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Introduction

Actions appear in many places in mathematics, the best-known one being group actions:
we see groups acting on sets by permutations, on topological spaces by homeomorphisms,

. in various domains like combinatorics, topology, geometry, ... Vector spaces and
modules over a ring are other important examples of actions: indeed, a vector space or
a module is nothing more than an abelian group that is acted on by a field or a ring,
respectively. However, in this thesis, we will focus on actions where the object that acts
and the one that is acted on belong to the same category — hence the name of internal
action — which excludes vector spaces and modules (in fact, it is possible to recover
those examples as well (see Example 2.2.4) but we will not pursue this in detail in this
thesis). Among the examples we mentioned above, the only remaining one is groups
acting on other groups by automorphisms, but it is of course not the only example of
actions we will consider: other actions covered by the theory we will present are ring
actions (which will be our second guiding example alongside group actions) and Lie
algebra actions by derivations.

We talked a lot about actions in the first paragraph but what exactly is an action? We
will not give a precise answer to this question here since it is not an easy concept to
formalise but, intuitively, an action of an object B on another object C' can be seen as a
collection of bijections of C' indexed by the elements of B and that respects the structure
of these two objects. For groups, we formalise this by saying that an action of B on C
is a group homomorphism ¢ from B to the group Aut C' of automorphisms of C': the
fact that ¢ is a group homomorphism means that this action respects the structure of
B and the fact that its codomain is Aut C' expresses its compatibility with the structure
of C. (Using the natural bijection between (C)®Z, the maps from B to the maps from
C to itself, and CB*) the maps from B x C to C, we can also see actions as maps
from the Cartesian product B x C to C.) However, the general definition of internal
action we will present is not really based on this intuitive definition since this definition
has a chance to make sense only in concrete categories (i.e. categories of sets equipped
with a certain structure, like groups, rings, topological spaces, ...) and is not easy to
express in categorical terms (for example, it is not clear what is the suitable replacement
for the group Aut C in other categories). Rather, we will exploit the fact that, via the
semidirect product construction, actions correspond to split short exact sequences: we
will present a categorical version of this correspondence.

The first chapter of this thesis will be dedicated to establishing the ground for the follow-
ing chapters by introducing some categorical concepts and giving some useful results. In



the second one, we will take a first look at actions in our two guiding examples, groups
and commutative rings. In the third one, we will introduce the main tool for our gener-
alisation, the monad Bb(—). This general notion of internal actions will be presented in
the fourth chapter where we will also prove the main result of this work, the equivalence
between actions and split short exact sequences, which form a key concept in homological
algebra. Finally, in the last chapter, we will see how we can apply the theory developed
before in some examples.

The results of this thesis are not new but we did follow an approach different from
what exists in the literature: we tried to present this theory of internal actions from
a self-contained point of view, requiring less categorical background than the original
approach. This work can also be seen as a synthesis of notions scattered in various
papers and we made explicit some results not developed in detail in the literature. For
instance, the main equivalence we will present is the subject of [BJ98] but, in this article,
the theory is not explicitly worked out. The results and examples of this document were

mainly obtained independently based on indications of my advisor, Professor Tim Van
der Linden.



Chapter 1

Preliminary Categorical Notions

In this first chapter, we will present various categorical notions and results which will
be used in the rest of this thesis. The first section is focused on a notion of “sameness”
of categories, equivalences of categories. In the second one, we will present various
results about monomorphisms and epimorphisms that we will need in the later chapters.
Finally, the third one is an introduction of the main context we will consider, pointed
protomodular categories.

1.1 Equivalences of Categories

In this section, we will study the concept of equivalence of categories, which is an im-
portant tool to compare categories. In the first subsection, we will introduce all the
necessary definitions and compare the notions of equivalence and weak equivalence of
categories. The second subsection will be dedicated to the link between equivalences of
categories and an other important concept in category theory, adjunctions. The results
of this second subsection will not be used in the following but we thought they were
still interesting since they present a link with adjunctions, which is a central notion in
category theory, as said before. This section is principally based on [ML98], Section IV.4
for the first subsection and Section IV.1 for the second one.

1.1.1 Equivalences and Weak Equivalences

In this thesis, we will be interested in saying that two categories are “essentially the
same”. The first notion that comes to mind for that is the concept of isomorphism of
categories but this notion is a bit too strong for what we want. As a reminder, an
isomorphism of categories between two categories A and B is a functor F: A — B
that is invertible, i.e. such that there is a functor G: B — A such that FFG = 15 and
GF = 14. However, asking that these composites are equal to the identities on A and
B is a strong condition so we would like to find a way to relax it, in a similar way that
homotopy equivalence is a relaxation of the concept of homeomorphism in topology. For



homotopy equivalences and homeomorphisms, this relaxation is made by asking that
both composites of a map and its “inverse” are homotopic to the identities instead of
being equal to it. In our case, natural isomorphisms will play a role which is analogous
to these homotopies.

Definition 1.1.1. A natural isomorphism is a natural transformation n: F' — G that is
invertible, i.e. such that there is a natural transformation ¢: G — F' such that eon = 1p
and o & = 1g. We have that such an ¢ is unique and we denote it by n~*. When this
is the case, we write n: F' = (.

Remark 1.1.2. If n: F = G is a natural isomorphism, then its components are isomor-
phisms whose inverses are given by the corresponding components of n~!. We easily
check that this characterises the natural isomorphisms: a natural transformation is a
natural isomorphism if and only if all its components are isomorphisms.

Now that we have defined the natural isomorphisms, we can give the definition of the no-
tion of “sameness” of categories we are interested in, equivalences of categories.

Definition 1.1.3. A functor F': A — B is an equivalence of categories if there is a
functor G: B — A and natural isomorphisms ¢: FG = 1z and n: 14 = GF. The
functor G is said to be a pseudo-inverse of F. If A and B are categories such that there
is an equivalence F': A — B between them, we write A ~ B and say that A and B are
equivalent.

The first property we have about these equivalences of categories is that, as their name
suggests, they give us an equivalence relation on categories.

Proposition 1.1.4. The relation ~ is an equivalence relation.

Proof. The reflexivity and the symmetry are almost immediate. A category A is equiva-
lent with itself via 1 4 and, if A ~ Bvia F': A — B, G: B — A and natural isomorphisms
e: FG =2 1gand n: 14 = GF, then B ~ Avia G: B — A, F': A — B and natural
isomorphisms 7' GF =2 14 and e71: 13~ FG.

For the transitivity, consider A ~ B and B ~ C. By definition, we have functors
F: A — B, G: B— A and natural isomorphisms ¢: FG = 1z and n: 14 = GF as
well as functors F': B — C, G': C — B and natural isomorphisms ¢': F'G’ = 1. and
n':1g = G'F'. Consider the functors F'F: A — C and GG': C — A. We define

¢ FFFGG" — 1¢ by 86 = EIC o] F/(élgl(c)) for C € C.

F'(eq el
F'FGG'(C) "(eare) F'GC) —— C

Since ¢ and ¢ are natural isomorphisms and F’ is a functor, the components of &”
are isomorphisms and, by Remark 1.1.2, we just need to show the naturality of &¢” to
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conclude that it is a natural isomorphism. So we must show that the diagram (without
the dashed arrow)

F
F'FGG(C) —25
|F’FGG’(f) o) ‘f

F'FGG(C) ——— F'G(C) —— C'

commutes for all f: C' — C’ in C. By adding the dashed arrow F'G'(f): F'G'(C) —
F'G'(C"), we remark that this makes the two new squares commute so the outer rect-
angle also commutes, as desired. (The left square commutes by naturality of ¢ and
functoriality of F” and the right one commutes by naturality of €’.) We construct a nat-

ural isomorphism 7”: 14 — GG'F'F in a similar way (7} = G(n%(AD ona for A e A)
and this shows us that A ~ C, finishing the proof. ]

Even if we have found the notion we were looking for, in practice, equivalences of cate-
gories are a little bit tedious to use since we need to define two functors and two natural
isomorphisms. Therefore, we introduce an other definition which is easier to apply in
practice, weak equivalences of categories.

Definitions 1.1.5.
e A functor F': A — B is full if, for each A, A’ € A, the map

Faa: A(A A') = B(F(A), F(A)): f > F(f)

is surjective and is faithful if all these maps Fu 4, A, A" € A, are injective. A
functor that is both full and faithful is said to be fully faithful.

e A functor F': A — B is essentially surjective if each object B € B is isomorphic
to F'(A) for some object A € A.

e A functor F': A — B is a weak equivalence of categories if it is fully faithful and
essentially surjective.

Now, let us look at the connection between these two concepts. First, as its name sug-
gests, weak equivalence is a weaker property than equivalence of categories.

Proposition 1.1.6. If F': A — B is an equivalence of categories, it is also a weak
equivalence of categories.

Proof. By definition, we have a functor G: B — A and natural isomorphisms ¢: F'G =
1p and n: 14 = GF. We must show that F' is essentially surjective, full and faithful.

11



Let B be an object of B. Then G(B) is an object in A such that F(G(B)) = FG(B) is
isomorphic to B via ep. This shows the essential surjectivity of F.

Let f,g € A(AA'), A, A’ € A, such that F(f) = F(g). By applying G to this equality
and by naturality of n (see diagram below), we have

f=na'oGF(f)ona=n3 oGF(g9)ona =g,

which shows that F' is faithful.

A GF(A)
fj |ern
Al —— GF(A)

Finally, let g € B(F(A), F(A’)) for some A, A" € A. The arrow G(g) is an arrow from

GF(A) to GF(A") and we can consider f = 1, oG(g) ona: A — A'. By naturality of n
(see diagram above), we have GF(f) = na o fony' = G(g). Since G is faithful (as it is
also an equivalence of categories and we proved the faithfulness of equivalences above),
we conclude that F'(f) = g, which shows the fullness of F' and finishes the proof. ]

As said earlier, we would like to use weak equivalence since it is more practical so we
would like to know how much weaker it is compared to equivalence of categories. In fact,
as shown in the following result, if we accept the axiom of choice (which we will do in the
rest of this thesis), weak equivalence is as strong as the normal one.

Proposition 1.1.7. Under the aziom of choice, every weak equivalence of categories
F: A — B is an equivalence of categories.

Proof. We must construct a functor G: B — A and two natural isomorphisms ¢: FG =
13, n: 1 A = GF.

For each B € B, there is an object A € A such that F(A) = B by essential surjectivity
of F'. Thus we define G(B) = A. (Here we use the axiom of choice because we make an
arbitrary choice for all B € B.) For each B, we also fix an isomorphism ¢p: FG(B) = B
(again using the axiom of choice). Given g € B(B,B’), B, B’ € B, we must define
G(g9): G(B) — G(B'). By definition of G on the objects, we have two isomorphisms
ep: FG(B) = B and ep : FG(B') = B'. Moreover, since F' is fully faithful, there is a
unique f € A(G(B), G(B’)) such that F(f): FG(B) — FG(B') is equal to e 0 goep.

12



This choice of F'(f) makes the diagram

commute. We set G(g) = f and we must check that these object and arrow assignments
form a functor.

For B € B, G(13) is given by f: G(B) — G(B) such that F(f) = ez’ olgoep = 1p.
Since F is faithful, we conclude that G(1g) = f = lg(p).

Let g € B(B,B'),q € B(B',B"), B, B', B” € B. By functoriality of I, we compute

F(G(g’) o G(g)) =FG(g)o FG(g9) = (egnog oep)o(ez 0ogoep)
—¢epno(gog)oes=FG(d oyg).

By definition of G' on the arrows (or faithfulness of F'), this shows that G(¢') o G(g) =
G(g o g), finishing the proof that G is a functor.

For the natural isomorphism ¢: FFG = 1, we define ¢z for B € B as in the second
paragraph of the proof. By definition of G on the arrows, we have immediately that the
diagram

commutes for all B, B’ € B and all ¢ € B(B, B’). Therefore, ¢ is indeed a natural
isomorphism by Remark 1.1.2 since its components are isomorphisms by construction.

Finally, we must define a natural isomorphism n: 14 = GF. For A € A, GF(A) is
defined such that we have an isomorphism ep4): FGF(A) = F(A). Since F is full, we
have an arrow ¢ € A(A, GF(A)) such that F(p) = 5}%,4)‘ We set 14 = ¢ and we must
check that it is an isomorphism. Again by fullness of F, there is a ¢: GF(A) — A such
that F(1)) = ep(a). We compute that F'(¢) ona) = Lpay and F(na o) = lpgra). By
faithfulness of F', this shows that 74 is an isomorphism (and that ¢ is its inverse). For
the naturality of 7, we must show that the diagram

A GF(A)
1| Jer (1.1)
A —— GF(A)

13



commutes for all A, A’ € A and all f € A(A, A’). By applying F', we find the diagram

F(WA):EE%A)

F(A) FGF(A)
F(f)l lFGF(f) )
F(A) — FGF(A)

FO?AI)ZEF(A’)

which commutes by naturality of €. Since F' is faithful, we deduce that the diagram
(1.1) also commutes as desired, finishing the proof. O]

1.1.2 Equivalences and Adjunctions

Some readers may have wondered why we wrote ¢: FFG = 1z and 7: 14 = GF in the
definition of equivalence of categories (Definition 1.1.3) instead of ¢: FFG = 1z and
n: GF = 14 since we easily see that it comes down to the same thing. The reason is
that an equivalence of categories is a very special case of a more general and important
concept in category theory: adjunctions. For instance, Proposition 3.1.3 will give us an
example where the concept of an adjunction occurs in practice. Before defining what an
adjunction is, we need some preliminary definitions.

Definition 1.1.8. A universal arrow from an object B € B to a functor F': A — B is
an arrow u: B — F(A) with A € A such that, for any f: B — F(A'), A’ € A, there
exists a unique h: A — A" such that F'(h) ou = f.

B —" F(A) A
TN fw
F(A) A

Dually, we define a universal arrow from a functor F': A — B to an object B € B as an
arrow u: F(A) — B with A € A such that, for any f: F(A") — B, A’ € A, there exists
a unique h: A” — A such that uo F(h) = f.

F(A) —— B A
F(h)T / hi
F(A) Al

Now that we have defined universal arrows, here is a proposition that gives us a list of
equivalent conditions a pair of functors can fulfil and, when this is the case, we say that
these two functors form an adjunction.



Proposition 1.1.9. Let F': A — B and G: B — A be functors. Then the following
conditions are equivalent :

(i) for each A € A and each B € B, we have a bijection ¢ p: B(F(A),B) =
A(A, G(B)) that is natural in A and B,

(ii) there exists a natural transformation n: 14 — GF such that, for each A € A,
na: A — GF(A) is universal from A to G,

(iii) there exists a natural transformation ¢: FG — 1g such that, for each B € B,
eg: FG(B) — B is universal from F to B,

(iv) there exist natural transformationsn: 14 — GF and ¢: FG — 15 such that EF(A)©
F(na) = 1py for all A € A and G(eg) o nes) = law) for all B € B (these
equalities are called the counit—unit equations).

Given a natural bijection as in (i), we can construct the n and € that verify (ii), (iii),
() by setting na = darw)y(lrw)) for A € A and ep = ¢8%B)7B(1g(3)) for B € B.
Conversely, given natural transformations n: 14 — GF and ¢: FG — 15, we can define
the natural bijection ¢ by

6a5: B(F(A),B) = A(A G(B)): g~ G(g) o1

or by
63 A(A,G(B)) = B(F(A),B): f + epo F(f).
Moreover, the two constructions above are each other’s inverse. Finally, the natural

transformations n and € given in (iv) verify the universal properties given in (ii) and

(iii).
Proof. Omitted (see [MLI8, Section IV.1]). O

Definition 1.1.10. When two functors F': A — B and G: B — A verify one of the
equivalent conditions of Proposition 1.1.9, we say that F' is left adjoint to G and G is
right adjoint to F', and we write F' 4 G. The natural transformations n: 14 — GF' and
¢: FG — 1p are respectively called the unit and the counit of the adjunction.

Finally, here is the link between equivalences and adjunctions that motivated our choice
of writing ¢: FG = 1gand n: 14 = G'F in Definition 1.1.3 as mentioned earlier.

Proposition 1.1.11. Let F': A — B be an equivalence of categories with pseudo-inverse
G: B — A via natural isomorphisms ¢: FG = 1g and n: 14 = GF. Then F is left
adjoint to G with unit n and counit €. Moreover, we also have an adjunction in the
other direction : F is right adjoint to G with unit €= and counit n~!.

15



Proof. Given our assumptions, all we have left to check is the universality of every
component of n and €.

Let A be an object in .A. We must show that, for all f: A — G(B), B € B, there is a
unique h: F(A) — B such that G(h) ona = f.

A GF(A) F(A)
e i
G(B) B

As 14 is an isomorphism (by Remark 1.1.2), we can rewrite the equation G(h) ons = f
as G(h) = fony" and it is now clear that such an arrow h: F(A) — B exists and
is unique since G is fully faithful by Proposition 1.1.6 (we easily see that G is also an
equivalence of categories).

Dually, the universality of the components of ¢ is showed in a similar way.

The other adjunction follows from the fact that G is also an equivalence of categories
with pseudo-inverse F vian™!: GF = 1g and ¢71: 14 & FG. O

Remark 1.1.12. Proposition 1.1.11 does not tell us that 7 and € taken together verify the
counit—unit equations € p4) 0 F(na) = 1pa) for all A € A and G(ep) ongsy = las) for
all B € B (however, one can check that the equivalence constructed in Proposition 1.1.7
verify these equations). Indeed, this is not necessarily the case, here is a counterexample
for that. (In particular, this also shows that, if we have a unit and a counit of a given
adjunction, they do not necessarily verify the counit—unit equations together.)

Let FF = G = 141, where Ab denotes the category of abelian groups with group homo-
morphisms, and consider 7 = 1y, : 1ap — GF = 1, and €: F'G = 151, — 1ap given by
ex: X = X:x — —x for X € Ab. We easily see that n and ¢ are natural isomorphisms
but also that they do not verify the counit—unit equations together.

1.2 Some General Properties of Monomorphisms and
Epimorphisms

In this section, we will present various small results about monomorphisms and epimor-

phisms that we will need in later sections. We split this section into five subsections

about kernels and cokernels, split epimorphisms, regular epimorphisms and extremal
epimorphisms, respectively.

16



1.2.1 Kernels and Cokernels

When we have a normal monomorphism, by definition, we know that it is the kernel of
some arrow but, sometimes, we are interested to know which arrow it is the kernel of.
The following lemma gives us a universal answer to this question.

Lemma 1.2.1. In a pointed category, if we have a normal monomorphism f: X —Y
such that its cokernel q: Y — Coker f exists, then f = kerq.

Proof. Let g: X — Z such that f =kerg and h: W — Y such that go h = 0. We must
show that there is a unique arrow ¢: W — X such that fop = h.

W
E|!<p?§ \
X o3 Y 2 Coker f
g
Z

By the universal property of ¢, we have an induced arrow 1: Coker f — Z such that
1 oq = g. Moreover, we also have an induced arrow ¢: W — X such that fop =h
since goh = (Y oq)oh=100=0.

\‘
Yy q=coker f

f=kerg

w
‘!

X

Finally, such a factorisation ¢ is indeed unique since f is monic. m

Now, let us look at some properties of kernels. For that, we will use the following
observation that gives us an alternative definition of kernels.

Remark 1.2.2. Until now, we defined the kernel ker o of an arrow a: A — B by the
following universal property: we have « o ker &« = 0 and, for any arrow 3: C' — A such
that o B = 0, there is a unique arrow ¢: C' — Ker « such that kera o ¢ = .

17



However, we can also construct this kernel by taking a pullback of o along 0.

Kera=0xp A % 4

| |

0 — B
We easily check that these two constructions verify the same universal property.

Dually, we have a similar result to express cokernels in terms of pushouts.

A—>— B

J{ lcoker «

0 —— Cokera=0+4 B

The first result is about kernels of monomorphisms.

Lemma 1.2.3. In a pointed category, every monomorphism has a kernel and this kernel
is trivial.

Proof. Let f: X — Y be a monomorphism and let us show that x: 0 — X is a kernel
of f. We have immediately fox = 0. Given g: Z — X such that f o g = 0, we must
show that g factorises through 0, i.e. ¢ = 0 (such a factorisation is automatically unique
since 0 is a terminal object).

Z

1

0 X

K

f

Y

We have fog = 0zy = fo0zx so we deduce that g = 0 as expected since f is a
monomorphism. O

The next result says that, in a certain way, if we take a pullback of an arrow f, it has
the “same” kernel as f.

Lemma 1.2.4. In a pointed category, if we have a pullback

Xx,V BY

such that ps has a kernel k: Kerpys — X xz Y, then py o k is a kernel of f.

18



Proof. Consider the following commutative diagram.

Kerp, —— X x,V -2 X

| o o )

0 Y A

g

By Remark 1.2.2; (1) is a pullback. Moreover, (2) is also a pullback by assumption so
(1) + (2) is again a pullback meaning that p; o k: Kerp, — X is a kernel of f, again by
Remark 1.2.2. O

Similarly, if we know that an arrow is a kernel, we can deduce that its image by a
pullback is also a kernel.

Lemma 1.2.5. In a pointed category, every pullback preserves normal monomorphisms.
More precisely, if we have a pullback

Xx,V 2y
XﬁZ

such that f is the kernel of an arrow q: Z — W, then py is a kernel of g o g.

Proof. Consider the following commutative diagram.
XxzY By

p1 (1) g

0O — W
Since f is a kernel of ¢, (2) is a pullback by Remark 1.2.2. Moreover, (1) is a pullback

by assumption so (1) 4 (2) is a pullback, showing that ps is a kernel of g o g (again by
Remark 1.2.2). O

In fact, we will use the dual of this statement, which is the following corollary.

