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Abstract

This thesis addresses finite element model (FEM) calibration for truss structures under
noisy and sparse measurements by framing the task as a supervised inverse problem:
recovering member axial rigidities EA from nodal displacements and applied loads.
Focusing on an 8-panel, 60 m Pratt truss bridge, the work targets non-destructive as-
sessment scenarios with limited high-quality data. A fully synthetic training pipeline
was developed using OpenSeesPy to generate large, standardised datasets with con-
trolled parameter ranges and noise models using Sobol sequences to generate space-
filling sampling. The case-study geometry, loading, and material bounds reflect typical
bridge practice and Eurocode-motivated limits, ensuring physical realism.

Two approaches are compared: a purely data-driven, MSE-trained multilayer per-
ceptron and a physics-informed neural network (PINN). On the member-wise predic-
tion task, the PINN consistently outperforms the MSE model but displays unsatisfac-
tory results. Using a category-based formulation, that is, predicting axial rigidity EA
for groups of members instead of each member, drastically improves prediction ac-
curacy, showing the PINN retaining superior performance and robustness. Overall,
embedding physics as a stabilising prior and adopting design-informed targets yields
more reliable, data-efficient calibration. The contributions are (i) an inverse-problem
formulation for truss FEM calibration and (ii) a modular synthetic-data generation
framework enabling rigorous, reproducible evaluation of learning-based calibration
methods.

Keywords: Machine learning, Physics-Informed Neural Networks (PINN), Finite Ele-
ment Method ,Calibration, Inverse problem, Truss, Synthetic data
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Introduction

1.1 Motivation

Over the past two decades, there has been a marked increase in the frequency and
severity of natural disasters [1]. These events often result in the devastation of resi-
dential buildings, healthcare facilities, and public infrastructure. When structures re-
main standing, it becomes critical to assess their structural integrity, as such events
can induce deformations, material fatigue, and cracking, among other forms of dam-
age. Consequently, prior knowledge about the structural system may become obsolete,
making post-event usability assessments challenging.

A comparable issue arises, albeit under less extreme circumstances, in the context
of building renovation, a practice that is becoming increasingly prevalent. In light of
growing ecological awareness and environmental responsibility, there is a noticeable
shift away from new construction towards the renovation of existing buildings. Similar
to post-disaster situations, information about the structure’s original condition may be
outdated or unavailable at the time of renovation.

To evaluate the structural integrity and performance, engineers rely on computa-
tional models. Modeling involves formulating a representation of a system or process
to facilitate analysis and prediction. In structural engineering, models are used to esti-
mate internal forces and predict structural responses.

These models are built upon physical and mathematical principles. However, a
comprehensive representation of structural systems often entails complex interactions
between forces, materials, and geometry, which can be computationally demanding.
To address this, engineers employ simplified models that reduce computational load
while retaining sufficient accuracy. The choice of modeling approach depends on the
specific characteristics of the structure, such as material properties, which can be mod-
eled according to different hypotheses, as displayed in Figure 1.1.

Depending on structural complexity and analytical goals, different modeling tech-
niques are employed. Among these, finite element method (FEM) models are widely
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Figure 1.1: Comparison of the strain-stress relationship of S355 steel for (a) linear hypothesis, (b)
bilinear hypothesis, and (c) high-fidelity hypothesis [2].

recognized for their versatility and prevalence in engineering practice. One of the most
common finite element analysis methods in structural engineering is linear analysis.
This approach assumes a linear relationship between structural parameters. It is com-
putationally efficient and suitable for most structures and loading scenarios.

However, FEM requires calibration, which involves defining its initial configuration
to obtain accurate results. This configuration contains parameters such as meshing
and structural properties, including member cross-sections, material properties, and
support conditions of the structure.

This process is primarily conducted through the engineer’s experience and refer-
ence values, as designers typically possess comprehensive knowledge of the materials
and manufacturing processes. In the event of an incident that alters the physical con-
dition of the structure, it’s of the utmost importance that the structure’s integrity is
re-evaluated to its current state. In this case, a standard method is often the use of
trial and error, combined with engineering knowledge, to match measurements taken
on-site.

Unfortunately, for large-scale structures such as multistory buildings or bridges,
this often involves cost-, time-consuming, and potentially destructive measurements
that can be prohibitive or incompatible with the speed required to perform the as-
sessment. Another option is to perform fewer measurements or measurements that
involve a higher tolerance for measurement errors. This implies noisy data, making it
more challenging to apply the trial-and-error method.

Statistical inference offers tools to address these issues. It involves drawing conclu-
sions about a population based on sample observations [3]. In recent years, machine
learning (ML) has emerged as a powerful subset of statistical inference. Notably, neu-
ral networks have demonstrated significant success in modeling complex, nonlinear
phenomena. These models are tailored to extract patterns from noisy data and thus
permit better robustness to it.

This thesis presents an exploratory study on the application of machine learning
techniques for structural analysis, with a specific focus on enhancing the calibration of
finite element models. In essence, the objective is to estimate unknown model param-
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eters using indirect measurements.

1.2 Objectives

Figure 1.2: Illustration of the reference truss bridge in a location where access is difficult.

This research focuses on the study of a specific 8-panel 60m long Pratt Truss Bridge
as illustrated in Figure 1.2. The objective of the project is to predict properties of the
structure from non-destructive measures on the structure. In this very case, the goal
is to predict the axial rigidity EA of each element of the structure. This quantity, spe-
cific to each member, is essential to the structure definition, as a change in rigidity will
impact the deformation of each member and thus the repartition of stresses within the
structure. This model will estimate the structure’s parameters from measurements of
deflections and loading. The motivation behind this is that these measurements can
be gathered with accessible non-destructive methods, such as using drone photogram-
metry to measure deformations of the structure.

Multiple hypotheses will be assumed true during this work. It is supposed that the
structure behaves as a linear truss. Meaning, the structure is not subject to bending
forces and the stress-strain relationship is considered linear as shown in Figure 1.1 (a).

This structure will be the medium to explore and propose solutions to several prob-

lems:

e Addressing Data Sparsity: It is often said that "there is no such thing as too much
data”. In the context of machine learning, data quality and quantity are cru-
cial factors in determining model performance. However, in structural analysis,
datasets are often limited and heterogeneous in quality. Enhancing data avail-
ability and reliability is a key goal of this work.
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e Training and Comparing Multiple Models: A wide array of machine learning al-
gorithms exists. This thesis will implement and evaluate several models to iden-
tify those that yield the most accurate and reliable predictions.

e Incorporating Physical Knowledge into Model Training: Traditional training
of machine learning models relies on statistical loss functions that overlook the
domain-specific characteristics of the problem. This research investigates the in-
tegration of physics-informed loss functions to improve model performance in
structural analysis.

e Proposing a FEM Model Calibration Procedure: The ultimate objective is to de-
velop a systematic procedure for calibrating FEM models using the insights and
techniques explored throughout the thesis. This includes guidelines on model
training, optimization, and application for specific structural systems.

The integration of machine learning into structural analysis remains an emerging
area, with relatively few existing applications. As discussed in Chapter 2, most stud-
ies focus on structural health monitoring tasks, such as crack detection, rather than
analytical modeling. When structural analysis is addressed, the emphasis often lies
on auxiliary aspects, such as mesh generation or material modeling, with few works
directly tackling structural response prediction.

This thesis pursues a different objective. Machine learning and statistical methods
are inherently predictive and well-suited for estimating specific quantities. However, in
structural engineering, a detailed understanding of system behavior is often essential,
something typically achieved through physics-based simulations, such as FEM.

The aim here is not to replace these simulations but to augment them to improve
their robustness to noise in initial measurements. Machine learning is employed as an
interface between empirical data and high-precision models, enhancing the effective-
ness and usability of traditional analytical methods.

1.3 Novelty and Contributions

Although machine learning techniques have been widely adopted in structural engi-
neering for detection tasks, such as crack detection in concrete, they are recently gain-
ing traction in the context of hybrid FEM, where machine learning has been used to
improve mesh generation or prediction. Their application in FEM calibration for struc-
tural analysis, particularly in the context of noisy measurements, remains largely un-
explored.

The present work distinguishes itself through three main contributions:

1. Inverse-problem formulation for FEM calibration: We recast the estimation of
member axial rigidities as a supervised inverse problem, mapping measured nodal
displacements and applied loads directly to material parameters. This contrasts
with the forward-analysis focus of most prior studies.
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2.

Development of novel physics-informed losses tailored for linear truss PINNs:
Existing physics-based loss formulations, originally designed for predicting struc-
tural responses under loading, are adapted to address the specific requirements
of the present problem. In addition, two new loss components are introduced to
explicitly embed the principles of local equilibrium and energy conservation into
the model, thereby enhancing its physical consistency and predictive robustness.
Development of a fully synthetic dataset-based training: A generation method
to produce large, high-quality datasets by computing a range of structures from
FEM-based simulation coupled with stochastic sampling techniques to generate
datasets representative of the problem.

These contributions collectively advance the state of the art by bridging empirical

ML techniques with the rigorous requirements of structural analysis.

1.4

Thesis Structure

The document is organised as follows:

1.

Chapter 1 — Introduction: Motivation, objectives, novelty, and an overview of
the thesis.

Chapter 2 — State of the Art: A critical review of machine-learning applications
in structural engineering, highlighting gaps addressed by this research.
Chapter 3 — Solving the Inverse Problem of a Simple Truss: Step-by-step appli-
cation of the proposed inverse-calibration concept on a small, fully-manipulable
truss, establishing fundamental ideas used later.

Chapter 4 — Dataset Generation: Detailed presentation of the synthetic-data
pipeline: parameter sampling, FE modelling, simulation, and preprocessing.

. Chapter 5 — Pratt Truss Bridge Case Study: End-to-end calibration on the ref-

erence bridge, model comparison, and validation against classical techniques.
Chapter 6 — Conclusion and Outlook: Summary of findings, limitations, and

directions for future research.

Example

To facilitate reader understanding of key concepts, this manuscript includes

highlights and key examples through these text boxes to promote intuitive com-
prehension of the subject.
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2.1 A Description of Machine Learning

Machine learning (ML) is the study of computer algorithms and models that automat-
ically improve through experience. It is a multidisciplinary field combining theories
from mathematics, probability, statistics, and information theory, among others [3].

Data represents this experience. It consists of measured observations of events or
systems under study. These data points, referred to as samples, are typically sparse
compared to the theoretically infinite possible observations [4].

From the gathered dataset, the machine-learning model generalizes the underlying
rules of the system, allowing it to perform tasks such as classification or regression.
In supervised ML, datasets consist of # measurements containing d features X and
corresponding p targets Y (expected outputs), forming the basis to train a predictive
model M (x) : RY — RP.

x| Y1
X=|:|eR™ Y=|:]|eR™ (2.1)
Xn Y

Once the model M is trained, feeding it new, unseen, features x* predicts y*, an
approximation of the actual unknown target y:

ME)=F ~y (22)

Figure 2.1 illustrates the process of machine learning from experimentation to pre-
diction based on a trained model.

To ensure consistency, the following notation is adopted throughout this manuscript
when referring to data:

-
e Bold uppercase letters denote matrices, e.g., X = [x1 e xn] ;

.
e Bold lowercase letters denote column vectors, e.g., x = [xl ‘.- xd] ;
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e Regular lowercase letters denote scalar values, e.g., x;

e A superscript asterisk denotes unseen data and values derived from unseen data
(i.e., not included in the training set), e.g., x*;

e A circumflex accent denotes an estimated or predicted value, e.g., X.

Any notation violating this convention will be explicitly mentioned.

Experiments Training Training
Measurement Dataset Process
X [Y)
715171311
—_— |4|6]7]1|4| —p
Process [0]6]8]0]2|] Fed to
0]5]3]3]3)

Trained Model
Model Prediction

Figure 2.1: Illustration of the machine learning procedure

Input

2.2 The Multilayer Perceptron

A Multilayer Perceptron (MLP) is a fundamental class of model architecture among
artificial neural network-based models. It consists of sequential layers that apply affine
transformations and nonlinearities to approximate a mapping from input features to

target outputs [5].
(L)

During this section, the notation a; will be used extensively, where the superscript

refers to the layer, and the subscript refers to the location on the layer.

2.2.1 Anatomy of a multilayer perceptron

An MLP comprises three main components, illustrated in Figure 2.2:

e Input Layer: Contains d neurons, where d corresponds to the dimensionality of
the input feature space (i.e., the number of features). Each neuron receives one
feature from the input vector;

e Hidden Layers: A series of one or more intermediate layers of neurons that ap-
ply nonlinear transformations. These layers enable the network to learn complex
patterns. Although it is a common design choice, the hidden layers do not need

to have the same number of neurons;
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e Output Layer: Contains p neurons, where p corresponds to the dimensionality
of the prediction target. The output layer produces a vector y, which forms the
model’s prediction.

Figure 2.2: Architecture of an MLP with an input layer containing three neurons, two hidden layers
containing four neurons each, and an output layer containing two neurons.

Eachneuronin alayer is fully connected to the neurons in the adjacent layer through
weighted connections. As such, every neuron in the layer L receives the activation all-b
of the layers from the previous layer.

To better understand the internal computations, consider a single neuron i in the
layer L represented in Figure 2.3. This neuron outputs a value that is a transformation
of the output of all the neurons from the previous layer.

Figure 2.3: Diagram of the operations in the neural network’s neuron i of the layer L to compute its
(L)

activation a;

To perform this transformation, each neuron stores a collection of parameters:
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e The weights: Each neuron i from the layer L stores a weight w that weights its
connection from the activation of the neuron j from the prev1ous layer L — 1. The

weights of the n neurons in layer L — 1 are stored in W( ).

W(L>:[w<L) oD W <L>] c RIL-1I (2.3)

i 1,i 21 nlz n,i

e The bias: The bias bEL) is a scalar value that is added to the neuron and acts as
the intercept of the weighted sum.

The set of all these parameters is referred to as the model’s parameters, denoted as
0. These parameters condition the model; as such, two models with the same architec-
ture but with different parameters 6 won’t produce the same output. When referring
to the model with an emphasis on its parameters, the notation Mg(x) will be used.

The output of neuron i in this layer, referred to as the activation a( )

,is computed by
computing zl(. ) the weighted sum of the activation of the previous layers and the bias.
The activation of the neuron is then calculated by applying a differentiable nonlinear

activation function / (z) to Z(L)

20 = b“”Z 1) (L D2 p® 4l IER(RSY (2.4)

at = h(z") (2.5)

With the understanding of how a neuron behaves in a neural network, we can gen-
eralize to the entire layer. Consider b(l) the vector containing all the bias and W) the
matrix containing all the weights stored in each m neuron layer in layerL:

T
b<L>=[b1 by - by bm] e Rl (2.6)

W<L>=[W<1L> wh oD WS,?]TeRiLML—“ (2.7)

We can generalize the equations 2.4 and 2.5 to the entire layer using matrix notation.

21 = bl + Wb a1 (2.8)

al) = (z<L>) (2.9)

The nonlinear function / (z) is essential. Without its application, the model is equiv-
alent to a linear model, which drastically reduces its capability to capture and model
complex systems. Applying it allows for the universal approximation theorem [6], which
states that A feedforward neural network with a single hidden layer and a nonlinear
activation function can approximate any continuous function on a compact subset of
R?, to arbitrary precision, given a sufficient number of neurons.
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2.2.2 The Hyperparameters

The parameters of the models correspond to the weights and biases of the model for
a set model architecture. By analogy, the hyperparameters are the parameters that
govern the MLP architecture itself, controlling its capacity, expressiveness, and learn-
ing dynamics. These hyperparameters must be carefully selected to strike a balance
between model complexity and performance.

The three primary hyperparameters of MLPs are:

e Number of hidden layers and neurons: These determine the depth and width

of the network. While a single hidden layer is theoretically sufficient for the uni-
versal approximation theorem [6], deeper architectures (i.e., architectures with
more hidden layers) are generally more efficient in practice, requiring fewer neu-
rons and exhibiting better convergence and performance.
Together, these values define the number of trainable parameters in the model,
also referred to as the model capacity. While this metric alone is not enough to cap-
ture the MLP’s ability to capture complex relationships, it is helpful to quantify
how much the model can learn.

e Activation function: The choice of activation function has a significant impact
on training dynamics and model expressiveness. These functions should be non-
linear and differentiable everywhere because their gradient is used to optimize
the parameters 0 as developed in section 2.2.3.

Different functions offer distinct behaviors concerning gradient flow and nonlin-
earity. As some perform better than others based on the specifics of the task, we will
consider the following activation functions illustrated in Figure 2.4:

e Sigmoid:
1

1+e~*

o(x) = (2.10)

Maps input to the (0, 1) interval. Prone to vanishing gradients, particularly in
deep networks.
e Tanh:

X _pmX

tanh(x) = ¢

—_— 2.11
e*+e™* ( )

Outputs values in (-1, 1) with zero-centered symmetry. It offers a smoother gra-
dient flow than sigmoid.
e ReLU (Rectified Linear Unit):

ReLU(x) = max(0, x) (2.12)

Computationally efficient and promotes sparse activations because many neu-
rons won't activate as:

alt) = ReLU(zl(.L)) =0 if ZEL) <0

i
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It presents two main drawbacks: the first is that the derivative is discontinuous
at 0, and the second is its susceptibility to the “dying neuron” problem, where
gradients become zero for negative inputs, meaning neuron weights can’t be up-
dated anymore [7].

e GELU (Gaussian Error Linear Unit):

GELU(x) = x D(x) (2.13)

Where ®(x) is the standard Gaussian cumulative distribution function. This ac-
tivation function aims at solving the ReLU differentiability issue.
e Leaky ReLU (Leaky Rectified Linear Unit):

LeakyReLU(x, @) = max(x, 0) + a min(x, 0) (2.14)

Introduces a slight slope « for negative inputs to address the dying neuron issue
with standard ReLU.

Sigmoid Tanh

ReLU GELU LeakyReLU(0.2)

Figure 2.4: Comparison of the activation functions

2.2.3 The training procedure

Training a model involves learning patterns and relationships between features and
output to produce accurate results from unseen data. This is done by finding the correct

values for all weights and biases stored in each neuron.
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During training, the model is fed examples of data from which it predicts y, esti-
mating the correct target value y. Initially, the answer is random as the weights are
initialized randomly.

To assess the quality of the answer, we use a differentiable metric that quantifies
how far off the prediction 7 is from the actual value y. Such a function is called a loss
function L (y, y). For a perfect model, this loss is equal to zero, meaning that the model
perfectly predicts the data and finds a set of valid underlying rules in the data.

A standard loss function for a regression task is the Mean Squared Error (MSE),
which measures the error between the predicted value and the actual value. This error
is squared, allowing for penalizing large errors more than minor errors. Intuitively,

this loss improves learning by first limiting significant inconsistencies in prediction.

n

MSE (7, y) = % D @i -vi) (2.15)

i=1
Feeding the network with a batch of m training features X and training target Y, we
can compute a batch loss:

J©O)= - LGy =2 Y L(Malx),3) (216)
i=1 i=1

Which is a function of all the models” parameters 0, the weights and biases of each
neuron.

Now, the task is to perform an optimization to minimize the loss of the model:
m@in](@) (2.17)

The learning process aims to find parameters 6 that minimize J(0). This canbe done
using the gradient descent algorithm (GDA) [8] by iteratively updating parameters in
the direction of the steepest descent of the cost function as illustrated in Figure 2.5:

0 — 0 —nVeJ(0) (2.18)

Where 1) is the learning rate, a hyperparameter controlling the step size, and VgJ(0)
represents the gradient of the cost function with respect to the parameters.

