
École polytechnique de Louvain

A Derivative-Free Trust-Region
Method Based on Finite-Difference
Gradient Approximations

Author: Dânâ DAVAR
Supervisor: Geovani NUNES GRAPIGLIA
Readers: Gianluca BIANCHIN, François GLINEUR
Academic year 2022–2023
Master [120] in Mathematical Engineering





Abstract

This work presents a derivative-free trust-region method, based on finite-difference
gradient approximations, for smooth convexly constrained optimization problems.

Under reasonable assumptions, it is shown that the method needs at most O(nε−2)
function evaluations to obtain an ε-approximate stationary point, where n is the
problem dimension. Therefore, the worst-case complexity bound depends only lin-
early on n. This result represents a significant improvement with respect to some
other state-of-the-art methods, and is confirmed by numerical experiments that show
the relative efficiency of the new method.
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Chapter 1

Introduction

1.1 Motivation

Many practical applications require the solution of nonlinear optimization problems
of the form

minimize f(x)

subject to x ∈ Ω,
(1.1)

where f : Rn → R is a differentiable function and Ω ⊂ Rn is a nonempty closed
convex set. In order to address (1.1), iterative methods are the only choice to solve
the problem efficiently, one example of which is illustrated in Figure 1.1. Those
methods start with one initial guess of the minimizer and generate a sequence of
better approximated solutions, each obtained on the basis of the previous one. To
do so, those methods need to rely on the slope of the function at those points, i.e.,
the gradient of the objective function f .

Figure 1.1: An iterative optimization method
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Chapter 1. Introduction

However, in many applications, no information is accessible about the gradient. It
is common, e.g., when function values come from computer simulations realized
through a black-box software. In such case, although the objective function is dif-
ferentiable, the only information we obtain are pairs {x, f(x)}. Typical examples
are present in aerodynamic shape optimization [1], optimization of cardiovascular
geometries [2, 3] or tuning of algorithmic parameters [4]. Therefore, in order to
minimize f in such scenarios, we need methods that rely only on the function val-
ues f(x). The field of optimization using such methods is called Derivative-Free
Optimization (DFO).

1.2 Historical Overview

As mentioned in [5], the application of DFO methods to deterministic problems can
be separated in several classes. For each of these, we can use local DFO methods
which, in the best case, can guarantee the convergence to a local stationary point of
f . Regarding global stationary points, deterministic DFO methods able to generate
a global minimizer for general nonconvex functions do not exist.

Nowadays, the set of local DFO methods can be divided in three main classes: direct-
search methods, model-based trust-region methods, and finite-difference based meth-
ods. The first two, i.e., direct-search and model-based trust-region, do not rely on
approximated gradients of f , while the class of finite-difference based methods does.
All three of them are derivative-free methods that can be used to solve (1.1). In
Section 1.2.1, we review the class of direct-search methods, while in Section 1.2.2 we
mention the class of model-based trust-region methods. Then, Section 1.2.3 deals
with finite-difference based methods. Finally, in Section 1.2.4, we briefly cite some
randomized methods used in DFO.

1.2.1 Direct-Search Methods

Direct-search methods are often used in practice. They try several points located
along specific directions around the current iterate, looking for one where the func-
tion value is lower than that at the current point. As mentioned by Nocedal and J.
Wright [6], if such point is obtained, we take it as the new iterate and repeat the
process, possibly with a new set of directions to explore. If no satisfying point is
discovered, then we reduce the step length and possibly adjust the directions.

In this class, one efficient strategy is proposed by pattern-search methods. At the
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1.2. Historical Overview

current iteration, those methods create a set of orthogonal directions of a given
size. Therefore, the current iterate xk is framed by candidate points, with potential
lower function values, that will be evaluated. If one of them has a function value
significantly lower than that of the current point, we set it as the new iterate and
the frame will be centered at this new point. At each iteration, the set of directions
and the size of those directions can be adapted. If no point produces a sufficient
decrease, then we set xk+1 = xk and the size of the frame is reduced. Figure 1.2
illustrates this method. The current point is assigned to the red dot, while the next
iterate is in blue.

(a) (b)

(c) (d)

Figure 1.2: A direct-search method
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Chapter 1. Introduction

Although direct-search methods can produce relatively good results by using func-
tion evaluations, it could be more relevant to make a different use of those values,
with the aim of obtaining more ambitious results.

1.2.2 Model-Based Trust-Region Methods

Instead of using only function evaluations, another approach in DFO is to build a
model mk around the current iterate. This approach allows to have a good approx-
imation of the shape of f around f(xk). Currently, to approximate the objective
function properly at a current point and get a good new iterate, quadratic models
are presented as one of the most efficient ways to choose. They have been used for
several decades and are still of interest. However, those models are based on Taylor
developments and therefore rely on the gradient of f . Thus, one could decide to
build the derivative-free quadratic model mk as an interpolation model, based on
several well chosen points. Such methods are called Model-Based and have also been
used for a long time. Very recently [7], Hough and Roberts implemented a model-
based trust-region method for convexly constrained problems. They prove the global
convergence and provide a worst-case complexity of O(n3ε−2) and O(n7ε−2) func-
tion evaluations, for linear and composite linear interpolation models, respectively,
in order to reach some ε-approximate stationary point. In case of unconstrained
problems, Garmanjani, Júdice and Vicente [8] derived a bound of O(n2ε−2) function
evaluations for model-based trust-region methods, in 2016. In practice, model-based
methods are applied with a trust-region method, as the objective function can po-
tentially be nonconvex. A nonconvex function could locally lead to a nonconvex
quadratic model, which has no minimizer if there is no constraint on the minimiza-
tion of mk. Therefore, working through a trust-region method would allow to add
restrictions to this minimization and give rise to a solution.

The first person to propose a derivative-free trust-region method was D. Winfield [9,
10]. In [10], he presents a quadratic model-based method obtained by interpolation
of points, for which the model is minimized over a "constraining region of validity
to locate the next trial point", as he says. This DFO method was the first in which
the concept of a trust-region was mentioned. For the general construction of the
model, let us consider the set of points

Y = {y1, y2, ..., yq} with yi ∈ Ω, i = 1, ...q,
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1.2. Historical Overview

for some q ≥ 1. Then, we can build the quadratic model

mk(d) = f(xk) + ⟨gk, d⟩ + 1
2⟨Bkd, d⟩,

where gk and Bk are approximations of ∇f(xk) and ∇2f(xk), respectively. Both
have to be determined such that the interpolation conditions are satisfied, i.e.,

mk(yi) = f(yi), i = 1, ...q.

Moreover, the model mk should also represent sufficiently well f in a fully-linear
sense [5]. A function m : Rn → R is said to be a κ-fully linear model of f on
B(xk; ∆k) = {y : ∥xk − y∥ ≤ ∆k} if

|f(xk + d) − mk(d)| ≤ κef∆2
k, ∀d ∈ B(0; ∆k),

∥∇f(xk + d) − ∇mk(d)∥ ≤ κeg∆k, ∀d ∈ B(0; ∆k),

for some κ = (κef , κeg). Those conditions being satisfied, we then need to solve the
sub-problem

min
d

mk(d) = f(xk) + ⟨gk, d⟩ + 1
2⟨Bkd, d⟩

s.t. ∥d∥ ≤ ∆k.

To judge the quality of the approximate solution obtained dk, we use a condition
expressed as (1.2), where η ∈ (0, 1). The ratio ρk represents the decrease occurred in
the objective function, with respect to the decrease produced in the model. If (1.2)
holds, then we say that the iteration is successful and set xk+1 = xk + dk. In such
case, there is a good match between mk and f in the sense that, inside the trust-
region, mk is a good approximation of f . Therefore, it could be good to increase the
trust-region radius for the next iterate. Otherwise, if ρk < η, then we should shrink
the radius or update the set Y to find another approximate solution dk, which should
produce a higher ratio ρk. Figure 1.3 illustrates a trust-region step. It shows that
the minimization of the model should be supported by a constraint, saying inside
which region we should trust mk as a good approximation of the objective function
f .

