obtain
the pdf of the random variable efficiently by simply differentiating each cubic spline
individually.

3.7 Implementation of the method and different
results

3.7.1 Introduction and methodology
Now that we have described our general algorithm, we will detail the different
results obtained and the precision obtained by our methods. We start by describing
our general methodology. In order to do that, we are going to introduce two
hypothesis tests for comparing multiple cdf: the Cramer-Von Mises test and the
Kolmogorov–Smirnov test. The two tests were best summarized by Darling in [62],
we use here his definitions.
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Definition 3.7.1: Cramer-Von Mises test

Let us have two cdf FX(x) and FY (x) derived from a sample x1, ..., xN
of size N and a sample y1, ..., yM of size M . The Cramer-Von Mises
test tests the hypothesis H0 : FX(x) = FY (x) against the hypothesis
H1 : FX(x) 6= FY (x) by studying the statistic U , where U is given by:

U = N
N∑
i=1

(ri − i)2 +M
M∑
j=1

(sj − j)2

where r1, ..., rN are the ranks of the x in the combined sample and
s1, ..., sM are the ranks of the y is the combined sample.

Definition 3.7.2: Kolmogorov–Smirnov test

Let us have two cdf FX(x) and FY (x). The Kolmogorov–Smirnov
test tests the hypothesis H0 : FX(x) = FY (x) against the hypothesis
H1 : FX(x) 6= FY (x) by studying the statistic D, where D is given by:

D = sup
x
|FX(x)− FY (x)|

These two tests will be used together in order to assess the quality of the estimation
of the cdf. What we will do is use the two tests together: first we will use the
Cramer-Von Mises test in order to assess whether or not our fit is good enough to
reject the hypothesis of an alternative distribution, then we will use the Kolmogorov-
Smirnov test in order to compute the average distance between the original and
the approximated cdf.
Our methodology will thus be the following:

• Generate the distribution(s) of the adverse bids using some chosen probability
distribution(s)

• Compute the M highest bids of each sample

• Simulate a bidding pattern of an advertiser by using a uniform bid distribution

• Estimate the distribution(s) of the adverse bid using the censored observations

• Test whether our estimator is close enough to the real distribution using the
Cramer-Von Mises and the Kolmogorov-Smirnov test
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In order to be able to apply this methodology, we are going to need to compute
the probability distributions of the order statistics of the adverse bids. This can be
done using a powerful theorem, the Bapat–Beg Theorem, as proved by Bapat et al.
in [39]. In order to understand this theorem, we are going to introduce a concept
used in matrix theory, the concept of the permanent of a matrix. We use here the
definition of Glynn in [63].

Definition 3.7.3: Permanent of a Matrix

Let A = (aij) be a m×m matrix over a field F and Sm the symmetric
group, i.e. the set of all permutations in {1, ...,m}. Then the permanent
of the matrix A is written per(A) and is given by:

per(A) =
∑
γ∈Sm

m∏
i=1

ai,γ(i)

The permanent of a matrix is closely linked to the determinant of the matrix:

if we take for example the case of a two by two matrix A =
(
a b
c d

)
then

per(A) = ad+ bc. This is thus extremely close to the determinant of A, given by
det(A) = ad− bc.
Now that we have explained the concept of permanent, we can introduce the
Bapat-Beg Theorem, as described in [39].

Theorem 3.7.1: Bapat-Beg Theorem

Let X1, ..., Xn be independent random variables with respective distri-
bution functions F1(x), ..., Fn(x). Then the distribution functions of
the order statistics of X1, .., Xn written Yr, with 1 ≤ r ≤ n is given by:

P [Yr ≤ y] =
n∑
i=r

1
i!(n− i)!per


F1(y)

...
Fn(y)︸ ︷︷ ︸

i

1− F1(y)
...

1− Fn(y)︸ ︷︷ ︸
n−i


The underbrace under the column represent the number of columns of
the respective block matrix.
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This theorem can thus be used to compute the probability distributions of
the order statistics that are useful for the different statistical tests. We have also
talked before that we would generate our adverse bids by using multiple types of
distributions for adverse bids.

The first type of distributions we will use to generate adverse bids are simple
normal distributions, with a mean and a standard deviation that will be uniformly
distributed on a chosen interval. The choice of this type of distributions is due to
the particularities of our algorithm: since our algorithm will smooth the distribution
using normal kernels and since the normal distribution is a log-concave distribution,
testing our algorithm will be useful to assess the quality of our approximation in a
"good" case.
The second type of distributions we are going to use are Pareto distributions. We
decided to use Pareto distributions because they have two types of interesting
properties: first they are not log-concave, second they have what we call heavy
tails. We use here the definition given by Foss et al. in [64].

Definition 3.7.4: Heavy-tailed distribution

Let us define a random variable X with a cdf F (x) and a survival
function S(x) = 1− F (x). Then X has a heavy-tailed distribution if

lim
x→∞

sup
x
S(x)eλx =∞ ∀λ > 0

Heavy tails distribution have quite important consequences in probabilistic opti-
mization, as they may cause problems for constraints that must be satisfied with
high probability. As this is one of the applications of our algorithm, we are going
to need to test the behavior of our algorithm in those specific cases. Since Pareto
distributions are as well not log-concave, we can then test our algorithm efficiently
using this type of distributions.
Finally, the last type of distributions we are going to use are mixture distributions,
as defined by Huff in [65].

Definition 3.7.5: Mixture distribution

Let X1, ..., XN be N random variables with cdf F1(x), ..., FN (x). Then
the distribution of a random variable Y is a mixture of the distributions
of X1, ..., XN if ∃wi ≥ 0, i = 1, ..., N , ∑N

i=1wi = 1 such that FY (x) =∑N
i=1wiFi(x)
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The main reason why we are testing our estimation algorithm using this
type of distributions is because they represent a "worst-case scenario" (under our
assumptions) for our algorithm: since we are using some random variables that
are not log-concave and with heavy-tails in the mixture, this type of distributions
have all the possible difficulties combined, and will thus be the most difficult to
estimate.

3.7.2 Results
Now that we have detailed the methodology, we can start to talk about the results.
In order to understand these results, we are going to present the methodology
used. The tables are all written using the distributions described earlier. The
adverse bids are all realizations of these distributions while we bid using a uniform
distribution on a selected interval. We suppose we participate in the auctions T
times and we use our observations to estimate the distributions. We then use an
hypothesis test to check if the fit is good enough and we compute the distance
between the original and estimated distribution. We then repeat this procedure N
times: we then compute the percentage of the time where we managed to reject
any alternative distribution (under the column %), the average distance between
the two distributions (under the column Dist) and the average distance in the case
where the hypothesis test has failed (column DistFail). We then comment the
results in order to explain the differences.

We will start by talking about the results for our algorithm for the second-
price auction, that are given in Table 3.1. We can thus see that the results are
extremely dependent on the type of distribution studied and on the method used.
As we can see using the percentage of success rejecting the alternative hypothesis,
the estimation using the Kaplan-Meier estimator was precise enough that the
hypothesis test was able to reject the alternative hypothesis in approximately 90%
of the cases, whatever the type of underlying distribution! This proves the efficiency
of our algorithm for the general case. However, the smoothing and the estimation
by a log-concave distribution cause a big loss in the precision of the algorithm.
In fact, the estimation by a log-concave distribution is only precise enough for
hypothesis testing in the case where the underlying distribution is itself log-concave.
We can see as well that the smoothing causes a big difference in the precision of
the approximation, even for normal distributions: the cdf obtained should thus
only be smoothed if necessary. We will discuss in Chapter 4 how the cdf should
however be smoothed for a number of cases.
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Original Smooth Logcon
Distrib % Dist DistFail % Dist DistFail % Dist DistFail
Normal 88 0.0296 0.0563 83 0.0733 0.2993 88 0.0975 0.2226
Pareto 80 0.0844 0.2703 0 0.45 0.45 51 0.0789 0.1119
Mixture 90 0.0518 0.1313 5 0.2086 0.2165 2 0.2 0.2029

Table 3.1: Comparison of the methods for SP auctions (N=100, T=500)

Now that we have talked about the results of our algorithm for second-price
auctions, we can talk about first-price auctions. The results are given in Table
3.2. We can thus see that the algorithm is way less precise than in the case of
second-price auctions. This is due to the less precise estimation in the case of first-
price auctions: in fact, since we never have exact observations but only intervals,
the precision is not as good as for the second-price auctions, where we have direct
observations. We can see as well that the log-concave estimator is the most precise
one in the case where the underlying distribution is in itself log-concave: this
confirms the intuition that having a basic idea about the form of the underlying
distribution can lead to more precise results. Finally we can see that even the most
efficient algorithm in the general case (no smoothing, not log-concave) still gives
an average Kolmogorov-Smirnov statistic of almost 0.2, which shows that the error
can be as high as 0.2 in the estimation of the distribution: this is a large error.
We will see in Chapter 4 how this relatively large error still gives relatively good
results for the method used.