The update of each layer is done using the backpropagation algorithm. It essentially
involves computing the chain rule of differentiation to determine the contribution of
each layer to the batch loss and updating the layer’s parameters accordingly.

9]

wh — wib) — NSwD (2.19)
J]
b — po) — e (2.20)

While basic gradient descent provides a concrete mechanism for minimizing the
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[llustration of the gradient descent

® Start point n=104 e n=080 e 1n=0.20

Figure 2.5: Illustration of the behavior of the gradient descent algorithm for multiple learning rates,
where each dashed line indicates the transition to the next value after an iteration

cost function, it also has notable drawbacks. In particular, the algorithm can become
trapped in local minima or saddle points, and its convergence speed is highly sensitive
to the choice of the learning rate n as shown in Figure 2.5. To address these issues, a
variety of enhanced optimizers have been proposed, including:

e Fast Gradient Descent [9], which incorporates a look-ahead step to improve con-
vergence rate;

e Momentum-based gradient descent [10], which accumulates a velocity term to
damp oscillations;

e Adam [11], which adaptively scales per-parameter learning rates using first and
second moments of the gradients;

e L-BFGS [12], a quasi-Newton method that approximates second-order curvature
information.

In practice, training proceeds over multiple epochs: each epoch consists of applying
the update rules across the entire training set once. Since many real-world datasets are
too large to process in a single pass, we split the data into smaller batches. At each batch
step, the network computes the loss on only that subset of examples and updates its
parameters accordingly. For instance, with a dataset of 1,000 samples and a batch size of
250, one epoch consists of four parameter updates. Iterating over many epochs allows
the model to gradually refine its parameters and move closer to the global minimum.
The figure 2.6 illustrates the training process with batches.

By tuning both the optimizer (e.g., Adam vs. momentum) and the epoch/batch
schedule, we ensure efficient, stable convergence of the network.
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Figure 2.6: Schematic of MLP training: the dataset is divided into mini-batches, each of which generates
a loss and a parameter update; one full pass over all batches constitutes an epoch.

2.3 Integrating Physics Knowledge in Neural Networks

2.3.1 Physics-Informed Neural Networks

The neural networks are commonly data-driven. This means that the learning pattern
is done by leveraging purely statistical relationships between data. This approach is
the most common one and has applications in state-of-the-art models such as GPT-3
the natural language processing model from which originate the well known ChatGPT
[13], AlphaGo a model trained to play the game of Go [14] or YOLOVS5, a model for
the detection task [15], and more.

However, some tasks can leverage more than what appears in the data. Some prob-
lems involve physics and, as such, relate to known physical laws that can be leveraged
to improve learning. This is the intuition behind the Physics-Informed Neural Net-
works (PINN) proposed by Raissi et al. [16].

In his framework, Raissi suggests that knowledge of partial differential equations
can be leveraged to improve the model. Consider the problem of a one-dimensional
mass-spring oscillator:

m%+ku =0 (2.21)

We know that this equation is the ground-truth, as such we know that if we define

a model M(t) = u(t), we can introduce a residual based on the differential equation
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that is equal to 0 only if the model is perfect, that is if M(t) = u(t) = u(t):

du(t)
dt?

As explained in section 2.2.3, neural networks are differentiable with respect to their

Ro (u(t)) =m + ku(t) (2.22)

input, in this case, t, meaning that the residual is calculable. Thus, we can compute
% ; in practice, this is done using automatic gradient calculation through the libraries

dedicated to neural networks [17].

The framework introduced by Raissi et al. uses this residual to augment the data-
based loss:

L (ﬁ/ 11) = Liata (ﬁr 11) + A-[/physics (ﬁ) ,AER (2'23)

Where the data-based loss is the MSE loss between 1 and u and the physics-based
loss is the MSE loss between R and 0

n

Lo (3,0) = 12 (@ - i) (224)
n n 9~ 2
Lynysics (0) = %Z [Ro (1 (t))]2 == [md;gf) + ka(t)] (2.25)
i=1 i=1

Using this loss, let the model learn through two means during training: the first
is through data likelihood, which determines whether the prediction fits the expected
value. The second incorporates physics knowledge by enabling the model to learn a
specific derivative pattern linking input and output values. The Figure 2.7 illustrates
the adapted training process to train PINN.

Raissi et al. demonstrated the PINN approach on several forward and inverse prob-
lems involving PDEs, including fluid dynamics and quantum mechanics, showing that
neural networks could accurately recover solutions (and even unknown parameters in
the equations) by minimizing the physics-based loss [16]. The key advantage is that
the training data can be augmented or entirely replaced by physical knowledge. In-
stead of requiring a large dataset of input-output pairs generated by experiments or
high-fidelity simulations, the PINN uses the equations of motion or equilibrium as a
teacher. This paradigm has since been extended and applied to diverse fields. For in-
stance, subsequent studies have applied PINNSs to solve Navier-Stokes flow fields [18]
and structural mechanics equations [19], often achieving good agreement with clas-
sical solutions while bypassing the need for exhaustive datasets. In essence, PINNs
blur the line between data-driven learning and numerical simulation, using neural net-
works to approximate physics-governed mappings with the benefit of built-in physical
correctness. Unfortunately, PINNs also have multiple drawbacks. Firstly, they are no-
toriously hard to train to obtain good results. [20] It is also worth mentioning that
the physics losses are often computationally expensive and thus require more training

time and resources.
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Figure 2.7: Schematic of MLP training with PINN: the dataset is divided into mini-batches, each of
which generates a loss and a parameter update; one full pass over all batches constitutes an epoch. The
Lata has been abeviated to Lp and Lypysics has been abbreviated to Lp.

2.3.2 Finite Element-Informed Neural Networks

Neural networks are well-suited for continuous and dynamic systems that are de-
scribed by partial differential equations throughout the domain. Unfortunately, the
application to discrete and/or non-dynamic systems is not straightforward.

This is such a case for linear structural analysis FEM, where the application of the
PINN framework is limited. To solve this issue, Le-Duc et al. proposed the Finite Ele-
ment Informed Neural Networks (FEI-NNs), an adaptation of PINN to finite element
models [21]. They trained an MLP to predict the deformation of linear trusses and
beams. The proposed method significantly improved the model’s prediction compared
to the classical MLP.

The adaptation involves the computation of residuals derived from quantities in-
cluded in the finite element model and the model’s output. Embedding physical knowl-
edge from the finite element simulation. In their paper, Le-Duc et al. used the consti-

tutive equation of structural systems:
Ku=gq (2.26)

Where K is the stiffness matrix of the structure, u is the nodal deformations of the
structure, and q is the load applied to the structure.

Using an MLP to approximate u(x) ~ u, they created a residual and crafted a finite-
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element informed loss from it:

Ro (@) =Ki—-q (2.27)
Lren(@ = - 3 [Re @] = - > [Kai - q]? (2.28)
i=1 i=1

They used the same strategy as PINN and developed a two-part loss:

L (ﬁ, 11) = -Edata (ﬁ, u) + /\LFEM (ﬁ) ,A€ER (2.29)

In another paper, Meethal et al. developed a similar approach, using only the loss
defined in equation 2.28 to train an MLP to predict the deformation of trusses and

beams. They achieved good results with 99% of accuracy [22].

2.4 Synthetic Data for Neural Network Training

As we have seen, training an ML model requires a dataset, ideally with a large num-
ber of examples representing a diverse range of scenarios. Unfortunately, acquiring
large volumes of real-world structural data, whether from laboratory experiments or
in-service measurements, can be prohibitively expensive, time-consuming, or even de-
structive. It is particularly complex for structures that exhibit extreme behaviors, such
as large deformations, which are unlikely to be built in reality. As a practical alter-
native, synthetic data generated by numerical simulations offers a scalable route to as-
semble datasets covering wide variations in material properties, geometric configu-
rations, and damage scenarios. In structural engineering, several recent studies have
demonstrated that neural networks trained solely on synthetic datasets can generalize
effectively to real-world tests, validating the viability of an entirely synthetic training
pipeline.

For example, Seventekidis et al. trained a convolutional neural network on over
10000 simulated vibration signatures from a carbon-fiber-reinforced-polymer truss,
each labeled by damage location and severity. Without ever seeing experimental data
during training, their network detected and localized multiple damage cases in a phys-
ical prototype with nearly 95% accuracy, matching laboratory measurements and illus-
trating robust sim-to-real transfer [23]. Similarly, Lee et al. first updated a steel-frame
finite-element ”digital twin” to match its healthy-state modal properties, then synthe-
sized 5000 damage configurations via simulation. A deep classifier trained on these
scenarios correctly identified damage patterns in the real structure over 90% of the
time, confirming that synthetic-only training can yield practical structural health mon-
itoring tools [24]. For concrete structures, Jayawickrema et al. used a nonlinear finite
element model to generate 8 000 beam health states under four-point bending, varying
rebar yield stress and bond conditions; an ANN trained purely on that FE dataset then
classified the true physical beams’ reinforcement yielding with 98% accuracy [25].
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These successes rest on two key advantages of synthetic-data training. First, numer-
ical pipelines allow exhaustive coverage of parameter spaces as rare damage modes or
extreme loads can be simulated at will, ensuring networks are exposed to all relevant
scenarios. Second, fully labeled data is produced automatically, removing the need for
manual annotation or destructive testing. As a result, synthetic training can deliver
arbitrarily large, balanced, and fault-free datasets without logistical constraints.

In summary, structural engineering studies now demonstrate that neural networks
can learn damage detection, parameter identification, and health state classification di-
rectly from synthetic finite element-generated data, and then transfer that knowledge
to real structures with high fidelity. This paradigm underpins modern data-driven
frameworks, where simulation-based surrogate modeling augments or replaces exper-
imental campaigns, significantly accelerating the development of robust ML tools for
structural analysis and monitoring.

2.5 Hybrid Finite Element Modeling

Machine learning applications in civil engineering have been used so far to cover a wide
range of problems. Many early successes have been in areas like structural health mon-
itoring and image-based assessments rather than direct analytical modeling of struc-
tures. For example, computer vision algorithms powered by deep learning have been
used for automatic crack detection and segmentation in infrastructure images, assisting
inspectors in identifying damage on bridges and buildings [26]. Other studies lever-
age sensor data and time series to detect structural anomalies or predict failures [27],
using pattern recognition capabilities of ML.

These data-driven tasks treat the civil structure as a source of data to be classified
or regressed upon and have shown significant promise in reducing manual effort and
improving safety.

In contrast, using ML to perform or accelerate structural analysis (i.e., to compute
structural response given loads, geometry, and material properties) is a more recent de-
velopment. The finite element method (FEM) is the cornerstone of structural analysis;
however, high-fidelity FEM simulations can be time-consuming for large or complex
structures. There is growing interest in employing ML models either as surrogates that
replace FEM calculations or as part of hybrid frameworks that integrate ML with FEM.
The ultimate goal is to enhance computational efficiency and tackle problems where
purely data-driven or purely physics-based methods alone may fall short.

2.5.1 Data-Driven Surrogate Models for Structural Analysis

Surrogate modeling refers to using a predictive ML model to emulate the input-output
behavior of a physics-based simulator. In structural engineering, researchers have
trained neural networks to approximate the results of FEM analyses, effectively cre-
ating fast-running approximators of structural response. These surrogates are typi-
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cally trained on a database of simulations: a range of structures or loading scenarios is
tirst analyzed with FEM to produce a training set, then a network learns the mapping
from input parameters to outputs of interest. Once trained, the surrogate can predict
results almost instantaneously, offering huge speed-ups for tasks like design space ex-
ploration, real-time monitoring, or uncertainty quantiﬁcation.

Numerous examples of FEM surrogates have been reported. Liang et al. [28] pre-
sented a deep neural network that directly outputs the stress distribution in an aortic
wall given the geometry and loading, bypassing the conventional FE solve. Their model
achieved very high accuracy, with an average error of under 1% in peak stress predic-
tion, compared to the FEM baseline, while computing results in a fraction of a second.
Similarly, other studies have used multilayer perceptrons or convolutional neural net-
works to predict structural responses such as displacements, accelerations, or buckling
loads, after training on simulation data specific to problem domains (e.g., buildings or
shells under various load patterns) [29]. Chou et al. [30] recently introduced Struct-
GNN: a graph neural network that can predict the static responses of frame buildings
of varying heights. By representing the building as a graph (with nodes for joints and
additional ”story” nodes for floors) and training on numerous synthetic structures,
their GNN surrogate achieved over 99% accuracy in predicting internal forces and de-
flections, generalizing better to taller structures than traditional neural networks.

These works demonstrate that, with sufficient training data encompassing the de-
sign space, an ML surrogate can closely replicate FEM calculations while being orders
of magnitude faster at runtime.

However, pure data-driven surrogates also face challenges. They may require an
extensive and representative simulation dataset, whose generation can be laborious.
Moreover, if a query falls outside the distribution of the training data (for example,
an unforeseen structural configuration or loading case), a black-box surrogate might
extrapolate poorly. This is where incorporating physics (as discussed in Section 2.3)
can be beneficial even for surrogate models. Researchers are beginning to blend data-
driven and physics-informed ideas to create surrogates that are both fast and reliable
within known physical bounds.

2.5.2 Hybrid Machine Learning—-FEM Approaches

Beyond full replacements of FEM, another line of research seeks to combine ML algo-
rithms with traditional FEM in a single framework, leveraging the strengths of each.
In hybrid approaches, machine learning might handle the parts of the problem that
are data-rich or computationally intensive. In contrast, FEM handles the parts best
described by physics and for which robust solvers exist. One form of hybridization
is the use of ML-generated components within a finite element simulation. For in-
stance, Logarzo et al. [31] introduced smart constitutive laws, where a neural network
is trained on high-fidelity microscale simulations to serve as the material model within
a macroscale FEM analysis. This allowed them to capture complex inelastic material
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behavior without repeatedly solving expensive micro-level models. The resulting hy-
brid model could then be embedded into a standard FE solver, dramatically speeding
up multiscale analysis while maintaining accuracy in the macroscopic structural re-
sponse.

Another class of hybrid methods involves using ML to assist in finite element model
updating and calibration. Finite element model updating is the process of adjusting a
simulation model’s parameters, such as stiffness properties or boundary conditions, so
that its outputs match measured real-world data from the structure. Traditional model
calibration can be formulated as an optimization problem and may require many itera-
tions of FEM runs. By introducing machine learning, one can approach this inversely:
train a network to learn the mapping from observed structural responses to the model
parameters or damage indicators. For example, Lee et al. [27] combine a physics-based
model updating step with a deep learning model to detect damage in structures. They
tirst use measured vibration data to update an FE model of the healthy structure, then
generate many damage-case simulations with that calibrated model to train a neural
network that can identify damage location and severity from new sensor inputs.

This hybrid strategy leverages FEM to generate physics-consistent data for training
and utilizes ML to solve the complex inverse problem of damage identification effi-
ciently. More generally, such approaches suggest how ML and FEM can be iteratively
coupled: FEM provides physically grounded data or constraints to guide ML, while
ML provides speed or flexibility to tackle inverse problems, large solution spaces, and
noisy data.

In summary, hybrid ML-FEM models strive to leverage the advantages of both
methodologies. They maintain fidelity to physical laws and provide interpretability
while exploiting data-driven learning to reduce computation time and handle uncer-
tainties or incomplete information. As the field of civil engineering advances toward
digital twinning and the rapid assessment of structural systems, these hybrid methods
are becoming increasingly pertinent. They allow engineers to incorporate real-time
data and predictive ML into classical analysis workflows, potentially enabling faster
post-hazard evaluations, continuous model calibration with sensor feeds, and more
robust designs. The developments reviewed in this chapter underscore the thesis mo-
tivation: by infusing machine learning with physics domain knowledge and by intelli-
gently coupling it with proven simulation tools, one can tackle structural analysis chal-
lenges that are intractable by purely conventional means or purely data-driven means
alone.



3.1

Solving the Inverse Problem of
a Simple Truss

The Linear Truss Structure

3.1.1 Definition

A truss is a structural assembly of straight, slender members connected at their ends

to form a stable lattice, typically composed of triangular units. In a planar truss, each

member carries only axial force, either tension or compression, and the joints are mod-

eled as frictionless pins, allowing for free rotation.

The geometry and properties of a planar truss are fully specified by:

Nodes N: an # X 2 matrix of coordinates, where each row gives the (x, y) position

of a node:
Cx,l Cy,l
N=|: € R"™2, (3.1)

Cx,n Cy,n

Members M: an m X 2 matrix listing the start and end node indices of each mem-
ber:

M=|: € N"™*2, (3.2)

Here, s; and ¢; denote the indices of the start and end nodes of member i.
Cross-sectional areas A = [Al, ey Am] Te RMI where A; is the area of member
i

Young’s moduli E = [El, ce, Em]T e RIMI where E; is the modulus of member
i

Support conditions S = {i : u; = 0}, the set of fixed degrees of freedom (indices
i for which the displacement u; is zero). Each node has two degrees of freedom:

21
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one translation in the x direction and one translation in the y direction.

Equivalently, a truss can be viewed as an undirected graph G(N, M), with edge
attributes A;, E;, and node attributes given by coordinates and support constraints.

3.1.2 Representation

A truss structure is represented by plotting its nodes at the specified coordinates and
drawing members as straight lines between the corresponding node pairs (Figure 3.1).
Concentrated loads at a node are indicated by arrows emanating from that node.

(@) Photograph of a truss [32] (b) Schematic of the same truss

Figure 3.1: Real versus schematic representation of a planar truss.

Support conditions follow standard engineering symbols (Figure 3.2): a single fixed
degree of freedom is qualified as a rolling support, shown by superposing the node on

a circle, while fixing both degrees of freedom is denoted as a pinned support and rep-
resented by a triangle.
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Figure 3.2: Deformed truss with a pinned support (left) and a rolling support (right).

Additional properties, such as cross—sectional areas, material parameters, and nodal
loads, are typically described in accompanying tables or text. When illustrating defor-
mation under load, the deformed shape is sometimes overlaid using dashed lines.

3.1.3 Properties

In general, a structure’s members resist three primary internal forces:

o Axial force F: Forces which stretches or compresses members along their length;
e Shear force V: Forces acting perpendicular to the member axis;

e Bending moment M: Moment causing members to bend or rotate.
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A planar truss has exactly two translational degrees of freedom per node (hori-
zontal and vertical) and no rotational stiffness. Consequently, the bending moment
vanishes:

M =0. (3.3)

Since shear is the spatial derivative of moment,

iM

do
e

=~ V=0, (3.4)
All internal equilibrium is thus carried by axial force alone. Therefore, each member
is fully characterized by its cross-sectional area A; and Young modulus E;.

This axial-only load path imposes a geometric requirement: the truss must be tri-
angulated to remain statically determinate. Without triangulation, specific member
configurations become mechanisms that fail to maintain equilibrium under load, as

shown in Figure 3.3.

(a) Untriangulated (unstable) truss (b) Triangulated (stable) truss

Figure 3.3: Stable versus unstable truss configurations under axial loading.

3.2 Solving a Truss Structure

Solving a truss entails computing the nodal displacements u and support reactions r
under applied loads qext, and subsequently deriving each member’s axial force F.