ρk := f(xk) − f(xk + dk)
mk(0) − mk(dk) ≥ η. (1.2)

5



Chapter 1. Introduction

Figure 1.3: A trust-region step

This second class we have just presented has been widely used for the last decades
in DFO, mostly because of his low usage of function evaluations required at each
iteration. It is the main reason why finite-difference based methods have been almost
neglected during this time, as it can be expensive to approximate the gradient at
each iteration, especially for large-scale problems. However, this last main class
of DFO methods, which is presented in the following section, has recently become
very active and recent papers show remarkable results. This lets know that DFO
methods based on finite-differences deserve further examinations.

1.2.3 Finite-Difference Based Methods

This last main class of DFO methods does rely on approximated gradients. The idea
is to estimate sufficiently well the gradient of f around the current point, in order
to replace it inside a derivative-based model mk. Therefore, the method builds a
model based on approximated gradients by means of finite-differences. Very recently
[11], Shi et al. demonstrated encouraging empirical results, where they show that
derivative-free methods based on finite-differences are able to be competitive with
respect to other state-of-the-art DFO methods, and here we review the foundations
of finite-difference based methods.

There exist three main ways to compute the jth component of ∇f(xk) by means of
a finite-difference:

6



1.2. Historical Overview

Forward Finite-Difference (FFD)

[∇f(xk)]j ≃ [gk]j = f(xk + hej) − f(xk)
h

,

Backward Finite-Difference (BFD)

[∇f(xk)]j ≃ [gk]j = f(xk) − f(xk − hej)
h

,

and Central Finite-Difference (CFD)

[∇f(xk)]j ≃ [gk]j = f(xk + hej) − f(xk − hej)
2h

.

(a) FFD (b) BFD

(c) CFD

Figure 1.4: Different Finite-Differences

Although it is common to build the vector gk ∈ Rn using a same type of finite-
difference for all its components, there exist situations where we should use a combi-
nation of them. Indeed, if function evaluations are not available in forward direction
for some components, it could be relevant to choose a BFD for these, while a FFD

7
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could be used for the other components of gk. However, although the three ways
were available at the current iterate, one could find more accurate to use one of the
three, rather than others. Indeed, Figure 1.4 gives the geometric interpretation of
the three approximations, showing all approximations can not be of same accuracy
around a same point of f .

Moreover, whatever the approximation chosen, the size of h will be of real matter. It
should not be too large, otherwise the approximation will be poor, but it should also
not be too small, as it could lead to poor approximations as well, due to important
numerical errors. Those two problems are common in numerical methods when
approximating a derivative and lead us to the two types of errors that can occur,
namely, the truncation error, Et, and the round-off error, Er. Here, we illustrate
both of them using a FFD approximation for the jth component of ∇f(x).

Assuming exact function evaluations, the truncation error Et is the difference be-
tween the derivative and its finite-difference approximation. By the mean value
theorem, there exists some θ ∈ (0, 1) such that

[∇f(x)]j = f(x + hej) − f(x)
h

− h

2
∂2f(x + θhej)

∂x2
j

.

Defining C as a bound on the second-order derivative, we get

|Et| ≤ h

2C.

Therefore, the truncation error depends linearly to h and the approximation will be
poor if h is too large. However, we should also consider inexact function evaluations,
which can occur due to a limited number of digits available when evaluating f .
Assuming the error generated is bounded by some ϵ, the absolute value of the
round-off error is expressed as

|Er| ≤ 2ϵ

h
,

because of the term
f(x + hej) − f(x)

h
,

which now contains inexact function values. This time, the resulting error depends
inversely on h. Indeed, for too small values of h, subtraction of similar numbers can
appear. This operation can be badly evaluated because of the limited number of
digits available in each term, and imply a huge error. Finally, the total error can be

8
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bounded by
|E| ≤ 2ϵ

h
+ h

2C.

Those two different dependencies on h imply there exists some trade-off between
both sources of errors, as shown in Figure 1.5. This optimal value can be obtained
by equalizing the derivative of |E| with respect to h to 0.

E
rr

or
s

Figure 1.5: Truncation and round-off errors

Managing these errors, added to the cost of evaluations required to produce finite-
differences, were the principal reasons why this last main class of DFO methods
was neglected. However, the recent empirical experiments of Shi et al. [11] and
the quadratic regularization method proposed by Grapiglia [12] prove there exist
ways to tackle the common problems occurring in finite-difference based methods,
especially concerning the number of function evaluations, which is one of the main
subjects of this thesis.

1.2.4 Randomized Methods

Randomized methods usually have interesting theoretical properties and are used in
practice for large-scale problems. They have the particularity to potentially reach
the global minimum of an objective function containing several local minima. Two
classical random search methods can be cited, as pure random search, whose global
convergence is discussed by Zhigljavsky [13], and Nesterov random search [14]. How-
ever, randomized versions of the precedent classes of DFO methods also exist and
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Chapter 1. Introduction

can be used for solving deterministic problems, as randomized direct-search methods
[15] or randomized trust-region methods [16]. However, we focus on deterministic
methods for solving deterministic problems, therefore we will not go further on ran-
domized methods in this work. Nevertheless, the class of meta-heuristics methods is
also of interest. Genetic algorithms and simulated annealing are popular heuristics
methods in DFO, and are generally used in practice for stochastic versions of (1.1).

1.3 Contribution of this Work

In this thesis, we developed a derivative-free trust-region method, based on finite-
difference gradient approximations, for smooth convexly constrained optimization
problems. Our algorithm generates a sequence of sub-problems for which a quadratic
model of the objective function is obtained around the current point. Here, this
model relies on approximated gradients of the objective function, which is obtained
using forward or backward finite-differences, while the Hessian is approximated
and updated by the Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula. Once the
model is built, the solution of each sub-problem is approximately computed inside
a region where we trust the model, in other words the trust-region, by means of an
inner solver.

In Chapter 2, we present the classes of DFO algorithms that built our new method
and mention the two main papers on which this work is based. By combining
the hypotheses used in [17] by Karas et al. and the technique chosen in [12] by
Grapiglia, we obtain the theoretical foundations required to prove the efficiency
of the new method. Chapter 3 presents TRFD, the new method we have devel-
oped. First, it is presented for general nonempty closed convex sets, where function
evaluations can be computed outside the domain, before presenting the particular
bound constraints case, for which no function evaluation is allowed outside the fea-
sible set. The latter case imposes to compute the gradient approximation using
either a forward or backward finite-difference for each component of the vector. The
choice depends on whether function evaluations are available in forward or back-
ward directions. Moreover, for both variants of TRFD, a theoretical analysis is
provided and demonstrates the efficiency of both versions to find an ε-approximate
stationary point, using O(nε−2) function evaluations. To our knowledge, TRFD
is the first derivative-free trust-region method producing a linear dependence to n

for smooth convexly constrained problems. Finally, Chapter 4 gives some numeri-
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cal results for the application of the new method. Two implementations of TRFD
are provided. One is applied to benchmark problems, while the other is used for a
box-constrained problem. Results for the benchmark problems are based on 102 dif-
ferent unconstrained problems provided by Andrei [18]. The figures shown are data
profiles, which are a specific way to show the efficiency of a method as a cumulative
function of two characteristics: the percentage of problems solved, with respect to
the number of function evaluations needed to solve them. Therefore, data profiles
are provided and show the competitiveness of TRFD. The comparison is done with
respect to DFQRM, which is the method proposed by Grapiglia in [12]. Regarding
the results from the box-constrained case, they illustrate the application of the new
method to a SIR model problem. Given a synthetic data set, the purpose of the
application is to recover the optimal parameters β and γ producing the best approx-
imation curves of the dynamical system. In this application, we show the relative
competition between TRFD and the FMINCON Matlab function.

