
École polytechnique de Louvain

Study of the generalization abilities
of affine neural networks used in
regression tasks trained with
gradient flow

Author: Pietro GAVAZZI
Supervisors: Benoît LEGAT, (Laurent JACQUES)
Readers: Estelle MASSART, Christian HAFNER, Geovanni GRAP-
PIGLIA, Adeline COLSON
Academic year 2025–2026
Master [120] in Data Sciences Engineering



Abstract

Multi-layer perceptrons and other neural networks have been used very
successfully in many supervised learning tasks. These performances remains
largely unexplained to this day.

There exist a large literature who study the properties of linear neural
networks, a more simplified form of multi-layer perceptrons, to discover
insights on the reasons of the performances of multi-layer perceptrons.

Building on these works, the author selects one paper in this literature
and analyses it through the length of a concept called implicit regularisation.

He then introduces affine neural networks, a new type of neural network
which is an intermediate step in terms of complexity between linear neural
networks and multi-layer perceptrons. He shows how the analysis of the
generalisation of the properties of linear neural networks to affine neural
networks gives new insights on multi-layer perceptrons that linear neural
networks do not give.
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Chapter 0

Introduction

If we assume that we have some input X and some target Y , 2 random variables
following a joint probability distribution D(X,Y ), supervised learning is the art of
finding the best possible function f that predicts the target as well as we can using
the input f(X) ≈ Y . For this we design a supervised learning procedure that finds
this function using a dataset with a limited number of realisations of some inputs
and their corresponding targets.

Supervised learning is a very experimental art: because Hoeffding’s inequality
guarantee the performance of our result the great majority of the practitioners
use a heuristical understanding to come up with new procedures. While we can
have guarantees that they perform well on given tasks, we often have a lack of
understanding of the inner workings and the reasons they perform.

One commonly used heuristic is the bias-variance trade-of heuristic, who comes
from the bias-variance decomposition Geman et al. [1992].

The first thing this decomposition shows is that any specific supervised learning
problem has a best performing function called the conditional expectation function
: E[Y |X].

Then it also illustrates that a given problem the performance of a supervised
learning procedure can be decomposed into 2 term.

The first term is called the bias: it measures how different the conditional
expectation function is from the function the supervised learning procedure find in
expectation over all realisation of the training dataset.

The second is called the variance, it measures how the function the supervised
learning procedure finds vary with the different realisation of the training dataset.

This lead to the bias-variance trade-off heuristic: the belief that if we increase
pool of hypothesis functions the supervised learning procedure has access to (the
hypothesis space), then the bias term would decrease but the variance term would
increase. This is because while in expectation we could find a function close to the
conditional expectation function, the choice of function would vary with different
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realisation of the training dataset.
This traditional understanding was dented by the advent of neural networks.
Neural networks are parametric model loosely inspired by the working of

the human brain. Their use in supervised learning has had surprising results
that challenged the bias-variance trade-off heuristic, especially the double descent
phenomenon Belkin et al. [2019]: this results seemed to indicate that when the
supervised learning had access to a larger amount of functions, the variance would
decrease.

The bias variance trade-off heuristic can still be saved by the concept of "implicit
regularisation" introduced in Gunasekar et al. [2017]. Supervised learning proce-
dures do not pick all the function in the hypothesis space: they generally perform
gradient descent on parametric functions, and the choice of the parametrisation
organise the functions of the hypothesis space in such a way that the supervised
learning algorithm will choose in a reduced set of functions. The result of Belkin
et al. [2019] could then perhaps be explained by some implicit regularisation?

These recent discoveries motivated the studies of optimisation paths of linear
neural networks, a more simplified form of neural network. The contribution of the
author lies in the observation that we could conceive a middle step in complexity
between linear neural networks and more complex neural networks called affine
neural networks. The study of affine neural networks gives us better insight on the
optimisation path of more general types of linear neural networks.

As a proof of concept, the author analysed the results of a paper studying
linear neural networks Marion and Chizat [2024]. He interpreted these results with
the concept of implicit regularisation, then partially generalised them for affine
neural networks. The author hopes this can motivate more studies on affine neural
networks.
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Part I

State of the art
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Chapter 1

Supervised learning theory

In this chapter we will give an introduction to supervised learning.
We will see that if we assume that we have some input X and some target Y ,

2 random variables following a joint probability distribution D(X,Y ), supervised
learning is the art of finding the best possible function f that predicts the target
as well as we can using the input f(X) ≈ Y .

This is formalised as the problem of minimising the expected loss over the joint
distribution, what we will call risk minimisation.

In supervised learning, we only have access to a set of realisations of inputs and
targets, these realisations are called data points or data.

We will see that a supervised learning algorithm finds a function by fitting a
parametric model minimising the empirical risk on the training set, called training
error. This is an approximation of the the real risk computed with a subset of the
data points.

We will then give some guarantee on the precision of the training error as
approximation of the risk by using Hoeffding’s inequality, we will then motivate
the use of the testing error to approximate the risk of the function found by the
supervised learning algorithm.

We will finally give the mathematical definition of the risk that will be used
the quantify the performances of supervised learning algorithms.

This will be an informal introduction to SL. If the reader is interested in a more
formal development, he can find it in Appendix A.

1.1 Introduction to supervised learning
Definition of the risk of a function

Supervised Learning is a discipline whose origins can be traced back very far even
if it was not called that way back then.
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In a well known machine learning textbook Hardt and Recht [2022] it is told
that the British astronomer Edmond Halley calculated in 1692 the price of annuities
with church registries. This can be considered a SL problem in a modern context.

While this problem is very interesting for historical reasons, it has some technical
details that are not suited for a toy problem. Hence, to develop SL we will use a
more simplified problem inspired by this first one.

Suppose you want to create a machine that predicts as well as possible the
maximum age a person taken at random in the population is expected to live. If
the only thing we know about the person is their current age, how will that be
done in practice?

First, let’s explain what we mean by "the maximum age a person taken at
random in the population is expected to live". We can define a tuple for every
person (X ∈ R+, Y ∈ R+) where X is the current age of the person and Y is the
age of this person when he dies.

The X are called the "inputs" and the Y are called the "targets". When X is a
vector, each individual component is called a "feature".

If we take a person at random in the population, it means that we sample our
tuple from a distribution: (X, Y ) ∼ D(X,Y ).

Now, what we want to do can be explained as predicting Y given X: this means
finding a function f : R+ → R+ so that f(X) ≈ Y .

Finally, to specify what we mean by f(X) ≈ Y , we can define a loss function
L : (R+,R+) → R+ so that f(X) ≈ Y =⇒ L(f(X), Y ) ≈ 0 and if they are very
different L(f(X), Y ) >> 0. Such a function L is called a "Loss Function".

The aim will thus be to reduce the expected loss, also called the "Risk" R which
is defined in Equation 1.1.

min
f

R(f) := min
f

E(X,Y )∼D(X,Y )L(f(X), Y ) (1.1)

There exists many loss functions, but during all the duration of the master
thesis, we will use the mean square difference loss L(f(X), Y ) = (f(X) − Y )2. The
risk is defined in Equation 1.2.

min
f

R(f) := min
f

E(X,Y )∼D(X,Y )(f(X) − Y )2 (1.2)

The aim of SL is thus to find the function that minimises the Risk. We have
a dataset of examples to achieve this aim, which are realisations of the jointly
distributed random variable (X, Y ) ∼ D(X,Y ), we can call these realisations "data
points" or "data".

SL is the procedure that learns the function minimising the risk given a dataset
of data.
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The SL procedure consists generally of 3 steps: datasets generation, training
and testing. We will implement these steps in the python programming language
and comment the code.

1.1.1 Datasets generation step

# ------------------ data generation ------------------

X, y = generate_data ( nb_data = 300)
ages = np. arange (len( life_exp ))

# ------------------ train / test split ------------------
X_train , X_test , y_train , y_test = train_test_split (

X, y, test_size =0.3 , random_state =42
)

Listing 1.1: Datasets generation

With the code presented in Listing 1.1, we generate an array X which contains
the current ages of many people taken at random in the population, and the array
y containing the corresponding ages of death.

In this case we can generate as many data points as we want, in other problems
however, we are limited to a finite number. We will assume for this toy problem
that we are limited to 300 data points.

The purpose of this datasets generation step is to divide these data points into
two sets, a training set SN = {(Xi, Yi)}N

i=1 containing N data points that will only
be used during training and a test set TM = {(Xi, Yi)}M

i=1 containing M data points
that will only be used during testing.

The aim of separating the data as such will be explained when discussing the
Test step in Section 1.1.3.

1.1.2 Training step

model = LinearRegression ()
model.fit(X_train , y_train )
mean_train_error = np.mean (( y_train - model. predict ( X_train )

)**2)

Listing 1.2: Training

During the training step, also called optimisation step, we define a parametric
model with model = LinearRegression(), we then fit the chosen model to the set
of data points in the training set with model.fit(X_train, y_train).
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What is called a "model" or "parametric model" in this case is a "parametric
function" f : (R+, Θ) −→ R+. To distinguish the "input" from the "parameter" we
write fθ(X) := f(X, θ) where θ ∈ Θ is the parameter and X ∈ R+ is the input.

"Fitting the model" or "fitting the parameters" refers to an optimisation process
where we train our model to minimize what is called the "empirical risk" calculated
with our training set, also called "training error" as defined in Equation 1.3.

R̂SN
(fθ) := 1

N

N∑
i=1

L(Yi, fθ(Xi)) (1.3)

The training error is an approximation of the true risk R̂SN
(fθ) ≈ R(fθ). We

then find the best parameter θ̂ for our model by using a solver on the empirical risk
as defined in Equation 1.4, and this gives us the function found by the supervised
learning algorithm fθ̂.

θ̂ = Optimiser
(

argmin
θ

R̂SN
(fθ)

)
= Optimiser

(
argmin

θ

N∑
i=1

L(Yi, fθ(Xi))
)

(1.4)

The output of the optimiser is not, in all generality, the minimum of the
empirical risk. But in particular, for our toy problem, we will fit a linear model
on a regression problem with mean square loss, and will find a global minimum
(θ̂0, θ̂1) as defined in Equation 1.5.

(θ̂0, θ̂1) = argmin
θ0,θ1∈R

1
N

N∑
i=1

(Yi − θ0 − Xiθ1)2. (1.5)

Is the training error a good approximation of the risk? If we assume losses
are bounded between 0 and a constant upper bound C, we can use Hoeffding’s
inequalities to bound the difference between the Risk and the empirical risk with
arbitrary probability, like shown in Equation 1.6.

Pr
(
ESN

[R̂SN
(fθ)] − R̂SN

(fθ) ≥ δ
)

≤ e− 2Nδ2
C2

Pr
(
ESN

[R̂SN
(fθ)] − R̂SN

(fθ) ≤ −δ
)

≤ e− 2Nδ2
C2

(1.6)

The proof of equation 1.6 can be found in Duchi
The main result of Hoeffding’s Inequality is that the difference between the

risk and the empirical risk decreases exponentially with respect to the number of
samples in the training dataset N .

An important thing to notice is that if θ is chosen independently from SN

and in view of the fact that the training error is a sum of independent identically
distributed losses L(Xi, Yi), we can guarantee ESN

[R̂SN
(fθ)] = R(fθ).
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1.1.3 Test step

mean_test_error = np.mean (( y_test - model. predict ( X_test ))
**2)

Listing 1.3: Test

To analyse the performance of our trained model fθ̂, we calculate the empirical
risk on our test dataset and not our training dataset, why?

Let’s analyse the training error on the trained parameter as defined in Equation
1.7.

R̂SN
(fθ̂) := 1

N

N∑
i=1

L(Yi, fθ̂(Xi)) (1.7)

The difference with Equation 1.3 is that fθ becomes fθ̂.
When calculating the training error for θ̂ we do not consider every possible

realisation of the training dataset but only those realisations where θ̂ is the result
of our optimiser. This induces a bias and leads to the fact that:

ESN
[R̂SN

(fθ̂)] ̸= R(fθ̂).

This phenomena is closely related to the "regression to the mean" explained in
Barnett et al. [2005].

A more in depth explanation on why the training error is not a good approxi-
mation of the risk on the trained parameter can be found in Appendix C.

To have a good estimator of the risk we use the empirical risk calculated with
our test set, also called "test error" as defined in Equation 1.8.

R̂TM
(fθ̂) := 1

M

M∑
i=1

L(Yi, fθ̂(Xi)) (1.8)

Because we did not use the test set to find our best parameter, the expectation
of the test error is equal to the risk.

1.1.4 Some thoughts of the author on the essence of super-
vised learning

The aim of a SL procedure is to learn a function that minimizes the risk. If we
do not change the dataset generation step and the testing step, the test error will
always be a good measure to compare different adaptations of the training step.

This makes SL a very experimental art by essence: you can change the para-
metric model, the optimiser, the training algorithm’s objective function, compare
the performances, and find the best performing variation.
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It is not uncommon to try a bunch of variations guided only by heuristics, and
simply pick the one that works best.

Why one model performed better than the other one? Does it even matter
to understand why it works if you can prove it performs well regardless of our
understanding?