Among the various computational approaches to solve structures [33], we adopt
the direct stiffness method, a linear analysis technique for general frame structures. Its
linearity rests on two core assumptions:

e Material linearity: The stress-strain relationship is assumed linear and described
by Hooke’s law,

Ee=0=—, 3.5
EOA (3.5)

e Geometric linearity: Displacements are assumed negligible, the structure geom-
etry is assumed non-deformed through the application of the load.
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Under these hypotheses, the equilibrium of the structure is expressed as
Ku = gt +1 =q, (3.6)

where:

e K e R2NIX2INI j5 the global stiffness matrix (assembly detailed in Section 3.2.2) a
matrix containing information on geometry and stiffness of the structure,

e u € R?N is the nodal displacement vector,

e q € R?N s the vector of applied nodal loads which is the sum of the external

load qext and the support reactions r.

Example

To illustrate the concept presented in this chapter, we will apply most proce-
dures to the truss in Figure 3.4, using EA = 525 X 106 N:

Sm Sm

<>
4

Sm

1000kN

\/

Figure 3.4: Truss that will be studied through this chapter

The displacement vector u stacks the two degrees of freedom per node in a consis-

tent ordering:

—ul,x Ui
ery U
u=| : |=| : |erRM, (3.7)
un,x Uopn—1
Up,y | Uop
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and the load vector q is defined analogously,

—5]1,x- [ q1 ]
q1y g2
q=| 1 [=]| : |eRrM, (3.8)
dn,x qan-1
[Any] | q2n |

3.2.1 Computing the members’ stiffness matrix

The global stiffness matrix K is assembled from each member’s contribution to the
global stiffness. We begin by calculating the stiffness matrix of a single member aligned
with its local axis, see Figure 3.5.

q ¢ J @
e @ S »o—»
—> u1 U9

Figure 3.5: Local element displacements and corresponding forces

In local coordinates, the element stiffness is

EA ] _1] . (3.9)

Kige = ——
ocC L _1 1

To express this in the global coordinate system (i.e., the one from the structure), we
map each member and its degrees of freedom from the local to the global coordinate
system. Illustrated in Figure 3.6, this transformation is two-fold:

e Expand local (u1, uz) to global (u1,x, 1, U2 x, U2,y) denoted by (uy, us, us, us);
e Rotate the member by an angle 0.

Figure 3.6: Global element displacements and orientation
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The transformation yields

cos 0 0

in 0 0
Kylobal = R(0) ki R(6)T, R(0) = | : (3.10)
0 cos 6

0 sin 6

Substituting cos 0 = ¢ and sin 0 = s gives the explicit form:

2 2

[ ¢ cs —c

2 2
EA| cs 2 —cs —s
Kylobal = — (3.11)
s L -2 —¢s 2 s

2

—Ccs =S cs S

Example

Applying (3.11) to each member of the example truss (Figure 3.4) yields the
global member stiffness matrices summarized in Table 3.1.

Member | Length | Angle Kgiobal
10 -1 0
00 00
1 5 0° E4
5 1-1 0 1 0
00 00
10 -1 0
EA|l 0 0 0 0
2 5 0° —_—
51-1 0 1 0
00 00
0.5 —-0.5 —0.5 0.5
EA |-0.5 05 05 =05
3 V2| oase | 2T ’
5v2 [-05 05 0.5 —0.5
0.5 —-05 —-0.5 0.5
0.5 05 —-05 —-0.5
EA| 05 05 —-05 -0.5
4 5v2 45° | —
5v2 |-0.5 -0.5 05 0.5
-05 -0.5 05 0.5
0 00 0
EA0 1 0 -1
5 5 90° =
510 0 0 0
0 -1 0 1

Table 3.1: Global stiffness matrix of each member
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3.2.2 Assembling the structure stiffness matrix

Each element connecting nodes 7 and j yields a 4 X 4 stiffness matrix kgjobal, which we
partition into four 2 X 2 subblocks By;

2 ¢s 1 —c? —cs
|
2 2 ‘
_EA| s s | —Ccs =5 ~ Bii 1 B
kglobal—T—ffjfffoé 77777 =|._-_1_7. (3.12)
—c* —cs, ¢ cs B:;'B;;
| It Fld
—cs —s%21 ¢s s

By exploiting the block-matrix abstraction introduced in equation 3.12, we can sys-
tematically and efficiently assemble the global stiffness matrix. We begin by allocating
an initially zeroed square matrix K € R?N*2INI Conceptually, K is partitioned into a
grid of 2 X 2 subblocks, which we denote by K|, ;j, each corresponding in size to the
subblocks By ; of a single element’s kgiopal-

For every member that connects nodes i and j, we extract its four block contribu-
tions B; ;, B; j, Bj ;, and B; ;. These blocks are then added into the appropriate subma-
trices of K. In practice, this means locating the global block indices associated with
node i (rows and columns 2i — 1 and 2i) and node j (rows and columns 2j — 1 and 2j),
and accumulating the element-level stiffness:

Kpii < Kjii+Bi,
Kiij — Kpij+Bi (3.13)
Kpjin e K +Bj,
Kjjj1 <« Kjjj+Bj,

For instance, if a member spans nodes 2 and 5, its block matrices By 2, Bo 5, Bs 2,
and Bj 5 are added into the corresponding positions K3 2, K25, K{5,2}, and K5 5.
Repeating this procedure for every element yields the fully assembled K that governs
the global equilibrium.

Finally, we enforce the support conditions by recognizing that certain degrees of
freedom are fixed. We know that u; = 0,Vi € S. Accordingly, we partition the fully

u, ex r
B P I O I P I (3.14)
up qp Qext,b Iy

where the subscript 2 indicates the fixed degrees of freedom and b the remaining un-

assembled system

knowns. Imposing u, = 0 and noting that reactions appear only in q,, since there are
no supports in b, reduces the problem to two coupled subsystems:

Kppup = Qext b (3.15)

Kspup = Qext,a + b (3.16)
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Equation (3.15) is solved first to obtain the unknown displacements u,. Once uy, is
known, the support reactions r, follow directly from (3.16).

Example

To demonstrate the assembly procedure, we return to the four-node truss of
Figure 3.4. First, we allocate an 8x8 zero matrix for K. Next, using each member’s
global stiffness blocks from Table 3.1, we accumulate their contributions into K
according to the node pairs:

[ ) : : ()
(B(l) + B(4))1/1 : B : L : B

,,,,,,,,,,,,,,,,,,,,, e e
B, (BU+B®+B®) . BY B

- .- ___ 7 __ v _____7/ 2,2 1_ T I T
Lt = ! 2 ' (p©2) 3) ! (3)
0 | B3 5 | B +B | B3 4

,,,,,,,,,, L,,,,,,L,,,,,,\,,,,,‘,,,3L3,\,,,,,,,’,,,,,,,

;B R S OO )
‘ Z ‘ Z ‘ 44 |
(3.17)

With the notation B") indicating the block matrix form of the stiffness matrix of
member i.

Expanding this result yields the full stiffness matrix. Observing that degrees
of freedom 1, 2, and 6 are restrained, we partition K into K, (in red), K, (in
blue), Ky, (in green), and Kj; (the remaining of the matrix):

' 01 o1 _o1 _od
02+5% % -02 0 0 0 =% v
0l 01 _o1l o4
v oow 00 00Ty Ty
-02 0 04 0 02 0 O 0
0 0 0 02 0 0 0 -02
K=EA 0 0 —02 0o 0.2+ % —07% _% % (3.18)
_01 01 01 _01
0 0 I ViV oV e
_01 04 _01 01 02
v v 00 e v v 0
_01 01 01 _o01 0.2
i Ty 0 702 5 Ty 0 02t
From equations 3.15 and 3.16 we obtain two systems of equations :
04 0  -02 0 0 us 0
0 0.2 0 0 0.2 | |u4 —1000 x 103
0.1 0.1 0.1
EA|702 0 02+35 —% 5 ||us| = 0 [N] (3.19)
0 0 ol 02 0
V2 V2 uz 0
_ 0.1 0.2
| 0 -02 % 0 02+%2 ] | o
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bl
_ _o1 _o1
02 0 0 =% -S|l 10 In
EA| 0 0 0 =% =82 us) = o]+ |r|[N] (3.20)
_01 01 _o1 0
0 0 5 ‘/5 ‘/5 Uz Te
_u8-

3.2.3 Solving for Displacements and Support Reactions

In its unconstrained form, the global stiffness matrix is only positive semi-definite. In-
troducing support conditions yields the reduced matrix Kj;, which is positive definite
and therefore nonsingular [34]. Consequently, the unknown displacement vector u, is
uniquely determined by

w = Kl qp. (3.21)
In practice, direct inversion is avoided; instead, specialized solvers are used that exploit

symmetry and sparsity to achieve efficiency and numerical stability.

With u; in hand, the reaction forces at the supported degrees of freedom follow
from the equation 3.16:

r, = Kppuy — Qext,a - (3'22)

Example

By applying equation 3.21, the deformation vector u; can be explicitly deter-
mined. For illustrative purposes, the inverse of the stiffness matrix is computed
in this example:

[ 5. 25 5 25 -25|[ o ] [ 47e1]

Lo |25 14571 5. ~25 9571 |-1000e3 —27.754
= —=| 5. 5. 10. 5. —5. 0 = 9.524 | x107% (3.23)

25 -25 5. 9571 -25 0 4.762

-25 9571 -5 —-2.5 9.571 0 ~18.231

Subsequently, the reaction forces at the supports r, are calculated using equa-
tion 3.22:

o 4761 |
0200~ ~w|| -27.754 0
r,=525x100[ 0 0 0 -2 -3 9.524 | x 1073 = | 500 | x 103 (3.24)
_01 01 _o1 4.762
0 0 -G Vi v el
~18.231
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Figure 3.7 visualises the displacement and reaction obtained from the struc-
tural analysis. The deformations have been scaled by a factor of 50 for clarity.
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Figure 3.7: Resulting displacements on the structure scaled by 50.

3.2.4 Recovering Member Forces

After obtaining the nodal displacements u, we compute each member’s axial force F
via Hooke’s law:

G:Eezg — F=EAg, (3.25)

where o is the axial stress and ¢ the axial strain.

The remaining task is to express the strain in terms of the known displacements at
the element’s end-nodes. Although one could use the exact definition

AL

)

(3.26)
Our linearized (small-deformation) framework employs the projected displacement
difference, which does not consider the variation in the geometry under loading:
(wj —u) -1
= 3.27

o=l (3:27)
where1is the unit vector along the member from node i tonode j, and L its undeformed
length. Substituting (3.27) into (3.25) yields

(W —w) -1
L

F=EA (3.28)
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Example

The internal force in each structural member is computed using equation 3.28,
with the results presented in Table 3.2. A negative value of F indicates that the

member is in compression, whereas a positive value signifies traction.

Member EA IL 1 u; u; F
. rooo| | [o.000] | [ 0.005
1 | 525%10° | 5 500
0.000| | 0.000| | [-0.028
1.000] | [0.005] | [0.010
2 525x 106 | 5 500
0.000| | |~0.028| | [0.000
. —0.707] | [o.010] | [ 0.005
3 | 525x100 | 7.071 ~707.11
0.707 | | |o.000| | [-0.018
. —0.707] | [ 0.005 | | [0.000
4 | 525%100 | 7.071 —707.11
—0.707| | [-0.018] | |0.000
. [ 0.000 | | [ 0.005 ] | [ 0.005
5 [ 525%x100| 5 1000
~1.000| | [-0.018| | |~0.028

Table 3.2: Axial force in each structural member.

Figure 3.8 illustrates the distribution of forces within the structure. By con-
vention, members in compression are depicted in red, while those in traction

are shown in blue.

-707.11kN (4) (3) -707.11kN

1000.00kN

(1)
500.00kN

500.00kN

Figure 3.8: Distribution of axial forces in the truss structure. Red indicates compression, and
blue indicates traction.

3.3 The inverse problem of structural analysis

In structural engineering, the most common scenario involves solving the forward
problem: computing the response of a structure under a prescribed set of loads and
boundary conditions. This process assumes that all structural parameters, such as ge-
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ometry and material properties, are known a priori, either specified by the design team
or mandated by regulatory standards such as the Eurocodes [35].

However, in the context of structural assessment, particularly during renovation
works or after unexpected damage, engineers often face the inverse problem. In this
case, structural parameters are unknown and must be inferred from observed data.
Specifically, given a known set of loads and the resulting measured deformations, the
objective is to estimate the stiffness matrix of the structure.

For truss structures, the geometry is typically known. Therefore, the primary un-
knowns are the axial rigidities EA of individual members. This section presents meth-
ods for solving the inverse problem.

3.4 Analytical Solution to the Inverse Problem
Consider the standard constitutive equation:
Ku=gq (3.29)

This system contains 2|N| equations, where |N| denotes the number of nodes in the
structure. As established in Section 3.2.2, the application of support conditions reduces
the system to:

Kppup = Qext,b (3.30)

This reduced system contains 2|N| — |S| equations, where |S| is the number of fixed
degrees of freedom.

The stiffness matrix K is determined solely by the structural geometry and material
properties, and is therefore considered constant. By applying multiple distinct loading
configurations q; and recording the corresponding displacements u;, the following set
of systems can be constructed:

Kppup,1 = qp,1
: (3.31)
Kppup,n = ap,n
Provided the total number of independent equations exceeds |M|, the number of un-

known axial rigidities (one per member), the system is theoretically solvable.
Although feasible for small structures, solving this system manually becomes im-

practical as the number of members increases. Symbolic computation techniques can
be employed to obtain exact solutions in such cases.

Example

Building on the previously analysed truss, the reduced stiffness matrix K, can
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is unknown:

i EAO+EA1 0 _ EAI
5 5
0 Eds 0
_EA EA; | EAs
Ky = 5 0 5 T
EA
0 0 ===
V2
0 _EA4 EAs
9 V2

0 0

o

EAg EAg

V2 V2
EAs+EA3 EA3—EAo

V2 V2
EAg—EAQ EA2+EA3 + EA4

V2 V2 5

to determine the system completely.

ments provides the following data:
.
0
4.761
—27.754
9.524
0

4.762
—-18.231

ments into the stiffness relation results in:

9.524EA( — 9.524EA,
—19.05EA,

X 1073[m]

Kppu, = 1072 9.524EA; — 9.524EA, =
9.524EAs — 9.524E A3
—9.524EAs — 9.524EA3 + 19.05EA,
[9.524 9524 0 0 0o |[EA
0 0 0 0 -19.05| |EA;
1074 0 9.524 —9.524 0 0 EA,
0 0 9524 -9.524 0 EAs;
0 0 -9.524 —9.524 19.05 | |EA4

0 |x10?

x 103

be constructed under the assumption that the axial rigidity EA; of each member

(3.32)

This matrix formulation yields a linear system of five equations. Given that
the truss contains five members, there are five unknowns, one per axial rigidity.
Hence, a single measurement of displacement u under a known load q suffices

Suppose the structure is subjected to a vertical point load of 1000 kN at node
(2), as in the preceding example. On-site measurement of the resulting displace-

(3.33)

This leads to a linear system of the form Ax = b, where the coefficients depend
linearly on the unknown axial rigidities EA;. Substituting the known displace-

(3.34)
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Solving this system yields the unique solution EA; = 525 X 10°N for all i,

consistent with the true member properties.

While the analytical approach offers a direct and interpretable method for solving
the inverse problem, it is not without limitations. The first significant issue arises when
the system of equations is ill-posed, rendering the solution indeterminate. This occurs,
for instance, when certain members experience zero strain under loading, thereby pro-

viding no information about their stiffness.

Example

Consider a modification of the previous structure in which two pinned sup-
ports are introduced instead of one, as depicted in Figure 3.9. This alteration
results in an indeterminate system that remains unsolvable, regardless of the
number of independent measurements u”) under known loads q*).

Sm Sm

<>
4

Sm

Figure 3.9: Modified truss with two pinned supports, leading to an indeterminate system.

In this configuration, members (1) and (2) are colinear and connected by node
(2). A rightward displacement of node (2) induces extension in member (1) and
compression in member (2). However, the displacements alone are insufficient
to distinguish between the two effects. The average axial rigidity governs the
overall movement, 0.5(EA; + EA3), rendering the individual values of EA; and

E A5 unidentifiable from the available data.

The second limitation of the analytical method lies in its sensitivity to noise, which
is a direct consequence of the precision demands embedded in the underlying mathe-

matical and physical formulations.
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In practice, particularly when assessing damaged or aging structures, obtaining
highly accurate displacement measurements is often infeasible. Cost constraints, ac-
cessibility challenges, and the complexity of instrumentation installation all contribute
to this difficulty. For instance, the use of unmanned aerial vehicles (UAVs) as a cost-
effective method for monitoring deflections in concrete bridges typically results in mea-
surement errors in the range of +1% to +5% [36, 37]. According to technical guid-
ance, more traditional measurement approaches, such as laser-based measurement,
can achieve tolerances below 2%, although deviations up to 5% are reported in com-
plex structural environments [38].

Given this inherent uncertainty, the analytical method is unable to predict axial
rigidities within acceptable error margins. Even small perturbations in the input data
can lead to significant deviations in the computed axial rigidity values, thereby under-
mining the reliability of the inverse analysis in real-world applications.

To demonstrate the sensitivity of the analytical method to measurement noise, we
will study the example truss in Figure 3.4. Consider the vectors q and u, representing
the applied load and the measured structural displacements, respectively, both per-
turbed by a multiplicative noise factor a:

i=a,0u (3.35)

q=a,0q (3.36)

With ©, the elementwise product operator and the noise « modelled as a random vari-
able following a normal distribution, parameterised by a noise level e:

ai~Nu=1,0= g) (3.37)

The parameter € corresponds to the total noise amplitude. Under this model, the
95% confidence interval for a is given by u + §. For instance, with € = 0.1, the noise
factor « lies within the range [0.9, 1.1] with 95% confidence, representing a +10% error
margin.

Applying this noise model to the previous example yields:

0] [ 0]
0 0
0 4.761
q=a,0 _1008 X 10°[N], T=awo _2;;;1 % 107 [m] (3.38)
0 0
0 4.762
0 —-18.231

Using these perturbed values, the inverse problem is solved to estimate the axial
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rigidity EA; of each member. The accuracy of these estimates is quantified using the
Mean Absolute Percentage Error (MAPE), defined as:

n

_ 1
MAPE®, x) = — Z
i=1

fz-—xi

- (3.39)

To ensure statistical robustness, this process is repeated 100 times with different
noise per level €. The resulting average MAPE values are shown in Figure 3.10.

Evolution of MAPE in function of noise
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Figure 3.10: Evolution of MAPE of the analytical method as a function of noise level, with 100 trials
per level.

The results clearly indicate that even low levels of measurement noise can lead to
significant errors in the estimated axial rigidities. This confirms that the analytical
method is highly sensitive to perturbations in input data and is therefore unsuitable in
contexts where noise cannot be rigorously controlled.

3.5 Traditional Machine Learning Techniques

3.5.1 Dataset and preprocessing

To enhance the robustness of inverse predictions, this section introduces several clas-
sical machine learning methods that are, by design, more tolerant to measurement
noise [8]. We begin by assuming the availability of a noiseless dataset consisting of
structural data for a specific class of structures. This dataset contains 4096 various
examples of the reference structures with different loads and axial rigidities. The com-
position of this dataset is illustrated in Figure 3.11, and comprises:

e node displacements, u,
e applied loads, q,

e member strains, ¢,
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e axial rigidities of the members, EA.

The noiseless property of our training dataset ensures that the model is trained on
exact data and thus captures the actual underlying rules of structural analysis. The
model will then be used to predict axial rigidities from noisy input.