Original Smooth Logcon
Distrib % Dist DistFail % Dist DistFail % Dist DistFail
Normal 0 0.2253 0.2253 5 0.1447 0.1488 22 0.1128 0.1298
Pareto 0 0.2179 0.2179 0 0.2457 0.2457 8 0.1528 0.1595
Mixture 0 0.1999 0.1999 0 0.2924 0.2924 1 0.2016 0.2029

Table 3.2: Comparaison of the methods for FP auctions (N=100, T=500)

Now that we have finished talking about single-item auctions, we can start
talking about multiple-item auctions. We will start by talking about our method
for the estimation of the distributions for GSP auctions. The results for the GSP
auction are given in Table 3.3. As we can see , the results are better than for
the FP auction but still not as good as for the SP auction. This is due to the
number of direct observations to the objective function: our method has more
direct observations than for the FP auction but less than for the SP auction, due
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to the higher number of slots. We can see as well that the log-concave estimation
gives good results when the underlying distributions are log-concave but that the
results are not as good when the underlying distribution is not log-concave, as
predicted by the theory. Finally, we can see that the average distance between the
underlying distribution and the estimated one is equal to approximately 0.2, which
shows that there still exists a big approximation error, whatever the method might
be.

Original Smooth Logcon
Distrib % Dist DistFail % Dist DistFail % Dist DistFail
Normal 16 0.1527 0.1732 14 0.1524 0.1706 15 0.1496 0.1689
Pareto 8 0.2107 0.2252 3.67 0.2148 0.2211 13.33 0.1945 0.2177
Mixed 4.33 0.1867 0.1929 1.67 0.228 0.231 1.67 0.2638 0.2674

Table 3.3: Comparison of the methods for GSP auctions (N=100, T=500)

We can finally talk about the VCG auction. The results of the different tests
can be found in Table 3.4. Since the knowledge of the interval for the clearing price
in VCG auctions is better than for GSP auctions, our estimation is better than for
GSP auctions. We can see as well that the log-concave estimator gives a surprisingly
precise approximation of the real distribution in most cases: this reinforces the idea
that log-concave estimation methods should be used if the application requires it.

Original Smooth Logcon
Distrib % Dist DistFail % Dist DistFail % Dist DistFail
Normal 20.33 0.2404 0.2917 20 0.2216 0.2656 32 0.212 0.2944
Pareto 9.33 0.2419 0.2622 2.67 0.2402 0.2454 16 0.1921 0.2196
Mixture 4.33 0.1951 0.2017 4.67 0.18 0.1862 8.67 0.179 0.191

Table 3.4: Comparison of the methods for VCG auctions (N=100, T=500)
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4 | Formulation as a probabilis-
tic optimization problem

Now that we have talked about the methods used in order to estimate the distribu-
tion of the highest adverse bids, we can use these methods in order to model an
optimization problem with complex constraints. We are going to give a general
formulation for the more classical constraints that can exist for the problem and
try to give insight on how the problem obtained can then be solved efficiently using
different methods. The problem we are going to study will be the problem of trying
to maximize the expectation of profit of the advertiser, subject to probabilistic
constraints: constraints that only have to be satisfied with a certain probability.
This is what we are going to call a problem of probabilistic optimization.
Our goal behind this model is to try to group all the constraints found in the
literature in order to study the behavior of a player in repeated auctions. As we
are in the framework of Game Theory, we will assume that the player is rational
and will thus try to maximize its expected revenue while trying to satisfy the
different constraints. We will show in this chapter that under these assumptions,
the behavior of the player will tend to an equilibrium behavior and we will explain
how to compute this equilibrium behavior.

4.1 General formulation of the problem

4.1.1 Single-item auctions
The work done in this section is an extension of the work done by Balseiro et al.
in [35].
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In order to formally describe the problem, we will need to describe two random
variables, X and P . Let us denote by X the random variable representing the
highest adverse bid that we have estimated in Chapter 3 and P as the (possibly
deterministic) random variable representing the price paid if we win the auction.
Let us suppose we take part in T sequential auctions and let us write as Xt and Pt
the tth realization of the random variables X and P defined earlier. Finally, let us
suppose we have a constant valuation v for the ad slots being sold, as developed in
Chapter 2, Section 2.4.

In the framework of Game Theory, a rational player will have one objective,
which is to try to maximize its expected revenue. The random variable representing
the revenue obtained in auction t is equal to 1{bt ≥ Xt}(v − Pt); the goal of the
advertiser is thus to maximize the quantity ∑T

t=1 E[1{bt ≥ Xt}(v − Pt)].

Now that we have described the objective function of this optimization prob-
lem, we will describe the different constraints that may be relevant for the advertiser.

The first constraint we are going to introduce is simply a budget constraint.
Budget constraints in repeated auctions are one of the most studied type of con-
straints: they have notably been studied by Amin et al. in [1], by Balseiro et al.
in [35] and by Agarwal et al. in [21]. Let us suppose we have a budget B for
the T sequential auctions. The constraint of the satisfaction of budget can be
formulated by writing ∑T

t=1 1{bt ≥ Xt}Pt ≤ B. We can thus see that we have a
random variable that has to be smaller than a scalar. In the general case, this
is not a deterministic constraint. Instead of seeing one as such, we will see it as
a probabilistic constraint: we will consider that the constraint does not always
need to be satisfied, but that it only need to be satisfied in a given percentage of
the cases, that will in general be close to 100%. If we write this percentage as θ,
the constraint can be written as P [∑T

t=1 1{bt ≥ Xt}Pt ≤ B] ≥ θ. This is thus a
condition on the random variable ∑T

t=1 1{bt ≥ Xt}Pt.

Another constraint that has been studied before in the literature is the Rev-
enue on Investment (ROI) constraint. Such a constraint has notably studied by
Fisher in [66]. The idea of this constraint is to divide the revenue by the costs and
considering that this quantity is higher than a wanted percentage. This constraint
can be equivalently written as

∑T

t=1 1{bt≥Xt}v∑T

t=1 1{bt≥Xt}Pt
≥ Rmin, with Rmin the minimal rev-

enue on investment needed. Finally, this can be rewritten in order to avoid having
a fraction, this is ∑T

t=1Rmin1{bt ≥ Xt}Pt − v1{bt ≥ Xt} ≤ 0. As this is a proba-
bilistic constraint, it can be rewritten as P [∑T

t=1 1{bt ≥ Xt}(RminPt − v) ≤ 0] ≥ γ,
with γ a given parameter.
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Finally, the last constraint we will study is a constraint on an objective
price. Such a constraint has notably been studied by Zhang et al. in [67]. Let
us suppose we have an objective price P and that we want that at each auction
that we win to pay a price very close to the price P . If we suppose that we
want to have an error smaller than ε on average, this is equivalent to wanting
that ∑T

t=1 |1{bt ≥ Xt}Pt − P | ≤ Tε in total. Since we still have a probabilistic
constraint, we can formulate this constraint by defining a parameter µ and having
that P [∑T

t=1 |1{bt ≥ Xt}Pt − P | ≤ Tε] ≥ µ.

We can thus write the full problem for probabilistic optimization for single-
item auctions.

Definition 4.1.1: Probabilistic optimization for single-item
auctions
A general formulation of the problem of probabilistic optimization of
the revenue with multiple constraints can be written in the following
way:

min
bt

E[
T∑
t=1

1{bt ≥ Xt}(Pt − v)]

P [
T∑
t=1

1{bt ≥ Xt}Pt ≤ B] ≥ θ

P [
T∑
t=1

1{bt ≥ Xt}(RminPt − v) ≤ 0] ≥ γ

P [
T∑
t=1
|1{bt ≥ Xt}Pt − P | ≤ Tε] ≥ µ

where we consider that:

• Xt is a random variable with a known probability distribution.
We suppose that all Xt are i.i.d. random variables. Xt represents
the highest adverse bid in the auction.

• Pt is a variable that is dependent on Xt, on the bid made bt and
on the type of auction.

• θ, γ, µ and ε are all known parameters such that θ, γ, µ→ 1 and
ε→ 0
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As we did not find any other relevant constraints on the subject, we are going
to limit ourselves to these 3 constraints, but the framework can be extended if
other relevant constraints arise.

4.1.2 Multiple-item auctions
We have now talked in detail on the formulation of our problem as a probabilistic
optimization problem for single-item auctions, the concept can be extended to
multiple-item auctions in order to have an algorithm valid in the general case. We
will thus detail how we can formulate the problem for multiple-item auctions and
then detail optimization techniques that can be used in this case.

To start, in order to be able to define the problem, we are first going to need
to define an important concept, the concept of First-Order Stochastic Dominance or
FSD. We use the definition of the concept as given by Quirk et al. in [68].