In practice, many papers treating SL are dedicated to come up with new
algorithms with heuristics, testing the performances and then publish them if they
are better than the state-of-the-art model on a given task.

There are fewer papers that try to develop formal approaches to understand
the performances of SL algorithms. In the next chapter, we will try to understand
the performances of SL algorithms via what will be called the "bias-variance
tradeoff heuristics", which is one attempt to develop a theoretical understanding of
supervised learning algorithms.

1.1.5 Definition of risk for a SL algorithm
Until now, we defined the risk in Equation 1.1 as a function of the trained model
R(fθ̂). The problem with this definition is that we cannot evaluate the performance
of a SL algorithm with it.

The model trained by our SL algorithm is determined by the training dataset
SN , so if we change the training dataset the value of the risk changes too.

We would like to evaluate a SL algorithm regardless of the specific realisation
of the training dataset it is trained on.

Therefore, let us first define the risk of a SL algorithm, but first what is a SL
algorithm formally ?

A SL algorithm learns a function f : R+ → R+ with a training dataset
SN ∈ (R+,R+)N (in Listing 1.2 this corresponds to the execution of model.fit()).

Let H be the set of all functions R+ → R+, a SL algorithm can be formally
defined as a functional F : (R+,R+)N → H that associates at each possible
realisation of the dataset SN = {(Xi, Yi)}N

i=1 ∈ (R+,R+)N a specific function
f ∈ H.

For sake of clarity if F(SN) = f , let’s define FSN
(X) := f(X).

Armed with these notations, we can now define the risk of a SL algorithm R(F)
in Equation 1.9 where SN is our training dataset.

EX,Y [L(Y, FSN
(X)]. (1.9)

But now we need to take the expectation of the risk on all possible realisations
of the training dataset SN , so the final formula for the risk is defined in Equation
1.10.

R(F) = ESN
[EX,Y [L(Y, FSN

(X))]]. (1.10)
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This definition of the risk works for all losses, but because we will only use
mean square loss we will keep the notation R(F) for the risk with this particular
loss.
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Chapter 2

Bias-variance

In this chapter we will study the case of minimum square loss to show that the
risk of a supervised learning algorithm can be decomposed into 3 terms, in which
only 2 are dependent on the supervised learning algorithm: the bias term and the
variance term. We will also discover that, for a given problem, the best function
a supervised learning algorithm can learn is a function called the "conditional
expectation function" (CEF): f(X) = E[Y |X], which is the function that gives us
0 bias.

We will then study empirically the bias and variance with a polynomial regression
on the toy problem of our first chapter, and discover that increasing the degree of
the polynomial lowers the bias but increases the variance.

We will explain it with the concept of expressive power of polynomial models, a
loose way to describe how qualitatively wide the set of functions in the hypothesis
space is.

This will allow us to motivate a commonly used heuristic in supervised learning
called the bias-variance trade-off heuristic: which is that widening the hypothesis
space by having more complex parametric models increases the variance because
the optimiser has the choice between a larger pool of functions but lowers the bias
because the optimiser will be able find in expectation a better approximation of
the CEF with an extended hypothesis space, and vice versa if we reduce it.

2.1 Dummy problem
While developing the bias-variance decomposition, we will use polynomial paramet-
ric models to illustrate the different concepts.
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2.1.1 Polynomial models
We will define polynomial models of degree d as parametric functions that scale every
monomial or combination of monomials of the features of degree d proportionally
to a parameter and then output the sum, as defined in Equation 2.1.

Polyd
θ(X) = Xd · θ (2.1)

And where θ is the vector of parameter and where Xd is an augmented vector
of features containing the different monomials and combination of monomials of
the features. For example if X = (x1, x2) and d = 2 this vector would be:

Xd=2 =
[
1 x1 x2 x1x2 x2

1 x2
2

]
(2.2)

For every realisation of the training dataset SN , we can define the augmented
matrix of inputs Xd

SN
and the augmented vectors of target YSN

.

Xd
SN

:=



Xd
1

...
Xd

i
...

Xd
N

 YSN
:=



Y1
...

Yi
...

YN

 (Xi, Yi) ∈ SN (2.3)

To fit polynomial models, we will use the pseudo-inverse method to find the
least squares solution of our training error minimisation problem.

The trained parameter θ̂d are found using the formula given in equation 2.4

θ̂ := X†
SN

YSN
(2.4)

Where X†
SN

is the Moore–Penrose pseudo-inverse of the augmented matrix of inputs
Xd

SN
.

2.1.2 Illustration of bias and variance of polynomial regres-
sion

With the bias-variance decomposition, bias and variance can be given formal
definitions, and the risk can be decomposed as a sum of the bias term, the variance
term and a term that does not depend on the model.

But before defining them formally, two regressions will be shown to give the
intuition behind the decomposition.

We will see in the next section that the function which minimises the risk for
a regression problem with squared difference loss is the Conditional Expectation
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Function (CEF) : f(X) = E[Y |X]. In our toy problem, the CEF is the life
expectancy at age X.

Let’s analyse the trained models of degree 1 and 12 on 2 different realisations
of our training dataset and then compare the results with the life expectancy.

Figure 2.1: Regression polynomial degree 1 on two different datasets

As you see in Figure 2.1 both models find practically the same straight line, so
the variance of the model when changing the dataset is very low.

But a straight line cannot approximate the curve of the life expectancy very
well, so whatever we do the bias of the model will be high.
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Figure 2.2: Regression polynomial degree 12 on two different datasets

Now let’s compare with a higher degree model.
As you can see in Figure 2.2 the prediction of both models vary more from one

another, especially in regions where there is less data like when X ≥ 80. We say
that the variance of the model when changing the dataset is very high.

But if we take the best possible polynomial of degree 12, it can better approx-
imate the CEF. And we will see that for polynomial regression we will always
converge to the best possible approximation of degree 12 in expectation over all
realisations of the training dataset. So the bias will be lower than with a polynomial
of degree 1.

2.2 The bias-variance decomposition

2.2.1 Theory behind bias-variance decomposition
We will reproduce the bias-variance decomposition that can be found in Geman
et al. [1992]. We will show the bias-variance decomposition for squared loss. The
proof can be found in Annex B.

The risk as defined in Equation 1.10 can be decomposed as shown in Equation
2.5.

R(F) = Bias(F) + Variance(F) + IE (2.5)
The Irreducible Error (IE), as defined in Equation 2.6, is the expected difference
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between Y and the CEF EY [Y |X]. This CEF is dependent on the specific problem,
and it is given by our observation of some phenomenon in the world.

The IE does not depend on our SL algorithm F and thus cannot be reduced.

IE = EX [EY [(Y − EY [Y |X])2]] (2.6)
The bias term, as defined in Equation 2.7, represents the difference between

the expected model over all training datasets and the CEF.

Bias(F ) = EX [( ¯FSN
(X) − EY [Y |X])2] = EX [(ESN

[FSN
(X)] − EY [Y |X])2] (2.7)

The Variance term, as defined in Equation 2.8, represents the expected difference
between the output of the model trained with a particular training dataset and
the output of the expected trained model on all realisation of the training dataset.
This variance term comes from the variance of the training dataset: if there was
only one possible realisation of the training dataset this term would be equal to 0.

Variance(F) = EX [ESN
[(FSN

(X)− ¯FSN
(X))2]] = EX [ESN

[(FSN
(X)−ESN

[FSN
(X)])2]]
(2.8)

From this decomposition we can deduce that the best possible SL algorithm
learns the CEF FSN

(X) = EY [Y |X] whichever the value of the training dataset.
Indeed if this is the case the bias and the variance are equal to 0 as you can see

in Equation 2.9.

Bias(EY [Y |X]) = EX [(ESN
[EY [Y |X]] − EY [Y |X])2]

= EX [(EY [Y |X] − EY [Y |X])2] = EX [0] = 0
Variance(EY [Y |X]) = EX [ESN

[(EY [Y |X] − ESN
[EY [Y |X]])2]]

= EX [ESN
[(EY [Y |X] − EY [Y |X])2]] = EX [ESN

[02]] = 0 (2.9)

2.2.2 The bias-variance trade-off heuristic
Empirical observations

With these formal definitions of bias and variance, we can make numerical tests
and compute the empirical estimation of bias and variance for different polynomial
models.

What we empirically observe is a U-shaped curve for the risk as a function of
the degree of the polynomial (as illustrated in Figure 2.3).

When decomposing the risk into bias and variance, on polynomials of lower
degree, the bias term dominates while the variance is negligible.
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As the degree increases, the bias decreases faster than the variance increases,
so the total risk decreases.

Then it comes a moment, after the optimal degree, where the variance increases
faster than the bias decreases, so the risk increases.

This is called the bias-variance trade-off, because empirically we observe that
the choice of the degree for polynomial regression is subject to the arbitration of a
trade-off between its impact on the bias and its impact on the variance.

Degree of Polynomial

Error

Bias

Variance
Total Error

Optimal Degree

Figure 2.3: Bias-variance decomposition of the Risk

Motivations and descriptions of the bias-variance trade-off heuristic

Although the bias-variance trade-off being a well known phenomenon in polynomial
interpolation and other supervised learning procedures, the author was surprised
not to find any formal description of the phenomenon.

A well known machine learning textbook, Hastie et al. [2009], attributes the
increase in variance and the decrease in bias to what he calls "model complexity".
Model complexity is never formally defined but from the examples given we can
describe it as some measure of how qualitatively wide the set of functions is. For
the rest of the document we will speak of "expressive power" of the model.

Let’s call Hd the set of all functions that can be represented with polynomials
of degree d (the hypothesis space of the model).

Then we have Hd−1 ⊂ Hd because polynomials of degree d − 1 are also by
definition polynomials of degree d.

Therefore, the number of functions a polynomial model of lower degree can
represent is lower than the number of functions a polynomial model of higher degree
can represent.
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Because polynomials of degree d can represent a wider variety of functions, we
say they have a bigger "expressive power".

With this knowledge, we can explain the evolution of the bias term.
For parametric models with higher expressive power, because we have a choice

between more functions, we can reasonably expect that the optimiser will in
expectation find a better approximation of the CEF, so the bias will decrease for a
large variety of SL problems.

In the case of polynomial regression, theorem 2 of White [1980] even proves
in most cases we will find in the expectation over all realisations of the training
datasets the polynomial that best approximates the CEF.

The explanation for the evolution of the variance term remains more elusive.
Although there is no rigorous proof even for polynomial regression, the increase

in variance is attributed to the optimiser having the choice between a larger pool
of functions in the hypothesis space (or in other words, the fact that the expressive
power of the parameter model is higher).

Because the optimiser has more choice, it will vary its choice of function to
better fit the specific realisation of the training dataset it is trained on, and this
will lead to widely different predictions with different realisations of the training
dataset. This is especially true in regions with low data density or in regions with
high target variance.

Figure 2.4: Regression polynomial degree 1 on two different datasets

This situation is illustrated in the textbook Hastie et al. [2009] by figure 2.4.
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What he calls the "truth" is the conditional expectation function.
But we do not have access to the CEF, only to one realisation of the training

dataset: that is represented by the dot he called "realization", we can also loosely
interpret it as the function that perfectly interpolates the training dataset and has
0 training error.

If we take the particular case of our example, the "model space" is Hd and the
"restricted model space" is Hd−1. For each model space we have a closest fit to the
CEF (what is called "closest fit in population"), the distance of this point to the
truth is a representation of the amount of bias.

But depending on the particular realisation of the training dataset the "closest
fit" will change.

The expected distance over all realisations of the training dataset between the
closest fit and the closest fit in population is the variance, it is represented by a
yellow circle whose surface is proportional to the amount of variance.

If the increase in amount of bias when going from Hd to Hd−1 is smaller than
the decrease in amount of variance, then Hd−1 is a better parameter model for this
problem and vice-versa if the inverse is true.

2.3 Other framework of understanding in use
Although the author understands supervised learning through the framework of
the bias-variance decomposition, the majority of researchers seem to have studied
supervised learning through the concept of "generalisation".

In this framework we try to bound for a particular training algorithm the value
of the risk given the value of the training error, as shown in equation 2.10.

R(FSN
) ≤ R̂SN

(FSN
) + O (CF) with probability 1 − ϵ (2.10)

O refers to the "big o operator" used to describe the order of approximation,
the CF is called the capacity and is a value dependent on the supervised learning
algorithm. From the author’s understanding it is often dependent on the expressive
power of the hypothesis space: the more expressive the looser the bound.

Th study of generalisation is motivated by the observation that it is relatively
easy to obtain a low training error, but is it much more difficult to guarantee the
training error of the fitted model is a good approximation of the risk.

An introduction to this framework in provided in Appendix D.
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Chapter 3

Regularisation

In the previous chapter we introduced the bias variance trade-off heuristic.
In this chapter we will analyse ridge regression as an example of regularisation

technique. Regularisation techniques are direct applications of this heuristic: they
can be seen as clever ways to reduce the size of the hypothesis space so that the
reduction in variance is much higher than the increase in bias.