11





Chapter 2

Background

In this chapter, we describe in details the DFO methods related to our work. Section
2.1 deals with derivative-based trust-region methods. Section 2.2 presents a general
derivative-free trust-region method for convexly constrained problems, while Sec-
tion 2.3 describes a derivative-free quadratic regularization method based on finite-
difference gradient approximations. Finally, 2.4 introduces the novelty presented in
this work.

2.1 Derivative-Based Trust-Region Methods

2.1.1 Unconstrained Problems

If the gradient of f is available, then derivative-based models such as those built on
Taylor developments should be used. In the kth iteration, an efficient way to compute
the step dk = xk+1 − xk is to have a quadratic model mk around the current iterate
xk. Moreover, as mentioned before, a good practice would be to work through a
trust-region method. In case of derivative-based trust-region methods, the model
mk is defined as

mk(d) = f(xk) + ⟨∇f(xk), d⟩ + 1
2⟨∇2f(xk)d, d⟩,

where ∇f(xk) is the gradient of the objective function, and ∇2f(xk) is its Hessian,
both evaluated at the current point xk. Once the method is built, we must solve

13



Chapter 2. Background

the derivative-based trust-region sub-problem expressed as

min
d

mk(d) = f(xk) + ⟨∇f(xk), d⟩ + 1
2⟨∇2f(xk)d, d⟩

s.t. ∥d∥ ≤ ∆k,
(2.1)

in order to obtain the solution dk. Such direction dk may be any approximate
solution of (2.1), as long as it produces a sufficient decrease in the model, in the
sense of

mk(0) − mk(dk) ≥ c1∥∇mk(0)∥ min
{

∥∇mk(0)∥
1 + ∥∇2mk(0)∥ , ∆k

}
,

for some constant c1. Moreover, dk should also satisfy condition (1.2), stated in
Section 1.2.2 for model-based trust-region methods. If the decrease occurred by
dk implies ρk ≥ η, it means there is a good match between the model and the
objective function inside the trust-region. Therefore, it should be safe and a good
idea to extend the size of the trust-region for the next iteration [6]. In case that
the decrease is not sufficient, we reduce the size of the trust-region and reiterate the
sub-problem.

In order to solve sub-problem (2.1), several approaches exist. One classical way to
solve it approximately is by means of the Cauchy point, i.e., the minimizer of mk

lying on the steepest descent −gk, constrained to the trust-region radius. However,
we can be more ambitious and obtain a better approximation. Here, we mention the
Newton method, which is an iterative process trying to approach the exact solution
of (2.1). It is based on the idea that the solution can be obtained by adding a
multiple of the identity to the Hessian of the model. Indeed, in Theorem 2.1.1, it is
claimed that the solution dk of (2.1) satisfies the equality

(∇2f(xk) + λI)dk = −∇f(xk),

for some λ ≥ 0 and positive semi-definite matrix (∇2f(xk) + λI). A formal proof is
given by Nocedal and Wright [6].

Theorem 2.1.1. The vector dk is a global solution of the trust-region sub-problem

min
d

mk(d) = f(xk) + ⟨∇f(xk), d⟩ + 1
2⟨∇2f(xk)d, d⟩

s.t. ∥d∥ ≤ ∆k,

14



2.1. Derivative-Based Trust-Region Methods

if and only if dk is feasible and there is a scalar λ ≥ 0 such that the following
conditions are satisfied:

(∇2f(xk) + λI)dk = −∇f(xk), (2.2)

λ(∆k − ∥dk∥) = 0, (2.3)

(∇2f(xk) + λI) is positive semi-definite. (2.4)

Equation (2.3) is an additional condition. It states that the solution dk lies either
inside, or strictly on the radius ∆k. On one hand, if the solution lies inside the
trust-region, then

dk = −∇2f(xk)−1∇f(xk), (2.5)

and λ = 0, since ∥dk∥ < ∆k. On the other hand, if the solution is strictly localized
on the radius, then the point d = −∇2f(xk)−1∇f(xk) lies outside the trust-region.
In such case, ∥dk∥ = ∆k and λ must take some positive value to satisfy (2.2).
Therefore, the idea is to use an iterative method to find such λ ≥ 0 for a solution dk

whose norm is equal to the trust-region radius. Actually, the method is only used
for λ > 0, as the case λ = 0 corresponds to the first scenario (2.5), for which the
solution dk is already known. Therefore, for λ > 0, as explained in [6], we define the
function

d(λ) = −(∇2f(xk) + λI)−1∇f(xk),

for λ sufficiently large so that ∇2f(xk) + λI ≻ 0, and seek a value λ∗ > 0 such that

∥d(λ∗)∥ = ∆k. (2.6)

-
2

-
1 *

k

||d
(

)|
|

Figure 2.1: ∥d(λ)∥ (inspired from [6])
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For this purpose, let λ1 ≤ λ2 ≤ ... ≤ λn be the eigenvalues of the matrix ∇2f(xk)
and Q be the orthogonal matrix composed of the eigenvectors of ∇2f(xk). Thanks
to the eigendecomposition of the matrix, the following expression can be obtained,

∥d(λ)∥2 =
n∑

j=1

(qT
j g)2

(λj + λ)2 , (2.7)

where qj is the jth eigenvector of ∇2f(xk). Equation (2.7) tells us that, for λ > −λ1,
∥d(λ)∥ is a positive non-increasing function. Therefore, as shown on Figure 2.1, we
can reach some value λ∗ such that ∥d(λ∗)∥ = ∆k on the interval λ ∈ (−λ1, ∞).
Solving equation (2.6) is equivalent to finding the root of the function

ϕ1(λ) = ∥d(λ)∥ − ∆k = 0. (2.8)

However, we see that some troubles can appear when λ is greater but close to
−λ1. Therefore, another expression for solving (2.8) is preferred, e.g., as dividing
by ∥d(λ)∥ ∆k, which gives the following expression

ϕ2(λ) = 1
∆k

− 1
∥d(λ)∥ = 0,

which makes ϕ2(λ) almost linear near of −λ1. Then, in order to find the root of the
latter function, Newton-Raphson’s method can be applied to ϕ2(λ), which gives

λ(l+1) = λ(l) − ϕ2(λ(l))
ϕ

′
2(λ(l)) . (2.9)

By some manipulations based on (2.9), an iterative algorithm can be implemented
as proposed in Algorithm 2.1. However, we should be careful with this method.
During the iterations, we can reach values of λ for which the matrix ∇2f(xk)+λI is
not positive semi-definite. This implies that it can not be factorized as the product
RRT , which is required in the following algorithm. That is why safeties are taken in
Step 0 and Step 1, as proposed by Conn et al. [19], with lower and higher bounds on
λ, denoted as λL and λU respectively, in which we denote ∇f(xk) by v and ∇2f(xk)
by H for clarity in the expressions.

λL = max

0, − min
i

{Hi,i} ,
∥v∥
∆k

− min

max
i

Hi,i +
∑
j ̸=i

|Hi,j|

 , ∥H∥F , ∥H∥∞


 ,
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2.1. Derivative-Based Trust-Region Methods

λU = max

0,
∥v∥
∆k

+ min

max
i

−Hi,i +
∑
j ̸=i

|Hi,j|

 , ∥H∥F , ∥H∥∞


 .

Algorithm 2.1 Inner-Solver (Newton Method)

Step 0 Set ∆0 > 0, λ(0) ∈ (λL, λU) and i := 0.

Step 1 If λ(i) > max{0, −λ1}, factorize

∇2f(xk) + λ(i)I = RT R,

and solve
RT Rpi = −∇f(xk), RT qi = pi.

Step 2 Set

λ(i+1) = λ(i) +
(

∥pi∥
∥qi∥

)2 (∥pi∥ − ∆k

∆k

)
.

Step 3 Set i := i + 1 and go to Step 1.

Typically, only four or five iterations are needed in practice to get λ(i+1) = λ(i)

and to stop the solver. This algorithm is an inner-solver that enables to solve the
sub-problem (2.1), and is the one we chose in our new method, when applied to
unconstrained problems.

