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Abstract

Ray tracing has emerged as an increasingly accurate method for modeling the propagation of
electromagnetic waves in complex environments. Given a virtual representation of a scene and
a specified transmitter position, it enables the estimation of the received power at the receiver
locations. This motivates the use of ray tracing to address a corresponding inverse problem,
namely, wireless indoor source localization. Wireless indoor source localization refers to
the problem of determining the position of a radio transmitter in an indoor environment,
based on measurements collected at multiple receivers and knowledge of the environment.
In this work, we formulate this task as an optimization problem. We aim to determine the
transmitter position that induces, through ray tracing simulations, measurements closest to
those observed at the receivers. We first analyze the objective function resulting from the
ray tracing model. We then propose resolution strategies based on first-order methods or
derivative-free optimization, and evaluate the feasibility and the limitations of this approach.

La méthode de tracé de rayons (ray tracing) s’impose comme un outil de plus en plus précis
pour modéliser la propagation des ondes électromagnétiques dans des environnements com-
plexes. A partir d’une représentation virtuelle de la scène et de la position de l’émetteur, elle
permet d’estimer la puissance reçue aux emplacements des récepteurs. Cela peut motiver son
utilisation pour la résolution d’un problème inverse associé, à savoir la localisation sans fil
en intérieur. Ce problème consiste à déterminer la position d’un émetteur électromagnétique
dans un environnement encombré, à partir de mesures observées à plusieurs récepteurs et
d’une connaissance de la scène. Dans ce travail, nous formulons cette tâche comme un
problème d’optimisation. L’objectif est de déterminer la position de l’émetteur qui induit,
via la simulation par tracé de rayons, des mesures les plus proches possible de celles ob-
servées. Nous commençons par analyser la fonction objectif découlant du modèle par tracé
de rayons. Nous proposons ensuite des stratégies de résolution basées sur des méthodes du
premier ordre ou des techniques d’optimisation sans dérivées, et évaluons la faisabilité et les
limites de cette approche.
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Chapter 1

Introduction

Wireless indoor source localization refers to the problem of determining the position of a
radio transmitter in an indoor environment, based on measurements collected at multiple
receivers and knowledge of the environment.

1.1 Motivation

In an increasingly connected world, location-based services have become ubiquitous, and the
demand for accurate and efficient localization techniques has driven significant research in
this field [1]. Wireless localization systems have been developed, relying on the propagation
of electromagnetic signals from a transmitter to a receiver. While outdoor localization has
been extensively studied for over 50 years — leading to the widespread adoption of Global
Navigation Satellite Systems (GNSS), such as the GPS [2, 3] —, these techniques are in-
effective indoors. Indeed, GNSS rely on the Line-Of-Sight (LOS) propagation between the
satellites and the users, which is often obstructed in indoor environments or dense urban
areas [4]. New challenges emerge when designing localization techniques for these so-called
GNSS-denied environments, where multipath propagation, reflections and diffractions domi-
nate [5].

Indoor localization finds numerous practical applications, ranging from autonomous navi-
gation of unmanned aerial vehicles [6], to tracking soldiers or firefighters during operations [7],
or locating people and assets in hospitals, supermarkets, tunnels and other confined areas [8].
Although the method presented in this thesis will only be developed and evaluated on simu-
lations, indoor localization is an active and developing field, where exploring new theoretical
approaches is valuable.

In most wireless indoor localization systems, the object to be located carries a trans-
mitting antenna, while multiple receiving antennas are placed at known positions in the
environment. This setup contrasts with outdoor localization systems such as GNSS, where
satellites act as transmitters and the user’s device serves as the receiver. Indoors, we benefit
from more control over the environment, including the ability to place infrastructure strate-
gically. It enables having a lightweight transmission device on the object to be detected,
while the measurement, processing and computation devices are fixed in the environment.

Various techniques for wireless indoor localization are available in the literature [11]. Most
approaches commonly assume a known 2D or 3D environment, including the geometry, the
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Figure 1.1: Ray tracing (3D) in an urban
area with multiple paths and interactions be-
tween the antenna (blue) and receiver (green)
from [9].

Figure 1.2: Ray tracing (2D) in an indoor en-
vironment with multiple paths and interac-
tions between a base station (red box) and 8
receivers (black dots) from [10, Figure 3].

electromagnetic properties of materials, receivers’ positions, and known transmitting power
of the transmitter. They differ by the type of data collected at the receivers. Common types
of measurements include Angle-of-Arrival (AoA), Time-of-Arrival (ToA), or Received Signal
Strength (RSS) [11]. In this thesis, we focus on the case where only RSS measurements are
available, meaning that the receivers record the power received at their locations. Given
these power measurements, our goal is to recover the position of the transmitter.

Traditionally, research has focused on methods inspired by outdoor localization, relying
on LOS paths between transmitters and receivers. These techniques treat Non-Line-Of-
Sight (NLOS) propagation and multipaths effects as noise, attempting to detect or mitigate
them [12, 13]. However, in complex and cluttered environments, such approaches become
increasingly difficult and imprecise. On the other hand, indoor environments are typically
information-rich, and this additional information could be leveraged rather than treated as
a limitation.

When the geometry and electromagnetic properties of the environment are known, a dig-
ital twin scene can be created, a virtual representation of the scene. Wave propagation can
be accurately described by rays and numerically evaluated in simulation using Ray Tracing
(RT). RT is the process of computing the feasible paths from the transmitter to the receivers.
Examples are shown on Figure 1.1 and Figure 1.2. RT also allows estimation of the received
power at the receivers, for any given transmitter position.

In this Master’s thesis, we study a novel approach to RSS-based wireless indoor localiza-
tion, using RT simulations. We formulate the task of finding the position of the transmitter as
an optimization problem, that aims to minimize the distance between the acquired measure-
ments and those simulated for a candidate transmitter position in the virtual representation
of the scene. If we can iteratively generate these candidate measurements using RT simu-
lations, and differentiate through the simulation [14, 15] with respect to the transmitter’s
position, this optimization problem could be solved using first order optimization methods.
This is a classical approach to solving inverse problems.
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The main purpose of this work is therefore to propose an indoor source localiza-
tion method, based on RT simulations and a virtual representation of the scene.

Finally, we mention that similar ideas are considered in the related field of Computer
Graphics (CG). Even though the applications and RT methods are different, the subject
closely relates to differentiable rendering [16] and inverse rendering [17].

1.2 Inverse problems

Inverse problems generally start with their associated forward problem. Forward problems
are well-posed problems of the form:

A(t) = b,

where A is called the forward operator, t ∈ T is the parameter and b ∈ B are the measure-
ments. Forward problems consist in computing the measurements b associated to a parameter
t, based on the operator A encoding the underlying physics model of the problem [18].

In real life, we also face the problem in its inverse form. Observing data b̃, we would
like to recover (or at least estimate) the parameter t that produced these data through the
operator A. This is the inverse problem. We note that, in practice, measurements b̃ may be
obtained through experiments, meaning that they contain additional noise, from modeling
errors and measurement errors. We write:

A0(t) + η = b̃ ≈ A(t) = b,

where A0 denotes the real (but unknown) operator — possibly differing from the modeled
forward operator A, and accounting for modeling errors — and η is the measurement noise.

The indoor source localization problem, of interest in this work, can be seen as an inverse
problem associated with the problem of computing the received power at some receivers, given
the position of the transmitter and knowledge of the environment. Due to the complexity and
nonlinearity of the forward model, the parameter t — here, the position of the transmitter
— cannot be recovered by simply inverting the operator A. As mentioned in the previous
section, it is common to solve such an inverse problem through repeated simulations of the
forward problem, iteratively improving the candidate parameter. A general illustration of
this procedure is shown on Figure 1.3.

1.3 Structure of the work

This Master’s thesis is structured into three main parts and seven chapters.

• The first three chapters present the context and theoretical background.
In this first chapter (Chapter 1), we introduce the topic of source localization in NLOS
environments, providing motivation for its study and outlining our contributions. In
Chapter 2, we focus on modeling the forward problem. Since solving the propagation
equations exactly is intractable due to the complex geometry, we justify the use of
a simplified wave propagation model to approximate the power transmitted from the
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Forward problem

RT

Virtual scene

t(i)
r̄

Compute power
measurements
A(t(i))

Terminate with
successful or
unsuccessful

resolution of the
Inverse problem

Initial candidate position t(0),
scene S, receivers r̄ (i = 0)

Is A(t(i)) ≈ b̃?
or reached max

number of iterations?

Yes

Compute a good
optimization step

∆t

Update candidate position
t(i+1) = t(i) + ∆t

i := i+ 1

No

Figure 1.3: Illustration of an iterative inverse problem resolution procedure.

transmitter to the receivers. We detail the concept of rays and the simplified laws of
reflection and diffraction used in RT. We then discuss various approaches for solving
the RT problem, with a focus on exhaustive methods and their (almost everywhere)
differentiable implementation. Chapter 3 reviews the state of the art in indoor lo-
calization, discussing the different types of information and methods proposed in the
literature.

• The second part presents our approach.
Chapter 4 introduces our formulation of the inverse problem as the minimization of
a loss function. We show that, unfortunately, a naive application of Gradient Method
(GM) is inadequate and will often fail to converge to the global minimizer. We highlight
the key challenges: the loss function is i) only piecewise continuous, and ii) nonconvex
(even on the subdomains over which it is continuous). Chapter 5 presents the tech-
niques proposed to address these challenges. It includes i) possible smoothing strategies
and ii) initialization heuristics. We present the optimization methods and the overall
proposed approach. Finally, Chapter 6 assesses the performance of our approach
on example scenarios of simplified 2D maps of indoor environments. We evaluate the
success rate for varying numbers of receivers. We also compare the different methods
proposed in Chapter 5 and the impact of their parameters.

• The final chapter, Chapter 7, investigates related problems, improvements and per-
spectives.
We briefly present the related problem of estimating the reflection coefficient of walls
within the scene. Indeed, this is another inverse problem associated with the same
forward problem. Finally, we list possible improvements and future research directions,
and offer a critical opinion on the proposed method and its limitations.
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1.4 Contributions

1. We formulate the wireless indoor source localization task as an optimization problem,
minimizing a loss function. To the best of our knowledge, this approach has only
recently been explored in the literature in the recent paper [19] (January 2025). We
analyze the characteristics of the loss function, arising from the model used in the
formulation of the direct problem. Discontinuities, non-convexity and modeling errors
in the direct problem are all challenges for the proposed method.

2. We address the above challenges by proposing different smoothing strategies to elimi-
nate discontinuities. The first two relate to an approximation of a Gaussian filtering of
the discontinuous loss function. The third one eliminates the sources of discontinuity
directly, modifying the model.
We connect the first two smoothing approaches to derivative-free optimization meth-
ods, and we apply classical gradient-based methods (GM) for the third one, leveraging
Automatic Differentiation (AD). We also emphasize the importance of initialization in
the present nonconvex settings, and propose initialization heuristics.

3. Leveraging the DiffeRT Python module, we study the reliability of the proposed wire-
less indoor source localization method, on simulations. We emphasize the impact of
modeling errors, and highlight the limitations of solving the localization task as an
inverse problem.

In this work, we restrict ourselves to a 2D description of the environment, but the proposed
methods can be generalized to a 3D scene.
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Chapter 2

Forward model for wave propagation
and power measurements

In wireless indoor localization, the term wireless refers to electromagnetic waves propagating
from a transmitter to one or more receivers without physical connections. Various types of
signals can be used for this purpose, such as Wi-Fi, RFID, Bluetooth, or mmWaves [20].
They all satisfy Maxwell’s equations of electromagnetic wave propagation. However, solving
these equations in complex indoor environments is generally infeasible [21]. A practical al-
ternative is Ray Tracing (RT), which approximates wave propagation using rays.

In this chapter, we detail how Maxwell’s equations can be approximated by rays follow-
ing straight lines in free space and respecting the laws of reflection and diffraction when
interacting with obstacles. We also describe how the power transmitted along these rays
can be modeled. The first two sections are based on [22] by D. A. McNamara, and aim
to be a summary of its second and third chapters. We take this opportunity to underline
our assumptions throughout the development, and their consequences. We then formalize
the forward problem for received power computation. Finally, we review RT methods in
telecommunications and outline their (nearly-everywhere) differentiability.

2.1 Wave propagation in free space

From Maxwell’s equations to the Helmholtz equation

Let us denote the spatial coordinate with r := (x, y, z) and the angular (radian) frequency
with ω. The well-known system of Maxwell’s equations describing the behavior of electro-
magnetic waves — at any point r which is not a source — can be written as follows.

∇×E(r, ω) + jωµ(r)H(r, ω) = 0,

∇×H(r, ω)− jωε(r)E(r, ω) = 0,

∇ · [ε(r)E(r, ω)] = 0,

∇ · [µ(r)H(r, ω)] = 0.

In the above, the electric and magnetic fields E and H are Root-Mean-Square (RMS) phasor
quantities, ε(r) is the permittivity and µ(r) is the permeability of the medium. In general,
both ε(r) and µ(r) must be either constant or smoothly varying in the region of interest. In
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this work, we assume a homogeneous medium in which both ε and µ are constant. The first
two equations are rewritten

∇×E(r, ω) + jωµH(r, ω) = 0, (2.1)

∇×H(r, ω)− jωεE(r, ω) = 0. (2.2)

By isolating H in (2.1) and substituting into (2.2), the vector Helmholtz equation can be
obtained:

∇2E(r, ω) + k2E(r, ω) = 0, (2.3)

given that ∇ × (∇ × E(r, ω)) = ∇(∇ · E(r, ω)) − ∇2E(r, ω), and ∇ · E(r, ω) = 0 in a
homogeneous medium. In the above equation (2.3), we defined k2 := ω2µϵ, k denoting the
wavenumber. The same equation holds for the magnetic field H .

Luneberg-Kline anticipated solution (Ansatz)

Like Maxwell’s equations, the vector Helmholtz equation (2.3) cannot be solved exactly in
complex domains, which motivates the use of approximate solutions. Based on the work
of Luneberg (among others), Kline established the following asymptotic expansions for a
high-frequency electromagnetic field in source-free regions in an isotropic medium

E(r, ω) ∼ e−jkΨ(r)

∞∑
n=0

En(r)

(jω)n
, (2.4)

H(r, ω) ∼ e−jkΨ(r)

∞∑
n=0

Hn(r)

(jω)n
, (2.5)

where En and Hn are amplitude coefficients and Ψ is known as the wave function. A set
of points r sharing the same phase satisfies: Ψ(r) = const., and is called a wavefront. The
symbol ∼ refers to asymptotic equality1.