Target

EFA, EAs

U1 us | qi qs €1 €5

Displacements Loads Strain

Features
Figure 3.11: Illustration of the dataset composition.

The origin and generation methodology of this dataset are described in detail in
Chapter 4. For the remainder of this chapter, we treat u, q, and ¢ as the input features,
denoted X, used to predict the target variable Y, which corresponds to the member
axial rigidities EA.

To optimise model learning performance, the input features undergo a preprocess-
ing pipeline comprising three primary steps: feature filtering, feature standardisation,
and dimensionality reduction.

Feature Filtering

In the context of supervised learning, not all features contribute meaningful informa-
tion to the learning process. In particular, features that exhibit no variation across the
dataset (i.e., those with constant values) can be safely excluded. A typical example
in structural mechanics involves the displacements associated with fixed degrees of
freedom, which, by definition, are identically zero throughout all samples.

Such features are uninformative, as they do not correlate with the target variable
and offer no discriminative power for the learning algorithm. Including them may
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hinder model performance by introducing unnecessary complexity and diluting the

impact of relevant features.

Therefore, as a preprocessing step, constant features are systematically removed
from the feature set. This filtering improves the model’s efficiency and learning capac-
ity by reducing dimensionality and focusing on informative patterns in the data.

Feature Standardisation

Under the assumption that input features follow a normal distribution with mean u
and standard deviation o, we transform each feature to a standard normal distribu-
tion with zero mean and unit variance. This standardisation ensures that all features
share a common scale, mitigating issues arising from large differences in magnitude.
For example, nodal loads expressed in [N] are typically on the order of 105, while dis-
placements in [m] are generally of the order 1073.

Without standardisation, the model may overemphasise large-magnitude features,
thereby distorting the learning process. The transformation is defined as follows:

7= X=X (3.40)

v/ Var(X)

with X the mean of X and Var(X) the variance of X.

Dimensionality Reduction via Principal Component Analysis (PCA)

The second preprocessing step involves applying PCA. This linear transformation tech-
nique rotates the feature space to align with the directions of maximum covariance
with the target. PCA identifies the principal components that explain the greatest vari-
ance in the data. By retaining only the most informative components, PCA reduces
the dataset’s dimensionality, thereby improving generalization and reducing compu-
tational cost. This approach is especially beneficial in high-dimensional settings where
many features are either redundant or irrelevant.

Example

To illustrate the concept of PCA, consider Figure 3.12, which presents a simpli-
fied example using a subset of the Iris dataset [39]. The original dataset includes
two morphological features used to predict the species of flowers. After apply-
ing PCA, the data is rotated such that the first principal component captures
the majority of the variance related to species classification. In this case, even a

single component is sufficient to enable a reasonably accurate prediction.
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Figure 3.12: Application of PCA on the Iris dataset.

3.5.2 Overview of the Models
Linear Regression

Linear regression is a foundational and interpretable machine learning model that as-
sumes a linear relationship between the input features X and the target Y. The model
seeks to fit a linear function of the form:

Y =PBo+pix1+ -+ Buxy (3.41)

where f is the intercept and S; are the coefficients associated with each feature.
The optimal parameters f are determined by minimising the mean squared error

(MSE) between the predicted and true values:

B =argrr}ginll(ﬁo+ﬁlx1 + oo Buxn) — 1P (3.42)

Ridge Regression

Ridge regression extends linear regression by introducing a regularisation term to miti-
gate overfitting. Overfitting occurs when a model learns to perfectly fit the training data
at the expense of generalisability to unseen data. Figure 3.13 illustrates this behaviour
in the context of polynomial regression: a degree-nine polynomial fits the training data
exactly but fails to capture the underlying function in the test data.

The form of the ridge regression model remains:

37=‘30+‘81X1 +“'+,an1’1 (343)
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Model Overfitting

e Train Data

e Test Data
=== True function
—— Degree 1l

Degree 3
—— Degree 9

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 3.13: Illustration of overfitting in polynomial regression.

However, the optimisation objective is modified to include the £, norm of the weights:
B = argminl|(Bo + prx + -+ fuxa) = yI*+ A Bl (3.44)

where the ¢ norm is defined as:

bx) = lIxlls = | Y x? (3.45)

i=1

The inclusion of the ¢, penalty discourages large parameter magnitudes, which are
often symptomatic of overfitting. This constraint promotes smoother and more gener-
alisable models.

Lasso Regression

Lasso regression is another regularised variant of linear regression. It also models the
output as a weighted sum of the inputs:

37:ﬁ0+ﬁ1x1 +"'+,ann (346)

The key distinction from ridge regression lies in the regularisation term. Lasso
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employs the £; norm of the weights:
B = arg mﬁin 1(Bo + Brxr + -+ + Buxu) — yII> + A ||, (3.47)

with the ¢; norm defined as:
n
a(x) = [xlh = ) Jxil (3.48)
i=1

Unlike the ¢; norm, the ¢; norm encourages sparsity in the model coefficients. This
means that Lasso tends to set many coefficients exactly to zero, effectively perform-
ing feature selection. The underlying intuition is that, whereas the squared-error loss
heavily penalises large weights, the absolute-error loss applies a linear penalty, thereby
facilitating simpler and more interpretable models.

Random Forest Regression

The random forest regression is an ensemble method. These types of models combine
multiple submodels to make a final prediction, hence the forest. When trained, the
random forest regressor creates multiple decision trees that are trained on a sampling
with replacement of the training set, a technique called bootstrapping.

After training, when predicting, each of these decision trees produces a prediction;
the final prediction is the average of the individual predictions of the trees. Figure 3.14
illustrates the prediction logic behind the model.

A notable property of the random forest regressor is that it can capture and model
nonlinear relationships, unlike linear regression.

Input x
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Figure 3.14: Illustration of the Random Forest Regressor
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k-nearest neighbors regression

The K-nearest neighbors (KNN) regressor is a model that makes predictions by assum-
ing similarity between examples learned during training and the unseen input.
During the training, the KNN regressor stores all training features in X;.,i,; and
training target Yy,4in. Afterward, when an input is fed to the model, a distance function
D, for example, the Euclidean distance, is used to measure similarity between the input

and every example stored from training
di = D(X, Xtrqin,i) (349)

Then the prediction is assumed to be the average of the targets of the k closest
neighbors

k
Z Ytrain,i (350)

i=0

> =

y =

Like the Random Forest Regressor, the KNN regressor can model a nonlinear sys-

tem.
Example
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Figure 3.15: Application of KNN on the Iris dataset
To illustrate this concept, we can apply KNN to predict the flower species from
the Iris dataset as in the previous example. The extension of the model to classifi-
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cation is natural as the predicted class is the average class (i.e., the majority class
in the neighborhood). The Figure 3.15 illustrates a KNN model parametrized to
use the five closest neighbors. We observe that a point in between setosa and
versicolor classes is classified based on its neighbor to the setosa species.

3.5.3 Training and Comparison of the Models

To assess the performance of each machine learning model against the analytical base-
line, we adopt a structured training and evaluation procedure. The process involves
both the optimisation of model hyperparameters and a principled splitting of the dataset

to avoid overfitting and ensure fair comparison.

Dataset Splitting Strategy

A critical aspect of supervised learning is the division of the dataset into distinct sub-
sets to fulfil different roles in the modelling process. Specifically, we partition the full
dataset into three disjoint sets:

1. Training set: Used to learn the model parameters by fitting patterns in the input-
output data.

2. Validation set: Used to tune the model’s hyperparameters—those that govern
model behaviour but are not learned during training (e.g., the regularisation pa-
rameter A in ridge regression or the number of neighbours k in KNN).

3. Test set: Used exclusively for final evaluation. This set must remain unseen
throughout both the training and hyperparameter tuning phases to provide an

unbiased assessment of generalisation performance.

This three-way split is crucial. If the test set were used during the hyperparameter
tuning stage, the model would become indirectly exposed to the test data, leading to
overfitting and overestimated performance. By reserving the test set until the final
evaluation, we ensure that the reported metrics reflect the model’s true performance
on unseen data.

However, when working with smaller datasets, allocating large portions of the data
to validation and test sets reduces the number of examples available for training. To
mitigate this issue, we employ K-fold cross-validation, a robust technique for perfor-
mance estimation and hyperparameter tuning.

In K-fold cross-validation, the dataset is divided into k equally sized folds. The
model is trained k times, each time using k —1 folds for training and the remaining fold
for validation. The performance metrics are then averaged across all k runs to obtain a
more reliable estimate of the model’s generalisation capability. This procedure reduces
the variance associated with the train—validation split, ensuring that every example
contributes to both training and validation.
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By combining K-fold cross-validation with a final, separate test set, we achieve a
balance between reliable hyperparameter selection and unbiased evaluation.

In our experiments, we employ a training set comprising 4096 examples and a sep-
arate test set of 512 examples. The training set is further partitioned using a 5-fold

cross-validation.

Hyperparameter Optimisation

To optimise model hyperparameters, we employ Bayesian optimisation using the Optuna
framework [40]. Bayesian optimisation builds a probabilistic model of the objective
function (in this case, model performance as a function of hyperparameters) and it-
eratively refines it to select hyperparameter configurations likely to improve perfor-
mance [41].

The workflow proceeds as follows:

1. A statistical surrogate model estimates performance over the hyperparameter
space.

2. Candidate configurations are evaluated using the training and validation sets.

3. The surrogate model is updated based on the observed results.

4. This process continues iteratively to converge on the optimal configuration.

Once the best hyperparameters are identified, the final model is retrained using
both the training and validation data and then evaluated on the test set. This en-
sures that the final comparison between models reflects true generalisation perfor-
mance rather than artefacts of tuning.

Comparison of the Models

To evaluate the robustness of traditional machine learning models, we compare their
performance against the analytical method under identical conditions. Specifically, we
assess their ability to predict axial rigidities from input features corrupted by measure-
ment noise. As previously discussed in Section 3.4, realistic noise levels encountered
during on-site measurements typically range between 0% and 5%.
To simulate noisy conditions, the input features x are perturbed using multiplica-
tive noise as follows:
X=a0X (3.51)

where the noise vector a is sampled element-wise from a normal distribution:
€
ai~Nu=1,0= 5) (3.52)

The prediction performance of each model is quantified using the Mean Absolute
Percentage Error (MAPE), which provides a relative error metric between the pre-
dicted and true values.

Several insights can be drawn from Figure 3.16:
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Evolution of MAPE as a function of noise
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Figure 3.16: Comparison of model performance under varying noise levels. All models were trained
and tuned using 5-fold cross-validation on a noiseless training dataset containing 4096 samples, and
evaluated on 512 previously unseen noisy samples.
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First, the regression-based models (linear, ridge, and lasso) exhibit significantly
higher prediction errors compared to the analytical solution, the K-nearest neighbours
(KNN) regressor, and the random forest model. This outcome suggests that the inverse
problem under consideration is fundamentally nonlinear. While the forward structural
model adheres to linear theory under assumptions of material and geometric linearity,
the inverse mapping from displacements and loads to stiffness properties is inherently
more complex.

To understand this, consider the constitutive relation:
Ku=gq (3.53)

Although this equation is linear with respect to the unknown displacements when
stiffness K is known, the inverse problem reverses this logic: the aim is to determine
the stiffness from known displacements and loads. In this setting, the stiffness matrix K
encodes both material and geometric information. Crucially, the geometric component,
such as member orientation, introduces nonlinear interdependencies among elements,
making the mapping from input features to stiffness values nonlinear.

Second, the results demonstrate that machine learning models exhibit greater ro-
bustness to noise than the analytical approach. Even under relatively high noise levels,
with errors approaching 23%, the predictions remain stable. While the overall accuracy
of the traditional models may not yet be sufficient for practical deployment, their stabil-
ity under noisy conditions suggests that more advanced machine learning techniques
have the potential to outperform purely analytical solutions in real-world scenarios in-
volving imperfect data.

Example

To further illustrate the predictive capability of the models, we visualise their
performance on a randomly selected example from the test dataset. For each
model, the axial rigidities EA are predicted based on noisy input features with
2% added noise. These predicted values are then used to recompute the struc-
tural displacements under the original applied load. The goal is to assess how
closely the reconstructed structure’s displacements align with the ground truth
obtained from the actual rigidities.

Figure 3.17 presents this comparison across several models. The displace-
ments computed from the true axial rigidities are shown in purple, while those
based on the predicted values are shown in green. All displacements are scaled

by a factor of 100 for visual clarity.
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Figure 3.17: Comparison of structural deformations computed using true axial rigidities (pur-
ple) and predicted axial rigidities from features with 2% noise (green)under identical loading
conditions. Deformations are scaled by a factor of 100 for visibility.

Although the MAPE values for some models are relatively high, the visual
discrepancies in displacement remain modest in this simple example. Neverthe-
less, the impact of prediction error becomes more pronounced in more complex
structural configurations, as further explored in Chapter 5.

3.6 Neural Network approach

In this section, we will apply the multilayer perceptron model, introduced in Sec-
tion 2.2, to solve the inverse problem. The first part will describe the hyperparameter
selection process used for this model. Then, we will examine the model’s performance.
This model will be trained using the Adam optimizer and the MSE loss.
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3.6.1 Hyperparameter Tuning

Selecting the appropriate hyperparameters is crucial for achieving high model perfor-
mance. In this section, we explore the impact of key hyperparameters introduced in
Section 2.2.2, which govern the structure and learning dynamics of a multilayer per-
ceptron (MLP). The hyperparameters considered are:

1. The number of hidden layers and the number of neurons per layer,
2. The activation function,
3. The learning rate.

The tuning process is conducted using a standard procedure: we evaluate a wide
range of hyperparameter configurations using 5-fold cross-validation on the previously
described training dataset, which consists of 4096 examples. Model performance is
then assessed on a separate test set comprising 512 samples, which remains untouched
during training and validation. The model is trained using batches of size 512.

As a starting point, we adopt a commonly used baseline configuration for the initial

training round:

e Activation function: Rectified Linear Unit (ReLU),
e Learning rate: 1073.

These initial values serve as a reference for evaluating the performance gains achieved
during the hyperparameter optimisation process. The configuration is iteratively re-
fined to identify the combination that yields the best predictive accuracy and general-

isation.

Number of Hidden Layers and Neurons per Layer

The number of hidden layers and the number of neurons per layer play a pivotal role in
determining the model’s learning capacity. A model with too few layers may lack the
complexity required to capture nonlinear relationships, while an overly large model
may suffer from overfitting and increased computational cost.

To systematically investigate the influence of model capacity, we evaluate a range
of configurations using a 5-fold cross-validation approach. All models use the Rec-
tified Linear Unit (ReLU) activation function and a learning rate of 1073. The eight
best-performing configurations are compared in Figure 3.18, which reports averaged
training and validation metrics across folds.
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Figure 3.18: Average metrics across 5-fold training with an MLP using ReLU activation and learning

rate of 1073 for multiple numbers of hidden layers and layer sizes.

Model performance is evaluated using the following metrics:

e Mean Squared Error (MSE): Captures the average squared deviation between

predicted and actual values. It heavily penalises larger errors.

LN
MSE = — } (i ~ 1) (354)

i=1

e Root Mean Squared Error (RMSE): The square root of MSE. It provides a more
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interpretable error in the same units as the target variable.

I E S PR
RMSE—JH;(% 7) (3.55)

e Coefficient of Determination (R?): Measures the proportion of variance in the
target explained by the model. An R? of 1 corresponds to a perfect model.
n L 02
R?=1- Zfl(y—’%)z (3.56)
i (Wi =)
e Mean Absolute Percentage Error (MAPE): Expresses prediction error as a per-

centage, facilitating interpretability. However, it is sensitive to small true values.

n

MAPE = 10:% Z
i=1

vi— Ui
Yi

(3.57)

It is worth noting that MSE is computed on standardised data and therefore lacks
physical interpretability; it is useful primarily for relative comparisons. In contrast,
RMSE is computed on de-standardised predictions, and its magnitude reflects expected
physical error in the same units as the target.

Although the performance of the configurations varies across metrics, selecting the
optimal model requires a principled approach to mitigate subjective bias. We therefore
apply a multi-criteria selection strategy:

Identify the model with the lowest MAPE.

Retain all configurations with MAPE within 2% of this minimum.
Within the remaining models, select the one with the lowest MSE.
Retain all configurations with MSE within 2% of this value.

Al e

If multiple models remain, select the one with the highest R? score.

This approach ensures that the selected model not only exhibits strong average pre-
dictive accuracy, as measured by MAPE, but also minimizes large errors using MSE and
explains the maximum possible variance in the target variable via the R? score.

Following this strategy, the selected configuration consists of three hidden layers,
each with 40 neurons.

Activation Function

The choice of activation function has a profound impact on a neural network’s ability
to model nonlinear relationships.

Figure 3.19 compares several activation functions for an MLP with three hidden
layers of 40 neurons each and a learning rate of 1073. Among the tested options, the
hyperbolic tangent (tanh) activation function consistently yields the best metrics across
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all evaluated metrics. Notably, the MAPE improves substantially from approximately
18% with the previously used activation function to around 10% with tanh.

Based on these findings, the tanh activation function is adopted for the final model

configuration.
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Figure 3.19: Average metrics across 5-fold training with an MLP with three hidden layers of 40 neurons
each and a learning rate of 1073 for multiple activation functions.
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Learning Rate

MSE MAPE
109 ] ‘
] 100 5
, 0
= w
L o
wn -1 <
s 10 s
1071
0 50 100 150 200 0 50 100 150 200
epoch [/] epoch [/]
R? score RMSE
1.0 A 3% 103 ]
08 T 2 X 103 ]
- =
w 0.6 A =
@] [N] 3
O 10° A
2 0.4 2 -
@ o 1
0.2 6 x 102 {
0.0 - 4 x 102 1
0 50 100 150 200 0 50 100 150 200
epoch [/] epoch [/]
Learning rate
- —  Training —— 5e-03 — 3e-03 — 1e-03
—— Validation — 4e-03 — 2e-03

Figure 3.20: Average metrics across 5-fold training with an MLP with three hidden layers using tanh

activation function for multiple learning rates.

The learning rate is a critical hyperparameter that controls the step size during gradi-

ent descent optimisation. Selecting an appropriate value is non-trivial, as it involves

balancing convergence speed and training stability. A large learning rate may result

in oscillations or divergence, whereas an overly low rate can lead to slow or stalled

convergence.

Figure 3.20 displays the evolution of several performance metrics for different learn-

ing rates. Notably, a learning rate of 5 x 1072 leads to rapid initial learning but intro-
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duces high variance in the optimisation process, as evidenced by oscillations in the
MSE curve—particularly noticeable after approximately 100 epochs. This instability is
indicative of noisy updates and may hinder convergence to a well-generalised solution.

To mitigate this effect, a more conservative learning rate of 3 x 1073 is preferred.
Although this results in a slower convergence rate, the increased stability allows for
more consistent learning. The performance gap can be addressed through extended
training over a greater number of epochs, making this learning rate a more reliable
choice for subsequent model development.

3.6.2 Model Comparison

With the optimal hyperparameters selected, the multilayer perceptron (MLP) is trained
using the full training dataset. The resulting model is then evaluated against previously
explored methods to assess improvements in performance.

Figure 3.21 illustrates the evolution of training and test metrics across training epochs.
As is commonly observed in neural network optimisation, metric curves tend to exhibit
increased fluctuations near convergence, reflecting the model’s oscillations around a lo-
cal minimum. The use of a logarithmic scale accentuates this phenomenon. To enhance
interpretability, the curves have been smoothed.