Definition 4.1.2: First-Order Stochastic Dominance

The random variable A has First-Order Stochastic Dominance over the
random variable B if the two following conditions are satisfied:

∀x, P [A ≥ x] ≥ P [B ≥ x]
∃x s.t. P [A ≥ x] > P [B ≥ x]

This is equivalent to FA(x) ≤ FB(x) ∀x and FA(x) < FB(x) for some
x.

As a consequence of Definition 4.1.2 and of Theorem 3.7.1 (Bapat-Bag theo-
rem), we can prove an interesting result about FSD and order statistics.

Lemma 4.1.1: FSD and order statistics

Let X1, ..., Xn be independent random variables and Y1, ..., Yn be the
order statistics ofX1, .., Xn. If there exists y ∈ R such that Fi(y) ∈ (0, 1)
∀i ∈ {1, ..., n}, then Yi is FSD over Yj, ∀i < j.

Proof. We can prove this relation by recurrence. By Definition 4.1.2, we know that
if A is FSD over B and B is FSD over C, then A is FSD over C. Therefore, the
lemma is proved if we prove that Yr is FSD over Yr+1.
Let us write Fr(y) as the cdf of Yr and Fr+1(y) as the cdf of Yr+1. By the definition
of FSD we have that we have to prove that Fr+1(y) ≤ Fr(y) ∀y. By Theorem 3.7.1
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(Bapat-Bag theorem), we can show that:

Fr+1(y) ≤ Fr(y)

n∑
i=r+1

1
i!(n− i)!per


F1(y)

...
Fn(y)︸ ︷︷ ︸

i

1− F1(y)
...

1− Fn(y)︸ ︷︷ ︸
n−i

 ≤
n∑
i=r

1
i!(n− i)!per


F1(y)

...
Fn(y)︸ ︷︷ ︸

i

1− F1(y)
...

1− Fn(y)︸ ︷︷ ︸
n−i



0 ≤ 1
r!(n− r)!per


F1(y)

...
Fn(y)︸ ︷︷ ︸

r

1− F1(y)
...

1− Fn(y)︸ ︷︷ ︸
n−r



This condition is always satisfied since the matrix is non-negative and the permanent
of a non-negative matrix is always non-negative. If we suppose as well that there
exists at least one y such that all the Fi(y) are in the interval (0, 1), then the
quantity on the right-hand side is strictly positive for at least one y and Yr is FSD
over Yr+1.

The reason why this lemma is interesting is because of the specific case where we
considered that the bids made by the advertisers were all realizations of independent
random variables. In that specific case, we have that the highest adverse bids are
always FSD over each other by definition.

Now that we have defined the concept of FSD between two random variables
and proved our lemma, we can formally define the problem for multiple-item
auctions. In order to do so, we need to make some assumptions about our knowledge
in the auction.

• We take part in T sequential auctions. In each auction, the publisher is
selling M ad slots

• We have an estimation of our valuation v1, ..., vM and of the click-through
rates β1, ..., βM for each slot. We suppose as well that there exist a v s.t.
vk = βkv (see Chapter 2, Section 2.4)

• We have the (estimated) distribution of the cdf of X(k) (which represent the
kth highest bid in an auction) and of the cdf of P (k) (which represent the
clearing price of the kth highest slot). The X(k) are independent between
each other.
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• The r.v. X(k) and P (k) are such that X(k) is FSD over X(k+1), k = 1, ...,M−1
and P (k) is FSD over P (k+1), k = 1, ...,M − 1. This is always true if X(k) are
the order statistics of other random variables (see Lemma 4.1.1).

Now that we have defined all these quantities, we can define our problem in
the following way.

Definition 4.1.3: Probabilistic optimization for multiple-item
auctions
A general formulation of the problem of optimization of the revenue
with multiple constraints can be written in the following way:

min
bt

E[
T∑
t=1

(1{bt ≥ X
(1)
t }(P

(1)
t − v1)

+
M∑
k=2

1{X(k−1)
t ≥ bt ≥ X

(k)
t }(P

(k)
t − vk))]

P [
T∑
t=1

(1{bt ≥ X
(1)
t }P

(1)
t +

M∑
k=2

1{X(k−1)
t ≥ bt ≥ X

(k)
t }P

(k)
t ) ≤ B] ≥ θ

P [
T∑
t=1

(1{bt ≥ X
(1)
t }(RminP

(1)
t − v1)

+
M∑
k=2

1{X(k−1)
t ≥ bt ≥ X

(k)
t }(RminP

(k)
t − vk)) ≤ 0] ≥ γ

P [
T∑
t=1
|(1{bt ≥ X

(1)
t }P

(1)
t

+
M∑
k=2

1{X(k−1)
t ≥ bt ≥ X

(k)
t }P

(k)
t )− P | ≤ Tε] ≥ µ

where we consider that:

• θ, γ, µ and ε are all known parameters such that θ, γ, µ→ 1 and
ε→ 0

We have thus fully defined the problem of probabilistic optimization in the
case of repeated online auctions.
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4.2 Supposition of equal bids
While we have now properly defined our problem, we can try to simplify it. In fact,
while we have managed to find methods to estimate the distribution of the Xt, our
constraints have expressions that depend on the sum of random variables dependent
on Xt and bt. However, this is in general not easy to find. However, there is an
interesting property that we can use in order to simplify the problem: that all the
bt are equal in the optimal solution. We are going to prove that property in the
two types of problem.

We start by introducing the concepts of convex sets and closed convex set, as
defined by Boyd et al. in [75].

Definition 4.2.1: Convex sets

A set C is a convex set if ∀x, y ∈ C and ∀t ∈ [0, 1]:

tx+ (1− t)y ∈ C

We introduce as well the following definitions related to topology as defined by
Babinec et al. in [70].

Definition 4.2.2: Limit point

Let B(x, r) be the open ball centered in x of radius r and C be a closed
set. Then x is a limit point of C if:

∀r > 0, ∃y ∈ B(x, r) s.t. y /∈ C

Definition 4.2.3: Closed convex set

A set C is a closed convex set if it contains all its limit points.

Definition 4.2.4: Minimum and minimizers

Let us define C a closed convex set, f : C → R a function. Then f ∗ is a
minimum of f on C if f ∗ ≤ f(x) ∀x ∈ C and ∃x∗ ∈ C s.t. f(x∗) = f ∗.
x∗ is then called the minimizer of f on C.
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Now that we have defined these concepts, we can prove an important result.

Proposition 4.2.1: Minimizer of a sum of functions

Let us have C ⊆ R a closed convex set, h : C → R a function defined
on C.
Then there exists a minimizer (x∗1, ..., x∗n) of the function g(x1, ..., xn) =∑n
i=1 h(xi) such that x∗1 = ... = x∗n = arg minx∈C h(x)

Proof. Since C is a closed convex set, we know by the extreme value theorem that
∃x∗ ∈ C such that h(x∗) = minx∈C h(x).
We can then prove the rest of the result by induction on n. We start with n = 2.
We have that g(x1, x2) = h(x1) +h(x2). We search for min(x1,x2)∈C2 g(x1, x2). Since
we are searching for a minimum of a function in two dimensions and that each
function is minimized on the same point, we have that min(x1,x2)∈C2 g(x1, x2) =
minx1∈C h(x1) + minx2∈C h(x2) = 2h(x∗) and we proved that we have a minimizer
x = (x∗1, x∗2) such that x∗1 = x∗2.
We then suppose that the result is true for n and we prove it is also true for n+ 1.
Let us have g(x1, ..., xn, xn+1) = ∑n+1

i=1 h(xi) = ∑n
i=1 h(xi) + h(xn+1). Since we

suppose that the result is true for n, we have that ∑n
i=1 h(xi) is minimized for

x1 = ... = xn = x∗ and since x∗ is also the minimizer of h(x), we have that
g(x1, ..., xn+1) is minimized for x1 = ... = xn+1 = x∗ which concludes the proof.

This proposition has interesting consequences for our problem.

Corollary 4.2.1: Equal bids for single-item auctions

Let C ⊆ R be the space of feasible solutions and let us define g(b1, ..., bT ) =
E[∑T

t=1 1{bt ≥ Xt}(Pt − v)] with each bt ∈ C.
If we suppose that C is closed and convex, then b∗ = arg minb∈C E[1{bt ≥
Xt}(Pt − v)] is such that g(b∗, ..., b∗) is minimal.