19



Corollary 1.2.6. In a pointed category, every pushout preserves normal epimorphisms.
More precisely, if we have a pushout

AN

! liz

X T1> X+zY
such that f is the cokernel of an arrow k: W — Z, then 15 is a cokernel of g o k.
Proof. Dual to the previous lemma. O

The following lemma lets us construct pullbacks by taking kernels of a commutative
square with a monomorphism.

Lemma 1.2.7. In a pointed category, if we have a commutative diagram

K———A—"->B

o s [

K’ A B’

where K, K are kernels of a, o, respectively, and m is monic, then the square (x) is a
pullback.

Proof. Given two arrows u: X — K’ and v: X — K such that k" o u = g o v, we must
show that we have a unique factorisation ¢: X — K such that foyp =wu and ko p = v.

First, we compute
mo(aov)=(a'og)ov=a"o(kKou)=00u=0=mo0

so o v = 0 since m is monic. Therefore, we obtain a unique factorisation ¢: X — K
such that ko ¢ = v since k is a kernel of . All we have left to check is the equality
f o =u. We compute

Ko(fop)=(gok)op=gov=rou
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so we have f o ¢ = u as desired since k' is monic. O]

Remark 1.2.8. In the proof of the previous lemma, we did not fully use the assumption
that «’ is kernel of o/ but only the fact that o/ o " = 0 and that ' is monic.

For the end of this subsection on kernels and cokernels, here is a kind of “cancellation
property” for cokernels.

Lemma 1.2.9. In a pointed category, if we have a cokernel f: C — D of an arrow
A —» B C where i is epic, then f is also a cokernel of m.

Proof. First, since we have (f om)oi =0 =004 and i is epic, we obtain fom =0 as
wanted. Now, we must show that, if we have g: C' — X such that gom = 0, then there
is a unique ¢: D — X such that po f = g.

A—tsp-m,c_1,p

|
I
1 ?
X‘\ch

X

Since g o (moi) = 004 = 0, this follows directly from the fact that f is a cokernel of
mo1. ]

1.2.2 Split Epimorphisms

In this subsection, we will present some results are about split epimorphisms: the first
one tells us that it is a stronger notion than regular epimorphisms and the second one
gives us a necessary and sufficient condition to have an isomorphism.

Lemma 1.2.10. If we have a split epimorphism r: X — Y with splitting s: Y — X,
then r = coeq(lx,sor). In particular, every split epimorphism is a regular epimor-
phism.

Proof. First, we have rolxy =r =1y or =ro(sor) as wanted. Now, given u: X — Z
such that u = uo ly = uo (sor), we must show that we have a unique factorisation
@: Y — Z such that g or = w.

We easily see that ¢ = u o s is a valid factorisation since v = wo (s or) and such a
factorisation is unique as required since r is an epimorphism. O
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Lemma 1.2.11. If an arrow is both a monomorphism and a split epimorphism, then it is
an isomorphism. Dually, if an arrow is both a epimorphism and a split monomorphism,
then it is an isomorphism.

Proof. Let u: X — Y be such an arrow and v: Y — X be a splitting of u. We will show
that v is the inverse of u. By assumption, we already have u o v = 1y so we only have
to check the identity v o u = 1x. We compute

uo(vou)=1lyou=u=wuoly

so vou = lx as wanted since v is monic, finishing the proof. O]

1.2.3 Regular Epimorphisms

Similarly to the case of normal monomorphisms we saw in Lemma 1.2.1, we are also
sometimes interested to know which pair of arrows a regular epimorphism is the co-
equaliser of. In this case, a universal answer is given by its kernel pair (see the following
definition).

Definition 1.2.12. The kernel pair (plz Eq(f) — X,p2: Eq(f) — X) of an arrow
f: X — Y is the pullback of f along itself.

Eq(f) = X
pll f
X T Y

Lemma 1.2.13. If we have a regular epimorphism f: X — Y such that its kernel pair
(pl: Eq(f) = X,pa: Eq(f) — X) exists, then f = coeq(p1,p2)-

Proof. Let u, v: W — X be such that f = coeq(u,v) and g: X — Z be such that
gop; = gopsy. Let us show that there is a unique ¢: Y — Z such that po f = g.
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By the universal property of the kernel pair (p1,p2), we have a uniquely induced arrow
: W — Eq(f) such that p; 0t = u and py 0 ¢ = v. Then we compute

gou=(gop)op=(gopy)op=gov

so there is an arrow ¢: Y — Z such that ¢ o f = g since f = coeq(u,v).

v
W\/d)_\
N

Eq(f) = X
pl[ ‘f
X Y .

P4

f
g

Finally, since f is epic (because it is a coequaliser), our factorisation ¢ is unique as
desired. ]

In concrete categories like Set, Grp, ..., the kernel pair of an arrow f: X — Y is a
subobject of the product X x X equipped with the restrictions of the two projections of
this product. A property of this subobject Eq(f) of X x X is that it contains the diagonal
{(z,y) € X x X | z = y}. In other words, the arrow A: X — Eq(f): z +— (x,x) is well
defined and splits both projections of the kernel pair. This result is in fact a general
result, as shown in the following lemma. (In Set, Grp, ..., the existence of such a
common splitting A follows from the fact that Eq(f) is a reflexive relation. In fact,
the existence of this splitting can be used to define the categorical notion of reflexive
relation (see Definitions 4.1.2) so the following lemma tells us that every kernel pair is
a reflexive relation.)

Lemma 1.2.14. The projections p1, p2: Eq(f) — X of a kernel pair are split epimor-
phisms with a unique common splitting, i.e. there exists a unique arrow A: X — Eq(f)
such that pyo A =pyo A = 1x.

Proof. Let (pl: Eq(f) = X,pa: Eq(f) — X) be the kernel pair of an arrow f: X — Y.
Applying the universal property of the kernel pair on the diagram below, we obtain a
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unique splitting A: X — Eq(f) of p; and py as desired.

3'A

Eq(f ) = X
l ’
X

]

Thanks to this result, we will show that the kernel pair of a regular epimorphism forms
a pushout involving this regular epimorphism (see Corollary 1.2.16 below for the pre-
cise statement). For that, we will first need the following lemma which tells us that,
under some assumptions, a common splitting like in the previous lemma gives us a
pushout.

Lemma 1.2.15. Consider a commutative square

X 2.y

l if

Y*f»Z

where [ is a coequaliser of py and ps. If p1 and ps are split epimorphisms with a common
splitting A:'Y — X, then this square is a pushout.

Proof. Let u, v: Y — A such that uwop; = vopy. We must show that we have a unique
factorisation ¢: Y — Z such that po f =w and po f =w.

Since p; and po are both split by A, we have u = uo (p; 0o A) =vo (pyoA) = v so we
can apply the universal property of the coequaliser f of p; and py to have a uniquely
induced arrow ¢: Y — Z such that po f = u = v, showing that we have a pushout. [



Corollary 1.2.16. Let (pl: Eq(f) = X,p2: Eq(f) — X) be the kernel pair of a reqular
epimorphism f: X — Y. Then the square

Eq(f) = X
Pll f
X — Y
s a pushout.

Proof. By Lemmas 1.2.13 and 1.2.14, we can apply the previous result (Lemma 1.2.15).
O

The next lemma, which comes from [MLI8, Section VI.6], gives us a tool to identify
certain coequalisers. It is based on the following definitions.

Definitions 1.2.17.

e A fork is a triple (u,v,e) of arrows where u, v are two parallel arrows and e
coequalises u and v, i.e. eou = eow.

AL§BL>C

o A split fork is a fork (u: A — B,v: A — B,e: B — () such that there exist two
arrows s: C' — B and t: B — A that satisfy the equalities eo s = 1g, uot = 1p
and vot = soe with u, v and e. We say that s and t split the fork (u,v,e).

L> e
A ez— B 4’<S C
Lemma 1.2.18. If (u,v,e) is a split fork, then e is a coequaliser of u and v.
A—=B—>C

Proof. By definition of fork, we already know that e coequalises u and v so we just need
to check the universal property of the coequaliser.

Let f: B — D such that fou = f ov. We must show that there is a unique ¢: C' — D
such that poe = f.

A$§BL>C

v |
131 ?
N

D
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Let s: C'— B and t: B — A be arrows that split our fork (u,v,e). We set p = fos
and, by definition of split fork, we have

poe=(fos)oe=fo(vot)=(fou)ot=folg=f

as wanted. Moreover, since e is a split epimorphism (split by s), we also have the
uniqueness of ¢ as desired. m

Our last result of this subsection compares regular epimorphisms with again an other
kind of epimorphisms, the strong epimorphisms.

Lemma 1.2.19. If f: A — B is a reqular epimorphism, then it is strongly epic, i.e., if
we have a commutative square

where m is a monomorphism, then there is a unique d: B — C' such that do f = g and
mod=h.

A I, B

g 3"%/’/ Jh
L//

Cr—D

Proof. Let u, v: X — A be arrows such that f is their coequaliser. Then we have
mo(gou) = (hof)ou=ho(fov) =mo(gov)sogou= gow since m is monic.
Therefore, by the universal property of f, there is a unique d: B — C such that do f = g.

Xx——=4-1.B

v | e
gl d .- lh
L

Cr—— D

In order to finish the proof, we must show that we also have m od = h. We compute
(mod)o f=mog=ho fsoweobtain mod = h as expected since f is epic. O]

1.2.4 Extremal Epimorphisms

In this subsection, we introduce a new kind of epimorphism which is a weaker version of
regular epimorphisms but has other interesting properties, as we will see.
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Definition 1.2.20. An arrow f: A — B is extremally epic when, for any monomorphism
m: M — B for which there exists f': A — M such that m o f/ = f, then m is an
isomorphism.
M
V Im

ATB

First, let us show that this notion is weaker than regular epimorphisms.

Lemma 1.2.21. Every reqular epimorphism is extremally epic.

Proof. Let f: B — C be the coequaliser of u: A — B and v: A — B. Given a

factorisation B LN M »" C of f where m is monic, we must show that m is an
isomorphism. Since mo (f'ou) = fou= fov=mo (f' ov)and m is monic, we have
f'ou = f"owv so, by the universal property of the coequaliser f, we obtain a unique
arrow ¢: C' — M such that po f = f.

M

V@Alm
Now, we compute (mog)o f=mo f' = f so moy = 1¢ since f is epic. Therefore,
we conclude that m is an isomorphism by Lemma 1.2.11 since it is both monic and split
epic, finishing the proof. O

However, as we have said earlier, these extremal epimorphisms have some nice properties,
like this composition property.

Lemma 1.2.22. If a composite A IB%Cis extremally epic, so is g.

Proof. Let m: M — C be a monomorphism for which there exists ¢': B — M such that
mog =g. Then mo (¢ o f) = go f so m is an isomorphism since g o f is extremally
epic, finishing the proof.

g'of M
S
A B

]

Since every split epimorphism is extremally epic by Lemmas 1.2.10 and 1.2.21, our last
result can be seen as a refinement of Lemma 1.2.11.
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Lemma 1.2.23. If an arrow is both a monomorphism and an extremal epimorphism,
then it is an isomorphism.

Proof. Let f: A — B be monic and extremally epic. Since f is monic, we have the
commutative diagram

A

.

AT)B

so we deduce that f is an isomorphism by using the fact that f is extremally epic. [

1.3 Protomodularity

In this section, we will define protomodularity in a pointed context and prove some of its
properties. We are interested in protomodularity since it has a strong connection with
internal actions: in a certain sense, in a pointed protomodular category, the middle
object of a split short exact sequence (see Definition 1.3.9) is “generated” by its ex-
tremities, which is the first step allowing us to define the concept of semidirect product
(see Definition 4.2.2) which plays an important role in the theory of internal actions.
One important thing about protomodularity is its relation with the Split Short Five
Lemma, which we will explore in the second subsection of this section. Finally, in the
last subsection, we will see a first application of the notions we developed before: we
will show that, in a pointed protomodular context, the categories of points and split
short exact sequences we will define in this subsection are “the same” in the sense of
Section 1.1.

1.3.1 Definition and First Properties

The definition of protomodularity we will use is expressed in terms of jointly extremally
epic arrows so let us define this notion.

Definition 1.3.1. A pair of arrows f: A — C and g: B — C with same codomain
C' is jointly extremally epic when, for any monomorphism m: M — C' for which there
exist f': A — M and ¢': B — M such that mo f' = f and mo ¢’ = g, then m is an
isomorphism.

M
2N
A= C+y— B
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Before moving to the definition of protomodularity, here are some small results to show
that being jointly extremally epic is a stronger property than being jointly epic.

Lemma 1.3.2. If the equaliser of a pair of arrows u, v: C' — D 1is an isomorphism,
then u = v.

Proof. Let m: M = C be an equaliser of u and v. Then u = (uom)om™ = (vom)o
1

m- = . [
Lemma 1.3.3. In a category with equalisers, if f: A — C and g: B — C' are jointly
extremally epic, then they are jointly epic.

Proof. Let u, v: C'— D be such that uo f =vo f and uog = vog. We must show that
u = v. First, we take an equaliser m: M — A of v and v, which is a monomorphism.
Asuo f=wvo fand uog = vog, by the universal property of m, there are unique
f'iA— M and ¢': C — M such that mo f'= fand mog =g.

Ay
! |- ’

Since f and g are jointly extremally epic, we deduce that m is an isomorphism and we
can conclude by Lemma 1.3.2. O]

Since we are talking about jointly epic arrows, let us quickly show a small lemma about
them that we will need later.

Lemma 1.3.4. If we have a jointly epic pair of arrows f, g: A — B and an epimorphism
h: B— C, then ho f and h o g are jointly epic.

Proof. Let u, v: C'— D be such that uo (ho f) =vo(ho f)and uo(hog) =vo(hog).
Since f and ¢ are jointly epic, we have uw o h = v o h and we can conclude that u = v
since h is an epimorphism. 0

We can now define the concept of protomodularity in a pointed context. Our definition
is not the standard one but we chose this definition since it is relatively easy to verify,
as we will do in some examples just after. See [JMT02, Section 2.4] to see that this
definition is equivalent to the usual ones. (This paper uses coproducts to express the
definition we will give but the existence of these coproducts is in fact not necessary.
They chose this approach since they go through an adjunction using coproducts (the
one we will show in Proposition 3.1.7) and their main goal is semi-abelian categories
(see Section 4.1) which have binary coproducts by definition.)
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Definition 1.3.5. A pointed category C is protomodular if it has finite limits and, for
any split epimorphism a: A — C with splitting [, its kernel k: K — A is jointly
extremally epic with f.

0 K5 A——C

Examples 1.3.6. First, let us remark that the following examples have indeed finite
limits. For Grp, CRng, ..., it suffices to equip the corresponding limits in Set with
the suitable structure. For the abelian categories (see [VAL20, Definition 5.1}), it is
also known that finite limits exist (we can show that we have pullbacks and a terminal
object or that finite products and equalisers exist). For Set{” (the dual of the category
of pointed sets), it means that Set, must have finite colimits, which is the case (we can
show that coproducts and coequalisers exist).

e In Grp, consider a split epimorphism with its kernel

0 K-y A——C

and let us prove that x and S are jointly extremally epic. Given «/, 5’ and m as
on the following commutative diagram

M

RS

0 K C

K

|

we must show that m is an isomorphism. Since m is a monomorphism by as-
sumption, we just need to prove its surjectivity. First, up to isomorphism, we can
assume that x is the inclusion of the canonical kernel Kerao = {a € A | a(a) = 1}
of a in A. For an arbitrary a € A, consider ¢ = a(a) € C and k = afi(c)”! € A.
As a(k) = afa)(ao Boa)(a)™ = ala)a(a)™ =1, k is in fact in K. Finally,
using the commutativity of the diagram above and the fact that m is a group
homomorphism, we compute

m(x'(k)B'(c)) = r(k)B(c) = kB(c) = af(c) ' B(c) = a

and, as a € A was arbitrary, this shows the surjectivity of m and concludes the
proof.

e A proof for CRng is similar to the proof in Grp.

e In an abelian category, since every epimorphism is a cokernel (by definition of
abelian category) and each cokernel is a cokernel of its kernel (by the dual of
Lemma 1.2.1), if we consider a split epimorphism with its kernel, we have in fact
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a split short exact sequence

0 K3 A——C—50.

Then, this short exact sequence is isomorphic to

0 K" KaC—=0C—s0
L2

where ¢, and ¢9 are the inclusion of K and C'in the coproduct K & C, respectively,
and 7, is the projection of the product K @& C on C (see [VAL20, Corollary 6.10]).
So, in order to conclude that x and [ are jointly extremally epic, we need to
show that this is the case for ¢; and 3. Given «/, ' and m as on the following
commutative diagram

M

0 K K@Ci()*ﬂ)

L1 2

we must show that m is an isomorphism. By the universal property of the coprod-
uct, we have a unique p: K & C' — M such that p o = k" and po 1y = .

M

LN
i 7r2

0 — K 2“5 KeC — C —— 0
L2

Now, consider the diagram below.

Kol

[
/QOIK@

[

[

[

0 KaodC 0

L1 L2

We compute (mop)ory = mor’ =11 and (mop)oty = moff' =13 80 moyp = lgac
by uniqueness of the universal property of the coproduct. Therefore, by Lemma
1.2.11, we conclude that m is an isomorphism since it is monic by assumption,
which finishes the proof. (Let us note that we only used the fact that we had a
coproduct to prove that the inclusions are jointly extremally epic, not that we had
a biproduct or that we were in an abelian category.)

For Set?, we will show the dual statement in Set, (in order to avoid heavy no-
tations, we will omit the base points of our objects when confusion is unlikely):
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given a split monomorphism « with splitting 5 and a cokernel « as follows

C—— A" K 0,

we must show that § and k are jointly extremally monic, i.e. that, given ', &’ and
an epimorphism m as in the following commutative diagram

C#A LK 0
klm/ ’
M

m is an isomorphism. First, up to isomorphism, we can assume that K is given by
K = (A/Ima, [*4]), where the quotient by Im o means that all elements of Im «
are identified in K and %4 is the base point of A, and k is given by the canonical
projection of this quotient. Since m is an epimorphism, it is surjective and we
only need to show its injectivity to conclude that it is an isomorphism. Let a,
a’ € A such that m(a) = m(a’). We have k(a) = (k' om)(a) = (' om)(d’) = k(d’)
so either a and o are in Ima or @ = a’. In the second case, we have directly
what we wanted. In the other case, let ¢, ¢ € C be such that a = a(c) and
a = a(d). Then c = (foa)(c) = (f om)(a) = (' om)(a) = (foa)(d) = so
a = a(c) = a(d) = d’. Combining these two cases, we deduce that m is injective
and thus an isomorphism. This shows that Set{’ is protomodular.

Let us now show some results that hold in pointed protomodular categories.

The first one tells us that, in a pointed protomodular category, each split epimorphism
is a cokernel of its kernel (which exists since a pointed protomodular category has finite
limits by definition).

Lemma 1.3.7. In a pointed protomodular category, let a: A — C' be a split epimorphism
with splitting 5 and let k: K — A be a kernel of a. Then « is a cokernel of k. In
particular, in a pointed protomodular category, every split epimorphism is a normal
epimorphism.

Proof. First, we have immediately a o x = 0 since k is a kernel of a.

Let f: A — B be an arrow such that f o x = 0. We must show that there is a unique
p: C — B such that poa = f.
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We set ¢ = fo 5. Then we have (poa)okrk =po0=0= forand (poa)of =
pole =@ = fof. Therefore, poa = f since k and 3 are jointly epic by Lemma 1.3.3
(combined with the fact that we are in a pointed protomodular category). Moreover, if
we have another arrow ¢: C' — B such that Y oa = f = p o, then ¥ = ¢ since « is
an epimorphism. O

Example 1.3.8. In Mon, consider the arrow ov: NxN — N: (m, n) — m+n. It admits
a splitting n € N +— (n,0) € N x N and its kernel is Kera = 0. However, « is not a
cokernel of its kernel since the cokernels of 0 are isomorphisms. In particular, we deduce
that Mon is not protomodular.

Let us introduce a new definition which will allow us to reformulate the previous lemma.

Definition 1.3.9. A split short exact sequence in a pointed category C is a triple (k, «, [3)
where k: K — A, a: A — C and 3: C — A are arrows in C such that « is a kernel of
a, « is a cokernel of k and avo = 1¢.

0 K3 A——C—>0

As said just before, we can reformulate Lemma 1.3.7 in terms of split short exact se-
quences. This corollary is the crucial result that will let us show an equivalence of
categories at the end of the section.

Corollary 1.3.10. In a pointed protomodular category, each split epimorphism gives
rise to a split short exact sequence by taking its kernel. More precisely, if a: A — C' is
a split epimorphism with splitting § and k: K — A is a kernel of «, then

0 K—s A ﬁ;’ C——0
s a split short exact sequence.

Proof. Follows directly from Lemma 1.3.7. O]

The next result is a refinement of Lemma 1.3.7 since every split epimorphism is a regular
epimorphism (see Lemma 1.2.10).

Proposition 1.3.11. In a pointed protomodular category, every regular epimorphism is
a normal epimorphism.

Proof. Let f: X — Y be a regular epimorphism and let us consider its kernel pair

(p1: Eaq(f) = X, pa: Eq(f) — X) as well as the kernel x: Kerps — Eq(f) of py (let us
recall that C is finitely complete by definition of protomodularity). By Lemma 1.2.14,
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po is a split epimorphism (with splitting A) so it is a cokernel of its kernel x by Lemma
1.3.7.