2.1.2 Convexly Constrained Problems

In the specific case of derivative-based trust-region methods constrained to convex
domains, a new constraint is added to the derivative-based trust-region sub-problem
(2.1), which now takes the following form

min
d

mk(d) = f(xk) + ⟨∇f(xk), d⟩ + 1
2⟨∇2f(xk)d, d⟩

s.t. ∥d∥ ≤ ∆k,

xk + d ∈ Ω.

17



Chapter 2. Background

Consequently, a new inner-solver is required, but above all a new criticality measure
is needed to minimize f inside the convex domain Ω. As shown in [19], we can define
the measure

χ(x) = | min
x+d∈Ω
∥d∥≤1

⟨∇f(x), d⟩|, (2.10)

which represents the norm of the negative gradient when d can be in the opposite
direction of the gradient. Of course, in the unconstrained case, definition (2.10)
corresponds to the intuitive criticality measure

χ(x) = ∥∇f(x)∥ . (2.11)

However, (2.10) is not the only way to define the stationarity of x. Indeed, still in
the case of convexly constrained problems, it can be good to reformulate (2.10) as

χ(x) = ∥x − PΩ(x − ∇f(x))∥ . (2.12)

This new definition has the advantage to conserve the continuity of χ and to still
preserve a geometric interpretation. Indeed, if the point x − ∇f(x) had to belong
to Ω, then we would find (2.11). If not, then (2.12) would represent the distance
between x and PΩ(x − ∇f(x)), the latter lying on the boundary of Ω.

This last section about derivative-based optimization introduces now to derivative-
free optimization, for which we highlight the two main papers that inspired this
work.

2.2 Derivative-Free Trust-Region Methods

In [17], Karas et al. propose a general derivative-free trust-region algorithm for
minimizing a smooth function within a closed convex set Ω

min
x

f(x)

s.t. x ∈ Ω.
(2.13)

The method generates a sequence of approximated solutions of quadratic constrained

18



2.2. Derivative-Free Trust-Region Methods

sub-problems
min

d
mk(d) = f(xk) + ⟨gk, d⟩ + 1

2⟨Bkd, d⟩

s.t. ∥d∥ ≤ ∆k

xk + d ∈ Ω,

(2.14)

where gk is an approximation to ∇f(xk) and Bk is an approximation to ∇2f(xk). In
order to prove the global convergence of the general method, they make the following
assumptions.

A1 The gradient of f is L-Lipschitz continuous, i.e.,

∥∇f(y) − ∇f(x)∥ ≤ L ∥y − x∥ ∀x, y ∈ Ω.

A2 There exists flow ∈ R such that f(x) ≥ flow ∀x ∈ Ω.

A3 There exists a constant c2 > 0 such that

∥∇f(xk) − gk∥ ≤ c2∆k ∀k ≥ 1. (2.15)

A4 The matrices Bk are uniformly bounded, that is, there exists a constant M such
that ∥Bk∥ ≤ M ∀k ≥ 1.

Moreover, they assume that the approximate solution dk of (2.14) satisfies the fol-
lowing sufficient decrease condition

mk(0) − mk(dk) ≥ c1πk min
{

πk

1 + ∥Bk∥
, ∆k

}
, (2.16)

where c1 is a constant independent of k, and πk is a stationarity measure defined as

πk := ∥xk − PΩ(xk − gk)∥.

The approximate solution dk can be computed by means of any inner-solver, as Al-
gorithm 2.2 which is a revisited version of the FISTA algorithm, see Section 5 in [7].
It allows to minimize approximately the model mk, constrained to the intersection
of convex domains, using Dijkstra’s algorithm for the projections. Therefore, this
inner-solver allows to solve a sequence of sub-problems such as (2.14), and is the
one we use in the application of our new method to a box-constrained problem in
Section 4.2, in which the stopping conditions are also mentioned.
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Algorithm 2.2 Inner-Solver (Revisited FISTA)

Step 0 Given convex set Ω ⊂ Rn, starting point x0 ∈ Ω, model gradient g0,
approximated Hessian Bk, and trust-region radius ∆k. Set y0 = x0, L = ∥Bk∥
if Bk ̸= 0 (or L = 1 otherwise), and t0 = 1.

Step 1.1 Set j := 0.

Step 1.2 Project the gradient step onto D := C ∩ B(x0, ∆k), set
xj+1 = PD(yj − 1

L
gj) and go to Step 1.3.

Step 1.3 If the stopping conditions are satisfied, then return the step (xj+1−xj).
Otherwise, set tj+1 = (1 +

√
1 + 4t2

j)/2, yj+1 = xj+1 + ( tj−1
tj+1

)(xj+1 − xj),
gj+1 = gj + Bk(yj+1 − yj) and go to Step 2.

Step 2 Set j := j + 1 and go to Step 1.2.

Then, the general algorithm proposed by Karas et al. to solve problem (2.13), by
means of any inner-solver satisfying (2.16), is the following.

Algorithm 2.3 General Derivative-Free Trust-Region

Step 0 Given x1 ∈ Ω, α > 0, ∆1 > 0, η ∈ (0, 1), set k := 1.

Step 1.1 Construct the model mk(d).

Step 1.2 If ∆k < απk, go to Step 2. Otherwise, set ∆k+1 = ∆k

2 , dk = 0 and go
to Step 3.

Step 2 Find an approximate solution dk of (2.14). If ρk := f(xk)−f(xk+dk)
mk(0)−mk(dk) ≥ η,

set ∆k+1 = ∆k and go to Step 3. Otherwise, set ∆k+1 = ∆k

2 , dk = 0 and go to
Step 3.

Step 3 Set xk+1 = xk + dk, k := k + 1 and go to Step 1.1.

Remarks: The parameter α is arbitrary and allows to balance the magnitude of πk,
depending on the problem. Moreover, if ∆k is large, then the model may possibly
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not be a good approximation of the objective function, that is why they shrink the
trust-region radius in Step 1.2 if the condition is not satisfied. Based on hypotheses
A1, A2, A3 and A4, the global convergence of this general algorithm is stated in
Theorem 2.2.1 and proved in detail by Karas et al. in [17].

Theorem 2.2.1. Suppose that Hypotheses A1 to A4 hold. Then,

lim
k→∞

∥xk − PΩ(xk − ∇f(xk))∥ = 0.

In their paper, the equation we are most interested is (2.15) in hypothesis A3.
Satisfying such condition means that the approximated gradient gk must represent
sufficiently well the gradient of the objective function ∇f(xk), which will be a key
property of the new method.

2.3 A Derivative-Free Quadratic Regularization
Method

In [12], Grapiglia proposes a derivative-free quadratic regularization method with
finite-difference gradient approximations for smooth unconstrained problems

min
x∈Rn

f(x).

The method generates a sequence of approximated solutions for quadratic uncon-
strained sub-problems

min
y∈Rn

mx,σ(y) := f(x) + ⟨g, y − x⟩ + 1
2⟨B(y − x), y − x⟩ + σ

2 ∥y − x∥2,

subject to some acceptance conditions. g ∈ Rn is an approximation to the gradient,
B ∈ Rn×n is a symmetric positive semidefinite and σ > 0 is the regularization
parameter. To demonstrate the efficiency of the method, assumptions A1, A2 and
A4 were stated, with Ω = Rn. The following algorithm is proposed in the paper.
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Algorithm 2.3 DFQRM

Step 0 Given x1 ∈ Rn, a symmetric positive semi-definite matrix B1 ∈ Rn×n,
σ1 ≥ σmin > 0, ε > 0, and θ ∈ [0, 1), set k := 1.

Step 1. Set i := 0.

Step 1.1 For
hk,i = 2ε

5(2iσk)
√

n
, (2.17)

compute gk,i ∈ Rn by

[gk,i]j = f(xk + hk,iej) − f(xk)
hk,i

, j = 1, ..., n.