Proof. By the linearity of the expectation we have that g(b1, ..., bT ) = E[∑T
t=1 1{bt ≥

Xt}(Pt − v)] = ∑T
t=1 E[1{bt ≥ Xt}(Pt − v)]. We write as h(bt) = E[1{bt ≥

Xt}(Pt − v)] and we have therefore that g(b1, ..., bT ) = ∑T
t=1 h(bt). By Proposition

4.2.1, we know that there exists b∗ = arg minb∈C h(b) and that g(b∗, ..., b∗) is
minimal.
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Corollary 4.2.2: Equal bids for multiple-item auctions

Let C ⊆ R be the space of feasible solutions and let us define g(b1, ..., bT ) =
E[∑T

t=1(1{bt ≥ X
(1)
t }(P

(1)
t − v1) +∑M

k=2 1{X
(k−1)
t ≥ bt ≥ X

(k)
t }(P

(k)
t −

vk))] with each bt ∈ C.
If we suppose that C is closed and convex, then b∗ = arg minb∈C E[(1{b ≥
X

(1)
t }(P

(1)
t − v1) +∑M

k=2 1{X
(k−1)
t ≥ b ≥ X

(k)
t }(P

(k)
t − vk))] is such that

g(b∗, ..., b∗) is minimal.

Proof. The proof follows from Corollary 4.2.1.

This two corollaries are really interesting in our cases since they show that
if we can prove that the set defined by the probabilistic constraints is closed and
convex, then the problem can be reduced to one dimension. We are thus going to
prove in Section 4.4 of this chapter that the problem is in fact defined on a closed
and convex set.

4.3 Simplification of the constraints
Once we have made this supposition, we can try to simplify our problem. In
fact, while we have defined our problem using probabilistic constraints, these
constraints are in general quite difficult to interpret and generally require Monte
Carlo simulations (see [71] by Henrion for more details). This is however not the
case for our problem, as it has specific properties. One of the most interesting
properties of our problem is the fact that the constraints are always constraints
on the sum of i.i.d. variables. We can thus use this property in order to simplify
our constraints. For that, we are going to introduce a well-known theorem: the
Central Limit Theorem or CLT. We use the definition given in [72] by Billingsley.

Theorem 4.3.1: Central Limit Theorem (CLT)

Let X1, ..., XT be a random sample of size T , that is a sample of i.i.d.
random variables, with E[X1] = µ and E[(X1 − µ)2] = σ2 > 0. Let us
also define as ST = ∑T

t=1 Xt. Then, as T approaches infinity, we have:
√
T (ST − µ)→ N(0, σ2)

P [ST − Tµ√
Tσ

≤ z]→ Φ(z)

The convergence is uniform in z.
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This theorem is thus useful for our algorithm, as it will make it possible for
us to approximate the constraint efficiently. In order to be able to simplify the
constraints, we first see that the constraints for all types of auctions can all be
expressed in the following way:

P [
T∑
t=1

Yt ≤ B] ≥ θ

P [
T∑
t=1

Rt ≤ 0] ≥ γ

P [
T∑
t=1
|Yt − P | ≤ Tε] ≥ µ

In these constraints, Yt and Rt are defined differently in the case of the auction
that is being used and are dependent on Xt, bt and the parameters of the problem.
The explicit expression of the distribution of these random variables can be found
using the definitions of the different type of auctions. We will now explain how we
can use the CLT in order to simplify the constraints to our problem.

Corollary 4.3.1: Approximation of the budget constraint

Let us reuse the condition P [∑T
t=1 Yt ≤ B] ≥ θ defined earlier and

define the mean and standard deviation of Yt as µY (b) and σY (b). Then
we have that the condition

lim
T→∞

P [
T∑
t=1

Yt ≤ B] ≈ Φ(B − TµY (b)
σY (b)

√
T

)

For a large T , this means that the condition P [∑T
t=1 Yt ≤ B] ≥ θ can

be approximated by the equivalent condition

TµY (b) + σY (b)
√
TΦ−1(θ) ≤ B

Proof. The condition P [∑T
t=1 Yt ≤ B] ≥ θ can be reformulated as follows:

P [
T∑
t=1

Yt ≤ B] ≥ θ

P [
∑T
t=1 Yt − TµY (b)
σY (b)

√
T

≤ B − TµY (b)
σY (b)

√
T

] ≥ θ

64



Since the Yt are i.i.d. distributed for a given b, we can use the CLT:

P [
∑T
t=1 Yt − TµY (b)
σY (b)

√
T

≤ B − TµY (b)
σY (b)

√
T

] ≥ θ

Φ(B − TµY (b)
σY (b)

√
T

) ≥ θ

Since Φ(x) is a monotonically increasing function in function of x, we obtain:

Φ(B − TµY (b)
σY (b)

√
T

) ≥ θ

B − TµY (b)
σY (b)

√
T
≥ Φ−1(θ)

TµY (b) + σY (b)
√
TΦ−1(θ) ≤ B

Similarly, we can approximate the second and third conditions for a large T using
the CLT.

Corollary 4.3.2: Approximation of the ROI constraint

Let us use the ROI constraint P [∑T
t=1Rt ≤ 0] ≥ γ and define the mean

and standard deviation of Rt as µR(b) and σR(b). Then we have that

lim
T→∞

P [
T∑
t=1

Rt ≤ 0] ≈ Φ(−TµR(b)
σR(b)

√
T

)

For a large T , this means that the condition can be approximated by
the equivalent condition

√
TµR(b) + σR(b)Φ−1(γ) ≤ 0

Proof. The proof is similar to the proof of Corollary 4.3.1.

While we can obviously use the same logic to be able to simplify the third constraint,
we are going to have a problem if we use the same method as before, since the
mean and standard deviation of the random variable defined in the constraint is
way more difficult to compute. In order to avoid this problem, we are going to
simplify the constraint using two-sided intervals. What we will do is consider that
there should be as much probability of being over the objective than under it. This
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simplification of our problem seemed coherent: in fact, if an advertiser has an
objective price decided, he would not want the bid obtained to be "biased" in one
way or another.

This transformation can thus be written in the following way: we transform
the constraint P [∑T

t=1 |Yt−P | ≤ Tε] ≥ µ into the two constraints P [∑T
t=1(Yt−P ) ≥

Tε] ≤ 1−µ
2 and P [∑T

t=1(P − Yt) ≥ Tε] ≤ 1−µ
2 . In order to have a similar form as

before, these constraints can be rewritten as

P [
T∑
t=1

Yt ≤ T (P + ε)] ≥ 1 + µ

2

P [
T∑
t=1

Yt ≤ T (P − ε)] ≤ 1− µ
2

We can then simplify these constraints using the Central Limit Theorem.

Corollary 4.3.3: Approximation of the objective price con-
straint

Let us reuse the conditions P [∑T
t=1 Yt ≤ T (P+ε)] ≥ 1+µ

2 and P [∑T
t=1 Yt ≤

T (P −ε)] ≤ 1−µ
2 defined earlier and let us define the mean and standard

deviation of Yt as µY (b) and σY (b). Then we have that:

lim
T→∞

P [
T∑
t=1

Yt ≤ T (P + ε)] ≈ Φ(T (P + ε)− TµY (b)
σY (b)

√
T

)

lim
T→∞

P [
T∑
t=1

Yt ≤ T (P − ε)] ≈ Φ(T (P − ε)− TµY (b)
σY (b)

√
T

)

For a large T , this means that the two conditions can be approximated
by the equivalent conditions

√
TµY (b) + σY (b)Φ−1(1 + µ

2 ) ≤ (P + ε)
√
T

√
TµY (b) + σY (b)Φ−1(1− µ

2 ) ≤ (P − ε)
√
T

Proof. The proof is similar to the proof of Corollary 4.3.1.
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Now that we have fully simplified our domain, we can come back to one of
our assumptions, the assumption of the independence of the highest adverse bids.
While all the results we have proved in this thesis are also valid if this assumption
is not satisfied, the computation of the domain here requires the assumption of
independence or the knowledge of the joint pdf. In fact, if the computation of the
standard deviation of the different quantities is possible if the highest adverse bids
is independent, it is impossible to do if we do not have any knowledge of the joint
pdf between the highest adverse bids. This is thus the reason why this hypothesis
is needed in the general case.

4.4 Convexity of the domain
In this section, we will prove that our domain may be further simplified, using the
fact that is convex. In fact, since a convex domain on R is an interval, we can
simplify the domain by finding the roots of the inequalities defined in the previous
section. In order to do so, we will prove that each constraint individually defines a
convex set. We are going to start by proving a first lemma that will be used later.

Lemma 4.4.1: Monotonicity of a sum of random variables

Let us suppose we have some random variables Y1(b), ..., YT (b) depen-
dent on a parameter b with a cdf FY (b)(x) differentiable in x and in b.
If the function g(b, x) = P [Y1(b) ≤ x] is decreasing in b, then the
function h(b, x) = P [∑T

t=1 Yt(b) ≤ x] is decreasing is b.

