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Abstract

This project is a proof of concept for the use of a parser for auto-formalization in
education. The aim was to build an easy-to-expand translation system for mathematical
proofs, translating natural language proofs to machine-verifiable lean4 code, statement
by statement.

One example of such a statement is “Considering the different possibilities of the
modulo operation, we have $q \mod 3 \in \{ 0, 1, 2 \}$.”. This translation works
by identifying keywords such as “have” to extract the meaning of the sentence, while
other “filler” words are ignored.

This allows us to write proofs in a way that is readable and feels natural, although
knowledge of the keywords is very important. We managed to create a system that will
allow us to easily add support for real numbers, inequalities, and justifications when
they will be supported in lean4.
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CHAPTER 1

Introduction

1.1 The problem with teaching proofs and proving
Most theorems can be proven in many ways, but ensuring that a proof is correct can

be quite difficult. Currently, proof verification relies either on external review to detect
errors in the reasoning, or on proof assistants, which verify proofs automatically. These
two methods both have their strengths and weaknesses.

External review is done by another mathematician, a teacher or a different student
checking for errors in the reasoning, while proof assistants use rules of inference to
automatically and mechanically check the validity of statements.

On the one hand, external review has the advantage of allowing one to write proofs
the “usual” way, using natural language, but at the expense of taking time and relying
on the reviewer to detect the errors, which does not guarantee correctness. On the
other hand, proof assistants can guarantee proof correctness, but use strict syntax, and
are usually harder to learn.

In the case of university students learning to prove theorems, the large number of
students with relatively limited prior knowledge make the flaws of both systems critical.
External review cannot be done by other students, as they are not used to writing proofs
and would have a hard time detecting errors or lack of rigor. If it is done by teachers
or teaching assistants, it quickly becomes a logistical problem; the large number of
students and large number of exercises needed to learn make this practically impossible.
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1 – Introduction

The last possibility, using proof assistants, is usually too complex for introductory
courses, especially when the aim is to teach theorem proving in general.

This results in most students learning to prove theorems by trying to get to the
teacher’s solution. This contrasts with the fact that there are many ways to prove a
statement, and students sometimes overlook small details that could be necessary to
be rigorous. It is therefore important to find a solution to give feedback to students
automatically.

1.2 How to automate feedback ?
The idea is to create a translation system between natural language and formal

proofs (using the strict syntax of a proof assistant). This would allow students to write
exercise proofs in natural language, translate it automatically and obtain feedback that
will tell them whether the proof is correct. The general problem of translating natural
language proofs into a formal language is called auto-formalization, and is a relatively
recent1 subject of research.

1.3 Our solution
For our use case, we need to take into account that a significant part of the input

sentences will be wrong and that the system should be explainable, as students need
to know how they can formulate their statements without too much trial-and-error.
These requirements rule out machine learning techniques used in most current research,
as they are not deterministic and lacks explainability, and drives us towards the use of
parsing. Although not an easy solution either, parsing allows us to better control the
translations and accepted input sentences.

This master’s thesis is based on Andres Zarza Davila’s work [2] conducted in 2020-
2021. He analyzed different proof assistants and choose lean3 as his target language.
He created a web interface around his translation system (including database and user
login) but unfortunately didn’t have the time to finish these features completely.

With the recent release of lean4, we decided to switch to this version, which
unfortunately is still in development and missing many important features. The working
examples are therefore very simple and closer to high-school level than to our target
audience (university students). The use of lean4, the structure of Andres’ work, and

1The earliest paper we found is a PhD Thesis from 2012 [1].
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1 – Introduction

the fact that it had many unnecessary features (more information in sections 2.4.1 and
2.5) made us start from scratch and try to build a more modular system.

Our focus was therefore to create a translation system that could be easily be used
as a building block for a larger system. This document explains how the program works,
along with its limitations and what improvements could be made.

To showcase this and make it usable, we also created a very basic command line
interface (CLI). This project is therefore split in 3 GitHub repositories: the main program
(natural2lean)2, the command line interface (natural2lean-cli)3 and the project
template4 (used to get access to a lean project containing some utilities).

2https://github.com/Augustindou/natural2lean
3https://github.com/Augustindou/natural2lean-cli
4https://github.com/Augustindou/natural2lean-lean-project-template
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CHAPTER 2

Related Work

In this chapter, we will give a general explanation of formal proofs and the auto-
formalization problem and explore a few related works applying machine learning and
parsing to the problem.

2.1 Formal proofs and auto-formalization
Formal proofs are structured1 and machine verifiable2. Each statement is derived

from previous ones, from assumptions, or from axioms using rules of inference. Systems
verifying these formal proofs are called proof assistants. Some of the most popular are
Coq [3], Isabelle [4], Mizar [5], and Lean [6].

These proof assistants have the ability to confirm that a proof is correct, but rely
on a strict syntax and sometimes use different ways of structuring proofs. This can
make them hard to learn and not especially useful when teaching the reasoning behind
theorem proving, while making the written proofs hard to read.

On the other hand, natural language proofs (not written with the specific syntax of a
proof assistant) have the disadvantage of not being verifiable while usually being more
readable than their formal counterparts. Many mathematicians are also familiar with

1Structured proofs are a list of statements where each statement can be derived from previous
statements or axioms using rules of inference.

2Machine verifiable proofs can be verified automatically by a computer program, called proof
assistant.
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2 – Related Work

natural language proofs and write their proofs in that way, while only a proportionally
small number of them tackle formal proofs.

To bridge the gap between formal and informal proofs, some researchers want to
automate the translation between the two. Translation from formal to informal is a
relatively easy task, as the formal proofs are more detailed and have less variation.
Some programs already do that fairly well, such as the Mizar-to-LATEX translator [7, 8].
The following sections describe some attempts at the more difficult task of translating
informal proofs to formal ones (a process called auto-formalization).

2.2 Proving in lean
Lean3 relies on hypotheses and tactics to prove theorems4. A hypothesis is a

proposition that has been assumed or derived from assumptions5. It has either been
assumed, or was derived from other hypotheses or from axioms using rules of inference.
Tactics allow us to manipulate these hypotheses to get to our goal (the proposition we
want to prove).

The basic tactics are quite simple; in the example below, we first used the “rw”
tactic, which rewrites a hypothesis. In this case, it replaces the a in hypothesis h0 by
2 (because hypothesis h1 tells us that a = 2). The “apply” tactic then transforms
our goal from b = 2 to 2 = b using the symmetry of the equality operator, which lets
us close the goal with the “assumption” tactic, checking for a hypothesis that is the
same as the goal.
example (a b : Nat) (h0 : a = b) (h1 : a = 2) : b = 2 := by

rw [h1] at h0 -- we get h0 : 2 = b
apply Eq.symm -- we now need to prove 2 = b
assumption -- closes the goal because h0 is 2 = b

This can seem quite complicated and verbose, but more complex tactics can be
written, such as “simp_all”, which rewrites hypotheses and simplifies them to get to a
conclusion. This tactic allowed us to automatically solve the goal in the example below.
example (a b : Nat) (h0 : a = b) (h1 : a = 2) : b = 2 := by

simp_all

3This is only a small explanation of how lean works, but much more information can be found
online

4Although it is also possible to prove theorems by creating functions instead of using tactics, this
representation of proofs is quite unusual. We will therefore focus our attention on tactics.

5This is a broader term than the mathematical hypothesis, which only includes assumptions.
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One similar tactic is “ring”, which uses ring theory to solve equations, and another
useful tactic is “have”, which introduces a new hypothesis. More complex examples are
given in appendix B, where we show theorems that have been translated automatically
by our system.

2.3 Machine Learning
Machine learning being a widely used and versatile tool in neural translation, it is not

surprising that researchers found it to be useful in natural to formal math translation.
Although very powerful, it comes with a few drawbacks; the need for large amounts of
data and the stochastic aspect.