As the frequency ω tends to infinity, the terms related to n ≥ 1 become negligible and
only the first term of the sum remains (n = 0). Equations (2.4) and (2.5) simplify to

E(r) ∼
ω→∞

E0(r)e
−jkΨ(r), (2.6)

H(r) ∼
ω→∞

H0(r)e
−jkΨ(r). (2.7)

Fields satisfying this approximation are called Geometrical Optics (GO) fields.

High-frequency phenomena

The high-frequency hypothesis is at the heart of the GO theory and underlies the use of
rays in RT. Contrary to what its name might suggest, the validity of this hypothesis is
not based on a minimum threshold frequency. Instead, it is considered applicable if the
properties of the medium and scatterer size parameters vary slowly over spatial scales on
the order of a wavelength [22, Chapter 1]. In the settings of this work, this assumption is
justified: typical physical dimensions — such as wall sizes — are on the order of meters,
whereas the wavelengths involved are on the order of centimeters or below. Indeed, RSS-
based indoor positioning systems typically operate at frequencies between 2.4GHz− 5GHz
(e.g., Bluetooth, WiFi) and above 100GHz (mmWaves) [20].

1I.e., becoming increasingly accurate as the angular frequency ω tends to infinity.
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Ray trajectories

Substituting (2.6) into (2.3) and Maxwell’s equations in a homogeneous medium, and carrying
out further developments2, yields a series of results. The first one is commonly known as the
Eikonal equation:

∥∇Ψ∥2 = 1. (2.8)

A second result is the transport equation:

2(∇Ψ · ∇)E0 + (∇2Ψ)E0 = 0. (2.9)

We begin with the Eikonal equation. For GO fields (2.4, 2.5), we can develop the expression
of the Poynting vector, which is the directional power flow per unit area. Precisely, it is
defined as S = E ×H∗, where H∗ denotes the complex conjugate of the phasor quantity
H . Developing, we would derive that the power flows in the direction

ŝ = ∇Ψ,

which thus defines the GO ray direction. In this sense, a ray is defined by the direction in
which the energy is propagated. By changing the coordinate vector variable r (defining the
position in space) for the ray coordinate s (measured along the ray), the operator

(∇Ψ · ∇) = ŝ · ∇ =
d

ds
,

is simply the directional derivative along the ray. From differential geometry, we also have:
ŝ = dr

ds
, the unit vector tangential to the ray curve. With this, we have on the one hand,

d(∇Ψ)

ds
=

dŝ

ds
=

d

ds

(
dr

ds

)
=

d2r

ds2
. (2.10)

On the other hand,

d(∇Ψ)

ds
= (∇Ψ · ∇)∇Ψ = ∇

(
1

2
∥∇Ψ∥2

)
= 0. (2.11)

Joining the two above equations (2.10, 2.11) leads to:

d2r

ds2
= 0. (2.12)

Solving (2.12), the only solution has the form

r(s) = As+B, for some constants A, B ∈ R.

This leads to a first conclusion:

Result 2.1 (Ray trajectories). GO rays in a homogeneous isotropic medium follow
straight lines with direction ŝ = ∇Ψ.

The homogeneous isotropic medium hypothesis is important, since it is not the case in general
inhomogeneous media.

2See [22] for detailed computations.

8



Phase and amplitude continuation

Knowing that the rays are straight lines normal to the wavefront (Result 2.1), we have

dΨ = ||∇Ψ|| ds = ds.

Integrating both sides from a reference point at s = 0 to s, we obtain

Ψ(s) = Ψ(0) + s.

Result 2.2 (Phase). The change in phase along a ray path is given by

e−jkΨ(s) = e−jkΨ(0) e−jks.

The factor e−jks is the phase shift along the path.

A relation between the distance s along the ray from the reference point and the amplitude
of the field, can also be derived. We consider an infinitesimally narrow ray tube surrounding
the axial ray in the direction of ŝ, as depicted in Figure 2.1. The wavefront associated with
the reference point s = 0 satisfies Ψ(0) = const., and has principal radii of curvature ρ1
and ρ2. Integrating equation (2.9) along the axial ray from 0 to s yields the formula for the
attenuation of the amplitude along the ray path. More intuitively, the so-called spreading
factor can also be derived from the conservation of power within the ray tube between
successive wavefronts. Indeed, the power flow occurs solely in the ray tube, with no power
transmitted in a transverse direction. Therefore, the spreading factor is the square root of
the ratio of the respective areas of the wavefronts in the tube:(∥E0(s)∥

∥E0(0)∥

)2

=
dS0

dS
=

ρ1ρ2 dϕ1dϕ2

(s+ ρ1)(s+ ρ2) dϕ1dϕ2

=
ρ1ρ2

(s+ ρ1)(s+ ρ2)
.

Result 2.3 (Amplitude). The amplitude decreases along the path, following

E0(s) = E0(0)

√
ρ1ρ2

(ρ1 + s)(ρ2 + s)
.

The factor
√

ρ1ρ2
(ρ1+s)(ρ2+s)

is the spreading factor, which accounts for the decrease in the am-

plitude of the field as a function of the distance along the ray path from the reference point
s = 0.

Geometrical optics terms

From (2.6) and the three results above, we deduce the following expression for the propagation
of the GO fields:

E(s) = E(0)

√
ρ1ρ2

(ρ1 + s)(ρ2 + s)
e−jks, (2.13)

where E(0) = E0(0) e
−jkΨ(0) denotes the field value at the reference position s = 0 (with

amplitude E0(0) and phase Ψ(0)). We note that, although the reasoning was done exclusively
on the electric field E, similar equations apply for (2.7) and the magnetic field H .
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Axial ray

Figure 2.1: Infinitesimally narrow diverging astigmatic ray tube from theoretical development
in [22].

Types of waves

Electromagnetic waves can be classified according to the geometry of their wavefronts. The
three most common types are planar waves, cylindrical waves and spherical waves. For
uniform plane waves, the surfaces of constant phase and the surfaces of constant amplitude
are planar everywhere and coincident. For cylindrical and spherical waves, the wavefronts
are respectively concentric cylinders and spheres.
In a plane wave, the electric field E0, magnetic field H0 and direction of propagation ŝ (unit
vector) are mutually orthogonal and related through

H0 = Y (ŝ× E0), where Y =

√
ϵ

µ
. (2.14)

Y is sometimes called the admittance, and is the reciprocal of the impedance of the medium:
η =

√
µ
ϵ
. At sufficiently large distances from the source, cylindrical and spherical waves

can be approximated by uniform plane waves. Indeed, the components of E0 and H0 in the
direction of propagation usually decay rapidly, leading to the same equation (2.14). The
fields are then said to be locally plane.

Special cases of GO

Considering these three special cases, (2.13) can be rewritten as follows.

• Plane waves (ρ1 →∞, ρ2 →∞):

E(s) = E(0) e−jks, (2.15)

• Cylindrical waves (ρ1 →∞, ρ2 = ρ):

E(s) = E(0)

√
ρ

ρ+ s
e−jks, (2.16)
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• Spherical waves (ρ1 = ρ2 = ρ):

E(s) = E(0)
ρ

ρ+ s
e−jks. (2.17)

This final expression (2.17) will be used to model the power transmitted from a transmitter
to a receiver.

2.2 Simplified laws for interactions

The previous section described wave propagation in an unbounded medium using the Geo-
metrical Optics (GO) model. Especially for indoor environments considered in this work, we
are interested in the interactions of the rays with objects in the scene. The GO framework
models interactions at idealized infinite boundaries between media, resulting in two types of
interactions: reflection and refraction (often called transmission). Reusing the astigmatic ray
tube model and with some further computations, [22] arrives to the law governing these re-
flected fields, presented hereafter3. To account for diffraction, GO must be extended through
the Uniform Theory of Diffraction (UTD). It enables to model edge-diffracted fields in an
accurate way [22]. Other types of interactions exist (e.g. diffuse reflection, vertex diffraction,
etc) but are not mentioned here. Most RT algorithms only consider reflection and diffraction,
whose laws are cited hereafter.

Law of reflection

When a ray interacts with a conducting surface, part of it is reflected on the surface acting
like a mirror. Precisely, the incident and reflected ray satisfy the law of reflection4:

Result 2.4 (Law of reflection). The incident ray (unit direction ı̂), the reflected ray
(unit direction r̂) and the normal to the surface (unit direction n̂) at the interaction point
are coplanar and the angle of incidence is equal to the angle of reflection. Mathematically,

r̂ = ı̂− (ı̂ · n̂) n̂.

(a) Law of reflection (b) Keller’s law of diffraction on edge

Figure 2.2: Illustrations of the laws of reflection and diffraction.

3In indoor environments, refraction is often negligeable and neglected in the simplified model.
4The complete laws of reflection and diffraction also go through the polarization and phase shift, but we

will not go deeper in this work. As will be justified in section 2.3, we will not consider phase and polarization.
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Law of diffraction

When it interacts with an edge, the incident ray creates a continuum of diffracted rays forming
a cone.

Result 2.5 (Keller’s law of diffraction [23]). The diffracted rays (vectors d) form the
lateral surface of a cone whose vertex is located at the interaction point between the
incident ray (vector i) and the edge (unit direction ê), and whose half-angle is equal to
the angle of incidence. Mathematically,

i · ê
∥i∥ =

d · ê
∥d∥ .

These two simplified laws are illustrated on Figure 2.2. Finally, we note that the reflected
and diffracted fields also behave as GO fields.

Ray tracing

Let t ∈ R2 denote the position of a transmitter and r ∈ R2 the position of a receiver. Based
on the GO model and the reflection and diffraction laws discussed above, the electromagnetic
field received at r can be approximated as the sum of the contributions from all feasible5 ray
paths connecting t and r. This process of identifying valid propagation paths is known as
Ray Tracing (RT). The simplest type of path is the direct, unobstructed straight-line path
between t and r, known as the Line-Of-Sight (LOS) path. Defining the order of a path as
its number of interactions (reflections and diffractions), the LOS corresponds to the unique
feasible path of order 0. A visualization of the feasible paths of orders 0, 1 and 2, in a square
2D scene, is shown on Figure 2.3.

Feasible rays are piecewise linear trajectories, completely characterized by the sequence
of coordinates of their interaction points (reflections or diffractions). We denote the set of
all such paths by P(t, r), where each element p ∈ P(t, r) is a ray trajectory defined by a list
of the 2D coordinates of the interaction points. Since each sequence of interacting objects
and associated types of interactions uniquely determines a corresponding ray trajectory (if
feasible), we may equivalently define the set of interaction paths I(t, r) as the set of ordered
lists of object indices involved and types of the interactions.

2.3 Path loss and received power

In the forward problem introduced in section 1.2, we aim to model the power transmitted
from t to r, given a known scene.

As stated above, the received power can be approximated as the sum of the
contributions from all feasible rays connecting t and r.

This approach corresponds to a noncoherent summation of multipath effects, as it neglects
phase and polarization, and thus does not model interference between rays. This modeling
choice is motivated by the high frequencies (i.e. short wavelengths) of the signals considered.

5I.e., paths that satisfy the laws of ray propagation and reflection and diffraction within the scene.
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Figure 2.3: Illustration of all feasible ray paths connecting transmitter tx and receiver rx in
a square 2D scene (walls in dark blue), with reflections up to order 0 (LOS, green), 1 (rose),
2 (light blue).

At such scales, inaccuracies in the scene representation — often exceeding the signal wave-
length — can make interference modeling unreliable or even misleading. The noncoherent
model is a more robust and practical approximation in this context.

Path loss in free space

We assume a transmitting antenna with a spherical radiation pattern, resulting in spherical
wavefronts. From the definition of the Poynting vector and the expression of the electric
and magnetic fields for a plane wave (2.14), the power density (also called intensity) of the
electromagnetic field along a straight ray in free space, denoted by S, is given by [24]:

S := |S| = |E ×H∗| = |E × Y (ŝ×E∗) | =
√

ϵ

µ
|E|2, (2.18)

where we used the vector identity: A×B×C = (A ·C) ·B− (A ·B) ·C. Combined with the
general form of the GO field (2.17), this expression implies that the power density decreases
proportionally to the inverse square of the distance from the transmitter, measured along the
ray. This attenuation is also called path loss.

Considering reflections and diffractions

When rays interact with objects, the same inverse-square law applies along their piecewise
rectilinear trajectories p ∈ P(t, r). Let ℓ(p) denote the length of a feasible path p, defined as
the sum of Euclidean norms of its segments. At each reflection or diffraction, only a fraction
of the power is retained, modeled by a reflection or diffraction coefficient whose value depends
on the material of the obstacle and on the angle of incidence.
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In this work, we consider a simplified model, with only reflections and a unique coefficient,
independent from the angle of incidence. For this approximation, typical values can be found
in the literature for the reflection attenuation factor [25]. A value of 0.25 has been chosen for
the ratio of the amplitudes of the reflected field to the incident one on indoor walls. Since
the received power depends on the square of the amplitude of the field (2.18), the chosen
attenuation coefficient of the power is 0.125. The attenuation coefficient corresponding to
an interaction i (on the associated wall) is denoted C

(i)
p . In practice, this reflection coeffi-

cient could also be estimated as an inverse problem, from known power measurements with
a known position of transmitter. This is further detailed in Chapter 7. The product of all
such coefficients, along a path p counting Z interactions, is denoted Cp :=

∏Z
i=1C

(i)
p .

We define Φ(t, r) as the total power received at r from a source at t in a given scene.
Assuming noncoherent summation over feasible paths, we adopt the following model [24]:

Result 2.6 (Path loss and received power).

Φ(t, r) = P̄
∑

p∈P(t,r)

Cp

ℓ(p)2
. (2.19)

In the above, the power received is expressed comparatively to the reference transmitting
power P̄ of the transmitter, corresponding to the power in Watt received at a unit distance
in LOS.

Remark: The set of feasible paths P theoretically contains infinitly many ray trajectories,
with arbitrarily high number of interactions. In practice, we restrict to a finite maximum
number of interactions, leading to a finite set P . In general, contributions from higher orders
become increasingly negligible, due to the product of coefficients C

(i)
p < 1 defining Cp in(2.19).