Step 1.2 If
∥gk,i∥ ≥ 4ε

5 ,

go to Step 1.3. Otherwise, set i := i + 1 and go to Step 1.1.

Step 1.3 Consider the quadratic model

mxk,2iσk
(y) := f(xk) + ⟨gk,i, y − xk⟩ + 1

2⟨Bk(y − xk), y − xk⟩ + 2iσk

2 ∥y − xk∥2,

and compute an approximate solution x+
k,i of the sub-problem

min
y∈Rn

mxk,2iσk
(y),

such that

mxk,2iσk
(x+

k,i) ≤ f(xk) and ∥∇mxk,2iσk
(x+

k,i)∥ ≤ θ(2iσk)∥x+
k,i − xk∥.

Step 1.4 If

f(xk) − f(x+
k,i) ≥ (1 − θ)(2iσk)

8 ∥x+
k,i − xk∥2

holds, set ik = i, gk = gk,ik
and go to Step 2. Otherwise, set i := i + 1 and go to

Step 1.1.

Step 2 Set xk+1 = x+
k,ik

, σk+1 = max {2ik−1σk, σmin}, choose a symmetric posi-
tive semi-definite matrix Bk+1 ∈ Rn×n, set k := k + 1, and go to Step 1.
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Under the hypotheses mentioned, it is shown by Theorem 2.3.1 that the proposed
method needs at most O(nε−2) function evaluations to reach an ε-approximate
solution for nonconvex problems. The formal proof is provided in [12].

Theorem 2.3.1. Suppose that A1, A2 and A4 hold. Let T (ε) be the first iteration
index such that ∥∇f(xT (ε)+1)∥ ≤ ε and let FE(ε) be the total number of function
evaluations performed by Algorithm 2.3 up to the T (ε)th iteration. Then,

FE(ε) ≤ O(nε−2). (2.18)

The main technique comes from the use of
√

n in (2.17), which at the end avoids
the number of function evaluations FE(ε) to depend quadratically on the problem
dimension n. The worst-case complexity (2.18) is the best bound obtained up to
now in the literature for deterministic DFO methods applied to smooth nonconvex
unconstrained optimization problems with exact function values.

2.4 A New Derivative-Free Trust-Region Method

In this work, we bring a contribution to ideas from both articles [17] and [12]. In
[17], the construction of the gradient approximation was not discussed by Karas et
al., while here we will explicitly impose all components to follow a finite-difference
approximation. Furthermore, in [17], the asymptotic global convergence to a sta-
tionary point is obtained, but nothing has been said on the maximum number of
iterations and function evaluations needed to reach an ε-approximate stationary
point. The theoretical analyses needed to obtain those bounds are presented in this
master thesis, based on the theoretical developments proposed in both papers [17]
and [12].

For the new method, we use finite-differences based on the idea (2.17) proposed by
Grapiglia, combined with A1 in order to recover A3 used in [17]. As the other
hypotheses of the latter paper will be also satisfied, the new method is globally
convergent too. Therefore, by imposing a wise condition on h, we recover condition
(2.15) that was needed for Karas et al. to prove the global convergence of trust-
region methods for convexly constrained problems. As a result, this combination
generates a new derivative-free trust-region method, globally convergent, based on
finite-difference gradient approximations, subject to a closed nonempty convex set.
The use of inequality (2.15) is the foundation allowing to exploit the theoretical
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analysis of the new method. For the first time, a derivative-free trust-region method
is built based on finite-difference gradient approximations.
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Chapter 3

The New Method

This chapter presents the new method. Section 3.1 starts with the assumptions of
our work, while Section 3.2 gives some definitions and includes the auxiliary results.
Then, we present a theoretical analysis of the new method, for which two cases are
considered. The first one is mentioned in Section 3.3, in which we deal with general
convex domains where function values can be computed outside the feasible set. Its
worst-case complexity is presented in Section 3.4. Then, the second case is shown
in Section 3.5. It is a particular problem for which variables are bounded, as in a
box, and where no function evaluation is allowed out of it.

3.1 Assumptions

Now, we consider assumptions A1, A2 and (2.16).

3.2 Notations and Auxiliary Results

The aim is to solve smooth convexly constrained problems of the form

min
x

f(x)

s.t. x ∈ Ω,
(3.1)

by means of a derivative-free trust-region method, based on finite-difference gradient
approximations. Given x ∈ Ω, we define respectively the quadratic model around x,
the stationarity measure at x, the ratio of decrease in f with respect to the model
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decrease, the trust-region radius around x and some number η as:

m(d) := f(x) + ⟨g, d⟩ + 1
2⟨Bd, d⟩,

π := ∥x − PΩ(x − g)∥,

ρ := f(x) − f(x + d)
m(0) − m(d) ,

∆ > 0,

η ∈ (0, 1),

where g ∈ Rn is the finite-difference gradient approximation to ∇f(x) and B ∈
Rn×n is a symmetric matrix. In the first place, general convex sets are considered
with function evaluations allowed outside of the feasible set. Therefore, there is no
specific restriction on g and one could decide to use a FFD to build it. However, it
should still satisfy (2.15), which is not an assumption here, but an implication of the
construction of the new method. The first Lemma recovers this latter inequality.

Lemma 3.2.1. Suppose that A1 holds. Given x ∈ Ω and h > 0, let g ∈ Rn be
defined by

gj = f(x + hej) − f(x)
h

j = 1, ..., n (3.2)

with
0 < h = min

{
ε√
n

,
∆√
n

}
. (3.3)

Then,
∥∇f(x) − g∥ ≤ L

2 ∆. (3.4)

Proof. By A1, (3.2) and (3.3),

∥∇f(x) − g∥ ≤
√

nL

2 h ≤ L

2 ∆.

The next Lemma proves that if the trust-region radius is sufficiently small, then the
iteration is successful and the stationarity measure can be bounded from below.
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Lemma 3.2.2. Assume that

∥x − PΩ(x − ∇f(x))∥ > ε,

for some ε ∈ (0, 1), and

∆ ≤ min
{

2
L

,
1

1 + ∥B∥
,

c1(1 − η)
L + ∥B∥/2

}
ε

2 . (3.5)

Then,
ρ ≥ η and π ≥ ε

2 .

Proof. By triangle inequality, the contraction property of projections and Lemma
3.2.1,

∥x − PΩ(x − ∇f(x))∥ ≤ ∥x − PΩ(x − g)∥ + ∥PΩ(x − g) − PΩ(x − ∇f(x))∥

≤ π + ∥∇f(x) − g∥

≤ π + L

2 ∆.

Since ε < ∥x − PΩ(x − ∇f(x))∥ and ∆ ≤ ε
L

, we have

π ≥ ε

2 .

Using (2.16), A1 and Lemma 3.2.1,

1 − ρ = m(0) − m(d) − (f(x) − f(x + d))
m(0) − m(d)

=
−(⟨g, d⟩ + 1

2⟨Bd, d⟩ + f(x) − f(x + d))
m(0) − m(d)

≤
f(x + d) − f(x) − ⟨∇f(x), d⟩ + ⟨∇f(x), d⟩ − ⟨g, d⟩ − 1

2⟨Bd, d⟩
c1π min

{
π

1+∥B∥ , ∆
}

≤
|f(x + d) − f(x) − ⟨∇f(x), d⟩| + |⟨∇f(x), d⟩ − ⟨g, d⟩| +

∣∣∣12⟨Bd, d⟩
∣∣∣

c1π min
{

π
1+∥B∥ , ∆

}
≤

L
2 ∥d∥2 + ∥∇f(x) − g∥∥d∥ + 1

2∥B∥∥d∥2

c1π min
{

π
1+∥B∥ , ∆

}
≤

L
2 ∆2 + L

2 ∆2 + ∥B∥
2 ∆2

c1π min
{

π
1+∥B∥ , ∆

}
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≤
(L + ∥B∥

2 )∆2

c1
ε
2 min

{
ε

2(1+∥B∥) , ∆
} .

By (3.5), we get
∆ ≤ ε

2(1 + ∥B∥) .