As stated in First Experiments with Neural Translation of Informal to Formal Mathe-
matics [9], one of the difficulties with applying machine learning techniques to auto-
formalization is the very limited amount of aligned informal-formal data. These corpora
would allow the models to learn the correspondence between the formal and informal
proofs, but the lack of them requires us to find other ways to get data.

Different approaches were developed. Informalization (sections 2.3.1 and 2.3.2) was
used in the beginning for its capacity of creating large amounts of aligned formal-
informal data, but more recently, the using the power of large language models such
as OpenAI’s Codex [10] seems to be the best method (as shown in sections 2.3.4 and
2.3.5).

2.3.1 First experiments
In First experiments with neural translation of informal to formal mathematics,

Qingxiang Wang, Cezary Kaliszyk, and Josef Urban [9] circumvent the lack of aligned
corpus by using informalization (also called ambiguation). This is a group of techniques
that transform formal sentences into less formal counterparts. These techniques allowed
them to create a corpus of informal to formal sentence mappings, which can then be
used to train the network.

They used the Mizar system [11] as a source, which is a proof assistant and formal
language having one of the biggest libraries of formal mathematics. They also used
the already existing Mizar translation to LaTeX [7, 8], which is relatively non-trivial.
We can see in table 2.1 that this translation is quite verbose, but similar to what one
would write in LaTeX.

6



2 – Related Work

Rendered LaTeX Suppose s8 is convergent and s7 is convergent. Then lim(s8+s7) =
lim s8+ lim s7

Mizar seq1 is convergent & seq2 is convergent implies
lim(seq1+seq2)=(lim seq1)+(lim seq2);

Tokenized Mizar seq1 is convergent & seq2 is convergent implies lim
(seq1 + seq2 ) = ( lim seq1 ) + ( lim seq2 ) ;

LaTeX Suppose ${s_{8}}$ is convergent and ${s_{7}}$ is
convergent. Then $\mathop{\rm lim}({s_{8}}{+}{s_{7}})
\mathrel{=}\mathop{\rm lim}{s_{8}}{+} \mathop{\rm
lim}{s_{7}}$

Tokenized LaTeX Suppose $ { s _ { 8 } } $ is convergent and $ { s _ { 7
} } $ is convergent . Then $ \mathop { \rm lim } ( { s
_ { 8 } } { + } { s _ { 7 } } ) \mathrel { = } \mathop
{ \rm lim } { s _ { 8 } } { + } \mathop { \rm lim } { s
_ { 7 } } $

Table 2.1: Example of informalization using the Mizar translation to LaTeX[9]

7
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To evaluate their model, they used the BiLingual Evaluation Understudy (BLEU)
score, a widely-used metric for evaluating machine-translated text. This article from
Google [12] rates anything higher than 60 as Quality often better than human, and
anything below 10 as almost useless.

Using this method of informalization to create the data, the best BLEU score they
managed to obtain was 69.5, but we should keep in mind that a reverse translation was
used to obtain the data, which might therefore have a structure and a wording that
allow the neural network to perform better than it would with real-world data (e.g., a
mathematician would probably not write s8 as ${s_{8}}$).

2.3.2 Follow-up
The same team then published Exploration of Neural Machine Translation in Autofor-

malization of Mathematics in Mizar [13], diving deeper into the subject. They kept the
same approach to generate the data, for which they obtained a slightly improved 70.9
BLEU score, but also tried it on the ProofWiki — Mizar dataset, where they managed
to obtain BLEU scores of around 6 to 8. This shows that the method of generating the
data from the formal proofs gives better performances, probably due to a mix of the
data being closer to the expected output because of informalization, but also to the
access to a much larger dataset. We also have to keep in mind that the BLEU score is
intended for text translation, and not math translation.

2.3.3 MiniF2F

In February 2022, OpenAI published a paper presenting MiniF2F [14] a dataset of
a few hundred Olympiad-level problem statements formalized for different theorem
provers. The aim was to create a benchmark to evaluate neural theorem proving
across theorem provers. As explained in section 2.3.4, it can also be used to evaluate
auto-formalization systems, creating a much more accurate score than the ones given
in the first two papers (sections 2.3.1 and 2.3.2), which used the BLEU metric on data
obtained by informalization to evaluate their models.

2.3.4 Large Language Models
In a very recent paper called Autoformalization with Large Language Models [15]

(published on May 25th, 2022), a team from Google Research and the University of
Cambridge used large language models to perform auto-formalization. These models
are very versatile and only need a small amount of data to be tuned to their intended
task.

8
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To evaluate their model, they used OpenAI’s miniF2F [14] and they managed to
bump the state-of-the-art proof rate from 29.6% to 35.2% using few-shot learning6 in
combination with large language models (in particular Google Research’s PaLM [16]
and OpenAI’s Codex [10]). This cannot be compared to a BLEU score, but this is
closer to a real-world application than the previous papers.

2.3.5 Chat interface
Many Lean developers are also hard at work on this subject, such as Zhangir Azerbayev

and Edward Ayers, who created an OpenAI Codex-powered chat interface for formalizing
statements, discussed on the Lean community forum [17].

2.4 Parsing
Parsing is another possibility to implement a translation system, with the advantage

of being predictable, but the disadvantage of needing to predict every input possibility,
as sentences can be written in many ways in natural language.

2.4.1 MaProS
This master’s thesis is based on Andres Zarza Davila’s MaProS [2]. He analyzed

different proof assistants and chose lean3 as the best for his use case. He created a
web user interface, along with a database and a user login system, and showcased his
system with a proof of the Sandwich Theorem as well as a proof about the limit of a
sum of two sequences.

2.5 Auto-formalization in education
The need for an explainable and predictable system ruled out machine learning for

our use case, leaving us with the aim to create a parser. We quickly realized that
expanding on MaProS would be quite difficult. Due to lack of time, many features
(database, users, ...) were not quite finished, and the imposed syntax was very rigid
and not very expandable, as it matched complete sentences and lacked modularity.

Starting from scratch allowed us to use lean4, which is more powerful and solves
many shortcomings of lean3. Unfortunately, we did not evaluate well at the time how
many features were missing from the new lean4. We also focused on a core translation

6Few-shot learning is a machine learning technique developed with the aim to build accurate
machine learning models with a small amount of training data.

9
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system instead of making a full program, to allow it to be used by other programs and
allow programmers to build upon that afterwards.

10



CHAPTER 3

System overview

In this chapter, we will explain how the system works from a user’s point of view. The
screenshots shown are from the natural2lean-cli, but the core translation system
can easily be used in another system (using the natural2lean Translator detailed
in chapter 4).

3.1 Keywords
The system works by matching keywords recursively. This section describes the

patterns used to match keywords. The system does not work with a rigid grammar,
as the aim was to keep the input as unstructured as possible. Therefore, when the
keywords are matched, many parts of the input are ignored and the relative positions
of keywords are not always fixed.

3.1.1 Algebraic expressions
Algebraic expressions are one of the main building blocks of the natural2lean

translation system. Every math expression (encapsulated by “$” symbols in LaTeX) is
first translated to the lean format (as shown in example 3.1) and then parsed as an
equation, a split into cases, one or more identifiers, or an expression. All of these terms
are described below.

11



3 – System overview

LaTeX $x ^ { \frac{1}{2} } + 2x$
Lean x ^( ((1) / (2)) ) + 2*x

Example 3.1: Translation of an algebraic expression from LaTeX to lean

Identifiers

Identifiers are variable names. They need to start with a letter, but can contain
any combination of letters, numbers, and underscores. Multiple identifiers can also be
grouped in one single expression and their type can be defined in algebra or in text. In
case of the latter, the proposition system translates it to the algebraic version. This
will be explained in section 3.1.2. Examples of these can be found in example 3.2.