2.4 Forward problem formulation

This model forms the basis for our forward problem formulated hereafter6.

Forward problem (P)

For a transmitter positioned at t with reference transmitting power P̄ , m receivers with
known positions r̄, and known geometry and electromagnetic properties of the scene S,
the powers measured at the receivers b can be modeled by the following expression:

b = A(t, r̄,S)

for bi = [A(t, r̄,S)]i := Φ(t, ri) = P̄
∑

p∈P(t,ri)

Cp

ℓ(p)2 + ε
. ∀i = 1, . . . ,m

6In comparison to (2.19), we added a small ε ≥ 0 to the denominator. It should be small compared to
ℓ(p) and have no impact in most cases; but ensures that the function Φ is bounded as ℓ(p) tends to 0 (i.e.
when receiver and transmitter coincide).
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(b) Colormap of the power received in the scene
for a transmitter positioned at t = (−0.1, 0.1).
White regions correspond to 0 [W ] (−∞ [dB]).

Figure 2.4: Simple benchmark scene and the power received at any point of this scene.

In practice, in the code, simulated measurements bi are computed in decibels (dB), as com-
monly used for power measurements.

Figure 2.4 illustrates the received power at each point of a 500 × 500 discretized grid
in a benchmark square scene with two additional reflective walls, expressed in dB and for a
transmitter placed at t = (0.1,−0.1). A maximum number of reflections of 2 was chosen here.

This colormap demonstrates that the received power, as modeled by the RT
model, is only piecewise continuous across the domain.

According to the model (P), this piecewise structure arises from changes in the set of
feasible ray trajectories P(t, r) as a function of the transmitter and receiver positions. More
precisely, as long as the set of feasible interaction paths I(t, r) remains unchanged, the re-
flection points slide continuously along the surfaces of the walls [26]. The total path length
ℓ(p) then varies continuously, preserving the continuity of Φ(t, r). However, when a new
interaction path becomes feasible or an existing one becomes infeasible (e.g., due to ray ob-
struction or reflection point falling beyond the edge of a wall) discontinuities appear in the
power function. Therefore, the scene can be partitioned into continuity regions determined by
the position of the transmitter and the obstacles’ geometry. An example of these continuity
regions on a simple scene for LOS and reflections on one of two walls in shown on Figure 2.5.
This partitioning is further studied in [27], showing how to characterize these continuity re-
gions, called multipath cells. Here, we simply highlight the key observation that Φ(t, r) is a
piecewise continuous function of r, given a fixed t. By reciprocity, this also implies piecewise
continuity in t. Determining the boundaries of the multipath cells being computationally
extremely expensive, the positions of the discontinuities are considered unknown.
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(a) LOS (b) Upper wall re-
flection.

(c) Lower wall re-
flection.

(d) Three types
combined.

Figure 2.5: Example from [27, Figure 2], of multipath cells for individual and combined types
of interaction, for a fixed Tx position (circle node) and Rx in the scene. Each color indicates a
unique multipath cell, i.e., regions reached by the same type of interaction. When all types are
considered simultaneously, more cells are created, each having a different multipath structure.
Note that only two walls are considered in this example; the dashed contour is not a wall.

We emphasize that this piecewise structure is an artefact of the model we use, restricting
to a finite number of reflections and neglecting diffraction and other types of interactions. In
reality, solving Maxwell’s equations exactly would lead to a continuous solution on a domain
not considering the walls.

Increasing the maximal number of interactions allowed in the model increases its accuracy.
It also increases the number of multipaths cells.

Summary

Indoor localization systems rely on high-frequency electromagnetic waves, whose prop-
agation in complex environments is modeled by feasible ray paths connecting the trans-
mitter to the receiver. In the following, only LOS propagation and finite-order reflections
are modeled, while diffraction, refraction, scattering, and other effects are neglected. Al-
though a good approximation, it leads to a model with a power function Φ(t, r) that is
only piecewise continuous, whereas the exact solution would not present discontinuities.
The assumptions underlying the model in this work are summarized as follows:

• Homogeneous medium;

• Short wavelength compared to the object size (high-frequency hypothesis);

• 2D model, assuming that the walls are vertical, that the transmitter and receiver
share the same z-coordinate and neglecting floor and ceiling reflections;

• Diffraction, refraction and scattering effects negligible compared to LOS and re-
flections;

• Reflection coefficient independent of the incident angle and fixed to a chosen value;

• Sufficiently low reflection coefficient, so that paths with high order have negligible
impact;

• Incoherent summation of the powers received from distinct paths.
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These assumptions constitute a strong simplification of the underlying physics, resulting
in a simplified forward model of wave propagation between the transmitter and receivers. We
emphasize that this model could be refined to better reflect realistic propagation conditions
and improve agreement with real measurements.

2.5 Ray tracing methods

Multiple methods are available in the literature to solve the RT problem of finding all feasi-
ble paths. They can be classified into two categories: exhaustive and non-exhaustive methods.

Exhaustive methods methodically compute all feasible paths between the transmitter
and each of the m receivers in the scene, by formulating mathematically the problem of
finding all such paths. They are mainly used in fields such as telecommunications, optics or
acoustics where accuracy guarantees often outweigh computation speed. Among exhaustive
methods, we can cite the Image method [28], the Fermat Path method [29], and the Min-
Path-Tracing method [30].

Non-exhaustive methods on the other hand, rely on probability. The most common
method is the Shooting-and-Bouncing-Rays (SBR) method, in which Nrays rays are launched
from the transmitter in various directions. These rays are propagated through the envi-
ronment, bouncing off obstacles according to the laws of reflection and diffraction. Those
that finally reach sufficiently close to a receiver are retained. The main advantage of non-
exhaustive methods is their linear dependence on both the maximum number of interactions
and the number of walls in the scene, denoted Z and w respectively. In contrast, exhaustive
methods typically exhibit polynomial complexity in w and exponential complexity in Z [31].
A brief comparison summary between the two classes is given in Table 2.1.

Criteria Exhaustive Methods Non-Exhaustive Methods

Complexity [31] mwZ wZNrays

Speed Relatively slow, especially for
large scenes (due to complexity)

Significantly faster on large
scenes

Precision Exclusively dependent on the
precision of the description of
the scene. Exhaustively finds
all paths given the description.

Not exhaustive, depends on the
number of rays Nrays. Can be
made arbitrarily precise for suf-
ficient number of rays launched.

Main fields Telecommunications, optics,
acoustics

Computer graphics

Typical methods Image method [28], Min-Path-
Tracing method [30], Fermat
Path method [29]

SBR method [32]

Table 2.1: Comparison of exhaustive and non-exhaustive ray tracing algorithms.
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Among the exhaustive methods, we detail hereafter the Image method, which we will be
using in this work.

Image Method

The Image method is an exhaustive RT technique to compute feasible ray paths that involve
LOS and reflections, up to a predefined maximum number of interactions. It assumes an
exact geometric description of the scene and planar obstacles. It is based on the concept of
image points.

The method can be decomposed into 4 steps:

1. We begin by listing all possible ordered sequences of objects in the scene and associated
types of interaction (reflection on surfaces and diffraction on edges), with lengths rang-
ing from 0 (LOS) up to a maximum order Z. Each such sequence defines a candidate
interaction path. We note that this step is common to all exhaustive methods. These
methods differ by the computation of the coordinates of the interaction points.

2. We then consider each sequence individually. Starting from the transmitter, we compute
the position of its image point, reflected symmetrically across the first interaction wall.
We denote this point I1. We proceed by reflecting I1 across the second object in the
sequence to obtain I2, and so on, until we reach the final image point after reflecting
through all walls in the list [28].

3. We then trace the rays backward, starting from the receiver and connecting the image
points, determining the interaction points on the walls.

4. If any of these interaction points falls outside of its respective wall segment, or if the ray
is blocked by another obstacle on its way, the ray is considered invalid and is discarded.

Applying basic principles of synthetic geometry, we verify that valid paths constructed this
way respect the law of reflection at each interaction. The Image method is illustrated in
Figure 2.6.

x

y

(0, 0)

Tx

Rx

(2,−1)

(2, 4)

I1 I2
(11, 2)(−1, 2)

Image through mirror

Intersection path

Final path

Mirror

Interaction point

Figure 2.6: Illustration of the Image method for a ray between t (Tx) and r (Rx). The
method determines the only valid path that can be taken to join Tx and Rx with, in between,
reflection with two mirrors (the interaction order is important). Adapted from [30, Figure 5].
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Remark 1: To account for diffraction or for nonplanar surfaces, the Min-Path-Tracing
method could be used. It formulates the problem of finding the feasible paths as an opti-
mization problem, given an implicit expression of the geometry of each wall or object in the
scene. The complete formulation is detailed in [30].

Remark 2: The Image method only allows for planar surfaces, which can seem restrictive.
In practice, it is not, as most representations of scenes consist of meshes, approximating any
scene with triangles or quadrilaterals.

2.6 Differentiable ray tracer in telecommunications

Using the chain rule is like peeling an
onion: you have to deal with each layer
at a time, and if it is too big you will
start crying.

Anonymous professor

In the inverse problem formulation discussed in section 1.2, the central challenge is to de-
termine a good optimization step. When the objective function is differentiable, a standard
approach is to move in the direction of the gradient, for a certain choice of stepsize. It corre-
sponds to the Gradient Method (GM) and subsequent methods in optimization (accelerated
gradient method, Adam, etc).

In our case, however, the objective function will include an evaluation of the forward
problem, the RT simulation described earlier. The inherent complexity of this forward prob-
lem and its piecewise structure (Figure 2.4) make the symbolic calculation of derivatives
tedious at best, and impossible to get a closed-form expression in most cases. Fortunately,
symbolic differentiation is just one of the three main approaches to evaluating derivatives.
The other two are finite differences and Automatic Differentiation (AD). We will return to
finite differences in Chapter 5. Hereafter, we focus on the principle of AD, and how it can
be useful in differentiable ray tracers for telecommunications.

AD is a technique that computes numerical values of the partial derivatives of any function
up to machine-precision accuracy, relying on its implementation. It works by methodically
decomposing the function into elementary operations and applying the chain rule step by
step. Let us denote by Jf the Jacobian matrix of a function f . Mathematically, the chain
rule applied to a function defined by f = (fk ◦ · · · ◦ f1), and evaluated at x, writes7:

Jf =
k∏

i=1

Jfi(x
(i−1)) where x(i) := fi(x

(i−1)), x(0) := x.

The directional derivative v in the direction u is given by:

v = Jf · u
AD appears in two modes. The forward mode is the most straightforward. It represents
the whole function as a graph where each node corresponds to a basic operation in the

7Notations and example from [33].

19



x1 0

x2 1

x3
0

·
·

−x1
x2
2

exp(.) exp (
x1
x2

)

× x3 y

x1
1
x2

x2 −x1
x2
2

x3
exp (

x1
x2

)

·
·

exp (
x1
x2

)

exp(.)
×

x3

y1

Forward-mode AD Reverse-mode AD

Figure 2.7: Computational graph and derivatives at the nodes in the application of for-
ward and backward automatic differentiation to example function f(x1, x2, x3) = x3 exp(

x1

x2
)

adapted from [33]. The total derivative is computed by multiplying the weights along each
edge of the graph, starting from the input (forward-mode) or the output (reverse-mode).

composition. The chain rule is then applied in the forward direction through this graph.
Starting from the input nodes, the forward mode computes the desired partial derivative at
each node by evaluating Jacobian-vector products, in what is referred to as a forward-pass.
Mathematically,

v(i) = Jfi(x
(i−1)) v(i−1) for i = 0, . . . , k, from v(0) = u until v(k) = v.

In practice8, the function values at the nodes are augmented with the derivatives, and com-
putations are done in an efficient way, leveraging the concept of dual numbers [34]. Having
passed through the whole graph, it results in the partial derivative of the outputs with re-
spect to the input direction u. Since each forward pass computes a single Jacobian-vector
product, one pass is required per input variable. Each forward pass has the same mem-
ory complexity as a regular function call and requires no intermediate storage. The time
complexity depends on the intermediate operations and dimension of the graph. When dif-
ferentiating with respect to many input variables, it is preferable to turn to the reverse mode.

The reverse mode is less intuitive. It works in a forward-pass that creates the graph,
computes and stores the values and partial derivatives of the elementary functions at each
node, then in a backward-pass that propagates the partial derivatives backward, applying
the chain rule. Mathematically,

v(i) = (v(i+1))TJfi(x
(i−1)) where i = 1, . . . , k and v(k+1) = w, v(1) = v,

and w is the gradient of the chosen output of the last function fk of the composition. In
reverse mode, AD must be run once per output, making it often a preferable choice when
the number of inputs is large compared to the number of outputs. Intermediate results from
the forward-pass must be stored, generally implying higher memory cost however.

Examples of both modes applied to function f(x1, x2, x3) = x3 exp(
x1

x2
) are shown on

Figure 2.7. Nowadays, AD in its reverse mode is largely used to train neural networks, and
known as backpropagation [35]. In this work, we will use it on the implementation of the
Image method, to perform gradient-based optimization in Chapters 4 and 5.

8In this work, AD is performed using the JAX Python library https://docs.jax.dev/en/latest/

autodidax2_part1.html

20

https://docs.jax.dev/en/latest/autodidax2_part1.html
https://docs.jax.dev/en/latest/autodidax2_part1.html


Chapter 3

Related work

Before presenting our approach in Chapter 4, this chapter provides an overview of existing
methods for indoor localization. It situates the chosen approach with its advantages and
disadvantages.

In general, Received Signal Strength (RSS) measurements are only one of several signal
characteristics that can be exploited for wireless indoor localization. This chapter reviews
the different types of information available, along with the corresponding general methods
proposed in the literature. We then focus on the formulation as the inverse problem to Ray
Tracing (RT), and indicate similar ideas appearing in both telecommunications and Computer
Graphics (CG).

3.1 Types of information

Sensors or receivers — commonly referred to as Base Stations (BS) in this context [11] — can
record various features from the received signal. The most common ones in wireless indoor
source localization include:

• Time-of-Arrival (ToA), time it takes for the signal to propagate from the transmitter to
the receiver — assuming time synchronization between the transmitter and receivers;

• Time-Difference-of-Arrival (TDoA), difference in arrival times at two distinct receivers
— typically one being designated as the reference, and assuming time synchronization
between receivers (avoiding the need of time synchronization with the transmitter);

• Angle (or direction) of Arrival (AoA/DoA), requiring antenna arrays at each BS, which
increases infrastructure complexity and power consumption, making it less common;

• and Received Signal Strength (RSS), information equivalent to the received power at
the receiver. It is often readily available in most wireless systems, with no hardware
modifications needed [11].