O%Kerm%Eq(f)&X%O

pli Jf

XTY

Therefore, by Corollary 1.2.6, since our square is a pushout by Corollary 1.2.16, f is a
cokernel of p; o k, finishing the proof. O

As a reminder, as shown in Lemma 1.2.3, every monomorphism has a trivial kernel and
the following proposition tells us that the converse is also true in a pointed protomodular
context.

Proposition 1.3.12. In a pointed protomodular category, if an arrow f: X — Y has a
trivial kernel, then it is a monomorphism.

Proof. Consider the kernel pair (p1: Eq(f) = X,p2: Eq(f) — X) of f and take a
kernel k: Kerpy, — Eq(f) of po. By Lemma 1.2.4, we have Kerp, = Ker f = 0. By
Lemma 1.2.14, the projections p; and p, are split epimorphisms with a common splitting
A: X — Eq(f) so, by definition of protomodularity (Definition 1.3.5), £ and A are
jointly extremally epic. Applying this property on the commutative diagram

/ [AX
Kerp, =0 — Eq(f) # X

where A is monic since it is split (by p; and ps), we deduce that A is an isomorphism and,
since it splits both p; and py, these two arrows p; and py are equal and are isomorphisms.
Therefore, the square

X:X
XT)Y

is a pullback since it is isomorphic to the pullback of the kernel pair (py, p2) of f and its
universal property expresses precisely that f is monic, finishing the proof. O

The fact that we can recognise monomorphisms by their kernels allows us to show the
following result.
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Corollary 1.3.13. In a pointed protomodular category, pullbacks reflect monomor-
phisms, i.e., if we have a pullback

P2,y
where py is a monomorphism, then f is also a monomorphism.

Proof. By Lemma 1.2.3, the kernel of py is trivial and, by Lemma 1.2.4, Ker f = Ker ps.

0 P2y
X —5 A
Therefore, the kernel of f is also trivial so f is monic by Proposition 1.3.12. O]

1.3.2 The Split Short Five Lemma

We will now show that the Split Short Five Lemma, which is an important result since
it allows us to retrieve some important results of abelian categories in a non-additive
context, holds in pointed protomodular categories.

Theorem 1.3.14 (Split Short Five Lemma). In a pointed protomodular category, con-
sider the following commutative diagram where k, k' are kernels of a, o, respectively,
aofl=1q, o’ o =1 and u, w are isomorphisms.

0 T | TTT
0 A B/:<:>:C”

Then v is also an isomorphism.

Remarks 1.3.15.

e By Lemma 1.3.7, @ and o are cokernels of their kernels x and ' so both lines of
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our diagram are in fact split short exact sequences.

0 A" B#C%O
%u | l ) %w
0 Ak B’?C’—N)

e The splitting 5’ is not necessary since we can construct a splitting of o’ that makes
the diagram commute by setting ' = v o Bow™ .

Proof (of Theorem 1.3.1/). First, let us show that v is a monomorphism. In order to
do this, by Lemma 1.3.12, it suffices to show that Kerv = 0. Let us take the kernels of
u, v and w. By commutativity of the diagram, we have induced arrows between them
and, since u and w are isomorphisms, their kernels are trivial.

0 A—* B # C
%lu l lv y &lw
0 A —— B ? c’

Let us show that % is a kernel of @. Given an arrow f: D — Kerwv such that @o f =0,
we must show that there is a unique arrow ¢: D — 0 such that Ko = f. We
have avo (kervo f) = (kerwo@) o f = kerw o0 = 0 so we have an induced arrow
¥: D — A such that K o ¢p = kerv o f since k is a kernel of . Moreover, since
K o(uot)=(vok)op =vo(kervo f) =0 and £’ is monic (as it is a kernel), we have
uo 1) = 0 so the universal property of ker u gives us a factorisation ¢: D — 0 such that

keru o = 1.
D
/ }@
vl 0 — Kerv 4’& 0
\\\ Ikeru ker v Ikerw
0 A—r B ——
B
glu lv glw
0 A=
/3/

We compute kervo (Rop) = (kokeru)op =rkot) =kervo fsoRop=f as wanted
since ker v is monic. Finally, its uniqueness follows from the uniquenesses given by the



universal properties of keru and k. (Since the codomain of ¢ is 0, its uniqueness is
immediate but let us remark that the reasoning above remains valid if u (or w) is not
an isomorphism and, in this case, the codomain of ¢ is not necessarily 0.)

Since its kernel is trivial, by Lemma 1.3.12, @ is monic. Moreover, we remark that @
is a split epimorphism with splitting 3, either by checking by hand or by noticing that
@o (3 is an arrow from 0 to itself so it must be its identity (the advantage of the first
method being that it remains valid if w (or «) is not an isomorphism). Therefore, by
Lemma 1.2.11, @ is an isomorphism so Kerwv = 0 as expected.

Now that we know that v is monic, since £’ and ' are jointly extremally epic by proto-
modularity, the existence of the commutative diagram

lets us conclude that v is an isomorphism, finishing the proof. O

We also have a similar result where, instead of requiring that the left arrow w is an
isomorphism, we just assume that it is an extremal epimorphism and this lets us deduce
that the middle arrow v is also extremally epic.

Corollary 1.3.16. In a pointed protomodular category, consider the following commu-
tative diagram where K, k' are kernels of «, o, respectively, ao 3 =1¢, &/ o8 = 1¢r, u
is extremally epic and w is an isomorphism.

0 A—". B # C
lu | J ) %w
0 A = C’

Then v is also extremally epic.

!/
Proof. We must show that, if we have a factorisation B —— I »~ B’ of v where m is
a monomorphism, then m is an isomorphism.

First, we take a kernel j: J — I of &’ om: I — C’. Since (¢’ om)o (v ok) =d'ovok =
(woa)okr=0and o o(moj)=0, by the universal properties of j = ker(a/ o m) and
k' = ker o/, we have induced arrows v': A — J and m’: J — A’ such that jou' =1 ok
and k' om’ = mo j. Let us remark that, since ' om’ = m o j is monic by composition,
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m’ is also monic.

K e
0 A B—"——¢C
o - % B
L’ u
L .
0 J S v | w
’k\
m/\\\)‘ R o
0 A . B0

Finally, since u is extremally epic by assumption, m’ is an isomorphism so all we have
left to do is to apply the Split Short Five Lemma (Theorem 1.3.14) on the diagram

a’om

0 gl 1=
b b7
0 Ao B

where 8 = v’ 0 Bow™! (we easily check that (o/ om) 0f=1andmofB =74 = 8o ler)
to conclude that m is an isomorphism and finish the proof. ]

Here is another direct consequence of the Split Short Five Lemma which gives us an
easy-to-use tool to identify pullbacks.

Corollary 1.3.17. If we have a commutative diagram

0 A —= B#C—M)
0 A B’#C’—m)

where both lines are split short exact sequences and u is an isomorphism, then the right
square with the horizontal arrows pointing to the right is a pullback.

Proof. We will show that the comparison arrow ¢: B — P between this right square
and the pullback (P,p1: P — B',ps: P — (') of o and w is an isomorphism, which will
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prove that the right square itself is a pullback and finish the proof.

By Lemma 1.2.4, we have a kernel ker ps: A" — P of py such that p; o ker ps = &’ so we
obtain the following diagram.

«

0 A—"- B ? C
%lu %2} ‘
ker P2
0 A =2 p ?

where § = ¢ o 5. Both right squares commutes by construction of ¢ and § so we just
need to check that ¢ is a splitting of p, and that the left square commutes in order to use
the Split Short Five Lemma (Theorem 1.3.14) and conclude that ¢ is an isomorphism
as desired, finishing the proof.

e We compute psod =pso (9o ) =aof =1¢ as expected.

e Let us recall that p; and p, are jointly monic as the projections of a pullback so
we just need to show that we have p; o (por) =pjo(kerpsou) and pao(pok) =
po o (ker py o u). Both members of the second equation are zero since py o ¢ = «
and k is a kernel of a and, for the first one, we compute

pro(pok)=vork=r'ou=(pokerpy)ou

as wanted.

O

Let us note that, in the proof of the first corollary, we only need the protomodularity
to use the Split Short Five Lemma so we could have stated this result in an arbitrary
category where the Split Short Five Lemma holds (and that has a zero object and
finite limits). However, as we will show in the next proposition, pointed protomodular
categories are exactly the pointed finitely complete categories where the Split Short Five
Lemma holds. In fact, they are sometimes defined in these terms: see [JMT02, Section
2.3], for example.
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Proposition 1.3.18. If the Split Short Five Lemma holds in a pointed category with
finite limaits, i.e. if, for each commutative diagram

0 T | TTT
0 A B’;<:>:C’

where Kk, k' are kernels of a, o, respectively, a« o 8 = 1¢, & o 8 = 1o and u, w are
isomorphisms, v is also an isomorphism, then this category is protomodular in the sense
of Definition 1.3.5.

Proof. Given the assumptions of the statement, we just have to check that, for each
split epimorphism a: A — C with splitting 3, its kernel k: K — A is jointly extremally
epic with 5. Let ¥': K — A, p’: C — A" and m: A” — A be such that m is monic,
mok' =k and mo ' = 5. We have to show that m is an isomorphism to finish the
proof.
A/
21N

K—A—C

Let us define o/ = aom. To show that m is an isomorphism, we just need to show that
we can apply the Split Short Five Lemma on the following commutative diagram, the

only missing assumption being the fact that £’ must be a kernel of o/.

/

0 K A’%c
L
0 K =& ATC

Let f: D — A’ be an arrow such that o/ o f = 0. By the universal property of x, since
ao(mo f)=da o f =0, we have a factorisation ¢: D — K such that kop =mo f.

D1 u

A C

«

1
@i
v

0 K

We have mo (k'op) = koyw = mo f so K'op = f as wanted since m is monic. Finally, the
uniqueness of the factorisation ¢ follows from the one given by the universal property
of k, showing that « is a kernel of o/ and finishing the proof. m
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Remark 1.3.19. Let us note that this proof uses a slightly weaker version of the Split
Short Five Lemma: in the diagram

0 A" B # C
%u | l . %w
0 A B Bﬁ C’

of the statement of the Split Short Five Lemma, we can require that v is monic in addition
to the other conditions. Therefore, the protomodularity condition can also be expressed
using this weaker form of the Split Short Five Lemma. Moreover, if we look back to
the proof of the Split Short Five Lemma (Theorem 1.3.14), we remark that the difficult
part was to show that v is a monomorphism so we see that the equivalence between
this weaker version of the Split Short Five Lemma and the definition of protomodularity
we use (Definition 1.3.5) is quite straightforward. (Let us remark again that it is this
weaker version that is used in the proof of Corollary 1.3.16.)

1.3.3 Points and Split Short Exact Sequences

As said in the introduction of the section, we will present here the categories of points and
split short exact sequences and show that they are equivalent in a pointed protomodular
context.

Definition 1.3.20. Let C be a category and C' an object in C. We define the category of
points (or pointed objects) over C, denoted by Pto (or Pto(C) if the underlying category
C is ambiguous) as follows:

e its objects are triples (A, a, 3), called points (or pointed objects) over C, with
AelC,a: A— Cand f: C — A such that ao g =1,

e an arrow from (A, «, ) and (B,~v,0) in Pte is an arrow f: A — B in C such
that « = yo f and f o 8 = § (making the following diagram commute in both
directions),

A—1 B
o 6
N 7
C
e the composition and the identities in Pts are given by those of C.

Remark 1.3.21. The category Pt (C) we just defined can also be defined using two other
important constructions of categories: slices and coslices.

The (slice) category of objects over C, denoted by (C | C), is given as follows :
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e its objects are are couples (A, «), called objects (or slices) over C, with A € C and
a: A— C,

e an arrow from (A,«a) to (B,5) in (C | C) is an arrow f: A — B in C such that
fof=a,

A—1 B
N
C
e the composition and the identities in Pts are given by those of C.

The (coslice) category of objects under C, denoted by (C' | C), is defined dually. (We
have that (C' ] C) is isomorphic to (C°? | C)°P.)

The link with Pt (C) is the following : we can easily check that Pto(C) is isomorphic to
the categories (10 L(Cl C’)) and ((C’ 10)] 10).

Definition 1.3.22. Let C be a pointed category and C' an object in C. We define the
category of split short exact sequences over C, denoted by SSES(C) (or SSES.(C) if C
is ambiguous), as follows :

e its objects are split short exact sequences over C, i.e. split short exact sequences
(see Definition 1.3.9) of the form

0 K —*- A#C%O,

e an arrow from (k: K — Aja: A — C,p:C — A) to (\: L - B,v: B —
C,6: C — B) in SSES(C) is a couple (f: K — L,g: A — B) of arrows in C
such that gox = Ao f, a = yog and go f = § (making the following diagram

commute),

K [0}

W%O

C —— 0

(1.2)

K
K
L

UUT:B

A <l

e the composition and the identities in SSES(C') are given by those of C component-
wise.

We will now show that, in a protomodular context, we have an equivalence of cat-
egories between points and split short exact sequences. In fact, this equivalence is
quite simple: to go from points to split short exact sequences, we simply take a kernel
and, conversely, each split short exact sequence gives us a point if we “forget” its “left
part”.
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Proposition 1.3.23. For a pointed protomodular category C and C' € C, the construc-
tions above give us an equivalence between the category Pto of points over C' and the
category SSES(C) of split short exact sequences over C.

Proof. We will show that the functor F': SSES(C) — Pt that “forgets” the “left part”
of the sequences is a weak equivalence of categories. More precisely, F' sends an object
(k, v, B) to the object (A = dom «, ar, §) and an arrow (f, g) to the arrow g. (We easily
see that it indeed forms a functor.)

Given (A,«, ) € Pte, we choose a kernel k: K — A of a and consider the triple
(K, a, 5). By Corollary 1.3.10, (k, «, 5) is an object of SSES(C') (« is a split epimorphism
with splitting 5 by definition of Pt¢). Finally, F(k,a, 5) = (A4, «, 3), which shows the
essential surjectivity of F'.

Now, let us consider an arrow g: F(k,«, 5) — F(\,~,d) with (k,a, 8) and (A, 7,d) as
in the diagram below. To finish the proof, we must show that there is a unique arrow
(f,9): (k,a,8) — (A, 7,9) such that F(f,¢') = g. Of course, we must set ¢ = g.
Moreover, as yo (go k) = ao k = 0, there is a unique f: K — L such that Ao f = gok
by the universal property of the kernel .

a

0 K——A—C——0
P
0 L2258 ﬁz C——0
This gives us the unique arrow from (&, «, 5) to (A, ,0) that is sent to g. O
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Chapter 2

Actions and Semidirect Products of
Groups and Commutative Rings

In this chapter, we will look at actions of two algebraic structures, groups and com-
mutative rings, and see their similarities, which will motivate us to define a general
notion of actions in the next chapters. The main similarity we will explore here is that
their corresponding categories (see the following for the precise definition of these cate-
gories) are equivalent to categories of split short exact sequences as defined in Definition
1.3.22.

2.1 Actions and Semidirect Products of Groups

A classical source for the content of this section is [ML63, Section IV.3].

Let us start with the well-known actions of groups. Here is a little reminder to fix our
definitions and notations.

Reminder 2.1.1. Let C' be a group. A C-group is a couple (K, ¢) where K is a group
and ¢: C — Aut K is a group homomorphism, called action (of C' on K). For ¢ € C
and k € K, we write “k := ¢(c)(k) if the action ¢ is understood.

We will be interested in studying the C-groups as a whole and not individually so we
define their category as follows.

Definition 2.1.2. Let C' be an object in Grp (i.e. a group). We define the category of
C-groups, denoted by Grp©, as follows :

e its objects are C-groups (K, ¢),

e an arrow from (K, ¢) and (L,v) in Grp® is an arrow f: K — L in Grp that is
equivariant, i.e. such that f(°k) = “f(k) for all c € C and all k € K,

e the composition and the identities in Grp® are given by those of Grp.
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Finally, before showing the equivalence of categories between Grp® and SSESa:p(C)
announced in the introduction of the chapter, let us recall what the semidirect product
of groups is since we will need it.

Reminder 2.1.3. Given a C-group (K, ¢), we have a group structure on the set K x C
given by (k,c)(K', ) = (k Ck",cc’) for (k,c), (K',c) € K x C. This group is called the
semidirect product of K by C (relative to the action ¢) and is denoted by K x4 C (or
K » C if the action ¢ is understood).

We now have all the necessary tools to describe the equivalence between the categories
Grp® and SSESq,,,(C) (where C'is a fixed group). Given a C-group (K, ¢), we associate
it to the split short exact sequence

0 K —*- K>4¢C#C*>O

where (k) = (k,1) for k € K, a(k,c¢) = ¢ for (k,c¢) € K x, C and B(c) = (1,¢) for
c € C. Conversely, if we have a split short exact sequence

0 K -2 Béo%o,

we can see A as the inclusion of the canonical kernel Kery < B of v in B and thus
this split short exact sequence induces an action ¢ of C' on K given by the formula

é(c)(k) = §(c)kd(c)~t for c€ C and k € K.

Proposition 2.1.4. Given a group C, the constructions above give us an equivalence
between the category Grp® of C-groups and the category SSEScp(C) of split short exact
sequences over C.

Proof. Let us construct a weak equivalence F': Grp® — SSESq,,(C).

For (K, ¢) € Grp®, we define F(K, ¢) as the split short exact sequence

0 K —=~ KN¢C#C*>O

where (k) = (k,1) for k € K, a(k,c) = c for (k,c) € K x, C and B(c) = (1,c¢) for
c € C. (We easily see that it is indeed a split short exact sequence.)

Given f: (K, ¢) — (L,1) in Grp®, we construct an arrow (f, g) from F(K, ¢) = (k, a, 5)
to F(L,v) = (XA, 7,9) as follows: we set f' = f and define

g(k, ) = (f(k),c) for (k,c) € K x,C. (2.1)
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0 K —=~ K>4¢C’*>C*>O

b ]

0 L —2 wac?c%o

Using the equivariance of f, we have, for all (k,c), (K',c) € K x4 C,

g((kv C)(k/7 C,)) = g(k Ck,? CC/) - (f(k Ck/>’ CC/) = (f(k>f<ck,)7 ccl)
= (FR)F (), e ) = (f(R), ) (f(K), ) = g(k, )g(K, ),

showing that ¢ is indeed a group homomorphism. Finally, we compute that
(9o r)(k) = (f(k),1) = (Ao f)(k) forall k€ K,

(yog)(k,c) =c=a(k,c) forall (k,c)e K x;C
and
(g0 B)(e) = (F(1).c) = (Le) = 6(c) forallceC
which lets us conclude that (f’, ¢) is an arrow from F(K, ¢) to F(L,) in SSES¢q,(C).

By construction, the fact that F' is fully faithful follows almost immediately, we just
need to check that, given an arrow (f,g): F(K, ¢) — F(L,1) in SSES¢,,(C) as below,
f is indeed an arrow from (K, ¢) to (L,v) in Grp® and that F(f) = (f,g).

0 K —* K>4¢O*>C*>O
ool
0 L —2 wac?c%o

Since gok = Ao f and go 8 = 9, we see that g can only be given as in (2.1) (because
(k,c) = (k,1)(1,c) for all (k,c) € K x,C) so we will have F/(f) = (f, g) as wanted once
we will have shown that f is an arrow in Grp®. Moreover, this must define a group
homomorphism so, for all £ € K and all ¢ € C,

g((1,e)(k, 1)) = g(k, ) = (f(R),c)

and
g(l,c)g(/{:, 1) = (f(l)vc) (f(k)v 1) = (176) (f(k), 1) = (Cf<k)vc)

should be equal. Thus we must have f(°k) = “f ( ) for all k € K and all ¢ € C, which
means that f is equivariant, i.e. an arrow in Grp®.
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Finally, let us show that, for all object (\,~,d) in SSES¢,,(C) of the form

0 L2 BéC%O,

there exists an object (K, ¢) in Grp® such that F(K, ¢) is isomorphic to (A, v, ). Remark
that an isomorphism in SSESq,,(C') is an arrow (u, v) such that u and v are isomorphisms
of groups. With that in mind, we have that, by the essential uniqueness of the kernel,
(A,7,9) is isomorphic to the split short exact sequence (t: Kery — B,7,d) where
Kery = {b € B | v(b) = 1} is the canonical kernel of v and ¢ is its inclusion in B. (An
isomorphism between these two split short exact sequences is given by (¢, 1p) where
¢: L — Ker~ is the unique isomorphism such that 1o = \.) We let K be equal to
Kerv and define ¢: C' — Aut K by ¢(c)(k) = d(c)kd(c)™! for ¢ € C and k € K. As
it is just a conjugation composed with a homomorphism, it is indeed an action of C
on K (as Kervy < B, it is indeed well defined). We must now show that we have an
isomorphism (f,g) between (¢,7,9) and F(K,¢) = (k,, ) in SSESq,(C) as on the
following diagram

0 K —* de)c#()%o
T
0—>Ker74>B—><ZC*>O

As K = Ker~, we let f be equal to 1. To finish the proof, we must construct an
isomorphism g: K x4 C — B such that

g(k,1)=(gor)(k)= (Lo f)(k) =k forall ke K =Kern, (2.2)
g(l,¢) = (go B)(c) =d(c) forallceC (2.3)

and
(yog)(k,c)=a(k,c)=c forall (k,c)e K x,C. (2.4)

As {(k, D) }rex U{(1,¢)}cec C K x4 C is a generating set of K x, C (for all (k,c) €
K x, C, (k,c) = (k,1)(1,¢)), the equations (2.2) and (2.3) uniquely determine our
homomorphism g. (Since {(k,1)}rex N {(1,¢)}ecc = {1}, we have no contradiction in
the construction of g and we check that this definition gives us a group homomorphism.)
For the last equation (2.4), we compute that, for all (k,c) € K x4 C,

(yog)(k,c) = (yog)(k,1)(vog)(1,c) since 7 o ¢ is a homomorphism
= (k)y(8(c)) by (2.2) and (2.3)
=c as k € K =Kervyand yo0d = 1¢
as wanted.
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For the injectivity, we have

Kerg = {(k,c) € K x4 C | g(k,c) =1} ={(k,c) € K x,C | ké(c) =1}
={(k,c) e K x4 C | k=6(c) '}

Since K is a subgroup, we must search for which ¢ € C' we have §(c) € K = Ker~. As
v0d = 1¢, we have ¢ = ’7((5(6)) =1so0

Kerg = {(k,c) e K x4, C |c=1,k=65(c)'}={(1,1)}

and g is indeed injective.