Proof. Let us prove it for T = 2 and go on by induction. We use the fact that
g(b, a) = FY (b)(a). By the definition of the sum of random variables, we have that
P [Y1(b) + Y2(b) ≤ x] = FY (b)(x) ∗ fY (b)(x), where ∗ denotes a convolution. Since
FY (b)(x) is differentiable in x and in b, we have that ∂FY (b)(x)

∂b
≤ 0. We differentiate

the cdf of the sum of random variables in function of b. By the properties of
convolution, we obtain:

∂P [Y1(b) + Y2(b) ≤ x]
∂b

= ∂FY (b)(x)
∂b

∗ fY (b)(x)

=
∫ ∞
−∞

∂FY (b)(z)
∂b

fY (b)(x− z) dz

≤ 0

We then suppose it is true for T and prove it for T + 1. We thus want to
show that P [∑T+1

t=1 Yt(b) ≤ x] is decreasing in b. Since P [∑T+1
t=1 Yt(b) ≤ x] =

P [∑T
t=1 Yt(b) + YT+1(b) ≤ x], we can use once again the properties of the derivative

of a convolution and the lemma is proved.
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This lemma can then be used in order to prove that the set defined by the constraints
is convex. We start by the budget constraint.

Proposition 4.4.1: Convexity of the budget constraint

Let us define the random variable Yt(b) as the price paid in auction
t when bidding a constant valuation b and let us define a budget
constraint written as P [∑T

t=1 Yt(b) ≤ B] ≥ θ. Then the set of b such
that the budget constraint is satisfied is a convex set.

Proof. Let us suppose we bid b = 0 to each auction. Since the budget B is positive
and the price paid Yt(b) is equal to 0 with probability 1, this constraint is always
satisfied.
Let us now suppose we bid b > 0 to each auction. Regardless of the billing method
used (in the auctions considered in this thesis), when we increase the bid to a series
of auctions the total price paid after T auctions weakly goes up. In other words,
if we define as S(b) = ∑T

t=1 Yt(b), then we have that if b1 < b2 then S(b2) is FSD
over S(b1). By the property of FSD, this means that FS(b2)(x) ≤ FS(b1)(x) ∀x.
Therefore, if we come back to our constraint this means that FS(b2)(B) ≤ FS(b1)(B).
This thus means that the probability of the constraint being satisfied decrease in
the amount of the bid made.
Let us now divide our problem into two cases. Since we have shown before that the
constraint is always satisfied when b = 0, we can evaluate our constraint at b→∞.
If we have that limb→∞ P [∑T

t=1 Yt(b) ≤ B] ≥ θ, this means that our constraint is
always satisfied and that it is equivalent to say that b ∈ R+, which is a convex set.
If we have the case that limb→∞ P [∑T

t=1 Yt(b) ≤ B] < θ, we have by the intermediate
value theorem that there exists a b∗ such that P [∑T

t=1 Yt(b∗) ≤ B] = θ since the cdf
of the distribution is supposed to be continuous. The set of the values satisfying
the constraint is thus b ∈ [0, b∗], which is a convex set.

We can do the same for the second constraint.

Proposition 4.4.2: Convexity of the ROI constraint for single-
item auctions
Let us define the random variable Rt(b) = 1{bt ≥ Xt}(RminPt − v)
and let us define our ROI constraint written as P [∑T

t=1Rt(b) ≤ 0] ≥ γ.
Then the set of b such that the budget constraint is satisfied is a convex
set.

Proof. This will be done first for second-price auctions and then for first-price
auctions.
Let us start by second-price auctions. We define Zt(b) = 1{b ≥ Xt} and Yt(b) =
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Zt(b)Xt. We thus have that Rt(b) = RminZt(b)Xt−vZt(b) = Zt(b)(RminXt−v). In
order to study the constraint, we are going to compute the probability distribution
of the random variable. We can do that by using the law of total probability.

P [Rt(b) ≤ x] = P [1{Xt ≤ b}(RminXt − v) ≤ x]
= P [RminXt − v ≤ x,Xt ≤ b] + P [0 ≤ x,Xt > b]

We can then evaluate the probability distribution in x = 0.

P [Rt(b) ≤ 0] = P [Xt ≤
v

Rmin

, Xt ≤ b] + P [Xt > b]

If we consider the case that b ≤ v
Rmin

, we have that P [Rt(b) ≤ 0] = P [Xt ≤
b] + P [Xt > b] = 1 and the constraint is thus always satisfied. If we take the case
where b > v

Rmin
, the probability becomes P [Rt(b) ≤ 0] = F ( v

Rmin
) + 1− F (b). This

is thus a decreasing function of b. By Lemma 4.4.1, we know that the probability
that the sum is also smaller than 0 is also a decreasing function of b and by using the
same argument than in the proof of Proposition 4.4.1, we know that the constraint
defines a convex set.
Let us now talk about first-price auctions. We define Zt(b) = 1{b ≥ Xt} and
Yt(b) = Zt(b)Xt. The cdf of Rt(b) can be written as follows.

P [Rt(b) ≤ x] = P [1{Xt ≤ b}(Rminb− v) ≤ x]
= P [Rminb− v ≤ x,Xt ≤ b] + P [0 ≤ x,Xt > b]

We can then evaluate the probability distribution in x = 0.

P [Rt(b) ≤ 0] = P [b ≤ v

Rmin

, Xt ≤ b] + P [Xt > b]

If we consider the case where b ≤ v
Rmin

, we have that P [Rt(b) ≤ 0] = P [Xt ≤
b] + P [Xt > b] = 1 and the constraint is always satisfied. If b > v

Rmin
, we have that

P [Rt(b) ≤ 0] = 1− F (b). This is a decreasing function of b. By Lemma 4.4.1, we
know that the probability that the sum is also smaller than 0 is also a decreasing
function of b and by using the same argument than in the proof of Proposition
4.4.1, we know that the constraint defines a convex set.

This property can be expanded to multiple-item auctions but the proofs are a bit
more complicated.
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Proposition 4.4.3: Convexity of the ROI constraint for multiple-
item auctions

Let us define the random variable Rt(b) = 1{b ≥ X
(1)
t }(RminP

(1)
t −

v1) + ∑M
k=2 1{X

(k−1)
t ≥ b ≥ X

(k)
t }(RminP

(k)
t − vk) and let us define a

ROI constraint written as P [∑T
t=1Rt(b) ≤ 0] ≥ γ. Then the set of b

such that the budget constraint is satisfied is a convex set.

Proof. This will be done first for GSP auctions and then for VCG auctions.
We thus start by GSP auctions. By definition of these auctions we have that
P (k) = X(k). By Lemma 4.4.1, we know that we can simplify the problem by
studying the constraint P [Rt(b) ≤ 0]. We start by simplifying the constraint by
using the law of total probability.

P [R(b) ≤ 0] = P [1{b ≥ X(1)}(RminX
(1) − v1)

+
M∑
k=2

1{X(k−1) ≥ b ≥ X(k)}(RminX
(k) − vk)]

= P [X(1) ≤ b, RminX
(1) − v1 ≤ 0]

+ P [X(1) ≥ b,X(2) ≥ b, RminX
(2) − v2 ≤ 0]

+ ...+ P [X(1) ≥ b, ..., X(M−1) ≥ b,X(M) ≤ b, RminX
(M) − vM ≤ 0]

+ P [X(1) ≥ b, ..., X(M) ≥ b]

We are then going to subdivide this condition in function of b. We start by studying
the case b ≤ vM

Rmin
. The constraint then becomes:

P [R(b) ≤ 0] = P [X(1) ≤ b] + P [X(1) ≥ b,X(2) ≥ b]
+ ...+ P [X(1) ≥ b, ..., X(M−1) ≥ b,X(M) ≤ b]
+ P [X(1) ≥ b, ..., X(M) ≥ b]
= 1

In order to see that this quantity is in fact equal to 1, we can simply use the fact
that P [X(1) ≥ b, ..., X(M−1) ≥ b,X(M) ≤ b] +P [X(1) ≥ b, ..., X(M) ≥ b] = P [X(1) ≥
b, ..., X(M−1) ≥ b] and go by recursion from there.
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We can then study the case vM
Rmin

≤ b ≤ vM−1
Rmin

. The constraint is then equal to:

P [R(b) ≤ 0] = P [X(1) ≤ b] + P [X(1) ≥ b,X(2) ≥ b]

+ ...+ P [X(1) ≥ b, ..., X(M−1) ≥ b,X(M) ≤ vM
Rmin

]

+ P [X(1) ≥ b, ..., X(M) ≥ b]
< 1

We can then continue this reasoning for other values of b and see that the probability
of the constraint being satisfied in monotonically decreasing in function of b. By
Lemma 4.4.1, we know that the probability that the sum being also smaller than 0
is a decreasing function of b and by using the same argument than in the proof of
Proposition 4.4.1, we know that the constraint defines a convex set.
For VCG auctions we use the same reasoning but using the formula of P (k) =∑M
j=k(βj − βj+1)X(j). We can do as before and study the constraint P [Rt(b) ≤ 0].