Single identifiers $x$, $x1$, $x_1$
Multiple identifiers $x, y$, $x_1, x_2, x_3$
Identifiers in a set $x, y \in \mathbb{N}$
Text-defined set $x, y$ are natural numbers

Example 3.2: Definition of different identifiers / variables

Expressions

Expressions can essentially match any algebraic expression, but due to the matching
order, they will only match numbers or sequences of math operations without comparison
operators (e.g., anything containing =, <, ... will be matched as an equation before
getting the chance to be matched as an expression). Some examples are shown in
example 3.3.

$x+2$
$x ^ { \frac{1}{2} } + 2x$

Example 3.3: Expressions

Equations

Equations are combinations of expressions linked by relational operators. Currently,
the only supported operator is the equality sign, as there are no powerful lean4 tactics
yet that deal with inequalities (this is described in section 5.1). Equations are translated
by taking the left and rightmost expressions, and expressions in the middle are given as
indications to lean on which important steps to take in the expansion. This expansion
can use already proven equalities, as shown in example 3.4.

12
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Already proven a = 2k
Input $a^2 = (2k)^2 = 4k^2$
Final translation a2 = 4k2

Steps a2 = (2k)2

(2k)2 = 4k2

Example 3.4: Translation of an equation

Cases

Cases are the last algebraic expression currently implemented. Stating that an
expression belongs to a finite set is translated as a disjunction on the values of x
and directly split into different cases (see example 3.5). Finite sets expressed as
{1, 2, . . . , 10} or {1, 2, . . . , n} are not supported. All the elements of the set have to
be expressed explicitly (e.g., {1, 2, 3, 4, 5}).

Input $x \mod 3 \in \{0, 1, 2\}$
Translation x mod 3 = 0 ∨ x mod 3 = 1 ∨ x mod 3 = 2
Produced cases prove theorem assuming x mod 3 = 0

prove theorem assuming x mod 3 = 1
prove theorem assuming x mod 3 = 2

Example 3.5: Translation of possibilities for a variable

3.1.2 Propositions
A proposition is a building block that can be used in many statements. They can be

simple such as “x is even” or “y is divisible by 3”, but can also be negated or combined,
forming implications or conjunctions, which are also propositions. Propositions also
include equations and separations into cases mentioned in section 3.1.11.

Combinations of propositions

These propositions can be combined with “and” or a simple comma, but it is usually
recommended to use smaller steps and divide these in multiple lines. Combining
propositions is mostly useful in a theorem statement, where the different hypotheses
can be used separately (see section 3.1.3 and example 3.6).

1Although this is not the case in the code, an end user can consider equations and separations into
cases as propositions.

13
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Input $a$ and $b$ are even and $c$ is odd
Separation a is even

b is even
c is odd

Translation a is even ∧ b is even ∧ c is odd

Example 3.6: Parsing of a sentence containing multiple propositions

Implications

Implications use the “if” and “then” keywords to separate the hypotheses from the
theses. These were mainly used in theorem statements (more information can be found
in section 3.1.3). A simple example of an implication is given below (example 3.7), but
note that without the “\cdot”, the system will assume that xy is a single variable.

Input if $x$ and $y$ are even, then $x \cdot y$ is even
Hypotheses x is even

y is even
Thesis x · y is even

Example 3.7: Decomposition of an implication

Functions

Functions are used to describe certain properties of expressions. For now, the only
existing functions are “even”, “odd” and “divisible by”, but more can be added easily.
These functions can also be negated, if “not” or “n’t” is present in the proposition.

The patterns that can be used for “even” and “odd” is “$ [arg] $ [...]
[even/odd]”2. Therefore, the expressions in example 3.8 can both be used to tell
the system that the variable x is even. Similarly, the pattern for “divisible” has two
arguments: “$ [arg] $ [...] divisible by [...] $ [arg] $”.

$x$ is even
$x$ is an even number

Example 3.8: Equivalent statements for evenness of a variable

2“[...]” can contain other words that are ignored by the system.

14
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The modularity baked into the system allows us to apply one or more functions to
one or more variables (see example 3.9). It is also in this part of the system that sets
defined in text are translated to their algebraic counterparts (see example 3.10).

Input $a$ and $b$ are even numbers divisible by $3$ and
$c$ is not divisible by $5$

Separation a is even
b is even
a is divisible by 3
b is divisible by 3
c is not divisible by 5

Example 3.9: Multiple functions applied to multiple variables

Input $a$ and $b$ are even natural numbers
Separation a, b ∈ N

a is even
b is even

Example 3.10: Combining functions and text-defined sets

Such that

A “such that” statement conveys the meaning of “∃x, P (x)” in mathematics. The
pattern that it recognizes is “[left part] such that [right part]” and will then
try to find one or more identifiers in the left part, as well as any proposition in the
right part. Example 3.11 shows a typical example of how such that can be used.

Input By definition of the modulo operation, we have $k \in
\mathbb{N}$ such that $q = 3k + 1$.

Output ∃k ∈ N, q = 3k + 1

Example 3.11: Such that

3.1.3 Theorem statements
The basic building blocks explained in section 3.1.1 and 3.1.2 can be used to state

the theorems that we want to prove. This can be done in the two ways described below.
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Named theorem

A named theorem statement is a sentence of the form “[theorem/lemma] [name]
: [statement]”. The statement should either be an implication or one or more
propositions (see example 3.12).

theorem even number squared : if $ m \in \mathbb{N}$ is even, then
$m^2$ is even.

Example 3.12: Named theorem statement

Unnamed theorem

For quick proof testing, one can skip the keywords and name and simply give the
theorem statement, creating an unnamed theorem3 (shown in example 3.13). The main
advantage is that it allows us to write less text, but the user will not be able to use the
proved theorem in another proof.

for any natural number $n$, $2n+4$ is even.

Example 3.13: Unnamed theorem

Using a theorem

If a theorem has been named, it can be used in a future proof by simply mentioning
its name. This allows for a lot of flexibility, giving the user the possibility to prove
simple lemmas separately.

3.1.4 Statements
Each proof consists of a list of statements, which are the sentences given as input.

These statements are recognized with specific keywords, but some filler words can be
added to make the sentences readable.

Have

The “have” statement is the most important and most versatile statement in the
system. The aim was to recognize sentences that indicate a step of reasoning (example

3This can be referred to as “Example” in error messages or in the code.
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3.14 shows some of them), but since this type of sentence can vary a lot, trying to
account for all the possibilities is not easy. Therefore, the structure of the sentence is
“[left part] [keyword] [right part]” and the keyword can be any one of “have”,
“derive”, “gives”, “show” and “prove”.

By expansion, we have $n^2 = (2k)^2 = 4k^2$
From that, we can easily derive $n^2 = (2k)^2 = 4k^2$
This gives us $n^2 = (2k)^2 = 4k^2$
By expansion, we show that $n^2 = (2k)^2 = 4k^2$
We can easily prove that $n^2 = (2k)^2 = 4k^2$

Example 3.14: Equivalent formulations giving the same result

The right part can be any proposition or a simple statement. This is what the
system will try to verify, and, as stated before, the propositions include equations and
separations into cases.

If an expansion is not too complex and only relies on previous statements, it should
work without indicating anything, but other statements could need any of the following
keywords (these can be present in any part of the sentence). Example 3.15 shows some
use cases.

• previously proven theorems can simply be mentioned in the sentence,

• induction hypothesis if a statement relies on a base case of the current induction,

• definition if it can easily be deduced from another statement,

• possibilities [...] modulo or modulo [...] possibilities only works
for values below 54, but can be used to justify $n \mod 3 \in \{0, 1, 2\}$.
Another limitation is that the different values have to be in order ({0, 1, 2} and
not {0, 2, 1}).

4Due to current Mathlib4 limitations, they had to be manually added. We limited this to 5 because
splitting a case into more than 5 possibilities seemed impractical. More information can be found in
section 5.1.
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Using other proof By the "square mod 3" theorem, we have $q^2
\mod 3 = 1$

Induction hypothesis The induction hypothesis gives us that $k^3
+ 2k$ is divisible by $3$.