Finally, given b € B, consider k = b(6 o ~)(b)~' € B. We compute
(k) = () (yod07)(b) " =7(b)y(b) " =1
so we have a k € K = Kery and a ¢ = y(b) € C such that
g(k, ) = kd(c) = (b(507)(B) ) (G 07)(b) =1,

which shows the surjectivity of g and lets us conclude that ¢ is an isomorphism, finishing
the proof. O

Corollary 2.1.5. Grp© is also equivalent to Pto(Grp).

Proof. Tt suffices to combine this result with Proposition 1.3.23 and the fact that we
showed the protomodularity of Grp in Examples 1.3.6. m

Remark 2.1.6. Let us consider a split short exact sequence in Grp

0 K3 A——C—>0

where A is abelian. As K and C' inject themselves in A, they are also abelian so our
sequence lies in fact in the full subcategory Ab of Grp. We showed in the proof of the
previous proposition that A is isomorphic to the semidirect product Ker o x4, C' where
¢ is given by ¢(c)(k) = B(c)kB(c)~! for ¢ € C and k € Kera (the product 8(c)kB(c)~*
being made in A). As A is abelian, ¢ is a trivial action (i.e. ¢(¢) = lkerq forall ¢ € C) so
A is isomorphic to the direct product Kera x C' = K x C'. In particular, all semidirect
products in Ab are trivial (i.e. isomorphic to a direct product). Moreover, as Ab is an
abelian category, this product K x C can be completed to a biproduct. Therefore, our
short exact sequence is also split on the left, i.e. k is a split monomorphism (a splitting
of k can be given by taking a cokernel of 3)(see [VdL20, Corollary 6.10]).
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2.2 Actions and Semidirect Products of Commutative
Rings

Our second example concerns actions of commutative rings. First, let us recall that
CRng is the category of commutative rings (not necessarily with a unit) with ring ho-
momorphisms.

The definition of action of commutative rings uses the notion of tensor product of com-
mutative rings so here is its definition.

Definition 2.2.1. For A, B € CRng, we define their tensor product A® B as the tensor
product A ®z B of Z-modules and we turn it into a commutative ring by defining its
multiplication by (a1 ®b1)(as®by) = ajas@b1be on the elementary tensors and extending
it by bilinearity.

We can now define actions of commutative rings and their category.

Definition 2.2.2. Let R be a commutative ring. An R-ring is a couple (A, ¢) where A
is a commutative ring and ¢: R ® A — A is a ring homomorphism, called action (of R
on A), such that, for all r, s € R and all a, ' € A, ¢(rs®a) = gb(r ® o(s @ a)) and
d(r®ad) =¢(r®a)d =ap(r®ad). Forr € Rand a € A, we write r - a = ¢(r ® a) if
the action ¢ is understood.

Definition 2.2.3. Let R be an object in CRng (i.e. a commutative ring). We define the
category of R-rings, denoted by CRng”, as follows :

e its objects are R-rings (A, ¢),

e an arrow from (A, ¢) and (B, ) in CRng” is an arrow f: A — B in CRng that is
equivariant, i.e. such that f(r-a) =r- f(a) for all r € R and all a € A,

e the composition and the identities in CRng” are given by those of CRng.

Before we go to the equivalence between CRng” and SSEScRrng(R), let us see a particular
example of R-ring.

Example 2.2.4. If A is an abelian ring, i.e. if aa’ = 0 for all a, @’ € A (as its multi-
plication is trivial, A is essentially an abelian group), then a structure of R-ring on A
is the same as a structure of R-module: the linearity of the action corresponds to the
distributivity of the scalar multiplication, we have rs-a = r - (s - a) by assumption for
both structures and r - aa’ = (r - a)a’ = a(r - a’) is always verified since the multipli-
cation in A is trivial and the action is linear (all three products of these equalities are
0). Moreover, we easily see that an arrow between two abelian R-rings (i.e. two R-rings
(A, ¢), (B,v) with A and B being abelian rings) is equivariant if and only if it is a linear
map between these two R-rings seen as R-modules. More precisely, using these facts,
we can show that ;Mod, the category of R-modules with linear maps, is isomorphic to
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the full subcategory of CRng”™ whose objects are abelian rings. (It is an isomorphism
and not simply an equivalence because every abelian group admits a unique trivial mul-
tiplication.) (As mentioned in the introduction of the thesis, this example gives us an
indication of how “external” actions can sometimes be seen as “internal” ones.)

Similarly to Grp, we will need the semidirect product to construct our equivalence.
The following proposition gives us a commutative ring structure on the abelian group
R @& A and it is this commutative ring that we will define as the semidirect prod-
uct.

Proposition 2.2.5. Given an R-ring (A, ¢), the formula (r,a)(s,b) = (rs,ab+7r-b+s-a)
defines a multiplication on the abelian group R® A that turns it into a commutative ring.

Proof. Using the commutativity of R and A, we easily see that this formula defines a
commutative operation.

The distributivity of this multiplication over the addition follows from the fact that
the action ¢ is bilinear. Indeed, using this property, we compute, for (r,a), (s,b),
(t,c) € R® A,

(r,a)((s,b)—i—( )) a)(s+t,b+c) = (r(s+t),a(b+c)+r-(b+c)+(3—|—t)-a)

(r,
(rs+rt ab+ac)~|—(r-b+r-c)+(s-a~|—t-a))

=
= (r,

rs,ab+r-b+s-a)+ (rt,ac+r-c+t-a)

a)(s,b) + (1, a)(t; c).

By commutativity, we also have the right distributivity.

For the associativity, we compute, for (r,a), (s,b), (t,c) € R® A,
((ra)(s,b))(t,c) = (rs,ab+ 7 b+ s-a)(t c)
= (rst,(ab+r-b+s-a)c+rs-ctt-(ab+r-b+s-a)
= (rst,abc—i—(r-b)c—l—(s-a)c+rs-c—|—t-ab—|—t-(T-b)+t-(s-a)>

and, similarly,

(r,a)((s,0)(t,c)) = (r,a)(st,be+ s - c+1t-b)
= (rst,abc+a(s-c)—|—a(t-b)—|—r-bc—|—r-(s-c)+r-(t-b)—|—st-a).

By rearranging the terms and using the fact that the action verifies rs-a = r - (s - a)
and 7 -ad’ = (r-a)a’ =a(r-d') forall r, s € R and all a, @’ € A, we see that these two
expressions are equal as wanted. [
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Definition 2.2.6. The commutative ring defined in the previous proposition is called
the semidirect product of A by R (relative to the action ¢) and is denoted by R x, A (or
R x A if the action ¢ is understood).

Finally, let us describe the equivalence of categories between CRng™ and SSEScrng(R)
before showing it in the next proposition. To a R-ring (A, ¢), we associate the split
short exact sequence

0 A" Ry A # R——0
where k(a) = (0,a) for a € A, a(r,a) =r for (r,a) € Rx,A and B(r) = (r,0) for r € R.
Conversely, given a split short exact sequence

0 A2 C‘HZR%O,

we can again see A as the inclusion of the canonical kernel of v in C' and it induces an
action ¢ of R on A by the formula ¢(r ® a) = §(r)a.

Proposition 2.2.7. Given a commutative ring R, the constructions above give us an
equivalence between the category CRng®™ of R-rings and the category SSESchng(R) of
split short exact sequences over R.

Proof. Let us construct a weak equivalence F': CRng® — SSEScRng(R)-
For (A, ¢) € CRng”, we define F(A, ¢) as the split short exact sequence

0 A" RM¢A#R*>O

where r(a) = (0,a) for a € A, a(r,a) =r for (r,a) € Rx,A and B(r) = (r,0) for r € R.
(We easily see that it is indeed a split short exact sequence.)

Given an arrow f: (A,¢) — (B,+) in CRng®, we must construct an arrow (f’,g) from
F(A,¢) = (r,a, ) to F(B,¢) = (A, 7,0).

(e}

0 A —= RK¢A?R4>O
ool
0 B2 RM¢B$R—>O

We set f' = f and define g(r,a) = (r,f(a)) for (r,a) € R x, A. The only thing that
is not clear is the compatibility of g with the multiplication. We compute, for (r,a),
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(r',a") € R x4 A,

g((r, a)(r’,a’)) =g(rr' ad +r-d +7r"-a)= (Tr', fla)f(a)+r- fla)+7r"- f(a))
= (. f(@)) (7, f(d) = g(r,a)g(r", ),

as wanted.

We easily see that this construction gives us a functor F' and we need to check that it
is fully faithful and essentially surjective to conclude that CRng” and SSEScRng(R) are
equivalent.

Given an arrow (f,g) from F(A, ¢) = (k,«,8) to F(B,v) = (A,7,0), let us show that
f is the only arrow from (A, ¢) to (B, ) such that F(f) = (f,g). The uniqueness of f
is clear by construction of F so we just need to check that f is an arrow in CRng”, i.e.
it is equivariant, and that F(f) = (f,g).

(e}

0 A —= RK¢A?R4>O
bl
0 B2 RK¢B$R—>O

For all (r,a) € R x4 A, we have

g(r,a) = 9(0,a) + g(r,0) = (g0 &)(a) + (g 0 B)(r) = (Ao f)(a) +8(r)
= (0, /(@) + (r,0) = (. f(a))

so, if we show that f is indeed an arrow in CRng”, we will directly have that F(f) =
(f,9) as wanted. As g is a ring homomorphism, for any r € R and a € A, we have that

9((r,0)(0,0)) = g(0,7 - a) = (0, f(r - a))
and
9(r,0)g(0,a) = (r,0)(0, f(a)) = (0,7 f(a))
are equal, which shows that f must be equivariant, i.e. an arrow in CRng".

To finish the proof, we need to show that, given a split short exact sequence

A céR%()

0 B

in CRng, there exists (A, $) € CRng” such that F(A, $) and (),~,d) are isomorphic.
First, we can assume that A is given by the inclusion of the canonical kernel Ker~y of
in C' and we set A = B =Kery. We define ¢: R A — Abyr-a=0¢(r®a)=10r)a,
this product being made in C. We need to check that it is well defined, i.e. §(r)a belongs
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to A = Ker~y, which is indeed the case since a is in A = Ker~. We also remark that ¢
is bilinear and compatible with the multiplication (so it is a homomorphism from R® A
to A) and verifies rs-a=1r-(s-a) and r-ad’ = (r-a)a’ = a(r-d’) for all r, s € R and
all a, a’ € A so it is an action as wanted. Now, to show the essential surjectivity of F,
we must construct an isomorphism (f,g) as in the diagram

0 A~ RD<¢A*>R—>O
s
0 B—2* .C——R—>0

where k, o and 3 are given by k(a) = (0,a), a(r,a) = r and 5(r) = (r,0) as above. For
f, as we have set A = B, we take f = 14. For g, we define g(r,a) = 6(r) + a for (r,a) €
R x4 A and we easily see that it is a group homomorphism that makes our diagram
commutes so we just need to show that it is also compatible with the multiplication
and bijective to finish the proof (like in SSES¢,,(C'), an arrow in SSEScrng(R) is an
isomorphism if and only if its two components are isomorphisms).

For (r,a), (r',d’) € R x, A, we compute

g((r, a)(r', a')) = g(rr', aad' +r-d +1r"- a) = g(rr’, aa' +6(r)a’ + 5(7"')@)
=4(rr') + (aa’ +4(r)a + 5(7"')@)

and

g(r,a)g(r',d’) = ((5(7“) + a) ((5(7“') + a’) =6(r)o(r') + 6(r)a’ + ad(r') + ad’

SO g((r, a)(r’,a’)) =g(r,a)g(r',a’) as wanted.

For the injectivity, we have Kerg = {(r,a) € R x4 A | 6(r) + a = 0} so we need to see
for which » € R we have —d(r) € A = Ker, i.e. Oz’y(—é ) —(yod)(r) = —r.
Therefore, we have Ker g = {(r, —(5(7°)> € Ry, A ’ r= O} = 0, which shows that ¢ is
injective.

Finally, given ¢ € C, we set a = ¢ — (6 o7)(c) € C. As y(a) = v(c) — (yodov)(c) =
v(c) —v(c) = 0, a is in fact in A = Ker~y. Thus we have (7(0),&) € R x, A that is
such that g(v(c), a) =0 (7(0)) + a = ¢, which shows that ¢ is surjective and finishes the
proof. O]
Corollary 2.2.8. CRng” is also equivalent to Ptz(CRng).

Remark 2.2.9. Consider a split short exact sequence in CRng

0 A3 B——"R——0
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where B is an abelian ring. Then we see that A and R are also abelian as they inject
themselves in B. As seen in the previous proof, B is isomorphic to the semidirect product
R x A relative to the action given by r - a = 5(r)a (where this multiplication is made in
B and A is seen as a subring of B). However, since B is abelian, this product is equal
to 0 for all » € R and all a € A so this action is trivial and the semidirect R x A is
just the direct product R x A. Moreover, as all our objects are abelian, we are in a full
subcategory of CRng isomorphic to ;Mod as mentioned in Example 2.2.4. As pMod
is abelian, the product R x A can be completed to a biproduct and our short exact
sequence is also split on the left.
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Chapter 3

The Monad Bb(—)

This chapter is dedicated to the monad Bb(—) which is the main tool we will use to define
the general notion of action in the next chapter. In the first section, we will introduce
the theory of monads and define the bifunctor b and the last two sections will illustrate
these definitions in the categories we have already covered in the previous chapter, Grp

and CRng.

3.1 Monads, Algebras for a Monad and the Bifunctor »

This section is split in two parts, the first one on monads and their algebras and the
second one on the bifunctor b. Theses two subsections will follow a similar structure : we
will first define the main concepts then show some of their properties, the main result
of the section being the fact that the functor Bb(—) (i.e. the bifunctor b where we have
fixed the first component) is a monad.

3.1.1 Monads and their Algebras

The definitions and results of this subsection can also be found in [ML98, Chapter VI]
(more precisely in Sections 1 and 2).

A monad is a special kind of endofunctor which is interesting since it allows us to
construct new categories, their Filenberg—Moore categories. 1t is exactly this construction
applied to the functor Bb(—) we will use to define the general notion of action in the
next chapter.

Definition 3.1.1. A monad on a category C is a triple (T, n, 1) where T: C — C is an
endofunctor (i.e. a functor from a category to itself) and n: 1c — T, p: T? — T are
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two natural transformations such that, for all X € C, pux o T'(ux) = px o pr(x) and
px o T'(nx) = px o nrxy = lrx)-

T3(X) T4 72 () T(X) " T2(X)
NT(X)J X nT(X)l \ lux
T*(X) —— T(X) T*(X) —— T(X)

For simplicity, we will often abuse notation and write the monad T instead of (T, n, u).

The name monad comes from the fact that the definition of a monad is similar to the one
of a monoid. Therefore, by analogy with monoids, the natural transformations p and n
are respectively called multiplication and unit. (More precisely, we can define monads
using the categorical notion of monoid in a certain category of functors.)

Definitions 3.1.2. Let (7,7, 1) be a monad on a category C.

o A T-algebra is a couple (X, &) where X is an object of C and &: T'(X) — X is an
arrow in C such that £ o T'(§) = o pux and £ onx = 1x.

(X)) 9 1ix) X L\ T(X)
HX 13 3
T(X) —— X \ X

e A morphism f: (X,&) — (Y,() of T-algebras is an arrow f: X — Y in C such
that Co T(f) = f o€

Ay
ey

X —Y

e T-algebras with their morphisms form a category called the Filenberg—Moore cate-
gory of T and we denote it by CT. (Composition and identities are given by those
of C, by functoriality of T'.)

A classical way to construct monads is the following: any adjunction gives rise to a
monad as we will show in the following proposition. (Conversely, every monad gives rise
to adjunctions that determine it : see [MLI8, Sections V1.2 and 5].)

Proposition 3.1.3. Any adjunction F 4G, F: C — D, G: D — C, with unit n: 1l¢ —
GF and counit e: FG — 1p gives rise to a monad (GF,n, u) where u: GFGF — GF
is given by pux = G(epx)) for X € C.
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Proof. The fact that GF is an endofunctor and 7 is a natural transformation is clear.
Let us show that also p is natural. For f: X — Y in C, the diagram

GFGF(X) =) apix)
GFGF(f)J{ JGF(f)
GFGF(Y) —— GF(Y)

py=G(ep(y))
commutes as wanted by naturality of ¢ and functoriality of G.

Let X be an object in C. First, we remark that

EFGF(X)

FGFGF(X) —= FGF(X)
FG(ﬁF(x))J JEF(X)
FGF(X) — F(X)
EF(X)
commutes by naturality of €. Using this, we compute
jx 0 GF(ix) = Gerex) 0 GFGlerx)) = G(erx) o FGler))
= G(SF(X) © €FGF(X)) = G(ﬁF(X)) © G(EFGF(X)) = Ux O UGF(X)-

Finally, by the counit—unit equations (see (iv) of Proposition 1.1.9), we also have

px o GF(nx) = G(epx)) o GF(nx) = G<€F(X> o F(Ux)) = G(1rx)) = lare

and
tx o narx) = G(epx)) © Narx) = larx)
which finishes the proof. O

3.1.2 The Bifunctor b

The construction of the bifunctor b involves coproducts so let us recall some notations
and computation rules about them.

Notations 3.1.4. Let X, Y, Z, A, B, C and D be objects in a category C such that
the coproducts (X + Y, t1,12), (A+ B,iy,i2) and (C' + D, ji, j2) exist.

e Given f: X — Z and g: Y — Z, the unique arrow induced by f and g by the
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universal property of X + Y is denoted by (f, g).

X4>X+Y<—Y

Z

e Givenu: A — C and v: B — D, the unique arrow induced by j; o u and js o v by
the universal property of A+ B is denoted by u + v (i.e. u 4+ v = (j1 o u, js 0 v)).

Remark 3.1.5. Using the uniqueness of the universal property of the coproduct, we have
the following computation rules (whenever they make sense) :

ho(f,g)=(hof hog),
(f;9) 0 (u+v)=(fougov),
(s+t)o(u+v)=(sou)+ (tow).

Here is the definition of the bifunctor b and the functor Bb(—). The construction of the
functor Bb(—) and its structure of monad were introduced in [BJ98] (it is their T at
the beginning of their page 44) but we here followed the presentation of [Jan03, Section
1.1).

Definitions 3.1.6. Let C be a pointed category with binary coproducts and kernels.

e The bifunctor b: C x C — C is constructed by choosing a coproduct B + C of B
and C and a kernel kpc: BoC — B+ C of (15,0): B+ C — B for the objects
and by taking the uniquely induced arrow given by the universal property of the
kernel for the arrows.

BC —¢ gy 129 o p

| fog lerg lf

By 2 gy o 0

e For B € C fixed, we define the functor Bb(—): C — C by sending an object C' to
the object BbC' and an arrow g to the arrow Bbg = 1gbg.

o8



To show that Bb(—) is a monad, we will show that it can be recovered from an adjunction,
which will give it a structure of monad by Proposition 3.1.3.

Proposition 3.1.7. Let B be an object in a pointed category C with binary coproducts
and kernels. We define the functors F: C — Ptg = Ptg(C) (see Definition 1.53.20) and
K: Ptg — C as follows:

e for C €C, F(C) is given by choosing a coproduct (B + C,t1,t2) of B and C' then
setting F'(C) = (B + C,(15,0), 1),

o for (A, a,B) € Ptp, K(A,a,B) is given by a choice of kernel of «,

e the behaviour on arrows of these functors is given by taking the uniquely induced

arrow by the universal properties of the coproduct and the kernel (for F, it means
that F(f) is given by 1g + f).

B#BJFCNLC K(A,a,)%A"B

15,0 ! |

| e ] oo |

B — L, B+C <2 K(A, o/, p) Jeredy ker o A —— o, B
(1B 0) B

Then we have an adjunction ' 4 K whose natural bijection ¢ (see (i) of Proposition
1.1.9) is given by ¢caap sending an arrow f = (g,h) € PtB(F(C),(A,a,ﬁ)) to
the uniquely induced arrow h e C(C K(A, a,ﬁ)) given by the universal property of
the kernel in the diagram below. Its inverse is given by ¢c (AaB) - C(C’ K(A, 04,6))

Pts(F(C), (A a,B)): f - (B kerao f).

C
h=dc,(4,0,8)(f) i
~N

K(Aa,B) — A # B

fOL2 =h

Proof. First, let us check that F' and K are well-defined functors. For F', we see that it is
indeed the case because (1p,0)0t; = 1p by definition of (15,0), F(1¢) = 1p+1c = g
as wanted and the compatibility with composition follows from the third computation
rule of Remark 3.1.5. The functoriality of K is immediate (only the compatibility with
composition can be less clear but it follows from the uniqueness of the universal property
of the kernel).

Let C be an object in C, (A, «,3) be an object in Ptg and let ¢ = ¢¢ (4,0, and
Y= d)c Aaﬁ) As f = (g, h) is an arrow from F(C) = (B+ C,(15,0),:1) to (A, a, 3) in
Ptg, (13, 0)=aof= <a og,aoh)soaoh=0and we can indeed apply the universal
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property of the kernel to find ¢(f) = he C(C’, K(A, a, 6)), which shows that ¢ is well

defined.
(1s, /

For v, we see that, for f: C' — K (A, a, ), the diagram

B+C

K

(B,ker awo f)

B+C

K

commutes so it is also well defined.