As expected, the training metrics are consistently better than those on the test dataset,
as the model is explicitly optimised on the training data. However, the close alignment
between training and test metrics suggests that the model generalises well to previously
unseen data.

According to the selection criteria established earlier for model capacity, the model
achieved its optimal performance at epoch 1894. The corresponding metrics at that
epoch are presented in Table 3.3.

| Dataset | MSE [-] | MAPE [%] | R? Score | RMSE [MN] |

Training | 5.81e-03 3.79 0.994 223
Test 9.67e-03 3.85 0.990 290

Table 3.3: Performance metrics at epoch 1894.

The model demonstrates strong predictive performance, achieving an average rel-
ative error (MAPE) below 4% on the test set. Furthermore, the high R? score indicates
that the model captures the vast majority of variance in the target data.

To enable a fair comparison with other approaches, the model is also evaluated
under varying levels of noise, replicating the testing conditions applied in Section 3.4.
The results are presented in Figure 3.22, alongside those of the analytical method, KNN
regressor, and random forest regressor.

The MLP exhibits a clear advantage in predictive accuracy and robustness to noise.
Notably, its prediction error remains below the added noise level for noise intensities
exceeding approximately 7%, demonstrating the model’s capacity to extract meaning-
ful patterns even in the presence of significant perturbations.
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Figure 3.21: Training and test metrics of an MLP with three hidden layers of 40 neurons each using
tanh activation function trained with a dataset of 4096 samples and tested on a dataset of 512 samples.
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Evolution of MAPE as a function of noise
70
/,,’
60 ~ ,a’\\ PR T ‘—"/
/--- _____ 17 \\\,,/ ~ -
50 .
/7
> ’
X 40 1 X
w J
% 30 1 , ]
=2 7
1
20 £
/
II
10 _ 'I --------------------
0 M
O 2 ¥ ° 8 10
Noise level [%]
Models
—— KNN —— MLP ——- Analytical
Random Forest = -:--- noise

Figure 3.22: Comparison of the MAPE for the MLP, KNN regressor, and random forest regressor against
the analytical method under increasing noise levels. The noise level is indicated with a dotted red line for

comparison.
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In conclusion, the MLP outperforms traditional methods across both noiseless and
noisy conditions. Nonetheless, there remains potential for further improvement by
incorporating physical knowledge directly into the model’s architecture or learning
process.

Example

To further demonstrate the predictive capabilities of the model, its perfor-
mance is evaluated on the same randomly selected test example previously used.
The axial rigidities EA are predicted using input features corrupted with 2%
multiplicative random noise. These predicted rigidities are then used to recom-
pute the displacements of the structure under the original applied load. The
objective is to assess how closely the reconstructed structural response matches
the true displacement field derived from the actual axial rigidities.

Figure 3.23 presents the results obtained using the trained MLP model.

O

Figure 3.23: Comparison of structural deformations computed using the true axial rigidities
(purple) and those predicted from noisy input features (green), under identical loading condi-
tions. Deformations are magnified by a factor of 100 for visual clarity.

The figure reveals that the improved accuracy of the MLP model effectively
translates into more faithful structural behaviour, as the predicted and actual
deformed structures are nearly indistinguishable. This indicates a high level of
reliability in the model’s predictions, even under moderate noise conditions.

To further evaluate model performance, the parity plot presented in Figure 3.24
compares predicted axial rigidities EA to their true values EA from the noisy test
dataset. In an ideal scenario, all points would lie on the identity line EA = EA, indicat-
ing perfect agreement between prediction and ground truth. In this case, the points are
densely clustered around the identity line, forming a narrow, well-aligned band. This
pattern demonstrates that the model achieves high predictive accuracy overall, with
only a limited number of deviations.

A complementary analysis of error distribution across structural members is shown
in Figure 3.25. The results indicate that prediction errors are uniformly distributed
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Figure 3.24: Parity plot comparing the predicted axial rigidity EA from the MSE-based MLP with the
true axial rigidity EA for a test set of 512 examples subject to 5% measurement noise.

throughout the structure, with no single member consistently exhibiting largely higher
error. This suggests that the model learns the behaviour of all members effectively,
without bias toward specific elements.

4
°

6.64%

4 3
(4) ) (3)

1 0 ) ) 3 5.85%

A ’ (@]
Figure 3.25: Distribution of mean absolute error across members for a noisy test dataset with +5%
measurement noise.

3.7 Physics-Informed Neural Networks

The multilayer perceptron (MLP) employed thus far relies solely on learning statistical
correlations between the input features (i.e., nodal displacements, loads, and strains)and
the target variable, the axial rigidities. While this data-driven approach has demon-
strated strong predictive capabilities, it does not exploit any underlying physical princi-
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ples governing the behaviour of structures. Incorporating domain-specific knowledge
offers an opportunity to enhance both the accuracy and generalisation of the model.

To this end, we turn to the framework of physics-informed neural networks (PINNs), a
paradigm introduced by Raissi et al. [16]. PINNs embed physical laws directly into the
learning process by designing custom loss functions that penalise violations of known
physical constraints. This results in models that not only fit the data but also remain
consistent with established physical theory.

In this work, we adopt an adaptation of PINNs known as finite-element informed neu-
ral networks (FEI-NNs), as proposed in the context of structural mechanics by Leduc et
al. [21] and Meethal et al. [22]. FEI-NNs extend the core concept of PINNs by leverag-
ing finite element method (FEM) formulations.

The central idea of this technique lies in augmenting the loss function with physics-
based terms that enforce structural consistency, effectively guiding the neural network
to learn solutions that are not only accurate but also physically plausible.

3.7.1 Physics-Based Loss Functions

In the following sections, we formulate and develop on a series of physics-based loss
functions, each designed to incorporate specific aspects of structural mechanics into
the training of the model. These losses are constructed to penalise violations of phys-
ical principles, such as equilibrium, compatibility, or constitutive relations, and are
intended to replace the conventional mean squared error (MSE) loss during training.

For each proposed loss function, a multilayer perceptron (MLP) is trained using
only the physics-informed loss in isolation, thereby allowing a focused analysis of its
individual effectiveness. To maintain clarity and conciseness, details related to hyper-
parameter tuning are omitted in this section. The tuning procedure remains consistent
with the methodology described in Section 3.6.1.

Structure Stiffness Loss

This formulation adapts the loss function proposed by Le Duc et al. [21] and Meethal
et al. [22] for addressing inverse problems in structural analysis.

We begin with the constitutive equation governing structural equilibrium:
Ku=gq (3.58)
which, accounting for boundary conditions, can be reduced to:
Kppup = Qext (3.59)

Here, Ky, is the reduced stiffness matrix corresponding to the free degrees of freedom,
u, the corresponding displacements, and qex; the external loading vector.

Given the model predictions y for the axial rigidities EA, an approximate stiffness
matrix Ky;(¥) can be assembled using the finite element procedure described in Sec-
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tion 3.2.2. In the ideal case where y =y, this matrix would satisfy:
I’ibb(i;)ub — Qext = 0 (360)
Hence, we define the residual vector:

RG’\, up, qext) = I’ibb(s;)u—b — Qext (361)

The corresponding structure stiffness loss is the mean squared error of the residual:

n

_ 1 v 1 ~ 2
Lstittness(Y, Up, Gext) = P le R? = P 21: (Kbb )y — Qext)i (3.62)
i= i=

Example

Consider the truss structure subjected to a vertical load of 1000 kN applied at
the central node, as shown in Figure 3.26.
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Figure 3.26: Truss structure studied in this section.

The measured displacement vector is:
o

0

4.761

—27.754

= x 1073 3.63
" 9.524 [m] (3.63)

4.762
—18.231
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Assume the model predicts the following axial rigidities:

[500]
525
510| x 10° [N] (3.64)
520
525

<)
Il

From this, we compute the reduced stiffness matrix:

[209.0 0.0 1050 0.0 0.0 |
0.0 1050 00 00 —105.0
Kip = [-105.0 0.0  141.06 —36.06 36.06 | x 10° (3.65)
0.0 00 -36.06 72.83 0.71
0.0 —105.0 36.06 071 177.83

The residual is then: i -
—-4971.0

85.0
R = |14389.92 (3.66)
—9524.02
18940.81

The stiffness loss becomes:

Ltiftness = 1.3625 x 10° (3.67)

Following hyperparameter tuning, the model is trained under the same conditions
as the MSE-based MLP. The adopted configuration is:

e Loss: Stiffness loss
e Architecture: Two hidden layers with 40 neurons each
e Activation function: LeakyReLU (a = 1073)

Figure 3.27 displays the model’s performance throughout training. The stiffness-
based loss effectively guides improvement in validation accuracy over successive epochs.
However, the model did not achieve a mean absolute percentage error (MAPE) below
11% after 2000 epochs, whereas the MSE-based model reached a MAPE below 4%.

Interestingly, the selected hyperparameters differ from those of the MSE-trained
model, and the evolution of performance metrics also diverges. Notably, the R? score
and RMSE initially deteriorate before improving, suggesting that the model learns fun-
damentally different patterns when trained using the physics-informed loss function.
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Figure 3.27: Training performance of the MLP model using the stiffness loss. The network consists of
two hidden layers with 40 neurons each and a LeakyReLU activation function. Training was conducted
on a dataset of 4096 examples, with evaluation on a test set of size 512, using a learning rate of 103 and
batch size of 512.
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Node Equilibrium Loss

Assuming the structure is in a static equilibrium state, classical mechanics dictates that
two fundamental equilibrium conditions must be satisfied:

e Force equilibrium:

D Fi=0 (3.68)

e Moment equilibrium:

Z M; =0 (3.69)

where F; and M; represent the forces and moments acting on the structure, respectively.
For truss structures, the moment equilibrium condition is inherently satisfied due
to the nature of axial member forces and idealised pin connections. Consequently, we
focus solely on the force equilibrium condition to construct the loss function.
This equilibrium principle is valid globally and locally all across the structure. Let
us consider a node 7 within the truss, subject to both internal axial forces and external
loads, as illustrated in Figure 3.28.

Fy,

\/

Figure 3.28: Illustration of a node subjected to internal member forces and external loads.

The external nodal load q; is known, while the internal axial forces are derived
from the strain and axial rigidity of each connected member. According to Hooke’s
Law (Equation 3.25), the internal force in member j is given by:

F]‘ = Ej(EA)j (370)
Accordingly, the local force equilibrium at node i becomes:

Z Sj(EA)jli,j -q;=0 (3.71)
jeCli)

where C(i) denotes the set of members connected to node i, I; ; is the unit direction
vector for member j point away from node 7, and q; includes both applied loads and
support reactions. The unit vectors 1; ; serve to convert scalar axial forces into vectorial

contributions while maintaining the sign convention of F.
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To form a loss function, we define the residual R; using the predicted axial rigidities
y:
Ri(y, &q) = Z eiyilij — aqi (3.72)
jeC(i)
which represents the unbalanced force at node i. The node equilibrium loss is then
computed as the mean squared norm of these residuals over all nodes:

2
IN] IN]

—~ 1 9 1 —~
ilibri ,E,q) = — E Rl = — E E iyili i | —q; 3.73
Lequlhbrlum ¥y, &9) IN| £ [IR;|] IN| 2l &, €iYili, qi ( )

Although the underlying physical principle of this loss is analytically to the struc-
ture stiffness loss introduced in Equation 3.58, the formulation differs substantially.
The stiffness-based loss penalises discrepancies at the global system level, whereas the
node equilibrium loss enforces local consistency, which may be more sensitive to local

inaccuracies in the prediction.

Example

Consider again the reference truss used for stiffness-based loss (Figure 3.26).
The measured strains in the structure are:

0.0009524 |
0.0009524
e=| —0.0013469 (3.74)
~0.0013469
0.0019048

Support reactions are known to be vertical and equal to 500 X 103[N] at each

support.

Assume the model predicts:

[500]
525
510| x 106N (3.75)
520
525
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From Equation 3.70, the predicted member forces are:

e F; =476.19x 103N
e F5, =500.00x 103N
o F3=-686.92x10°N
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e F, =-700.37x 10° N
e F; =1000.00 x 103N

Table 3.4 summarises the unit orientation vectors 1; ;.

. (1) (2) 3) (4) (5)
Y 2 4f

2 [l o [ o
: T

: 2 o |[-# 4] [o

Table 3.4: Orientation vectors 1; j for each member as a function of the reference node.

Computing the residuals for each node yields:

e R = ’—19047.619 4761.905]T
o Ry = ’23809.524 O]T

o Rs3= ——14285.714 14285.714]T
e Ry= —9523.81 —19047.619]T

The equilibrium loss is then given by:

-Eequilibrium = 226.76 X 106 (376)

Following hyperparameter tuning, the MLP is trained using the node equilibrium
loss under conditions identical to those of the MSE-based model. The selected config-
uration is:

e Loss function: Node equilibrium loss
e Architecture: Three hidden layers with 40 neurons each
e Activation function: tanh

As shown in Figure 3.29, the model exhibits a progressive improvement in valida-
tion accuracy throughout the training process.

However, closer inspection reveals that the model has not effectively learned the
desired patterns. Several indicators support this claim:

e Magnitude of the loss: Upon convergence, the node equilibrium loss reaches
an order of magnitude of 103, which is significantly higher than the expected
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scale observed in the illustrative example (Equation 3.76), where the loss is on
the order of 10%. Such a discrepancy suggests that the loss has not been effectively
minimised.

o Negative R? score: The appearance of a negative coefficient of determination
indicates that the model performs worse than a naive predictor, always predicting
the average axial rigidity EA of the training dataset, implying a failure to capture
the underlying relationship in the data.

Equilibrium loss MAPE
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Figure 3.29: Training performance of the MLP using the node equilibrium loss. The network comprises
three hidden layers of 40 neurons each, trained with a learning rate of 1073, batch size of 512, and
evaluated on a test set of size 512.

While the loss formulation is grounded in physically valid principles, it appears
that training the model using the node equilibrium loss alone does not result in mean-
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ingful learning. Although multiple explanations could be considered, two intuitive
hypotheses emerge:

1. Insufficient global structure awareness: The node equilibrium loss is highly lo-
calised, evaluating force balance at individual nodes. As a result, it may fail to
capture the overall structural dependencies that are essential to predict global ax-
ial rigidity distributions. This may lead to optimisation that satisfies local equi-
librium conditions without ensuring global consistency.

2. Increased optimisation complexity: The formulation of the loss incorporates nu-
merous interacting member contributions, each dependent on predicted axial
rigidities and measured strains. The resulting loss surface may be highly non-
convex and complex, making it difficult for gradient-based optimisers to con-
verge.

It is plausible that this loss could be more effective when used in conjunction with
other loss functions. Such combinations may promote the learning of new patterns
in the data and support improved generalisation in more complex structures. Doing
so, this loss would also benefit from the stability in learning offered by the other loss
functions. This hypothesis is further examined in Section 3.7.2.

Energy-Based Loss

When a structure undergoes deformation, it stores potential energy, analogous to the
behaviour of a deformed spring. According to the principle of conservation of energy,
the total stored potential energy U in the structure must be equal to the external work
performed by the applied loads.

The total potential energy stored in the structure can be expressed as the sum of the
energy stored in each member. This is given by:

- e 2 _
U= L AL QZEALE (3.77)
ieM ieM

where L; denotes the length of member 7, and ¢; is the corresponding axial strain.
The external work performed on the structure is defined by:

1 v 1
Wext = 5 le Uifext,i = 5“ : qz;xt (378)
1=

To ensure physical consistency, it is required that:
U = Wext (379)

Using the model’s predicted axial rigidities y, an estimate of the potential energy
can be computed as:

—~ 1 .
U=; Z GiLie? (3.80)

ieM
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The corresponding loss function is defined as the mean squared error (MSE) be-
tween the estimated stored potential energy and the external work:

—~ 2
Lenergy (¥, 0, gext) = (U - Wext) (3.81)

Example

Consider again the reference truss used in the stiffness-based loss (Fig-
ure 3.26). The measured displacements and strains are:

.
0 -
0.0009524
4.761
_— 0.0009524
u= ' x10%m, &= | —0.0013469 (3.82)
9.524
0 —0.0013469
0.0019048
4.762 :
-18.231

Assume that the model predicts the axial rigidities:

[500]
525
510| x 105N (3.83)
520
525
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The external work, computed using Equation (3.78), is:

Wext = 13877.20] (3.84)

The estimated stored potential energy, using Equation (3.80), is computed as
follows:

U; = 1133.78]
Us = 1190.47]
U; = 3270.97]
U, = 3335.11]
Uy = 4761.90]
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Summing these contributions yields:

—

U = 13692.24] (3.85)

The resulting energy-based loss is:

Lenergy = (13877.20 — 13692.24)% = 34211.19 (3.86)

Following hyperparameter tuning, the MLP is trained using the energy-based loss
under conditions identical to those employed for the MSE-based model. The selected
configuration is:

e Loss function: Energy-based loss
o Architecture: Three hidden layers with 40 neurons each
e Activation function: tanh

As shown in Figure 3.30, the model exhibits progressive improvement in validation
accuracy throughout the training process.

However, analysis reveals that the model fails to capture the desired patterns. In
particular, the negative R? score observed on the test set indicates performance inferior
to that of a naive model, which always predicts the average axial rigidity EA of the
training dataset. This highlights a failure to generalise or meaningfully approximate
the inverse mapping.

Despite being based on a physically grounded formulation, A model trained using
only the energy-based loss does not appear to learn correctly to predict the expected
output. Several plausible explanations arise:

1. Weak coupling to the inverse problem: While energy conservation is a funda-
mental physical principle, it may not provide sufficient information to resolve the
inverse problem of identifying member axial rigidities from displacement and
strain data alone.

2. Non-uniqueness of solutions: The structure of the loss function permits multi-
ple distributions of EA values that satisfy the total energy condition. For exam-
ple, the energy may be distributed equally across members or concentrated in a
few, while still yielding low loss values. This indeterminacy likely hinders the

learning process.

Given these limitations, it is plausible that this loss function may prove more effec-
tive when used in combination with other loss formulations, such as MSE or stiffness-
based losses. Such hybrid strategies may provide additional stability and support more
robust learning while benefiting from the novel physical constraints introduced by the
energy-based approach. This hypothesis is explored further in Section 3.7.2.
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Figure 3.30: Training performance of the MLP using the energy-based loss. The network consists of three
hidden layers of 40 neurons each, trained with a learning rate of 1073, batch size of 512, and evaluated
on a test set of size 512.
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Combined Loss

Although individual physics-based losses, such as the stiffness-based formulation, have
demonstrated promising performance when used in isolation [22], the core philosophy
behind Physics-Informed Neural Networks (PINNs) is to integrate physical knowledge
into data-driven models. This integration is typically achieved through a hybrid loss
formulation, where traditional losses such as the Mean Squared Error (MSE) are aug-
mented with physics-informed components.

The general form of the combined loss function is a linear combination of the pre-

viously introduced loss terms:

L = AmseLmse + /\stiffness-[:stiffness + /\equilibrium-[:equilibrium + AenergyLenergy (387)

where A; are scalar weighting coefficients controlling the contribution of each individ-
ual loss to the overall objective.

However, a challenge arises due to the disparate orders of magnitude associated
with each loss component. This discrepancy complicates the tuning of the A; param-
eters, as some losses may dominate the total loss irrespective of their relevance to the
learning objective.