Definition By definition of the modulo operation, we
have $k \in \mathbb{N}$ such that $q = 3k +
1$.

Modulo Considering the different possibilities of
the modulo operation, we have $q \mod 3 \in
\{ 0, 1, 2 \}$.

Keyword at the end We have that $k^3 + 2k$ is divisible by $3$,
which is our induction hypothesis.

Example 3.15: Different helper words for “have” statements

Induction

An induction is detected by the pattern “[...] induction [...] $ [arg] $
[...]” where the argument is the variable on which to do the induction. One can
then specify which case we want to develop by stating “$ [arg] = [value] $”, and
a sub-statement can then be added (another induction, a have statement, defining a
proof structure, or a simple statement). The induction hypothesis has to be specified if
it is needed.

Example 3.16 shows a complete working proof using induction. Note that for the
conclusion, only one part is needed, either telling the system that (k + 1)3 + 2(k + 1)
is divisible by 3, or telling the system that n3 + 2n is divisible by 3 will finish the proof.

Contradiction & Contraposition

These two proof structures are simple indications of how we will proceed. To use
them, simply mention the word in the input. Due to the matching priority, if your
sentence contains other keywords, it might be mismatched.

Example 3.17 shows the beginning of a proof by contradiction. We can see that
after stating that we will use contradiction, we have assumed that 2n is not even, and
we need to prove “False”, which is lean’s way of telling us that we need to show a
contradiction.

Similarly, example 3.18 shows how we can use the contraposition keyword. After
stating that we will prove the contrapositive, The system asks us to prove that n is not

18
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Theorem statement For any natural number $n$, $n^3 + 2n$ is
divisible by $3$.

Induction We will use induction on $n$.
Base case The base case, $n = 0$, is trivial.
Start induction step For $n = k+1$, the induction hypothesis

gives us that $k^3 + 2k$ is divisible by
$3$.

Development Therefore, we have a natural number $z$ such
that $k^3 + 2k = 3z$.

Development By expansion, we can derive $(k+1)^3 +
2(k+1) = k^3 + 3k^2 + 5k + 3 = k^3 + 2k
+ 3(k^2 + k + 1) = 3z + 3(k^2 + k + 1) = 3(z
+ k^2 + k + 1)$.

Conclusion Hence, $(k+1)^3 + 2(k+1)$ is divisible by
$3$, therefore $n^3 + 2n$ is divisible by
$3$.

Example 3.16: Complete proof using induction

Theorem statement For any natural number $n$, $2n$ is even.
Feedback given To finish this proof, we need to prove this: even (2 *

n)
Variables we can use :

n : N
Statement We will use contradiction.
New feedback To finish this proof, we need to prove this: False

Variables we can use :
n : N

What we have shown so far (for this goal) :
h0 : ¬even (2 * n)

Example 3.17: Proving by contradiction
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even, based on the fact that n2 is not even instead of proving that n2 is even if n is even.
The contraposition works by inverting the last assumption or proved statement, so
creating a new statement with “have” right before doing the contraposition allows
one to choose what to prove.

Theorem statement If $n$ is an even natural number, then $n^2$
is also even.

Feedback given To finish this proof, we need to prove this: even (n
^ 2)

Variables we can use :
n : N

What we have shown so far (for this goal) :
h0 : even n

Statement We will prove the contrapositive
New feedback To finish this proof, we need to prove this: ¬even n

Variables we can use :
n : N

What we have shown so far (for this goal) :
h0 : ¬even (n ^ 2)

Example 3.18: Proving by contraposition

Simple statements

Simple statements can be used to solve small cases, such as a base case in an
induction (see the base case of example 3.16) or for a simple case after a split into
different possibilities (see example 3.19). Currently, contradiction and trivial
are supported. contradiction works if two things that the user has shown directly
contradict themselves (as is the case in example 3.19, where h0 and h1 contradict each
other) and trivial works best when the result is obvious (in example 3.16, it is used
to prove that 03 + 2 · 0 is divisible by 3).

3.1.5 Combining these elements
All these building blocks can be combined to create sentences. One example of this

is shown in figure 3.1. When writing a statement, the system checks for these, in order:

1. a specific case when proving a theorem by induction,

2. the start of an induction

20



3 – System overview

Theorem statement If $q$ is a natural not divisible by $3$,
then $q^2 \mod 3 = 1$.

Splitting Considering the different possibilities of
the modulo operation, we have $q \mod 3 \in
\{ 0, 1, 2 \}$.

Solving first case For the first case, as $q$ is not divisible
by $3$, we have a contradiction.

What it solved 1st case: solve q ^ 2 % 3 = 1
Variables we can use :

q : N
What we have shown so far (for this goal) :

h0 : ¬divisible 3 q
h1 : q % 3 = 0

Example 3.19: Solving a goal by contradiction

3. a “have” statement

4. a contradiction / contraposition proof structure,

5. a proposition or a simple statement, only to conclude the proof.

Figure 3.1: Combination of elements to form a sentence
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3.2 Interaction with the system

3.2.1 Installation
Installing the project can be done by following the few steps below5. Note that the

program might take about 10 minutes to start on first launch, as it has to download
lean4 and mathlib4, which are both large projects.

1. Make sure python3 (version 3.9 or higher) is installed on your system6.

2. Install elan, the lean version manager; the latest version can be found at
https://github.com/leanprover/elan/releases.

3. Install the natural2lean command line interface by running “pip install
natural2lean-cli”.

4. On Windows, you might need to add something to the path for the natural2lean
command to work. Look out for warnings when running “pip install”.

3.2.2 Launching the CLI
The command line interface supports multiple ways to launch it. After installation,

using the natural2lean command will launch the program, asking the user for the
mode (as shown in figure 3.2). One can then choose between interactive mode
(explained in section 3.2.6) or file mode (explained in section 3.2.5).

Figure 3.2: Choosing the mode in the CLI

If the file mode is chosen, the system then asks the user for a file name or path
(showed in figure 3.3), before checking the file line by line as explained in section 3.2.5.

3.2.3 Shortcuts
For ease of use, command line arguments have been added.
5This part focuses on natural2lean-cli, but natural2lean has the same requirements.
6More information can be found at https://www.python.org/downloads/.
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Figure 3.3: Giving the file name to the system

File mode

Using “file” or “f” will skip the first prompt and ask directly for the input file,
which can also be specified as an argument (examples shown in figures 3.4 and 3.5).

Figure 3.4: Shortcut for file mode

Figure 3.5: Full shortcut specifying an input file

Interactive mode

Using “interactive” or “i” will run the program directly in interactive mode (as
shown in figure 3.6). “Enter a theorem statement” is the start of a proof and will be
explained later (in section 3.2.6).

If too many or incorrect arguments are given to the program, it will print an error
message and fallback to the command line interface (as shown in figure 3.7).
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Figure 3.6: Shortcut for interactive mode

Figure 3.7: Incorrect command line arguments

3.2.4 Errors
There are three types of errors: translation errors, lean errors and conclusion errors.

In the last two cases, the system will give feedback on how the sentence was understood
to help you find the problem.

Translation errors

Translation errors arise when natural2lean was not able to understand a sentence
(or part of it). In that case, check the keywords in section 3.1 to construct a sentence
that can be parsed (see figure 3.8).

Figure 3.8: Translation error: impossible to parse

Lean errors

These errors come directly from the software that verifies statements. They can be
caused by a wrong input (e.g., an error in a math expansion), by lean’s limitations
(this software is still under development and some correct statements cannot yet be
verified), or by a non-optimal translation (some statements could be proved in lean,
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but our translation was insufficient). An example is shown in figure 3.9. If you get a
lean error, verify that your statement is correct, or check section 5.1, as some of
lean’s current limitations are explained there.