Given f € C(C, K(A, «a, 6)), we remark that f makes the diagram

wfw(f)ou
o

K(A,Oé,ﬁ) m A ? B

commute so f = (pot))(f) as wanted. Conversely, given f = (g, h) € Ptg (F(C), (A, «a, ﬂ)),

as
. f=(g,h) A
B

must commute, we have g = f o1 = [ so we compute

(o) (f)=(B.kerao(f)) =(g9,h) = f,

which finishes the proof that ¢ and ¢ are each other’s inverse.

Now, we must show the naturality of ¢. Let f € Ptpg (F(C’), (A, 6)), v:C'"—=CinC
and 0: (A, «a, ) — (A, d/, 7') in Ptg. We denote the coproducts of B with C' and C” by
BL% B+C <& Cand BZ B+ <2 C'. We must show that

K (6) 0 ¢cam(f) 07 = o (90 f 0 F(7)).




C (Aap) Pis(F(C), (A, a,8)) 2222, ¢(C K (A, a, )
ﬁ Ja Pea(F().0)=50(-)oF () | |etr@n=-K@en
c (AL Ptp(F(C"), (A, o/, ) — C(C" K(A', o/, 8))

bcr(al,al )

For that, it suffices to show that K(0) o ¢ (a4, (f) o v makes

(6ofoF(7v))oj2

/

KA, o/, f') ~— A’iB
B

Cl

commute. We compute (using the definitions of K, ¢ and F)

kera' o (K(0) 0 ¢e(aap)(f) 07) = (0 okera) o doaap(f) o7 =00 (foir) oy
=dofo(F(v)os)=(50foF(y))os

as wanted, which finishes the proof. ]

As said earlier, the proposition above combined with Proposition 3.1.3 gives a struc-
ture of monad to Bb(—). Moreover, the following corollary gives us explicit descrip-
tions of the unit and multiplication of this monad, which will be useful for the follow-
ing.

Corollary 3.1.8. For an object B in a pointed category C with binary coproducts and
kernels, the triple (Bb(—),n, ,u) is a monad, where the components of n and p are given
by the universal property of the kernel in the diagrams below (where i1, 1o are the inclu-
sions in the coproduct B + C').

C Bv(BbC) 2% B 4 (Bho) L2
770% X NC% <L17HB’C>J/ H

Proof. Since Bb(—) = KF, where K and F are as in Proposition 3.1.7, by Proposition
3.1.3, it suffices to show that Proposition 3.1.7 gives us the right  and p. By Proposition
1.1.9, the unit 77 of Bb(—) is given by ¢ = ¢, r(c)(1r(c)) and its counit € by €(a,a.8) =
Pr(hof). (Aos) (LK(A08)-

We compute kp,cofic = 1pc)0ta = 1 so 7) = n by uniqueness of the universal property
of the kernel. For p, as F(C) = (B + C, (15,0),t1), we compute

kp,c o K(epcy) = €pc) 0 kB, BrC = <b1, ker(13,0) o 1KF(C)> 0 KB,Bhc = (L1, KB,C) O KB,B>C
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so 1 is indeed given by puc = K(ep(c)) as expected. ]

3.2 The Monad Bb(—) and its Algebras in Grp

In this section, we will take a look at the monad Bb(—) in Grp and show that it captures
the concept of action of groups.

In Grp, the coproduct B+ C' of two groups B and C' is given by their free product B xC'
whose elements can be represented by words on the alphabet B II C' (the disjoint union
of B and C). Then, BbC' is the kernel of (15,0): B*C — B, i.e. the subgroup of B xC
whose elements are represented by words of the form bicq---b,c,, b; € B, ¢; € C for
i € {1,...,n}, such that by ---b, = 1 in B. Here is a more explicit description of this
kernel.

Lemma 3.2.1. The subgroup BbC' of B x C is generated by the formal conjugates of
elements of C' by elements of B, i.e. BbC = (bcb™! : b€ B, c € C). More precisely, it
admits the presentation

(beb™, b€ B, ceC|blbt =1, (beb M) (bb™Y) = b(cd )b Vbe B, Ve, d € O).

Proof. The inclusion (bcb™! : b € B, c € C') C BbC is clear since (15,0)(bcb™') =1 for
all b € B and ¢ € C (and BbC' is a subgroup).

For the other inclusion, let g = bycy -+ byc,, b; € B and ¢; € ¢ for i € {1,...,n}, be an
arbitrary element of BbC'. Then, using the fact that b; ---b, = 1, we have

g =bici...byc,
= (blclblil)((ble)CQ(b1b2)71> Ce ((blbg Ce bnfl)cnfl(blbz Ce bn71>71) (b1b2 Ce bn>cn

= (blclbl_l)((blbg)CQ(b1b2>_1> e ((blbg e bn_l)Cn_l(blbg e bn_1>_1) (1Cn1_1)7
(3.1)

which is an element of (beb™ : b € B, ¢ € C), as expected.

Now, we will prove that BbC admits the presentation of the statement. Let G be a group
admitting this presentation (unique up to isomorphism) and let us show that BbC is
isomorphic to G. Since b1b~' = 1 and (beb™)(bdb71) = b(cd)b~! for all b € B and
all ¢, ¢ € C, ¢: beb ™t € G+ beb™! € BbC uniquely defines a group homomorphism
p: G — BbC. Conversely, given g € BbC' < B x C, it can be uniquely written in
reduced form g = bycy - - - bycy, ie. with b; € B\ {1} for i € {2,...,n}, ¢; € C'\ {1} for
ie{l,...,n—1}, b € Band ¢, € C. Then, by (3.1), we can rewrite it as a product of
formal conjugates

g = (blclbl_l) ((b1bg)62(b1b2)_1> e ((b1b2 Ce bn—l)cn—l(ble e bn_l)_l)(lcnl_l),
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allowing us to define
¥(g) = (brerbi ™) ((baba)ea(biba) ) . ((baba - buor)en1(baba . buo1) ') (1eal ™) € G.

As this procedure associates to each g € BbC' a unique 1(g) € G (since the reduced form
of an element of B xC' is unique and the procedure of (3.1) is deterministic), ¢ is a well-
defined function from BbC' to G (it is not yet clear that it is a group homomorphism).
Finally, we easily check that ¢ o1 = 1p,c and we compute that, for a generator bcb™?
of G,be B, ce C,

@(bcb™) =beb™' = beb 1 = (beb™ ) (11171)

" (o) (beb™) = (beb™")(11171) = (beb™ )1 = beb™,

showing that 1o = 15. Therefore, the arrow ¢ is an isomorphism between G and BbC,
finishing the proof. (In particular, this also shows that 1 is a group homomorphism.) [

For the behaviour of Bb(—) on the arrows, given g: C — C” in Grp, Bbg = 1pbg is the
(co)restriction to BbC' and to BbC’ (induced by the universal property/the functoriality
of the kernel) of the arrow 15+¢ from BxC to BxC" induced by b € B+ b € B < Bx(C’
and ¢ € C' +— g(c) € C" < B+ (C'. In short, this arrow applies g on the letters from
C and does nothing on the ones from B. For example, on the generators beb™t, b € B,
c € C, of BbC, we have (Bbg)(bcb™') = bg(c)b™L.

ByC 2% pac L2, 4s0 B
\Bbg 1p+g H
BCr T2 B 129 B

Now, let us see what are the unit 7 and multiplication u of the monad induced by Bb(—)
in Grp. By Corollary 3.1.8, their components are the induced arrows in the diagrams
below.

C By(BOC) BB, By (ByC) 2,
ﬂci X uci (1,68, c)i H

More explicitly, seeing C' as a subgroup of B*xC, we remark that this subgroup is included
in BbC' and n¢ is just the inclusion of C' in BbC'. For the multiplication p, its component
pe is the (co)restriction to Bb(BHC) and to BbC of the arrow f from B * (B x C) to
B« C induced by t1: B — Bx(C and 1g.,c: B*C — B . More explicitly, f sends an
element of B* (B () = BxBxC to the element of B *C represented by the same word
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but, in B *xC, we only have one copy of B whereas they are two copies of B in B * B ('
so, in short, f “forgets” which copy of B the letters of the word representing our element
come from. Alternatively, seeing B« B * C as (B B) * C, we have f = Vg + 1¢ where
Vg = (1p,1p) is the codiagonal of B.

B*B —— (B*B)+xC +——— C
R

B— s Bx(C +— (C

Using the results above, we will now show that the category Grp® (™) of By(—)-algebras is
isomorphic to the category Grp® of B-groups (see Definition 2.1.2).

Proposition 3.2.2. Given a group B, let us consider the monad Bb(—) constructed
with the canonical coproducts and kernels. Then the categories GrpBb(f) and Grp? are
isomorphic.

Proof. We will define two functors F: Grp®™) — Grp?, G: Grp? — Grp®) and
show that they are each other’s inverse. Given (C,¢) € Grp” ") we tentatively define
F(C,¢) = (C,¢) where ¢: B — Aut C is defined by ¢(b)(c) = £(bcb™!) for b € B and
¢ € C. Conversely, given (C,¢) € Grp®, we tentatively define G(C,¢) = (C,€) where
&: BvC — C'is given by £(beb™1) = ¢(b)(c) for a generator beb™! of BbC, b e B, c e C.
For the arrows, as the arrows of both Grp” () and Grp? are just group homomorphisms
satisfying certain conditions, we tentatively say that the functors F' and G simply send
an arrow to the arrow of the other category corresponding to the same underlying group
homomorphism. This makes the functoriality of F' and G immediate. Moreover, it is
also easy to see that F' and G are each other’s inverse so we just need to check if they are
indeed well defined to finish the proof that they form an isomorphism between Grp?” ()
and Grp®.

First, given (C, ¢) € Grp®™), we must show that F(C,¢) = (C, ¢), where ¢: B — Aut C
is defined by ¢(b)(c) = £(bcb™?) for b € B and ¢ € C, is a B-group, i.e. that ¢ is indeed
a group homomorphism from B to Aut C.

e Let b be an element of B and let us check that ¢(b) is an automorphism of C. As
&: BbC — C' is a group homomorphism, for all ¢, ¢, € C, we have

¢(b)(c169) = E(beresb™) = f((bclb_l)(b@b_l)) = &(beid™)E(beab™)
= ¢(b)(c1)e(b)(c2),
showing that ¢(b) is a group homomorphism. The fact that it is even an auto-
morphism follows from the identity ¢(by) o ¢(be) = ¢(b1b2), b1, by € B, which we

will prove in the next item. Indeed, as we easily check that ¢(1) = 1¢ with the
equation & o e = 1¢, this identity implies that ¢(b~1) is the inverse of ¢(b).
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o As (C&) is a Bb(—)-algebra, £: BbC — C verifies £ o Bb¢ = £ o c.

By(BvC) 2% ByO

ucl J&

Applying this equation on a generator by (bychy ')by ™' of Bb(BbC) where by is a
letter from the first copy of B, by a letter from the second copy of B and ¢ a letter
from C', we obtain

= (@(b1) © (b)) (<),

showing that ¢(by) o ¢(be) = @(biby) for all by, by € B, i.e. that ¢ is a group
homomorphism.

Combining these two points, that shows that ¢ is a group homomorphism from B to

Aut C' and thus that F(C,&) = (C, ¢) is a B-group.

Conversely, given (C, ¢) € Grp”, we must show that G(C, ¢) = (C, &) is a Bb(—)-algebra,
where £: BbC' — C'is given by £(bcb™') = ¢(b)(c) for a generator beb™! of BbC', b € B,
¢ € C. First, by the presentation of BbC' from Lemma 3.2.1 and using the fact that ¢ is
an action by automorphisms, we easily check that this defines a group homomorphism
§: BbC — C (because ¢(b)(1) = 1 and ¢(b)(c)p(b)(¢') = ¢(b)(cc’) for all b € B and all
¢, ¢ € C). Moreover, by definition of Bb(—)-algebra, £ must verify £ o Bb¢ = £ o e and

Eone = lc.

By(BrC) 25 Boe C " BrC
Hcl lf \ lﬁ
BoC ———— C C

For a generator bl(bgcbg_l)bl_l of Bv(BbC') where by is a letter from the first copy of B,
by a letter from the second copy of B and c¢ a letter from C, we compute

£ ((B96) (bn(bacts ™0y ™1) ) = €008 acby™ ™) = 600) (B(82)(e)) = B{bab) (0
E((brba)c(biba) 1) = E(babacky "0 )
= (1o (bu(bacts "))
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and, for ¢ € C, we have
f(ﬂc(c)) =¢(e) =£&(1el™) = ¢(1)(c) = ¢

so G(C,¢) = (C,¢§) is indeed a Bb(—)-algebra.

Finally, to finish the proof, let us see that a group homomorphism f: C' — C’ is an arrow
between the Bb(—)-algebras (C,€), (C',() if and only if it is an arrow between the B-
groups (C, @), (C’,+) where we have the relations £(beb™!) = ¢(b)(c) and ((bcd™) =
P(b)(),be B, ce C, d € ' between &, ¢ and ¢, 1. Being a morphism of Bb(—)-
algebras means that we must have ( o Bbf = f o &.

ByC 2L, Byor

4|
C’f C’

Applying this equality to a generator beb™! of BbC, b € B, ¢ € C, we obtain that f
satisfies

Y(B)(f(e)) = ¢(bF () = ¢((Bof)(beb™)) = f(Ebeb™)) = F(6(b)(c))

for all b € B and all ¢ € C, i.e. f is equivariant for the actions ¢ and 1, as expected.
Similarly, if f is equivariant, we compute, for a generator beb~! of BbC, b € B, c € C,

C((Bof)(beb™)) = ¢(bf (") = w(b)(f()) = F(6(0)(©)) = £(&(beb™)),

showing that the equivariant arrows between B-groups are morphisms between the cor-
responding Bb(—)-algebras, finishing the proof. O

3.3 The Monad Bb(—) and its Algebras in CRng

Similarly to what we have done in the previous section for groups, we will show that ac-
tions in CRng (see Definition 2.2.2) can be expressed in terms of the monad Bb(—).

First, the coproduct B + X of two commutative rings B and X is given by the commu-
tative ring whose underlying abelian group is B® (B® X )@ X and whose multiplication
is given by

(b, V@', 2)(c,d @y, y) = (be, bd @y +bRy+V c@x'+b'd @x'y' +V @2’ y+c@x+d @2y, 1Y)
for (b, 0 @2, x), (¢, ®Yy',y) € B&(B®X)®X (and we extend it by bilinearity if we do

not have elementary tensors in the middle factor). The inclusions of B and X in B+ X are
given by 11: b € B~ (b,0,0) € B+ X and t5: x € X — (0,0,2) € B+ X, respectively.
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(Since any (b, V' ® ', x) € B+ X can be written as (b,0,0) + (¢/,0,0)(0,0,z") + (0,0, x),
one can check that this construction verifies the universal property of the coproduct as
wanted.)

Then, we must determine the kernel BbX of (15,0): B+ X — B. Given an arbitrary
(b, > 1 b; @ x;,x) € B+ X, we have

(ba Z bz & i, l') = (b7 07 O)
i=1

= (0,0,0) +

M:

(0,b; ® z;,0) + (0,0, z)

Il
—

7

M:

(b;,0,0)(0,0,z;) + (0,0, z)

.
Il
—

SO

(15,0 (b Zb ® i, T ) = (15,0) ((b,0,0) +zn:(b,-,0,0)(0,0,mi) + (0,0,90))

=1

=b+> b0+0=0.

=1

Therefore, BbX is isomorphic to the subring of B+ X whose elements have a 0 in the first
component so we can see Bb X as the commutative ring whose underlying abelian group
is (B®X)®X and whose multiplication is given by that of B+ X restricted to the two last
components (i.e. it is determined by (V'®z, z)(d®y',y) = (b'd@2'y'+V @2'y+ @y, xy)
for (VY @ 2/, x), ((®@y,y) € (B® X)® X). Its inclusion kg x in B + X is given by
kpx(l,z) = (0,l,z) for (I,z) € BbX. On the arrows, given g: X — X’ in CRng,
Bbg: BbX — BbX'is determined by (Bbg)(V @', z) = (b’@g(m’),g(m)) for (V@' ) €
BhX.

For the unit n and multiplication u, by Corollary 3.1.8, their components are the uniquely
induced arrows in the diagrams

X Bo(BbX) “EEX, gy (Byx) U,
Wxi \ 120¢ i <L1yHB’X>l H
BbX4>B+XW>B bX—>B+XW>B
B B

so we easily see that the components of 7 are given by ny: x € X — (0,2) € BbX,
X € CRng. For puy, X € CRng, we compute

(1) (. (0 ® (1,2, (10)) ) = o1, ) (0.8 @ (1 2/), (1)

— KB,X><(b',o, 0)(0,0, (1",2")) + (0,0, (l,x))) — (1,0,0)(0,7,2) + (0,1, z)
=0, +b @' +1,x)
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so uy is determined by g x (b’®(l’, '), (1, x)) = VlI'+V®2'+1, x) for (b’@(l/, z'), (I, :c)) €
Bb(BvX), b € B, (I'\2'), (I,x) € BbX. (Let us recall that [ and I’ are tensors in
B ® X. In particular, if I’ = > | b; ® x;, then b'l’ must be understood as >, 0'b; ®

For the end of this section, similarly to what we have done for groups, we will show
that the category CRng® (™) of Bb(—)-algebras is isomorphic to the category CRng? of
B-rings (see Definition 2.2.3).

Proposition 3.3.1. Given a commutative ring B, let us consider the monad Bb(—)
constructed as above (i.e. with BbX being the commutative ring whose underlying abelian
group is (B® X) @ X described above). Then the categories CRnng(_) and CRng® are
isomorphic.

Proof. Similar to the case in Grp, the construction of the functors F': CRng®™) —
CRng?, G: CRng”? — CRnng(_) forming an isomorphism between CRnng(_) and
CRng” is relatively straightforward, the most difficult thing to check is the fact that
they are well defined. Given (X,¢) € CRng™ (™), we tentatively set F(X,¢) = (X, ¢)
where ¢: B&® X — X is determined by ¢p(b®x) = {(b®x,0) for b € B, x € X and, given
(X, ¢) € CRng”, we tentatively set G(X, ¢) = (X, &) where £: Bb>X — X is determined
by £V @ o' x) = (b @ 2') +  for (V) ® 2/,x) € BbX. For the arrows, as they are
again just ring homomorphisms satisfying certain conditions, our two functors ' and G
tentatively send an arrow to the one of the other category corresponding to the same
underlying ring homomorphism. Let us show that F and G are indeed well defined, their
functoriality following directly by construction.

Given (X, ¢) € CRng® )| we must verify that F(X, &) = (X, ¢), where ¢: B X — X
is determined by ¢(b® z) = £(b® x,0) for b € B, x € X, is a B-ring.

e As {: BhX — X is a ring homomorphism, we only need to show that the map
t:l € B®X — (1,0) € BbX is a ring homomorphism in order to deduce that ¢
is also one, as desired. The underlying abelian group of BbX being (B® X) & X,
the fact that ¢ is a group homomorphism is clear and we just need to check that it
is also compatible with the multiplication, which is clear since it is determined by

(b@)u(c@y) = (b®,0)(c®y,0) = (he®@ay,0) = bc@ay) = 1((b®7)(c®Y)),
b, c € B, x, y € X, the case for arbitrary tensors following by distributivity.
e For b, c € B and x € X, as £ verifies £ o Bb{ = £ o uy,

By(BvC) -5 Bho

MCJ l&
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we have

s(b@d(cor)) =¢(b@E(c®,0),0) =¢(b@&(c®,0),£0,0))
= §<(Bb§)(b® (c®x,0), (0,0))) = §<ux(b® (c®x,0), (0,0)))
=&bc®r+b®0+0,0)=&(bc®x,0) = ¢(bc® x),

as wanted.

e Finally, for b € B and x, y € X, as £ onx = 1x, we compute

bb® )y = E(b@2,0)¢(nx(y)) = Eb @ 2,0)£(0,y) = £((b®2,0)(0,9))
=0+b®@2zy+0,0) =£(b®xy,0) = o(b® xy)
and, similarly, we have z¢(b ® y) = ¢(b ® xy).

Thus ¢ is indeed an action in the sense of Definition 2.2.2, showing that F(X, &) = (X, ¢)
is a B-ring.

Given (X, ) € CRng?, we must show that G(X,¢) = (X,&), where £: BoX — X is
determined by £(0' @1’ x) = ¢(0' ®@a')+x for (V' ®a',x) € BbX, is a ring homomorphism
and verifies £ 0 Bv¢ = o ux and {ony = 1.

By(BvX) 25 Box

X ™., BbX
MXJ J{g \ J(f
BbX —— X X

The fact that £ is a group homomorphism is clear and, for the multiplication, given
@2 x), (d®y,y) € BbX, we compute
(W e, )i @y, y) = (s @) + ) (d(c @y) +y)
= ot ®2')o(d @y) + (V' @ ')y + (' ®Y) + xy
d(b'd @ 2'y) + o(b @ 2'y) + ¢(d @ xy') + 2y
=o' d @2y +b @2y +d @zy) + 2y
&(
3

,C,®$,y/+b/ ®x1y+cl®xy/7xy)

For the first equation £ o Bb{ = £ o ux, given (b’ ®((@x x), by, y)) € By(BhX),
we have

£(ux(b’® (C'®:v’,:v),(b®y’,y))) = der+Ver+bey,y)
ol @+ @r+b@y)+y
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and

(Bo e .a).0ov.y))

(M eided n)bey,y)
(b o(c @ +x))+(¢(b®y’)+y)

(@ @)+ ot/ @)+ ¢(b DY) +y
(’c’®x)+¢(b’®x>+¢(b®y>+y,

¢
¢
¢

these two being equal as wanted by linearity of ¢. For the other equation, we have
f(nx(m)) =£(0,2) = ¢(0) + x = z for all z € X, as desired.