Therefore,

1 − ρ ≤
(L + ∥B∥

2 )∆
c1

ε
2

.

Moreover by (3.5), we also have

∆ ≤ c1(1 − η)
(L + ∥B∥/2)

ε

2 .

Then,

1 − ρ ≤ 1 − η

ρ ≥ η.

Let us consider now the following algorithm, which is the new method, TRFD,
applied for general convex sets.
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3.3 Algorithm

Algorithm 3.1 TRFD for general convex sets

Step 0 Given x1 ∈ Ω, ε ∈ (0, 1), ∆1 > 0, ∆max > ∆1, η ∈ (0, 1), B1 ∈ Rn×n

symmetric, set k := 1.

Step 1.1 Set i := 0.

Step 1.2 For hi := min
{

ε√
n
, (0.5)i∆k√

n

}
, compute g

(i)
k such that

∥∇f(xk) − g
(i)
k ∥ ≤ L

2
√

nhi. (3.6)

Step 1.3 If π
(i)
k := ∥xk − PΩ(xk − g

(i)
k )∥ ≥ ε/2, then go to Step 2.1. Otherwise,

set i = i + 1 and go to Step 1.2.

Step 2.1 Compute d
(i)
k solving approximately the trust-region sub-problem

min
d

mk(d) := f(xk) + ⟨g(i)
k , d⟩ + 1

2⟨Bkd, d⟩

s.t. ∥d∥ ≤ (0.5)i∆k

xk + d ∈ Ω.

Step 2.2 If ρ
(i)
k := f(xk)−f(xk+d

(i)
k

)
mk(0)−mk(d(i)

k
)

≥ η, then set ik = i, ρk = ρ
(ik)
k , πk = π

(ik)
k ,

gk = g
(ik)
k , dk = d

(ik)
k and go to Step 3. Otherwise, set i := i + 1 and go to Step

1.2.

Step 3 Set xk+1 = xk + dk, ∆k+1 = min {(0.5)ik−1∆k, ∆max} , Bk+1 ∈ Rn×n

symmetric, k := k + 1 and go to Step 1.1.

Remark: one way to compute the approximated gradient gk is to produce a forward
finite-difference at each component, i.e.,

[gk]j = f(xk + hej) − f(xk)
h

, j = 1, ..., n,

but other computations are possible, as long as gk satisfies inequality (3.6) in Step
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1.2. Now, let us consider the additional assumption A4. With this assumption, the
next Lemma gives upper and lower bounds on ∆k.

Lemma 3.3.1. Suppose that A1 and A4 hold. Given ε ∈ (0, 1), let {∆k} be gener-
ated by TRFD. Then,

τε ≤ ∆k ≤ ∆max ∀ k ≥ 1, (3.7)

where τ is a constant defined as

τ :=
min

{
4∆1,

2
L

, 1
1+M

, c1(1−η)
L+M/2

}
1
2

2 .

Proof. Let us work through an induction argument. Clearly, (3.7) is true for k = 1.
Now let us suppose it is true for some k ≥ 1. By Step 3 of the new algorithm, we
have

∆k+1 = min
{
(0.5)ik−1 ∆k, ∆max

}
≤ ∆max.

Now it remains to show that

∆k+1 = min
{
(0.5)ik−1 ∆k, ∆max

}
≥ τε.

In the case where
∆k+1 = ∆max,

then
∆k+1 > ∆1 ≥ τε.

For the other case, we need to consider two cases when

∆k+1 = (0.5)ik−1 ∆k.

If ik = 0, then
∆k+1 = 2∆k > ∆k ≥ τε.

For ik ≥ 1, let us suppose by contradiction that

∆k+1 = (0.5)ik−1∆k < τε,

is true. By Lemma 3.2.2, this would mean that at iteration k, the first index allowing
ρ

(i)
k ≥ η was i = ik − 1, which contradicts the optimality of ik, as it would lead to
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ik = ik − 1. Therefore,
∆k+1 ≥ τε.

So (3.7) holds for k + 1, which completes the induction argument.

3.4 Worst-Case Complexity Analysis

The next Theorem gives a worst-case complexity on the number of iterations needed
by TRFD before reaching an ε-approximate stationary point.

Theorem 3.4.1. Suppose that A1, A2, (2.16) and A4 hold. Given ε ∈ (0, 1), let
{xk}T

k=1 be generated by TRFD such that

∥xk − PΩ(xk − ∇f(xk))∥ > ε k = 1, ..., T.

Then,
T ≤ O(ε−2).

Proof. Using (2.16), Step 1.3 of Algorithm 3.1, Lemma 3.3.1 and A2, we get

f(x1) − flow ≥ f(x1) − f(xT +1)

=
T∑

k=1
f(xk) − f(xk+1)

≥
T∑

k=1
η(mk(0) − mk(dk))

≥
T∑

k=1
ηc1πk min

{
πk

1 + M
, (0.5)ik∆k

}

≥
T∑

k=1
ηc1

ε

2 min
{

ε

2(1 + M) , (0.5)∆k+1

}

≥
T∑

k=1
ηc1

ε

2 min
{

ε

2(1 + M) , (0.5)τε

}

= Tηc1
ε2

4 min
{ 1

1 + M
, τ
}

.

We conclude that
T ≤ 4(f(x1) − flow)

ηc1 min
{

1
1+M

, τ
}ε−2 = O(ε−2).
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The next Corollary establishes a bound on the number of function evaluations needed
by TRFD to get an ε-approximate stationary point.

Corollary 3.4.2. Let {xk}k≥1 be generated by TRFD. Given ε ∈ (0, 1), assume that
T (ε) is the first iteration index such that

∥xT (ε)+1 − PΩ(xT (ε)+1 − ∇f(xT (ε)+1))∥ ≤ ε,

and let FE(ε) be the total number of function evaluations up to the T (ε)th iteration
of TRFD. Then,

FE(ε) ≤ O(nε−2).

Proof. At iteration k, the maximum number of function evaluations is bounded by
(n + 1)(ik + 1). On the other hand, ∆k+1 = min {(0.5)ik−1∆k, ∆max}, so

∆k+1 ≤ (0.5)ik−1∆k

=⇒ ik + 1 ≤ log0.5(
∆k+1

∆k

) + 2.

Thus, considering the evaluation of f(x1) and (3.5) in Lemma 3.2.2, we get

FE(ε) ≤ 1 +
T∑

k=1
(n + 1)(ik + 1)

≤ 1 + (n + 1)(2T + log0.5(∆T +1) − log0.5(∆1))

≤ 1 + (n + 1)(2T + log0.5(τε) − log0.5(∆1))

= O(n(ε−2 + log0.5(ε)))

= O(n(ε−2 + log2(ε−1)))

= O(nε−2).
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3.5. Bound Constraints

3.5 Bound Constraints

This section is a specific case of the previous method, for which general convex sets
were of interest. Here, we assume the convex domain Ω to be expressed through
bound constraints. Moreover, we suppose that no function evaluation is available
outside the set, so we forbid the computation of function values outside the domain.
Bound constraints problems are relevant in many applications, as in physical or
dynamical problems, where parameters must belong to some range of values. As a
result, those constraints imply to adjust the way we build the gradient approxima-
tion. Indeed, if no forward function evaluation is allowed for the jth component of
x, then we should evaluate the function backwards, leading to a backward finite-
difference for the jth component of g.

We state one Lemma to demonstrate the fundamental inequality (2.15) needed on
the accuracy of the approximated gradient, recovered as (3.4) in Lemma 3.2.1 for
general convex sets. Figure 3.1 illustrates the definitions involved for the next state-
ment, in the specific case where n = 2.

𝑒1

𝑒2
𝑙1 𝑢1

𝑙2

𝑢2

𝑥

𝑥1

𝑥2 .

𝑥1 − 𝑙1 𝑢1 − 𝑥1

෠ℎ

Figure 3.1: Illustration of Lemma 3.5.1
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Lemma 3.5.1. Suppose that A1 holds. Given x ∈ Ω and ∆ > 0, let ĥ ≤ ∆√
n
.