For all aforementioned reasons, RSS is currently the preferred choice for indoor localization,
supported by the widespread presence of wireless systems in modern environments [11]. While
RSS measurements are less precise under LOS conditions, they are also less affected by the
absence of LOS.
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Figure 3.1: Illustration of simple LOS localization techniques using triangulation with infor-
mation: (a) ToA or RSS, (b) TDoA, (c) AoA, adapted from [11].

3.2 General approaches

Two main directions have emerged for estimating the position of the emitting antenna from
these measurements: triangulation and scene-analysis. A third approach is also mentioned
in [36], relying on motion sensors on the object to be located. It is typically combined with
one of the former two methods in robotics applications such as SLAM.

3.2.1 Triangulation

In an ideal obstacle-free environment, the locus of transmitter positions t that yield a given
ToA or RSS measurement at a position r is a circle. Therefore, only three receivers are
needed to determine the position of the transmitter, at the intersection of the corresponding
circles. This simple technique is called triangulation [37, 11], illustrated on Figure 3.1. For
TDoA and AoA measurements, the corresponding loci are a hyperbola and a line, respec-
tively. In these cases, three and two receivers respectively are required, under ideal conditions.

In a typical indoor situation however, walls give rise to multipath effects and possible
absence of LOS. Various estimators have been proposed [38], often assuming low impact
from reflections, or aiming to mitigate or counteract their effect [11, 12, 13]. Triangulation,
however, has initially been designed for outdoor localization, where LOS is available. In
indoor settings, it treats NLOS effects as noise.

3.2.2 Scene-analysis

In contrast, the scene-analysis approach treats the complexity of the scene as a valuable
source of information and uses the knowledge about particular characteristics or values in
the scene. It typically relies on the concept of fingerprint, a signal signature of the scene. The
simplest form of fingerprint consists of a vector of RSS measurements recorded for various
transmitter positions on a predefined grid [11]. Scene-analysis typically involves two stages:
an offline training phase, during which the fingerprints are collected, and an online localiza-
tion phase, which relies on pattern-matching techniques [39]. The fingerprints being usually
collected in the real environment, this technique does not require any virtual representation
of the scene, nor forward propagation model.
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This technique presents both advantages and disadvantages. As opposed to most trian-
gulation techniques, NLOS effects are taken into account. However, it requires a sufficiently
dense dataset of RSS measurements collected in the real environment, and the accuracy de-
pends heavily on the number and spatial resolution of these measurements. Additionally, it
shows low adaptability to environmental changes. The entire dataset has to be recomputed
if the scene changes.

3.2.3 Virtual-scene-analysis

In this work, we consider a similar approach, but assuming that we cannot take a priori
measurements on the real scene. Instead, we operate on a digital representation of the scene.
This idea of a virtual model of the scene has already been studied in the literature. In [40],
the authors use this virtual map and RT simulations to constitute a dataset, similarly to the
classical scene-analysis method. On the contrary, we will use the RT simulations in the online
phase, to produce estimated measurements for any desired candidate transmitter position,
throughout the iterations. These candidate transmitter positions will be chosen strategically,
aiming to estimate the true position through an iterative refinement process starting from
an initial guess (Figure 1.3).

A clear advantage of this method is that it does not require acquisition of measurements
in the real scene. Furthermore, it does not rely on a precomputed dictionary over a fixed
grid of transmitter positions, making it highly adaptive to known changes in the environment.

The negative points include the dependence of the method on the availability and preci-
sion of a virtual twin scene. We assume to have access to a sufficiently precise description
of the indoor environment, including the positions of the walls and their electromagnetic
properties. In the chosen simplified forward model (section 2.4), electromagnetic properties
resume to the reflection coefficient of the walls, but it could be much more complicated in
a more precise model, accounting for polarization for example. As stated in section 2.3,
estimating these electromagnetic properties can be challenging.

The approach followed in this work shares similarities with the one presented in [19],
published in January 2025. The authors assumed to have access to two types of information
about the signals: the power measurements (similar to RSS), and the delays. A delay is the
minimum time it takes for a signal to travel from the transmitter to the receiver. Their for-
ward model is therefore different, simulating both RSS and ToA measurements, and is based
on the SBR RT method. As mentioned in Chapter 1 and further detailed in Chapter 4, the
RT model introduces discontinuities in the loss function, from paths suddenly becoming fea-
sible or infeasible. In [19], the authors proposed to use a smoothing strategy, to transform the
discontinuous loss function into a continuous surrogate, and as a tentative to avoid numerous
local non-global minima. This smoothing strategy is equivalent to the first one proposed in
Chapter 5.

As a second contribution, the authors of [19] also proposed a way to improve their repre-
sentation of the environment, by iteratively estimating the scene parameters as well. Indeed,
the reflection coefficients of the walls, the exact positions of objects or obstacles in the scene,
etc, might not be known precisely, and they can be precised using gradient-based methods for
fine-tuning. A formulation of this scene parameter estimation problem, based on our forward
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model, is detailed in Chapter 7.

The inverse problem to RT is also studied in other fields, and differentiable ray tracers
are increasingly used to solve inverse problems [41, 42].

3.3 Computer graphics and inverse rendering

RT was initially developed in the field of Computer Graphics (CG), to simulate the light paths
between light sources and a camera, and render 3D scenes as 2D images. In this context, RT
simulations are based on the SBR method (with sophisticated improvements [32]), but the
objective is similar. Just as in the field of telecommunications, the inverse problem to RT
can be considered. It is often called inverse rendering and consists in recovering parameters
of the 3D scene, based on 2D rendered images. The parameters to recover can include the
position of the camera, material parameters, lighting parameters [43], or even the positions of
the vertices of a mesh representing an object [44]. Similarly again, differentiable ray tracers
are developed in CG, so as to enable the use of gradient-based optimization methods on this
inverse problem [45, 46]. This problem presents both similarities and differences with our
inverse problem.

First, we mention that the forward model is slightly different in ray tracing for CG or for
telecommunications. As explained in section 2.5, in telecommunications, the received power
at the receiver is evaluated as the sum of the contributions of all feasible paths between the
transmitter and receiver, from point to point. The implementation of the corresponding RT
algorithms — such as the Image method (section 2.6) — are nearly everywhere differentiable
and derivatives can be computed relying on AD. In CG, the measured power at a pixel can be
defined as an integral of the pixel filter and radiance, over all rays between light sources and
the camera, in the pixel area. This integral is approximated with a Monte Carlo estimator.
The integrand being discontinuous, simply applying AD to compute the derivatives of the
RT simulation would lead to biased gradient estimates (from the discontinuity at the edges
and the Monte Carlo sampling1). Researchers have proposed many methods to compute
gradients correctly [47, 48, 33].

The first difference between inverse rendering and our inverse problem is the
ease with which the ray tracing simulation can be differentiated, and therefore
the direct operator.

The forward model used in CG however, results in a continuous forward model, as op-
posed to the piecewise continuous forward model detailed in section 2.4.

The second main difference is the size of the problem. In our inverse problem, we re-
call that we have as many measurements as receivers (ideally, as few as possible of them),
and only two unknowns: the x− and y−coordinates of the transmitter position. In inverse
rendering, the pixels of the given 2D image are all measurements that can participate in
the loss function. Similarly to what we will formulate in Chapter 4, the inverse rendering

1Applying AD on the Monte Carlo estimate amounts to estimating the gradient of the true integral by an
approximation of the integral of the gradient. However, in the case of a discontinuous integrand, the gradient
and integral operators cannot be interchanged. AD in this case only produces a biased estimate.
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problem is seen as an optimization problem, aiming to minimize the discrepancy between the
measurements and the results of a forward simulation. On the other hand, the unknowns can
be numerous as well, especially if we want to recover the position of vertices of a mesh [43, 49].

Moreover, in CG it is reasonable to assume that these measurements — the 2D image—,
have little to no noise, if it comes itself from a rendering simulation. Precisely, if the image
was generated with the same model as the forward model used in the inverse resolution pro-
cedure, there is no modeling noise. In wireless indoor source localization, the forward model
for wave propagation introduces a first error, the modeling error. If the method is applied to
noisy measurements, these will also add measurement errors (section 1.2).

A second difference is the number of unknowns and number and quality of
available measurements in the inverse formulation.

Finally, inverse rendering often takes advantage from prior information about the param-
eters to recover (such as the smoothness of the mesh for example) [44]. It is a common
practice in inverse problems, to have access to prior information about the parameters and
include a regularization term to account for it in the objective function. In our formulation of
the indoor source localization however, we have no prior information since the only variables
are the 2D coordinates of the transmitter position.

A third difference is the absence of prior information in our inverse problem
formulation.

In conclusion, our approach of indoor source localization as an inverse problem, and
inverse rendering, share the same main principle and ideas. Namely, they aim to formulate
the minimization of a loss function and try to solve it with iterative methods. There are,
however, several critical differences, preventing the direct translation of CG methods (and
good performance) to the wireless indoor source localization problem. We will see in the
next chapter that the characteristics of the loss function will be different due to our choice of
forward model (P) (section 2.4). We will try to adapt the resolution strategies accordingly.
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Chapter 4

Indoor source localization as an
inverse problem

This chapter formulates the indoor source localization task as an inverse problem to the
forward model (P) introduced in section 2.4. We outline the mathematical formulation and
highlight the specific challenges induced by the chosen forward model. In particular, we
illustrate why direct application of standard Gradient Method (GM) to minimize the loss
function may fail to converge to the minimizer.

4.1 Inverse problem formulation

The wireless indoor source localization problem is summarized in Table 4.1. Given received
power measurements b̃ ∈ Rm at m known receiver positions, the reference transmitting power
P̄ of the transmitter and a known scene S (geometry and electromagnetic properties), the
objective is to estimate the position t̄ ∈ R2 of the transmitter in the scene.

We formulate this inverse problem mathematically as an optimization task, aiming to
minimize the discrepancy between the acquired measurements b̃ at the receivers and those
simulated by the forward operatorA(t, r̄,S) for a candidate transmitter position t. A common
approach is to minimize a least-squares objective, which corresponds to using the mean
squared error (MSE) as the loss function. We define:

Unknown Notation

Transmitter position t̄ ∈ R2

Given data Notation

Power measurements at the receivers b̃ ∈ Rm

Vector of the positions of the receivers r̄ ∈ Rm×2

Transmitter reference power P̄ ∈ R+

Scene (geometry and electromagnetic properties) S

Table 4.1: Summary of unknowns and given data with their notations.
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L(t, r̄,S, b̃) = MSE(A(t, r̄,S), b̃) = 1

m
∥A(t, r̄,S)− b̃∥22 =

1

m

m∑
i=1

(
[A(t, r̄,S)]i − b̃i

)2
(4.1)

where t ∈ R2 is the candidate position of the transmitter and A is the forward operator
described in section 2.5.

The MSE function itself is convex and differentiable. Furthermore, it implicitly assumes
that the measurements b̃ are corrupted by an additional Gaussian noise. Minimizing the
MSE corresponds to computing the maximum likelihood estimate of the parameter t̄ under
this assumption. Finally, its affine gradient will be used in section 5.1.2.

The mathematical formulation of the inverse problem is:

Inverse problem (I)

min
t∈R2
L(t, r̄,S, b̃) = min

t∈R2

1

m

m∑
i=1

(
[A(t, r̄,S)]i − b̃i

)2
(4.2)

In the later sections, we will consider fixed receivers’ positions r̄, a fixed scene S and fixed
measurements b̃. When it is clear, we will denote L(t, r̄,S, b̃) by L(t), emphasizing that the
only input varying throughout the iterations is the transmitter’s position t.

4.2 Challenges

Unfortunately, problem (I) is far from ideal and the objective function presents several sig-
nificant challenges. In general, the function L is nonconvex, nonsmooth, and even discon-
tinuous. More precisely, it is piecewise continuous, which renders most classical first-order
optimization methods and their convergence guarantees inapplicable as it is. In the following,
we demonstrate the piecewise continuity and nearly-everywhere differentiability of the loss
function, and illustrate the risks when attempting to solve (I) simply using GM. We also
emphasize a second and third additional challenges, inherent to most inverse problems: the
potential ill-posedness of the problem and the impact of modeling noise.

Piecewise continuity

The piecewise continuity of the loss function with respect to the transmitter’s position comes
from the discontinuities of each entry of the forward operator A(., r̄,S). From section 2.3, we
know that [A(t, r̄,S)]i = Φ(t, ri) is a piecewise continuous function in t, with continuity cells
depending on S and ri. The continuity cells are thus different for each index i = 1, . . . ,m.
Since the loss function is a sum of compositions of continuous functions (MSE) with these
entries of the forward operator, the loss function is piecewise continuous with a cell pattern
corresponding to the intersection of the cell patterns of the individual entries above.
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Therefore L is piecewise continuous. Moreover, the number of continuity cells increases
with the number of receivers, with the maximum number of reflections considered and with
the number of walls in the scene. Logically their average size decreases correspondingly.
Consequently, the loss landscape becomes increasingly fragmented, with numerous disconti-
nuities, when increasing any of these three parameters.

From this structure, we deduce that L is nearly everywhere differentiable — differentiable
everywhere except on the boundaries between continuity cells. Where it exists, the gradient
can be evaluated via Automatic Differentiation (AD).

However, this piecewise continuity is a serious obstacle for first-order methods such as
Gradient Method (GM). Figure 4.1 illustrates the poor performance of a basic and naive
application of GM, applied to minimize the loss function L defined above (4.2), in the bench-
mark scene presented in Figure 2.4a. Given a maximum number of iterations T and a stepsize
schedule {hi}Ti=1, GM writes:

L(t(i+1)) = L(t(i))− hi ∇L(t(i)), for i = 1, . . . , T

where ∇L(t(i)) is evaluated with AD, since the function L encompasses the computation of
the ray paths with the Image method. Even for an initial point close to the minimizer, the
discontinuities in the loss function lead the iterates away from the minimizer. The iterates
frequently jump across discontinuities, changing between distinct continuity cells and causing
the loss value to spike (Figure 4.1b).