For the arrows, given an equivariant ring homomorphism f: X — Y between B-rings
(X, ¢), (Y,v), we must show that (o Bbf = fo& where £: BbX — X and (: BbYY — Y
are determined by {(V @ 2',2) = ¢(V/ @ ') + z and (V' @ ¢, y) = v(b' @ y') + y for
VeB,x,2’eXandy, vy €Y.

BXx 21, By
¢| ¢
X — Y
Using the equivariance of F', we compute
((Bof)¥ @', 2)) = (V' @ f@), f() = (¥ ® f(2)) + f()
= f(o(' @) + f(x) = f(s(V/ @) + 2) = f(EW @2/, ),

as expected. Conversely, given a ring homomorphism f: X — Y between Bb(—)-
algebras (X&), (Y, (), we must show that it is equivariant between the B-rings (X, ¢),
(Y, ) where ¢: BQX — X and ¢: BQY — Y are determined by ¢(b®x) = £(b®x,0)
and Y(b®y)=(b®y,0),be B,z € X and y € Y. As f makes

B X 2L, By

e| ¢
XﬁY

commute, we obtain, for b®@ z € B® X,

v(b® f(2)) = ¢(b® f(2),0) = ¢(b® f(2), £(0)) = ¢((Bof)(b@ ,0))
= [(¢b@w,0) = f(sb @),

showing the equivariance of f.
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To finish the proof, we must show that ' and G are each other’s inverse. On the
arrows, it is immediate and we also easily see that F'o G = 1¢g,,.» for the objects. For
G o F, we must show that, given (X,¢) € CRng® (), the formula ¢(V/ ® ') + x, where
pb@z)=£(0b®z,0)forb®r € B X, gives us {(b' @2/, x) for any (V ® 2, z) € BbX.
Therefore, we must have (V' ® 2, z) = {(b' ® 2/, 0) 4+ z, which is indeed the case because
¢ is a group homomorphism and = = £(0, z) by the equation { ony = 1x (as nx is given
by nx(z) = (0,z), x € X). O
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Chapter 4

Internal Actions in Semi-Abelian
Categories

We now have everything we need to define actions in a more general context. In the
first section, we will present this context of semi-abelian categories and state some of
its properties we will need afterwards. The second section is dedicated to the defini-
tion of actions in this context with the main result being that we keep the equivalence
with the split short exact sequences as in Grp and CRng (see Propositions 2.1.4 and
2.2.7).

4.1 Semi-Abelian Categories

In this section, we will present semi-abelian categories, which are the context where we
will prove the main result of this thesis. Semi-abelian categories were introduced in the
early 2000s to unify a number of older and isolated approaches towards such a definition
with the concept of Barr-exactness, which is at the very heart of topos theory and
the theory of abelian categories alike. The “missing ingredient” was Bourn’s concept of
protomodularity, which allows generalising some of the core reasoning involving diagram
chasing which makes use of the additive structure in an abelian category to a non-
additive context. However, the context of semi-abelian categories is a vast subject so we
will not cover it in detail here and only state the definitions and results (without proofs)
we will need later. We redirect the interested reader to [JMT02] and [BB04], as well
as [BCFT21, Chapter 4] for regular categories and relations. The following definitions
mainly come from [JMT02, Sections 2.1 and 2.5].

In short, a semi-abelian category is a pointed category with binary coproducts that is
exact and protomodular. We already covered protomodularity in Section 1.3 so we will
define here what is an ezact category. This definition uses the concepts of reqular category
([BCF*21] do not give the same definition as ours (see their Definition 1.10) but they
show that these two definitions are equivalent in their Theorem 1.14) and relation so let
us begin with these two notions.
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We first define reqular categories whose main characteristic is the existence of reqular
epimorphism/monomorphism factorisations.

Definitions 4.1.1.

e A regular epimorphism/monomorphism factorisation of an arrow f: X — Y is a
factorisation X —+ I =™ Y of f where e is a regular epimorphism and m is a
monomorphism.

o A category C is regular if it is finitely complete and has pullback-stable regular
epimorphism /monomorphism factorisations, i.e. every arrow f in C has a reg-
ular epimorphism/monomorphism factorisation and the pullback of this factori-
sation gives us a regular epimorphism/monomorphism factorisation of the pull-
back of f. In other words, for each arrow f: X — Y in C with regular epi-
morphism/monomorphism factorisation X — I >~ Y and for p: Y’ — Y, the
regular epimorphism/monomorphism factorisation of the pullback p*f of f along
p is given as in the diagram below where both squares are pullbacks (which implies
that the outer rectangle is a pullback as well so it is indeed a factorisation of p* f).

p*f

/\‘
X' I Y’
[
X s lr Y
\/’

f

Let us now define relations and some attributes they can have. The article [JMT02] sees
relations via their images by a Hom-functor but we will instead present the approach of

[BCF*21, Chapter 4, Section 2].

Definitions 4.1.2.
e An (internal) relation from X to Y is a couple of arrows (r;: R — X,ry: R—Y)

that are jointly monic. If the product X x Y exists, we can see such a relation as
a monomorphism r: R — X x Y. If X =Y, we say that we have a relation on X.

R R
R ’
X Y X xY

e A relation (ri: R — X,r9: R — X) on X is reflezive if there exists an arrow
A: X — R that splits both r; and ro, i.e. such that r, 0o A =r, 0 A = 1x.

—
R+a=X
>
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e A relation (r: R — X,re: R — X) on X is symmetric if there exists an arrow
0: R— R such that oo =ryand ry00 = ;.

R%R

X

e If the pullback

P-4 R
R*>X

exists, we say that the relation (r;: R — X,re: R — X) on X is transitive if there
exists an arrow 7: P — R such that o7 =r;0p; and 1y 07 = 79 0 ps.

P—"-R P—"-R
Pll lm P2l lm
R—— X R —— X

e A relation on X is an equivalence relation if it is reflexive, symmetric and transitive.

Remark 4.1.3. As mentioned just before Lemma 1.2.14, this lemma tells us that every
kernel pair is a reflexive relation in the sense we defined just above. In fact, every kernel
pair is even an equivalence relation (see [BCF21, Chapter 4, Lemma 2.2]).

We can now define exact and semi-abelian categories.

Definitions 4.1.4.

e A category C is (Barr-)exact if it is regular and every equivalence relation in C is
effective, i.e. it is the kernel pair of some arrow f: X — Y.

o A category C is semi-abelian if it is pointed, exact, protomodular and has binary
coproducts.

Examples 4.1.5. Abelian categories, Grp, CRng and Set," are semi-abelian. We al-
ready know that they are pointed protomodular by Examples 1.3.6 and we also remark
that they have binary coproducts. For their exactness, see [BB04, Example 5.1.8] for
SetyP, [Bor94, Theorem 2.6.11] for abelian categories and [Bor94, Theorem 3.5.4] for Grp
and CRng.
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For the end of this section, here are the two results about semi-abelian categories we
will need later.

Proposition 4.1.6. Semi-abelian categories are finitely cocomplete.

Proof. See [JMT02, Corollary p.377]. O

Lemma 4.1.7. In a semi-abelian category C, if we have a commutative diagram

A2+ B

u{ I

with normal epimorphisms p, q, a monomorphism v and a normal monomorphism w,
then v is a normal monomorphism.

Proof. See [JMT02, Proposition p.382] where (SA*6) corresponds to the statement of
the lemma. O

4.2 Internal Actions and Semidirect Products in
Semi-Abelian Categories

We have seen in Sections 3.2 and 3.3 that, in Grp and CRng, the categories of B-
objects are isomorphic to the Eilenberg-Moore category C?*(-) (see Propositions 3.2.2
and 3.3.1), which motivates us to use this category as the general definition for the
category of B-objects.

Definition 4.2.1. Let C be a semi-abelian category. For B € C, we define the category
CP (=) of B-objects as the Eilenberg-Moore category of the monad Bb(—) (see Corollary
3.1.8). Given a B-object (C,¢), the arrow ¢ is called an (internal) action of B on C.

As a reminder, to show the equivalence between the B-objects and the split short exact
sequences in Grp and CRng, we used the semidirect product. We will do the same here
so let us define this notion in the semi-abelian context.

Let B be an object of a semi-abelian category C. Given a B-object (C,¢), we consider
the two parallel arrows kp ¢ and 9 0 §: BbC' — B + C where 1: C' — B + C denotes
the inclusion of C'in the coproduct B 4+ C'. Since C is finitely cocomplete by Proposition
4.1.6, we can take a coequaliser q: B+ C — @ of these two arrows and it is this object )
that we will use as the definition of the semidirect product of (C,€).
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Definition 4.2.2. Let (C,§) be a B-object. A semidirect product of C' by B (relative
to the action & is the object () obtained by taking a coequaliser g: B+ C — @ of kp ¢
and 19 0 & where 15: C' — B+ C'is the inclusion of C' in the coproduct B + C. We write
B Xe C = Q

BC 2% B+ C —1 Bx C

s

C

A categorical definition of the semidirect product already appears in [BJ98, Section 3.2]
but with a different approach (for example, they work with points instead of split short
exact sequences but, as we have shown in Proposition 1.3.23, they are equivalent in
the pointed protomodular context). Here, we tried to give a definition not too difficult
to understand and such that it is relatively easy to see that it is a generalisation of
the semidirect products we already know, as we will show for Grp in the following
example.

Example 4.2.3. Let us check that the semidirect in Grp (see Reminder 2.1.3) verifies
this definition. Let us recall that the action ¢: B — Aut C induced by a B-object (C, &)
is given by ¢(b)(c) = &(bcb™!), b € B, ¢ € C. We will show that

b (1,b)

:BxC — (C %y B:
e ¢ {cr—>(c,1)

is a coequaliser of kg and 15 0 & (we remark that it is indeed a group homomorphism
since it is the arrow induced by the inclusions of B and C in C' x4 B by the universal
property of the coproduct B x C).

BYC 2% By C —1s O %y B

|

C

First, let us evaluate g o kg and go (150 &) on a generator beb™! of BbC in order to
show that ¢ coequalises kp ¢ and 15 0 {. We compute

a(rro(bed™)) = a(beb™) = (1,6) (e, 1)(1,) " = (¢(0)(e),b)(1,7") = ((b)(c), 1)

and
¢((t2 0 &)(beb™)) = (&(beb™), 1)
which are equal as desired by construction of ¢.

Now, given f: B* C — D such that fokrpc = fo(120¢&), we must show that we have
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a unique group homomorphism ¢: C' x4 B — D such that g oq = f.

BbC B+C —"% Cx, B
¢ / \ 27
C D

We set p: C x4 B: (¢,b) — f(cb). We easily see that we have ¢ o ¢ = f as wanted (by
checking for the generators of B % C'). Let us check that ¢ is a group homomorphism.
Given (c,b), (¢,V) € C x4 B, we compute

e, D)p(c V) = F(eh)F() = f(ebdV) = F(cbeb™bY) = f(e)f (kp.c(bb™)) F(B)
F(e) (12 0€) (b)) F(BY) = F(e) F(@(b)()) F(BY) = f(ch(b)(c)bb)
¥

(cod)(), b) = p( (e, b)(¢, 1))

so ¢ is a group homomorphism as desired. Finally, its uniqueness follows from the fact
that ¢ is an epimorphism since it is surjective.

The fact that the semidirect product is a coequaliser lets us see it as a quotient of
B x C. More precisely, C' x4 B is the quotient of B x C' by the normal closure of
{(bcb™1)p(b)(c)™' : b€ B, c € C}. In this quotient, we have bc = ¢(b)(c)b for b € B,
¢ € C' so we can rewrite its words by gathering the letters from C' on the left and those
from B on the right. If we do this, we easily see that the multiplication of this quotient
corresponds to the one of the semidirect product from Reminder 2.1.3 as expected. More
formally, using this fact, we can show that the “natural” map from this quotient to the
semidirect product is an isomorphism (similarly to the proof of Lemma 3.2.1).

Now, we will show that, for an object B of a semi-abelian category C, the categories
CP(=) and SSES¢(B) are equivalent as announced in the introduction of the chapter.
Like for the semidirect products, this result was first obtained in [BJ98] but we chose to
follow a different approach.

Let us describe this equivalence. Given a B-object (C,¢&), we associate it to the split
short exact sequence forming the second line of the diagram below where the arrow « is
given by the universal property of the coequaliser q of kg and 1z 0§ (11 and ¢y being
the inclusions in the coproduct B + C').

(1,0)
0—>BbC’—>B—|—C’L>

| b
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Conversely, to a split short exact sequence

0 C 23 A——B—>0,
B

we associate the action £: BbC' — C induced by the universal property of the kernel s
in the following diagram.

1p,

0 —— BC 2% g 2% B

3 w,% H

0 C AiB%O

Theorem 4.2.4. Let C be a semi-abelian category and B be an object of C. Then the
constructions above give us an equivalence between the category CP*) of B-objects and
the category SSESc(B) of split short exact sequences over B.

To show this equivalence, we will again use Proposition 1.1.7 and construct a weak
equivalence F': SSES¢(B) — CP*). Since the proof of this theorem is quite long, we
will split it in the following subsections: the first one is dedicated to the construction
of this weak equivalence F' and we will show that this functor F' is essentially surjective
and fully faithful in the other two.

4.2.1 Construction of the Functor F
Given a split short exact sequence over B

0 c = A#B%O,

we consider the diagram

0—— BhC 2 B 2% B

3 “3”% H (4.1)

0 C AiB%O

where £: BbC — (' is the uniquely induced arrow given by the universal property of the
kernel x (we easily check that the right square with @ commutes), and set F(k, «, ) =
(C,€). We must check that (C)¢) is indeed a B-object, i.e. that £ o ne = 1¢ and
£o B, = £ opuc. As a reminder, 1o and puc are given by the induced arrows in the
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diagrams below.

C Bh(BHC) "B, gy (Bye) 2,
nc % K ue % <L17KB’C>J H
BIC o B4+ C — o B BIC > B4+ C — s B
B B

(4.2)

e For the first equation, using the uniqueness of the universal property of the kernel
k (or the fact that k is monic) on the diagram

(obtained by combining the diagram (4.1) and the first diagram of (4.2)), we have
directly the equality {one = 1¢ since both one and 1¢ are equal to (5, kK)o = K
when postcomposed with k.

e For the second equation, let us recall that Bb¢ is the image of 15+ & by the kernel

functor.
Bo(BbhC) 22, By (Byo) 2V, B
iBbf J13+£ H
BoC — e plo Us9 g

Combining this diagram with the diagrams (4.1) and (4.2) (the second one), we

obtain
0 —— By(BhC) —22% B+ (BhC) —20
ne | | Boe <L1,n3,0>u13+£ H
0 . BC P g +C
5V <B,H>J H
0 C . A== B——0

Using the computation rules of Remark 3.1.5, we notice that both (8, k) o (11, kp.c)
and (8, k) o (1p+ &) are equal to (3, ko &). Hence both £ o BbE and £ o pue give us
to (8, k0&) o kg pye when postcomposed with x, showing that £ o BbE = € o e as
expected since k is monic.
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These two things shows that F' is well defined on the objects.

For the arrows, given an arrow (f, g) in SSES¢(B) as in

0 C— 3 A——B—0
B
ool ’
0 cr A A;%jB——%O

we set F(f,g) = f:(C,§) — (C',() where ¢&: BoC — C and (: BbC" — C' are
the induced arrows given by the universal properties of k and A\ in the diagram be-
low.

Bh(C ~B.0 B+C 15,0 B
N (B.r) H\\\
Bof e r A—= B
, Jlg-kf g H
g
BhC' ALICENY Yol 10, g
C\\u m ol \
C A B
A 5

Let us check that f is indeed a morphism of Bb(—)-algebras, i.e. that (o Bbf = fo&. By
construction of £ and (, the upper and lower faces of the diagram above commute and,
by definition of arrows in SSES¢(B), the front faces commute too. By definition of Bbf
and the computation rules of Remark 3.1.5, we also see that the back faces commute.
For the middle face, using the computation rules and the commutativity of the front
faces, we compute

(0, A o(Ip+ f)=(0olp Ao f)=(dgor) =(g90f,gor)=go (B~

so it is also a commutative square. Finally, now that we know that all the squares
commute except the left one, we compute

No(fo&)=(gor)oé=go((B,r) orpc)= (6N o(ls+f))orpe
= (0,\) o (kpcr o Bbf) = Ao (Co Bbf)

so fo& = (o Bbf as desired since A is a monomorphism.

The compatibility of F' with composition and identities is immediate so it is indeed a
functor.
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4.2.2 [ is Essentially Surjective

Let (C, &) be a B-object. By construction of F'; we must find an object A and arrows ,
a, [ in C in order to complete the following diagram with a split short exact sequence
on the second line (making the two squares commute).

0 —— BC 22 pac 2% B

% (6., H (4.3)

Let t;: B— B+ C and 15: C' — B + C be the inclusions in the coproduct B + C'. As
explained before, we take a semidirect product g: B+ C — B x C of C by B. (Let us
remind that it means that ¢ is a coequaliser of kg ¢ and 13 0&.)

KB,C <1B’0>
0 — BWC —— B+C — B

N

0 C BxeC 72 B —— 0

K=QqoL2

We set k = qo iy and f = goy. Since (15,0)0(120&) =008 =0 = (15,0) 0 kp o,
by the universal property of the coequaliser ¢, we have a unique arrow a: B x¢ C' — B
such that aoq = (1p,0). Now that we have a candidate, let us check that it is indeed a
split short exact sequence that completes the diagram (4.3). By construction, it is easy
to see that the squares commute (the upper triangle on the left does not commute but
q coequalises k¢ and 10 & so the left square commutes as wanted) and that ¢ is equal
to the induced arrow (3, k) (it follows directly from our choices of k and ) so we only
need to check that we have a split short exact sequence.

e For the splitting, we have a0 = (o q) oty = (1p,0) 013 = 1p.

e Let us show that « is a cokernel of k. First, we compute a ok = (o q) o1y =
(1p,0) 0t = 0. Then, given f: B x C'— D such that f o x = 0, we must show
that we have a unique arrow ¢: B — D such that poa = f.

C%BDQCLB

EI:
f -~

D

Let usset ¢ = fofs. We compute (poa)or = 0 = for and (poa)ofs = polg = fof3.
Moreover, since we have kK = qo 1y and 3 = qot; with ¢ an epimorphism and ¢, ¢4
jointly epic (by the uniqueness of the universal property of the coproduct), £ and
[ are jointly epic by Lemma 1.3.4 so p o = f as wanted. Finally, the uniqueness
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of ¢ follows since « is epic (because it is split by (), showing that « is a cokernel
of k.

To conclude that we have a split short exact sequence, we must still show that k is a
kernel of . In order to do this, we will show that x is monic and use Lemma 4.1.7 to
deduce that x is a normal monomorphism, implying that it is a kernel of its cokernel «
as wanted by Lemma 1.2.1.

First, let us show that £ is a coequaliser of uc and BbE. We already know that £ o ue =
€ o B¢ since (C)¢&) is a Bb(—)-algebra and, again by definition of Bb(—)-algebra, we
have £ one = 1¢. Moreover, using the commutativity of the diagram below and the fact
that 1o = kp o one by construction of the monad (Bb(—), n, u) (see Corollary 3.1.8), we
compute

kp,c o (B, onpyc) = ((13 +§) OHB,Bbc) onpe = (lp+&) ois =130 =kpco(ncof),

where ip: BbC' — B + (BbC) is the inclusion of BbC' in the coproduct B + (BbC),
and

kp,c o (He o Npe) = (<L17 KB,C) © FéB,BbC) onpre = (L1, KB,c) O ls = KpC

with kg ¢ a monomorphism so BbE o npye = ne o € and e o npye = 1pye. This shows
that no and npg,c split the fork (ue, BbE, €) (see Definitions 1.2.17) so £ is a coequaliser
of uc and Bb¢ by Lemma 1.2.18.

ByC )

Bh)(BhC) —22%, B 1 (BbhC)
ucuBbg <L1,HB,C>H13+§
B — "¢, BiC
sl lwm
c —~&% B Xe C

We also have ¢ = (5,k) = coeq((t1,kpc), 15 +&). Indeed, let us recall that ¢ was
defined as a coequaliser of kK¢ and iy o § so, by the computation rules of Remark
3.1.5,

q0<b1,/‘iB,c>:(qoblaqoﬁB,d:<q0L1,qO(L205)>:q0<bl,b205>:q0(13+5)-

Moreover, if we have an arrow f: B+ C — D such that fo (11,kpc) = fo (1p+ &),
we also have fokpgc = fo(1p0&) by precomposing the previous equality with 5 (since
g+ & = (11,12 0&)) so we have a unique factorisation ¢: D — B X¢ C such that
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@ o f = ¢ by the universal property of ¢ = coeq(kp,c, t2 0 §), showing that ¢ = (5, k) is
also a coequaliser of (11, kp ) and 15 + €.

<L17ﬂ,>
B+ (BYC) =3 B+C — Bx.C

1p+¢ ‘
xe)
\ i

D

Now, we will use Lemma 1.2.15 to show that the two squares

By(BrC) 25 BoC B+ (BC) 2% By o
MCJ, JE (Ll,ch,c)J l(ﬁ’@

are pushouts in order to apply Corollary 1.2.6. For the right one, 1 + £ is split by
1g + ne by functoriality of 15 + (—) and, by the computation rules of Remark 3.1.5, we
also have

(t1,6B8,c) o (1 +1nc) = (Lolp,kpcone) = (L1, t2) = lprc

so this square is a pushout by Lemma 1.2.15.