To mitigate this issue, the losses are normalised using their initial values before any
training. Let LEO) denote the initial value of the i-th loss term. The scaled hybrid loss
is then expressed as:

0 La Lequilibri L
L= AMSE% + Astiﬁness% + /\equilibriumw + Aenergy% (388)

MSE stiffness equilibrium energy

This normalisation scheme ensures that each term contributes comparably to the
total loss at the start of training, thereby facilitating more balanced learning dynam-
ics [42]. The use of such a scaled combination allows exploration of hybrid training
strategies that simultaneously benefit from data-driven fitting and adherence to gov-
erning physical principles.

The behaviour and performance of this combined loss formulation will be explored

in the subsequent sections.

3.7.2 Hyperparameter Tuning

The tuning process for the hybrid physics-informed model follows the same method-
ology as that employed for the standard MLP described in Section 3.6.1. However,
an essential distinction lies in the inclusion of four additional hyperparameters: the
weighting coefficients A; associated with the loss terms in Equation 3.88.

Given their interdependence, these coefficients exhibit a high degree of coupling,
as altering one can significantly affect the influence of the others. Therefore, dedicated
optimisation is required prior to reapplying the broader hyperparameter tuning strat-

egy.
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Loss Coefficient Optimisation

To determine appropriate values for the loss coefficients, the Optuna framework is em-
ployed, as in the previous classical model hyperparameter tuning described in Sec-
tion 3.5.3. This approach leverages Bayesian optimisation to navigate the complex and
interrelated search space efficiently.

Insights gained from training models using individual physics-based losses were
incorporated to inform the fixed architectural configuration used during this phase.
Specifically:

e The network architecture consists of a multilayer perceptron with three hidden
layers of 40 neurons each, which demonstrated consistent performance across
prior experiments.

e The activation function is chosen as tanh, having yielded the best results across
previous configurations.

e The learning rate is fixed at 1073, based on earlier tuning outcomes.

The training and validation procedures utilised a dataset comprising 4096 samples,
evaluated using 5-fold cross-validation and a batch size of 512.

The resulting optimal loss coefficients obtained from Optuna are summarised in
Table 3.5.

‘ AMSE ‘ Astiffness ‘ Aequehbrium ‘ Aenergy ‘
| 690572 [ 0.79226 | 0.001062 [ 0.001057 |
Table 3.5: Optimal loss coefficients for the hybrid physics-informed loss function.

It appears that the intuitions expressed previously are correct. The MSE Loss learns
properly on its own, but is augmented by infusing the other loss. Notably, we observe
that the stiffness loss benefit dominates the other two.

The results corroborate the previously stated intuitions regarding the behaviour
of individual loss functions. Specifically, the model trained using the MSE loss alone
is capable of effective learning and generalisation. However, performance is further
enhanced by incorporating additional physics-based loss components.

Among the physics-informed terms, the stiffness-based loss exhibits the most pro-
nounced contribution to overall model improvement. This observation aligns with
prior results, where the use of stiffness loss, when employed independently, yielded
meaningful learning progress. In contrast, the equilibrium- and energy-based losses,
though physically sound, exert a comparatively weaker influence. Their primary util-
ity appears to lie in complementing the dominant MSE and stiffness terms, potentially
guiding the model towards alternative learning patterns and enhancing robustness un-
der specific conditions.
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Figure 3.31: Average metrics across 5-fold training with a physics-informed MLP using tanh activation
and a learning rate of 1073, evaluated for varying numbers of hidden layers and neurons per layer.

Figure 3.31 presents the performance metrics obtained from models of varying archi-
tectural capacities. Following the selection criteria established in Section 3.6.1, the op-
timal configuration corresponds to a network with five hidden layers, each comprising
40 neurons. This configuration demonstrated a favourable balance between predictive
accuracy and model stability across validation folds.
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Figure 3.32: Average metrics across 5-fold training with an MLP consisting of five hidden layers of 40
neurons each, trained with a learning rate of 1073, across various activation functions.

As depicted in Figure 3.32, the tanh activation function consistently yields the best
validation performance among all tested configurations. This outcome is consistent
with previous observations in Section 3.6.1, where tanh was shown to facilitate effective
learning across a range of loss formulations. It is therefore adopted as the activation

function for the hybrid model.
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Figure 3.33: Average metrics across 5-fold training with an MLP consisting of five hidden layers with
40 neurons each, using tanh activation, evaluated across various learning rates.

Figure 3.33 compares the model performance across a range of learning rates. A learn-

ing rate of 1073 provides the most favourable trade-off between convergence speed and

stability. This setting promotes consistent descent in loss while avoiding oscillations or

divergence in training. Consequently, this value is retained for training the final hybrid

model.
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3.7.3 Model Comparison
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Figure 3.34: Training and test metrics of an MLP with five hidden layers of 40 neurons each using the
tanh activation function, trained on 4096 samples and evaluated on a test set of 512 samples with batch
size 512.

The model trained using the physics-informed loss exhibits performance compara-
ble to that of the MSE-trained baseline. Figure 3.34 presents the training and test met-
rics over 2000 epochs. The model achieves a minimum test MAPE of approximately 4%,
matching the performance of the best MLP trained using MSE alone. This result sug-
gests that the hybrid loss formulation is capable of maintaining the predictive accuracy
of data-driven approaches while incorporating domain knowledge.

To analyse the interaction between loss components, Figure 3.35 shows the evo-
lution of each term within the hybrid loss function during training. The MSE term
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Figure 3.35: Decomposition of the hybrid loss from Figure 3.34 into its individual components.
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exhibits a smooth and stable descent, indicating that it plays a central role in guiding
the optimisation. The physics-based losses display more stability during training due
to the effect of the MSE term, as suggested in the previous section. This behaviour
contrasts with the performance of models trained using physics-informed losses alone
(Figures 3.27, 3.29, and 3.30), where the absence of a stabilising loss results in poor
convergence and inconsistent accuracy.

These findings support the hypothesis that although standalone physics-informed
losses often struggle with convergence due to ill-conditioning or ambiguity in opti-
misation, their combination within a hybrid framework enables effective training. The
combination of statistical and physical knowledge promotes convergence toward phys-
ically plausible solutions while maintaining predictive accuracy.

Despite this, the use of PINNs does not result in a significant improvement over
the purely data-driven approach. As shown in Table 3.6, the physics-informed MLP
achieves comparable test metrics but not superior to the baseline MLP. Specifically,
while the MAPE values are similar, the physics-informed model exhibits a slightly
lower R? score and higher RMSE.

| Model | MAPE [%] | R?> [ RMSE[MN] |
Regression 116.02 0.0966 2805.35
Ridge 106.58 0.2591 2540.52
Lasso 114.42 0.1479 2724.48
KNN Regressor 29.18 0.6334 1787.18
Random Forest Regressor 27.03 0.7318 1528.51
MLP 3.85 0.990 290.00
Physics-Informed MLP 3.91 0.984 366.99

Table 3.6: Summary of test metrics for all best models trained on a noiseless training dataset of size
4096 and tested on a noiseless test dataset of size 512.

Furthermore, the robustness of the models under noisy input conditions was evalu-
ated. As shown in Figure 3.36, the physics-informed model exhibits reduced resilience
to noise when compared to the MLP trained with MSE. This behaviour is consistent
with the expectation that physics-based constraints, while ensuring physical fidelity,
are inherently less tolerant to noisy or inconsistent data, mirroring the limitations of
the analytical model under similar conditions.

The parity plot for the Physics-Informed MLP, shown in Figure 3.37, together with
the error distribution in Figure 3.38, indicates that this model achieves performance
comparable to the MSE-based MLP.

In Figure 3.37, the predicted values EA align closely with the identity line EA = EA,
forming a compact, linear cluster. This alignment confirms that the Physics-Informed
MLP is capable of delivering accurate predictions under noisy input conditions, with
an error profile similar to that observed in the MSE-based model.

The corresponding error distribution across structural members, presented in Fig-
ure 3.38, shows no member-specific bias in prediction accuracy. Errors remain evenly
distributed across the structure, further demonstrating that the model captures the be-
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Evolution of MAPE as a function of noise
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Figure 3.36: Comparison of the MAPE for the MLP trained with physics-informed loss against the MLP
trained with MSE under increasing levels of noise.
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Figure 3.37: Parity plot comparing the predicted axial rigidity EA from the Physics-Informed MLP
with the true axial rigidity EA for a test set of 512 examples subject to £5% measurement noise.
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haviour of all members consistently and without overfitting to particular elements.
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Figure 3.38: Distribution of mean absolute error across members for a noisy test dataset with +5%
measurement noise.

Nonetheless, the PINN approach exhibits several noteworthy properties. Exami-
nation of the parity plot comparing the predictions of the MSE-based MLP and the
Physics-Informed MLP, shown in Figure 3.39, reveals that both models generally achieve
comparable predictive accuracy on the test set, with measurement errors within +2%.

However, this consistency does not hold when the true parameter values fall out-
side the range represented in the training dataset. We refer to that as out of distribution
input. To illustrate this, consider a test dataset with content widely different from the
training dataset (e.g., different orders of magnitude for loads, and EA. Figure 3.39
displays the parity plot for the prediction of both types of models.
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Figure 3.39: Comparison of the true EA values and predicted EA values on an out-of-distribution
dataset with noise input of around 5%.
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We observe that the PINN model predictions are closer to the true EA than the
prediction of the MSE-based MLP. For these unseen data, while the error is expectably
higher than for input similar to the training set, the PINN model offers better results.

Moreover, itis essential to highlight that Physics-Informed Neural Networks (PINNs)
are particularly advantageous in scenarios where training data are sparse, as the em-
bedded physical knowledge can effectively compensate for the lack of observations [16].
To evaluate this behaviour, the same network was trained on progressively smaller sub-

sets of the original dataset.

As shown in Figure 3.40, while training a model with a dataset of 4096 examples
causes both models to converge toward a similar precision, for smaller training sets,
the Physics-Informed MLP consistently outperforms the MSE-based MLP. This finding
suggests that, while the physics-informed model does not offer a performance advan-
tage over the MSE-based approach when trained on large datasets, it provides a clear

benefit in data-scarce regimes.

In such cases, the inclusion of physics-based constraints enables the model to gen-
eralise more effectively from limited information, reinforcing the value of integrating
domain knowledge into the learning process when data availability is restricted.

Evolution of MAPE as a function of noise
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Figure 3.40: Comparison of the MAPE for the MLLP trained with physics-informed loss and the MLP
trained with MSE loss across different training dataset sizes.



3.8. Conclusion 81

3.8 Conclusion

Through the detailed exploration presented in this chapter, we demonstrate the prac-
tical implementation and evaluation of physics-informed neural networks in compar-
ison to traditional machine learning models. The physics-informed neural networks
approach successfully integrates physical principles directly into the learning process,
resulting in improved predictive accuracy and robustness, particularly in scenarios in-
volving noisy data.

The results illustrate that while physics-informed neural networks do not outper-
form traditional MSE-trained multilayer perceptrons on large datasets, they exhibit
superior performance when applied to smaller datasets. This characteristic makes
physics-informed neural networks particularly advantageous for engineering applica-
tions where extensive data acquisition can be challenging or expensive. The application
of PINN also provides better results for structural behavior that is not displayed in the
training dataset, suggesting better extrapolation capabilities. Further exploration of
this advantage will be detailed in subsequent chapters.

This chapter serves as a comprehensive explanation of the theoretical concepts through
a simplified and accessible example. Building upon this foundation, the next chapter
will delve into the dataset generation process, while the final chapter will demonstrate
the application of these concepts to a more complex structural scenario.



Dataset Generation

4.1 Dataset Sources

A dataset is defined as a structured collection of data in which each entry represents
an individual observation or measurement derived from a particular process or exper-
iment. Each observation is characterised by a predefined set of variables, the nature
and interpretation of which depend on the underlying context of data acquisition.

With the proliferation of data-driven approaches and the rapid development of Big
Data technologies, the volume and availability of open-access datasets have expanded
significantly. Several large-scale public repositories now exist to support a wide range
of applications. Notable examples include:

e Common Crawl [43], a web archive containing over 250 billion pages, commonly
used for natural language processing and web mining tasks.

e Data Commons [44], an open-source platform developed by Google that inte-
grates a vast number of datasets from various domains, enabling seamless data
analysis and exploration.

e ImageNet [45], a large-scale visual database comprising approximately 14 mil-
lion annotated images, extensively used for benchmarking image classification
and object recognition models.

Despite the growing accessibility of open datasets across scientific disciplines, pub-
licly available datasets tailored to construction and civil engineering remain scarce.
In particular, numerical results obtained from structural experiments are infrequently
shared in academic publications, limiting reproducibility and data reuse within the
domain.

Nonetheless, several initiatives have begun to address this limitation by releasing
curated datasets focused on structural diagnostics, particularly within the context of
computer vision. Notable examples include:

e SDNet2018 [46], a dataset comprising 56,000 images (256x256 pixels) of concrete

82
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surfaces, annotated for the presence or absence of cracks with widths ranging
from 0.6mm to 25mm.

e CODEBRIM [47], a labelled dataset designed for surface damage classification
on concrete bridges, including defects such as cracks, corrosion, exposed rein-
forcement, and spalling.

e CSSC [48], a dataset consisting of approximately 47,000 annotated images cap-
turing cracked and spalled regions of concrete structures.

e DeepCrack [49], containing around 7,000 annotated images of concrete piers and
decks, widely used in crack segmentation research.

Although these resources provide valuable benchmarks for visual inspection and
surface damage classification, their scope is limited to image-based defect detection.
They do not incorporate numerical data or mechanical properties, nor are they derived
from controlled experimental procedures such as flexural or axial testing. As a result,
they are not directly applicable to problems requiring detailed structural analysis or
inverse identification of material parameters.

Consequently, this research investigates two strategies for dataset generation. Firstly,
using experimental data. Secondly, and more extensively, running numerical simula-

tions to generate synthetic datasets tailored to the inverse problem.

4.1.1 Experimental Data

Experimental data represent a direct and valuable source of information for structural
analysis. Such data capture the real-world behavior of materials and structures, ac-
counting for inherent complexities such as material heterogeneity, construction toler-
ances, and other uncontrolled variables. They also include measurement uncertainty
and noise introduced by the specific instrumentation and methodologies employed.

Figure 4.1: Three-point flexural test [50]

Although experimentally obtained data are highly valuable, exclusive reliance on
them presents several limitations:

e Limited availability: Acquiring sufficient quantities of experimental data for the
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training of machine learning models is challenging. Model performance is often
strongly dependent on the size and diversity of the dataset.

e Inconsistencies across data sources: Combining data from different experiments
frequently results in inconsistencies. Certain datasets may lack key information,
while others may include additional or incompatible features, complicating inte-
gration and comparison.

e Preprocessing requirements: Considerable effort is often needed to standardize,
clean, and harmonize experimental datasets. This process can be both time- and
resource-intensive, particularly when dealing with diverse experimental proto-
cols and formats.

Due to these challenges, the exclusive use of experimental data is impractical. In
such cases, synthetic data generation provides a viable and scalable alternative [25,
24].

4.1.2 Synthetic Dataset

Synthetic data generation offers an alternative approach for producing datasets, either
as fully artificial constructs or as augmentations of limited empirical data. This method
has been applied in various structural contexts, such as the augmentation of crack pat-
terns in masonry walls, as demonstrated by Boerema [51].

In structural analysis, data can be generated through simulation tools, where arbi-
trary structural models are defined, analyzed using finite element or comparable nu-
merical methods, and the resulting outputs systematically extracted.

Although synthetic data does not capture the full variability observed in real-world
conditions, this approach provides several advantages relevant to structural applica-
tions:

e Absence of measurement noise: Simulation results are derived from determin-
istic models governed by established physical laws. Provided the model assump-
tions hold, outputs are exact, consistent, and reproducible.

e Scalability: The volume of data generated is not constrained by physical lim-
itations. Large datasets can be produced to meet the demands of data-driven
methods, particularly in machine learning.

e Expanded feature coverage: Unlike experimental data, synthetic data generation
is not restricted by fabrication or testing constraints. Structural configurations
can be systematically varied to explore a broad spectrum of parameters and their
influence on response variables.

In light of these benefits, and the requirement for large-scale, standardized data,
this study employs a fully synthetic dataset for model development and training.
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4.2 Case Study

This study focuses on a representative yet non-trivial structural typology: a statically
indeterminate Pratt truss bridge with a total span of 60m and a height of 7.5m ver-
tically loaded on the deck nodes (i.e., the surface of a bridge, where users cross the
structure). The loading configuration is highly flexible: vertical loads may be applied
to any subset of nodes 2 through 8 (e.g., simultaneously on all nodes, only on nodes 2
and 5, exclusively on node 3, or even with no loads at all). This allows the model to ac-
count for the full spectrum of possible load distributions over the deck. The structure
is supported at both extremities by pinned supports, resulting in a hyperstatic config-
uration in which the number of constraints exceeds the available degrees of freedom.
This configuration is deliberately adopted to investigate whether the presence of struc-
tural redundancy introduces difficulties in the learning process, as the example from
chapter 3 was not hyperstatic. The geometry and loading scheme of the structure are
illustrated in Figure 4.2.
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Figure 4.2: Definition of geometric layout, member indices, and representative external loading config-
uration.

The choice of a Pratt truss is motivated by its advantageous structural properties.
This configuration is widely used in bridge engineering and is well understood from
both analytical and numerical perspectives. It exhibits a regular and symmetric lay-
out, which facilitates systematic parametrisation and scalability through simple ad-
justments to the number of panels. Such structural regularity is particularly valuable
in the context of synthetic data generation and pattern recognition tasks in machine
learning, where well-structured and interpretable behaviour is desirable.

Under conventional loading conditions, the internal force distribution in the Pratt
truss is relatively predictable: the top chords experience compressive forces while the
bottom chords are subjected to tension. This consistent mechanical response simplifies
the verification and validation of model predictions.

Given these characteristics, the Pratt truss serves as an effective benchmark struc-
ture for the development and testing of data-driven models. While the relationships be-
tween input variables and structural response remain complex and high-dimensional,
they are sufficiently structured to permit systematic investigation.
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The structural configuration includes both geometric and material parameters, sum-
marised in Table 4.1. Key geometrical properties, such as the total span, height, and
panel count, are fixed. Likewise, the material density is set to represent structural steel.

Parameter | Description Value / Range | Unit
L Total span of the bridge 60 m
H Height of the truss 7.5 m
Npanels Number of panels in the truss 8 -
P Mass density of the material 7850 kg/ m3
fy.d Design yield stress 205 MPa
Aj Cross-sectional area of member i [10, 500] cm?
E; Young’s modulus of member i [150, 250] GPa
Jext,i Vertical load at node i [-1000, 0] kN

Table 4.1: Structural parameters of the Pratt truss and sampling bounds.

In this model, the self-weight of the structure is computed separately from the exter-
nally applied loads. The nodal self-weight w; is calculated as a function of the geometry
and material properties of the elements connected to node i:

w; = %JGZCI L]A]pg (4.1)
Here, C; represents the set of members connected to node 7, L; and A; denote the
length and cross-sectional area of member j, respectively, and ¢ = 9.81m/s? is the
gravitational acceleration constant.
Figure 4.3 illustrates the total load acting on the structure, comprising both the self-
weight and the external nodal loads sampled according to the specified ranges.

NN VN s g
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ext,i ~ Sampling

Figure 4.3: Total loading applied to the structure, showing the superposition of self~weight and sampled
external nodal loads.