GM and similar first-order methods are designed for continuous, differentiable, L-smooth
functions, and will often fail to converge to the minimizer in our case.

Zero-gradient regions

Another phenomenon that can hinder convergence of first-order methods is the presence
of zero-gradient regions — plateaus in the objective function where the gradient vanishes.
These regions correspond to areas of the domain where none of the receivers record any power
received from the transmitter. While rare in practice, initializing the optimization procedure
in such regions prevents any progress toward a minimizer, as gradient-based updates become
ineffective.

Well-posedness of the inverse problem

Regardless of the optimization method used, difficulties inherent to inverse problems can also
prevent successful recovery of the transmitter position. A fundamental issue is the possible
ill-posedness of the problem — in particular, the non-uniqueness of the solution. Indeed,
different transmitter positions may lead to very similar power measurements at the receivers,
especially in environments with geometric symmetries or significant obstructions. This in-
troduces ambiguities that reduce the reliability of any estimation method.

In general, we expect such ambiguities to become less likely as the number of measurement
points m increases. It is therefore crucial to deploy a sufficient number of receivers in the
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Figure 4.1: Illustration of the bad behavior of a gradient descent on the discontinuous loss
function in the benchmark scene with 8 receivers. (a) illustrates the loss landscape and the
GM iterates, (b) shows the corresponding evolution of the loss function with the iterations.
This example was implemented leveraging the DiffeRT Python module.

scene. However, there exists no theoretical criterion to determine the ideal number or place-
ment of receivers, nor to guarantee well-posedness for a given configuration. The increase of
the success rate with the number of receivers will be empirically verified in Chapter 6.

Modeling errors

Lastly, a major source of difficulty arises from modeling errors. These occur when the forward
model A(., r̄,S) does not exactly represent the true physical model, denoted A0(., r̄,S). Such
discrepancies between the simulated and the actual measurements stem from simplifications
in the simulation model: limiting the number of reflections, neglecting diffraction and other
interactions, or approximating the electromagnetic properties of the materials in the scene S
for instance.

On Figure 4.1 for example, we neglected all sorts of modeling errors. The supposedly real
measures b where generated with the same model as the one of the forward problem (P) used
in the definition of the loss function. We will observe in Chapter 6 the impact of one part
of the modeling error, by generating the real ground-truth measurements with a maximum
number of reflections of 5, while limiting to 2 in the forward model. Figure 4.2 quantifies
the impact of neglecting higher-order reflections by showing their average contribution to
received power across different receivers positions and 100 random transmitter positions in
the benchmark scene, for various values of the reflection coefficient of the walls.

When modeling errors are present, the vector of simulated power measurements A(t̄, r̄,S)
deviates from the true one A0(t̄, r̄,S), even at the true transmitter position t̄. Consequently,
the value of the loss function evaluated at the true transmitter position t̄ may be strictly
positive. On the other hand, the global minimum of the loss function may no longer lie at t̄.
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Figure 4.2: Power contributions of additional reflection of order r to the received power
at 9 receivers, averaged over the receivers and for 100 random transmitter positions in the
benchmark scene, for P̄ = 1, in Watt.

At the true position t̄, we write

L(t̄, r̄,S, b̃) = 1

m
∥A(t̄, r̄,S)− b̃∥2 = 1

m
∥A(t̄, r̄,S)−A0(t̄, r̄,S)∥2.

In practice, this quantity is unknown and cannot be directly computed. For the theoretical
part, we will assume that the modeling error is negligible — consequence of a sufficiently
good forward model —, so that the inverse resolution on a virtual scene and with the forward
model A has hope to indeed localize the transmitter. The modeling errors constitute however
a major issue for our approach.
In fact, one can estimate the magnitude of this error of the forward model by comparing model
predictions to real measurements. This estimation can serve as a reference threshold: below
this level, further minimizing the loss function risks only overfitting the model discrepancies,
rather than improving localization accuracy.

4.3 Proposed solutions

In the next chapter, we address some of the challenges described above. First, we eliminate
discontinuities by approximating the discontinuous loss function L with a smooth surrogate,
continuous and everywhere differentiable. In the same time, this smoothing may also reduce
the influence of zero-gradient regions, and lead to a substitute objective function that has
less local non-global minima than the original discontinuous loss function [50, 51].

Nevertheless, the smoothed loss remains nonconvex in general. Therefore, we run the
optimization several times starting from different initial points (also called multistart), and
we rely on a cheap initialization strategy to get these points.

Unfortunately, there is not much that we can do against well-posedness of the inverse
problem and modeling errors, keeping the forward model defined above. These will be further
evaluated in Chapter 6 and discussed in Chapter 7.
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Chapter 5

Resolution strategies for source
localization

In this chapter, we present resolution strategies addressing the challenges outlined in the
preceding section. We begin by introducing various smoothing techniques aimed at handling
discontinuities. In this work, the term smoothing will refer to the process of replacing a
discontinuous function with a continuous surrogate.

5.1 Smoothing discontinuities

We consider three distinct smoothing strategies, each of which has been formulated and
implemented. Throughout this section, let Gσ denote the two-dimensional Gaussian function
with mean µ = (0, 0) ∈ R2 and covariance matrix Σ = σ2I2 ∈ R2×2. For t ∈ R2, this function
is given by

Gσ(t) =
1

2πσ2
e

−∥t∥2

2σ2 .

It has been normalized so as to be a distribution. Let us recall the gradient of this Gaussian
function. For t ∈ R2, it is expressed as

∇Gσ(t) =
−t
σ2

1

2πσ2
e

−∥t∥2

2σ2 =
−t
σ2
Gσ(t). (5.1)

5.1.1 Gaussian smoothing of the loss function

The first strategy for transforming the discontinuous loss function into a continuous one is
to convolve it with a Gaussian kernel. Analogous to Gaussian blurring in image processing,
this can be interpreted as smoothing the two-dimensional landscape of the loss function L
over the scene. It is also called Gaussian Smoothing (GS) in the literature. The resulting
smoothed loss function is defined as

LGS
σ (t) := (L ∗ Gσ)(t) (5.2)

=

∫
u∈R2

L(t− u) Gσ(u) du (5.3)

= Eu∼N (0, σ2I2) [L(t− u)] . (5.4)

Since we do not have access to a closed-form expression for the discontinuous loss function L,
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Figure 5.1: Comparison of the original and smoothed loss landscapes, with colormaps of L
and LLGS respectively, in logarithmic scale over the simple scene.

the convolution (5.2) cannot be evaluated analytically. However, by interpreting the integral
as an expectation over a Gaussian distribution (5.4), we can approximate it using a Monte
Carlo (MC) estimator.

LGS
σ (t) ≈ L̂GS

σ (t) :=
1

Nσ

Nσ∑
i=1

L(t− ui), for ui
i.i.d.∼ N (0, σ2I2). (5.5)

The MC estimator in (5.5) can be interpreted as a non-deterministic quadrature rule for
approximating the exact integral (5.3) arising from the convolution. According to the Cen-
tral Limit Theorem (CLT), it yields an unbiased estimate of LGS

σ (t) and converges with an

asymptotic rate of O(N−1/2
σ ) [52] to the true value of the integral.

Although this rate may seem slow compared to that of classical deterministic quadrature
methods, we recall that it holds under the sole assumption that the second moment of the
integrand is finite, i.e., Eu∼N (0, σ2I2) [L2(t− u)] < +∞. This condition is significantly weaker
than those typically required by deterministic quadrature rules, which rely on the integrand
being sufficiently smooth to guarantee their respective (faster) convergence rates [53]. Such
regularity assumptions are not satisfied in our context.

Figure 5.1 illustrates the effect of this smoothing, with a comparison of the original and
smoothed loss landscapes over the simple benchmark scene.

If wanting to apply first-order methods to the smoothed loss function, the value of the
smoothed loss function itself is often unnecessary. Instead, we need to evaluate its gradient
at each iteration.
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The gradient of the smoothed loss function LGS
σ can be approximated using the following

property of convolution:

Property 1: (from Leibniz integral rule). Let g(.) be a continuous, differentiable and in-
tegrable function. Let f(.) be an integrable function. Their convolution is differentiable,
and

∇(f ∗ g)(t) = (f ∗ ∇g)(t).

Applying this to the smoothed loss function (5.2), we obtain

∇LGS
σ (t) = (L ∗ ∇Gσ)(t) (5.6)

=

∫
u∈R2

L(t− u)

(−u
σ2

)
Gσ(u) du

= Eu∼N (0,σ2I2)

[
L(t− u)

(−u
σ2

)]
. (5.7)

As before, we rewrite the convolution (5.6) and approximate the expectation (5.7) using MC
sampling:

∇LGS
σ (t) ≈ ∇̂LGS

σ (t) :=
1

Nσ

Nσ∑
i=1

L(t− ui)

(−ui

σ2

)
, for ui

i.i.d.∼ N (0, σ2I2). (5.8)

This estimator for the gradient of the smoothed loss function deserves a few comments.

• With this method, the ray tracer actually does not need to be differentiable. We
only evaluate the loss function L, requiring only zero-order oracle of the function, and
therefore of the ray tracing simulation.

• Property 1 is often encountered with both functions f and g being continuous and con-
tinuously differentiable. In this case, the gradient of the convolution is the convolution
of the gradient of any of the two functions, with the other one. Applied to our example,
taking the gradient of the loss function L instead of the Gaussian kernel would lead to
alternatively estimate the gradient with:

1

Nσ

Nσ∑
i=1

∇L(t− ui), for ui
i.i.d.∼ N (0, σ2I2). (5.9)

This method, however, would lead to biased estimates of the gradient. First, at some
points, the gradient of L may not be well-defined. More importantly, the general
property does not hold when one of the two functions is only piecewise continuous. If
the integrand is not a continuous function, we cannot exchange the gradient and the
integral, to get the estimate (5.9).
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• Equation (5.8) provides an unbiased estimate for the gradient of the smoothed loss
function. On the other hand, high variance in this estimator could significantly hinder
the convergence of the resulting optimization method. According to the Central Limit
Theorem (CLT), the width of the confidence interval decreases at a rate of O(N−1/2

σ )
as the number of MC samples Nσ increases. Without taking into account the function
L— on which we do not have much insight —, we observe that the term L(t−u)

(−u
σ2

)
is inversely proportional to σ2. This suggests that the variance of the estimator grows
approximately as 1/σ4. Intuitively, the smaller the smoothing parameter σ, the more
samples we need to get a MC estimate of the gradient with similar confidence interval.
This observation should be seen as a general trend rather than a precise statement,
since we are neglecting the influence of L(t − u), which likely varies less for small
perturbations u around t (hence for smaller σ).

To reduce the variance of a Monte Carlo estimator, we can use diverse variance reduction
techniques. Due to the lack of local information about L in general, we cannot justify or prove
theoretical guarantees. Hereafter, we propose two common variance reduction techniques,
which will be useful to make links in section 5.2.1.

• Antithetic variates consist in sampling symmetrically, for symmetric distributions. If
the function is monotonic, it guarantees variance reduction. Even though we have no
guarantee of monotonicity here, it was witnessed to work well in practice for small
variance σ. That might be explained by a locally monotonic behavior of the function
in a sufficiently small neighborhood.

• A second possible variance reduction technique is control variate. Its idea is to subtract,
from the Monte Carlo terms, a term with zero-mean but as correlated as possible with
the samples. Namely, we estimate the expectation of a random variable X as:

E [X] = E [X]− E [Z] = E [X − Z] ≈ 1

N

N∑
i=1

Xi − Zi, for E [Z] = 0.

In our case, we could use L(t)
(−u
σ2

)
, as control variate. It has zero-mean, however we

cannot guarantee correlation with L(t− u)
(−u
σ2

)
in all cases.

Algorithm 1 summarizes the minimization procedure implemented for this method and is
given in the appendix. Each iteration requires the evaluation of Nσ RT simulations to esti-
mate the gradient, and an additional simulation if we want to follow the evolution of the loss
function values {L(t(i))}Ti=1 with the iterations.

This technique — replacing the loss function with a Gaussian-smoothed surrogate — will
hereafter be referred to as the LGS approach (Loss Gaussian Smoothing).

5.1.2 Transmitter’s position tolerance smoothing

The motivation behind this second smoothing strategy lies in the observation that the discon-
tinuities arise not from the loss function itself, but from the forward operator directly. Based
on this, the objective is to transform the discontinuous received power function Φ(., ri) into a
continuous one with respect to the transmitter’s position. It can be interpreted as a tolerance
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or uncertainty in the transmitter’s location, so the received power is averaged around the es-
timated position. Alternatively, it can be viewed as treating the transmitter not as a point
source, but as having spatial extent, with the transmitted power representing an average over
neighboring locations. The resulting smoothed loss function is defined as

LTTS
σ (t) := MSE(AGS

σ (t), b),

where the forward operator with Gaussian-smoothed received power function is defined as[
AGS

σ (t)
]
i
:= (Φ(., ri) ∗ Gσ)(t) (5.10)

=

∫
u∈R2

Φ(t− u, ri) Gσ(u) du

= Eu∼N (0,σ2I2) [Φ(t− u, ri)] . (5.11)

To compute the gradient of function LTTS
σ , we apply the chain rule on the composition of

functions:

∇LTTS
σ (t) = JAGS

σ (t)T︸ ︷︷ ︸
∈R2×m (2)

· ∇x MSE(x, b)|x=AGS
σ (t)︸ ︷︷ ︸

∈Rm (1)

.

Each of these factors can be approximated individually. The resulting estimation of the

gradient ∇LTTS
σ (t) of the continuous substitute loss function is denoted ∇̂LTTS

σ (t).