BC — ¢ . B4+ C

ancl llB—‘rnc

Bh(BHC) 225 B+ (BHC)

/‘CJ JQI:HB,C)

BhC — ¢ . B4+ C

For the other one, Bb¢ is split by Bbne by functoriality of Bb(—) and, by the commu-
tativity of the diagram above and the fact that Kz ¢ o ne = 12 by construction of 1, we
compute

kp,c © (e o Bdne) = ((u1, kB,c) © kp.pye) © Bdne = (11, kp,c) © ((13 +1c) o /fB,c)
= (t1,kpconc)okpc = (l1,t2) ©kpe = lpic o kpo

= kB,c © lBye-

Thus we also have pi¢c 0 Bbne = 1p,¢ since rp ¢ is monic and we can again apply Lemma
1.2.15 to deduce that we have another pushout as wanted. Therefore, by Corollary 1.2.6,
we have that & = coker(BbE o ker u) and (3, k) = coker ((13 + &) o ker(ty, HB,C)) since
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pe and (11, kg o) are cokernels of their kernels by Lemma 1.3.7.

KB,BbC (1,0)

By(BvC) — B+ (BMC) —— B

MCJ (*) J<LI7HB,C> H

Moreover, by Lemma 1.2.7, the square (%) is a pullback so the kernels of ¢ and (11, kg ¢)
are such that ker(u1, kg c) = kg gy © ker pe by Lemma 1.2.4.

Now, let us consider the regular epimorphism /monomorphism factorisations

Ker pic %5 I =% BhC and Ker(t1, kg o) I BtC

of Bb¢ oker ue and (1 + &) o ker(u1, kp ¢), respectively, given by definition of a regular
category (see Definitions 4.1.1). By Lemma 1.2.9, £ and (f3, k) are cokernels of a and b,

respectively.
o Ker /’LC ] Ker<[/17 HB,C) Y
ﬂer MCI Iker@hth/

I By(BhC) —22°, B4 (BHC) J

\ucufzbs <L1,HB,c>u13+j (4-4)
¢ BC — % L, ByC b

i [

C £ B[ch

Moreover, applying Lemma 4.1.7 on the squares

Ker e —%—» 1 Ker(t1, kg o) SN
ker,uCI Ia ker<blﬁB,C>I Ib

where BbE, 15 + £ are normal epimorphisms by Lemma 1.3.7 since they are split and
a’, b are also normal epimorphisms by Lemma 1.3.11, we have that a and b are normal
monomorphisms.

Let us take a pullback (p1: P — C,p: P — B + C) of k and (8,k). Then, by
its universal property, we have a unique arrow ¢: BbC — P that makes the dia-
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gram

PP ,BiC

Pll l(ﬂ,n)

CT>BD<§C

commute. We will show that this induced arrow ¢ is an isomorphism so x will be a
monomorphism as a reflection of the monomorphism kg by a pullback (see Lemma
1.3.13). By Lemma 1.2.4, a kernel of p; (which exists since we are in a finitely complete
category) is given by an arrow ker p; : J — P such that pooker p; = b since b is a kernel of
its cokernel (3, k) by Lemma 1.2.1. Consider the following square.

a/

Ker pe = Ker(ty, KJB,C> -

I
y [~
J P

ker p1

Using the definition of ¢ and various equalities involved in the diagram (4.4), we com-
pute

pro((poa)od) =€o(Br okerpic) = (€0 o) o ker i = 0 = pr o (ke py o b)
and

P2 o ((@ oa)o a') = kp,c o (Bb§ oker uc) = ((13 +&)o HB,BbC) o ker pic
= (1g+ &) oker(t1,kpc) =bob/ =pyo(kerp; ob')

so the square above commutes since p; and py are jointly monic as the projections of a
pullback. Since @’ is strongly epic by Lemma 1.2.19, this square gives us a factorisation
j: I — J such that joa =¥ and kerp; o j = ¢ o a. Moreover, by Lemma 1.2.22, this
first equality implies that j is extremally epic since b’ is a regular epimorphism so it is
an extremal epimorphism by Lemma 1.2.21. Using the developments above, we obtain
the commutative diagram

a 3
0 1 B C —— C

) nc
SRS AU Sy

—
wonc

on which we can apply Corollary 1.3.16 to deduce that ¢ is an extremal epimorphism.
Moreover, since ppo¢ = Kp ¢ is monic, ¢ is also monic so it is an isomorphism by Lemma
1.2.23, implying that s is a monomorphism by Lemma 1.3.13. To finish the proof that
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k is a kernel of «a, we use Lemma 4.1.7 on the square

BhC 2% By

al lwm

to deduce that k is a normal monomorphism so it is a kernel of its cokernel « as desired
by Lemma 1.2.1.

4.2.3 F'is Fully Faithful

We must show that, given an arrow f: F(k,a,3) = (C,§) — F(\,7,9) = (C',()
where (k,a, ) and (\,7,d) are as in the diagram below, there is a unique arrow

(f',9): (k,a, B) = (A, 7,9) such that F(f',g) = f.

0 c—= Aﬁ%B%O
C VT
0 2 AN —— B —— 0

Since F(f’,g) = f’, we must set f' = f. Similarly to what we have done previously, we
have the diagram

(137())

BhC the B+C B
x \(M) ‘ \
Bbf C al A - B
J{lBJrf i p H
f 9!
BhC! B,C’ BiC i (15,0) B
X m : v \
C’ A B
A s

and, this time, we already know that everything commutes (with the dashed arrow
g removed) and we must show that there is a unique g: A — A’ that makes the
two front faces commute (the front right face having to commute in the two direc-
tions).

Let us take a coequaliser ¢: B+C — B x¢C of kp ¢ and 10§ to construct a split short
exact sequence like we have done to show the essential surjectivity of F' in the previous
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subsection.
0)

K <17
0 —— BC "% B —= B

| s H
0 C o BxeC T B——0

B=qou1

Let us recall that @ is the unique arrow such that @o ¢ = (15,0) given by the universal
property of ¢q. Since we have

</67K>OHB,C:’€O€: <67H>O(L2o§)7

by the universal property of ¢, we have a unique arrow ¢: B X C' — A such that
poq=(B,K).

K=qoL2

0 0

C R B——
AR A
. (15.0)
o e B+C —— B
\ . » \
3 (B,k) o
B ——
B

Bb

0 C A

K

0

Using the fact that ¢ is epic, we check that this factorisation ¢ makes the two front
squares commute (the right one having to commute in the two directions). Therefore,
by the Split Short Five Lemma (Theorem 1.3.14), ¢ is an isomorphism such that poq =
(B, k) so (B,k): B+C — Ais also a coequaliser of kp ¢ and 150&.

Let tj: B — B+C" and i,: C' — B+’ denote the inclusions of B and C’, respectively,
in the coproduct B + C’. We compute

((5,/\>o(13+f))o(b2o£):((5,>\>o(leof)ogz)\ofofz)\o(COBbf)
= (0, o k) o Bbf = ({6, \) o (1 + f)) o ipc

so, by the universal property of the coequaliser (3,x) (we just showed that it is a
coequaliser of kp ¢ and 1y 0 §), we have an arrow g: A — A’ such that go (5,k) =
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<5>)‘> © (1B+f)'

(1,0¢,B)

ByC the B+C B
B f C u A B
1p+f i
f 9,
KB,c! i {15,0c )
By’ ’ B+’ !
C’ A’ B

)

Let us check that this arrow g makes the front faces commute as wanted. We com-
pute

e gor=go({f,K)01) = (((5,)\>o(13+f))0L2:<5,)\>o(a’20f):)\of,
o goB=go((B,r)ou)= (5N o (lp+f))ou= (5N o ols) =04,
e (yog)o(B, k) = 70(((5, )\>o(13+f)> = (15,00 g)o(lg+f) = (1,008) = ao(f, k)

so v o g = a since (3, k) is epic as it is a regular epimorphism (as a coequaliser of
kpc and 1y 0¢).

Moreover, g is indeed the unique arrow making the front faces commute since x and (5 are
jointly epic by Lemma 1.3.3 combined with the definition of protomodularity (Definition
1.3.5). Therefore, this shows that F' is fully faithful and finishes the proof of Theorem
4.2.4.
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Chapter 5

Examples of Internal Actions

To end this thesis, let us look at some examples to apply the theory we developed in the
previous chapters. First, we will look at actions in Examples 4.1.5 we did not already
cover, Set,? and abelian categories. Then we will present how we can use the equiva-
lence of Theorem 4.2.4 to generalise two kinds of actions well-known in some particular
contexts (like Grp, for example), trivial actions and conjugation actions. In the fifth sub-
section, we will see how we can change the object that is acting and how this so-called
change of base behaves. Finally, we will take a very quick look at actions of monoids,
which is an example where we cannot apply our theory since Mon is not semi-abelian
(we have seen in Example 1.3.8 that it is not even protomodular).

5.1 Internal Actions in Set)”

We will construct the monad Bb(—) and its algebras from the point of view of its opposite
category, Set,. In order to avoid heavy notations, we will omit the op’s and the base
points when it is not necessary.

Given (B, *p), (C,*c) € Set,, the cokernel kpc: B x C — BvC of (15,0): B— BxC
is given by the canonical projection from B x C' to BbC' where BbC' is the quotient of
B x C'in which we identify all the couples of B x C' of the form (b, *¢). Given an arrow
g: C' — C'"in Set,, its image Bbg: BbC' — BbH(C' is the arrow between the quotients BbC'
and BbC" induced by the map 15 x g: (b,c) € Bx C — (b,g(c)).

1Y pyc ", Byo
H llBXg iBbg
B 120 gy B By

For C' € Set,, the components of the natural transformations n: Bb(—) — lgse, and
w: Bb(—) — (Bb(—))2 are given as follows (see Corollary 3.1.8):
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o nc: [(b,c)] € BC —ceC,
o pic: [(be)] € BC v |(b,[(b,0)])] € By(BOC).

50  pyc — " | Byo

| |
I I
\ 1nC H l(ﬂl,;iB’C) el
) ~+
(1p,0) KB,BbC
— —

B x (BbC) Bb(BbC)

(1,0) kB,C
—

Now, let us look at the algebras of Bb(—). Such an algebra is an object (C,*¢) € Set,
together with an arrow £: C' — BbC satisfying the equations Bb¢ o & = puc o & and

neo& =le.

c—5 B C— B
gl leg \ J{TIC

The second equation means that, if we write {(c) = [(b, ¢)], we must have ¢ = ¢. There-
fore, we can write ¢: c € C' — [(qb(c), C)} € BbC for a certain map ¢: C — B. Moreover,
since all the couples of B x C of the form (b, *¢) are identified in the quotient BbC' and
all other couples are the unique representative of their class, we have a unique way of
choosing ¢ such that it is a pointed map from (C,*¢) to (B, *p). Now, let us look at
the first equation. We compute, for ¢ € C,

(B5)(60)) = (B ([(#(0).)]) = | (6(0). [(6(0).¢)] )| = ne([(60).€)])
= o (é(e))
so this equation does not tell us anything new.

A morphism f: (C,€) — (C",() of Bb(—)-algebras is an arrow f: C' — C’ between the

underlying objects making the diagram

c 1

e| ¢

BC —— B’
Bvf

commute. Let ¢: C'— Band: C' — B be the unique pointed maps such that
E:celCr [(gb(c),cﬂ € BWC and (:delC' {(@D(c’),c')} € Bv(C'.

Then the commutativity of the diagram above means that, for all ¢ € C,

(@) = |(6(5@). 1@)] and - (Bo)(60) = [(6(0), £1€))]
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must be equal. Since it is always true for the second component, this equation tells us
that we must have ¥ o f = ¢ on all C' except the kernel of f (i.e. except for ¢ € C
such that f(c) is the base point *¢ of C’) for which we have no condition since all
couples of the form (b, *¢r) are identified in the quotient BbC’. Therefore, a morphism
f:(C€) = (C',C) of Bb(—)-algebras is an arrow f: C' — C” in Set, such that, for all

ce C\Kerf, w(f(c)) = ¢(c).

Now, let us look at the equivalence between these actions and the split short exact
sequences given by Theorem 4.2.4.

Consider a B-object (C,€¢) and let ¢: C — B be the unique pointed map such that
ErceC— {(gzﬁ(c), c)} € BbC'. Its semidirect product is the equaliser of kg ¢ and £ o 7o,
i.e. we have

Bng:{(b,c)EBxC\FLBC(bc)zé( 2(b,0)) } = {(b,c) € Bx C|[(b,c)] = &(c)}
={(b,0) e BxC[[(b,)] = [(é(c),c)]}
— {(b, )eBxC|b_ ()}U{(b,c)eBxC’]c:*C}.

Therefore, B x¢ C' is the union the graph of ¢ (with the factors of B x C' swapped) and
the axis {(b,c) € B x C' | ¢ = *¢}. Then the split short exact sequence corresponding
to (C,€) is

OEB#B&C "L C 0

where a, § and k are given by a(b) = (b, *¢), B(b,¢) = band k(b,c) = ¢

Conversely, given a split short exact sequence

0 — B ——A-",C 0

in Set.?, it induces an action £ of B on C' as in the following diagram.

O%Béfl = C 0

B
T e
B

Explicitly, since x is a normal epimorphism, it has a unique splitting 0: C' — A and
this splitting is such that o (/@(@)) = a for all a € A that is not sent to the base point

of C by k (i.e. for a ¢ Kerx). Then the action ¢ is given by £(c) = [(B((S(c)), c)] for
c € C. In terms of pointed maps from C' to B, this action corresponds to the pointed

map ¢ = 090.

91



5.2 Internal Actions in Abelian Categories

In an abelian category C, every coproduct is a biproduct and we have that, for B, C' € C,
a kernel of (15,0): B&C — B, which is in fact the projection 7;: B&C — B of B&(C
on B, is given by the inclusion t5: C' — B & C so we can choose BbC = C. Then we
also see that, given an arrow g: C' — C” in C, its image by the functor Bb(—) is g itself
so the functor Bb(—) is simply the identity functor.

BYC =C S22, pgo 120, B
| Bog=g lls'i‘g H
B =C 22 g o 20 B

Since we may choose kernels in such a way that Bb(—) is the identity functor, it allows us
to easily describe its algebras. By definition, such an algebra is a couple (C, §) where C'is
an object of C and &: BbC' — C'is an arrow such that {0 BbE = {opue and one = 1¢. By
Corollary 3.1.8, n¢ is the uniquely induced arrow in the diagram

| L2
ne
W

but the arrow kpc: BbC — B @ C is also the inclusion iy so we deduce that n¢ is
the identity 1. Then the equation & o ng = 1¢ tells us that & must be a splitting of
Ne = 1o so we find £ = 1¢. This shows that every action in an abelian category is
trivial. Moreover, §& = 1¢ also verifies £ o BbE = £ o u¢ since we can check that pc is
given by 1¢ so these trivial actions always exist.

For the morphisms, we remark that, since the actions are trivial and Bb(—) is the identity
functor, the equation they must verify is always satisfied so these morphisms are simply
arrows in C with no other condition.

BhC = ¢ 2= pror

5:1% Jg:lc,

Cfcl

These two things show us that the category CP*(7) of B-objects is isomorphic to the
underlying category C. Let us remark that we only use the fact that Bb(—) is the
identity functor to show that the category C®*(=) of its algebras is isomorphic to C, the
assumption that C is abelian is only needed to show that Bb(—) = 1¢, not in the rest of
the argument. Moreover, to show that we have the identity functor, we only used the fact
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that our coproducts are biproducts. To summarise, the fact that every action is trivial
in an abelian category follows from the combination of the three following independent
properties :

e any abelian category has binary biproducts,

e the existence of binary biproducts (with B) implies that Bb(—) is the identity
functor and, more precisely, is part of a monad whose unit and multiplication are

11(;7

e the Eilenberg-Moore category C'¢ of a monad of the form (1¢,1;,,1;,) is isomor-
phic to the category C itself.

(In fact, this reasoning holds in an additive category (see [Bor94, Section 1.2]): see
[BJ98, Example 3.3].)

In terms of split short exact sequences, the fact that every action is trivial corre-
sponds to the fact that every split short exact sequence in an abelian category is of
the form

0—+C—=BaC —= B ——0
L2 L1

where 11, t5 and m, m are the inclusions and projections of the biproduct B & C,
respectively.

5.3 Trivial Actions

In the previous example, we said that every action in an abelian category is trivial but,
even if we can intuitively understand why these actions can be considered as trivial, we
did not give a clear definition of what we meant by calling an action trivial. Therefore, in
this subsection, we will try to give a formal definition of this notion.

5.3.1 Definition

Since the form of the monad Bb(—) can widely vary based on the category we consider,
we will use the equivalence of categories of Theorem 4.2.4 to define the general notion
of trivial action in terms of split short exact sequences.

In the previous section, we have seen that trivial actions in an abelian category corre-

spond to split short exact sequences of the form

00— C =5 B&C—=B—0

(where ¢1, 15 and 7, my are the inclusions and projections of the biproduct B & C,
respectively) but, in an arbitrary semi-abelian category, biproducts do not necessarily
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exist (in fact, while looking at the abelian context, we have seen that their existence
implies that every action is trivial) so we must determine if we must use products or
coproducts for the generalisation we are looking for. For that, let us look at trivial
actions in Grp. A trivial action in Grp is a group homomorphism of the form ¢: B —
AutC': b — 1¢ and, in terms of split short exact sequences, by Proposition 2.1.4; it
corresponds to the split short exact sequence

ol o == B — 0

(1370)

0 C

where m; is the projection of B x C' on B. Thus, with this example in Grp in mind, we
use these split short exact sequences of the form

(0,10)

BxC——= B ——0,
(1370)

0 C

m being the projection of B x C' on B, as the general definition of a trivial action
via the equivalence of categories of Theorem 4.2.4. (Let us note that split short exact
sequences of this form always exist since we only need a binary product, which exists
since semi-abelian categories are finitely complete. Therefore, for all B, C' € C, there is
always a trivial action of B on C.)

Furthermore, since we have a product in the middle of these split short exact sequences,
we can give an explicit formula for trivial actions as follows: such a trivial action is
induced as in a diagram of the form

0— By -2, gy 2%,
4 <<1B,o>,(o,1c>>l H
0 C BxC———B — 0
0.1c) o

so, using the identity ((fi1, f21), (fi2, f22)) = ((f11, fi2), (fa1, f22)) (Whenever it makes
sense) and the commutativity of the left square, we compute

é = T2 0 (07 10) © 5 = T2 © (<(1B70>7 (07 1C>> o ’%B,C) = T2 0 (<1B70>7 <07 1C>) ©KpB,C
= <0,10> OKJB,C

and we check that it indeed corresponds to trivial actions in abelian categories, Grp and
the two following examples.

94



5.3.2 CRng

Now, let us apply this new definition in CRng. By Proposition 2.2.7, a split short
sequence as above gives us an action ¢: B® C — C of B on C' defined by the formula
d(b®c) = (15,0)(b)c = 0 where the multiplication (15,0)(b)c and the last equality are
made via the identification C' = Kerm; = {0} x C' < B x C: ¢ ~ (0,¢). Therefore,
a trivial action of B on C in CRng is simply a zero arrow 0: B @ C' — (. Let us
remark that, even if we also obtain a zero arrow 0: B — AutC': b — 1 for trivial
actions in Grp, the associated set-theoretical maps from the Cartesian product B x C'
to C are quite different: in Grp, we have (b,¢) € B x C' — ¢ € C whereas this map is
(b,c) € Bx (C+ 0 € C in CRng.

5.3.3 Set?

Let us now examine trivial actions in Set;’. By definition, a trivial action in Set.?
corresponds to a split short exact sequence in Set, of the form

0 —— B—— B4+C 22

<1B,0)

C 0

where ¢; denotes the inclusion of B in B + C. Since the unique pointed splitting of
(0,1¢) is the inclusion ¢y of C' in B + C, by the developments we made in Section
5.1, the action corresponding to this split short exact sequence is the pointed map
¢: C — B:cw (1p,0) (@(c)) = *p (where *p is the base point of B), which is again a
zero arrow, as we could have expected.

5.3.4 Actions of Trivial Objects

We remark that, in Grp, CRng and Set}’, every action of a trivial object is trivial and,
not surprisingly, it is a general fact as we will see in this subsection. In terms of split
short exact sequences, if we have a split short exact sequence

0 C -5 A——DB——0

with B = 0, we immediately have that o and 3 are zero arrows and, since o = 0, we
also deduce that k = ker v is an isomorphism. Since the only choice (the choice of k)
we have is unique up to isomorphism, this shows that, if B = 0, all the split short exact
sequences of the form

0 c = A#B%O
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are isomorphic to each other and, in particular, are isomorphic to

0,1¢)

BxC—= B —0
(13’0)

0 C

as wanted. From the point of view of Bb(—)-algebras, for each C' € C, the biproduct
B @ C exists since B is trivial so, by the observation at the end of Section 5.2, every
action of B is trivial and, more precisely, the category C?*(=) of B-objects is isomorphic
to the underlying category C.

5.3.5 Actions on Trivial Objects

In the previous subsection, we have seen that an action of B on C is trivial if B = 0.
Let us now look at what happens when it is C' that is trivial. Since an action is an arrow
from BvC to C' and C' = 0 is terminal, we have a unique action ¢: BbC' — C' and this
action is trivial since trivial actions always exist (the definition given in Subsection 5.3.1
only need a binary product, which exists since C is finitely complete). In terms of split
short exact sequences, if we have a split short exact sequence

0 C -3 A——DB——0
B

with C' = 0, k is trivial thus o = coker x is an isomorphism and so is S as a split-
ting of an isomorphism. Therefore, all split short exact sequences of the form above
are isomorphic and thus corresponds to a trivial action (since such an action always
exists).