P [R(b) ≤ 0] = P [1{b ≥ X(1)}(RminP
(1) − v1)

+
M∑
k=2

1{X(k−1) ≥ b ≥ X(k)}(RminP
(k) − vk)]

= P [X(1) ≤ b, RminP
(1) ≤ v1] + P [X(1) ≥ b,X(2) ≥ b, RminP

(2) ≤ v2]
+ ...+ P [X(1) ≥ b, ..., X(M−1) ≥ b,X(M) ≤ b, RminP

(M) ≤ vM ]
+ P [X(1) ≥ b, ..., X(M) ≥ b]

We thus subdivide this condition in function of b. We start by the case b ≤
vM

Rmin(βM−βM+1) = v
Rmin

. If this constraint is satisfied we have that if X(M) ≤ b

implies that P (M) ≤ vM
Rmin(βM−βM+1)(βM − βM+1) = vM

Rmin
. Recursively, we have as

well that P (M−1) = (βM−1 − βM)X(M−1) + P (M) ≤ (βM−1 − βM)X(M−1) + vM
Rmin

that has to be ≤ vM−1
Rmin

. This is equivalent to X(M−1) ≤ vM−1−vM
Rmin(βM−1−βM ) = v

Rmin
. We

thus have that for b ≤ v
Rmin

the constraint is always satisfied and for b > v
Rmin

the
constraint monotonically decreases with b. By Lemma 4.4.1, we know that the
probability that the sum being also smaller than 0 is a decreasing function of b and
by using the same argument than in the proof of Proposition 4.4.1, we know that
the constraint defines a convex set.
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We can finish by proving the same for the third constraint.

Proposition 4.4.4: Convexity of the objective price constraint

Let us define the random variable Yt(b) as the price paid in auction t
when bidding a constant valuation b and let us define objective price
constraints written as P [∑T

t=1 Yt ≤ T (P + ε)] ≥ 1+µ
2 and P [∑T

t=1 Yt ≤
T (P − ε)] ≤ 1−µ

2 . Then the set of b such that the constraint is satisfied
is a convex set.

Proof. The first constraint is exactly the same constraint as the budget constraint
with a budget equal to T (P + ε) and the proof is thus similar to the one of
Proposition 4.4.1. The second constraint use a similar argument: as the price paid
can only go down when we bid less, the constraint is equivalent to writing b ≥ bmin,
which defines a convex set.

These propositions combined thus brings us to our main theorem.

Theorem 4.4.1: Convexity of the domain

The domain C of the points such that the probabilistic constraints are
satisfied is a closed convex set.

Proof. By Propositions 4.4.1, 4.4.2, 4.4.3 and 4.4.4, we know that each probabilistic
constraint defines a closed convex set and the intersection of closed convex sets is a
closed convex set.

This thus shows that the domain is closed and convex and that it can be
reduced in one dimension by Corollaries 4.2.1 and 4.2.2. In the following sections,
we will use the notation C to denote the set of the points satisfying the constraints.

4.5 Convexity of the objective function
An interesting property of optimization problems is whether there are convex or
not. Let us first define a few notions. We use the definition of a convex function as
defined by Glineur et al. in [73].
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Definition 4.5.1: Convex function

Let us define I an interval. A function f : I → R is convex if ∀x, y ∈ I
and ∀t ∈ [0, 1]:

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

If we want to explain this definition intuitively, this means that if we draw a line
connecting two points of the objective function, every point on the line is above the
function; this definition will be used again later. We can then introduce another
concept using the definition given in [73].

Definition 4.5.2: Convex optimization problem

A convex optimization problem is an optimization problem of the form
minx∈C f(x) where both f(x) and C are convex.

Once we have defined these two concepts, we can talk about an important property
of convex optimization problems, as summarized in [73].

Theorem 4.5.1: Local and global minimum in a convex prob-
lem
In a convex optimization problem, every local minimum is a global
minimum.

This explains thus all the interest for convex optimization problems. Sadly, in
our case the optimization problem is not convex. One example of that is by taking
the second-price auction and supposing a normal distribution of the adverse bid.
The objective function of such a distribution is given in Figure 4.1. It is possible
to see that this function is not convex: in fact, it is possible to draw a straight
line crossing the function in three points, something that is impossible for convex
functions.
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Figure 4.1: Convexity of the objective for second-price auctions

However, while the problem is not convex, we can prove that the problem
satisfies another property: the property of quasi-convexity. Let us first introduce
some concepts by using the definitions given by Stoer et al. in [57].

Definition 4.5.3: Quasi-convex function

Let us define I an interval. A function f : I → R is quasi-convex if
∀x, y ∈ I and ∀t ∈ [0, 1]:

f(tx+ (1− t)y) ≤ max(f(x), f(y))

If the inequality is strict, the function is strictly quasi-convex.

Definition 4.5.4: Quasi-convex optimization problem

Let C be a convex set and f : C → R a (strictly) quasi-convex function.
Then the problem minx∈C f(x) is a (strictly) quasi-convex optimization
problem.

Quasi-convex functions do have some interesting properties in optimization. We
use one of the theorem given by Greenberg et al. in [74].
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Theorem 4.5.2: Quasi-convexity and minimizers

Let f : C → R a quasi-convex function defined on a closed and convex
set C. If f has a local minimum in a and if there exists a neighbourhood
of a such that f ′(x) 6= 0 everywhere in that neighbourhood (except in
a), then a is a global minimum.

We will use this property later. We are first going to prove that our different
problems have some interesting quasi-convex properties. In order to do that, we
can use a property of quasi-convex functions given by Stoer et. al. in [57].

Theorem 4.5.3: Quasi-convexity and partitions

A function f : I → R is quasi-convex if and only if there exists a
sequential partition of I into two possibly empty intervals I1 = I≥ and
I2 = I≤ such that f does not increase on I≥ and not decrease on I≤.

This property can be used in order to prove the quasi-convexity of the objective
for single-item auctions.

Theorem 4.5.4: Quasi-convexity of the problem for second-
price auctions

Let us assume that X has a continuous pdf. Then the problem of
probabilistic optimization for second-price auctions is quasi-convex and
admits a minimum in v.
If we have as well that the pdf of X is strictly positive in a neighbour-
hood around v, then that minimum is unique.

Proof. It can be proved that the objective function of the optimization problem for
second-price auction is O(b) =

∫ b
0 xf(x) dx−vF (b), with f the pdf ofX and F its cdf.

Since we consider that the pdf of the distribution is continuous, we can differentiate
the objective function. The derivative is then given by O′(b) = (b−v)f(b). Since by
definition the pdf is always non-negative, we have that the objective is decreasing for
b < v and that it is increasing for b ≥ v. v is thus a local minimizer of the objective.
By Theorem 4.5.3, we thus have that the objective function is quasi-convex.
If the pdf of X is strictly positive in a neighbourhood around v, then the derivative
of the objective is necessarily different than 0 in this neighbourhood. By Theorem
4.5.2, we know that v is then a unique global minimizer.
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Theorem 4.5.5: Quasi-convexity of the problem for first-price
auctions
Let us assume that X has a continuous pdf and that v is high enough
i.e. it is possible to win an auction by bidding strictly less than v.
Then the problem of probabilistic optimization for first-price auctions
admits a local minimum in ]0, v[ where the bidder makes a profit.
If we have as well that the pdf of X is log-concave, then the problem
is quasi-convex and the objective function has a global minimum with
a unique minimizer.

Proof. It can be proved that the objective function for first-price auctions is equal
to O(b) = F (b)(b−v). By the properties of the first-price auction, we know that the
minimizer is necessarily in [0, v], since O(b) ≥ 0 for b > v and O(v) = 0. Since we
suppose that the valuation is high enough, this means that ∃a ∈]0, v[ s.t. O(a) < 0.
Since O(b) is continuous and O(0) = O(v) = 0, this means ∃c ∈]0, a], d ∈ [a, v[ s.t.
O′(c) < 0 and O′(d) > 0. Since the pdf of X is continuous, so is O′(b) and we can
use the intermediate value theorem: ∃e ∈ [c, d] s.t. O′(e) = (e− v)f(e) + F (e) = 0
and e is a local minimizer of O(b) in ]0, v[.
If we suppose that the pdf of X is log-concave, we can prove more results. Since
we have that O′(e) = 0, we have f(e) = F (e)

v−e > 0. Since the pdf is supposed to
be continuous, ∃ε > 0 s.t. f(e − ε) > 0 and f(e + ε) > 0. Since the pdf of X is
supposed to be log-concave, we have that ∀t ∈ [0, 1]:

f(t(e− ε) + (1− t)(e+ ε)) ≥ f(e− ε)tf(e+ ε)1−t > 0

We now want to use this to prove that ∃I ⊆ [e − ε, e + ε], e ∈ I s.t. O′(x) 6= 0
∀x ∈ I\{e}. The only case where this is not possible is if there exists J ⊆ [e−ε, e+ε]
with e ∈ J s.t. O′(x) = 0 ∀x ∈ J . This means that, ∀x ∈ J , F (x)+f(x)(x−v) = 0.
Since f(x) > 0 for all points in I, we can see this as a differential equation. By
resolving it, we obtain that it is satisfied if F (x) = K

v−x , K > 0. As this is
not a log-concave function, this is contradictory with our hypothesis and thus
∃I ⊆ [e− ε, e+ ε] s.t. e ∈ I and O′(x) 6= 0 ∀x ∈ I \ {e}. By Theorem 4.5.2, this
means that e is the unique minimizer of O(b) on the domain.
Finally, to prove that O(b) is quasi-convex, we can equivalently prove that −O(b)
is quasi-concave. Since the cdf of the distribution is also log-concave, we have that
−O(b) is the multiplication of two log-concave functions since v − b is log-concave
on [0, v]. Since the multiplication of log-concave functions is log-concave, we have
that −O(b) is log-concave. Since log-concavity implies quasi-concavity, we have
that −O(b) is quasi-concave and thus that O(b) is quasi-convex.
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While we have these interesting properties for single-item auctions, we sadly
cannot extend these properties for all types of multiple-item auctions.