Figure 3.9: Lean error: 2 + 1 ̸= 4

Conclusion errors

Conclusion errors occur when the user input was matched as an attempt to finish a
proof (or part of it), but at this point, lean could not finish the proof (see example in
figure 3.10). In this case, try adding a step to get closer to the goal.

Figure 3.10: Conclusion: tried to finish the proof too soon

3.2.5 File mode
Choosing the file mode allows the user to input a file line-by-line in the system. It

skips blanks and commented lines (lines starting with “%”), but will still input inline
comments. One example of an input file is shown in figure 3.11, but more can be found
on GitHub7.

A progress bar is displayed during the execution of the program (shown in figure
3.12), and a confirmation message is printed if the proofs could be verified (shown

7natural2lean-cli/tests/examples
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Figure 3.11: Input file for a simple proof

in figure 3.13). Note that writing multiple proofs in a single file will test each proof
successively.

Figure 3.12: Progress indicator

If a line causes an error, the system will indicate which line caused the error along
with how this line was matched, an indication on why the error occurred and the state
of the system right before the error. An example of such feedback is given in figure
3.14.

3.2.6 Interactive mode
Input

After launching the interactive mode, the user is asked to enter a theorem statement.
This one can be either named or unnamed (the format is explained in section 3.1.3).
Progress is then made by entering statements (format explained in section 3.1.4)
until nothing is left to prove. At this point, the system will ask the user to input
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Figure 3.13: Success message

Figure 3.14: Error feedback
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another theorem statement. A complete example of this is given in figure 3.15, and a
step-by-step decomposition is given in section 3.3.3.

Figure 3.15: Complete proof in the CLI

At any point, one can input “back” or “backtrack” to cancel the last input given,
and “exit” or “quit” to exit the program (note that your proofs will not be saved).
Examples are shown in figure 3.16.

Feedback

When the input was verified as correct, the feedback given in interactive mode
consists in two parts: the interpretation feedback, and the current state of the proof. If
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Figure 3.16: Backtrack and exit

there was an error, the feedback will indicate which type of error occurred (see section
3.2.4 for more information).

The interpretation feedback is an indication of how the input sentence was understood,
highlighting keywords and coloring parameters. An example is shown in figure 3.17.

Figure 3.17: Interpretation feedback

The state of the proof consists of one or more blocks (one for each part left to prove)
indicating what has to be shown, the declared variables along with their type, and the
different statements that were already proven (“what we have shown so far”). As a big
part of this information is repeated at every step, the lines that were already present in
the previous state are greyed out. Figures 3.15 and 3.18 show examples of this.

Note that this feedback is parsed back from lean, but not translated back. Therefore,
“even m” has to be understood as “m is even”, “odd m” as “m is odd”, and “divisible
3 q” as “q is divisible by 3”. Negation is denoted with the symbol “¬”. A translation
of the feedback can be implemented in the future, but as this is only a small aspect
of the program and only concerns “even”, “odd” and “divisible by”, we decided that
spending time on the actual translation and other features was more important.
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Figure 3.18: Feedback when splitting a proof

3.3 Working examples

3.3.1 Main examples
The four main examples used when developing the system are showed in examples

3.20, 3.21, 3.22 and 3.16, with keywords and parameters in bold. These can also be
found on GitHub8 and are inspired by [18]. More examples are given in appendix A9

(examples A.1, A.2, A.3, and A.4). The first one is a simple proof, stating that if a
number is even, its square is also even.

The second one is a bit longer. It states that if a number is not divisible by 3, then
its square mod 3 is equal to 1. It involves dividing into three cases and expanding each
case to show the theorem is true. The full proof is given in example 3.21.

The third example (3.22) proves the same theorem as the previous one and proceeds
by proving a contrapositive. To work correctly, we need to provide example 3.21 with a
theorem name (“square mod 3” in this case) at the beginning of the file (if using file
mode) or start by proving it (when using the interactive mode).

8natural2lean-cli/tests/examples
9Or on Github (natural2lean-cli/tests/examples/variations)
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Theorem statement If $m \in \mathbb{N}$ is even, then $m^2$
is even.

Proof By definition, if $m$ is even, we have a
natural number $n$ such that $m = 2n$.
Therefore we have $m^2 = (2n)^2 = 4n^2 =
2(2n^2)$.
Hence, $m^2$ is even.

Example 3.20: If m is even, m2 is too (direct proof)

Theorem statement If $q$ is a natural not divisible by $3$,
then $q^2 \mod 3 = 1$.

Splitting Considering the different possibilities of
the modulo operation, we have $q \mod 3 \in
\{ 0, 1, 2 \}$.

1st case For the first case, as $q$ is not divisible
by $3$, we have a contradiction.

2nd case For the second case, we have $q \mod 3 =
1$.
By definition of the modulo operation, we
have $k \in \mathbb{N}$ such that $q = 3k +
1$.
By expansion, we have $q^2 = (3k+1)^2 =
9k^2+6k+1 = 3(3k^2 + 2k) + 1$.

Conclusion Hence, $q^2 \mod 3 = 1$.
3rd case For the last case, by definition of the

modulo operation, we have $k \in \mathbb{N}$
such that $q = 3k + 2$.
Following the same expansion, we have $q^2
= (3k+2)^2 = 3(3k^2+4k+1) +1$.

Conclusion Hence, $q^2 \mod 3 = 1$ again.

Example 3.21: If q is not divisible by 3, then q2 mod 3 = 1
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Theorem statement If $q \in \mathbb{N}$ and $q^2$ is divisible
by $3$, then $q$ is also divisible by $3$.

Contrapositive We will prove the contrapositive.
Using 3.21 By the “square mod 3" theorem, we have $q^2

\mod 3 = 1$.
Conclusion Hence $q^2$ is not divisible by $3$.

Example 3.22: If q2 is divisible by 3, then q is also divisible by 3

The last example consists of an induction to prove that n3 + 2n is always divisible by
3. It was already used as example for the induction keyword in section 3.1.4 (example
3.16).

3.3.2 Different approaches
To show that one single theorem can be proven in different ways, we’ve proven that

if m is even, m2 is also even10 by direct proof (already shown in example 3.20) and by
induction (example 3.23). In addition to that, a proof of the divisibility by 3 of n3 + 2n
was constructed by induction (already shown in example 3.16), but this can also be
proven by cases (example 3.24).

Theorem statement If $m \in \mathbb{N}$ is even, then $m^2$
is even.

Induction We will use induction on $m$.
Base cases The first base case, $m=0$ is trivial.

The second base case, $m=1$ is also trivial.
Start induction step For $m = k+2$, based on the fact that $k+2$

is even, we can show that $k$ is even.
Induction hypothesis Hence, the induction hypothesis gives us

that $k^2$ is even.
Development But we know that if $k^2$ is even, we have

a natural number $l$ such that $k^2 = 2l$.
Development Combining this, we show that $(k+2)^2 = k^2

+ 4k + 4 = 2l + 4k + 4 = 2(l+2k+2)$.
Conclusion Therefore, $(k+2)^2$ is even.

Example 3.23: Proof by induction

10Also found on GitHub (natural2lean-cli/tests/examples/different-approaches-m-sqr)
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Theorem statement For any natural number $n$, $n^3 + 2n$ is
divisible by $3$.

Splitting Considering the different possibilities of
the modulo operation, we have $n \mod 3 \in
\{ 0, 1, 2 \}$.

1st case In the first case, we have a natural number
$k$ such that $n = 3k$.
Using this, we can show that $n^3 + 2n =
27k^3 + 6k = 3(9k^3+2k)$.

Conclusion Therefore, $n^3 + 2n$ is divisible by $3$.
2nd case For this second case, we have a natural

number $k$ such that $n = 3k + 1$.
By expansion, we can show that $n^3 + 2n =
27k^3 + 27k^2 + 15k + 3 = 3(9k^3 + 9k^2 +
5k + 1)$.

Conclusion And we can therefore conclude that $n^3 +
2n$ is also divisible by $3$ in this case.