1) Gradient of the MSE function

∇x MSE(x, b)|x=AGS
σ (t) = ∇x

(
1

m

m∑
i=1

(xi − bi)
2

)∣∣∣∣∣
x=AGS

σ (t)

=
2

m
(x − b)

∣∣∣∣
x=AGS

σ (t)

=
2

m

(
AGS

σ (t)− b
)
. (5.12)

In (5.12), it remains to approximate AGS
σ (t), since we have access only to the evaluations of

the operatorA and cannot perform convolution (5.10) exactly. This is done by approximating
the expectation (5.11) with a MC estimator:

AGS
σ (t) ≈ ÂGS

σ (t),

where [
ÂGS

σ (t)
]
i
:=

1

N

Nσ∑
j=1

Φ(t− uj, ri), for uj
i.i.d.∼ N (0, σ2I2). (5.13)

We note that, thanks to the choice of the MSE as loss function, its gradient is an affine
function and the resulting estimator of this first factor is unbiased. Indeed,

E
[
2

m

(
ÂGS

σ (t)− b
)]

i

=
2

m

(
E
[
ÂGS

σ (t)
]
i
− bi

)
=

2

m
(
[
AGS

σ (t)
]
i
− bi).
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2) Jacobian of the Gaussian-smoothed power measurements

[
JAGS

σ (t)
]
i,:
= ∇

[
AGS

σ (t)
]
i

= ∇(Φ(., ri) ∗ Gσ)(t)
= (Φ(., ri) ∗ ∇Gσ)(t)

=

∫
u∈R2

Φ(t− u, ri)

(−uT

σ2

)
Gσ(u) du

= Eu∼N (0,σ2I2)

[
Φ(t− u, ri)

(−uT

σ2

)]
. (5.14)

Again, we rewrite the gradient of the smoothed power measurement at receiver i as an
expectation (5.14), which we estimate using a MC estimator:

[
JAGS

σ (t)
]
i,:
≈ 1

N

Nσ∑
j=1

Φ(t− uj, ri)

(
−uT

j

σ2

)
, for uj

i.i.d.∼ N (0, σ2I2). (5.15)

It is also an unbiased estimator.

Combining (5.12), (5.13) and (5.15), if the samples from each of the two factors are in-
dependent, their product leads to an unbiased estimator of ∇LTTS

σ (t) (leveraging E [XY ] =
E [X]E [Y ] if X, Y independent).

Figure 5.2 illustrates the effect of the Gaussian smoothing applied to function Φ(., r1),
namely the power received at a receiver positioned at r1, for a transmitter t anywhere in
the scene. Note that we do not show the value of the smoothed loss function, nor did we
estimate it. The reason is that, while the linearity of the gradient of the MSE allows for
an unbiased estimate of this gradient, it is not the case for the associated loss function. We
never estimate the smoothed loss function values during the minimization process. Instead,
we follow the evolution of the discontinuous loss function values L.

Just as in the first approach (LGS), we emphasize that this approach allows to compute
an estimate of the gradient of the substitute loss function with only zero-order oracle of the
RT simulation. Therefore, the ray tracer again does not need to be implemented in a frame-
work allowing AD, in this case.

Algorithm 2 summarizes the minimization procedure implemented for this method and
is given in the appendix. Each iteration requires the evaluation of 2N RT simulations to
estimate the gradient, and an additional simulation if we want to follow the evolution of the
loss function values {L(t(i))}Ti=1. To compare with the LGS method above at equal cost, it
suffices to choose N = Nσ/2.

Remark: In the above two methods, the Gaussian smoothing of either the loss or the power
function might not be well-defined close to the boundary of the scene. Indeed, the perturbed
transmitter position t−u for u ∼ N (0, σ2I2) might fall outside of the domain of L or Φ(., r).
A condition must be chosen for these values; in this work, we fix it to the value of the function
at the projection of point t− u inside the scene.
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Figure 5.2: Comparison of the original and smoothed received power at a receiver located at
r = (−3, 0) for a transmitter at t ∈ [−5, 5]2 in the simple benchmark scene.

This technique — replacing the power received function with a Gaussian-smoothed surro-
gate — will hereafter be referred to as the TTS approach (for its interpretation as Tolerance
on the Transmitter’s position Smoothing).

5.1.3 Physics-based smoothing

This smoothing method was imagined by Jérome Eertmans, published in [14] and initially
implemented in the 2D RT module DiffeRT2D12. Similar ideas also appear in CG for differ-
entiable rendering [54].

This smoothing is fundamentally different from the two above. While the two above
proposed smoothing methods were isotropic and agnostic of the geometry of the scene and
position of the walls, we will see that this method presents a physical interpretation and is
entirely based on the environment and obstacles. Indeed, it does not rely on the Gaussian
smoothing of a function. Instead, it consists in directly eliminating the sources of disconti-
nuities in the forward model.

In practice, the main sources of discontinuities in functions Φ(., ri) for i = 1, ...,m are the
decisions of paths’ feasibility: whether a path is blocked by a wall (occlusion by obstacle) and

1https://differt2d.eertmans.be/latest/quickstart.html. In this work, we will use DiffeRT rather
than DiffeRT2D, for reasons of efficiency and execution time.

2For this Master’s thesis, this smoothing was implemented and added to the DiffeRT module. The version

used for the plots is available at https://github.com/SophieL1/DiffeRT. This third smoothing technique

was not a personal idea, but I contributed to adding it to the DiffeRT module.
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whether a reflection is feasible (i.e., the interaction points falls inside the wall’s boundaries).
It corresponds to the fourth step in the implementation of the Image method discussed in
section 2.5. These conditions are checked based on the Möller-Trumbore intersection algo-
rithm [55] applied on rays and triangles or quadrilaterals of a mesh representing the scene.

These binary decisions can be seen as step functions, assigning values 0 or 1:

θ(x) =

{
1, if x ≥ 0

0, otherwise.

The idea of this Physics-Based Smoothing (PBS) is to replace the discontinuous step function
θ with a continuous and everywhere differentiable function s. This substitute function s
must be parametrized by some smoothing parameter α ∈ R+ [14], and must converge to
the discontinuous step function θ for large values of the parameter α. Namely, s : (x, α) ∈
R× R+ 7→ s(x, α) ∈ [0, 1] satifies:

lim
α→+∞

s(x, α) = θ(x).

We also impose the following characteristics:

1. Same values as function θ at the limits for x→ −∞ and x→ +∞:

lim
x→−∞

s(x, α) = 0 and lim
x→+∞

s(x, α) = 1,

2. Monotonically increasing function s,

3. Symmetry:

s(0, α) =
1

2
and s(x, α)− s(0, α) = s(0, α)− s(−x, α).

The function chosen in this work is the sigmoid with parameter α:

sigmoid(x, α) =
1

1 + e−αx
.

Its graph is shown on Figure 5.3 for various values of parameter α. While showing everywhere
differentiability, the inconvenient of this choice is its theoretically infinite support. We note
that a hard sigmoid would be another possible choice, leading to a finite support — and
therefore a lot less rays —, but not everywhere differentiable anymore.

Figure 5.4 illustrates the smoothed received power function, denoted by ΦPBS(., r1) and
obtained using the PBS method, for various values of the parameter α. This smoothing is not
isotropic as the Gaussian one, but has a physics interpretation, as follows. The smoothing is
involved in:

1. Depth-wise attenuation through walls: In the absence of smoothing, rays are completely
blocked when encountering obstacles. With PBS smoothing, rays can partially go
through walls, but are attenuated progressively as we move further beyond the wall,
depending on the value of α.
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Figure 5.3: Sigmoid function for different values of parameter α = 1, 2 and 10. The step
function is a representation of the implementation of hard decisions in the RT algorithm,
while the sigmoid substitutes illustrate the impact of the PBS strategy.

2. Edge softening for reflections and occlusions: Smoothing also modifies how rays interact
with wall surfaces in the lateral directions. Instead of having sharp obstacle boundaries,
this approach introduces soft transitions at the edges. Reflections or intersections
occurring near an edge are smoothly weighted based on a substitute function, yielding
a continuous transition from fully blocked to fully unobstructed.

As a consequence, this smoothing strategy is a modification in the forward model, and will
drastically impact the number of feasible rays in the RT simulation. This in turn impacts
the execution time of the algorithm.

We note that, opposite to the smoothing factor σ, the smoothed function tends to the original
one for increasing values of α. For this reason, we will sometimes call it a realism factor in
this work.
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Figure 5.4: Comparison of the values of the received power ΦPBS(t, r), in dB, for a fixed
transmitter’s position t = (−0.1, 0.1) and over the simple scene r ∈ [−5, 5]2, with approxima-
tion of parameter α = 10, 50 and 1010. For α = 1010, the received power with approximation
is nearly everywhere equal to the original received power (Figure 2.4b).
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The smoothed received power function ΦPBS(t, r) is continuous in both its arguments, there-
fore specifically with respect to the position of the transmitter t. It implies the definition of
the associated smoothed forward model APBS(t, r̄,S) defined as

[APBS(t, r̄,S)]i := ΦPBS(t, ri), ∀i = 1, . . . ,m,

and the resulting PBS loss function:

LPBS(t, r̄,S, b̃) = 1

m
∥APBS(t, r̄,S)− b̃∥2.

This loss function is itself continuous with respect to the position of the transmitter t.

Opposite to the first two approaches presented (LGS and TTS), the ray tracer used
with this approach needs to be implemented in a framework allowing the use of Automatic
Differentiation (AD). Indeed, the PBS smoothing transforms the discontinuous loss landscape
into a continuous one by modifying the forward model, and the gradient of the continuous
loss function resulting from this new forward model needs to be evaluated using AD.

5.2 Optimization methods

In this section, we discuss the optimization methods employed to solve the inverse localization
problem. We begin with a class of derivative-free optimization (DFO) methods that could
be applied directly on the discontinuous objective function L. Taking a closer look into these
methods, we highlight a key insight: the first two smoothing strategies introduced earlier —
namely, LGS and TTS — are not only heuristic tools, but correspond precisely to Gaussian
smoothing techniques used in DFO. This connection provides theoretical justification for
applying DFO to our problem. We then recall standard first-order methods that can be
employed with the third smoothing strategy (PBS), which provides a smooth and everywhere
differentiable forward model.

5.2.1 Derivative-free optimization methods

In our inverse problem, we initially aim to solve an optimization problem of the form

min
x

f(x),

f : Rn → R, with the function f being piecewise continuous.

Even if most optimization methods and associated guarantees were designed for continu-
ous function, we could try to apply them to our problem. We focus hereafter on one of the
most simple DFO methods, after the random search — which consists in sampling a point
y randomly according to a Gaussian distribution around the current position x and move to
y if f(y) < f(x) [56]. Namely, we consider the Random Finite Differences (RFD) methods,
first presented by Polyak in [57], further analyzed by Nesterov in [56].

The principle of this method is, instead of taking a step proportional to the gradient of
the function (like in the GM), we take a step proportional to a partial derivative in a ran-
dom direction, estimating this partial derivative using zero-order oracles and finite differences.
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Given a stepsize schedule {hk}Tk=1, it lead to methods such as [56]

Random forward finite differences:

x(k+1) = x(k) − hk gν(x
(k)), (5.16)

gν(x) =
f(x+ νu)− f(x)

ν
·Bu, where u ∼ N (0, B−1).

Random centered finite differences:

x(k+1) = x(k) − hk g̃ν(x
(k)), (5.17)

g̃ν(x) =
f(x+ νu)− f(x− νu)

2ν
·Bu, where u ∼ N (0, B−1).

One can see that these methods relate to the first (LGS) approach. Actually, in all gen-
eralities, the RFD methods are justified by a Gaussian smoothing. This general Gaussian
smoothing consists in convoluting the function f with a centered Gaussian kernel with preci-
sion matrix B (symmetric positive-definite) [58]. The resulting Gaussian smoothed function
is

fν(x) =

√
det(B)

(2π)n

∫
Rn

f(x+ νu) exp

(
−1

2
u⊤Bu

)
du.

Computing the gradient of this smoothed loss function yields

∇fν(x) =
1

ν

√
det(B)

(2π)n

∫
Rn

f(x+ νu) exp

(
−1

2
u⊤Bu

)
Budu

=
1

ν

√
det(B)

(2π)n

∫
Rn

(f(x+ νu)− f(x)) exp

(
−1

2
u⊤Bu

)
Bu du.

In particular, for a function in R2 and choosing B = 1
σ2 I2 and ν = 1, we find back exactly

the Gaussian smoothing described in section 5.1.1. In particular, [56] details the centered
and forward finite differences schemes, which correspond respectively to:

• Choosing Nσ = 2 with antithetic sampling (sampling symmetrically),

• Choosing Nσ = 1 and adding the f(x)
(−u
σ2

)
term (which can be seen as a control

variate), in the LGS method.

Both methods rely on an estimate of the gradient computed based on 2 RT simulations only.
The advantage of forward finite differences is that we already have f(x) evaluated, in case
we want to track the evolution of the loss function values throughout the iterations. It saves
one additional RT simulation per iteration. In Chapter 6, we compare the performance of
these different ways of estimating the gradient, on a typical scenario.

This connection shows that the proposed LGS smoothing approach is actually equiva-
lent to applying a well-established DFO method to the discontinuous loss function. This
equivalence highlights that the use of this DFO method might be justified in our piecewise
continuous settings. The TTS method can be interpreted as the application of the exact same
DFO methods on a composite function. As such, both LGS and TTS methods fall within
the broader framework of zero-order optimization strategies based on Gaussian smoothing.
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5.2.2 First order optimization methods

In the previous section, we discussed how the LGS and TTS strategies yield approximate
gradients of a smoothed version of the loss function via stochastic sampling. On the contrary,
the PBS smoothing leads to an everywhere differentiable loss function for which the gradients
can be computed directly using AD. In this last case, we can apply classical scheme for first
order optimization such as the Gradient Method (GM), or more evolved scheme for the
computation of the stepsize: Adam, etc. We note that these methods were initially designed
for continuous, L-smooth and convex functions. In the third method, it is applied to the
continuous PBS loss function.

5.2.3 Additional remarks

• We emphasize the importance of the initial point, given the nonconvexity of the loss
function. In the next section, we list some initialization strategies to hopefully find a
good initial iterate (to be in the basin of convergence).

• Since the transmitter position is known to belong to the predefined scene, a constraint
should actually be added to the optimization problem. Namely, t should belong to the
feasible set, the interior of the scene. To account for this constraint, we simply project
all iterates inside the scene, assuming that the scene is a closed convex set on which
projection is easy (e.g., a square).

• The loss function was observed to have very varying gradient norms. This can lead to
very large steps in case of large gradient norm. The behavior of the function however
is quickly varying inside the scene, and large steps are not a good idea. Therefore a
maximal norm was set for the optimization step. This is sometimes called gradient
clipping.