Theorem 4.5.6: Quasi-convexity of the problem for GSP auc-
tions

Let us assume that X(1), ..., X(M) have continuous distributions. Then
the objective function in the problem of probabilistic optimization for
GSP auctions is a sum of quasi-convex functions.
The objective function has also a global minimum, and the minimizer
is in [0, v].

Proof. Let us start by decomposing the objective function of the problem. By
definition, we have that 1{X(k−1)

t ≥ b ≥ X
(k)
t } = 1{b ≥ X

(k)
t } − 1{b ≥ X

(k−1)
t }.

We can then compute the objective which is equal to :

O(b) =
M−1∑
k=1

(µ(k)
Y (b)−vkF (k)(b)+F (k)(b)vk+1−F (k)(b)µ(k+1)

X )+µ(M)
Y (b)−vMF (M)(b)

where µ(k)
X = E[X(k)] and µ(k)

Y (b) = E[X(k)
1{b ≥ X(k)}].

We can decompose this function into a sum of functions. We take:

d(k)(b) = µ
(k)
Y (b)− vkF (k)(b) + vk+1F

(k)(b)− F (k)(b)µ(k+1)
X k = 1, ...,M − 1

d(M)(b) = µ
(M)
Y (b)− vMF (M)(b)

We thus have that O(b) = ∑M
k=1 d

(k)(b). We can prove that each d(k) is quasi-convex
by using Theorem 4.5.3. In fact, we can compute the derivative of each d(k)(b)
individually. The derivative is the following:

d(k)(b)′ = f (k)(b)(b− vk + vk+1 − µ(k+1)
X ) k = 1, ...,M − 1

d(M)(b)′ = f (M)(b)(b− vM)

For k < M we have that d(k)(b) is decreasing on [0, vk−vk+1 +µ(k+1)
X ] and increasing

on [vk − vk+1 + µ
(k+1)
X ,+∞), by Theorem 4.5.3 it is thus quasi-convex. For d(M)(b)

we have that the function is decreasing on [0, vM ] and increasing on [vM ,+∞), it
is thus quasi-convex as well. Therefore, O(b) is a sum of quasi-convex functions.
For the second part, we use the fact that overbidding is a weakly-dominated
strategy in GSP auctions compared to bidding the valuation[16]: this thus means
that ∀b > v,O(b) ≥ O(v) and that O(b) has a global minimum, with the minimizer
in [0, v]. By the extreme value theorem, we know that this minimizer is attained
and the proof is completed.
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Theorem 4.5.7: Quasi-convexity of the problem for VCG auc-
tions

Let us assume that X(1), ..., X(M) have continuous distributions. Then
the problem of probabilistic optimization for VCG auctions is quasi-
convex and admits a minimum in v.
If we have as well that any of the pdfs of X(1), ..., X(M) are strictly
positive in a neighbourhood around v, then that minimum is unique.

Proof. By computing the expectation, we can show that the objective function is
given by:

O(b) =
M∑
k=1

(βk − βk+1)µ(k)
Y (b) + F (k)(b)(vk+1 − vk)

Using the same decomposition than in the proof of Theorem 4.5.6, we can decompose
this function into a sum of functions. We take:

d(k)(b) = (βk − βk+1)µ(k)
Y (b) + F (k)(b)(vk+1 − vk)

By deriving each d(k)(b) we have:

d(k)(b)′ = f (k)(b)((βk − βk+1)b+ vk+1 − vk)

We thus have that each d(k)(b) is decreasing on: [0, vk−vk+1
βk−βk+1

] = [0, v] and increasing
[v,+∞). Therefore, by Theorem 4.5.3, O(b) is quasi-convex and v is a local
minimum.
For the second part, by Theorem 4.5.2, if any d(k)(b) is strictly positive in a
neighbourhood around v then the derivative of the objective is different than 0 in
a neighbourhood of v and v is the unique minimizer. This is the case if any of the
f (k)(b) is strictly positive around v.

Now that we have proved these important results about the objective functions
of the different optimization problems described until now, we can now describe
different methods on how to resolve them.

78



4.6 Optimization method
Since we have proven in the previous section that our methods were either quasi-
convex or the sum or quasi-convex functions, we are going to try to use this result
in order to find methods to use. We can first start by introducing a well-known
optimization method, the projected gradient method. We use the definition of the
method given by Glineur et al. in [73].
Algorithm 6: Projected gradient method
Data: I: an interval
f : I → R a smooth function
x0: a starting point
P : the projection to I
Result: x∗: a point that minimizes f(x)
k = 0
fmin =∞
while Not converged do

Compute gk = f ′(xk)
Choose step size αk
xk+1 = P [xk − αkgk]
fmin = f(xk)
k = k + 1

The gradient method is one of the most popular methods for convex opti-
mization, thanks to its relatively simple implementation and its good convergence
results. The method can also be applied to quasi-convex optimization under certain
conditions on the step size. We can therefore introduce one well-known type of
step size, the Polyak step size. We use the definition given by Boyd et al. in [69].

Definition 4.6.1: Polyak step size

Let us suppose we have a differentiable function f : C → R to minimize,
xk a point in the gradient iteration, f̂ ∗ an estimation of the optimal
value and g = f ′(xk), the derivative of the function f at xk. Then the
Polyak step size is given by:

αk = f(xk)− f̂ ∗
g2

The Polyak step size is widely used for the gradient method for convex
problems because of its good convergence results[69]. The interesting property for
our problem is the convergence of this step size choice for quasi-convex problems.
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In fact, using the Polyak step size, it has proved by Wang et al. in [76] that the
projected gradient method converges to the minimum of the objective function.
This is thus a method that can be used in order to minimize the problem in the
case of single-item auctions and for VCG auctions.
For GSP auctions, we cannot use the same results than for the other types of
auctions, as the sum of quasi-convex functions is in general not quasi-convex. We
can however introduce a new method for this type of problems: the randomized
incremental subgradient method. This method was introduced by Hu et al. in [77].
Algorithm 7: Randomized incremental subgradient method
Data: I an interval
fi : I → R, i = 1, ..,M : a sequence of smooth functions
x0: a starting point
vk: a step-size sequence
Result: x∗: a point that minimizes f(x) = ∑M

i=1 fi(x)
k = 0
while Not converged do

Let Ik = {i ∈ {1, ...,M} : fi(xk) > f ∗i }
Pick up equiprobably a random variable ωk from the set Ik
Compute g = f ′ωk(xk)
xk+1 = P [xk − vkg]
k = k + 1

The randomized incremental subgradient method has some interesting con-
vergence property for functions that are the sum of quasi-convex functions. For a
diminishing step size rule, it was proven in [77] that the algorithm converges to
the global minimizer of the function with probability 1, if a global minimizer does
exists. Since it is the case for GSP auctions, we can use this method in order to
find the global minimizer of the objective of the problem for GSP auctions. The
results obtained with this method will be detailed later in the chapter.

4.7 Convergence to the optimal bid
The last thing we can study in the problem of probabilistic optimization is the
convergence of the algorithm developed in this thesis. We can show this important
result.
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Theorem 4.7.1: Convergence of the algorithm

Let us take any type of auction defined in this thesis and let us suppose
our different assumptions about the distributions of the highest adverse
bids are satisfied. Let us describe our algorithm in the following way:

• We bid in the auction (for the first few auctions we bid v)

• We use our result in the auction to estimate the probability
distributions of the highest adverse bids using the appropriate
estimators estimators

• We use the estimated distribution to compute our domain C and
to find the maximizer of the expected profit using the appropriate
method

Then there exists an optimal bid maximizing the expected profit and
our algorithm converges to a maximizer.