3rd case The last case is similar, we have a natural
number $k$ such that $n = 3k + 2$.
By expansion, we can show that $n^3 + 2n =
27k^3 + 54k^2 + 42k + 12 = 3(9k^3 + 18k^2 +
14k + 4)$.

Conclusion We can therefore conclude that $n^3 + 2n$
is divisible by $3$ for any number.

Example 3.24: Proof by cases
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3.3.3 Step-by-step in interactive mode
In this section, we will analyze in detail an example of a relatively long proof using the

interactive mode. This begins with figure 3.19, where we input the theorem statement.
The system matches the “theorem” and “:” keywords, along with the theorem name
(“Square mod 3”). The theorem statement is then separated into hypothesis (“q is not
divisible by 3”) and thesis (“q2 mod 3 = 1”), creating the given feedback.

Figure 3.19: Theorem statement

The next step consists of separating the proof into 3 cases, for each possible value
of q mod 3. This is shown in figure 3.20, where we see that the keyword matched is
have, and the system then finds the different values given for q mod 3, along with
the proof using the possibilities for the modulo operation.

Figure 3.20: Separation into cases

We can then see in the feedback for the first case (in figure 3.20) that we have
shown two contradicting statements: h0 : ¬divisible 3 q and h1 : q % 3 = 0.
We can therefore state that we have a contradiction, which solves the 1st case. The
feedback (shown in figure 3.21) then shows us that we solved a goal, and we only have
2 cases to solve.
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Figure 3.21: Solving the first case

This next statement (figure 3.22) is not necessary (as it produces exactly the same
statement as what was already assumed in h1), but if we are writing the proof in natural
language, it can help clarify in which case we are11.

Figure 3.22: Starting the second case

We then create a variable k and show that q = 3k + 1 (in figure 3.23), derived
directly from how the modulo operation is defined. This allows us to expand q2 in
figure 3.24, rewriting it in the form 3x + 1.

Showing that q2 can be written as 3x + 1 allows us to conclude that q2 mod 3 = 1
(in figure 3.25). After this, the feedback tells us that we solved a goal and that there is
one goal left. Showing us what we need to prove again, along with what has already
been proven and the variables we can use.

11If we wanted to avoid this duplication, we could start this case with something like “For the
second case, since we know that $q \mod 3 = 1$, we have $k \in \mathbb{N}$ such that
$q = 3k + 1$”, which would bring us directly to the state in figure 3.23.
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Figure 3.23: Introducing k

Figure 3.24: Expanding q2 to the form 3x + 1

Figure 3.25: Concluding the 2nd case

36



3 – System overview

To start the last case (in figure 3.26), we introduce k and the fact that q = 3k + 2.
This is similar to what was done in figure 3.23 for the second case, and allows us to
also expand q2 again to the form 3x + 1 (in figure 3.27). We then conclude the proof
in figure 3.28 by simply stating that q2 mod 3 = 1.

Figure 3.26: Starting the last case by introducing k

Figure 3.27: Expanding q2 to the form 3x + 1

Figure 3.28: Concluding the last case

3.4 Conclusion
The aim of this chapter was to explain the system to an end user, showing what

can/can’t be done and give him enough information to use the system. As shown in
3.2.6, a large amount of feedback is given to the user, notably the way the sentence was
understood, which can help users get a better understanding of the different keywords
that can be used and how to create sentences using them.
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CHAPTER 4

Implementation

This chapter is aimed at a programmer willing to improve the system and describes
how the program was implemented with more details, but knowledge of chapter 3 is
recommended, as many references to it are made. Examples of translations of complete
proofs are given in appendix B.

The main translation system is developed as a python package published on PyPi1,
and the command line interface is used as an example to show expandability. The latter
is also published on PyPi2.

4.1 Main program

4.1.1 Translator for interaction
The Translator class is used to interact with the translation system. Using this

object’s methods, we only have to think about the interaction with the user. This
allowed us to create the command line interface in only 500 lines of code, managing
the prompts for user input and the presentation of the feedback.

1https://pypi.org/project/natural2lean/
2https://pypi.org/project/natural2lean-cli/
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Initializing

Upon creation of a Translator object, it will check if the project template3 has
already been cloned, and clone it if it wasn’t. One can specify where to clone the
project with the lean_project_directory argument if needed. This can take some
time, as mathlib44 also needs to be cloned.

New input

After creating the instance, new theorems and statements can be added by calling
the new_theorem or new_statement methods. Note that if there are goals left to
prove, new_theorem will raise an error, and similarly, new_statement will raise an error
when there are none, but the new method will call either one according to the current
state of the Translator. All these methods take a string as argument (formatted in
LaTeX, as explained in section 3.1) and return the new state of the system.

Backtrack

This simple method (backtrack) can be called to cancel the last valid input. It will
return the state of the system after backtracking, or None if no input is left to cancel.
This method is handled by natural2lean, and does not involve interacting with lean.

Interpretation

Two methods can be used to obtain feedback: interpretation_feedback and
failed_statement_interpretation. They both return lists of tuples of type and
section. The sections are parts of the string that can be reassembled to produce the
input string, and the corresponding types (“keyword”, “parameter” and “ ignored”)
indicate how they were processed by natural2lean so that the software using it can
give feedback to the user. Figure 3.17 in section 3.2.6 show one example of how this
feedback can be given.

The interpretation_feedback method will return feedback on the last successful
statement (or None if there was no input given), while the failed_statement_interpretation
method will give feedback on the last failed statement (statement that raised a
LeanError or a NoConclusion error, as statements raising TranslationErrors could
not be understood), or None if no statement has failed yet. Failed statements are not
affected by backtrack.

3https://github.com/Augustindou/natural2lean-lean-project-template
4https://github.com/leanprover-community/mathlib4
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State

A state contains a list of LeanBlocks (goals that still need to be proven), the last
statement given as input, as well as the complete translation of the input (in lean).
Each of the LeanBlocks contains variables along with their set (a list of (name,
set) tuples), hypotheses (a list of (name, hypothesis) tuples indicating what has
already been proven or was assumed at the start) and a goal (what needs to be proven).

4.1.2 Structure
Translatable interface

To make sure that all our classes behave similarly, we created the Translatable inter-
face that every class implements. This interface contains a translate method that re-
turns a string translating the element in lean, as well as an interpretation_feedback
method, that returns a list indicating how a specific element was understood. The
similarly named methods mentioned in section 4.1.1 simply delegate to this one.

In addition to that, can_create_new_goals returns a boolean indicating whether a
statement is allowed to split a goal or not. The reason for that is that when a statement
is not complete, lean will most probably not throw an error, but create a new goal and
ask for more development to accept that statement.

The change_status method also returns a boolean. It indicates whether the
statement should change the proof’s status, as solving a specific case for a variable has
no sense if no induction has been started. It is specific to induction for now, but can
be expanded.

When the constructor of a Translatable is called, it should check if it can parse
the input string. If it can, it should create its sub-statements, but if it does not, it
should raise a MatchingError (explained below). This allows the sub-statements to
“cancel” the statement if they detect an error using error propagation.

Exceptions / Errors

MatchingErrors are used to indicate that a specific input cannot be parsed in a
specific class, and therefore should be tried in other classes.

TranslationErrors occur when all the top-level classes raised a MatchingError
for a specific input. If new_statement is called, but the input sentence doesn’t match
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any of the statements possibilities (i.e., they all return MatchingErrors), the system
will raise a TranslationError.

LeanErrors are raised when an input could be parsed, but its translation caused an
error in lean. This means that the input can be wrong (or parsed in a way that was
not intended), or that the translation was not sufficient to prove the statement. In that
case, the user should be advised to check their statement or create smaller ones.

The last type of error is NoConclusion and is raised when the system understood
the input as the user wanting to close a goal, but could not succeed.