In the previous chapter we stated that extending the hypothesis space in-
creased the variance because "the optimiser has the choice between a larger pool of
functions". In this chapter, we will question this statement and we will see that
over-parametrised regression trained with gradient flow tends to implicitly reduce
the hypothesis space. This reduction is proportional on the rank of the matrix of
inputs. This will be the first example of what we will call implicit regularisation.

Most ideas discussed in this section comes from Srebro [2022], most precisely
from the 2 first two parts of this lecture done by Professor Nathan Srebro. The
author took large freedoms to present his understanding of the subject.

3.1 Ridge regularisation
We have seen in the previous sections that polynomials with higher degree tend to
have a higher variance.

This increase in variance is attributed to the fact that polynomials can represent
more functions, and thus when varying the training dataset they will learn different
functions all the time.

But suppose now that for a problem we suspect that the CEF has some non-
linear behaviour, and we would like to learn this non-linear behaviour with a
polynomial model without having the big variance that comes with this model.

It is possible through what we call the "regularisation" of the model.
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Many types of regularisations exist, but the essence lies in reducing the number
of functions represented by a model.

One popular way to regularise polynomial models is through a method called
Tikhonov regularisation (also called Ridge Regression).

Instead of trying to optimise the empirical risk, we try to minimise the ridge
empirical risk defined as shown in Equation 3.1.

min
θ

R̂α
SN

(Polyd
θ) = min

θ

1
N

(
N∑

i=1

((
Xd

i · θ − Yi

)2
+ α ∥θ∥2

2

))
(3.1)

With α being the parameter that determines how much the squared norm of θ
weighs in the empirical risk equation.

The solution is given by equation 3.2 where IN is the identity matrix

θ̂ = ((Xd
SN

)T · Xd
SN

+ αIN)−1 · (Xd
SN

)T · YSN
(3.2)

In this case we can show that the solution of ridge regularisation is the solution
of a constraint optimisation problem as defined in Equation 3.3.

min
∥θ∥2

2≤c
R̂SN

(Polyd
θ) = min

∥θ∥2
2≤c

1
N

N∑
i=1

(
Xd

i · θ − Yi

)2
(3.3)

Where c is the parameter that determines how much the squared norm of θ
weighs in the empirical risk equation.

The author did not find a peered review paper discussing the link between ridge
regression and constraint generalisation.

The proof for this result used in this section was found in Ayah [2018].
Both α and c are linked with the solving the constraints optimisation problem

with the KKT conditions on the Lagrangian.
We can always find c given α and vice versa: c is the norm of the solution we

found with ridge regression with a given α, and the α is equal to the λ parameter
of the KKT conditions on the Lagrangian of the constraint optimisation problem
given by c.

So changing the α parameter, like changing the degree of the polynomial, is a
way to change the size of the input space.

The bias-variance trade-off heuristic tells us that increasing α will decrease the
variance, which is illustrated by the comparison of the results of ridge regression
on figure 3.1 with the least squares regression on figure 2.2.
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Figure 3.1: Ridge regression polynomial degree 12 on two different datasets

It is generally expected for models with high expressive power to need some
kind of "regularisation" to perform well in SL.

3.1.1 Gradient flow
We will study the training of parametric models with gradient flow.

Gradient flow describes the dynamics of gradient descent with vanishing step
size.

More precisely, the variation of the value of the parameters of a parametric
model during training follows the ordinary differential equation defined in Equation
3.4.

d

dt
(Θ) = −∇Θ

(
R̂SN

(Θ)
)

(3.4)

Where Θ is the vector containing all the parameters and ∇Θ
(
R̂SN

(Θ)
)

is the
gradient of a particular empirical training error.

3.2 Implicit regularisation
Until now we did not mention the role of the optimiser on the performance of
supervised learning algorithm
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Most supervised learning models minimise the empirical risk by using some
variant of the gradient descent method on the parameters of a specific parametric
model.

This can have an impact on the effective hypothesis space of the model, the
reason is illustrated in figure 3.2

The effect of a parametric model is that it maps the set of functions in the
hypothesis space into a parametric space H → Θ (we will assume for the rest of
the document that this mapping is Rn).

This induces a mapping from the parameter space to a value of the risk, and
given a training dataset it also implies a mapping from the parameter space to a
value of the empirical risk. To find the best function that minimises the empirical
risk, we perform gradient descent.

Gradient descent begins with a first iterate, then updates the iterate going in
the direction of steepest descent.

The important observation is that the parameter space Θ is a vector space, and
that organises the functions in H in an ordered way.

Suppose we have identified 2 groups of functions: "steep functions" and "flat
functions". For linear models, this can represent functions whose graph is a steep
hyperplane or flat hyperplane respectively.

It is possible that a particular modelling places the functions in these groups
closer together in the parameter space. Then, when starting with a particular initial
iterate, gradient descent could, depending on the empirical risk function, finish
with an output in the group of flat functions or in the group of steep functions.
This is a kind of "implicit regularisation".
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Figure 3.2: Big picture

Implicit regularisation refers to a regularisation process that biases the result
of the optimisation step of the supervised learning algorithm towards certain kind
of solutions instead of others, without it being explicitly encoded in the objective
of the optimisation procedure.

We can see this phenomenon in action in overdetermined linear regression
trained with gradient flow.

3.2.1 Solution of linear regression trained with gradient
flow

Let XSN
∈ RN×d and YSN

∈ RN be the input matrix and target vector where each
line corresponds respectively to an input and a target in the training dataset. Let
θ ∈ Rd be a vector of parameters.

We want to solve the gradient flow on the problem given by the empirical risk
equation:

R̂SN
(θ) = 1

N
∥XSN

· θ − YSN
∥2

2 (3.5)

The training dynamics are illustrated by Figure 3.3.
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Figure 3.3: Linear regression optimisation path

Let θ(0) be the first iterate of the gradient flow, then we can always decompose
this first iterates into:

θ(0) = θ∥(0) + θ⊥(0), θ∥(0) ∈ col(X⊤
SN

), θ⊥(0) ∈ ker(XSN
). (3.6)

When XSN
is full column rank, then the kernel of XSN

contains only the 0
vector and the parameter vector θ(∞) converges to the unique minimum empirical
risk solution X†

SN
· YSN

where X†
SN

is the Moore-Penrose pseudo-inverse of XSN
.

When XSN
is not full column rank (this corresponds to an over-parametrised

problem), there exists an infinite amount of minimum empirical risk solutions: all
vectors θ ∈ {X†

SN
· YSN

+ θ⊥|θ⊥ ∈ ker (X)}. In Figure 3.3 these optimal solutions
lie in the red dashed line.

For any initial iterate, the solution will converge to

θ(∞) = θ∥(∞) + θ⊥(0) = X†
SN

· YSN
+ θ⊥(0). (3.7)

The proof for these results can be found in Appendix E.

3.2.2 Implicit regularisation in linear regression trained
with gradient flow

A first kind of implicit regularisation happens when we choose an initial iterate
θ(0) with no part in the kernel of XSN

: θ⊥(0) = 0. This can always be satisfied by
starting with θ(0) = 0. Then the gradient flow converges to the optimal solution
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with the minimum norm X†
SN

·YSN
. Nowhere in the training algorithm we explicitly

penalise the norm of the solution, this regularisation is implicit.
But also for other initial iterates, we can consider some implicit regularisation

operates. We have defined already "flat functions" as functions whose graph
corresponds to "flat" hyperplanes and "steep functions" as functions whose graph
correspond to a steep hyperplane.

The parameter model mapping orders the functions of our hypothesis space in
such a way that parameters corresponding to flat functions are positioned close
to θ = 0 (∥θ∥ is small) whereas parameters corresponding to steep functions are
positioned far from the θ = 0 (∥θ∥ is big) .

Given a specific training dataset, if we take the part of our initial iterate in the
kernel of XT

SN
: θ⊥(0), the output of our supervised learning algorithm will keep its

corresponding behaviour. It will keep its "steep" behaviour if we take a large initial
iterate whereas he will keep its "flat" behaviour if we take an initial iterate close to
the origin.

Because we have no input with some value in the kernel of XSN
by definition,

we can probably state as an heuristic that the part of the input in the kernel of
XSN

should have no impact on the prediction of the target. This is done choosing
θ(0) = 0 as our first iterate.
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Chapter 4

Neural Networks

In this chapter we will briefly introduce Neural Networks (NNs), in particular
multi-layer perceptrons (MLP), and their use in SL. We will see that they are
learned with some variation of gradient descent.

We will then discuss the expressive power of neural network first with the
universal approximation theorem, then with the number of linear regions.

Finally we will discuss the application of the bias-variance trade-off heuristic,
the double-descent phenomena that shows it does not works very well: this suggest
the existence of an implicit regularisation that makes so that gradient descent
to learn in practice a reduced set of the set of functions a neural network can
represent.

4.1 Introduction to Neural Networks
NNs are a type of parametric model loosely mimicking the working of the human
brain.

In this master thesis we will only study Fully Connected (FC) neural networks.
The basis of this parametric model is the perceptron model.

4.1.1 Perceptron

Perceptron(x) = h(θ0 +
n∑

i=1
θixi) (4.1)

A perceptron parametric model is a function p : Rn → R. It is computed in
two steps:

• We first compute a weighted sum of the inputs (including adding a constant
parameter called bias).
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• We then pass this result through a non-linear function called activation
function h.

A popular activation function h is the Rectified Linear Unit (ReLU).

ReLU(x) = max(x, 0) (4.2)
These perceptrons can also be symbolically represented as neurons like in Figure

4.1.

...
h
(∑n

i=1 θixi + θ0
)

x1

θ1

x2 θ2

xn

θ n

Figure 4.1: Symbolical representation of a perceptron

The weights and the biases are the parameters of the perceptrons.

4.1.2 Deep and shallow neural networks
A perceptron alone can only represent ramp functions, but we can do a weighted
sum of many ramp functions to construct a shallow NN.

shallow(x) = θ1
0 +

W∑
k=1

θ1
k fk(x),

fi(x) = h
(

θ 0,i
0 +

n∑
k=1

θ 0,i
k xk

)
, i ∈ {1, . . . , W}.

(4.3)

A shallow NN with ReLU activation function is just a linear combination of W
ramp functions.

It can symbolically be represented as a graph like in Figure 4.2.
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input layer hidden layer output layer

f1

f2

f3

...

fw

y

x1

x2

...

xn

Figure 4.2: Symbolical representation of a feedforward neural network with one
hidden layer.

You can see that every edge corresponds to a weight and every node corresponds
to either an input, the output or an activation function. There is also a bias
parameter for every node representing an activation function, having this symbolical
representation can thus allow us to easily compute the number of parameters.

Shallow NNs are also called NNs with one hidden layer. This layer is called
hidden in the sense that we don’t know from the output of the NN the output of
the different functions fi.

A variation that can be done is to feed the output of the different fi functions
to a new layer of functions, and then a linear combination of the output of this
new layer would make the output of this neural network.

What was just described is a 2-hidden-layer NN which is illustrated in Figure
4.3.
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input layer first hidden layer second hidden layer output layer

f 1
1

f 1
2

f 1
3

...

f 1
w

f 2
1

f 2
2

f 2
3

...

f 2
w

y

x1

x2

...

xn

Figure 4.3: Symbolical representation of a feedforward neural network with two
hidden layers.

In all generality, a FC NN with ReLU activation functions with L-1 hidden
layers, or of depth L, follows this formula of Equation 4.4.

These neural networks are also called multi-layer perceptrons (MLP)

deep(x) = θL
0 +

WL−1∑
k=1

θL
k fL

k (x),

f j
i (x) = ReLU

θ j−1,i
0 +

Wj−1∑
k=1

θ j−1,i
k f j−1

k (x)
 , j ∈ {1, . . . , L − 1}, i ∈ {1, . . . , Wj},

f 0
i (x) = xi, i ∈ {1, . . . , n}.

(4.4)

4.1.3 Neural network’s expressive power
It has been widely demonstrated that neural networks, with varied types of activa-
tion functions, can approximate any possible continuous functions, these types of
results are called "universal approximation theorems" (the first one to prove one of
them was Cybenko [1989]).

A universal approximation theorem has in particular been proven for NNs with
ReLU activation functions Lu et al. [2016].

These results hold for networks of any depth and while varying the width of
the hidden layers.
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For a specific depth or length, shallow and deep NNs with ReLU activation
functions learn piecewise linear functions, and the number of linear regions R is
given by theorem 5 of Montúfar et al. [2014] and can be found in equation 4.5.

R ≥
L−2∏
l=1

⌊
Wl

W0

⌋W0 W0∑
j=0

(
WL−1

j

)
. (4.5)

As also explained in the paper, the number of linear regions grows polynomially
with the width but exponentially with the depth.

In light of this result, we can say that the expressive power of mlps growths
with its length and its width.

4.1.4 Learning of neural networks
Back-propagation and stochastic gradient descent

It is possible to relatively efficiently calculate the partial derivatives of NN output
by their parameters θk

i,j through the back-propagation algorithm (introduced at
first in Rumelhart et al. [1986]).

Calculation of partial derivatives is only relatively efficient because the cost of
calculating them on a training error grows linearly with the size of the training set.

Because of that, NNs are generally learned with some stochastic gradient descent
method.