The ranges of values for the parameters in this setup are chosen empirically within
plausible engineering bounds, allowing for a wide range of structural responses while

maintaining physical realism and attention to the European construction norms on



4.3. Generation Procedure 87

material strength and structural deformation. To be more precise, the range bounds
are motivated by the Eurocode 0 (EN 1990) [52] and Eurocode 1 (EN 1991) [53].

4.3 Generation Procedure

The development of a fully synthetic dataset necessitates the creation and simulation of
numerous structural configurations, each designed to capture a diverse and represen-
tative range of responses. This process is implemented through a systematic four-steps
process:

1. Parameter Sampling: In this initial step, the values for the structural parame-
ters are selected. This defines the specific instance of the structure to be mod-
elled and included in the dataset. For example, a configuration may involve a
bridge with uniform member cross-sectional areas A = 10 cm?, a uniform Young’s
modulus E = 200 GPa, and applied external nodal loads gext2 = —1000 kN and
Jext5 = —1500kN. This stage establishes the geometric, material, and loading
conditions that characterise the synthetic structure. For better dataset represen-
tativity, the ranges in which parameters are sampled (see Table 4.1) shall be as
close as possible to the actual value using an educated estimation of the civil en-
gineer.

2. Structural Modelling: Once the parameters are defined, the structure is encoded
in a finite element analysis (FEA) software. This involves creating a numerical
model that accurately reflects the geometry, boundary conditions, material prop-
erties, and loading scheme.

3. Simulation and Data Extraction: The structural analysis is executed using the
FEA software, yielding a set of results corresponding to the displacements, in-
ternal forces, strains, and reactions. These outputs are then post-processed to
extract relevant features required for the dataset. Care is taken to ensure consis-
tency across simulations and completeness of the extracted data.

4. Data Storage: The final step involves formatting and storing the extracted results
in a structured manner. The data is organized to facilitate access, interpretability,
and integration with machine learning workflows. This includes standardising
units, ensuring consistent indexing, and preserving metadata such as input pa-

rameters and simulation identifiers.

4.3.1 Sampling the Parameters

Parameter sampling refers to the process of selecting values for structural variables
from predefined probability distributions within a constrained sampling space. As the
geometric configuration of the structure is fixed, the sampling process is restricted to
the non-geometric parameters, which include material properties and loading condi-

tions.
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Each member i of the structure is assigned a cross-sectional area A; and a Young's
modulus E;, while each node j is associated with an external load gext,; and a binary
indicator b; € {True, False} signifying whether that node is effectively loaded.

Example

Consider that the sampled external loads qext and load activation flag b are
T
Goxt = |~100 —300 —40 -50 630 250 —120] (4.2)

T
b= [True True False True False False True] (4.3)

The effective external load thus becomes

T
Qeth[—IOO =300 0 =50 0 O —120] (4.4)

The inclusion of the binary variable b; is crucial, as it facilitates the generation of
diverse loading configurations. Without it, randomly assigning near-zero loads to the
majority of nodes while preserving significant loads on others would be statistically
improbable.

As shown in Table 4.2, the dimensionality of the sampling space reaches up to 75,
accounting for the 29 cross-sectional areas, 29 Young’s moduli, and 14 load-related

variables (7 magnitudes and 7 activation flags).

Parameter | Number of Dimensions
A; 29
E; 29
qi 7
b; 7
Total 75

Table 4.2: Dimensionality of the sampling space

An ideal dataset should provide a representative coverage of the sampling space
to ensure the model generalises well across varying structural scenarios. However, the
process of uniformly sampling high-dimensional spaces encounters significant chal-
lenges due to the curse of dimensionality. As illustrated in Figure 4.4, the number of pos-
sible combinations increases exponentially with the number of dimensions, rendering

comprehensive sampling computationally infeasible.
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Example

Consider the analogy of rolling fair six-sided dice. A single die yields 6 pos-
sible outcomes. With two dice, the total combinations increase to 62 = 36, and
with three dice, to 6% = 216. Extending this to 75 dice results in approximately
2.3 X 10°® combinations. Even storing a mere 1% of this total would require an
astronomical amount of memory.

This combinatorial explosion illustrates the curse of dimensionality, where
even modest increases in dimensionality cause the sampling space to become
prohibitively large, particularly when dealing with continuous-valued parame-
ters, such as those used in truss modelling.

Figure 4.4: Illustration of the curse of dimensionality [54].

To overcome this challenge, appropriate sampling strategies must be employed.
Figure 4.5 demonstrates the effect of various sampling methods using a two-dimensional
example over the domain [0, 1]? with 400 sampled points.

A naive approach would involve grid-based sampling, where each parameter range
is discretised (e.g., sampling Young’s modulus at intervals of 20 GPa). While system-
atic, this approach is inherently limited in its ability to capture nuanced variations,
as the diversity in values is limited, and becomes intractable when extended to high
dimensions due to the high number of possible combinations.

Alternatively, random uniform sampling allows values to be drawn independently
from uniform distributions. Because we can perform an arbitrary number of samplings,
this method avoids the exponential scaling of grid-based strategies. It also provides
greater diversity. However, in high-dimensional settings, this approach suffers from
uneven coverage, often forming clusters and leaving significant portions of the space
unsampled.
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Figure 4.5: Comparison of sampling methods over [0, 1] with 400 samples. Point density is illustrated
by background colour.

To enhance sampling efficiency and uniformity, more sophisticated techniques are
applied:

e Latin Hypercube Sampling (LHS): A stratified approach that divides the range
of each variable into equal-probability intervals and ensures that each interval
is sampled. LHS improves coverage in lower dimensions and reduces clustering
compared to pure random sampling [55].

e Sobol Sequences: A class of quasi-random low-discrepancy sequences designed
for uniform space-filling properties in high-dimensional spaces. These sequences
are deterministic and empirically provide superior convergence rates for integra-
tion and optimisation tasks. [56]

In this study, Sobol sequences are selected as the preferred sampling strategy. Their
ability to uniformly populate high-dimensional spaces makes them especially well-
suited for structural parameter sampling, ensuring balanced representation across the
complex and expansive sampling space.
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Although Sobol sequences appear to provide a better general approach due to their
absence of parametrization, extension of this generation process with the LHS method
could benefit from the stratified approach given the specifics of the problem.

4.3.2 Modeling the Structure

Although the theoretical framework outlined in Section 3.2 provides the necessary ba-
sis for truss analysis, it does not incorporate computational optimisations essential for
efficient large-scale structural simulations. As a result, the dataset generation pipeline
leverages the open-source finite element solver OpenSees [57], interfaced through its
Python wrapper, OpenSeesPy [58].

The use of OpenSeesPy enables seamless integration of structural modelling, simu-
lation, and data extraction within a unified Python-based environment. This allows for
tull parametric control over the structure generation process and facilitates automation
across thousands of model instances.

Within this framework, the Pratt trusses are instantiated using the sampled pa-
rameters and modelled in accordance with the linear truss assumptions described in
Chapter 3. These assumptions include axial force-only members, linear-elastic material
behaviour, and idealised pin connections. This abstraction permits the representation
of the structure as a set of bar elements with nodal connections.

4.3.3 Solving and Extracting the Results

Once the structural model is instantiated, the full load is applied in a single load step,
consistent with the assumptions of static linear elastic analysis. Following the solution
of the structural system, a series of output quantities is extracted directly from the
simulation results. Additional quantities are then computed to enhance the dataset
and support subsequent machine learning tasks. These derived quantities include the
member strains ¢, elongations AL, the axial forces F, and the global stiffness matrix K,
all of which are analytically linked to the system’s internal state.

Table 4.3 summarises the full set of features stored for each simulation instance.
These include geometric descriptors, structural response quantities, and connectivity
information.

Although not all stored features are directly required for the current study, their
inclusion ensures both extensibility for future research and complete reproducibility
of results. This approach supports the development of alternative modelling strategies
or training objectives without requiring regeneration of the dataset.

4.3.4 Storing the Results

Proper storage of the dataset is essential to ensure experiment reproducibility and prac-
tical usability, especially when dealing with large-scale data that cannot be generated
dynamically during model training.
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Feature | Description Dimension

L Truss span 1
H Truss height 1

Npanels | Number of panels in the truss 1
p Material mass density 1
c Cartesian coordinates of nodes 2x38
u Displacements of nodes 2x8
q Applied external loads on deck nodes 2x38
£ Strain of the members 29
F; Axial force in member j 29
Iy Initial length of members 29
Al Elongation of members 29
K Global stiffness matrix of the structure (2 x 8)?
C Connectivity matrix 2x29

Table 4.3: Stored output features for each simulation

A standard format for numerical data is comma-separated values (CSV), which
represents tabular data in plain text. However, the CSV format is not well suited for
storing structured data such as vectors or matrices and presents limitations in terms of
storage efficiency and read /write performance.

To address these issues, the dataset is stored using the Hierarchical Data Format
version 5 (HDF5) [59]. This format provides compact binary storage, higher preci-
sion for floating-point numbers, and significantly improved read/write performance.
Additionally, HDF5 supports hierarchical organisation, enabling the storage of com-
plex structures, such as nested arrays or labelled datasets, in a logically organised and
efficient manner. This makes HDF5 a natural choice for managing large volumes of
structured data in scientific computing and machine learning workflows.

4.3.5 Generation Framework

To support the automated and reproducible generation of large-scale structural datasets,
a modular and extensible software framework has been developed. The framework is
designed to be both geometry-agnostic and analysis-agnostic, facilitating application
across a wide range of structural typologies and numerical solvers with minimal code
modifications.

The architecture of the framework is structured around four core abstract classes,
each corresponding to a critical phase of the data generation pipeline:

1. AbstractStructure: Encapsulates the definition of structural geometry, material
properties, and boundary conditions. This class serves as the foundation for spec-
ifying the physical configuration of the structure to be analysed.

2. AbstractAnalysis: Manages the simulation configuration, including the selection
of the analysis type (e.g., linear static) and solver settings. This abstraction allows
for seamless integration with OpenSees.



4.4. Overview of the Synthetic Dataset 93

3. AbstractGenerator: Governs the data generation logic. It includes parameter
sampling, model instantiation, execution of the simulation, postprocessing of re-
sults, and data validation steps.

4. AbstractHDF5Dataset: Defines the output data schema and handles the struc-
tured storage of results in the HDF5 format. This class ensures that all generated
datasets follow a consistent and standardised layout.

All generation parameters—including input distributions, output specifications,
and dataset size—are defined via human-readable configuration files. These are de-
signed for transparency and usability, and several examples are included within the
project repository.

Throughout this research, several structural typologies were implemented using
this framework. Each new typology required fewer than 200 lines of Python code, un-
derscoring the framework’s simplicity, modularity, and adaptability. Figure 4.6 illus-
trates a selection of representative structural configurations generated using the tool.
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Figure 4.6: Examples of structural configurations generated using the framework

Comprehensive documentation, configuration templates, and implementation ex-

amples are provided in the associated codebase to facilitate future reuse and extension.

4.4 Overview of the Synthetic Dataset

Following the description of the generation process, this section presents an overview
of the resulting synthetic datasets.

Three categories of datasets have been generated, each corresponding to progres-
sively more complex prediction tasks. To reflect common loading scenarios in bridge
design, 20% of all load cases were assigned a uniform load magnitude across nodes,
while the remaining 80% involved random load magnitudes. The goal is to provide
some structure in the dataset. This repartition is displayed in Figure 4.7.

4.4.1 Dataset with Member-Specific Axial Rigidity

The most complex dataset introduces unique axial rigidity values for each member,
departing from typical design conventions. While this scenario is less common in initial
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Figure 4.7: Distribution of load case categories across all datasets

design phases, it may become relevant for the evaluation of existing structures that have
undergone aging, deterioration, or repair.

To preserve some structure within the dataset, 5% of the samples use uniform mem-
ber properties, and an additional 5% apply category-based member properties. This
balance enables models trained on the dataset to generalize across a wide range of
structural conditions.

5%
AN VAN

5%
VAN VAN

90%

Figure 4.8: Distribution of targets across the member-specific dataset

4.4.2 Dataset with Category-Based Axial Rigidity

In this dataset, axial rigidity is assigned based on structural member category. Given
the predictable force distribution in Pratt trusses, an economical and practical design
strategy often involves assigning different cross-sections to horizontal, vertical, and di-
agonal members. Accordingly, three distinct axial rigidities are sampled and assigned
based on member orientation.

To introduce variability and maintain diversity in the dataset, 10% of the samples
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retain uniform axial rigidity across all members.
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Figure 4.9: Distribution of targets across the category-based dataset



Application to the Pratt Truss

This chapter applies the MLP-based predictive frameworks developed in Chapter 3 to
the synthetic Pratt truss dataset generated in Chapter 4. Two categories of models are
evaluated:

o Apurely data-driven model, trained exclusively with the mean squared error (MSE)
loss function.

o A physics-informed model, integrating domain knowledge through the hybrid loss
formulation developed in Section 3.7.

As demonstrated in Chapter 3.7, training with physics-based losses in isolation
does not achieve the level of accuracy required for practical application. Therefore,
the physics-informed model adopts a hybrid objective function, combining the MSE
term with three physics-based terms:

L = AMseLMSE + Astiffness Lstiffness + AequilibriumLequilibrium + /\energy~£energy/ (51)

where A; are scalar weighting coefficients governing the relative influence of each term
in the overall training process.

The process of hyperparameter tuning follows the same methodological framework
established in Section 3.6.1 for the MSE-based MLP and Section 3.7.2 for the physics-
informed MLP. For brevity, the detailed iterative search, intermediate configurations,
and tuning diagnostics are omitted here. Instead, only the final, optimised hyperpa-
rameters are presented in the subsequent sections, allowing the discussion to focus on
the comparative performance of the models rather than the mechanics of parameter
search. All trainings are done using a training dataset of size 16384 and a batch size of
512 and the Adam Optimizer.

For reference, the dataset utilised in this chapter is illustrated in Figure 5.1, and
comprises the following quantities:

e nodal displacements u;

96
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e applied nodal loads q;
e axial strains in each member ¢;
e axial rigidities of the members EA.

Target
EAl EA29
. ° ° ° s R — 7 e " )

U1 Uie | q1 qie | €1 €29

Displacements Loads Strain
Features
Figure 5.1: Illustration of the dataset composition.

5.1 Predicting Axial Rigidity for Each Member

This section investigates the capacity of a multilayer perceptron (MLP) to predict the
axial rigidity EA of each structural member individually, using the member-level dataset
generated in Section 4.4.1. The number of outputs, thus, is 29 since the structure con-
tains that many members.

5.1.1 MSE-Based Model

The first model is trained using the mean squared error (MSE) loss function exclu-
sively. The MLP architecture comprises three hidden layers, each with 120 neurons,
and employs the tanh activation function. The learning rate is set to 1073.

Figure 5.2 presents the training metrics using a training dataset containing 16384
examples with batches of size 512. On a test dataset of 8192 unseen examples, the
model achieves a MAPE of 16.6% and an R? score of 0.917. These metrics indicate that
the model captures the underlying relationships with reasonable fidelity, while being
unable to produce high-accuracy predictions.

To assess the robustness of the model against observational uncertainty, controlled
noise is introduced into the input features. The noise model follows the formulation in
Section 3.4, where a multiplicative perturbation of intensity « is applied to both nodal
displacements u and external loads q:
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Figure 5.2: Training and test metrics of an MLLP trained with MSE loss with three hidden layers of 120
neurons each using the tanh activation function, trained on 16384 samples and evaluated on a test set
of 8192 samples with batch size 512.
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u=a,0u, q=a;0q, (5.2)

where © denotes the elementwise product, and the noise terms are drawn from a
normal distribution:
€
ai~Npu=1,0= 5). (5.3)

Figure 5.3 shows the model’s sensitivity to increasing noise levels. The degradation
in performance is approximately linear with respect to the noise amplitude, indicating
predictable behaviour under uncertainty.

20 A

15 4

MAPE (%)

Noise level [%]

Models
----- noise — MLP

Figure 5.3: Model sensitivity to increasing noise levels in displacement and load inputs.

To further interpret the model’s performance, the parity plot in Figure 5.4 visualises
the predicted axial rigidity EA against the true values EA for a test set with +5% mea-
surement noise. The approximate linear alignment of points suggests that the model
predictions are globally accurate. However, noticeable dispersion indicates that while
trends are captured, certain predictions deviate significantly from their ground truth
values.

From Figure 5.4, the prediction error for the MSE-based model on a test dataset with
+5% measurement noise can be estimated at approximately 18% MAPE. The distribu-
tion of these errors across individual members, shown in Figure 5.5, indicates that the
overall error remains below this expected threshold. However, a subset of horizontal
members, specifically members 1 to 8, exhibit noticeably larger errors. Among these,
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Figure 5.4: Parity plot comparing predicted versus true axial rigidities for a noisy test set (£5% mea-
surement error).

members 3 and 6 present an apparent anomaly, with substantially higher prediction
errors than the rest.

. 15, 4) ., 13) . 12 . (D . 10).
g6 A7) @y (13 @) (19 ®o @0 @) @H 28 22 29 23 ©

Wk NN @ N 5 e L o L @
AN AN
7.76% 43.1%

Figure 5.5: Distribution of MAPE across individual members for a test set with £5% measurement
noise.

This localisation of error is likely attributable to geometric redundancy within the
structure, specifically the alignment of members 1 to 8 along a straight load path be-
tween the supports. A similar phenomenon was identified in the analytical study of
Section 3.4. For instance, under the geometric linearity hypothesis (Section 3.2), the
connection between members 1 and 2 possesses no vertical stiffness, causing them to
behave analytically as a single continuous element. This configuration hinders the
model’s ability to differentiate their respective axial rigidity. Such ambiguity in the
estimation of members 1 and 2 can propagate to member 3, leading to elevated predic-

tion errors. Owing to the structural symmetry, the same reasoning applies to member
6.
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5.1.2 Physics-Informed Model

The physics-informed model adopts a multilayer perceptron (MLP) architecture com-
prising three hidden layers of 120 neurons each, with tanh as the activation function.
The learning rate is fixed at 1073. This model is trained using a hybrid loss function
that incorporates both data-driven and physics-based components. The weighting co-
efficients for each loss term are listed in Table 5.1.

’ AMSE ‘ Astiffness ‘ /\equilibrium ‘ /\energy ‘
0800 [ 0763 [ 0297 | 0.108 |
Table 5.1: Optimal weighting coefficients for the hybrid physics-informed loss function.

The model is trained on 16,384 examples with batches of size 512 and evaluated
on a test set of 8192 unseen instances. As shown in Figure 5.6, the model achieves a
mean absolute percentage error (MAPE) of 15.9% and a coefficient of determination
R? = 0.918. These metrics indicate that the model captures meaningful structural rela-
tionships from the input data.

The robustness of the model is examined by evaluating its sensitivity to varying lev-
els of noise in the displacement and load inputs. The noise model follows the formu-
lation established earlier, applying multiplicative Gaussian noise to the input features.
As shown in Figure 5.7, the error increases approximately linearly with the amplitude
of the noise, suggesting consistent and predictable behaviour under uncertainty.

To visualise the alignment between predicted and true values of axial rigidity, a
parity plot is presented in Figure 5.8. The points align broadly along the identity line,
indicating that the model captures the underlying trends in the data. Nevertheless,
some dispersion persists, reflecting the complexity of the inverse prediction task in the
presence of measurement uncertainty.

Finally, Figure 5.9 illustrates the spatial distribution of the prediction error across
the individual members of the structure. The error remains high for members 3 and 6,
similar to the previous model.