General structure of the files

The files are separated into 6 folders, with 4 of them corresponding to the different
subsections used in section 3.1, one folder containing the code for interacting with lean
(section 4.1.3, folder lean_interaction) and the utils folder, containing the exceptions,
the Translatable interface, some text, and git utilities, along with a function to unfold
multiple elements based on a regex pattern (used to separate identifiers or expressions
and parse equations).

The algebra folder contains all the algebraic expressions detailed in section 3.1.1,
propositions folder corresponds to section 3.1.2, while the different elements described
in sections 3.1.3 and 3.1.4 are grouped into proof_elements (theorem and statement
folders).

4.1.3 Interaction with lean
After a statement is matched, its translate method is called, and its output is

concatenated to the translation of the previous statements. The whole translation is then
written in the Main.lean file (in the project cloned when initializing the Translator).
The project is then built, and the output is parsed into the feedback given to the user.
Figure 4.1 is a visualization of this process.

This method of running a build at every input can obviously be improved, and it is
the main cause of delay between input and feedback, but for the sake of this proof of
concept, speed was not a concern, and we used this method as an easy way to get a
prototype.
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Figure 4.1: Interaction with lean from the translator

4.2 Command line interface
The command line interface is split between 3 files; __main__.py, file.py and

interactive.py. The first one is the entry point of the CLI, it handles the first
interaction with the user (checking for command line argument and asking the user
for the mode and / or file if they were not given). After that, in file mode, the file
function (in file.py) handles reading the input file and the interactions with the
Translator. In interactive mode, the interactive function (in interactive.py)
asks for user input and gives feedback (based on the response from the Translator).

4.3 Tests
This program has mainly been tested by exploration during development, but a bash

script has been written to test all the working examples5, essentially testing the whole
program end-to-end.

4.4 Modularity & easy improvements
The system has been written with modularity in mind, i.e., most of the code relies

on parameters that allows us to add functionalities (functions, keywords, ...) by only
adding a few lines.

5natural2lean-cli/tests
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Algebra translation

The translation of algebraic expressions to be understandable by lean (see section
3.1.1 for examples) is done by going through different parameters from a single file6.
Adding items in this file allows us to easily add support for other LaTeX symbols, sets,
and functions.

Example 4.1 shows the line needed for the system to parse integers correctly. The
main part is a MathSet object containing a string with its expression in LaTeX, an
intermediate representation used internally, lean’s name for the set and a tuple
containing words that can then be used to describe the set in text (e.g., “$x$ is an
integer”). One would then of course need to make sure that lean supports this set
and adapt the existing lean functions to also work with it.

“Z”: MathSet(r“\mathbb{Z}”, “Z”, “Int”, (“integer”,)),

Example 4.1: Needed line to add support for integers

Proofs in statements

With a small knowledge of lean, one can add keywords to improve translation of have7

statements (mentioned in 3.1.4). For now, only “contradiction”, “induction hypothesis”,
“definition” and possibilities for mod 2 to mod 5 are supported, but changing or adding
new keywords only needs a pattern and a lean translation.

New proof structures8 and simple statements9 can also be added, and sub-statements
can be changed easily for any statement.

Propositions

It is also easy to customize propositions thanks to the proposition_constants10

file. This can be especially useful to add support for other functions (as for now, only
even, odd and divisible by are supported). Example 4.2 shows what is needed for
the odd function to work (lean’s name for the function, a regex pattern, and a callable
to rearrange arguments). One should also keep in mind that this function has to be
defined in lean.

6natural2lean/algebra/translation_constants.py
7natural2lean/proof_elements/statements/have.py
8natural2lean/proof_elements/statements/proof_structure.py
9natural2lean/proof_elements/statements/simple_statements.py

10natural2lean/propositions/proposition_constants.py
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(“odd”, r“($.+?$).*?(odd)”, keep_order),

Example 4.2: Needed line to support the “odd” keyword
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CHAPTER 5

Limitations and possible improvements

We’ve seen what the system was capable of, but this is still a proof of concept. It is
still quite limited by the use of the newer version of lean, but the modularity baked
into the system allows for easy improvements. Other limitations and improvements are
also discussed in this chapter.

5.1 lean4 and mathlib4

One of the big limitations of the program is the current status of lean4 and its
main mathlib41 library. Mathport2, a project to port the more powerful mathlib33

to lean4 is currently in progress [19]. This would greatly improve the capabilities of
lean4, but some work is still needed before the port.

Implementation of two proofs4 was limited by the current state of mathlib4. Both
of these are limited by the ring tactic and the first one5 is also missing the linearith
tactic (to solve inequalities)6. These two examples can be proved in lean3.

1https://github.com/leanprover-community/mathlib4
2https://github.com/leanprover-community/mathport
3https://github.com/leanprover-community/mathlib
4natural2lean-lean-project-template/examples/not-working
5natural2lean-lean-project-template/examples/not-working/2-exp-n
6As written by Chris Bailey in this discussion on the Zulip forum

45

https://github.com/leanprover-community/mathlib4
https://github.com/leanprover-community/mathport
https://github.com/leanprover-community/mathlib
https://github.com/Augustindou/natural2lean-lean-project-template/tree/master/examples/not-working
https://github.com/Augustindou/natural2lean-lean-project-template/tree/master/examples/not-working/2-exp-n
https://leanprover.zulipchat.com/#narrow/stream/113489-new-members/topic/.E2.9C.94.20lean4.20induction.20with.20multiple.20base.20cases


5 – Limitations and possible improvements

5.2 General problem with parsing natural language
Using parsing to approach the auto-formalization problem requires the developers

to envision every possible phrasing of proofs. This is not feasible for general natural
to formal translations, and is the reason machine learning is the preferred approach in
current research (as described in section 2.3).

However, it has the advantage of being explainable and deterministic and can therefore
be useful in specific cases such as education. Following the rules explained in section
3.1 will guarantee a specific output, and the translation can be explained (as shown in
section 3.2.6).

5.3 Improvements

5.3.1 Lean
One of the obvious ways to improve the system is to help with the development of

lean4 and mathlib4. Creating tactics that can solve what can seem obvious to a user
or that translate a specific type of argument can then help create translations easily.
We will then be able to improve natural2lean thanks to the modularity of our system.
This has been described in section 4.4.

5.3.2 Tailoring to a specific course
The best way to make a parser work is probably to adjust it to a specific course,

giving examples of correct and incorrect proofs, along with a good explanation of what
is asked from the students in terms of rigor and development. Creating a general system
would probably not work, as what can seem obvious to a master’s student should
probably be developed into multiple steps by a younger student. For example, proving
that m2 is even when m is even can be a good exercise for a high school student, but
a master’s student should be able to use that result without needing to prove it.

5.3.3 Gathering data
One of the limitations of machine learning techniques is the lack of data, but they

could be used to create a system for teaching students how to prove theorems. To do
that, teachers would first need to gather data, for example by asking students to prove
theorems in LaTeX (or other desired input format) as an exercise, before labelling all
statements as correct or incorrect, and proofs as correct, incorrect or incomplete.
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The proof would then need to be written in a formal language, possibly using multiple
structures and matching them to the specific proofs, as trying to translate a natural
language proof by induction into a formal direct proof would not be useful. This would
then allow us to train a model that would be able to translate proofs automatically.

Note that most of the current work in auto-formalization consists of trying to translate
correct statements. Given enough data, such a program could therefore compensate
a lack of rigor from a student with its knowledge of lean and would probably not be
sufficient to detect small errors reliably. This is due to the fact that we cannot evaluate
correctness of a proof using a model created with only correct data, as it is not the
same task.

5.3.4 Hybrid approach
A hybrid approach could be envisioned, using machine learning to identify rules and

patterns that could then be used to build a parser, but this also needs a lot of data.
We could also imagine using AI to identify common patterns based on informal proofs
before translating these by hand.