These methods are variations of gradient descent which use an approximation
of the gradient of the empirical risk using only part of the training data.

While this training has complex dynamics, for the rest of this master thesis we
will analyse the training of NNs using gradient flow defined in section 3.1.1.

Generalisation of this master thesis to a training with gradient descent and
then a training with stochastic gradient descent are left for future works.

4.2 Neural networks in supervised learning

4.2.1 Bias variance trade-off heuristic for neural networks
and double descent phenomenon

Using the bias-variance trade-off heuristic, the fact that deep NNs can represent
many functions should be interpreted as much as a blessing as a curse.

On the one end, for NNs to be successful in many SL tasks, we expect them to
be able to approximate a wide variety of CEFs.

But on the other hand, we expect models with high expressive power to have
high variance and to thus need regularisation to have good performances.
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The surprising fact is that empirical evidence shows that for a large amount of
problems, we observe very big NNs perform well in SL tasks without needing any
explicit regularisation method to decrease their variance.

More precisely, when increasing the number of layers and the depth of the layers
the performance of NNs increase.

An influential paper that described this phenomenon called it "double descent"
(Belkin et al. [2019]), because if the number of hidden layers is small the test error
follows the U-curve described in Figure 2.3, but it comes a point where the test
error decreases again (in many problems it is past the interpolation point: when
the number of parameter is equal to the number of data points). An important
observation to make is that the double descent phenomena describe the fact that
deep neural networks perform better than shallow neural networks.

This suggest the existence of some type of implicit regularisation that reduce
the variance of the supervised learning procedure use to train big neural networks.
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Chapter 5

Linear neural networks and
implicit regularisation

What we want to achieve in the study of more simplified NNs, like linear NNs, is
to come up with results that can be generalised to more complex NNs.

In this chapter, we will present the results of Section 4 of Marion and Chizat
[2024], and will discuss to which extent they can also be seen as implicit regularisa-
tion.

We will end by explaining the difficulties of coming up with an implicit reg-
ularisation for linear neural network, and the further studies that have to be
done.

In the next chapter, we will see that some results that cannot be considered
implicit regularisation for linear neural networks can be considered implicit regu-
larisations for MLPs.

5.1 Modelling of linear neural networks
Linear NNs are NNs without activation function and without bias as defined in
Equation 5.1.

linearΘ(x) =
WL−1∑
k=1

θL
k fL

k (x),

f j
i (x) =

Wj−1∑
k=1

θ j−1
k,i f j−1

k (x), j ∈ {1, . . . , L − 1}, i ∈ {1, . . . , Wj},

f 0
i (x) = xi, i ∈ {1, . . . , n}.

(5.1)
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To help us study linear NNs, it can be useful to rewrite a linear network in its
matrix form as defined in Equation 5.2.

linearΘ(x) := x · Θ1 · Θ2 · · · ΘL

Θj :=


θj

0,0 · · · θ0,Wj

... . . . ...
θj

Wj−1,0 · · · θWj−1,Wj

 (5.2)

Notice that the matrix form used in this document is different than the matrix
form used in Marion and Chizat [2024]: in their representation the matrices of
Equation 5.2 are transposed.

Notice also that the last matrix ΘL is a column vector, in general proofs
presented will assume this fact.

5.2 Gradient flow for linear neural networks
The risk for linear NNs on least squares regression is defined in Equation 5.3.

R(Θ) = ∥Y − linearΘ (X)∥2
2 (5.3)

Where Y and X are given data matrices.
The formula for the gradient was given by the paper is repeated in Equation

5.4.

∇Θj (R(Θ)) = ∇Θj

(∥∥∥Y − X · Θ1 · Θ2 · · · ΘL
∥∥∥2

2

)
= 2 · (Θj−1)T · · · (Θ1)T · XT · (linearΘ (X) − Y ) · (ΘL)T · · · (Θj+1)T

(5.4)

Because we will later study the gradient flow of affine NNs, it can be useful to
develop a proof in such a way that can be easily generalised for more complex NNs:
the author’s proof can be found in Appendix F.

5.3 Implicit regularisation for linear neural net-
works with small initialisation

Although it was not the main objective of Marion and Chizat [2024], we will revisit
the results of its section 4: "analysis of gradient flow from small initialisation" and
interpret them as implicit regularisation.

We will compare the results we have with the implicit regularisation in linear
regression.
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5.3.1 Main results for linear neural networks
Weight balancing lemma

Without assuming anything more, the parameter matrices of linear neural networks
trained with gradient flow on minimum square loss are subject to what will be
called the "weight matrices balancing lemma" (this corresponds to lemma 1 in
Marion and Chizat [2024]).

The proof can be found in Appendix H.

d

dt

(
Θj+1 · (Θj+1)T − (Θj)T · Θj

)
= 0 ∀t ≥ 0 ∀j ∈ {1, · · · , L − 1} (5.5)

This lemma plays an important role because at any point in the training path,
the weights will be subject to this invariance.

Small weight initialisation and weight alignment lemma

For proving the rest of the results, the paper assumes:

R(Θ(0)) ≤ R(0) and ∇ΘR(Θ(0)) > 0 (5.6)

It also assumes that before training by gradient flow, the first iterate of each
parameter matrix to be of small Frobenius norm: what we mean precisely is that
we want to define ϵ > 0 arbitrarily small, and we want that the first iterate satisfies
Equation 5.7.

3·
(

max
1≤j≤L

∥∥∥W j(0)
∥∥∥2

F
+ 2 ·

L−1∑
i=1

∥∥∥(Θi(0))T · Θi(0) − Θi+1(0) · (Θi+1(0))T
∥∥∥

2

)
≤ ϵ (5.7)

Satisfaction to conditions of equation 5.6 can be easily obtained by generating
the first iterate of all but 1 arbitrarily chosen parameter matrix using random
Gaussian entries with same variance, and setting the last parameter matrix to 0.

Satisfaction to condition of Equation 5.7 is obtained by reducing the variance
until the condition is satisfied.

Under these 2 assumptions, the parameter matrices of linear neural networks
during training are subject to what we will call the "weight matrices alignment
lemma" (which corresponds to lemma 2 in Marion and Chizat [2024])

The weight matrices alignment lemma consists of 3 results that can be found in
equation 5.8.
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∀t ≥ 0 :
(i) ∀k ∈ {1, . . . , L}, ∥Θk(t)∥2

F − ∥Θk(t)∥2
2 ≤ ε,

(ii) ∀j, k ∈ {1, . . . , L},
∣∣∣σ2

k(t) − σ2
j (t)

∣∣∣ ≤ ε,

(iii) ∀k ∈ {1, . . . , L − 1},
〈
vk(t), qk+1(t)

〉2
≥ 1 − ε

σ2
k+1(t)

,

(5.8)

Where Θk(t) is the weight matrix of layer k at time t, ∥ · ∥F is the Frobenius
norm, ∥ · ∥2 the spectral norm, σk(t) the largest singular value of Θk(t), and
qk(t), vk(t) corresponding to respectively the first left and the first right singular
vectors.

q was used for the left singular vector instead of the more widely used u because
u and v where too similar letters that could be confused between each-other.

Identity (i) of Equation 5.8 means that at any time the matrices are nearly
rank 1 or rank 0.

Identity (ii) of Equation 5.8 bounds the difference in spectral norm between
two weight matrices, and assuming the matrices are nearly rank 1 or 0 this also
implies a bound on the difference of their Frobenius norms.

Identity (iii) of Equation 5.8 shows that for two consecutive weight matrices
the right first singular vector of the first matrix is nearly aligned with the first left
singular vector of the second one.

NB1: These results hold for any value of ϵ, but the interpretation only makes
sense for small values of ϵ

NB2: To come up with these results, we assumed ||ΘL||2F − ||ΘL||22 = 0, this
assumption is satisfied because ΘL is a 1 column matrix.

While this was not the main objective of the paper, this lemma has some
interesting implication on the value of all parameters of the solution during training
and at convergence.

Let us define ΘS to be the vector which is the product of all parameter matrices
Θi as shown in equation 5.9.

ΘS :=
L∏

i=1
Θi (5.9)

There are many ways to multiply matrices so that they multiply to ΘS. We are
interested in the minimal sum of square coefficient solution, which is the result of
the problem of equation 5.10.

C = min
Θi

L∑
i=1

||Θi||2F subject to
L∏

i=1
Θi = ΘL (5.10)
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Then the sum of square coefficient is optimal up to an order of ϵ
1
L

L∑
i=1

||Θi||2F ≤ C + O(ϵ 1
L ) (5.11)

The proof can be found in annex J. This proof is original and can be considered
a contribution from the author.

PL condition

Using the results of Equation 5.8, Marion and Chizat [2024] claims that the
regression problem satisfy PL condition, in the sense that there exists a constant
µ > 0 such that for all t ≥ 1:

L∑
k=1

∥∥∥∇k
Θ (R(Θ))

∥∥∥2

F
≥ µ

(
R(Θ) − Rmin

)
,

Where R is the empirical risk, Rmin is its minimum value and Θ = Θ(t) are the
weights.

The author was not able to verify well enough the proof to verify the interpre-
tation of "for all t ≥ 1" but he assumes it implies at least: "at some point during
training this condition is satisfied".

Consequently, the gradient flow converges exponentially fast to a global min-
imiser of the risk. This implies a region of convergence for the product of all
parameter matrices ΘP .

ΘP (∞) ∈ Opt = {X†y + θ|θ ∈ ker(X)} (5.12)

Implicit regularisation of linear neural networks

For linear neural networks, to understand how they are subject to an implicit
regularisation, we only need to understand the gradient flow of the product matrix.
This is because knowing the product matrix gives us sufficient information to define
the linear function the neural networks represent.

For linear neural networks, we only have studied the case where the initial
iterate is subject to the conditions of equations 5.6 and 5.7.

And even in this case, we have only proven that the solution converges to the
global optimum, so it seems we haven’t found any explicit regularisation for linear
neural networks

The study of the gradient flow map of figure 3.3 and how it generalizes for the
product matrix in linear neural network could be an interesting study by itself, but
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the implicit bias of linear neural networks in itself is not the end-goal. What we are
interested in is how much this implicit bias informs us on the implicit bias of mlps.

In the next chapter, we will see how the result of equation 5.11, if they hold for
mlps, constitute an implicit regularisation of mlps.
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Part II

Contribution of the author
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Chapter 6

Gradient flow of mlps

In the previous chapter we discussed some results in linear neural networks, in this
chapter we will discuss how we can use our knowledge of linear neural networks
too deduce some implicit regularisation on mlps if these results hold.

We will in particular show that some gradient descent paths in mlps are exactly
the same as particular gradient descents paths in linear neural networks.

We will then motivate the need to study affine neural networks by suggesting
that for a property to be generalisable from linear neural network to mlp it must
first be generalisable to affine neural networks.

6.1 Matrix form of mlps
As we discussed in the previous chapter, the result of equation 5.11 was not an
implicit regularisation of linear neural networks, because it did not impact the
product matrix.

Nonetheless we will see it is a implicit regularisation if these results hold for
mlps. To understand that let’s write a 2-layer linear neural network modified
adding a relu activation function on the first layer. This way we make it more
similar to the general form of neural network described in equation 4.4.

linearΘ(x) := ReLU
(

x ·
[
θ1

1,1 θ1
1,2

θ1
2,1 θ1

2,2

])
·
[
θ2

1,1
θ2

2,1

]

=
[
ReLU

(
x ·
[
θ1

1,1
θ1

2,1

])
ReLU

(
x ·
[

θ1
1,2

θ1
2,2

])]
·
[
θ2

1,1
θ2

2,1

] (6.1)

This allows us to identify 4 linear zones in the input-output map that are
illustrated by figure 6.1.
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Zone 1 is the zone where x ·
[

θ1
1,1

θ1
2,1

]
≤ 0 and x ·

[
θ1

1,2
θ1

2,2

]
≤ 0, so because of this

linearΘ(x) = 0.

Zone 2 and 3 are zones where respectively x ·
[

θ1
1,1

θ1
2,1

]
≥ 0 and x ·

[
θ1

1,2
θ1

2,2

]
≤ 0, and

x ·
[

θ1
1,1

θ1
2,1

]
≤ 0 and x ·

[
θ1

1,2
θ1

2,2

]
≥ 0. the output is determined by the linear neural

networks described by the following equations:

zone2Θ(x) := x ·
[
θ1

1,1
θ1

2,1

]
·
[
θ2

1,1

]
zone3Θ(x) := x ·

[
θ1

1,2
θ1

2,2

]
·
[
θ2

2,1

] (6.2)

We see that the relu function changes the matrix-structure of the original neural
network by removing columns in the matrix where the output of the relu function
is 0 then removing the corresponding line in the next matrix.

Zone 4 is the zone where x ·
[

θ1
1,1

θ1
2,1

]
≥ 0 and x ·

[
θ1

1,2
θ1

2,2

]
≥ 0, the output is equal

to the sum of the output of the linear neural network of zone 2 and zone 3., but he
can also be described by the following equation:

zone4Θ(x) := x ·
[
θ1

1,1 θ1
1,2

θ1
2,1 θ1

2,2

]
·
[
θ2

1,1
θ2

2,1

]
(6.3)

The different zones in the input space are determined by the parameter, so
during training when the parameters are updated a particular input in the training
dataset can jump from one zone to the other.