Proof. Regardless of the type of auction used, the optimal bid for the expected
profit is in [0, v], as bidding over v is a dominated strategy in any auction[5]. We
know as well that the estimators converge to the real distributions on the considered
interval [0, v] by the property of these estimators (see [41] for parametric estimators,
[49] for Kaplan-Meier estimator, [51] for Turnbull estimator and [59] for logconcens
estimator). Since we know as well that the optimal bid is in [0, v], we know by
the extreme value theorem that the objective function attains its maximum in the
interval and thus that there exists a global maximizer of the expected profit in [0, v].
Finally, as both the incremental subgradient method and the projected gradient
method converge to the maximizer of the objective with probability 1 (see [76] for
the projected gradient [77] and for the incremental subgradient), our algorithm
converges to a maximizer of the expected profit in C.

This thus conclude the theoretical development this thesis: as we prove here
that our algorithm converges to the optimal bid, we have managed to obtain our
objective of developing an algorithm for behavior optimization using censored
estimators.
This is thus going to be the last important theorem of this thesis: we will now
apply this algorithm using simulations.
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4.8 Implementation and discussion of the results
Now that we have described the methods used and proved all the necessary theorems,
we can start to talk about their implementation. We are going to talk about all
the different results obtained and how they compare to some basic strategies. As
the results can be significantly different for different types of auctions, we are going
to discuss them for each auction independently. We will start by talking about
single-item auctions.

4.8.1 Second-price auctions
We can start by talking about the second-price auctions. Since we have shown before
that our algorithm was extremely efficient for the estimation of the distributions,
it is therefore also quite precise for the estimation of the objective function. A
comparison of an exact and an estimated objective function is given in Figure 4.2.
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Figure 4.2: Comparison of the real and estimated objective (SP)

We can see that the difference of the two objective functions is extremely
small: as such the difference in the optimal bid is extremely small. However, the
estimation of the objective function in the unconstrained case is not as interesting
as for the other types of auctions, since the second-price auctions are DSIC as we
have shown at Theorem 2.2.1. Therefore, it is always a dominant strategy to bid
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its true valuation and the estimation of the objective function is not as important
as it is in the other type of auctions.

4.8.2 First-price auctions
We can now talk about the second type of auctions, the first-price auction. As
we have shown before, the estimation of the distribution for first-price auctions is
not as efficient as it is for second-price auctions. As such, the estimation of the
objective function is also not as precise. However, the algorithm still converges to
an optimal bid with an approximation error that is quite small. An example of a
real and estimated distribution of the highest adverse bid is given in Figure 4.3.
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Figure 4.3: Comparison of the real and estimated cdf (FP)

We can see as well that there exists a significant difference between the two
distributions, even if the difference in the probabilities is mostly centered around
the lower tails of the distribution. However, the difference in the objective function
is quite small, as we can see in Figure 4.4. This thus shows the quality of our
approximation for the bid optimization.
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Figure 4.4: Comparison of the real and estimated objective function (FP)

Finally, we can talk about the convergence of the estimated optimized bid to
the real optimal bid. The convergence to the optimal bid can be seen in Figure
4.5. We can see that the bid obtained by our algorithm converges to the bid that
maximizes the expected profit, with a small error due to the approximation errors.
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Figure 4.5: Convergence to the optimal bid (FP)
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4.8.3 Generalized second-price auctions
Now that we have talked about single-item auctions, we can start to talk about
multiple-item auctions. As we have shown before (see Theorem 2.2.3), the GSP
auction is not DSIC and therefore we need to estimate the distributions of the
different highest adverse bids in order to optimize our behavior. Once we have
estimated the distributions, we can compute the estimated objective function.
An example of such an objective function is given in Figure 4.6. As we can see,
the estimation of the objective function is quite good, and the objective function
obtained is quite close to the real objective function.
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Figure 4.6: Comparison of the real and estimated objective function (GSP)

We can finally talk about the different bids obtained by the algorithm. The
convergence of the estimated bid to the optimal bid can be seen in Figure 4.7. We
might think that in this case the bids do not converge to the real one; however,
it is important to note that the scale of the graphic is extremely small: the bids
obtained by the algorithm are close to the optimal one from the beginning. We
can still see that the algorithm has an approximation error, that has to be taken
into account.
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Figure 4.7: Convergence of to the optimal bid (GSP)

4.8.4 Vickrey-Clarke-Groves auctions
Now that we have talked about our algorithm for all the other type of auctions, we
can introduce the results obtained by our algorithm for VCG auctions. As we have
talked before, the VCG auctions are DSIC (see Corollary 2.2.4) and it is therefore
the best strategy possible to bid its true valuation (note here that we are talking
about the intrinsic valuation v). We can still show that our algorithm converges
to this predicted result by showing that the bids obtained by our optimization
problem do in fact converge to the true valuation.

As we can see in Figure 4.8, the estimated and real objective functions are
still quite close and they do have the same minimum. This minimum is attained
for the real valuation of the bidder (the objective function in Figure 4.8 was plotted
with a valuation of 300) and our results are thus coherent with the theory.
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Figure 4.8: Comparison of the real and estimated objective function (VCG)

We can finally talk about the convergence of our optimized bid to our valuation.
The evolution of the error is given in Figure 4.9. As we can see, our algorithm
converges quite quickly to the valuation: there still exists an error in the optimal bid
but it is mainly due to numerical imprecisions in the estimation of the distribution.
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Figure 4.9: Convergence to the optimal bid (VCG)
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5 | Conclusion and possible future
work

5.1 Summary
In this thesis, we studied the use of censored estimators in the context of Game
Theory and showed how these estimators can be used in order to find an optimal
bid for advertisers participating in repeated online ad auctions.

We started our thesis in Chapter 2 by introducing the problem and by giving
a short state of the art. We first defined some concepts of Game Theory then
explained how these concepts are relevant to the design of online ad auctions.
We then continued by introducing the types of auctions that are relevant to this
thesis: the auctions used in online advertising. We explained their mechanism,
modelled them as an infinitely repeated Bayesian game, then introduced their
different properties. After that, we explained the mechanism relevant to online ad
auctions in detail by explaining which type of auctions was used in which context.
Finally, we talked about the methods that could be used by advertisers in order to
estimate their valuation for an ad and the Click-Through Rate related to an ad
slot, two quantities necessary for our model.

The second part of this thesis was focused on our contributions to the litera-
ture. We started by presenting our algorithm for adverse bid estimation in Chapter
3, which is one of our main contributions to the literature, extending the work done
by multiple authors before us. We explained the hypotheses that needed to be
made in order for us to use this algorithm. We continued by talking about censored
estimators in detail: we talked about the different types of censored estimators,
then went on to explain how these estimators could be used in our problem in
order to approximate the distribution of the highest adverse bids. We finished
Chapter 3 by explaining how we managed to implement our method and by giving
the different results we obtained using simulations.
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We finished this thesis in Chapter 4 by introducing our second main con-
tribution to the literature: a new model for behavior optimization in repeated
auctions using a probabilistic optimization model with various constraints. We
introduced different properties and proved how our optimization problem satisfied
these properties. Finally, we introduced algorithms that could be used in order to
solve this problem in the general case, implemented these algorithms, made some
simulations and discussed our results. During this discussion, we discussed the
possible issues of our algorithm, but showed that it managed to converge to the
optimal bid, which was the behavior we were interested in.

We can thus conclude this thesis by saying that we have managed to attain our
objective, which was to study in detail the possibilities of using censored regression
for behavior optimization in repeated auctions. By developing an algorithm that
could be used in the general case and by using methods of probabilistic optimization,
we have managed to provide a general framework that could be used by advertisers in
order to improve their behavior in these repeated auctions. As we have proved that
our algorithm converges to the optimal bid, we have managed to show that, under
our hypotheses, our algorithm maximizes the expected profit of the advertisers.

5.2 Future work and possible improvements
While we have made some noticeable contributions to the current literature on
the subject of bid optimization, we firmly believe that there exists possible im-
provements to our algorithm. We are here going to list here some of these possible
improvements.

The main improvements that could be made in our opinion relates to the
strictness of our assumptions. In fact, the assumptions we had to make were quite
strong; however, there seems to be possibilities to improve our algorithm by relaxing
these assumptions.
The most obvious assumption to relax is the assumption of independence of the
highest adverse bids. This however requires further work on the theory of censored
estimators in order to be possible, but as there seems to be significant research
on the subject, it seems plausible that some new estimators will appear in the
literature, making it possible to improve our current algorithm.
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The second way we could relax our assumptions is by permitting the distribu-
tions of the adverse bids to be non-stationary, with probability distributions that
change over time. Once again, this seems to be possible by supposing these proba-
bility distributions change continuously over time, and by adapting our algorithm
in order to give more weight to more recent observations, permitting us to improve
our estimation of the probability distributions.
A final example of an improvement that could be made is to improve our model of
the valuations. For instance, a possible improvement of our valuation model would
be to permit a valuation function with decreasing marginal values for clicks (see
[5] p. 711). This extension seems to be compatible with our framework: we could
in fact imagine to have a valuation that is a function of the expected number of
auctions won, something that seems possible to do in our model.

We can thus see that our model allows for improvements that should be
further investigated.
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