5.4 From natural language to formal proving
Translating natural language proofs into formal ones is useful to teach students about

structure and give them a general idea on how to prove theorems, but to allow them to
use the full power of a proof assistant and fine-tune their proofs, teaching them how to
use these programs will give them a whole other set of tools.

This can then allow students and mathematicians to catch mistakes early, avoid
publishing incorrect papers, and improve the state of mathematics. As explained by
Kevin Buzzard at the International Congress of Mathematicians, formalization can also
help simplify proofs, and even teach their authors how a proof works7.

7In “The rise of formalism in mathematics” at 37:40, when explaining the formalization of the
fundamental theorem of liquid vector spaces (proven by Clausen and Scholze)
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CHAPTER 6

Conclusion

We wanted to prove that it is possible to give automatic feedback to students learning
how to prove theorems. This was showed to be important to improve their ability to
learn by giving more feedback than what would be feasible without automation.

We then discussed different approaches (machine learning and parsing) with their
advantages and disadvantages when applied to the specific problems we set out to solve
and elected the use of parsing.

We managed to create a system translating natural language sentences into formal
code that is then verified by lean4, along with an interactive interface giving feedback
at each sentence. This makes verifying simple proofs easier and allows the user
to guarantee correctness without knowledge of formal theorem proving that can be
complicated to master.

Our work was shown to be expandable and modular, as well as allowing for many
ways to write proofs. It is easy to install, as it is published on PyPi, but it is also
limited by the current state of the technologies and programs used. We proposed
several improvements and showed that the use of a parser for auto-formalization was
not the best option outside of education, and that it had to be specific.

We ended up by discussing the interest of teaching formal proofs and how it can
help students and mathematicians to catch mistakes and get a deeper understanding of
their proofs.
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APPENDIX A

Variations on examples

Theorem statement If $m \in \mathbb{N}$ is even, then $m^2 +
1$ is odd.

Proof By definition, if $m$ is even, we have a
natural number $n$ such that $m = 2n$.
Therefore we have $m^2 + 1 = (2n)^2 + 1 =
4n^2 + 1 = 2 (2n^2) + 1$
Hence, $m^2 + 1$ is odd.

Example A.1: Simple theorem going from an even number to an odd number

Theorem statement If $m \in \mathbb{N}$ is odd, then $m^3 +
1$ is even.

Proof By definition, if $m$ is odd, we have a
natural number $n$ such that $m = 2n + 1$.
From that, we can derive $m^3 + 1 = (2n +
1)^3 + 1 = 8n ^ 3 + 12 n ^ 2 + 6 n + 2 = 2
(4n^3 + 6n^2 + 3n + 1)$
Hence, $m^3 + 1$ is even.

Example A.2: Simple theorem going from an odd number to an even number
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Theorem statement For all natural numbers $n$, $n^2+n$ is
even.

Induction We will use induction on $n$.
Base case The base case ($n=0$) is trivial.
Induction step For $n=k+1$, the induction hypothesis gives

us that $k^2+k$ is even.
Expansion By expansion, we can derive $(k+1)^2+(k+1)

= k^2 + 3k + 2 = k^2 + k + 2(k+1)$.
Conclusion Therefore, $k^2+k+2(k+1)$ is even, and

$n^2+n$ is even.

Example A.3: Induction to prove that n2 + n is even

Theorem statement For all natural numbers $n$, $n(n+1)(n+5)$
is divisible by $3$.

Induction We will use induction on $n$.
Base case The base case ($n=0$) is trivial.
Induction step For $n=k+1$, the induction hypothesis gives

us that $k(k+1)(k+5)$ is divisible by $3$.
Expansion By expansion, we have $k(k+1)(k+5) = k^3 +

6k^2 + 5k$.
Expansion We can also derive $(k+1)((k+1)+1)((k+1)+5)

= (k+1)(k+2)(k+6) = k^3 + 9k^2 + 20k + 12$.
Splitting If we split this last expression, we can

show that $k^3 + 9k^2 + 20k + 12 = (k^3 +
6k^2 + 5k) + 3(k^2 + 5k + 4)$.

Conclusion Therefore $k^3 + 9k^2 + 20k + 12$ is
divisible by $3$, and thus $n(n+1)(n+5)$
is also divisible by $3$.

Example A.4: Induction to prove that n(n + 1)(n + 5) is divisible by 3
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Examples of translated proofs

B.1 If m is even, m2 is too

B.1.1 LaTeX
Theorem Square of even number is even: if $m \in \mathbb{N}$ is even,
then $m^2$ is even.

By definition, if $m$ is even, we have a natural number $n$ such that
$m = 2n$.

Therefore we have $m^2 = (2n)^2 = 4n^2 = 2(2n^2)$.

Hence, $m^2$ is even.

B.1.2 lean

import LeanUtils -- concepts such as even, odd, . . .
open Nat

theorem square_of_even_number_is_even (m : Nat) (h0 : even (m)) : even
(m^2) := by

have ⟨n, h1⟩ : ∃ (n : Nat), m = 2*n := by simp at *; assumption
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have h2 : m^2 = 2*(2*n^2) := by
calc
m^2 = (2*n)^2 := by repeat (first | ring | simp_all)
_ = 4*n^2 := by repeat (first | ring | simp_all)
_ = 2*(2*n^2) := by repeat (first | ring | simp_all)

simp_all

B.2 If q is not divisible by 3, then q2 % 3 = 1

B.2.1 LaTeX
Theorem Square mod 3: If $q$ is a natural not divisible by $3$, then
$q^2 \mod 3 = 1$.

Considering the different possibilities of the modulo operation, we
have $q \mod 3 \in \{ 0, 1, 2 \}$.

For the first case, as $q$ is not divisible by $3$, we have a
contradiction.

For the second case, we have $q \mod 3 = 1$.

By definition of the modulo operation, we have $k \in \mathbb{N}$
such that $q = 3k + 1$.

By expansion, we have $q^2 = (3k+1)^2 = 9k^2+6k+1 = 3(3k^2 + 2k) +
1$.

Hence, $q^2 \mod 3 = 1$.

For the last case, by definition of the modulo operation, we have $k
\in \mathbb{N}$ such that $q = 3k + 2$.

Following the same expansion, we have $q^2 = (3k+2)^2 = 3(3k^2+4k+1)
+1$.

Hence, $q^2 \mod 3 = 1$ again.

B.2.2 lean
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import LeanUtils
open Nat

theorem square_mod_3 (h0 : ¬ divisible (3) (q)) : q^2 % 3 = 1 := by

have h1 : q % 3 = 0 ∨ q % 3 = 1 ∨ q % 3 = 2 := by (first | exact
mod_2_poss _ | exact mod_3_poss _ | exact mod_4_poss _ | exact
mod_5_poss _)

rcases h1 with h1 | h1 | h1

contradiction

have h2 : q % 3 = 1 := by
calc
q % 3 = 1 := by repeat (first | ring | simp_all)

have ⟨k, h3⟩ : ∃ (k : Nat), q = 3*k + 1 := by simp at *; assumption

have h4 : q^2 = 3*(3*k^2 + 2*k) + 1 := by
calc
q^2 = (3*k+1)^2 := by repeat (first | ring | simp_all)
_ = 9*k^2+6*k+1 := by repeat (first | ring | simp_all)
_ = 3*(3*k^2 + 2*k) + 1 := by repeat (first | ring | simp_all)

apply mod_rewrite.mpr; exact ⟨_, by repeat (first | trivial | ring |
simp_all)⟩

have ⟨k, h2⟩ : ∃ (k : Nat), q = 3*k + 2 := by simp at *; assumption

have h3 : q^2 = 3*(3*k^2+4*k+1) +1 := by
calc
q^2 = (3*k+2)^2 := by repeat (first | ring | simp_all)
_ = 3*(3*k^2+4*k+1) +1 := by repeat (first | ring | simp_all)

apply mod_rewrite.mpr; exact ⟨_, by repeat (first | trivial | ring |
simp_all)⟩
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