But for the sake of argument let assume a particular supervised learning problem
where all the data points of the training set are in zone 4, and that during training
they do not change zone, then the training of the network is equivalent to the
training of the linear network describing zone 4, all the results of chapter 5 hold
and in particular the result of equation 5.11 hold.

In the previous chapter, we said that results of equation 5.11 did not constitute
an implicit bias for linear neural networks because the only aspect influencing the
output was the product matrix. When we add relu activation to a linear neural
network, because the parameters of the linear neural networks in zone 2 and 3
can be found in zone 4, the same result constitute an implicit bias for this kind of
networks.

The suspected implicit regularisation works as such: if we begin with small
weight initialisation (this corresponds to a "flat" piecewise linear function), because
we keep the weights minimised during training, we will converge to a "flat" solution.
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Figure 6.1: ReLU linear network network

To further this aim, the study of the generalisation of properties 5.8 and 5.11
for linear neural network adding relu activation functions could be an interesting
work in itself. Another possibility would be to relax the conditions of equations 5.6
and 5.7 to come up with bounds on the final solution (because for now we only
considered first iterates close to 0).

The author decided to try to generalise these properties in a different way.
Linear neural networks can only represent linear functions, whose graph are planes
passing through the origin. To represent affine functions in general, the author will
study a new kind of neural network: affine neural networks.
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Chapter 7

Affine Neural networks

In this chapter we will introduce affine neural networks, a middle link between
linear neural networks and mlps.

We will then investigate if the results of chapter 5 hold for affine neural networks.
We will show in particular that the weight matrices balancing lemma, upon which
all other shown properties of linear neural networks rest upon, does not hold in
general for affine neural networks.

We will then discuss the result of a numerical test on a particular training of
affine neural networks and discuss what it implies on the implicit regularisation of
mlps.

7.1 Motivation for affine Neural Networks
As already discussed in Section 4.1.3, mlps represent piecewise linear functions.

It is important to know that although we call them piecewise "linear" functions,
what we really mean by that is piecewise "affine" functions.

This distinction is important because linear neural networks can only represent
linear functions, in figure 6.1 they would be represented by hyperplanes passing
through the origin.

Hyperplanes not passing through the origin cannot be represented by linear
neural networks, and mlps represent "connected segment of hyperplanes" not
necessarily passing through the origin.

An important observation is that mlps can be perfectly described as affine neural
networks in the same way as described in chapter 6 for linear neural networks with
relu activation function. The different affine regions share the same parameters.

If we would be able to show similar behaviour for affine neural networks as
in the linear regression case with equations 5.5 and 5.11, it can be a first step to
understand the implicit regularisation of mlps.
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7.2 Modelling affine neural networks
Affine NNs are a generalisation of linear NNs where we add the biases as defined
in Equation 7.1.

affineΘ(x) = θL−1
0 +

WL∑
k=1

θL
k fL

k (x)

f j
i (x) = θ j−1

0,i +
Wj−1∑
k=1

θ j−1
k,i f j−1

k (x), j ∈ {1, . . . , L − 1}, i ∈ {1, . . . , Wj},

f 0
i (x) = xi i ∈ {1, . . . , n}.

(7.1)
The author did not find any paper studying specifically affine NNs.
To study the properties, it is necessary to develop the necessary mathematical

framework.
To that aim, it can be useful to represent affine NNs in their matrix multiplication

form like for linear NNs.
Assuming W0 = n and defining x∗ :=

[
1 x

]
we have:

affineΘ(x) := x∗ · Θ1 · Θ2 · · · ΘL

Θj :=


1 θj

0,1 · · · θj
0,Wj

0 θj
1,1 · · · θj

1,Wj... ... . . . ...
0 θj

Wj−1,1 · · · θj
Wj−1,Wj

 ∀j ∈ {1, · · · , L − 1}

ΘL :=


θL

0
θL

1
...

θL
WL−1



(7.2)

Let’s call every matrix Θj with j ∈ {1, · · · , L − 1} an "affine matrix".
To add a bias, or an intercept in a linear regression model, it is common use to

add a column of 1 in your data matrix.
We use the same trick here, and we add to each affine matrix with the exception

to the last a column with 1 to the first line and the appropriate number of 0 in the
next lines.
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This allows to do the following decomposition:

Θj :=


1 θj

0,1 · · · θj
0,Wj

0 θj
1,1 · · · θj

1,Wj... ... . . . ...
0 θj

Wj−1,1 · · · θj
Wj−1,Wj

 =
[
cj Θ̃j

]
=
[

1 Θ̃j
b

0j Θ̃j
s

]
∈ R(Wj−1+1)×(Wj+1)

cj :=


1
0
...
0

 ∈ R(Wj−1+1)×(1)

Θ̃j :=


θj

0,1 · · · θj
0,Wj

θj
1,1 · · · θj

1,Wj... . . . ...
θj

Wj−1,1 · · · θj
Wj−1,Wj

 ∈ R(Wj−1+1)×(Wj)

0j :=


0
...
0

 ∈ R(Wj−1)×(1)

Θ̃j
b :=

[
θj

0,1 · · · θj
0,Wj

]
∈ R(1)×(Wj)

Θ̃j
s :=


θj

1,1 · · · θj
1,Wj... . . . ...

θj
Wj−1,1 · · · θj

Wj−1,Wj

 ∈ R(Wj−1)×(Wj)

(7.3)
We can give names to these different matrices:

• Θ̃j can be called the parameter matrix, it is composed of :

– Θ̃j
b the bias vector, because it is the vector containing the biases

– Θ̃j
s the slope matrix, containing the rest of the parameters
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7.2.1 Gradient flow equation for affine neural networks
Let’s now represent the gradient flow of the learning of an affine network in a
regression problem with least square error loss.

d

dt

(
Θ̃j
)

= −∇Θ̃j (R(Θ)) (7.4)

We notice that contrary to the linear case, it is not the whole matrix that will
be modified but only the parameter matrix.

This motivates the following operator:

Inc
(
Θ̃
)

:=
[
0 Θ̃

]
(7.5)

This way when we can define the "incorporated gradient"

∇∗
Θj (R(Θ)) := Inc (∇Θ̃j (R(Θ))) : (7.6)

This incorporated gradient allows us to write the gradient flow for all the affine
matrices:

d

dt

(
Θj
)

= −∇∗
Θj (R(Θ)) ∀j ∈ {1, · · · , L − 1} (7.7)

The gradient flow for the last matrix uses the normal gradient and not the
incorporated gradient.

Incorporated gradient for all affine matrices

The incorporated gradient of the affine matrix is thus a little different than in the
linear case, it is shown in Equation 7.8. The proof is found in annex G.

∇∗
Θj (R(Θ)) =

2 · Inc
(
(Θj−1)T · · · (Θ1)T · XT · (affineΘ (X) − Y ) · (Θ̃L

s )T · · · (Θ̃j+1
s )T

) (7.8)

Discussion on the incorporated gradient

We can notice that we break a symmetry that was present in the linear case: the
incorporated gradient of a weight matrix is dependent on the biases and slopes of
the affine matrices before it but only on the slope parameters of the affine matrices
after it.

This plays an important role for disproving the weight matrices balancing
lemma.
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7.2.2 Weight matrices balancing lemma for affine neural
network

For the results in Section 5.3.1 for linear NNs, we assumed weight matrices balancing
lemma as defined in Equation 5.5 did hold.

For affine NNs, however, the time derivatives of Equation 5.5 is not 0 but is as
defined in Equation 7.9.

d

dt

(
Θj+1(Θj+1)T − (Θj)T Θj

)
= ∆ + ∆T (7.9)

With ∆ defined in Equation 7.10

∆ = 2 · (Θj)T · · · (Θ1)T ·
(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+2
s )T ·

[
(Θ̃j+1

b )T 0
]

(7.10)
We now notice that this derivative is equal to 0 only if the value of the learned

biases are equal to 0.

7.3 Linear and affine cases for linear regression
and linear neural networks

In the statistical study of linear regression (in particular the statistical study
of Ordinary Least Squares), affine and linear cases are the same because of the
augmented matrix trick.

We can easily make the mistake of assuming it is also the case for linear and
affine neural networks but it is not the case.

7.4 Numerical test on the alignment property in
affine neural networks

We will conclude this chapter with a numerical test: we will do a qualitative
assessment of the results of the training of an affine NNs with gradient descent and
highlight the potential dynamics at play through the properties of linear and affine
NNs.

A compiled notebook of the numerical tests can be found in this repository:
https://github.com/Pietro-Gavazzi/Affine-Neural-Networks-Eigen-Decomposition.

For the numerical tests we trained an affine model on a least squares regression
problem.
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The data was generated with a linear model:

Y = β0 +Xβtrue + η (7.11)

Where the values of X, βtrue and η are chosen following independent normal
distributions and β0 = 1.

The βtrue has 4 features and 6 data-points were generated: if we wanted to train
a linear regressor we would be in an over-determined case.

For the network, we trained a 4 layer affine NN of width 4 ( in an matrix
representation we have 3 5x5 and 1 5x1 weight matrix).

Let’s test identities in Equation 5.8 on the matrices of the affine NN at conver-
gence:

• for Θi with i ≤ L − 1 we have:

– The second singular value always are slightly less than 1 and the norms
of the bias vectors are slightly greater than 0.

– The first singular values are nearly of equal size: σi = (1.655 ± 0.010)
– The other singular values are close to 0.

• for ΘL:

– The only singular value is equal to σL = 3.137 ± 0.005

• vi and qi+1 are nearly aligned between all matrices but between the last one
and the preceding one:

– vT
1 q2 = −1 ± 0.005

– vT
2 q3 = 0.993 ± 0.005

– vT
3 q4 = −0.502 ± 0.005

Can we explain these results with the results seen before?
At the beginning of training, all parameters are initialised close to 0.
In the first iterations, the gradients for all parameters are close to 0 but the

gradient for the bias of the last matrix ΘL: it is immediately updated.
Remember that the ∆ terms in the derivation of weight matrices balancing

lemma are equal to 0 if the biases are equal to 0 as can be seen in Equations 7.9
and 7.10.

This means that for all the matrices but the last ones, weight matrices balancing
lemma holds, further investigation must be conducted to verify if the other results
in Section 5.3.1 hold for affine NNs.

If we increase the depth of the affine neural network, we can see the effect on
more matrices and thus on a bigger proportion of the parameters.
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7.5 Conclusion
The double descent phenomenon for mlps of Belkin et al. [2019] describes the
fact that deep neural networks performed better than shallow neural networks,
our numerical results showed that the weight balancing lemma and the matrix
alignment lemma do not hold only for the last weight matrices in affine neural
networks but does in practice hold for all the other matrices, suggesting a stronger
effect the more weight matrices there are.

As explained in chapter 6, these two results can potentially play an important
role in the implicit regularisation of mlps, even if further investigation must be
done to verify how these results generalise when taking initial iterates far from 0,
and when adding a relu activation function.

Perhaps we will discover that it is not those results who are the most important
to describe the gradient path of mlps, but this might be an interesting try.

While he finds these results interesting by itself, the author consider himself
new in the study of linear neural networks. There exist a large literature that study
linear neural networks, and as stated by Marion and Chizat [2024], there is also a
large literature in matrix completion that is closely related to the study of linear
neural networks.

The author hopes to have provided a path to generalise these result to affine
neural networks, which he believes can show new insight on the workings of mlp’s
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Appendix A

Formal Definitions

A.1 Risk of a function and Hypothesis Space
Imagine we want to predict the value of some variable Y as well as possible, where
we only know the value of some other variable X.

More formally, we say we have some random variables (X ∈ X , Y ∈ Y) following
some joint probability distribution D(X,Y ), we write (X, Y ) ∼ D(X,Y ).

The X is called the "input" and Y is called "target". When X is a vector each
individual component is called a "feature".

"Predicting the value of Y " means finding the function f̂ : X −→ Y that given a
value X predicts the best possible value for Y .

More precisely, "predicting best" is formally defined as taking the minimum
of what we call the "risk". The risk is the expectation of some "loss function"
L : (Y , Y) −→ R+ which takes as input Y and its prediction f̂(X), and outputs
some real positive number.

The risk is thus formally defined in Equation A.1.

R(f) = E(X,Y )∼D(X,Y ) [L(Y, f(X))] (A.1)

In theory f can be any function X −→ Y , but in practice this problem is very
difficult, so we restrict ourself to some defined set of functions H = {h : X −→ Y},
called the "hypothesis space".

We can thus define our problem as finding the function f̂ within H that
minimizes the risk R(f) as defined in Equation A.2.

f̂ = argmin
f∈H

R(f) = argmin
f∈H

E(X,Y )∼D(X,Y ) [L(Y, f(X))]. (A.2)
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A.2 Supervised learning task
We have introduced the risk formula in Equation A.1, however it can not be
computed in practice because we do not know the real distribution D(X,Y ).