Finally, let us show that (0,&) is a zero object in C?*(=) (where ¢ is the unique action
on 0, which is trivial). Since a morphism of B-objects is an arrow in C, the uniqueness
of the arrows from and to 0 is immediate (since 0 is a zero object in C) so we just need
to check that these arrows are morphisms of B-objects. For that, let us first look at
Bb0. Since (15,0): B+ 0 — B is an isomorphism, we find that Bb0 = 0 as the kernel of
an isomorphism. Therefore, we easily see that the following diagrams always commute
(both members of the equations they express are trivial arrows), which shows that the
unique arrows from and to 0 are morphisms of B-objects, finishing the proof that (0, ¢)
is a zero object in CB(7).

Bbf Bbf

Bv0 =0 —% ByC BYC L5 Bho =0
e| ¢ ‘| e
0—F—C ¢—F—0
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5.4 Conjugation Actions

If we have a normal subgroup N of a group X, we know that X acts on N by con-
jugation, i.e. the formula ¢(z)(n) = znz~! for z € X and n € N defines an action
¢: X — Aut N. Let us see how we can generalise this notion in a semi-abelian con-
text.

5.4.1 Definition

First, let us define a normal subobject. A subobject of an object X is a monomor-
phism i: N — X (up to some equivalence relation but we omit it since we will not
use it in the following) and such a subobject i is normal if it is a normal monomor-
phism.

Now, let i: N — X be a normal subobject of an object X in a semi-abelian category
C and let us explain how we define the conjugation action of X on N. We consider the
cokernel ¢: X — X/N of i and the kernel pair (Eq(q)7 P1, p2) of this cokernel ¢q. First,
by Lemma 1.2.4, the kernel object of p; is the same as the one of ¢, i.e. it is IV since @
is the kernel of its cokernel ¢ by Lemma 1.2.1.

N ker p1 Eq(q) P1 X
. p2

lq (5.1)
X —— X/N

q
Moreover, p; is a split epimorphism by Lemma 1.2.14 so, by Corollary 1.3.10, we have a
split short exact sequence

KR Ba(q) ﬁ: X —0,

0 N

where the chosen splitting A is the unique common splitting with py given by Lemma
1.2.14. Tt is this split short exact sequence we use as the definition of the conju-
gation action of X on N, passing through the equivalence of categories of Theorem
4.2.4.

5.4.2 Grp

Let us check that this definition is indeed a generalisation of the conjugation actions
we know in Grp. Let us consider a normal subgroup N of a group X. We denote
i: N — X the inclusion of N in X and ¢: X — X/N the canonical projection of
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the quotient X/N (which is indeed a cokernel of 7). Then the kernel pair of ¢ is the

group
Ba(q) = {(z1,22) € X x X [ q(x1) = qa2)} S X x X

with the projections py, p2: Eq(q) — X given by the projections of the product X x X
restricted to the subgroup Eq(q) < X x X. Now, we consider the split short exact

sequence
—~ p1

0 N —= Eq(q)?X%O

where x is the inclusion of the canonical kernel N of p; in Eq(q) and A is given by
A(z) = (z,z) for x € X. The first object N of this split short exact sequence is not
exactly NV but we have

N= {z € Ea(q) [ pi(2) =1} = {(z1,22) € X x X | 21 = 1 and ¢(z1) = q(22)}
={(x1,22) e X x X |2y =1and 1IN = 23N}
={(z1,29) e X x X |y =1and xzo € N} ={1} x N

which is isomorphic to IV via the isomorphism ¢: N — N:n— (1,n) so we will be able
to transport our action from N to N. First, let us look at the action corresponding to
the split short exact sequence above. By the construction from Proposition 2.1.4, this
action of X on N is given by

2 (1,n) = A@)(1L,n)A@) " = (,2)(1,n)(@ ", a™) = (1,2n27")
for x € X and (1,n) € N. Finally, using the isomorphism ¢: N =N above, we obtain
the action of X on N given by

r-n= gofl(x : @(n)) = gpfl(x : (1,n)) = Y1, onz™t) = ana™?

for x € X and n € N, which is the conjugation action of X on /N as expected.

To go a little further, let us note that, if X is an abelian group, we know that every
subgroup N of X is normal and that the conjugation action of X on N is trivial. In
terms of split short exact sequences, it corresponds to the fact that the map X x N —
Eq(q): (x,n) + (z,zn) is an isomorphism of groups (the fact that X is abelian is
used to show that it is indeed a group homomorphism) and this isomorphism induces
an isomorphism between the split short exact sequences associated to the trivial and
conjugation actions. Let us remark that, instead of the assumption that the group
X is abelian, we can just ask that N is a normal subgroup of X contained in the
centre Z(X) = {x € X | zy = yx Vy € X} of X to find that this conjugation
action is trivial. Let us also note that, since we can rewrite the equation zy = yx
as xyr~ ' =y or yry~! = x, we can see Z(X) as the subset of elements of X that act
trivially by conjugation or as the largest normal subgroup of X on which X acts trivially
by conjugation.
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5.4.3 CRng

The conjugation actions in CRng follows more or less the same idea as the ones in Grp.
We obtain the same split short exact sequence (except that the additive group of our
rings is denoted additively instead of multiplicatively as in the example in Grp) so, by
Proposition 2.2.7, we have an action of X on N given by

z-(0,n) = A(z)(0,n) = (x,2)(0,n) = (0,zn)

for # € X and (0,n) € N. Then, by the isomorphism between N and N, we find that
the conjugation action of X on N is given by z-n =axn, x € X, n € N. Let us remark
that, similarly to what happens in Grp, a normal subobject N <X i.e. an ideal N <X, is
exactly a subobject that is closed under the conjugation action, i.e. such that x-n € N
forall x € X and all n € N.

Furthermore, like in Grp, if X is abelian (see Example 2.2.4), every subring N of X
is an ideal and we see that the conjugation action of X on NN is trivial. In this case,
the isomorphism between the split short exact sequences is induced by the isomorphism
X x N S Eqlq): (z,n) = (z,2 + n) where the fact that X is abelian is again used
to show that this map is indeed an arrow in the category we consider. Let us note
that, similarly to the case in Grp, the assumption that X is abelian is stronger than
what we need and we can just ask that the ideal N < X is contained in the centre
Z(X)={rxr € X |2y =0 Vy € X} of X, which is again the ideal of elements of X
that act trivially by conjugation or the largest ideal of X on which X acts trivially by
conjugation.

5.4.4 Set®

Let us end these examples with Set,?. A normal subobject in Set.? is a normal epimor-
phism i: (X, *x) — (NN, *y) in Set, so it has a unique splitting j: N — X. Then we
must look at the pushout

X/N —L - X

f| po

X —5 Coeq(q)

where ¢ is a kernel of i. More explicitly, we have X/N = {x € X | i(x) = xy} with
q being its inclusion in X and Coeq(q) = (X + X)/ ~ where X + X is the disjoint
union of two copies of X with the two base points identified and x; ~ x5 if 1 and
x9 are equal or represent the same element of X/N C X. The inclusions p; and po
are given by the inclusions of X in X + X postcomposed with the canonical projection
X+ X —(X+X)/~. Then a cokernel of p; is given by the pointed map from
Coeq(q) to N defined as follows:
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e if x € Coeq(q) comes from the first copy of X, it is sent to the base point,

e if x € Coeq(q) is one of the remaining elements of the second copy, i.e. an element
of X \ (X/N) from this copy since its elements in X/N are identified with their
analogues in the first copy, it is sent to i(x) € N.

The unique splitting 6: N — Coeq(q) of this cokernel is given by the pointed map
that sends n € N to the class of j(n) from the second copy of X. For the common
splitting A: Coeq(q) — X of p; and py, it sends an element of Coeq(q) to the ele-
ment of X it represents. Combining all these things, we obtain the split short exact

sequence
) coker p1

N 0

0 — X p?l Coeq(q

which gives us the action ¢: N — X:n — A(é(n)) = j(n) (see Subsection 5.1).
Therefore, we find that the conjugation action we were looking for is simply the unique
splitting 7 of i: X — N.

5.4.5 Conjugation Actions and Normal Subobjects

To end this section, let us briefly look at the link between normal subobjects and conju-
gation actions. In Grp and CRng, we have seen that normal subobjects are exactly the
subobjects that are stable by the conjugation of X on itself. We can reformulate this by
saying that they are the subobjects that admit a conjugation action of X on them and,
in fact, the existence of such an action is equivalent to the normality in a more general
context, the semi-abelian one.

First, let us define what we mean by a conjugation action (in Subsection 5.4.1, we used
the normality of N so we cannot use it as a general definition). Each object X gives
us a normal subobject 1x: X — X so we can apply the construction of Subsection
5.4.1 to have a conjugation action £x: XbX — X of X on itself. Then, for a subobject
i: N — X of X, we say that X acts by conjugation on N if we have a factorisation
Ev: XON — N in the diagram below.

XbN -5 N

szi i

XX —— X
Ex

Such a factorisation &y is unique since 7 is a monomorphism and we call it the conjugation
action of X on N.

Before showing the equivalence between the normality of a subobject and the existence
of a conjugation action, let us look more in detail at the conjugation action £x of X on
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itself. This action £x corresponds to the split short exact sequence

(OalX)

XxX =X —0
(1x,1x)

0 X

where 7 is the projection of the product X x X on its first factor since we easily check
that the kernel pair of the cokernel of 1y, which is 0: X — 0, is the product X x X with
its projections, that the common splitting of these projections is the diagonal (1y, 1x) of
X x X and that (0,1x): X — X x X is a kernel of ;. Let us note that we have a short

exact sequence of the form 0 — X MX x X - X — 0 like for trivial actions

(see Subsection 5.3) but a conjugation action of an object on itself is not necessarily
trivial since the splittings of m; we consider in these two situations are not the same in
general. Moreover, again similarly to trivial actions, we can show that this conjugation
action is given explicitly by {x = (1x,1x) o Kx x.

Now, let us show that the definition of conjugation action above corresponds to the con-
struction of Subsection 5.4.1 if the subobject i: N — X is normal. Putting together the
diagrams used to construct the conjugation actions £y and £x in the sense of Subsection
5.4.1, we obtain the diagram below where ¢;, ¢] are the inclusions of the first factor in
X + N and X + X, respectively (the diagrams of the constructions of £ and {x are the
top and bottom faces, respectively).

" (I1x,0n,x)
XbN X X+ N — X
“
x‘ \(A;kerpl) \
Xbi N kerp Eq(q) I: X
. 1x+i
g (p1,p2)
KX.X <1X70X,X>
XbX ’ X+ X X
Y
\‘ <(1X’1X)7(091)N \
X
X X x X - X
(0,1x) (Lx.1x)

In order to show that £y is a conjugation action as we defined in the general case, we must
show that the left face commute. By some computations, we see that all the other faces
commute (for the left front face and the middle one, let us remind that pyokerp; =i: see
(5.1)) so the left face commute as expected since (0, 1x) is monic.

Finally, let us show that, if we have a subobject i: N — X of X such that the conjugation
action £y of X on N exists, then ¢ is normal. For that, we will apply Lemma 4.1.7 on
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the square below.
XbN 2 X+ N

£Nl l(lxﬂ')

N>1+>X

The arrow (1x, i) is a normal epimorphism by Lemmas 1.2.10 and 1.3.11 since it is split
by the inclusion ¢; of X in X + N and kx p is a normal monomorphism by definition.
Therefore, we just need to show that £y is a normal epimorphism and that this square
commutes in order to apply Lemma 4.1.7, which will let us conclude that ¢ is a normal
monomorphism as desired.

e To show that &y is a normal epimorphism, we will show that it is a split epimor-
phism split by 7y (let us note that it is not a consequence of the fact that (N, &)
is a X-object since we have not yet proved that &y is an action), which implies
that it is a normal epimorphism, again by Lemmas 1.2.10 and 1.3.11. For that,
consider the diagram

N ™ XpbN - N

| |

X — XbX — X
nx Ex

where x denotes the conjugation action of X on itself. This diagram is commuta-
tive by naturality of 1 and definition of {5 so we have io ({yony) = (Exony)oi =
1y ot =101y since £x is an action. Finally, since i is monic, we conclude that
Evony = 1y (i.e. that £y is split by ny) as announced.

e For the commutativity of the square, let us consider the cube below.

XbN Xbi XbX
xzv &X
e X4+ N X+X
Ex
<1X7Z> J
N ! X <(071X)7(071X)>
\ (Om
X X x X
(Ole)

To finish the proof, we must show that the left face commutes. In order to do that,
let us first show that all the other faces commute. It is immediate for the bottom
one and the top and back ones commute by definition of Xbi and &y, respectively.

For the right one, using the identity <(f11,f21), (f127f22)> = (<f11,f12>> <f21,f22>)
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(whenever it makes sense), we compute

((0,1x),(0,1x)) o ix.x = ({0,0), (1x,1x)) o kix x = (0, (1x, 1x) © kx x)

and
(0, 1X> O€X = (O, 1X> e} (<1x, 1x> o KX,X) = (O, <1X7 1x> o K/X,X)

since we have seen before that {x = (1x,1x) o kx x. Therefore, these two com-
posites are equal as wanted, showing the commutativity of the right face. Finally,
for the front face, we have

<(07 1X)7 (07 1X)> o (]-X + 1) = <(Oa ]-X)’ (07 ]-X) © l)

which is indeed equal to (0,1x) o (1x,7). Now that we know that all the faces
except the left one commute, we can also deduce that the left one commutes as
desired since (0, 1x) is monic (it is a kernel of the projection m; of X x X on its
first factor).

5.5 Change of Base

In this section, we will show that, given an arrow f: B’ — B in C, we obtain the
change-of-base functor f*: CP=) — CB*) that sends a B-object (C,&) to the B'-
object (C, € o fble) and an arrow in C%°(-) to the arrow in CZ*() corresponding to the
same underlying arrow in C (let us recall that morphisms of algebras for a monad are
arrows in the underlying category making a certain diagram commute: see Definition
3.1.2).

Before checking that the constructions above define a functor as wanted, let us see what is
the corresponding functor from the point of view of the split short exact sequences. This
corresponding functor sends a split short exact sequence of SSES(B) to the split short
exact sequence of SSES(B’) obtained as the first line of the diagram below by taking
first a pullback of v along f then a kernel of o’ (a kernel of o/ is indeed given as in the
diagram by Lemma 1.2.4). Since this functor is a pullback functor, we sometimes use the
terminology pullback of an action to talk about this change of base.

0 C —= A’?B’%O
I
0 C —= A?B—M)

Let us briefly explain why this pullback functor is indeed the functor corresponding to
our change-of-base functor. Using the equivalence of categories of Theorem 4.2.4, we can
construct the following diagram between the split short exact sequences corresponding
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to the actions & and o fblo where the middle arrow is induced by the universal property
of B’ x C' (which is defined as a coequaliser, as a reminder).

0 C BxC_—B ——0
| | |
0 C BxC —B——0

Then one can check that this diagram commutes so Corollary 1.3.17 tells us that the
right square with the horizontal arrows pointing to the right is a pullback, showing that
the functor corresponding to the change-of-base functor passing through the equivalence
of Theorem 4.2.4 is a pullback functor, as expected.

Now, let us check that the assignments of the first paragraph of the section form a
well-defined functor. First, let us look at the multiplication g/ and unit 1’ of the
monad B’b(—). By Corollary 3.1.8, their components are the induced arrows in the
diagrams

¢ B/b(B/bO) ’M B’ + (BIbC) M B
77/01 \ u’ci <L/1’HB/’C>l H
BYW —— B +C —— B’ B — B4 — B

KBl c (15/,0) Kpl C o 0)

where ¢}, ¢}, denote the inclusions in the coproduct B’ + C. We have similar diagrams
for Bb(—) and, using the arrow f to link them, we obtain the diagrams below, where ¢y,
Lo denote the inclusions in the coproduct B + C.

C
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Bh(BHC) rBBe B' + (B)C) Ler 0} B

\ wlc) f
h(fble)

7 Bh(BbC) — "2 B+ (Bhc) 20 B
(Lﬁv“B’,c)J H
e} <L17K/B,C>
1 HB/,C / <1B/,0> /
BhC B+ C B
f
frle f+1c
BbhC e B+C 0 B

We want to show that the two left faces commute to have relations between the multi-
plication and unit of B’b(—) and those of Bb(—) so we will show that all the other faces
(including the top one of the first diagram representing the equation (f + 1¢) o th = o)
commute. Let us check that for the middle face of the second diagram, the other ones be-
ing more or less straightforward. Once again thanks to the computation rules of Remark
3.1.5, we compute

(t1,kB,0) © (f + (fblc)) = (uo f,kpco fhle)

and

(f+1c) o, ko) = ((f+1c)ouy, (f +1c)okp o) = (o f,(f+1c)okp o).

Since (f + 1¢) o kpc = Kpce o fble by the commutativity of the bottom left face,
these two expressions are equal so the middle face commutes as wanted. Now that we
know that all the faces except the left ones commute, we deduce that these two left
faces also commute since Kp ¢ is a monomorphism. Therefore, we obtain the relations
fPle ony = ne and fvle o pup = pe o fo(fble) linking the multiplication and unit of
B'b(—) with those of Bb(—).

We now have all the necessary tools to check that the assignments described at the
beginning of the section form a well-defined functor f*.

e We must check that, given a B-object (C,£), its image (C,£o fbleo) is a B’-object,
i.e. that

(€0 fole) o (Bd(Eo folc)) = (€0 fol) o iy and  (£o fole) o = le-
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For the first equation, we consider the diagram

B’b(éofble)

fblc B'b¢

B’b(B’bC) BH(BHC) 225 Bive
fb(fm;) ., fMme " lfﬂc
e, By(BhC) -5 ByC

pe | Jf

B ——  BC —— C
fhle ¢

which commutes as wanted by the equality fblc o uy = pe o fb(fble), the bi-
functoriality of b and the fact that (C,&) is a B-object. For the second equation,
it follows directly from the equality fblc o np = ne and the fact that (C,€) is a
B-object.

e Let g: C — (' be a morphism between two B-objects (C,¢) and (C',(), i.e
such that ¢ o Bbg = g o £&. We must check that the same underlying arrow g is
also a morphism between the B’-objects (C, £ o fbls) and (C”, (o fbler), i.e. that
(Co fbler)oB'hg = go(Eo fblg). Tt is indeed the case, as the diagram below shows
(the top square commutes by bifunctoriality of b and the bottom one since g is a
morphism of B-objects).

BhC — B’
fbch/ J{fblcl
BvC —— Bb(’

| I

C—\y— C

e The functoriality of f* is immediate since it sends an arrow in C%(=) to the arrow
of CP”(5) corresponding to the same underlying arrow in C.

Before looking at some examples, let us note that, for every f: B” — B’ and g: B’ — B,
we have (g o f)* = f* o g* (it follows directly from the functoriality of b in its first
component) and that we also have the same functoriality property for the pullback

functor in terms of split short exact sequences (by a composition property of pull-
backs).

Finally, let us finish this section by mentioning how this change of base is given in Grp,
CRng and SetJ’.

e For an action ¢: B — Aut C' in Grp, f*¢ is given by f*¢ = ¢ o f.
e For ¢: B®C — C in CRng, we have (f*¢)(b' ® ¢) = qb(f(b')@c), bVeB, cel.
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e For ¢: C' — B in Set”, our new action is f*¢ = f o ¢.

5.6 Internal Actions of Monoids

An action of a monoid B on a monoid C' is a monoid homomorphism ¢ from B to the
monoid End C' of endomorphisms of C'. However, as we said in the introduction of the
chapter, Mon is not a semi-abelian category so we cannot use the theory of internal
actions presented in the previous chapter. In fact, there is also an equivalence between
actions and split short exact sequences in Mon but not all split short exact sequences,
only a subcategory of them, the Schreier split short exact sequences. See [BMFMS13|
for further information.
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Conclusion

The goal of this thesis was to explore a categorical notion of internal actions. In the first
place, we looked at two algebraic examples of actions — groups and commutative rings —
to highlight their similarities, which motivated a generalisation. After that, we presented
this generalisation and showed the main result of this work, the equivalence between
internal actions and split short exact sequences in a semi-abelian context. Finally, using
the fact that split short exact sequences have a “more transparent” categorical structure,
we used this equivalence to show how we can generalise some particular types of actions
like trivial actions and conjugation actions.

We have seen, in the last chapter, some applications of the theory of internal actions we
presented, but these are just the beginning of what this theory lets us accomplish. First,
gathering known actions like group actions and ring actions in a unifying framework
could allow us to use our knowledge on actions in certain categories to deduce proper-
ties of actions in other categories. Moreover, having another point of view is never a
bad thing and could highlight some properties of actions that would have been more
difficult to notice with the traditional definition, for example. Finally, such a theory
of internal actions is also interesting from a purely categorical point of view, through
its former links with commutator theory, for instance. Internal actions also allow us to
characterise certain properties of categories, like algebraic coherence or representability
of actions.

However, the theory we presented also has its limitations. In the last section of the last
chapter, we briefly saw that a notion of actions also exists in Mon but is not covered
by what we developed, since Mon is not semi-abelian. So a theory of internal actions
in a non-semi-abelian context could be an interesting thing to study. Another example
of actions not covered by our theory is the actions we mentioned in the introduction of
the document, where the object that acts and the one that is acted on do not belong in
the same category. Therefore, it also seems interesting to develop a theory of external
actions and see what are the relations between such a theory and the one of internal
actions.
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