Moreover, let us define hF
j = min

{
uj − xj, ĥ

}
, hB

j = min
{
xj − lj, ĥ

}
with lj < uj

and g ∈ Rn by

[g]j =


f(x+hF

j ej)−f(x)
hF

j
if hF

j ≥ hB
j ,

f(x)−f(x−hB
j ej)

hB
j

otherwise,

for j = 1, ..., n. Then,
∥∇f(x) − g∥ ≤ L

2 ∆.

Proof. If hF
j ≥ hB

j ,

∣∣∣f(x + hF
j ej) − f(x) − ⟨∇f(x), hF

j ej⟩
∣∣∣ ≤ L

2 ∥hF
j ej∥2

=⇒
∣∣∣∣∣f(x + hF

j ej) − f(x)
hF

j

− ⟨∇f(x), ej⟩
∣∣∣∣∣ ≤ L

2 hF
j

=⇒
∣∣∣[g]j − [∇f(x)]j

∣∣∣ ≤ L

2 hF
j

=⇒
∣∣∣[g]j − [∇f(x)]j

∣∣∣ ≤ L

2
∆√
n

.

Otherwise, if hF
j < hB

j ,

∣∣∣f(x) − f(x − hB
j ej) − ⟨∇f(x), hB

j ej⟩
∣∣∣ ≤ L

2 ∥hB
j ej∥2

=⇒
∣∣∣∣∣f(x) − f(x − hB

j ej)
hB

j

− ⟨∇f(x), ej⟩
∣∣∣∣∣ ≤ L

2 hB
j

=⇒
∣∣∣[g]j − [∇f(x)]j

∣∣∣ ≤ L

2 hB
j

=⇒
∣∣∣[g]j − [∇f(x)]j

∣∣∣ ≤ L

2
∆√
n

.

Consequently,

∥g − ∇f(x)∥ =
√√√√ n∑

j=1

∣∣∣[g]j − [∇f(x)]j
∣∣∣2 ≤

√√√√ n∑
j=1

(
L

2
∆√
n

)2
=

√√√√n
(

L

2
∆√
n

)2
= L

2 ∆.

This result recovers the same inequality (3.4) obtained in Lemma 3.2.1. Since other
statements, i.e., Lemma 3.2.2, Lemma 3.3.1, Theorem 3.4.1 and Corollary 3.4.2 were
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3.5. Bound Constraints

proved for general convex sets, and as by Lemma 3.5.1 the inequality (2.15) is still
valid for bound constraints with c2 = L

2 , the complexity analysis done in Section 3.4
for general convex domains remains true in this specific case.

The following algorithm is the new method, TRFD, applied in the bound constraints
case, where l and u are vectors composed of the lower and upped bounds in each
direction j, respectively. Step 0 and Step 1 are presented on page 35, while Step 2
and Step 3 are on the following page. The presentation of the algorithm is followed
by practical remarks about the initial parameters η and ∆1. Those remarks are
available for both Algorithms 3.1 and 3.2.

Algorithm 3.2 TRFD for bound constraints sets

Step 0 Given x1 ∈ Ω := [l, u], ε ∈ (0, 1), ∆1 > 0, ∆max > ∆1, η ∈ (0, 1), B1 ∈
Rn×n symmetric, set k := 1.

Step 1.1 Set i := 0.

Step 1.2 For hi := min
{

ε√
n
, (0.5)i∆k√

n

}
, let

hF
j := min {uj − xj, hi} and hB

j := min {xj − lj, hi} j = 1, ..., n.

Step 1.3 If hF
j ≥ hB

j , compute the jth component of g
(i)
k ∈ Rn such that

[g(i)
k ]j =

f(xk + hF
j ej) − f(xk)
hF

j

.

Otherwise,

[g(i)
k ]j =

f(xk) − f(xk − hB
j ej)

hB
j

.

Step 1.4 If π
(i)
k := ∥xk − PΩ(xk − g

(i)
k )∥ ≥ ε/2, then go to Step 2.1. Otherwise,

set i := i + 1 and go to Step 1.2.
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Step 2.1 Compute d
(i)
k solving approximately the trust-region sub-problem

min
d

mk(d) := f(xk) + ⟨g(i)
k , d⟩ + 1

2⟨Bkd, d⟩

s.t. ∥d∥ ≤ (0.5)i∆k

xk + d ∈ Ω.

Step 2.2 If ρ
(i)
k := f(xk)−f(xk+d

(i)
k

)
mk(0)−mk(d(i)

k
)

≥ η, then set ik = i, ρk = ρ
(ik)
k , πk = π

(ik)
k ,

gk = g
(ik)
k , dk = d

(ik)
k and go to Step 3. Otherwise, set i := i + 1 and go to Step

1.2.

Step 3 Set xk+1 = xk + dk, ∆k+1 = min {(0.5)ik−1∆k, ∆max} , Bk+1 ∈ Rn×n

symmetric, k := k + 1 and go to Step 1.1.

Remarks: the choice of η to class an iteration as successful or not is critical. On
one hand, we should not take high values for η, as it could lead to loop several times
in Step 2.1 to get ρk ≥ η, which implies to decrease a lot the trust-region radius,
especially at the first iteration k = 1, and would lead to an excessive number of
function evaluations. Moreover, in such scenarios, iteration k leaves a small radius
to the next iterates, which means a less efficient decrease for these. On the other
hand, η should not be too small, as it would imply to allow less good ratios, which
are often linked to poor approximations of the model. As a consequence, a trade-off
should be chosen regarding η.

Moreover, added to a wise choice for η, the value of ∆1 also matters. It should be
sufficiently large in order to allow an efficient big first step x2 = x1 + d1, but this
could potentially lead to a bad solution x2 if ∆1 is too large. Therefore, the radius
should not be too big, but it should also not be too small, which could possibly lead
to miss an efficient first decrease and thus impact the next iterations. Therefore, a
trade-off should be also taken for ∆1.
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Chapter 4

Illustrative Numerical Results

In Section 4.1, numerical results are presented considering a set of unconstrained
benchmark problems. In Section 4.2, we illustrate the applicability of the proposed
method in the calibration of a SIR model.

The numerical experiments were performed with MATLAB (R2023a) on a PC with
microprocessor Intel(R) Core(TM) i5-7200U CPU, and 8 GB of RAM memory.

4.1 Comparison on Benchmark Problems

In our first experiment, we compared the following MATLAB implementations on
the set of 102 test problems from the Andrei’s collection [18]:

- TRFD: Algorithm 3.1, with the following parameters: ∆1 = 20, ∆max = 1500,
ε = 10−5 and Bk updated by the BFGS formula, i.e.,

Bk+1 =


Bk + ykyT

k

sT
k

yk
− BksksT

k Bk

sT
k

Bksk
if sT

k yk > 0,

Bk otherwise,

with B1 = I, sk = xk+1 − xk and yk = gk+1 − gk.

- DFQRM: Algorithm 1 proposed by Grapiglia in [12], with σmin = 10−2, ε =
10−5, θ = 0 and Bk updated by the BFGS formula, with B1 = I, sk = xk+1 − xk

and yk = gk+1 − gk.

In TRFD, the trust-region sub-problems are solved using the Newton’s method
with the safe-guards described in Section 2.1.1. Moreover, the stationarity measure
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Chapter 4. Illustrative Numerical Results

is simplified to πk = ∥gk∥, as

PΩ(xk − gk) = xk − gk.