These results demonstrate that the hybrid physics-informed approach yields stable
and interpretable predictions, while embedding structural principles directly into the
training process.
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Figure 5.6: Training and test performance of the physics-informed MLP, using a hybrid loss function
and trained on 16,384 examples with a batch size of 512 and tested on a dataset of size 8192.
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Figure 5.7: Prediction error (MAPE) of the physics-informed model under increasing levels of input
noise.
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Figure 5.8: Parity plot of predicted versus true axial rigidities for a test dataset with £5% measurement
noise.
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Figure 5.9: Member-wise distribution of mean absolute percentage error on the test dataset with +5%
noise.

5.1.3 Models Comparison

The final performance metrics for both models on the noiseless test set are summarised
in Table 5.2. The results indicate that the physics-informed neural network (PINN)
consistently outperforms the purely data-driven MSE-based model, achieving higher
predictive accuracy and superior R? scores.

| Model | MAPE[%] | R? | RMSE [MN] |
MSE-based MLP 1624 | 0914 863.02
Physics-Informed MLP 15.73 0.918 845.83

Table 5.2: Comparison of test set performance for the MSE-based MLP and the physics-informed MLP
on the member-level EA prediction task.

A defining characteristic of this problem is the impact of noise from on-site mea-
surements on prediction. Figure 5.10 combines the sensitivity curves from Figures 5.3
and 5.7, showing that the PINN maintains a clear advantage over the MSE-based model
across all tested noise levels. Notably, the performance gap widens as noise intensity
increases, indicating that the physics constraints act as a stabilising prior that improves
robustness to imperfect inputs.

The benefits of the physics-informed approach become even more pronounced when
the training dataset size is reduced. As shown in Figure 5.11, for smaller datasets,
the PINN delivers substantially better performance than the MSE-based model, in line
with the established role of PINNs in compensating for data scarcity through embed-
ded domain knowledge.

Despite these advantages, the absolute performance of both models remains unsat-
isfactory for practical deployment. A natural strategy for improving accuracy would be
to increase the training dataset size beyond the current limit of 16384 examples, taking
advantage of the synthetic nature of the data. However, this approach faces two key
constraints:

1. Model performance plateau. As shown in Figure 5.12, performance appears to
converge to a lower bound of around 11% MAPE for this inverse prediction task
and structural configuration. Overcoming this plateau may require alternative
model architectures or formulations, as discussed in Chapter 6.
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Figure 5.10: Sensitivity of the MSE-based and physics-informed MLP models to increasing noise levels
in displacement and load inputs.
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Figure 5.11: Performance comparison of the two models on a test dataset with 5% multiplicative noise,
across different training dataset sizes.
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2. Computational cost. While linear truss analysis is among the fastest finite ele-
ment methods, generating very large datasets for complex structures still entails
significant time costs. These computational demands grow even more in the con-
text of nonlinear or dynamic analyses.
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Figure 5.12: Evolution of MAPE during training for both models across multiple training dataset sizes,
highlighting performance convergence around 11% error.

In light of these limitations, the next section investigates a more pragmatic adap-
tation of the modelling strategy that is better aligned with the realities of construction
practice and on-site measurement constraints.

5.2 Predicting category-based EA

We have observed that the model consistently struggles to predict the axial rigidity
of members 3 and 6, and that, globally, the model struggles to provide an accurate
prediction for all 29 bars. Fortunately, in practice, the design of a structure follows rules
to make the structure more rational; one of those rules is that the members of a structure
are often grouped into categories of members sharing the same cross-sectional area A
and material, thus sharing the same Young’s modulus E. Using this hypothesis, we
can solve the accuracy issue encountered in the previous sections.

Firstly, it appears that the properties of aligned members can be hard to differentiate
as developed at the end of section 5.1.1. We will assume that all these members have
the same axial rigidity. To further relate to actual design principles, we will form other
groups to a total of three groups:
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e The horizontal members: the members from 1 to 16;
e The diagonal members: the members from 17 to 23 ;
e The vertical members the members from 24 to 29.

The dataset generation under this design hypothesis has already been developed in
section 4.4.2.
This reduces the prediction of the model to three values, illustrated in Figure 5.13,

where colors identify the category to which each member belongs.

Target
EA,|EA5|EAs

U U6 | 42 qgs | €1 €29

Displacements Loads Strain
Features
Figure 5.13: Illustration of the dataset composition and target with the member cateogries hypothesis.

5.2.1 MSE-Based Model

Following hyperparameter tuning, the MSE-based MLP was configured with four hid-
den layers of 120 neurons each, using the tanh activation function. The model was
trained on 16,384 examples with a batch size of 512 and evaluated on a separate test set
of 8,192 unseen examples.

The training metrics, presented in Figure 5.14, show that the model achieves a
MAPE of 3.6%, an RMSE of 284.8 MN, and an R? score of 0.99. These results indi-
cate that the model successfully captures the main relationships within the data and is
able to provide accurate predictions for the grouped axial rigidity values.

The parity plot in Figure 5.15 compares predicted and true axial rigidity values for
a test set subject to £5% measurement noise. The strong alignment of points along
the diagonal demonstrates a high correlation between predicted and true values. Oc-
casional outliers contribute to the relatively high RMSE but remain identifiable and
interpretable from an engineering perspective.

Robustness to noise was further assessed by progressively increasing the measure-
ment error level in the inputs. Figure 5.16 shows that the growth in prediction error
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Figure 5.14: Training and test performance of the category-based MSE model. The model comprises
four hidden layers with 120 neurons each, trained on 16,384 samples and evaluated on 8,192 test samples
using the tanh activation function and a batch size of 512.
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Figure 5.15: Parity plot of predicted versus true axial rigidity values for the MSE-based category model
on a noisy test set (5% measurement error). The close alignment with the diagonal indicates strong
agreement between prediction and ground truth.

remains consistently below the imposed noise amplitude, highlighting the model’s re-
silience to noise contamination.

The spatial distribution of prediction errors, presented in Figure 5.17, confirms that
the previously localised high-error regions in horizontal members have been elimi-
nated under the category-based modelling assumption. The error distribution is now
uniform and remains below the 5% noise threshold.
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Figure 5.16: Sensitivity analysis of the MISE-based category model under increasing measurement noise
levels. The prediction error grows more slowly than the injected noise amplitude, indicating robustness
to measurement uncertainty.

5) 14) 13) 12) 1) (10).
g6 (71 @ (18 @) (19 © @O @) @H 28§ @2 29 73 ©

(2 ©) (G &) (6) N ®)
A
4.25% — 4. 53%
4.39%

Figure 5.17: Distribution of MAPE across individual members for a test set with +5% measurement
noise. The category-based modelling assumption eliminates the high-error clusters observed in eatlier
per-member predictions.
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5.2.2 Physics-Informed Model

The physics-informed category-based model follows a similar MLP architecture but
comprises four hidden layers with 100 neurons each, using tanh as the activation func-
tion. The learning rate is set to 1073. Training is conducted using a hybrid loss function
combining data-driven and physics-based terms. The optimal weighting coefficients
for the loss components are summarised in Table 5.3.

’ AMSE ‘ Astiffness ‘ /\equilibrium ‘ /\energy ‘
10997 [ 0787 [ 0209 [ 0.011 |
Table 5.3: Optimal weighting coefficients for the hybrid physics-informed category model loss function.

Although the loss weights differ slightly from those used in the member-level physics-
informed model of Section 5.1.2, their orders of magnitude remain comparable. This
suggests that the optimal balance between physics and data-driven terms is indeed
problem-specific.

The model is trained on 16,384 examples with batches of size 512 and evaluated
on a test set of 8,192 unseen examples. Figure 5.18 shows that the best performance is
achieved at epoch 761, with a MAPE of 3.61%, an RMSE of 284.79 MN, and R? =0.991.
These metrics indicate that the model extracts physically consistent relationships while
improving prediction accuracy.

The parity plot in Figure 5.19 for a noisy test set (5% error) shows strong agree-
ment between predicted and true values, with a reduced dispersion compared to the
MSE-based model. This tighter clustering explains the improvement in RMSE.

As with the MSE-based model, robustness testing under increasing noise levels
(Figure 5.20) shows that the prediction error increases more slowly than the applied
noise, reinforcing the model’s stability under measurement uncertainty.

Finally, the error distribution in Figure 5.21 shows a uniform spatial pattern with
no pronounced high-error regions, confirming that the category-based hypothesis ad-
dresses the localised prediction difficulties seen in per-member modelling.
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Figure 5.18: Training and test performance of the physics-informed category model. The model com-
prises four hidden layers of 100 neurons each, trained on 16,384 samples and evaluated on 8,192 test
samples using the tanh activation function and a hybrid loss.
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Figure 5.19: Parity plot of predicted versus true axial rigidity values for the physics-informed category
model on a noisy test set (+5% measurement error). The reduced dispersion around the diagonal reflects
the improved RMSE.
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Figure 5.20: Noise sensitivity analysis for the physics-informed category model. The growth in predic-
tion error remains consistently below the applied noise amplitude.
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Figure 5.21: Distribution of MAPE across individual members for a test set with +5% measurement
noise. The category-based physics-informed approach eliminates localised prediction errors and ensures
uniform accuracy across members.

5.2.3 Model Comparison

The final performance metrics for both category-based models on the noiseless test
set are presented in Table 5.4. The physics-informed neural network (PINN) consis-
tently outperforms the purely data-driven MSE-based model, achieving lower MAPE,
reduced RMSE, and marginally higher R? values.

| Model | MAPE[%] | R? | RMSE [MN] |
MSE-based MLP 4.20 0.987 332.95
Physics-Informed MLP 3.61 0.991 284.79

Table 5.4: Performance comparison of the MSE-based and physics-informed MLP models on the
category-based EA prediction task using the noiseless test set.

When compared to the results obtained in Section 5.1.2 for the per-member predic-
tion task, these category-based models deliver markedly superior performance. In the
previous formulation, the best models—whether data-driven or physics-informed—
produced MAPE values around 16% on noisy data, with error patterns heavily influ-
enced by structural redundancy (notably in members 3 and 6). By contrast, the in-
troduction of rational design constraints through member grouping eliminates such
localised weaknesses, enabling both models to achieve single-digit percentage errors
while delivering uniform accuracy across the structure.

Noise robustness remains a critical consideration, particularly for field applications
where measurement uncertainty is unavoidable. Figure 5.22, which overlays the sen-
sitivity curves from Figures 5.16 and 5.20, shows that the PINN retains a performance
advantage over the MSE-based model across all noise levels tested. Importantly, the
performance gap widens with increasing noise, indicating that the physics-informed
constraints act as a stabilising prior, improving prediction reliability under degraded
input conditions.

Beyond robustness, this formulation exhibits strong data efficiency. Figure 5.23
presents the MAPE obtained for noisy test inputs as a function of training dataset size.
Both models remain accurate even with reduced training sets, but the PINN shows
a pronounced advantage in the small-data regime. This finding implies a practical
trade-off: for applications with limited data availability, the additional complexity of
implementing a physics-informed loss is justified by the resulting gains in accuracy
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Figure 5.22: Noise sensitivity comparison between the category-based MSE and physics-informed mod-
els. The physics-informed approach maintains lower error rates at all noise levels, with the advantage
increasing as noise amplitude grows.

and robustness.

In summary, the category-based formulation represents a substantial advancement
over the per-member prediction task presented earlier in this chapter. By introduc-
ing design-informed grouping, the prediction task becomes better conditioned, elim-
inating structurally induced ambiguities and enabling both models to achieve high
accuracy with uniform error distribution. Within this improved setting, the physics-
informed approach further enhances performance, particularly under noisy or data-
limited conditions. This combination of structural rationality and embedded physical
knowledge therefore offers a robust and efficient pathway for practical inverse analysis

of truss systems.
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Figure 5.23: Impact of training dataset size on noisy test set performance (+5% multiplicative noise).
The physics-informed model consistently outperforms the MSE-based model, with particularly large

guins when data is scarce.
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6.1 Conclusion

This thesis addressed the calibration of finite element models (FEM) for a truss struc-
ture under noisy and/or limited measurements. Using a Pratt truss bridge as a case
study, we investigated how machine learning models can infer structural parameters—
specifically, the members’ axial rigidities EA—from observed structural responses. The
motivation stems from practice: engineers are often tasked with locating stiffness loss
or damage using sparse, noise-contaminated sensor data, where traditional trial-and-
error or purely deterministic calibration can be unreliable. This motivates data-driven
techniques capable of robustly tackling the underlying inverse problem.

We first generated a comprehensive synthetic dataset via high-fidelity simulations
of the Pratt truss. Synthetic data afforded full control over noise and parameter vari-
ation, enabling us to emulate diverse measurement conditions and structural states.
Following recent evidence that networks trained solely on simulation can generalize to
real structures [25], the dataset spanned wide ranges of member stiffnesses (including
deliberate reductions to mimic damage) together with corresponding displacement re-
sponses under load. Controlled noise was injected into the test set to emulate on-site
measurement errors. This pipeline provided a rich training and evaluation ground
while avoiding the logistical constraints of large-scale field data collection.

On this basis, we implemented and compared classical machine learning models,multilayer
perceptron (MLP), and physics-informed neural networks (PINNs) for FEM parameter cal-
ibration. Among the classical baselines, comprising analytical solvers and regressors
such as k-nearest neighbors and random forests, a standard MLP trained with mean-
squared error (MSE) achieved the best accuracy. In the simple truss scenario, the MLP
reached mean absolute percentage errors on the order of a few percent on the test set
and generalized well: for moderate noise amplitudes, prediction errors remained below
the injected noise level, indicating that the network learned stable patterns from noisy
inputs. These findings confirm the viability of purely data-driven surrogate models for

117
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structural calibration, consistent with recent surrogate-modeling results in structural
engineering [25, 24].

We then introduced a PINN that augments the data loss with physics-based penal-
ties derived from the governing equations. Building on prior work that exploits the
constitutive relation Ku = q for learning [22, 21], we adapted these ideas to the inverse
setting and added novel loss terms enforcing nodal equilibrium and global energy con-
servation. In effect, the network is trained both to fit measured responses and to satisfy
the finite element governing equations of the truss. The central hypothesis was that em-
bedded physics acts as a regularizer, improving data efficiency and robustness to noise.

Applied to the Pratt truss, the PINN did yield improvements over the purely data-
driven MLP. Quantitatively, the PINN slightly reduced test errors (MSE, MAPE) and
produced tighter parity plots (predicted vs. true stiffness) with marginally lower RMSE.
Crucially, the advantage became pronounced under adverse conditions: when train-
ing data were curtailed or measurement noise increased. Under such stress tests, the
PINN'’s error growth was more gradual than that of the MSE-trained MLP, reflecting
superior data efficiency and noise robustness. This behavior isillustrated in Figure 5.23,
where, for training sets of only a few hundred samples, the PINN consistently outper-
forms the MLP across noise levels.

That said, the magnitude of the gain under well-instrumented, low-noise condi-
tions remained modest: both models were already highly accurate, leaving limited
headroom for improvement. Moreover, the physics-informed approach incurs higher
implementation and computational costs per epoch—owing to stiffness assembly and
equilibrium evaluations inside the training loop. Thus, PINNs offer a clear trade-off:
they deliver physically consistent, more data-efficient solutions at the expense of added
complexity and compute.

In summary, this case study shows that PINNs can modestly but meaningfully out-
perform conventional data-driven models for FEM calibration, especially when data
are scarce or noisy, while promoting physically plausible predictions. When abundant,
high-quality data and simplicity are paramount, a calibrated MLP or similar learner
may suffice. However, in low-data regimes or whenever physical interpretability is crit-
ical, the physics-informed approach proves its value by yielding parameter estimates
that better align with true structural behavior under uncertainty for both isostatic and
hyperstatic trusses.

6.2 Outlook

The case study and methods developed here are promising, yet several avenues remain
to consolidate, broaden, and operationalize their impact. We outline below a set of di-
rections that progress from immediate validation to increasing generality and, finally,
to more challenging physics.

1. Real-world data integration: The most immediate priority is to validate the pro-
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posed approaches on experimental or field data from real structures. All training
in this thesis relied on synthetic data; although prior work suggests that models
trained with synthetic structural dataset can generalize to physical assets [25, 24],
this needs to be confirmed for the FEM calibration task. A natural next step is to
collect sensor measurements from an actual truss structure and attempt calibra-
tion using both the MLP and the PINN as formulated here. Such a study would
expose modeling mismatches and test robustness to truly noisy—and potentially
biased—measurements. If the PINN maintains its edge in this setting, it would
provide strong evidence for its practical adoption.

2. Transfer learning: A central question after this work is whether the learned rep-
resentation transfers across structural systems. The intuition is that the network
has captured patterns relevant to structural analysis more generally, not solely to
the eight-panel Pratt truss with a 60 m span and 7.5 m height. This can be probed
by studying transfer learning: fine-tuning the same model on a new dataset for
a different structure and testing for positive transfer, evidenced by faster conver-
gence and/or higher asymptotic accuracy relative to training from scratch.

3. Toward a foundation model: A limitation of straightforward transfer is that a
standard neural network fixes the number of inputs and outputs and as such are
limited to a specific structure typology. Although one can artificially augment
input and output dimensions before retraining, future work could explore ar-
chitectures that naturally accommodate variable topology and size, aiming at a
foundation model applicable to arbitrary trusses, or structures more broadly. Re-
cent results are encouraging, notably StructGNN, a graph neural network that
predicts structural response for 3D building frame systems [30]. GNNSs operate
on graphs at the node/edge level, leveraging local connectivity. Their applica-
tion to inverse problems, such as parameter calibration, remains underexplored.
An interesting path is to combine this line with transfer learning by leveraging
knowledge embedded in StructGNN models.

4. Automatic defect detection and calibration: Lee et al. [27] proposed a model
to localize damage via dynamic response analysis. However, localization alone
does not estimate the updated properties of damaged members. A promising
hybrid pipeline would couple their damage-detection architecture with our cali-
bration approach, assigning a design group to each detected damaged member in
the spirit of Section 5.2. The detector would flag where change occurred, and the
calibrator would estimate how much the properties have shifted. This could sub-
stantially enhance the practical utility of ML-FEM hybrid models for structural
assessment.

5. Adapting the framework to nonlinear modeling: Our study focused on a linear
truss under static loads. In practice, all structures exhibit some degree of nonlin-
earity, often negligible but sometimes essential. When nonlinear effects matter,
the core challenges studied here become more acute: analytical solutions are gen-
erally unavailable, and dataset generation becomes far more time-consuming due
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to the cost of nonlinear analyses. These constraints make physics-informed learn-
ing especially attractive under data scarcity. Extending the present framework to
nonlinear FEM calibration thus constitutes an exciting avenue for future research.

In conclusion, this thesis takes a step toward more intelligent, physics-integrated
tools for structural engineering. We have shown that modest gains in accuracy and
reliability are achievable by blending data-driven models with fundamental engineer-
ing knowledge. These gains come with increased complexity, yet that complexity is
increasingly manageable as algorithms and hardware advance. Looking ahead, struc-
tural analysis and monitoring will likely combine simulation-based models with learn-
ing algorithms, each reinforcing the other’s strengths. By pursuing the directions above,
researchers and practitioners can continue to expand what machine learning can de-
liver for civil structures. Ultimately, this line of inquiry supports the vision of safer,
smarter infrastructure: bridges and buildings that learn from data without losing sight
of the physics that govern their behavior.
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