For "supervised learning" we assume we have access to some "sample dataset"
SN = {(Xi, Yi)}N

i=1 ∈ (X , Y)N , which is a dataset of N identically distributed
random variables (Xi, Yi) ∼ D(X,Y ) called "samples", following the joint probability
distribution D(X,Y ). We also generally assume the samples to be independent.

We will assume that the empirical mean of the loss over the dataset is a good
approximation of the expected value of the loss on a random sample from the
distribution as illustrated in Equation A.3.

E(X,Y )[L(Y, f(X))] ≈ 1
N

N∑
i=1

L(Yi, f(Xi)) (A.3)

We will call this empirical mean the "empirical risk" R̂SN
(f) which is dependent

on the sample dataset, it is defined in Equation A.4.

R̂SN
(f) := 1

N

N∑
i=1

L(Yi, f(Xi)). (A.4)

Approximating the Risk R with the Empirical Risk R̂SN
is very naive. However,

one of the advantages is that a procedure to find the function that minimizes risk
can be naturally derived from it as shown by the modification of Equation A.2 into
Equation A.5.

f̃ = argmin
f∈H

R̂SN
(f) = argmin

f∈H

N∑
i=1

[L(Yi, f(Xi))]. (A.5)

With this formulation, the problem depends on a sum of data point and not an
expectation, it can thus be solved with an optimisation algorithm.

In all generality, we don’t always find the minimum of the empirical risk, what
we have is the result of an optimisation algorithm on the objective of equation A.5
so the result of our SL algorithm f̂ is as defined in Equation A.6.

f̂ := Optimiser
(

argmin
f∈H

R̂SN
(f)

)
= Optimiser

(
argmin

f∈H

N∑
i=1

[L(Yi, f(Xi))]
)

(A.6)

A.3 Risk of supervised learning algorithm
Going back to the general case of supervised learning from Equation A.2 and
repeated below.
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f̂ = argmin
f∈H

R(f) = argmin
f∈H

E(X,Y )[L(Y, f(X))].

We also had a sample dataset SN that determined through a learning procedure
the best function f ∈ H as defined in Equation A.6. To define the risk of a SL
algorithm, we will explicitly define the training procedure of f using SN .

We define the "Supervised Leaning Algorithm" of equation A.6 as a function
F : (X , Y)N → H, a function that associate at each possible realisations of the
dataset {(Xi, Yi)}N

i=1 ∈ (X , Y)N a specific function f ∈ H.
For sake of clarity if F(SN) = f , let’s define FSN

(X) := f(X). (example of F:
training with gd of linear estimator, f is linear estimator)

Putting this function FSN
as argument in the definition of the risk of a function

redefines Equation A.3 into Equation A.7.

EX,Y [L(Y, FSN
(X)]. (A.7)

However, this formula does not reduce to a scalar because we still have a
dependence to SN which is a random variable. In other words, the definition of the
"Risk of a Supervised Learning Algorithm" is given by Equation A.8.

R(F) = EX,Y [ESN
[L(Y, FSN

(X))]]. (A.8)
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Appendix B

Bias Variance Decomposition

We will do the proof of Geman et al. [1992]
To make the bias-variance decomposition, we assume that the domains are

defined as X = Rn and Y = R, and that the loss function is the mean square error
L(f(X), Y ) = ||f(X) − Y ||22 .

Given the definition of the risk defined in Equation A.8, the law of iterated
expectations is used to derive Equation B.1.

R(F) = EX [EY [ESN
[L(Y, FSN

(X))]|X]]. (B.1)

We can swap the expectation of the training dataset SN and the expectations
on X and Y assuming this expectation is finite (Fubini’s theorem) which provides
Equation B.2.

R(F) = EX [ESN
[EY [L(Y, FSN

(X))|X]]]. (B.2)
We define the Conditional Expectation Function (CEF) as: E[Y |X] := Ȳ .

Furthermore, we add and subtract inside the square and we develop as shown in
Equation B.3.

R(F) =EX [ESN
[EY [((Y − Ȳ − FSN

(X) + Ȳ ))2|X]]]
=EX [ESN

[EY [(Y − Ȳ )2|X] + EY [(FSN
(X) − Ȳ )2|X]

− 2EY [((Y − Ȳ )(FSN
(X) − Ȳ ))|X]]] (B.3)

The first term does not depend on the model F , it consists on what we call the
Irreducible Error (IE) which is defined in Equation B.4.

IE = EX [EY [(Y − Ȳ )2]] (B.4)

The third term is equal to 0 because EY [((Y − Ȳ )|X] = Ȳ − Ȳ = 0. Finally
the remaining term does not depend on Y . In other words, Equation B.3 simplifies
to Equation B.5.
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R(F) = EX [ESN
[(FSN

(X) − E[Y |X])2]] + IE (B.5)
Already here we can deduce that the best theoretically possible SL algorithm is

the one that for all training datasets finds the CEF.
Now, to derive the bias variance decomposition, we add and subtract ¯FSN

(X) =
ESN

[FSN
(X)]. ¯FSN

(X) correspond to the expected value of FSN
(X) on all possible

datasets SN .

R(F) = EX [ESN
[(FSN

(X) − ¯FSN
(X) + ¯FSN

(X) − E[Y |X])2]] + IE
= EX [ESN

[(FSN
(X) − ¯FSN

(X))2 + ( ¯FSN
(X) − E[Y |X])2

+ 2(FSN
(X) − ¯FSN

(X))( ¯FSN
(X) − E[Y |X])]] + IE (B.6)

The third term is equal to 0 because ESN
[(FSN

(X) − ¯FSN
(X))] = 0

We thus have the final bias variance decomposition in Equation B.7 where the
first term is the variance, and the second term is the bias.

R(F) = EX [ESN
[(FSN

(X) − ¯FSN
(X))2] + ( ¯FSN

(X) − E[Y |X])2] + IE (B.7)
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Appendix C

Bias of the training error

This appendix is not meant as a formal proof, but it is the study of a simple
supervised learning algorithm example to disprove a misconception.

One popular way to describe why the training error is not an approximation of
the risk it that when we optimise to find the best parameter, this is done using
all the samples in the training dataset. So, when we use this best parameter to
calculate the training error, this induces a dependence between all the losses and
thus we can no longer use the bound provided by Hoeffding’s inequality.

While this can be partly the reason, this would lead us to think that if we
trained our supervised learning algorithm on a training algorithm comprised of
only one sample, the resulting training error would be a good approximation of the
risk: and this is not the case. The main reason is similar to the "regression to the
mean" phenomena described in Barnett et al. [2005].

C.1 Description of our problem
In our example of supervised learning, the Xi will follow a uniform distribution
between 0 and 1 and the Yi = Xi + ϵi where the ϵi will follow a normal with mean
µϵ = 0 and standard deviation σϵ = 0.1. We will each time work with training and
testing datasets composed of 5 samples of Xi, Yi.

We will run the supervised learning algorithm 5000 times, each time with a
new training dataset and testing dataset and compare the training error with the
test error. The training datasets will be labelled Si

5, i ∈ {1, · · · , 5000} and the
testing datasets will be labelled T i

5, i ∈ {1, · · · , 5000}
All supervised learning algorithm that will be presented are variation in the

training of the parametric model fθ = θ · X.
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C.2 Distribution shift in best of two values for
parameter θ

Let’s first test analyse a simple training algorith where we have the choice between
two discrete values of θ: θ ∈ {0.5, 1.7}. Our algorithm will consist on choosing the
best performing value of θ on the training error as defined in Equation C.1.

FSN
(X) = θ̂X, θ̂ = arg min

θ∈{0.5,1.7}

1
N

∑
(Xi,Yi)∈SN

(Yi − θXi)2 (C.1)

We will distinguish θ̂ when θ is the parameter with minimum risk

Figure C.1: Training error 5000 training datasets of 5 examples

On Figure C.1 we illustrate each of the 5000 example as a point where the
horizontal coordinates are the training errors setting θ = 1.7 and the vertical
coordinates are the training errors setting θ = 0.5 (nb: the plot is in logarithmic
scale so that the points are more evenly spread out). The black star represent the
mean value of all the attempts.

If we take the whole 5000 examples, both the mean training error taking θ = 1.7
and θ = 0.5 (respectively the horizontal and vertical component of each point) can
be considered unbiased approximation of the risk because the value of θ is chosen
without regard of the value of the risk. The coordinates of the black star are thus
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unbiased estimations of the risk (when θ = 1.7 for the x coordinates and θ = 0.5 for
the y coordinate). Because one training error is calculated with 5 data-points, the
mean of all training errors is equivalent to a training error with 5 ∗ 5000 = 25000
data points.

To illustrate the reason why training and testing error are not the same, it can
be useful to separate the case where θ̂ = 0.5 is chosen and the case where 1.7 is
chosen.

When θ̂ = 1.7, the training error is not the horizontal component of one point
taken at random out of the 5000 but we will only consider the points where the
training error for θ = 1.7 is lower than the training error for θ = 0.5, thus where
the horizontal component is lower than the vertical component, thus all the blue
points over/left of the diagonal line.

These points do not follow in all generality the same distribution as the whole
5000 points, in fact because they are all left of the diagonal line, as long as there
exist at least one point where θ̂ = 0.5 the training error for θ̂ = 1.7 will be in
average (represented by the blue star) less than the true risk.

Similarly, When θ̂ = 0.5, the training error is not the vertical component of
one point taken at random out of the 5000 but we will only consider the points
where the training error for θ = 0.5 is lower than the training error for θ = 1.7,
thus where the vertical component is lower than the horizontal component, thus
all the orange points under/right of the diagonal line.

These points do not follow in all generality the same distribution as the whole
5000 points, in fact because they are all under of the diagonal line, as long as there
exist at least one point where θ̂ = 1.7 the training error for θ̂ = 0.5 will be in
average (represented by the orange star) less than the true risk.

These distribution shift are represented the histograms in figure C.2. The
vertical lines represent the empirical means of the different distributions.

Figure C.2: Distribution shift for the value of the training error
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θ = 1.7 is selected around 10.62% of the time whereas for the rest of the time
θ = 0.5 has a lower training error. Knowing this information we can calculate the
mean training error with the x coordinate of the blue star and the y coordinate of
the orange star: 10,62

100 ∗ 0.9657 + 89,38
100 ∗ 0.08982 = 0.090534.

But to find the Risk of the training algorithm, you have to have an unbiased
estimation of the training error for both coordinates, and that should be done also
considering vertical training errors with θ = 1.7 in examples where θ̂ = 0.5 and
training errors with θ = 0.5 in examples where θ̂ = 1.7. Using the mean training
errors with all 5000 training datasets and both values for θ (the coordinates of
the black star) we can estimate the risk of this learning algorithm to be equal to
R(Fdummy) ≈ 10,62

100 ∗ 0.17268 + 89,38
100 ∗ 0.09342 = 0.10184 which is nearly equal to

the mean of the testing errors (setting θ = θ̂) which are R(Fdummy) ≈ 0.10153.
These two are thus our best approximation for the risk of our training algorithm
(technically the second one is the only unbiased approximation because we did use
the training datasets to find the percentage distributions of the values of θ̂).

C.2.1 Change in size of the training dataset

Figure C.3: Training error 5000 training datasets of 15 examples

In Figure C.2.1 we did the same experiment but changed the size of the training
dataset from 5 data-points to 15 data-points. Unsurprisingly because the size of the
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training set is bigger the points will be more centred on the real risk (approximated
by the black star). The training will more often pick the best parameter θ̂ = 0.5
(98.2% of the time) but because he sometimes choose θ̂ = 1.7 this introduces a bias
in the training error of the model.

more choices for the value of θ̂

Instead of choosing between 2 values of theta we could choose between 3 values
of theta. If the try to map the training errors, we would have a similar graph as
Figure C.1 but in 3 dimensions, with all the space divided in 3 areas, and tie the
probability to be in one specific area out of 3 (which is the probability of choosing
one specific value) will be probably less than in one specific area out of 2, but
the distribution of length in any of the 3 direction (the value of the training error
setting the value of θ) will not necessarily be the same if we take the points in all
the 3 areas (an unbiased estimation of the risk) or if we take only one of the 3
areas (the training error when a particular θ̂ is set).

When we have the choice between an infinite amount of values (for example:
θ ∈ R, the probability of taking one specific value for θ̂ will be 0 and we will handle
probability densities, but the distribution shift will still exist for every specific
value of θ.
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Appendix D

Generalisation framework

D.1 Theory behind generalisation
Most papers talking about generalisation try to bound the value of the risk in
probability using the training error and some "capacity" term that depends on the
supervised learning algorithm, often dependent on the hypothesis class.

These leads to bounds like Equation D.1

R(F(SN)) ≤ R̂SN
(F(SN)) + CapacityF(ϵ) with probability p ≥ 1 − ϵ (D.1)

You can easily write these kind of bounds in the form of equation D.2.

Pr
(
R(F(SN)) − R̂SN

(F(SN)) > CapacityF

)
< ϵ (D.2)

The main intuition behind these bounds flows from the observation that if there
is only one function in the hypothesis class, then the training error would be a
unbiased estimator of the risk and thus we can use Hoeffding’s inequality to come
up with this bound.