For all functions in [18], the dimension was fixed as n = 48. Moreover, two choices
of starting points were used, namely, x0 = 10s x0, where s ∈ {0, 1} and x0 is the
starting point provided in [18]. For each problem, a budget of 100(n + 1) = 4900
function evaluations was allowed to each method, which corresponds to 100 simplex
gradients. Figure 4.1 shows the corresponding data profiles1 for different values of
η. Parameter η is the minimum value that ρk should satisfy at each iteration, as
stated in condition (1.2).
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(a) η = 0.02
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(b) η = 0.10
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(c) η = 0.15

Figure 4.1: Evolution of data profiles as a function of η

1Those were performed using the code data_profile.m from Moré and Wild, freely available at
https://www.mcs.anl.gov/~more/dfo/.
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4.2. A Box-Constrained Problem

Two cumulative information are represented on data profiles. On one hand, the
horizontal axis is the number of simplex gradients needed by a method to solve a
problem, one simplex gradient corresponding to n function evaluations. While on
the other hand, the vertical axis gives the cumulative percentage of problems solved
by a method. A method is said to solve a problem with tolerance τ ∈ (0, 1) if it
generates a point x∗ satisfying the convergence test

f(x0) − f(x∗)
f(x0) − fL

≥ 1 − τ,

where x0 is the starting point of the problem, and fL is the lowest function value
obtained by any of the compared methods within the 100 simplex gradients budget.
Therefore, by means of data profiles, the graphs presented on Figure 4.1 can show the
competitiveness between TRFD and DFQRM, with η successively set to 0.02, 0.10
and 0.15, for τ = 10−7. When η grows, TRFD’s curve climbs, especially between
50 and 90 simplex gradients. In addition, if the maximum budget was halved, we
observe TRFD would be the method that solves the most problems, especially for
small numbers of simplex gradients. For higher budgets, both methods compete
until reaching the highest number of function evaluations allowed.

As a remark, other methods such as DS or FDBFGS would also have been of interest
to be tested. However, as seen in the numerical experiments provided by Grapiglia
[12], those two methods were dominated by DFQRM. Therefore, we made the choice
to test TRFD only with respect to DFQRM.

4.2 A Box-Constrained Problem

In all fields of science, data is observed to understand the behavior of specific sys-
tems. One aim is to fit the given data by a model to estimate the data we were not
able to measure, and thus obtain quantitative approximations about them. Usually,
the model is determined so that it minimizes the error it produces on the given
data. Those models, in fact, are often solutions of dynamical systems which are
governed by Ordinary Differential Equations (ODE). A pandemic is an example of
a dynamical system, which can be approached by a SIR model system (4.1). It is
expressed through 3 differential equations, depending on two parameters β and γ.
β denotes the transmission rate of the disease, while γ is the rate of recovery, both
assumed to be constant during the pandemic. According to their definitions, both
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parameters β and γ have a value lying between 0 and 1.

dS

dt
= −βSI,

dI

dt
= βSI − rI,

dR

dt
= rI.

(4.1)

The first ODE gives the dynamical behavior of the Susceptible population, the
second leads the Infected population behavior, while the last one governs the Re-
covered population. Consequently, given (β, γ), the solutions of this system are
S(t; β, γ), I(t; β, γ) and R(t; β, γ), which denote respectively S, I and R in (4.1) and
are three time-dependent curves. Those are the models giving the behavior of the
three populations over time, for such rates β and γ. Therefore, considering some
xtrue = (βtrue, γtrue), the aim of this application is to recover xtrue given a noisy data
set b = F (xtrue) + ε where F : [0, 1] × [0, 1] → R3×101 and ε ∼ N (0, 02), as done
similarly in [20]. We chose normalized initial conditions

S(0; xtrue) = 1 − 10−6,

I(0; xtrue) = 10−6,

R(0; xtrue) = 0,

and discretized the time interval [0, 100] by increments of size 1. Given some x, the
continuous solutions generated by (4.1) are denoted as S(t; x), I(t; x) and R(t; x).
Then, we define sj(x) = S(tj; x), ij(x) = I(tj; x) and rj(x) = R(tj; x) for j =
0, ..., 100. Moreover, we set F (x) = [s(x), i(x), r(x)], with s(x) = [s0(x), ..., s100(x)],
i(x) = [i0(x), ..., i100(x)] and r(x) = [r0(x), ..., r100(x)]. Finally, the noisy data is
synthetically generated as b = F (xtrue) + ε, using xtrue = (0.5, 0.3). In order to
recover xtrue, we solve

min
x

∥F (x) − b∥2

s.t. x ∈ [0, 1] × [0, 1].
(4.2)

The objective function f(x) = ∥F (x) − b∥2 can be written as

f(β, γ) = ∥F (β, γ)−b∥2 =
100∑
j=0

(sj(β, γ)−bj)2 +
100∑
j=0

(ij(β, γ)−bj)2 +
100∑
j=0

(rj(β, γ)−bj)2.
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4.2. A Box-Constrained Problem

Therefore, given a noisy data set governed by (4.1), as in Figure 4.2, the goal is
to recover the solution xtrue = (βtrue, γtrue) = (0.5, 0.3) producing the three curves
S(t; xtrue), I(t; xtrue) and R(t; xtrue) that minimize the error on the noisy data, in
the sense of the Least Square Error (LSE) approximation, as done in Figure 4.3.
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Figure 4.2: SIR data
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Figure 4.3: SIR curves
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Remarks: In reality, a data set is never exactly governed by a system of ODE, since
equations always have limitations to describe dynamical behaviors of real complex
systems. That is why we took perturbed values for the data set, and not exact
values.

Figure 4.4: Objective function f(β, γ)

Figure 4.4 shows f(β, γ) for (β, γ) ∈ [0, 1] × [0, 1], where a global minimum is
present around the point (0.5, 0.3). We observe that choosing a starting point x0

such that γ > β could lead to bad results, as the function values are almost constant
around x0 and thus induce local minima. Indeed, for such points (β, γ), the recovery
rate γ is bigger than the transmission rate β, which gives no chance to produce
a pandemic. Therefore, system (4.1) produces an abnormal pandemic behavior,
leading to trivial, almost horizontal, solutions for S(t; x0), I(t; x0) and R(t; x0). All
points which belong to this region, i.e., approximately all points such that γ > β,
produce almost the same behavior in system (4.1). Therefore, these points generate
more or less the same error on the data. It is the reason why f(β, γ) is nearly
constant in this whole region.

In this application, Algorithm 3.2 was applied and the sub-problems were solved
using FISTA’s inner solver [7], with a stopping criteria ∥xj+1 − xj∥ ≤ 10−12 and
tolerance 10−10 for the Dijkstra’s projection. In order to judge the performance
of TRFD in this specific box-constrained problem, we created a set of 168 equally
spaced starting points x0 in the lower right triangle of the domain [0, 1]×[0, 1]. Then,
for each x0, we compared which of TRFD or the FMINCON Matlab function obtains
the lowest value f(β, γ). During the experimentation, the following parameters were
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4.2. A Box-Constrained Problem

chosen for TRFD: ∆1 = 0.008, ∆max = 1500, ε = 10−8 and Bk is updated by the
BFGS formula, with B1 = I, sk = xk+1 − xk and yk = gk+1 − gk. The results are
presented by a bar graph in Figure 4.5.
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Figure 4.5: TRFD and FMINCON
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Chapter 5

Conclusion

5.1 Summary

In this work, we presented a derivative-free trust region method, based on finite-
difference gradient approximations, for smooth convexly constrained optimization
problems. Under common assumptions, we obtained a bound on the number of
function evaluations for the method to reach an ε-approximate stationary point.
The use of the problem dimension inside the gradient approximations allowed this
bound to depend linearly on n. Numerical experiments were also provided and
showed the relative efficiency of TRFD.

5.2 Directions for Future Research

In a future research, it would be relevant to explore derivative-free trust-region
methods, based on finite-differences, for composite non-smooth functions with pos-
sibly inexact function values. Although we used the l2-norm in our application, it
would be sometimes suitable to make use of the l1-norm. This choice would give
rise to situations where f(x) can be written as h(F (x) − b), with h = ∥ · ∥1 being
a non-smooth function. The application of new and more efficient DFO methods,
such as derivative-free trust-region methods based on finite-differences, would be
appropriate to those problems.
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