5.3 Initialization

Given the nonconvexity of the smoothed loss function, the success of any method (DFO
corresponding to LGS or TTS approaches, or first order on the PBS loss function) will
have a strong dependence on initialization. Therefore we employ a multistart strategy: the
optimization is run independently fromNinit different initial points, and the solution achieving
the lowest final loss value is retained. The quality of the initial points directly affects the
effectiveness of the multistart strategy. To construct a set of plausible candidates, we proceed
with the following steps:

1. Grid sampling: We begin with a uniform grid of fixed resolution over the scene.

2. Feasibility filtering via LOS rejection: For each grid point x, we simulate the LOS power
received at each receiver. If there exists a receiver ri for i = 1, . . . ,m such that: i) the
LOS path from x to r is unobstructed, and ii) the simulated LOS power exceeds the
measured power b̃i, then the grid point x is deemed implausible and discarded. This
step is justified because additional NLOS components (from paths with higher reflection
orders) can only increase the total received power. Therefore, if the LOS alone already
exceeds the observed value, the candidate x cannot plausibly be the transmitter’s true
location. In practice, we introduce a tolerance factor so as to not eliminate too many
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points of the grid. We note that evaluating only LOS is very cheap compared to the
Image method employed for higher orders.

3. Ranking and selection: Among the remaining plausible candidates, we rank the points
according to their distance to the receiver(s) with the highest measured received power.
We select the Ninit closest candidates to initialize the optimization, making the assump-
tion that the transmitter is more likely to be near these dominant receivers.

Summary

The loss function L defined in section 1.2 is piecewise continuous. Instead of directly
minimizing this discontinuous function, we can minimize a continuous substitute: LGS,
LTTS or LPBS.

• In the LGS approach, we take as substitute the Gaussian smoothing of the loss
function. This is equivalent to applying DFO methods, estimating the gradient of
the substitute loss function based on zero-order oracles of the forward model. At
each iteration, we take a step in the opposite direction to this estimated gradient:

t(k+1) = t(k) − hk ∇̂L
GS

σk
(t), for k = 0, . . . , Niter − 1.

In all generalities, the smoothing factor σk can take different values at each itera-
tion.

• In the TTS approach, it is the received power function that is replaced by its
Gaussian-smoothed substitute. Again, this is equivalent to applying DFO meth-
ods, for composite functions here. We estimate the gradient of the resulting con-
tinuous loss function, again based on zero-order oracles of the forward model. At
each iteration, we take a step in the opposite direction to this estimated gradient:

t(k+1) = t(k) − hk ∇̂L
TTS

σ (t), for k = 0, . . . , Niter − 1.

• In the PBS approach, it is the forward model that is being modified, eliminating
directly the sources of the discontinuities. The associated smoothed loss function
is continuous with respect to the position of the transmitter, and its gradient can
be evaluated at any point in the scene leveraging AD. At each iteration, we take
a step in the opposite direction to this gradient:

t(k+1) = t(k) − hk ∇LPBS(t), for k = 0, . . . , Niter − 1.

We emphasize that these solutions apply optimization methods to a substitute function,
and not the loss function itself. The smoothing factor σ and realism factor α can be
varied, and the substitute loss function can be made as close as desired to the initial one.

In the above, we assumed given a stepsize schedule {hk}Niter−1
k=0 , and an initial guess t(0).

The initial guess is determined based on a heuristic, and the minimization is executed
several times, for different starting points.
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Chapter 6

Results and discussion

In this chapter, we evaluate the three methods described in Chapter 5 against simple repre-
sentations of environments. These test environments are not intended to model real-world
scenarios with high precision. Instead, compromises were made in favor of the simplicity of
the tools used. The primary objective is to assess whether the problem can be effectively
addressed using the proposed formulation and methods, and to characterize the success rate
and the influence of different parameters.

We begin by briefly presenting the tools and test environments used. Next, we perform
a test in free space, to test convergence of the methods and fix the stepsize. The results and
corresponding observations are finally presented and discussed.

6.1 Simulation tool and environments

Ray tracing tool

In this work, the virtual representation of the environments and the Ray Tracing (RT) meth-
ods are implemented using the DiffeRT1 module. This tool is written in Python and leverages
the JAX library2, which provides, among other features, Just-In-Time (JIT) compilation, effi-
cient vectorized operations, and an Automatic Differentiation (AD) framework. The DiffeRT
module allows for both forward and backward modes for differentiation. Since our problem
typically presents a scalar loss function and requires the partial derivatives with respect to
each of the 2D-coordinates of the transmitter t ∈ R2, both forward and reverse modes can
be justified. The forward mode is used hereafter, for its lower memory requirements.

The RT method used in this work (Image method, section 2.5) does not include diffraction
modeling but allows for an arbitrarily large number of reflections. However, since higher-order
reflections have diminishing influence and increase computation time, the RT simulations of
the forward problem solved at each iteration are limited to a maximum of two reflection
orders, unless otherwise specified.

1https://github.com/jeertmans/DiffeRT
2https://docs.jax.dev/en/latest/quickstart.html
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Test environments

Although the DiffeRT module supports three-dimensional modeling, we restrict this study
to two-dimensional environments to simplify the setup and reduce computational cost. Two
types of scenes are considered. First, we define a benchmark scene with 6 walls and fixed
receivers’ positions, as shown on Figure 6.1a. Second, we consider a small 2D indoor map,
where the receivers’ positions are randomly generated. An example is shown on Figure 6.1b.
Receivers positions are randomly sampled under the constraint that they remain sufficiently
far apart, based on a predefined rejection criterion and minimum distance. Both scenes are
defined within a 10-meter by 10-meter square domain.
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(a) Map of the simple benchmark environment.
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(b) Map of the rooms environment.

Figure 6.1: 2D maps of the environments considered for the tests.

Tests and parameters

We divide the tests into two main categories, to distinguish as much as possible between 1)
algorithmic limitations and 2) intrinsic problem ambiguities. Namely:

1. The first set of tests focuses on evaluating the optimization methods presented in
Chapter 5. The objective is to assess their ability to locate the global minimum of the
loss function derived from the RT model, as formulated in Chapter 4. In this part,
the power measurements b̃ := b are noise-free: generated with the forward model (P)
and the same parameters as is used throughout the iterations of the methods (i.e., a
maximal number of reflections of two). These experiments allow to compare the per-
formance of the proposed methods and to analyze the influence of hyperparameters,
such as the number of Monte Carlo samples and the smoothing parameters σ and α.

Having methods working on this ideal framework is a necessary (but not sufficient)
condition to hope to solve the inverse problem.
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2. In a second time, we assess the performance on the inverse problem resolution. In-
deed, in practice, the measurements b̃ come from experiments and presents additional
modeling errors and measurements noise. In this work, we neglect measurements noise,
but try to evaluate the impact of the modeling noise coming from the truncation of the
model to a maximal number of two reflections during the resolution. The ground-truth
measurements b̃ are generated with a maximum number of reflection of five, in this
second part.

In this part, the goal is to have an insight of the impact of modeling noise on the
resolution.

In what follows, we start from initial parameters for each of the methods, assess their per-
formance and vary the parameters one by one in the next sections.

Remark: The results, the sample means and standard deviations accross experiments below
were computed on 100 random experiments. This number was limited by computational time
— the RT simulations being particularly costly on large scenes or with a large number of
receivers. Moreover, the number of initial points (multistart) has been fixed to Ninit = 5, and
the number of iterations to 100.

6.2 Parameter tuning and test in free space

We first consider an empty scene, with no obstacles and 4 receivers (Figure 6.2). In this case,
only LOS paths exist, and the loss function is continuous (section 2.4). It constitutes a test
case to check the implementation of the methods and fix the stepsize {hk}k∈N (also called
learning rate, lr).
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Figure 6.2: Test in free space. (a) shows the test environment, (b) the loss function and
iterates of the GM, (c) the approximation of the LGS loss function, for Nσ = 100 and
σ = 0.01.

Figure 6.3a shows the evolution of the loss function values with the iterations for different
choice of stepsizes: constants or computed through the Adam method [59]. This example
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encourages a choice of stepsize of 0.01 if constant (constant stepsize Gradient Method (GM)),
or 0.1 in the Adam method. Of course, testing on this simple continuous function only gives
an indication based on typical function values, but this choice was verified on discontinuous
cases of the next section. With this choice of stepsize, all methods converge similarly to the
minimizer, as shown on Figure 6.3b.
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Figure 6.3: 2D maps of the environments considered for the tests.

6.3 Optimization of the piecewise continuous loss function

In this section, we assess the performance of the optimization methods and the impact of
hyperparameters. We know that the loss function value is 0 at the minimizer, since the
ground-truth measurements were generated with the same model as the candidate measure-
ments throughout the iterations. These are tests in an idealized situation.

6.3.1 Number of receivers

A first step is to identify the number of receivers necessary for the problem to be tractable.
Indeed, with few receivers, there might be many positions in the scene yielding the same
power measurements at the receivers, and the loss function L could have multiple local or
even global minima. We expect the optimization to be unsuccessful most of the time for few
receivers, and increasingly successful for increasing number of receivers. We note that, in
practice, increasing the number of receivers not only should be avoided for material reasons,
but also because it increases proportionally the cost of the optimization method.

The mean and standard deviation of the distance of the best candidate to the true min-
imizer are shown on Figure 6.4a, Figure 6.5a and Figure 6.6a for the LGS, TTS and PBS
methods respectively. As expected, the mean distance for all three methods decreases with
increasing number of receivers until six, from which it stagnates to a non-zero value. This
can be explained first because the optimization is limited to a maximum of 100 iterations,
then because it is limited in precision by the smoothing factor and the error on the gradient.
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The failure of the method for less than five receivers could be explained by the presence of
numerous local non-global minima, or non-uniqueness of the solution to the inverse problem.

The success is evaluated based on the distance between the candidate and the minimizer.
For different tolerances ϵ, an experiment is considered a success if the final candidate t re-
tained after the optimization process satisfies ∥t − t̄∥ < ϵ. The success rates as functions of
the tolerance ϵ for the LGS, TTS and PBS methods are shown on Figure 6.4b, Figure 6.5b
and Figure 6.6b respectively.

We observe that the first two methods perform similarly, reaching about 80% of success
for 7, 8 or 9 receivers and a tolerance of 0.1 [m]. The third method shows a respective
success rate of 60%. Having identified 7 as a sufficient number of receivers for this scene, we
proceed in the next section to compare the evolution of the distance to the minimizer over
the iterations, for the three methods.

1 2 3 4 5 6 7 8 9
Number of receivers

0

2

4

6

8

D
is

ta
n

ce
‖t
−
t̄‖

mean distance

±1 sample standard deviation

(a) Sample mean and standard deviation of the
distance of the candidate to the minimum.

0.0 0.1 0.2 0.3 0.4 0.5
Tolerance ε

0

20

40

60

80

100
P

er
ce

n
ta

ge
of

su
cc

es
s
‖t
−
t̄‖
<
ε

Number of receivers

1

2

3

4

5

6

7

8

9

(b) Success rate of the LGS method on the bench-
mark scene.

Figure 6.4: Evolution of the distance to the minimizer and of the success rate of the LGS
method (Nσ = 100, σ = 0.01) with the number of receivers in the benchmark scene.
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(b) Success rate of the TTS method on the bench-
mark scene.

Figure 6.5: Evolution of the distance to the minimizer and of the success rate of the TTS
method (Nσ = 100, σ = 0.01) with the number of receivers in the benchmark scene.
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(b) Success rate of the PBS method on the bench-
mark scene.

Figure 6.6: Evolution of the distance to the minimizer and of the success rate of the PBS
method with the number of receivers in the benchmark scene.

6.3.2 Number of iterations and methods comparison

We visualize on Figure 6.7 the evolution of the distance to the minimizer throughout the
iterations, for seven receivers. In order to compare convergence of the different methods, we
restrict to the successful experiments, in all three cases. Both LGS and TTS methods behave
similarly on this example, while the PBS method is a bit slower to converge.

We also deduce, from the large standard deviation bands, that the convergence is clearly
not monotonic, and the method sometimes takes bad steps. The performance may depend
heavily on the position of the transmitter, the scene, and the positions of the receivers.
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Figure 6.7: Evolution of the distance of the iterates to the minimizer for the three methods
studied for successful cases, 100 random experiments on the benchmark scene with 7 receivers.
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6.3.3 Number of Monte Carlo samples

Decreasing the number of MC samples in the computation of the gradient implies less ac-
curate estimates. However, maybe this precision is not necessary and more classical DFO
techniques with finite differences perform just as good for much lower computational cost.
It is indeed the case. Figure 6.8a, Figure 6.8b, and Figure 6.8c show the success rate of the
LGS method with different numbers of samples. Performances are sensibly similar, for a same
maximum number of iterations — therefore, saving a lot of computations when lowering Nσ.

Figure 6.9 compares the mean distances for the three above, together with the case of
100 samples. Again, performances are similar. Similar results are observed for the TTS
method and are shown on Figure 6.10. These graphs suggest that it is reasonable to use few
samples or forward or centered finite difference schemes for the estimate of the gradient in
the minimization.
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(a) Success rate of the LGS
method with Nσ = 10.
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(b) Success rate of the LGS
method with Nσ = 2 (centered
finite difference scheme).
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(c) Success rate of the LGS
method with Nσ = 2 (forward
finite difference scheme).

Figure 6.8: Success rate of the LGS method with the number of receivers in the benchmark
scene for different numbers of MC samples in the computation of the gradient.
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6.3.4 Smoothing factor

The smoothing parameter plays an important role in both the derivative-based and derivative-
free (DFO) approaches. For the latter, its interpretation as detailed in Chapter 5 provides
some insights.

A range of values for the smoothing factor σ (in LGS and TTS) and for the realism
factor α (in PBS) has been tested. Larger values of σ correspond to a heavier smoothing of
the loss function (seen as a convolution with a broader Gaussian kernel), which helps soften
the discontinuities and mitigate local minima. However, excessive smoothing results in a
loss landscape that deviates significantly from the original objective, compromising accuracy.
Conversely, smaller values yield functions closer to the true objective but may hinder con-
vergence due to its piecewise continuity.

The mean distances between the best iterate and the true transmitter position for various
numbers of receivers are shown on Figure 6.11, Figure 6.12 and Figure 6.13 for the LGS,
TTS and PBS methods respectively. These graphs illustrate the trade-off detailed above.
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Intuitively, we could propose to employ a continuation strategy, wherein the smoothing
factor is gradually decreased throughout the optimization process. It did not seem to improve
performances significantly on this example however.