For our algorithm in Equation C.1, the bounds can be written like Equation
D.5

Pr
(
R(fθ) − R̂SN

(fθ) ≥ δ
)

≤ e− 2Nδ2
C2 θ ∈ {0.5, 1.7} (D.3)

We can use the union bound so that we guarantee the inequality for both
hypothesis during training.

Pr
((

R(f0.5) − R̂SN
(f0.5) ≥ δ

)
∪
(
R(f1.7) − R̂SN

(f1.7) ≥ δ
))

≤ 2e− 2Nδ2
C2 (D.4)

So when we select the best out of both parameter, this inequality still holds.
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Pr
(

min
θ̂∈{0.5,1.7}

R(fθ̂)−R̂SN
(fθ̂)≥δ

)
≤ 2e− 2Nδ2

C2 (D.5)

The capacity in this case is thus dependent on the number of hypothesis in
the hypothesis space. For infinite sized hypothesis classes, generalizations of this
procedure exist using properties of the hypothesis classes. We thus try to define a
"capacity measure" of the class in such a way to have the best possible bounds.

The reason why the training error is not a good estimation of the risk while the
testing error is is due to the distribution shift when training illustrated in Figure
C.1, so if we understand this distribution shift better we can come up with better
bounds.

D.2 Conclusion
In this chapter, we had a brief introduction into the theory of generalisation.

While it is the most used framework in the literature, the author does better
understand the problem through the lent of the bias-variance trade-off, which will
be the framework used in the rest of the document

Nevertheless the study of the training error-risk gap is so widely used that it
seemed appropriate to indicate it with a small chapter, whose depth is proportional
to the current understanding of the author

Some keywords to research on this framework are "pac learning", "vc-dimension",
"class capacity", "capacity control" and "no free lunch theorem"
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Appendix E

Gradient flow OLS

E.1 Statement of the problem
We want to solve the gradient flow on the problem given by the risk equation:

R̂(θ) = 1
2∥Xθ − y∥2. (E.1)

Where X ∈ RN×d is a matrix of rank r ≤ N, r ≤ d and y ∈ RN a vector.

This implies a gradient flow for the parameter vector θ ∈ Rd given by :

θ̇ := dθ

dt
= −∇θR̂(θ) = −X⊤(Xθ − y) = −X⊤Xθ + X⊤y. (E.2)

The matrix X can also be decomposed into his reduced Singular Value Decom-
position of X given by:

X = QrΣrV
T

r (E.3)

• Qr ∈ RN×r has orthonormal columns, in particular QT
r Qr = Ir where Ir is

the identity matrix.

• Σr ∈ Rr×r is diagonal with positive singular values.

• Vr ∈ Rd×r has orthonormal columns, in particular V T
r Vr = Ir where Ir is the

identity matrix.

• r = rank(X).

The author uses QΣV T as singular value decomposition instead of the more
traditional UΣV T for the singular value decomposition and argue that this notation
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is more efficient because when doing handwriting calculation U and V happens to
be very similar letters that can easily be mistaken for one another.

E.2 Decomposition into column space and kernel
Let us decompose θ into components along the column space of X⊤ and the kernel
of X:

θ = θ∥ + θ⊥, θ∥ ∈ col(X⊤), θ⊥ ∈ ker(X). (E.4)
To that aim, we define the projection matrices:

P := Pcol(X⊤) = X⊤(XX⊤)†X, M := Pker(X) = I − P, (E.5)
Where (XXT )† := QrΣ−1

r QT
r is the Penrose pseudo-inverse of (XXT ), this

allows us to compute the projection matrix even if the rank r is strictly less than
N (XT is not full column rank).

You can verify using the reduced singular-value decomposition (SVD) of XXT

that

PXT = X⊤(XX⊤)†XX⊤ = X⊤, XP = XX⊤(XX⊤)†X = X (E.6)

With these matrices we can have a computable formula for both components:

θ∥ := Pθ, θ⊥ := Mθ (E.7)

.

E.3 Gradient flow in the subspaces
Projecting the ODE onto these subspaces gives the following formula’s for the
gradient flow:

θ̇∥ = −X⊤Xθ∥ + X⊤y, θ̇⊥ = 0 (E.8)
proof:
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θ̇∥ = P θ̇

θ̇∥ = −PX⊤Xθ + PX⊤y

θ̇∥ = −X⊤Xθ + X⊤y

θ̇∥ = −X⊤X(P + M)θ + X⊤y

θ̇∥ = −X⊤XPθ + X⊤y

θ̇∥ = −X⊤Xθ∥ + X⊤y

θ̇⊥ = Mθ̇

θ̇⊥ = −MX⊤Xθ + MX⊤y

θ̇⊥ = 0

E.4 Solving the gradient flow in the parallel com-
ponent

Using a well known result from control theory, we know the vector linear ODE for
θ∥:

θ̇∥ = −X⊤Xθ∥ + X⊤y (E.9)
admits a closed-form solution using the matrix exponential:

θ∥(t) = e−X⊤Xtθ∥(0) +
∫ t

0
e−X⊤X(t−τ)X⊤y dτ. (E.10)

Substituting SVD into the solution:

X⊤X = VrΣ2
rV

⊤
r , X⊤y = VrΣrU

⊤
r y. (E.11)

θ∥(t) = e−VrΣ2
rV ⊤

r tθ∥(0) +
∫ t

0
e−VrΣ2

rV ⊤
r (t−τ)VrΣrU

⊤
r y dτ. (E.12)

E.5 Properties of matrix exponential
To progress further, let’s review some properties of matrix exponentials.

The definition of a matrix exponential is the following:
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eAt :=
∞∑

k=0

1
k! (At)k (E.13)

If A is diagonalisable (A = BΛB−1 with Λ diagonal) we have:

eAt = BeΛtB−1 (E.14)
proof:

eAt :=
∞∑

k=0

1
k! (At)k

=
∞∑

k=0

1
k! (BΛB−1t)k

=
∞∑

k=0

1
k! (BΛtB−1)k

= B(
∞∑

k=0

1
k! (Λt)k)B−1 = BeΛtB−1

(E.15)

Computing the exponential of a diagonal matrix reduces to computing the
exponential of each diagonal component:

eΛt =


eλ1t · · · 0

... . . . ...
0 · · · eλnt

 (E.16)

proof:

eΛt =
∞∑

k=0

1
k! (Λt)k

=
∞∑

k=0

1
k!


λ1t · · · 0
... . . . ...
0 · · · λnt


k

=


∑∞

k=0
1
k!(λ1t)k · · · 0
... . . . ...
0 · · · ∑∞

k=0
1
k!(λnt)k



=


eλ1t · · · 0

... . . . ...
0 · · · eλnt



(E.17)
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E.6 Computing the integral term
This part of the proof was done with the help of chat gpt.

Let’s first compute the integral term:

∫ t

0
e−VrΣ2

rV ⊤
r (t−τ)VrΣrU

⊤
r y dτ =

∫ t

0
e−VrΣ2

r(t−τ)V ⊤
r VrΣrU

⊤
r y dτ

=
∫ t

0
Vre

−Σ2
r(t−τ)V ⊤

r VrΣrU
⊤
r y dτ

= Vr(
∫ t

0
e−Σ2

r(t−τ)Σr dτ)U⊤
r y.

(E.18)

Performing the change of variable s = t − τ (so ds = −dτ) gives:

Vr(
∫ t

0
e−Σ2

r(t−τ)Σr dτ)U⊤
r y = Vr(

∫ 0

t
e−Σ2

rsΣr (−ds))U⊤
r y = Vr(

∫ t

0
e−Σ2

rsΣr ds)U⊤
r y

(E.19)
Since e−Σ2

rsΣr is diagonal, We can decompose the matrix element-wise:

∫ t

0
e−Σ2

rsΣr ds =


∫ t

0 σ1e
−σ2

1s ds · · · 0
... . . . ...
0 · · ·

∫ t
0 e−σrσ2

rs ds

 =


[
−e−σ2

1s
]t

0
· · · 0

... . . . ...
0 · · ·

[
−e−σ2

rs
]t

0

 = I−e−Σ2
rt.

(E.20)
Hence the integral term simplifies to:∫ t

0
e−X⊤X(t−τ)X⊤y dτ = Vr(I − e−Σ2

rt)Σ−1
r U⊤

r y. (E.21)

E.7 Final solution
Combining both terms, we obtain the explicit solution for the gradient flow in the
parallel component:

θ∥(t) = Vre
−Σ2

rtV ⊤
r θ∥(0) + Vr(I − e−Σ2

rt)Σ−1
r U⊤

r y. (E.22)
As t → ∞, the exponential term vanishes, and we obtain the minimum-norm

solution:

θ∥(∞) = VrΣ−1
r U⊤

r y = X†y, (E.23)
where X† is the Moore-Penrose pseudo-inverse of X.
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Therefore, the gradient flow converges to a solution that lies in the column
space of X⊤ and has minimal norm in the kernel of X:

θ(∞) = θ∥(∞) + θ⊥(0) = X†y + θ⊥(0). (E.24)
This completes the derivation of the gradient flow dynamics for OLS.
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Appendix F

Derivation of the gradient of linear
Neural Networks

F.1 Proof part 1: useful results
To make the proof, we will use the "bracket notation" for matrices X ∈ Rm×n as
defined in Equation F.1.

X =


X11 · · · X1,n

... . . . ...
Xm1 · · · Xm,n

 = [Xi,j]m,n
i,j=1 (F.1)

Before calculating the gradient, we will develop some results needed for the
proof.

For any vectors a ∈ Rm, b ∈ Rn and any matrices X ∈ Rm×n and H ∈ Rm×m,
the results in Equations F.2 and F.3 hold true.

∇X

(
aT · X · b

)
=
[

∂

∂Xi,j

(
m∑

k=1

n∑
l=1

akblXk,l

)]m,n

i,j=1
= [aibj]m,n

i,j=1 = a · bT (F.2)
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∇X

(
bT · XT · H · X · b

)
= ∇X


[ n∑

l=1
Xk,lbl

]m

k=1

T

· H ·

 n∑
q=1

Xp,qbq

m

p=1


=
 ∂

∂Xi,j

 m∑
k=1

n∑
l=1

m∑
p=1

n∑
q=1

Xk,lblHk,pXp,qbq

m,n

i,j=1

=
 m∑

p=1

n∑
q=1

bjHi,pXp,qbq

+
(

m∑
k=1

n∑
l=1

bjHk,iXk,lbl

)m,n

i,j=1

=
bj

 m∑
p=1

Hi,p

 n∑
q=1

Xp,qbq

+
m∑

k=1
Hk,i

(
n∑

l=1
Xk,lbl

)m,n

i,j=1

=
 m∑

p=1
Hi,p

 n∑
q=1

Xp,qbq

+
m∑

k=1
HT

i,k

(
n∑

l=1
Xk,lbl

)m

i=1

 · bT

=
(
H + HT

)
· X · b · bT

(F.3)

F.2 Proof part 2: derivation of the formula of
the gradient

Now that we have developed all the tools necessary for the proof, let’s begin the
derivation:

∇Θj (R(Θ)) = ∇Θj

(∥∥∥Y − X · Θ1 · Θ2 · · · ΘL
∥∥∥2

2

)
= ∇Θj

((
Y − X · Θ1 · Θ2 · · · ΘL

)T
·
(
Y − X · Θ1 · Θ2 · · · ΘL

))
= ∇Θj

(
−2 ·

(
Y T · X · Θ1 · Θ2 · · · ΘL

)
+
(
(ΘL)T · · · (Θ2)T · (Θ1)T XT X · Θ1 · Θ2 · · · ΘL

))
Let’s now derive the 2 terms independently.
Using Equation F.2, the first term becomes:

∇Θj − 2 ·
(
Y T · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL

)
= ∇Θj

(
aT · Θj · b

)
= a · bT = −2 ·

(
(Θj−1)T · · · (Θ1)T · XT · Y · (ΘL)T · · · (Θj+1)T

)
aT := −2 · Y T · X · Θ1 · · · Θj−1

b := Θj+1 · · · ΘL
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Using Equation F.3, the second equation becomes:

∇Θj

((
(ΘL)T · · · (Θj+1)T · (Θj)T · (Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL

))
= ∇Θj

(
bT · (Θj)T · H · Θj · b

)
= (H + HT ) · Θj · b · bT = 2 · H · Θj · b · bT

= 2 ·
(
(Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL · (ΘL)T · · · (Θj+1)T

)
= 2 ·

(
(Θj−1)T · · · (Θ1)T · XT · linearΘ(X) · (ΘL)T · · · (Θj+1)T

)
H := (Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1

b := Θj+1 · · · ΘL

NB : H is a symmetric matrix
Now adding terms we have the final equation of the gradient as defined in

Equation 5.4.