Since the LGS and TTS methods are DFO methods, we can hardly compare them at
equal costs with the PBS and the classic GM methods. However, Figure 6.13 compares the
PBS and the classic GM methods, and suggests that, on average, the PBS method does not
help finding the minimizer of the loss function.

6.3.5 Stochastic approach

As illustrated above, a minimum number of receivers located at distinct points in the scene is
required for the solution to this inverse problem to be unique and for the different approaches
to perform reasonably well. We physically need enough information points. That does not
imply however, that all information — namely, all power measurements simulated through
the forward model — should be used (and therefore costly computed) at each iteration.
Simulating the power measurements of only a subset of the receivers at each iteration, and
comparing them with the corresponding subset of true measurements (b̃i for the correspond-
ing indices i) could allow saving a lot of computation.

This is exactly the idea of the stochastic gradient descent [60]. This technique is often
applied on objective functions written as an average of simpler functions. In our case, we
replace the loss function (4.1) by

LSGDK(t, r̄,S, b̃) =
1

|K|
∑
i∈K

(
Φ(t, ri)− b̃i

)2
,

where the set K is the subset of indices of the chosen receivers, and |K| denotes its cardinality.
These chosen receivers are picked randomly at each iteration.

Similarly to what was done for the classical loss function, the LGS, TTS and PBS con-
tinuous substitutes can be defined and the same methods applied. Figure 6.14 illustrates the
performance of this stochastic approach, compared to the classical one, on the LGS method
with forward finite differences. The classic and SGD methods compared on this graph share
the same computational cost per iteration, but the SGD method requires more receivers
placed in the scene. In this case, we assume 9 physical receivers in the scene, and the set K
is chosen randomly at each iteration as a subset of the set {1, 2, . . . , 9}.

We observe in Figure 6.14b that similar performance is achieved for |K| ≥ 3. The perfor-
mances of the method only deteriorate for |K| < 3. This suggests that a stochastic gradient
descent (SGD) approach could be employed to reduce the computational cost per iteration,
without compromising performance. It is the number of physical receivers in the scene that
matters more. Similar results are expected for the TTS and PBS methods.
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(b) Success rate of the LGS method for different
number of receivers considered (|K|).

Figure 6.14: Evolution of the distance to the minimizer and of the success rate of the LGS
method (Nσ = 2, forward finite differences σ = 0.01) with the number of receivers in the set
K considered at each iteration in the benchmark scene. In this case, we assume 9 physical
receivers in the scene, and the set K is chosen randomly at each iteration as a subset of the
set {1, 2, . . . , 9}. On Figure (a), the mean distance evolution is compared with the classic
method. The classic and SGD methods on this graph share the same computation cost per
iteration, but the SGD method requires more receivers placed in the scene.

6.4 Resolution of the inverse problem

In the previous section, we examined the influence of various parameters under idealized
conditions, with neither modeling nor measurement noise. In this section, we evaluate the
robustness of the proposed approach by introducing a source of modeling error. Specifi-
cally, the ground-truth measurements are generated using a model that includes up to five
reflections, while the forward model used during optimization is limited to a lower maximum
number of reflections. As a result, the loss function is no longer expected to reach zero at
the true transmitter location, and its minimizer may not coincide with this true location.

6.4.1 Number of receivers

Figure 6.15a illustrates the evolution of the mean localization error for both the noise-free
and modeling noise scenarios on the benchmark scene. It highlights the impact of modeling
noise on the accuracy of the methods: the mean error does not reach 0.1 [m] anymore, but
only around 0.5 [m] for a sufficient number of receivers. Figure 6.15b shows the associated
success rate evolution with the tolerance ϵ.

6.4.2 Complexity of the scene

Finally, we evaluate the method on a more realistic environment, depicted in Figure 6.1b.
Figure 6.16a presents the evolution of the sample mean distance between the best candidate
and the true transmitter position. Due to the increased number of walls of this scene, a
higher number of receivers was required. While the method performs reasonably well in the
ideal setting (i.e., without modeling noise), performance degrades significantly when model-
ing noise is introduced. Interestingly, the relatively good results in the ideal case were not
guaranteed, as more complex environments tend to induce a more fragmented and challenging
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(b) Success rate of the LGS method on the bench-
mark scene, for several numbers of receivers, in
case of noisy measurements b̃ (modeling noise).

Figure 6.15: Evolution of the distance to the minimizer and of the success rate of the LGS
method (Nσ = 2, forward finite differences, σ = 0.01) with the number of receivers, in the
benchmark scene.

loss landscape. Although further parameter tuning might marginally improve performance,
the results in the non-ideal case highlight a fundamental limitation of the approach: the level
of modeling noise is a critical point.
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Figure 6.16: Evolution of the distance of the best candidate to the true position for the LGS
method (Nσ = 2, forward finite differences, σ = 0.01), on the rooms scene (6.1b).
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Chapter 7

Conclusion and perspectives

This final section begins by outlining related research directions, followed by a summary of
the proposed approach and key observations. It concludes with suggestions for potential
improvements and a critical discussion of the applicability and limitations of the method for
solving the original wireless indoor source localization problem addressed in this Master’s
thesis.

7.1 Related inverse problem

As discussed in section 2.3, while the geometric layout of the environment is typically known
or can be measured, the electromagnetic properties — particularly the reflection coefficients
of the walls — often require estimation. Accurate values of these coefficients are essential
for the reliability of the ray tracing (RT) model. One promising approach to estimating
them is to formulate the problem as an inverse problem, using the same forward model (P)
introduced in this work.

Indeed, we recall that the RT operator A(t, r̄,S) depends not only on the transmitter
position t, but also on scene parameters S, which include both geometric and electromag-
netic characteristics. Importantly, the operator is differentiable with respect to the reflection
coefficients of the walls, which allows the use of gradient-based optimization techniques to
estimate them.

With this formulation, the loss function — defined similarly to (4.1) — is continuous and
differentiable with respect to the reflection coefficients, and nonconvex. Its structure is a
polynomial of degree Z, where Z denotes the maximum number of reflections considered in
the model, and C

(w)
p the reflection coefficient of a given wall w. This polynomial has positive

coefficients for all monomials of positive degree. Furthermore, the reflection coefficient C
(w)
p

is known to lie within the interval [0, 1], and in many practical cases, a reasonable initial
estimate is available. In simplified cases — when a single unknown coefficient is sought, or
when all walls share a common coefficient — the loss function has a unique global minimum
within the feasible domain. However, in more general scenarios involving multiple unknown
reflection coefficients, the solution may not be unique. As with the source localization prob-
lem, the number and placement of receivers is then critical.

This inverse problem is therefore significantly simpler than the transmitter localization
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problem. It relies on the same forward model and RT simulations but benefits from a nicer
optimization landscape. Moreover, the method is particularly well-suited for fine-tuning:
starting from an approximate initial guess, first-order optimization methods can more reliably
converge to an accurate solution.

7.2 Summary

The primary objective of this Master’s thesis was to propose and assess a new approach to
wireless indoor source localization, as an inverse problem. After having detailed a simplified
model for the wave propagation between the transmitter and the receivers, we formulated
the forward problem, that is solved through RT simulations. Based on this forward problem,
we established a formulation of the wireless indoor source localization as an inverse prob-
lem, and listed the particularities and challenges at hand. Encouraged by the discontinuous
nature of the resulting loss function, we looked into different smoothing strategies. We ex-
plained how the first two relate to derivative-free optimization methods. The third approach
modifies the physical model itself, yielding a continuous substitute loss function amenable to
gradient-based optimization. This last method requires the RT simulation to support auto-
matic differentiation, whereas the first two approaches can be applied to any ray tracer.

By testing different parameter values, we observed that the derivative-free optimization
methods seemed to give better results. We also highlighted that their cost per iteration can be
largely reduced by considering forward finite differences for the gradient estimation, and only
a stochastic subset of receivers at each iteration. While results in idealized simulation settings
are encouraging, we emphasize that significant challenges remain for real-world applications,
where modeling inaccuracies and environmental complexities limit the effectiveness of this
formulation.

7.3 Conclusion

Possible improvements

While this work focused on first-order and a specific class of derivative-free optimization
methods, several other methods could have been explored:

• Second-order optimization techniques, such as Newton or quasi-Newton methods could
have been envisaged;

• Further investigation into other zero-order methods, such as trust-region methods is
another option;

• Finally, a hybrid approach could have been applied, coupling the proposed optimization
strategy with a more classical scene-analysis technique (Chapter 3). The idea would
be to start with a first guess, chosen among a rather coarse predefined grid, through
dictionary-based methods. Then, this first guess could be used as an initial point
for fine-tuning via local optimization. It may be promising, particularly for scenarios
involving multiple transmitters. If the measurements vectors corresponding to the
predefined grid of transmitters are sufficiently different, it could provide good starting
points, reducing the risk of convergence to poor local minima. It comes at the cost
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of, first, simulating the received powers for all points on this predefined transmitter
position grid.

However, it is important to emphasize that the main challenges encountered in this work are
likely to persist regardless of the chosen optimization scheme.

On the model and modeling errors

The RT model used in this work is a simplified version of more complete ray tracing frame-
works: we considered only specular reflections, limited to a maximum order. Applying this
method to real-world measurements would require more accurate modeling — including ef-
fects such as higher order reflections, diffraction, transmission through walls for example —
as we have witnessed the significant impact of even moderate modeling errors.

The first two methods, with Gaussian smoothing, only need zero-order oracle of the RT
simulation and should therefore be easy to translate to another more precise ray tracer. It
would be more difficult to implement the physics-based smoothing in such ray tracers.

On the justification of this inverse problem formulation

Even with a more accurate RT model, certain non-idealities persist. Importantly, the dis-
continuities in the loss function stem from the RT formulation itself, not from our further
simplification. Thus, the analysis and unfortunately the challenges encountered remain gen-
eral. Second, the number of receivers required to guarantee a unique solution is unknown,
likely necessitating an impractically large deployment in the scene, for real-world applications.

To conclude, the increasing number of RT tools and increasing accuracy of the RT mod-
els makes it tempting to formulate the problem of wireless indoor source localization in the
inverse form proposed in this thesis. Furthermore, the recent development of differentiable
ray tracers fosters the use of first-order optimization methods. In solving any mathematical
problem however, the main challenge often lies in identifying a suitable model, allowing the
use of the right resolution methods. In view of the challenges encountered with the proposed
model, we believe that this approach is not ideal for the problem as presented. Maybe another
model, method and point of view would have allowed getting more theoretical guarantees.

Inspired by the iterative nature of the method, one possible application for our approach
lies in robotics scenarios, as mentioned in Chapter 3. If the transmitter moves within the
environment, the optimization framework could be used for tracking its position. Initializing
each execution of the optimization method with the previously estimated location, the trans-
mitter position can be updated based on new measurements at the current timestep. In such
cases — where a good initialization is available — optimization is likely to be more effective.

Ultimately, the approach developed in this thesis should be best interpreted as a fine-
tuning mechanism, rather than a complete standalone solution.
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Appendix

A Implementation details

The implementation of the methods and experiments with the DiffeRT module are available
at https://github.com/SophieL1/TFE2025-WISL and https://github.com/SophieL1/DiffeRT.

B Algorithms

B.1 Pseudocode for LGS approach (section 5.1.1)

Algorithm 1 LGS optimization

1: Input: Initial point t0, number of steps T , schedule for the smoothing factor σ (standard
deviation of the Gaussian kernel) {σk}Tk=1, stepsize schedule {hk}Tk=1, zero-order oracle of
the loss function L, number of Monte Carlo samples N .

2: Output: Iterates {tk}Tk=1 and estimates of the GS-loss values {L̂GS
σ (tk)}.Tk=1

3: Initialize x← x0

4: for k = 1 to T do
5: Sample u1, . . . , uN

i.i.d.∼ N (0, σ2
kI2)

6: t̃i = project(t− ui, room) for i = 1, . . . , N ▷ Ensure to evaluate the
loss inside the domain

7: ℓi ← L(t̃i) for i = 1, . . . , N ▷ Evaluate the loss function
8: f ← 1

N

∑N
i=1 ℓi ▷ Compute the estimate L̂GS

σk
(tk)

9: g ← 1
Nσ2

t

∑N
i=1−ℓiui ▷ Compute the estimate ∇̂LGS

σk
(tk)

10: t← t− hk g ▷ Take the step
11: t← project(t, room) ▷ Ensure to stay inside the room
12: Save tk ← t, fk ← f
13: end for
14: return (tk)

T
k=1, (fk)

T
k=1
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B.2 Pseudocode for TTS approach (section 5.1.2)

Algorithm 2 TTS optimization

1: Input: Initial point t0, number of steps T , schedule for the smoothing factor σ (standard
deviation of the Gaussian kernel) {σk}Tk=1, stepsize schedule {hk}Tk=1, zero-order oracle of
the loss function L, number of Monte Carlo samples N .

2: Output: Iterates {tk}Tk=1 and estimates of the gradients of the TTS loss {∇̂LTTS

σ (tk)}Tk=1

3: Initialize x← x0

4: for k = 1 to T do
5: Sample u1, . . . , uN

i.i.d.∼ N (0, σ2
kI2)

6: Initialize vectors ā, a = zeros(1,m)
7: for each receiver ri for i = 1, . . . ,m do
8: Ai,j ← Φ(t− uj, ri) for j = 1, . . . , N ▷ Evaluate power at ri
9: āi ← 1

N

∑N
j=1 Ai,j ▷ Compute the estimate of

[
AGS

σk
(tk)
]
i

10: end for
11: a = 2

m
(ā− bT ) ▷ Deduce the estimate of ∇x MSE(x, b)|x=AGS

σ (t)

12: Sample v1, . . . , vN
i.i.d.∼ N (0, σ2

kI2)
13: Initialize matrix J = zeros(m, 2)
14: for each receiver ri for i = 1, . . . ,m do
15: Di,j ← Φ(t− vj, ri) for j = 1, . . . , N ▷ Evaluate power at ri
16: Ji,: ← 1

Nσ2
k

∑N
j=1−Di,jvj ▷ Compute the estimate of

[
JAGS

σ (t)
]
i,:

17: end for
18: g = (aJ)T ▷ Vector-matrix multiplication to get the estimate of ∇LTTS

σ (tk)
19: t← t− hk g
20: t← project(t, room) ▷ Ensure to stay inside the room
21: Save tk ← t, gk ← g
22: end for
23: return (tk)

T
k=1, (gk)

T
k=1
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