∇Θj (R(Θ)) = −2 ·
(
(Θj−1)T · · · (Θ1)T · XT · Y · (ΘL)T · · · (Θj+1)T

)
+ 2 ·

(
(Θj−1)T · · · (Θ1)T · XT · linearΘ(X) · (ΘL)T · · · (Θj+1)T

)
= 2 ·

(
(Θj−1)T · · · (Θ1)T · XT · (linearΘ(X) − Y ) · (ΘL)T · · · (Θj+1)T

)
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Appendix G

Derivation of the gradient of affine
Neural Networks

G.1 Proof part 1: useful results
First we need to adapt our matrix analysis results for incorporated gradient of
product affine matrices.

Assuming X =
[
c X̃

]
∈ R(m)×(n+1) is an affine matrix, a ∈ Rm and b ∈ Rn+1

are some vectors, we have:

∇∗
X

(
aT · X · b

)
= ∇∗

X

(
aT ·

[
c X̃

]
·
[

b0
b1,··· ,n

])
= ∇∗

X

(
aT
(
c · b0 + X̃ · b1,···n

))
= Inc

(
∇X̃

(
aT · c · b0 + aT · X̃ · b1,··· ,n

))
= Inc

(
a · bT

1,··· ,n

)
(G.1)

Where b0 is the first line of b and b1,··· ,n is the vector of the rest of the lines b.
For the second result, Assuming we have H ∈ Rm×m:

∇∗
X

(
bT · XT · H · X · b

)
= ∇∗

X

([
b0 bT

1,··· ,n

]
·
[

cT

X̃T

]
· H ·

[
c X̃

]
·
[

b0
b1,··· ,n

])
= ∇∗

X

((
b0 · cT + bT

1,··· ,n · X̃T
)

· H ·
(
c · b0 + X̃ · b1,···n

))
= ∇∗

X

(
b0 · cT · H · c · b0 + bT

1,··· ,n · X̃T · H · X̃ · b1,···n

+ b0 · cT · H · X̃ · b1,···n + bT
1,··· ,n · X̃T · H · c · b0

)
= Inc

(
∇X̃

(
bT

1,··· ,n · X̃T · H · X̃ · b1,···n + b0 · cT · H · X̃ · b1,···n + bT
1,··· ,n · X̃T · H · c · b0

))
= Inc

(
∇X̃

(
bT

1,··· ,n · X̃T · H · X̃ · b1,···n + b0 · cT · H · X̃ · b1,···n + b0 · cT · HT · X̃ · b1,··· ,n

))
(G.2)
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We have 3 terms: for the first one we can use the result of Equation F.2 and
for the second and third the result of Equation F.3.

= Inc
((

H + HT
)

· X̃ · b1,···n · bT
1,··· ,n + b0 · c · HT · bT

1,··· ,n + b0 · c · H · bT
1,··· ,n

)
= Inc

((
H + HT

)
·
(
X̃ · b1,···n + c · b0

)
· bT

1,··· ,n

)
= Inc

((
H + HT

)
·
([

c X̃
]

·
[

b0
b1,···n

])
· bT

1,··· ,n

)
= Inc

((
H + HT

)
· (X · b) · bT

1,··· ,n

)
(G.3)

The fact we need to remove the first line of the vector b in these formulas
motivates us to see how we can remove the first line of a product of matrices.

Let’s analyse the product of affine matrices :

Θ = Θ1 · Θ2 · · · Θn =
[

1 Θ̃1
b

01 Θ̃1
s

]
· Θ2 · · · Θn =

 [1 Θ̃1
b

]
· Θ2 · · · Θn[

01 Θ̃1
s

]
· Θ2 · · · Θn


So if we want to remove the first line the equation becomes:

[
01 Θ̃1

s

]
· Θ2 · · · Θn =

[
01 Θ̃1

s

]
·
[

1 Θ̃2
b

02 Θ̃2
s

]
· Θ3 · · · Θn

=
(
01 ·

[
1 Θ̃2

b

]
+ Θ̃1

s ·
[
02 Θ̃2

s

])
· Θ3 · · · Θn = Θ̃1

s ·
([

02 Θ̃2
s

]
· Θ3 · · · Θn

)
=Θ̃1

s · Θ̃2
s · · · Θ̃n

s

For the last equality we assume that the last matrix is the matrix of the last

layer of an affine linear NN, and thus Θn =
[
Θn

b

Θn
s

]

G.2 Proof part 2: derivation of the formula of
the gradient

Now that we have all the required tools, lets derive the formula of the gradient:

∇∗
Θj (R(Θ)) = ∇∗

Θj

(∥∥∥Y − X · Θ1 · Θ2 · · · ΘL
∥∥∥2

2

)
= ∇∗

Θj

((
Y − X · Θ1 · Θ2 · · · ΘL

)T
·
(
Y − X · Θ1 · Θ2 · · · ΘL

))
= ∇∗

Θj

(
−2 ·

(
Y T · X · Θ1 · Θ2 · · · ΘL

)
+
(
(ΘL)T · · · (Θ2)T · (Θ1)T XT X · Θ1 · Θ2 · · · ΘL

))
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Like in the linear case, we have the 2 different terms that can be simplified
using Equations :

∇∗
Θj

(
−2 · Y T · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL

)
= ∇Θj

(
aT · Θj · b

)
= a · bT

1,··· ,n = −2 ·
(
(Θj−1)T · · · (Θ1)T · XT · Y · (Θ̃L

s )T · · · (Θ̃j+1
s )T

)
aT := −2 · Y T · X · Θ1 · · · Θj−1

b := Θj+1 · · · ΘL

b1,··· ,n = Θ̃j+1
s · · · Θ̃L

s

The second equation becomes :

∇∗
Θj

((
(ΘL)T · · · (Θj+1)T · (Θj)T · (Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL

))
= ∇∗

Θj

(
bT · (Θj)T · H · Θj · b

)
= (H + HT ) · Θj · b · bT

1,··· ,n = 2 · H · Θj · b · bT
1,··· ,n

= 2 ·
(
(Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1 · Θj · Θj+1 · · · ΘL · (Θ̃L

s )T · · · (Θ̃j+1
s )T

)
= 2 ·

(
(Θj−1)T · · · (Θ1)T · XT · linearΘ(X) · (Θ̃L

s )T · · · (Θ̃j+1
s )T

)
H = (Θj−1)T · · · (Θ1)T · XT · X · Θ1 · · · Θj−1

b := Θj+1 · · · ΘL

b1,··· ,n = Θ̃j+1
s · · · Θ̃L

s

Now adding both terms we have the final equation of the gradient:

∇∗
Θj (R(Θ)) =

2 · Inc
(
(Θj−1)T · · · (Θ1)T · XT · (affineΘ (X) − Y ) · (Θ̃L

s )T · · · (Θ̃j+1
s )T

) (G.4)
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Appendix H

Proof of lemma 1 for linear Neural
Networks

In this section we will proceed to prove lemma 1, this is done because we will see
that this result fails to generalise for affine NNs.

NB: this proof is taken from Arora et al. [2018].
Using the product rule for time derivatives we have:

d

dt

(
Θj+1(Θj+1)T − (Θj)T Θj

)
= G1 + G2 − G3 − G4

G1 = d

dt

(
Θj+1

)
(Θj+1)T

G2 = Θj+1 d

dt

(
(Θj+1)T

)
G3 = d

dt

(
(Θj)T

)
Θj

G4 = (Θj)T d

dt

(
Θj
)

You can notice that G1 = GT
2 and G4 = GT

3 .
Now, replacing the time derivative with the gradient flow we have for G1:

G1 =
(
2 · (Θj)T · · · (Θ1)T · ∇θ̂R

(
θ̂
)

· (ΘL)T · · · (Θj+2)T
)

Θj+1

On the other way, G4:

G4 =
(
Θj
)T (

2 · (Θj−1)T · · · (Θ1)T · ∇θ̂R
(
θ̂
)

· (ΘL)T · · · (Θj+1)T
)

Hence, we can see G1 − G4 = 0, and this also implies G2 − G3 = 0, thus proving
the lemma.
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Appendix I

Lemma 1 disproven for affine
Neural Networks

The beginning of the proof stays the same :

d

dt

(
Θj+1(Θj+1)T − (Θj)T Θj

)
= G1 + G2 − G3 − G4

G1 = d

dt

(
Θj+1

)
(Θj+1)T

G2 = Θj+1 d

dt

(
(Θj+1)T

)
G3 = d

dt

(
(Θj)T

)
Θj

G4 = (Θj)T d

dt

(
Θj
)

We still have G1 = GT
2 and G4 = GT

3
But now when we replace the time derivative with the incorporated gradient

we have:

G1 = 2 · Inc
(
(Θj)T · · · (Θ1)T ·

(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+2
s )T

)
· (Θj+1)T

= 2 ·
[
0 (Θj)T · · · (Θ1)T ·

(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+2
s )T

]
·
[

1 0T

(Θ̃j+1
b )T (Θ̃j+1

s )T

]
= 2 · (Θj)T · · · (Θ1)T ·

(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+2
s )T ·

[
(Θ̃j+1

b )T (Θ̃j+1
s )T

]

And now G4 becomes :

75



G4 =
(
Θj
)T

Inc
(
2 · (Θj−1)T · · · (Θ1)T ·

(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+1
s )T

)
= 2 · Inc

((
Θj
)T

· · · (Θ1)T ·
(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+1
s )T

)
= 2 ·

(
Θj
)T

· · · (Θ1)T ·
(
XT · (affineΘ (X) − Y )

)
· (Θ̃L

s )T · · · (Θ̃j+2
s )T · ·

[
0 (Θ̃j+1

s )T
]

Therefore G1 − G4 is not equal to 0 in all cases any-more:

G1−G4 = 2·(Θj)T · · · (Θ1)T ·
(
XT · (affineΘ (X) − Y )

)
·(Θ̃L

s )T · · · (Θ̃j+2
s )T ·

[
(Θ̃j+1

b )T 0
]

(I.1)
Let’s define ∆ := G1 − G4, we have thus and we find Equation 7.9
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Appendix J

Proof of optimality

The proof will first find an infimum for the sum of square coefficient, then prove
show that assuming weight matrices alignment lemma the sum of square coefficient
differ from this infimum at most by an order of ϵ

1
L

This order can potentially be reduced by reduced by a clevere use of property
(iii) of this lemma: this is left for future work

For all linear neural network such that:
L∏

i=1
Θi = ΘP (J.1)

We have:
L∑

i=1
||Θi||2F ≥ L · (||ΘP ||22)

1
L := C (J.2)

proof:

L∑
i=1

||Θi||2F = L · ( 1
L

L∑
i=1

||Θi||2F )

≥ L · (
L∏

i=1
||Θi||2F ) 1

L

≥ L · (||
L∏

i=1
Θi||2F ) 1

L

= L · (||ΘP ||2F ) 1
L

= L · (||ΘP ||22)
1
L

:= C

In order we use firs the property that the geometric mean is always lower than
the arithmetic mean of positive numbers (AM-GM inequality), then the inequality

77



of the product of the norm and the norm of the product, finally the L2 norm is
equal to the frobenius norm from the fact ΘP is a column vector.

min
k

σk := σmin(J.3)
First using weight matrices alignment lemma we have:

σmin≤σi≤σmin +ϵ

⇐⇒ σi = σmin +O(ϵ)
(J.4)

Now let’s prove an intermediary result that will be used later:

(min
i

σi)2 := σ2
min ≤ C

L
+ O(ϵ 1

L ) (J.5)

where the O operator is used for "big o operator" used to describe the order of
approximation.

proof:

||ΘP ||22 = ||
L∏

i=1
Θi||22

= ||
L−2∏
i=1

Θi · (ΘL−1 · ΘL)||22

= ||
L−2∏
i=1

Θi · QL−1 · ΣL−1 · (V L−1)T · qL · (σL) · (vL)T ||22 using property (i) and (iii) of alignement lemma

≥ ||
L−2∏
i=1

Θi · QL−1 ·


(1 − ϵ

(σmin+ϵ))σL−1σL 0 · · ·
0 −O(ϵ)
... . . .

 · (vL)T ||22

≥ ||
L−2∏
i=1

Θi · QL−1 ·


σ2

min − O(ϵ) 0 · · ·
0 −O(ϵ)
... . . .

 · (vL)T ||22

≥ ||Q1 ·


σL

min − O(ϵ) 0 · · ·
0 −O(ϵ)
... . . .

 · (vL)T ||22

= (σL
min)2 − O(ϵ)

Using the definition of C:
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C := L · (||ΘS||22)
1
L ≥ ((σL

min)2 − O(ϵ)) 1
L

⇐⇒ C ≥ L · (σ2
min − O(ϵ 1

L ))

⇐⇒ σ2
min ≤ C

L
+ O(ϵ 1

L )

We can now show that assuming parameter matrix alignment lemma, the sum
of squares coefficient differ from the theoretical minimum up to a factor on the
order of ϵ

1
L

L∑
i=1

||Θi||2F ≤ C + O(ϵ 1
L ) (J.6)

proof :

L∑
i=1

||Θi||2F ≤
L∑

i=1
(||Θi||22 + O(ϵ))

≤ L(σ2
min +O(ϵ))

≤ L(C

L
+ O(ϵ 1

L ))

= C + O(ϵ 1
L ))

Because C is also a lower bound for the sum of squares coefficients, then this
equation also holds interpreting C as the minimum possible value of the sum of
squares coefficients.
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